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In this paper we present time-dependent density functional calculations on frequency-dependent first
(B) and second ) hyperpolarizabilities for the set of small molecules,,NCO,, CS,, CH,,

NH;, CO, HF, HO, and CH, and compare them to Hartree—Fock and correlatbdinitio
calculations, as well as to experimental results. Both the static hyperpolarizabilities and the
frequency dispersion are studied. Three approximations to the exchange-corredatipotential

are used: the widely used Local Density ApproximatirDA), the Becke—Lee—Yang—Parr
(BLYP) Generalized Gradient ApproximatiqicGA), as well as the asymptotically correct Van
Leeuwen—Baerend$LB94) potential. For the functional derivatives of the xc potential the
Adiabatic Local Density ApproximatiofALDA) is used. We have attempted to estimate the
intrinsic quality of these methods by using large basis sets, augmented with several diffuse
functions, yielding good agreement with recent numerical static LDA results. Contrary to claims
which have appeared in the literature on the basis of smaller studies involving basis sets of lesser
quality, we find that the static LDA results fg8 and y are severely overestimated, and do not
improve upon the(underestimatedHartree—Fock results. No improvement is provided by the
BLYP potential which suffers from the same incorrect asymptotic behavior as the LDA potential.
The results are however clearly improved upon by the LB94 potential, which leads to
underestimated results, slightly improving the Hartree—Fock results. The LDA and BLYP potentials
overestimate the frequency dependence as well, which is once again improved by the LB94
potential. Future improvements are expected to come from improved models for asymptotically
correct exchange-correlation potentials. Apart from the LB94 potential used in this work, several
other asymptotically correct potentials have recently been suggested in the literature and can also be
expected to improve considerably upon the relatively poor LDA and GGA results, for both the static
properties and their frequency dependence. 1998 American Institute of Physics.
[S0021-960698)30547-4

I. INTRODUCTION tionally demanding. The Hartree—Fock results are not always

] . of satisfactory accuracy for frequency-dependent hyperpolar-
Density Functional TheoryDFT) has by now become a izabilities, because of the importance of correlation for this

reha;}ble standarq tool for cat\I_cuIatm% gr%unt(?i-statlt(ef pmpert'_egroperty. The Hartree—Fock results are usually considerably
such as energies, geometries and vibrational requenci€ps, -\ yith respect to the experimental or correlatdul
Calculations on systems perturbed by electric or magnetic . . i .

itio theoretical numbers. For system sizes where the cost of

fields are less common in DFT and their accuracy is less Wethe correlatedb initio techniques becomes brohibitive. one
established, especially if the external fields are frequency- . it qu N pronibitive,
ould like to have an approach which includes both correla-

dependent. This situation is rather different in Hartree—FocIXV ) . ]
basedab initio quantum chemistry. There, many techniquestio and frequency dispersion, as both are known to be im-
have been developed and implemented for analytically calPortant for a comparison with experimental hyperpolariz-
culating properties such as frequency-dependent hyperpma@.bilities. The time-dependent extension of density functional
izabilities, the subject of this paper. Several studies have agheory (TDDFT), provides an attractive framework for such
peared using time-dependent Hartree—FGARHF), as well ~ an approach.
as time-dependent MP2 or coupled cluster techniques. Until recently, TDDFT has been applied to atomic prob-
Obviously, the more involved of these correlated ap-lems only, in which case the spherical symmetry greatly re-

proaches are very accurate, but at the same time computduces the complexity of the equations. Recently however,
0021-9606/98/109(24)/10657/12/$15.00 10657 © 1998 American Institute of Physics
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molecular applications of TDDFT have started to appear imuality of both LDA and GGA potentials, as well as the Van
the literature, based on implementations in standard coddseeuwen—Baerends, (LB94) potential. The latter belongs
such asabF, DEMON andTURBOMOLE. While in our case the to the set of asymptotically corre@ehaving as-1/r for r
initial focus was on frequency-dependent multipole polariz-— ) potentials, which one might hope will remove the clear
abilities and related propertiés? such as Van der Waals overestimations resulting from the use of asymptotically in-
dispersion coefficients and Raman scattering, othecorrect LDA or GGA exchange-correlatidrc) potentials.
group$~* primarily directed their attention to excitation en- In the second place, the frequency dependence of the
ergies, which can be found from the poles of the frequencyhyperpolarizabilities is very important, as there may be large
dependent polarizability, in a manner closely related to thelifferences between the static results and the results at the
TDHF approach. frequency at which the experiment is actually performed.
These are all applications in the linear response regimélere, we document how the different potentials behave in
with respect to the electric field, but we have recently beerthis respect. This point is especially important with respect to
able to extend the scope of applications to the domain of théhe TDHF frequency dispersion, as in maaly initio papers
frequency-dependent hyperpolarizabilitte's, also called it has been assumed that the percentage frequency dispersion
nonlinear polarizabilities. These properties determine thdérom the Hartree—Fock calculation can be used in combina-
nonlinear opticaNLO) response of a molecule when irra- tion with a correlated static value to obtain an estimate for
diated with one or more beams of light with possibly differ- the correlated dynamic value. Only a limited number of stud-

ent frequencies. Second Harmonic Generat®iHG), or fre-  ies are available in which the important frequency dispersion
quency doubling, is only one of the effects governed byis treated in a correlated manner. In short, the intention of
hyperpolarizabilities. this paper is to provide an accurate set of data on frequency-

Our initial application of our implementation for the dependent hyperpolarizabilities of small molecules, upon
frequency-dependent hyperpolarizabilites was to thg C Which reliable conclusions can be based regarding the qual-
molecule® for which we found agreement with one of the ity of various DFT approaches for this property. Another
more recent experimenta| resu}fsvvhich limits the second goal is to prOVide information on how the DFT results could
hyperpolarizabilityy of Cg, to a relatively low value. Al-  be improved upon in future work.
though there is a large scatter in both the experimental and
theoretical results, there seems to be a growing consensus on
both the theoretic&” and experimentd# sides that the I DETAILS OF THE CALCULATION
hyperpolarizability of G, is much smaller than initially A. Approximations for xc functionals

thought. . . . . The solution of the TDDFT response equations proceeds
The paper on g contains the main points concerning .

