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Ad Networks and Consumer Tracking 

 
Abstract 

 
We study the role of ad networks in the online advertising market. Our baseline model considers 
two publishers that can outsource the sale of their ad inventories to an ad network, in a market 
where consumers and advertisers multi-home. The ad network increases total advertising 
revenue by tracking consumers across outlets and reduces competition between publishers by 
centralizing the sale of ads. Consequently, outsourcing to the ad network is beneficial to the 
publishers, but may penalize the advertisers. We show that the ad network’s ability to track 
consumers may either expand or reduce the provision of ads, depending on consumers’ prefer-
ences for the publishers and how advertisers use tracking information. Specifically, tracking is 
more likely to expand (resp. reduce) the provision of ads when consumers’ preferences for the 
publishers are positively (resp. negatively) correlated. Tracking is also more likely to expand 
(resp. reduce) the provision of ads when advertisers use tracking information to cap the fre-
quency of impressions (resp. target specific consumers). Furthermore, we study the implications 
of consumers’ choice to block tracking. Generally, blocking generates a negative impact on the 
advertising industry, by making the allocation of ads less effective. Blocking also entails an 
externality on consumers, which is negative when tracking reduces the provision of ads. Given 
these conditions, regulatory restrictions on tracking may reduce consumer surplus as well as 
advertising revenue. These findings contrast with the presumption that regulation should make it 
easier for consumers to avoid tracking. We propose further extensions, including competing ad 
networks, more than two publishers and networks that do not sell ads, but only tracking 
information to the advertisers. 
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♦♥ ✇❡❜s✐t❡s t❤❡② ❤❛✈❡ ✈✐s✐t❡❞ ❜❡❢♦r❡ ✭s❡❡ ❛❧s♦ ❚✉❝❦❡r✱ ✷✵✶✹✮✳ ❆ ●❛❧❧✉♣ s✉r✈❡② s❤♦✇s t❤❛t ✻✶✪ ♦❢ r❡s♣♦♥❞❡♥ts ❛r❣✉❡❞
t❤❛t ♦♥❧✐♥❡ ❜❡❤❛✈✐♦r❛❧ tr❛❝❦✐♥❣ ✐s ✉♥❥✉st✐✜❛❜❧❡ ✭▼♦r❛❧❡s✱ ✷✵✶✵✮✳

✹❆❝❝♦r❞✐♥❣ t♦ ❛ ✷✵✶✶ ❯❙❆❚♦❞❛②✳❝♦♠ ❛rt✐❝❧❡ ✭s❡❡ ❤tt♣s✿✴✴✉s❛t♦❞❛②✸✵✳✉s❛t♦❞❛②✳❝♦♠✴t❡❝❤✴♥❡✇s✴st♦r②✴✷✵✶✶✲✶✷✲
✷✾✴✐♥t❡r♥❡t✲♣r✐✈❛❝②✴✺✷✷✼✹✻✵✽✴✶✮✱ ●❤♦st❡r②✱ ♦♥❡ ♦❢ t❤❡ ♠♦st ❝♦♠♠♦♥ ❜❧♦❝❦✲tr❛❝❦✐♥❣ t♦♦❧s✱ ✇❛s ✏❜❡✐♥❣ ❞♦✇♥❧♦❛❞❡❞ ❜②

✷



❝♦♥s✉♠❡rs✬ ❜❧♦❝❦✐♥❣ ♦❢ tr❛❝❦✐♥❣ ♠❛② ❤❛✈❡ ❢❛r✲r❡❛❝❤✐♥❣ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r t❤❡ ❛❞✈❡rt✐s✐♥❣ ♠❛r❦❡t✳

❚❤❡ ✐ss✉❡s ♦✉t❧✐♥❡❞ ❛❜♦✈❡ r❛✐s❡ s❡✈❡r❛❧ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥s✳ ❲❤❛t r♦❧❡ ❞♦ ❛❞ ♥❡t✇♦r❦s ♣❧❛②

✐♥ t❤❡ ♦♥❧✐♥❡ ❛❞✈❡rt✐s✐♥❣ ♠❛r❦❡t❄ ❍♦✇ ❞♦ t❤❡② ❣❡♥❡r❛t❡ ✈❛❧✉❡ ❢♦r ❞✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs✱ ❛❞✈❡rt✐s❡rs