. . i ive fashi ing f h | -
the equations that we use, and a more detailed account of tﬁ% an iterative fashion, starting from the usual ground-state or

theory underlying our implementation for the frequency-zemth_order Kohn—ShantKs) equations. For these, one

dependent hyperpolarizabilities is presented elsewhere needs an approximation to the usual static xc potential
P yperp P ‘v..(r). After the ordinary KS equations have been solved,

r%e first-order density change has to be calculated from an
itroanili lecul Sterative solution to the first-order KS equatidri@In these
nitroantiné molecules. first order equations, an approximation is needed to the first

In_short, the DF.T expressions for the frequency'functional derivative of the time-dependent xc potential
dependent hyperpolarizabilities, as well as the methods for

. o . Uy(r,t) with respect to the time-dependent density
calculating them, are very similar to those used in TDHF. 'np(r’,t’).23*5'15For the analytic determination of the first hy-

p;”'f‘ilar'h our m;]plehme;lntatlon d_makes | uTe_s Off :lheperpolarizability/s’, one additionally needs the second func-
(2n+1)-theorem which allows a direct calculation of t € tional derivativeg,.. These so-called xc kernels, given by

first hyperpolarizability tensoB, once a few linear response the equations
equations have been solved. We obtaianalytically in this

of our implementation on the He atom, and the CO and pa

manner and obtairy from a finite field differentiation of OV y(1,1)
B5,15 fxc(r,r,,t,tl):ﬁ, (1)
. r! !
In this paper, we shall apply our implementation to the p(r',t")
calculation of frequency-dependent hyperpolarizabilities %0 4e(1,1)
and y of a set of 9 small molecules. This is done for two  Oxd(r,r',r",t,t',t")= ()

reasons. The static DFT results f@r and y which have dp(r',t") Sp(r",t")
appeared in the literature until now, have lead to misleadingletermine the xc part of the screening of the externally ap-
optimistic conclusions about their quality, due to the use ofplied electric field. Here, we use the so-called Adiabatic Lo-
relatively small basis sets. A recent numerical stdyas cal Density ApproximatiofALDA) for the kernels. In this
clearly shown that the basis sets which were used, even iapproximation(used almost without exception in the appli-
one of the most thorough of these studi®jere too smallto  cations of TDDFT mentioned beforethe time dependence
come close to the basis set limits fBrand y, although very (or frequency dependence if one talks about the Fourier-
good and reliable results were obtained for the linear polartransformed kernglis neglected, and one simply uses the
izability «. So, the first aim is to provide accurate stgfic differentiated static LDA expression. In our case, we use the
andy results, for many small molecules, in order to assess t&/osko—Wilk—Nusaif* parametrization. An overview of the
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TABLE |. Approximations for xc functionals used in this work. TABLE Il. STO basis set used for C, including diffuse functions.
Uxc fue Oxc Standard basis functions Diffuse basis functions
nl value Exponent nl value Exponent
LDA ALDA ALDA
BLYP ALDA ALDA 1S 5.40 4S 0.57767
LB94 ALDA ALDA 2S 1.28 4S 1.07281
2S 2.10 3P 0.50662
2S 4.60 3P 0.94086
2P 0.82 3D 0.54597
2P 1.48 3D 1.01395
2P 2.94 4F 1.0000
approximations used in this worincluding the approxima- 3D 22 AF 0.3000
tions used for the xc potentjails given in Table I. 4F 3.3

Our reasons for using the ALDA are two-fold. In the
first place, it is computationally efficient, due to the LDA

assumption of spatial locality. In the second place, there arg, re reliable ones, as they were obtained with the larger

no indications that other existing approximations improvey,qis set. In such cases, the complete basis set results were
upon the ALDA xc kernels. This may seem surprising be'usually somewhat larger.

cause improved functionals exist both for the xc energy func- | should be clear that the goal of reaching the basis set

tionals and for the xc potential, but it should be kept in mindjinit and the goal of optimizing the stability of the results are
that an improvement to a functional does not automatically;omewhat contradictory. We have remedied this by perform-
imply an improvement to its functional derivative. One ex-i,q cajculations in different basis sets and with different cri-
ample of this is provided by the high quality GGA xc energy yeia for rejecting basis functions. Comparison of the results
functionals, which lead to relatively poor xc potentials, jo5q o a selection of the most reliable combination of basis
which do not improve on the LDA potential. Similarly, the get anq rejection criterion. For all results reported here, the
LB94 xc potential is asymptotically much better than thep,qis set described above was used, and either no basis func-
LDA potential, but the use of its functional (_jerlvatwe OIOeStions were rejected, or only a few resulting from the rejection
not improve the results of response calculations. criterion of 10°*. As an example of a typical basis set used
B. Technical details on the calculations in these calculations, we present the basis functions for the
. carbon atom in Table II.
For many of our calculations, we have compared 10 a From the comparison of our results obtained with differ-

baper by Sekm'o and Bartlétt. For the sake of makmg a e t large basis sets and different rejection criteria, as well as
reliable comparison, we have used the geometries SpeC'f'eff{;m the comparison of our results with numerical static

25 :
by them> All geometries for CQ, H,0, HF, Nk, CO, N, LDA results’® we can estimate our results for the avergge

dc?';"‘ arefqulhbnumtggqm;tr:ce;as mt Ref. 25'{51e r(COr)]_ Iand vy values reported here to be within 10% or better from
istance for C@reported in Ref. contains a typographica the basis set limit, which is more than sufficient for our

erro(; etlrr:d should be cortrected tl\(/l) 16%9?.22]}5 ﬁngC_Hé' C‘g‘; present purposes. The changes resulting from improvements
use e same geometry as Marotflisf r(CH)=2. in numerical integration accuracy or in the convergence of

bohr, and fo.r C&the geometry of Ref. 27 was used.. the ordinary KS equations are estimated to be negligible
Our basis sets are based upon the largest basis sets cec<-1%)

curring in the Amsterdam Density Function@DF) basis
set databas®. This basis is a valence triple-zeta Slater-type
orbital (STO) basis set with 2 polarization functiot3Z2P.

In the following tables, we report all independent com-
ponents of the static hyperpolarizability tensgrandy, and

. . . compare them to correlated initio results. We additionally
We have added two diffusg two diffusep, two diffused, h h lari it e
and two diffusef functions to these basis sets. The basis setgport the average hyperpolarizabilitigs and y;, defined

(and accompanying auxiliary basis sets for the fitting of the
Coulomb potentidlare available for the interested read@r. 1

Because of the fact that many diffuse functions are ﬁu=—2 (Biji + Bjij + Biji)
added per atom, linear combinations of these Atomic Orbit- .
als (AOs) occur which are nearly linear dependent, which 1
may lead to numerical problems. We use the occurrence of ?’n:EZ C(viigi + Yijiy T Yiiji)»
small eigenvalues of the overlap matrix as an indication that "
one has to be careful in the interpretation of the results. liwherei refers to the dipolar axis in the formula fg .
some calculations we have removed the linear combinations The average hyperpolarizabilities are reported for both
of basis functions belonging to the smallest eigenvalues fronthe static and the frequency-dependent properties, such as
the basis set. Typically, the functions belonging to eigenvalsecond harmonic generatio(6HG), optical rectification
ues smaller than 10" were removed. If this leads to a large (OR), electro-optic Pockels effect, electric field induced sec-
change in the results although the number of rejected funoend harmonic generatiofEFISH), and the electro-optic Kerr
tions is small, the results in the full basis are consideredffect (EOKE). For the frequency-dependent results, we
unreliable. If the change in the results is small on the othecompare to experimental values as well as to theoretical re-
hand, the complete basis set results are considered to be thelts. For the EOPE and EOKE effects the comparison to the

)
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TABLE Ill. Results for hyperpolarizability of hl

TDHF® MBPT(2® CCSD* CCSOT)? EXP LDA BLYP LB9%4
Yok 660 780 810+ 782 860 1100 1200 610
Vorzs 790 1220 12206:1180 1290 1800 2000 1000
Vexzz 270 340 350313 370 450 510 260
Y 730 930 9508903 1010 1300 1400 740
THG 937 1200 1206;1212 1300 1295 206°
EFISH 822 1100 11081042 1100 1057.6:6.491030+12° 1500 1800 840
IDRI 788 1000 1000:992 1100
EOKE 756 1000 1000947 1100 1436160 1400 1500 770

aSekino and Bartlett, Ref. 25.

PHattig et al, Ref. 40.

“‘Ward and New, Ref. 58.

YReferences 59,60.

®Ward and Miller, Ref. 45.

‘Buckinghamet al, Ref. 61 at\=632.8 nm =0.072 a.u.

experimental values is allowed under the assumption obasis set size. In this respect, the Dixon and Matsuzawa re-
Kleinman symmetry(which is rigorously true at zero fre- sults seem insufficiently accurate for statements about the

quency, because in that casg °"Fand y°“F are equal to intrinsic quality of the DFT results. The results by Guan

the experimentally measured quantitig§ and y<, as de- etal. are clearly more accurate than those, but they also
fined in, for example, Ref. 30. This has been done in order t§eem to have included an insufficient number of diffuse
compare our values directly to those reported by Sekino anfinctions for basis set limit results. From the numbers below,
Bartlett?® Our attention will however be directed almost ex- it can be seen that our values are typically much closer to the

clusively to the SHG and EFISH tensors, for which a directbasis set free results, and reliable conclusions on the intrinsic
comparison to experiment is allowed. quality of DFT calculations on frequency-dependent hyper-

polarizabilities can therefore be drawn from them.

In this work, we concentrate on the electronic hyperpo-
larizabilities. This is usually the largest part of the
A. General remarks frequency-dependent hyperpolarizabilities, although zero

For most molecules we compare to the results obtaine@0iNt vibrational averaging can be significatypically 10%
by Sekino and Bartlef® who have obtained Hartree—Fock ©f the e_Iecgr%rglc value and also the purely vibrational
(HF), second-order many-body perturbation theorycontantmr? > can be large in some cases, especially for
[MBPT(2)], coupled cluster singles and doubl@CSD and  the static values.
coupled cluster singles and doubles with an approximated N addition to the results presented here, we have per-
triples contributio{ CCSD(T)] results. The amount of corre- formed some test calculations on the ,HCHF, CH,0,
lation in these calculations and the quality of the hyperpolar—cH3C33;\",;8 and HS molecules, for some of which Colwell
izability results ranges from the relatively poor HF results to®t @l have previously obtained static DFT results for
the highly accurate, highly correlated CCAD results. As Th'e results' by Colwelkt al.'and those from our tegt calpu-
no frequency-dependent coupled cluster approaches weldtions are in agreement WI'Fh the conclusions which will be
available at the time, Sekino and Bartlett estimated the cordrawn from the values obtained here.
related frequency-dependent results from the percentage fre-
guency dispersion obtained in the HF calculation. For re-B N
views on (frequency-dependenthyperpolarizabilities, we ~ 2
refer to Shelton and Ri¢éand Bishop? For N, in Table III, our static LDA value fory,yyyis in

Unless explicitly stated otherwise, all frequency- agreement with the finite field, basis set free LDA result
dependent results refer to a fundamental frequencyof obtained by Dickson and Beck&We obtainy,,,= 1100
=0.0656 a.u., which is equivalent to a wavelength)of a.u., compared to their result of 116@00, where the error
=694.3 nm. For the static results, we also compare to prebar in their result gives the uncertainty from the polynomial
vious DFT results, which have been obtained by Dicksorfit to the results at different field strengths. For the other
and Becké? by Guan etal,’® and by Dixon and components no stable results were obtained by Dickson and
Matsuzawa? The results by Dickson and Becke are particu-Becke. Although the relative magnitude of the tensor com-
larly important, as they have obtained finite field LO0AI-  ponents is reasonably well described by the LDA and BLYP
though in a slightly different parametrizatiovalues for sev-  potentials, all the components are too large. This leads to a
eral molecules treated here, with a basis set free methodlear overestimation iny;, in comparison to the accurate
Although there are still uncertainties in their results of anCCSIOT) value. The LB94 result of 740 a.u. is too low on
estimated 10%, due to numerical difficulties in the finite fieldthe other hand, and close to the HF value of 730 @.uo
procedure, their values can be used for judging if result®t al3® obtained a HF value of 716 a)uOne other typical
obtained in a finite basis set have converged with respect tfeature is the overestimation of the frequency dependence by