❛♥❞ ❝♦♥s✉♠❡rs❄ ❍♦✇ ❞♦ t❤❡② ❛✛❡❝t ❦❡② ♠❛r❦❡t ♦✉t❝♦♠❡s✱ s✉❝❤ ❛s t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ♦♥ ❞✐❣✐t❛❧

♣✉❜❧✐s❤❡rs❄ ❲❤❛t ✐s t❤❡ ❡✛❡❝t ♦❢ tr❛❝❦✐♥❣ t❡❝❤♥♦❧♦❣✐❡s ❛♥❞ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❝♦♥s✉♠❡rs ❛✈♦✐❞✐♥❣

tr❛❝❦✐♥❣ ♦♥ ♠❛r❦❡t ♦✉t❝♦♠❡s❄ ❖✉r ♣❛♣❡r ♣r♦✈✐❞❡s ❛♥ ❛♥❛❧②t✐❝❛❧ ❢r❛♠❡✇♦r❦ t♦ t❛❝❦❧❡ t❤❡s❡ q✉❡st✐♦♥s✳

❊ss❡♥t✐❛❧❧②✱ ♦✉r ❝♦♥tr✐❜✉t✐♦♥ ✐s t♦ ❡①♣❧♦r❡ t❤❡ r♦❧❡ ♦❢ ❛❞ ♥❡t✇♦r❦s ✐♥ t❤❡ ❞✐❣✐t❛❧ ❡❝♦s②st❡♠✳ ❲❡

❞❡✈❡❧♦♣ ❛ ♠♦❞❡❧ ♦❢ ❛♥ ❛❞ ♥❡t✇♦r❦ t❤❛t ❝❡♥tr❛❧✐③❡s t❤❡ s❛❧❡ ♦❢ ❛❞s ❛♥❞ tr❛❝❦s ❝♦♥s✉♠❡rs ♦♥ ♠✉❧t✐♣❧❡

♣✉❜❧✐s❤❡rs✳ ■♥ ❛ ♥✉ts❤❡❧❧✱ ♦✉r ❛♥❛❧②s✐s s❤♦✇s t❤❛t ❛❞ ♥❡t✇♦r❦s ♠❛❦❡ t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ❛❞s ♠♦r❡

❡✣❝✐❡♥t✱ ❜✉t ❛❧s♦ ❝❤❛♥❣❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s✉r♣❧✉s ❛♠♦♥❣ ♣✉❜❧✐s❤❡rs ❛♥❞ ❛❞✈❡rt✐s❡rs ❜② ✐♥❝r❡❛s✐♥❣

❝♦♥❝❡♥tr❛t✐♦♥ ♦♥ t❤❡ s✉♣♣❧② s✐❞❡ ♦❢ t❤❡ ♠❛r❦❡t✳ ❋✉rt❤❡r♠♦r❡✱ ❛❞ ♥❡t✇♦r❦s ❝❛♥ ❤❛✈❡ ✉♥❡①♣❡❝t❡❞

❡✛❡❝ts ♦♥ ❦❡② ♠❛r❦❡t ♦✉t❝♦♠❡s✱ s✉❝❤ ❛s t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ♦♥ ❞✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs✱ ❞✉❡ t♦ t❤❡

t✇♦✲s✐❞❡❞ ♥❛t✉r❡ ♦❢ ❞✐❣✐t❛❧ ❛❞✈❡rt✐s✐♥❣ ♠❛r❦❡ts✱ ♠✉❧t✐✲❤♦♠✐♥❣ ❛♥❞ ❝♦♥s✉♠❡rs✬ r❡s♣♦♥s❡ t♦ tr❛❝❦✐♥❣✳

■♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ❛❞✲✜♥❛♥❝❡❞ ♣✉❜❧✐s❤❡rs ❛♥❞ ❛♥ ❛❞ ♥❡t✇♦r❦✳ ❈♦♥s✉♠❡rs