Ill. RESULTS AND DISCUSSION
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TABLE IV. Results for the hyperpolarizability of CO

TDHF®  MBPT(2® CCSD* CCSOT)? EXP LDA BLYP LB94

— 700 1010 930 900 1300 1600 740
Vo222 810 1120 900 1030 1900 2300 1100
Vexzz 330 500 490 520 710 870 380
Y 800 1170 1070 1150 1700 2000 910
THG 1046 1500 1400 1500 186(270°
EFISH 910 1300 1200 1300 13325 2000 2500 1000
IDRI 871 1300 1200 1200
EOKE 833 1200 1100 1200 1800 2200 960

®Reference 25.
PReference 62.
‘Reference 45.

the LDA and BLYP potentials. In this respect, the LB94 For the EFISH effect, the vibrational contribution is rela-
potential behaves again similarly to the HF result. Presumtively small for these molecules. It is much larger for the
ably, the recent CCSD results by tig et al,*® in which the static values. Apart from the pure vibrational hyperpolariz-
frequency dependence was also treated at the CC level, igpjlities from the paper just mentioned, the effect of zero
stead of the HF estimate used by Sekino and Baffletdn  point vibrational averaging can be significant. However, the
be regarded as the benchmark theoretical results at the MQaa are scarce on this, for which reason we will restrict
ment, which are in excellent agreement with experin{ert
ceptl'fobrlétg;e Cexperlment(?l ItEhOKE resltult, Wh']fthr']g?ttr?etional hyperpolarizabilities.

unretia - ~omparnng 1o their resuts, we fin at e Similar trends as for CQ are observed for GSn Table
14.4% LB94 frequency dispersidnalculated from the ratio . ; )

; . V (where different frequencies have been used than in the
between the EFISH and statjcresults compares quite well . table Th ; il EFISH val btained
to their value of 15.3%. previous ta e e experimental EF value was obtaine

Finally, we mention the MP4 result by Maroulis and for |IC]UI.d CS,andis therefore.not directly comparable to the
Thakkaf? of ¥,=830 a.u., and the multiconfiguration SCF theoretical results. The experimental EOKE value also seems
(MCSCR value of 885 a.u. by Luet al.?° which are supe- !0 be very high in comparison to all theoretical values in the
fior to our DFT results. Dixon and Matsuzawa obtained LDAtable. It was recently shown by Champagdfayho deter-
values ofyy= 1120 and 1280 a.u., depending on the fielgmined the nuclear relaxation contribution to the frequency-
strengths used in their FF calculations, in agreement witlflependent hyperpolarizabilities, that the discrepancy be-
LDA results obtained in this work and those by Dickson andtween the experimental and theoretical results cannot be

ourselves in this work to the discussion of the pure vibra-

Becke. explained from the vibrational contribution to the hyperpo-
larizability. He therefore recommends a reinvestigation of
C.CO, and CS, the experimental results. The need for such a reinvestigation

The CQ results in Table IV show the same trends as thdS s_upported by our_present res_ults as well as by the caution
N, results. There is a clear overestimation in the LDA and"Nich is expressed in the experimental EOKE pében the
BLYP values, both for the statig-tensor and for the per- reliability of the obtained EOKE-value. For this reason, we
centage frequency dispersion. The LB94 results are onckke the CCSIDT) values as the reference, and note the usual
more too low, but they are better than the HF values, whictpverestimation for the LDA and BLYP results and an under-
are even lower. For CQ as well as for CH, NH3, H,O,  estimation for the LB94 results, which are slightly lower
and HF, the pure vibrational frequency-dependent hyperpathan the HF values here. For the £®olecule, our results
larizabilities have been determined by Bishop and DalsRov. may be influenced by the HF geometry which we have used

TABLE V. Results for the hyperpolarizability of GS

TDHF*  MP2  CCSD* cCCsSOT)? EXP LDA BLYP LB94
Ve 7379 8970 8650 9030 11600 14700 6700
Y2222 10962 11330 10730 14000 25800 30900 13400
Vyxzz 6557 9030 8550 8860 9400 11700 5300
Y| 11373 14270 13600 14700 18800 23400 10400
EFISH 13680 17163 16358 17681 (38000 23100  2990¢ 12200
EOKE 13297 16684 15900 17187 (114000°  2280C 29406 12100

All ab initio results obtained by Ohtat al., Ref. 27.

bExperimental result at =1064 nm @=0.0428 a.u.in a solvent by Levine and BethéRef. 63 with a 15%
error margin. All theoretical results are obtained at the same wavelength.

°Experiment ah =633 nm (= 0.072 a.u.by Bogaardet al, Ref. 43, who express caution about the reliability
of their y value. Theoretical results at the same wavelength.
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TABLE VI. Results for the hyperpolarizability of {1,.

van Gisbergen, Snijders, and Baerends

TDHF®  MBPT(2® CCSD* CCSIOT)? EXP LDA  BLYP LB94
Yook 3300 6100 5400 5600 7200 8100 4400
Yyyyy 2800 3500 3200 3400 5400 6300 3300
Yazzz 11900 11800 9800 10200 12900 16800 5000
Yaxzz 3100 3500 2900 3000 3900 4700 1800
Yyyez 2500 2600 2200 2300 3100 4000 1400
Yexyy 1600 2000 1800 1900 3000 3400 1900
yH 6500 7500 6400 6700 9100 11100 4600
THG 17500 20300 17300 18200
EFISH 9900 11400 9700 10200  908@00° 14500 19400 6100
IDRI 8500 9800 8400 8800
EOKE 7400 8600 7300 7700 10500 13000 5000

@Ab initio results by Sekino and Bartlett, Ref. 25.
PReference 62.

in order to allow for a direct comparison with the theoretical behavior is one of the topics of our current research, but it is
values obtained by Ohtet al?’ known to be unrelated to the LDA and GGA overestimations
reported here.

D. C,H,

The GH, results in Table VI are as expected from the
previous tables. Overestimations for the LDA and BLYP po-
tentials, and underestimations for the LB94 potential. Inci-
dentally, the HF values are much better than the DFT ones Our LDA results for NH (Table VII) are in very good
here. The trends for the relative magnitudes of the variouagreement with the basis set free LDA results by Dickson
tensor components are well reproduced by the DFT schemesd Becké? who obtained in a.u(our own LDA values in
on the other hand. The importance of frequency dependengearenthesgsg = —55.(6)(—55.4,8,,~ —64.(4) (—66.4,
is large for this molecule, and a purely static approach woulgs,,,= —14.(3) (—12.9, and B,,,=8 (8.11), which further
clearly be undesirable here. ThgHj; molecule is the firstin  supports the quality of the basis sets we used. This should be
a series of ,H»,, » polyene molecules, for which the den- contrasted to the LDA result obtained for the averggby
sity functional results have been studied in Ref. 44. For th&Guan et al. of —37.2 a.u. and the one by Dixon and
larger molecules, all three xc potentials considered herlatsuzaw#’ who basically obtained no converged result for
show large overestimations far and y. The reason for this B (deviations from—40 a.u. to—67 a.u). Evidently, these

E. NH;

TABLE VII. Results for the hyperpolarizability of N

TDHF MBPT(2) CCST* CCSOT)? EOM-CC EXP LDA%¢ BLYP LB94
Bors ~11.12-6.98 -37.82-31.1% -33.3  —396 —41.0 ~66.4 -747  -307
B ~7.02-6.7% ~-8.12-75% -8.0 -8.8 -8.8 -12.9 -165  —10.0
Byy 9.4% 9.0¢ 7.2 8.11 9.38 8.20
B ~1512-1226  —3252-27.78%  —30.0 343 -350 ~554 -646  —305
SHG —21.98 —46.6 -425 -491 —415  —48.4+17 -109 —138 ~46.0
OR/EOPE  —16.74°-14.0# —36.3°-32.16 —33.1 -383 -67.3 -80.1  —346
Vx 12002108F 180021487 1700 1800 3300 3800 1600
Yrres 45002430 80002727 7400 8200 15900 18700 4700
Yexzs 110021082 190021487 1800 2000 3800 4900 1300
Y 240022307 410024162 3800 4200 8000 9400 2800
THG 4924 8300 7800 8500
EFISH 3276 5500 5200 5600 614210 15700 20300 4000
IDRI 2937 5000 4600 5100
EOKE 26522 253F 450024162 4200 4600 9700 11700 3100

%Reference 25.
PReference 64.

‘Guanet al. (Ref. 20 obtained two sets of LDA results fg with two different programs and basis ses; = —32.9 and—28.2; 8,,,=— 10.36 and—16.89;
Byyy=6.83 and 11.98.
9Dixon and Matsuzawa calculategiat the LDA level using finite field results, but their staBg values with different field strengths differed from40 a.u.
to —67 a.u. Their LDA values for the averageranged from 6300 a.u. to 7100 a.u.
€TDHF and QED-MP2 results by Aiga and Itoh, Ref. 46.
'Experimental value by Ward and Miller, Ref. 45.
9References 31 and 45.
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TABLE VIII. Reslts for the hyperpolarizabilities of CO.

TDHF? MBPT(2)? Cccsp ccsom)? EXP LDAP BLYP LB94
Bazz 28.2; 31.47 25.6 26.1;28.9 26.¢°1 33.9 34.4 24.8
Brxx 3.5;4.89 6.0 6.1;7.8 6.6,7.8 8.43 8.74 4.80
By 21.°¢ 22.6 23.0; 264 23.5;26.8 30.5 31.1 20.6
SHG 24.1 259 26.4 27.0; 30+10.6° 29.9+3.7 36.6 37.8 234
OR/EOPE 21.9 23.6 24.1 24.6 32.3 33.1 215
Vyxxx 920; 1178 1380 1360; 1239 1470; 1357 2000 2200 1000
Y2222 1200; 1178 1740 1740; 161% 1880; 1758 2700 3000 1400
YVexzz 360; 348 520 510; 460 540; 500 750 830 390
Y 1020; 992 1500 1480; 1353 1590; 1475 2200 2400 1100
THG 1484 2200 2200 2300
EFISH 1211 1800 1800 1900; 17800C° 1720+ 48° 2900 3200 1400
IDRI 1138 1700 1700 1800
EOKE 1071 1600 1600 1700 2400 2700 1200

@Ab initio values in the tables taken from Sekino and BarilBef. 25, unless otherwise stated.

PNumerical LDA results by Dickson and BeckBef. 19 are ,,,=8.6, B,,7=33.7, Yyxxx=2100, andy,,,~2700, while Guaret al. (Ref. 20 obtained two
sets of values foB: B,,~ 31.3 and 34.93,,,= 6.6 and 8.8.

“Values obtained by Maroulis, Ref. 47.

d0ther CCSIT) values: 28.6Ref. 47); 30.17 (Ref. 65.

fOther HF values: 24.78Ref. 47); 25.444(Ref. 48.

'Reference 45. Experimental value referenced by Shelton and(Réfe31) is 30.2+3.2.

9Reference 45. Experimental value referenced by Shelton and(Réafe 31) is 1730+ 50.