❛♥❞ ❛❞✈❡rt✐s❡rs ♣♦ss✐❜❧② ♠✉❧t✐✲❤♦♠❡ ❛♥❞ ❛❞s ❛r❡ ❛♥♥♦②✐♥❣ t♦ ❝♦♥s✉♠❡rs✳ ❲❡ ❛♥❛❧②③❡ t❤❡ ✐♠♣❛❝t ♦❢

t❤❡ ❛❞ ♥❡t✇♦r❦ ♦♥ ♣✉❜❧✐s❤❡rs ❛♥❞ ❛❞✈❡rt✐s❡rs✱ ❧♦♦❦✐♥❣ ❛t ✐ts ❡✛❡❝t ♦♥ t❤❡ s✐③❡ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥

♦❢ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡s✳ ❚❤❡ ♥❡t✇♦r❦ ❝❛♥ ❡①♣❧♦✐t tr❛❝❦✐♥❣ t❡❝❤♥♦❧♦❣✐❡s t♦ ✐♠♣r♦✈❡ t❤❡ ❛❧❧♦❝❛t✐♦♥

♦❢ ❛❞s✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❝❛♥ ❝♦♦r❞✐♥❛t❡ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ♦♥ ❜♦t❤ ♣✉❜❧✐s❤❡rs✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛❞

♥❡t✇♦r❦ ✐♥❝r❡❛s❡s t♦t❛❧ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡✳ ❚❤❡ ♥❡t✇♦r❦ ❛❧s♦ ❡①tr❛❝ts ❛ ❧❛r❣❡r s❤❛r❡ ♦❢ t❤✐s r❡✈❡♥✉❡

❢r♦♠ t❤❡ ❛❞✈❡rt✐s❡rs✱ ❜❡❝❛✉s❡ ✐t ✇❡❛❦❡♥s ❝♦♠♣❡t✐t✐♦♥ ❛♠♦♥❣ ♣✉❜❧✐s❤❡rs ❜② ❝❡♥tr❛❧✐③✐♥❣ t❤❡ s❛❧❡ ♦❢

❛❞s✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❛❞ ♥❡t✇♦r❦ ❝❛♥ ❣✉❛r❛♥t❡❡ t♦ ❡❛❝❤ ♣✉❜❧✐s❤❡r ❛ s❤❛r❡ ♦❢ t❤❡ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡

❧❛r❣❡ ❡♥♦✉❣❤ t❤❛t t❤❡② ❛r❡ ❜❡tt❡r ♦✛ ♦✉ts♦✉r❝✐♥❣ t❤❡✐r ❛❞ ✐♥✈❡♥t♦r✐❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❣✐✈❡♥ t❤❡

♥❡t✇♦r❦✬s ♠❛r❦❡t ♣♦✇❡r✱ t❤❡ ❛❞✈❡rt✐s❡rs ♠❛② ❧♦s❡ ✇❤❡♥ t❤❡ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡✳ ❚❤✐s ✐s t❤❡ ❝❛s❡✱

✐♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ t❤❡ ❛❞✈❡rt✐s❡rs ❤❛✈❡ ❧✐tt❧❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r✱ s✉❣❣❡st✐♥❣ t❤❛t s♠❛❧❧ ❛❞✈❡rt✐s❡rs ❛r❡

♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ✇♦rs❡ ♦✛ ✇✐t❤ ❛❞ ♥❡t✇♦r❦s t❤❛♥ ❧❛r❣❡r ♦♥❡s✳

❲❡ t❤❡♥ ❛♥❛❧②③❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❛❞ ♥❡t✇♦r❦ ♦♥ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ♦♥ ❞✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs✳ ❚❤✐s

✐s ❛♥ ✐♠♣♦rt❛♥t ♠❛r❦❡t ♦✉t❝♦♠❡✱ ♥♦t❛❜❧② ❜❡❝❛✉s❡ ✐t ❛✛❡❝ts t❤❡ ✐♠♣❛❝t ♦❢ ❛❞ ♥❡t✇♦r❦s ♦♥ ❝♦♥s✉♠❡rs✳

❲❡ ❞✐s❡♥t❛♥❣❧❡ t❤❡ ❛❞ ♥❡t✇♦r❦✬s ❡✛❡❝t ♦♥ t❤❡ q✉❛♥t✐t② ♦❢ ❛❞s ✇❤✐❝❤ ✐s ❞✉❡ t♦ tr❛❝❦✐♥❣ ❢r♦♠ t❤❛t

✇❤✐❝❤ ✐s ❞✉❡ t♦ ❝❡♥tr❛❧✐③✐♥❣ t❤❡✐r s❛❧❡✳ ❚❤❡ ❢♦r♠❡r ❞❡♣❡♥❞s ♦♥ t✇♦ ❢♦r❝❡s st❡♠♠✐♥❣ ❢r♦♠ t❤❡ t✇♦✲

s✐❞❡❞ ♥❛t✉r❡ ♦❢ ❞✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ tr❛❝❦✐♥❣ ✐♥❝r❡❛s❡s t❤❡ r❡✈❡♥✉❡ ❢r♦♠ ❛❞❞✐t✐♦♥❛❧

❛❞s t❤❛t ❤✐t ♠✉❧t✐✲❤♦♠❡rs✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ tr❛❝❦✐♥❣ ❛❧s♦ ✐♥❝r❡❛s❡s t❤❡ t♦t❛❧ r❡✈❡♥✉❡ ❣❡♥❡r❛t❡❞

❢r♦♠ ❡❛❝❤ ♠✉❧t✐✲❤♦♠❡r ❛♥❞✱ ❤❡♥❝❡✱ t❤❡ ❝♦st ♦❢ ❧♦s✐♥❣ t❤❡s❡ ❝♦♥s✉♠❡rs ✇❤❡♥ t❤❡ ♣✉❜❧✐s❤❡rs ❝❛rr②

♠♦r❡ ❛❞s✳ ❚❤❡ ✜rst ❡✛❡❝t t❡♥❞s t♦ ❡①♣❛♥❞ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ♦♥ ❞✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs✱ ✇❤❡r❡❛s t❤❡

s❡❝♦♥❞ t❡♥❞s t♦ r❡str✐❝t ✐t✳

❲❡ ✐❞❡♥t✐❢② s♦♠❡ ♦❜s❡r✈❛❜❧❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡✛❡❝ts ♦❢ tr❛❝❦✐♥❣ ❞❡s❝r✐❜❡❞

❛❜♦✈❡✳ ❲❡ ❛r❣✉❡ t❤❛t tr❛❝❦✐♥❣ ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❡①♣❛♥❞ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ✇❤❡♥ ❝♦♥s✉♠❡rs✬

♣r❡❢❡r❡♥❝❡s ❢♦r t❤❡ t✇♦ ♣✉❜❧✐s❤❡rs ❛r❡ ♣♦s✐t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ✭✇❤✐❝❤ ♠❛❦❡s ❞❡♠❛♥❞ ❜② ♠✉❧t✐✲❤♦♠✐♥❣

❝♦♥s✉♠❡rs ❧❡ss ❡❧❛st✐❝✮ ❛♥❞ ❛❞✈❡rt✐s❡rs ✉s❡ tr❛❝❦✐♥❣ ✐♥❢♦r♠❛t✐♦♥ t♦ ❝❛♣ t❤❡ ❢r❡q✉❡♥❝② ♦❢ ✐♠♣r❡ss✐♦♥s

✶✹✵✵✵✵ ♥❡✇ ✉s❡rs ❡❛❝❤ ♠♦♥t❤✱ ✇✐t❤ t♦t❛❧ ❞♦✇♥❧♦❛❞s ❞♦✉❜❧✐♥❣ t♦ ✹✳✺ ♠✐❧❧✐♦♥ ✐♥ t❤❡ ♣❛st ✶✷ ♠♦♥t❤s✑✳

✸



♦r ✐♠♣❧❡♠❡♥t r❡t❛r❣❡t✐♥❣ ❛❝r♦ss ♦✉t❧❡ts ✭✐♠♣❧②✐♥❣ t❤❛t tr❛❝❦✐♥❣ ❛✛❡❝ts ♣r✐♠❛r✐❧② t❤❡ r❡✈❡♥✉❡ ❢r♦♠

❛❞❞✐t✐♦♥❛❧ ❛❞s t❤❛t ❤✐t ♠✉❧t✐✲❤♦♠❡rs✮✳ ❇② ❝♦♥tr❛st✱ ✇❡ ❡①♣❡❝t tr❛❝❦✐♥❣ t♦ ❤❛✈❡ ❛ r❡str✐❝t✐✈❡ ❡✛❡❝t ♦♥

t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ✇❤❡♥ ❝♦♥s✉♠❡rs✬ ♣r❡❢❡r❡♥❝❡s ❢♦r t❤❡ t✇♦ ♣✉❜❧✐s❤❡rs ❛r❡ ♥❡❣❛t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ❛♥❞