previous DFT studies were insufficiently accurate for makingwhereas we obtained, respectivel,,,.=8.43, 8,,,~33.9,
conclusions about the intrinsitbasis set limit quality of  y,.,=2000, andy,,,= 2700, while similar results fo3
DFT hyperpolarizabilities. where obtained by Guaretal?®® and by Dixon and
The NH; molecule has been studied intensively recentlyMatsuzawa? Again, the LDA and BLYP values are clearly
by Sekino and Bartlett, who performed equation-of-motiontoo large, both fo3 andy. The LB94 values are too low, on
coupled clustefEOM-CC) calculations in order to check the the other hand, but foy they seem to be slightly preferable
reliability of the TDHF frequency dispersion, which had pre- to the HF, LDA, and BLYP values. Using the large basis set
viously been used by Sekino and Barflétto estimate the CCSO(T) results by Marouli¥ as the benchmark, the HF
frequency-dependent CC$D values for the numbers in our value for 8 [Maroulis obtained 24.7% while other reported
tables. Their static EOM-CC and CC8D values forg of, values are 21.1Ref. 25 and 25.44(Ref. 48] is better than
respectively,—35.0 and —34.3 a.u. can be taken as the the LDA, BLYP, and LB94 values of, respectively, 30.5,
benchmark theoretical values. The LB94 result-080.5 31.1, and 20.6 a.u. F@S"®, Maroulis’ CCSOT) value with
a.u., although slightly underestimated, compares favorably tsDHF frequency dispersion of 30+10.6 is in excellent
these numbers in comparison to the HF, LDA, and BLYPagreement with the experimental value of 20824 The
values of—15.1, —55.4, and—64.6 a.u. A similar(smal)  HF, LDA, BLYP, and LB94 values fo3>"¢ show the same
underestimation for the LB94 result is found with respect totrends as for the stati@; and as for the other molecules. For
the B5H¢ experimental number of 48.4 a.u!® For ), the  the staticy; and for y¥'S" the LB94 values are somewhat
LB94 value of 2800 a.u., although clearly underestimated, ibetter than the other computationally cheap approa@iEs
in better agreement with the CC8D result of 4200 a.u. LDA, BLYP), although again underestimated with respect to
than the HF, LDA, and BLYP values of, respectively, 2400,the CC and experimental results.
8000, and 9400 a.u. The EOM-CC frequency dispersion for
the EOPE first hyperpolarizability tensor of 18.6% is higherg pf
than the TDHF result of 10.9%. The QED-MRRef. 46 ] . .
dispersion and the LB94 dispersion of 15.9% and 13.4% are A comparison to the numerical LDA values of Dickson
also higher than the HF dispersion. The LDA and BLypand Beck&® for HF yields (our own values of Table IX in
frequency dispersions are clearly overestima@t6% and ~Parentheses B,,=—2.3 (-2.22; B;,,7~—10.8 (-10.9;
24.0%. The first and second vibrational frequency- Yxxo=1100(1200; v,,,,610(630), which is quite satisfac-

dependent hyperpolarizabilities have been estimated to H@rY- Once again, the numerical and basis set errors in our
relatively small for this moleculd results seem to be substantially smaller than the errors intro-

duced through the approximations for the xc potential. Con-
sequently, we are truly testing these xc potentials themselves
and not the technical accuracy of the calculations.

Our LDA results for CO in Table VIII are once more in For a long time, the benchmark coupled clustbrinitio
excellent agreement with the numerical finite field resultsvalues for3SHC® were not in satisfactory agreement with the
obtained by Dickson and Beck&Their results(in a.u) are  experimental value of 10:90.95° For example, the origi-
Bro=8.6, Br27=33.7, Vyxxx=2100, and v,,,7~2700, nal CCSOT) value of Sekino and Bartléftof —8.0 a.u. is

F. CO
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TABLE IX. Results for the hyperpolarizabilities of HF.

TDHF  MBPT(2) CCSD CCSDT) EXP LDA  BLYP LB94
B2z -8.40 -9.10 -924& -962 -109 -117 -9.11
B -0.28 -125 —1.0% -1.27 —222 -210 -122
B -539°¢ —696 -678 —7.30 -923 -954 -6.93
SHG -5853 —76 -749 80  -109+09% -107 -112 —7.68
OR/EOPE -5522  —7.2 -7.0 -75 -968 -100 —7.17
Yoo 350 640 608 650 1200 1400 450
Yyzz2 270 380 360 390 630 690 340
Vixzz 100 170 160 180 300 340 130
9 320 560 520 560 1000 1100 410
THG 404 700 660 710
EFISH 359 620 58t 630 830120 1300 1400 470
IDRI 345 600 560 610
EOKE 333 580 549 590 1100 1200 430

®Frequency dispersion estimated from the TDHF resiRisf. 25.

bBishop and MarouligRef. 66 obtained HF values oBj=—5.9 a.u. andy;=334 a.u.

‘Papadopoulost al. (Ref. 52 obtained HF values Q8=—5.70 a.u. andy =303 a.u., and MREDTQ) values
of gj=—8.33 andy =579 a.u.

9More recent EOM-CCSD resuli®Ref. 51 give —9.8+ 0.5 (with orbital relaxation or —10.2+ 0.5 (without
orbital relaxation; CCSD result by Haig et al. (Ref. 50: 8.79.

®Reference 49.

fMore recent EOM-CCSD result®Ref. 51) give 720+ 40 (with orbital relaxation of 730+ 40 (without orbital
relaxatior).

9Reference 66.

too low. More recent results of 8.79 a.u.(Ref. 50 and —25.7 vs—24.8, all in a.u. The agreement in the components
estimated EOM-CC resufsof —9.8+0.5 and—10.2+0.5  of y is even more satisfactory, .= 5200 vs 5100;yyyyy
(with or without orbital relaxationimprove upon this. The =1500 vs 1400 andy,,,= 2600 vs 2600. In contrast, the
LDA and BLYP values of-10.7 and—11.2 a.u. are in good | pA results for 3,,, obtained by Guaret al?° are too low
agreement with the experimental values, which should howr _ 17 1 and —13.2, and the results by Dixon and
ever be considered fortuitous, in view of the systematic OVery aisuzaw® are insufficiently converged.
estimations for the other molecules. In fact, these DFT re- .
sults might suggest that the experimental number may be E?]t Our LDA and BLYP values for are again clearly
the lower end of the given error bars. The LB94 value for igher than the benchmark results, _S%Ch as the recent
BSHG of —7.68 a.u. is SatiSfaCtorin close to the CC(S-D CCSHT) value of —17.5+0.3 by MarOU“S? the rece4nt ex-
value® and is better than the TDHF result of5.9 a.u. perimental value(at \=1064 nm of —19.2-0.9>* the