✇❤❡♥ tr❛❝❦✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐s ✉s❡❞ ❢♦r t❛r❣❡t✐♥❣ ❛❞s t♦ s♣❡❝✐✜❝ ❝♦♥s✉♠❡rs✱ ❜❛s❡❞ ♦♥ t❤❡✐r ♣r❡❢❡r❡♥❝❡s

❢♦r ♣r♦❞✉❝ts✳

❚❤❡ ❛❞ ♥❡t✇♦r❦ ❛❧s♦ ❛✛❡❝ts t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ❜② ❝❡♥tr❛❧✐③✐♥❣ t❤❡✐r s❛❧❡✳ ❲❤❡♥ t❤❡ q✉❛♥t✐t②

♦❢ ❛❞s ❝❛rr✐❡❞ ❜② ❛ ♣✉❜❧✐s❤❡r ✐♥❝r❡❛s❡s✱ s♦♠❡ ♠✉❧t✐✲❤♦♠❡rs st♦♣ ✈✐s✐t✐♥❣ ✐t✱ s♦ t❤❡ r❡✈❡♥✉❡ t❤❡s❡

❝♦♥s✉♠❡rs ❣❡♥❡r❛t❡ ♦♥ t❤❡ ♣✉❜❧✐s❤❡r ✐s ❧♦st✳ ❉✐✛❡r❡♥t❧② ❢r♦♠ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♣✉❜❧✐s❤❡rs s❡❧❧ t❤❡✐r

♦✇♥ ❛❞ ✐♥✈❡♥t♦r✐❡s ❞✐r❡❝t❧②✱ t❤❡ ❛❞ ♥❡t✇♦r❦ ✐♥t❡r♥❛❧✐③❡s t❤❛t t❤❡s❡ ❝♦♥s✉♠❡rs st✐❧❧ ❣❡♥❡r❛t❡ r❡✈❡♥✉❡

❛s s✐♥❣❧❡✲❤♦♠❡rs ♦♥ t❤❡ ♦t❤❡r ♣✉❜❧✐s❤❡r✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❛❞ ♥❡t✇♦r❦ ❣❡♥❡r❛t❡s ♠♦r❡ r❡✈❡♥✉❡

❢r♦♠ ❛ ♠✉❧t✐✲❤♦♠❡r t❤❛♥ t❤❡ ♣✉❜❧✐s❤❡rs✱ ❞✉❡ t♦ ✐ts ♠❛r❦❡t ♣♦✇❡r✳ ■❢ t❤❡ ♥❡t ❝♦st ♦❢ ✐♥❝r❡❛s✐♥❣

t❤❡ q✉❛♥t✐t② ♦❢ ❛❞s ✐s s♠❛❧❧❡r ❢♦r t❤❡ ❛❞ ♥❡t✇♦r❦✱ ❝❡♥tr❛❧✐③❛t✐♦♥ ❡①♣❛♥❞s t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s✳ ❲❡

❛r❣✉❡ t❤❛t t❤✐s ♦✉t❝♦♠❡ ✐s ♠♦r❡ ❧✐❦❡❧② ✇❤❡♥ ♠✉❧t✐✲❤♦♠❡rs ❞❡✈♦t❡ s✐❣♥✐✜❝❛♥t❧② ❧❡ss ❛tt❡♥t✐♦♥ t♦ ❡❛❝❤

♣✉❜❧✐s❤❡r ✭❛♥❞✱ ❤❡♥❝❡✱ ❣❡♥❡r❛t❡ ❧❡ss r❡✈❡♥✉❡ ♦♥ ❡❛❝❤ ♣✉❜❧✐s❤❡r✮ t❤❛♥ s✐♥❣❧❡✲❤♦♠❡rs ❞♦✳

◆❡①t✱ ✇❡ st✉❞② t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❝♦♥s✉♠❡rs ❛✈♦✐❞✐♥❣ tr❛❝❦✐♥❣✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡❧❛t❡❞