For yFF'SH the CCSIT) value of 630 a.u. is too low somewhat older CCSD) value of —18.0 by Sekino and
with respect to the experimental value of 83020 a.u. The Bartlett® and the MP4 and SDQ-MBR3) values of—19.4
more recent EOM-CC valugsof 720+40 and 73640 and —16.8 by Maroulis® (MCSCF value¥® of —15.15 and
(with or without orbital relaxationimprove upon this. For —15.86 for two different active spaces are also availalfle
v|» the HF and LB94 values of 320 and 410 a.u. are agaigimilar overestimation is found foy;, for which the recent
too low, in comparison to the CC8D) value of 560 a.u., ccsDT) (Ref. 53 and experimentat estimates of, respec-
and the LDA and BLYP values too |arg€.000 anq 1100 tively, 1710+ 60 and 1806 150 (at)\:1064 nm can again
a.u).fThehLB%94 values :re thz preferlable ones, which is als%e considered as the benchmark values. The LB94 values are
true for the frequency-dependent values. guite satisfactory on the other hand. They are much better

The HF molecule was studied in detail by Papadopoulos .
etal5? in different basis sets. at the SéF ?\Apzp andthan the LDA, BLYP, as well as HF values, and in reason-

MPA(SDTQ levels of theory. These authors also provide@Ple agreement with the CC8D results. The LB94 fre-
extensive references to earlier calculations on this moleculéluéncy dispersion for SHG ab=0.0656 of 21.3% is in
Bishop and Dalsko¥? conclude that the vibrational second Petween the HF dispersion of 16.4% and the MCSCF value
hyperpolarizabilities are small for HF, in comparison to theof 24.7%, in agreement with an estimate from the quasi-

electronic value. energy derivative MP2 values by Aiga and It§tThe LB94
potential gives 85"Cvalue of —20.3, which is satisfactorily
H. H,O close to the experimental vaftteof —21.8+0.9, especially

For the LDA values, we find again good agreement withif @ 10% estimate for vibrational averagiigs added to the
Dickson and Becke’§ results. Our stati@3 values of Table theoretical value. Fory, the LB94 results are poorer. Al-
X are slightly higher than theirsg,,=—21.2 vs —20.1;  though still better than LDA, BLYP, or HF, the staticand
Bzxx=—12.1 vs —11.9; B,,y=—9.47 vs —9.2, andBj=  y*"®values are clearly too low.
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TABLE X. Results for the hyperpolarizabilities of,B.

TDHF 2 MBPT(2)? CCSD* CSO(T)? EXP LDA BLYP LB94 MP4 SDQ-MBPT4)
Bazz -7.12-7.8 -13.7 -12.0 -137 -212 -220 -133
Baxx —1.42-1.8 -59 -52 -62 -121 -134 -10.0
Bayy -832-9.4 -9.4 -9.9 -102 -9.47 -9.80 -—4.44 —-10.0
B -10.82-11.2"¢ -840 -1752-13.1 -162 -18.0¢ -257 -271 -167 -19.4 -16.8
SHG —12.568° -20.4 -19.0 -211 2180  —-344 -373 -203
OR/EOPE —11.290% —8.79 -18.42-137% -171 -19.0 —-281 -299 -17.8
Vo 15002 1450 2800 2700 2900 5200 6100 1700 2900 2547
Yyyyy 5502572 820 760 820 1500 1700 750 g21 807
Yaz22 9202905 1540 1390 1500 2500 2800 1100 1875  142%
Vexzz 4002389 750 700 770 1300 1500 470 779 669
Yyyzz 2802287 430 410 440 780 880 360 454 418
Yrxyy 3502342 660 620 680 1300 1500 440 684 596
Y| 10102992° 853 178021420 1650 1806 3200 3700 1200 1830 1628
THG 1518 2700 2500 2700
EFISH 1216 2100 2000 2200 231012C° 4800 5800 1500
IDRI 1139 2000 1900 2000
EOKE 1069% 906 190021529 1700 1900 3600 4200 1300

@Ab initio values obtained by Sekino and Bartlett, Ref. 25.

bStaticab initio values by Maroulis, Ref. 55.

“Luo et al, (Ref. 56 obtained CASSCF values for the staigof —15.25 and—15.86 for two different active spaces, agd"®=—19.02 for the first active
space.

%ery recent benchmark values Bf=—17.5+-0.3 andy;= 1710+ 60 have been obtained by Marou(Ref. 53 from large basis set CCSD) calculations.
New experimental results have been obtained by Katel. (Ref. 54, who obtainedat A =1064 nm 8;=—19.2+0.9 andy = 1800+ 150.
®Experimental value by Ward and Mille(Ref. 45.

I. CH, parison to the experimental®'S" value looks good for the
A comparison to Dickson and Becke’s results for CH LB94 value as W_ell(note the slightly different frequency
yields: B,y,= — 7.5 a.u.= 10%(Ref. 19 vs —8.63 a.u (this compared to previous tables
work, Table X) and y,,,~3700 a.u.= 10% (Ref. 19 vs
3700 a.u.(this work). Our value forg,,, is somewhat out- )
- : : Y . J. Comparison of B5"¢ and y
side the error bars given by Dickson and Becke, which is d P
reason for caution in the interpretation of the results. ThemethOdS
good agreement in the-value on the other hand supports For theBSHC values gathered in Table XlI, we note that,
the reliability of our basis sets. Surprisingly, the LB94 valuewith the exception of the notorious HF molecule, there is a
for By, is too high in this case, which is against the trendconsistent and large overestimation for the LDA and BLYP
observed for the other molecules. F8g,,, all three DFT  values, ranging from 229%CO, LDA) to 185% (NH,
results are preferable to the HF value 6fL1.31, with the BLYP). These poor results are due to overestimations of
CCsSOT) value of —8.31 a.u. as the reference value. hgr ~ both the static properties and the frequency dependence.
the LB94 value of 2400 a.u. is in good agreement with theBoth are caused by the incorrect asymptotic decay of the
CCSOT) number of 2312 a.u., the HF value being too low, LDA and BLYP xc potentials, as evidenced by the results
and the LDA and BLYP values clearly too high. The com- obtained with the asymptotically correct LB94 potential.

BFISH with different

TABLE XI. Results for the hyperpolarizability of CH

TDHF®  MP2  CCSD* CCSDT) EXP LDA  BLYP  LBY%
By -11.31 -814 -873 -831 -863 —945 —899
Yaz22 1768 2295 2138 2254 3700 4100 2300
Vaxzz 638 809 763 800 1300 1400 850
9 1826 2348 2198 2312 3800 4200 2400
EFISH 2300 3316 5300 5900 3100
EOKE 2887-144 4300 4700 2600

&/alues obtained by MarouligRef. 26.

bBishop and SauefRef. 67 obtained 1882 at the SCF level and 2152 at the CASSCF level for the purely
electronic contribution toy .

°Experimental value at frequency 0.06781 a.u. by Buckingham an¢Refr 68. Theoretical results at the same
frequency.

‘Interpolated electronic hyperpolarizability from Bishop and SdRef. 67. At the CASSCF level they obtain
2600 a.u(interpolated. With inclusion of vibrational effects, their values are 2718 and 3023 a.u., respectively.
*References 60,69-71.
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TABLE XII. Average B, SHG (absolute values TABLE XIV. SHG percentage dispersion.

Molecule HF CCSDT)+HF  EXP LDA BLYP LB94 Molecule HF LDA BLYP LB94
HF 5.85 8.0 10.9 10.7 11.2 7.68 HF 8.8 16.1 17.5 10.8
CcO 24.1 27.0 29.9 36.6 37.8 23.4 CcO 14.2 20.2 215 13.3
NH; 21.98 49.1 48.4 109 138 46.0 NH; 45.6 96.8 115.8 42.8
H,O 12.57 21.1 21.8 34.4 37.3 203 H,O 16.4 337 37.6 21.3

aMaroulis (Ref. 47 obtained 30.1 a.u. in a larger basis set.

These LB94 results show large corrections with respeckrom the systematic underestimations for both of these
to the LDA and BLYP values, substantially improving the methods, one might assume that these percentages are more
agreement with the experimental and CQ¥BPDreference probably too low than too high. However, further benchmark
values, although the LB94 values are too low in all fourcalculations, in which the frequency dependence is obtained
cases. The LB94 values are preferable to the HF results fdfom high level correlatedb initio methods, are needed to
the molecules studied here, as is clearly visible for the; NH investigate the reliability of the LB94 and HF frequency de-
and HO results, although the good agreement of the LB94pendencies in more detail.
and experimental numbers may be somewhat fortuitous
there.

For the y EF'SH results in Table X, similar trends can V. SUMMARY AND OUTLOOK
be observed. The overestimations in the LDA and BLYP . . .
values are at least as large as for phealues and overesti- In this work, we hgve provided values for Stfit'c .a.“?d
mations by a factor of two are not exceptional. This is relateJre_quepcy—dependent first gnd segond hyperpolarizabilities,
to the larger importance foy of the description of the outer using time-dependent density functional .theofy’ for a set of 9
region of the molecule, which is poorly described by LDA small r.“o'e?“'es- We employed the adiabatic local Qen5|ty
and GGASs, such as BLYP. Again, the LB94 results are mucﬁapprox!mat!on for the xc kernels,.and tested three different
better, although systematically too low, just as the HF re_approxmatlons for the xc potential: the LDA, BLYP and

sults. The LB94 results are better than the HF results, allé.?fgd' p?tentt|_als. By emgtlo_ylng Ilarge tl)aS|s tse's; W'kt)h manyt
though not for all molecules, iffuse functions, we obtain values close to the basis se

limit, as can be seen from comparison to numerical static
LDA results in the literature. For this reason, we can draw
reliable conclusions concerning the intrinsic quality of dif-
In Tables XIV and XV, the frequency dispersion for ferent xc potentials for determining NLO properties of small
BSHC and yEF1SHis summarized. The values in the tables givemolecules. The popular LDA and BLYP xc potentials lead to
the increase, in terms of percentage, of the valuew at systematic, large overestimations for both the static proper-
=0.0656 a.u.(unless otherwise statpavith respect to the ties and the frequency dependence. This is due to the incor-
static (w=0) values. The four different methods discussedrect asymptotic behavior of these potentials and can be im-
here show similar trends when different molecules are comproved upon by employing an xc potential with the correct
pared. However, the LDA and BLYP results are again too— 1/r behavior asr goes to infinity. The LB94 potential,
high in comparison to the LB94 results, for bg#¥"® and  which is asymptotically correct, therefore strongly improves
¥EF1SH We have previously observed this trend for the linearupon the LDA and BLYP results, giving rise to values
frequency-dependent polarizability(w),? although the ef-  which, for the molecules studied here, improve upon the HF
fect was less pronounced in that case. The LB94 percentagessults in most cases. Similar to the HF results, the LB94
are close to the HF values, supporting both sets of valuesialues tend to be underestimated for such small molecules.
Our results show the importance of the choice of the xc

K. Frequency dependence for BSH¢ and FF'SH

TABLE XllI. Average vy, EFISH atw=0.0656 a.u.

Molecule HF  CCSDT)+ HF EXP LDA BLYP LB9%4 TABLE XV. EFISH percentage dispersion.

N, 822 1100 1030 1500 1800 840  Molecule HE LDA BLYP LB94
Cco, 910 1300 1332 2000 2500 1000
Cs? 13680 17681 (38000° 23100 20900 12200 N, 126 20.5 22.3 14.4
NH5 3276 5600 6147 15700 20300 4000 CO, 13.8 211 24.6 14.3
C,H, 9900 10200 9030 14500 19400 6100 Cs? 20.3 22.8 27.6 17.4
co 1211 1900 1720 2900 3200 1400 NHs 36.5 96.8 115.8 42.8
HF 359 630 830 1300 1400 470 CoH,y 52.3 58.9 75.3 34.2
H,O 1216 2200 2310 4800 5800 1500 CcO 18.7 31.9 33.8 21.7
CH,° 2300 2890 4300 4700 2600 HF 12.2 23.3 25.9 134
H,O 20.4 49.0 58.5 24.9
&/alues at frequency=0.0428 a.u. are compared here. CH,® 26.0 38.7 41.4 29.3
PThe experimental value was obtained in a solvent, and may be a poat
approximation for the gas phase value. aDifferent frequency used. See Cble.
‘A different frequency was used. See LCtdble. bDifferent frequency used. See Glhble.
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