❝❤❛♥❣❡s ✐♥ t❤❡ q✉❛♥t✐t② ❛♥❞ ♠✐① ♦❢ ❛❞s t❤❡② ❛r❡ ❡①♣♦s❡❞ t♦✳ ■♥ ♦✉r ♠♦❞❡❧✱ ❝♦♥s✉♠❡rs ♠❛② ❞✐s❧✐❦❡

tr❛❝❦✐♥❣ ♣❡r s❡✱ ❡✳❣✳ ❜❡❝❛✉s❡ ✐t r❡❞✉❝❡s t❤❡✐r ♣r✐✈❛❝②✳ ■♥ ❛❞❞✐t✐♦♥✱ tr❛❝❦✐♥❣ ❝❛♥ ♠❛❦❡ ❛❞s ♠♦r❡

✭❡✳❣✳✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ r❡t❛r❣❡t✐♥❣✮ ♦r ❧❡ss ✭❡✳❣✳✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❢r❡q✉❡♥❝② ❝❛♣♣✐♥❣✮ ❛♥♥♦②✐♥❣✳ ❚❤❡r❡✲

❢♦r❡✱ tr❛❝❦✐♥❣ ❝❛♥ ❝❤❛♥❣❡ ❝♦♥s✉♠❡rs✬ ✐♥❝❡♥t✐✈❡s t♦ ♠✉❧t✐✲❤♦♠❡ ❛♥❞✱ t❤✉s✱ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡

♣✉❜❧✐s❤❡rs✬ ❛✉❞✐❡♥❝❡s✳ ❉✉❡ t♦ t❤✐s ❡✛❡❝t✱ tr❛❝❦✐♥❣ ❝❛♥ r❡❞✉❝❡ t♦t❛❧ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡ ✐♥ s♣❡❝✐✜❝

❝✐r❝✉♠st❛♥❝❡s✱ ♣❛rt✐❝✉❧❛r❧② ✇❤❡♥ ✐t ✐♥❝r❡❛s❡s t❤❡ ♥✉✐s❛♥❝❡ ❢r♦♠ ❛❞s✱ ❞✐s❝♦✉r❛❣✐♥❣ ❝♦♥s✉♠❡rs ❢r♦♠

❜r♦✇s✐♥❣ t❤❡ ♣✉❜❧✐s❤❡rs✱ ✇✐t❤♦✉t ✐♥❝r❡❛s✐♥❣ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡s ❢r♦♠ ♠✉❧t✐✲❤♦♠❡rs s✉❜st❛♥t✐❛❧❧②✳

◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ♣r❛❝t✐❝❡✱ ✐t ✐s ❧✐❦❡❧② t❤❛t t❤❡ ❛❞ ♥❡t✇♦r❦ ❛✈♦✐❞s ✉s✐♥❣ tr❛❝❦✐♥❣ ✐♥ ✇❛②s t❤❛t r❡❞✉❝❡

t♦t❛❧ ❛❞ r❡✈❡♥✉❡✳ ❍❡♥❝❡✱ ❛❧s♦ ✐♥ ❧✐❣❤t ♦❢ tr❛❝❦✐♥❣✬s ♣♦t❡♥t✐❛❧ t♦ ✐♥❝r❡❛s❡ t❤❡ ✈❛❧✉❡ ♦❢ ✐♠♣r❡ss✐♦♥s

❤✐tt✐♥❣ ♠✉❧t✐✲❤♦♠❡rs✱ ✇❡ ❡①♣❡❝t ❝♦♥s✉♠❡rs ❛✈♦✐❞✐♥❣ tr❛❝❦✐♥❣ t♦ ❣❡♥❡r❛❧❧② ❡①❡rt ❛ ♥❡❣❛t✐✈❡ ❡①t❡r♥❛❧✲

✐t② ♦♥ t❤❡ ❛❞✈❡rt✐s✐♥❣ ✐♥❞✉str②✳ ▼♦r❡ ✐♥t❡r❡st✐♥❣❧②✱ ✇❡ ✜♥❞ t❤❛t ❜❧♦❝❦✐♥❣ tr❛❝❦✐♥❣ ❛❧s♦ ❡♥t❛✐❧s ❛♥

❡①t❡r♥❛❧✐t② ♦♥ ❛❧❧ ❝♦♥s✉♠❡rs✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t tr❛❝❦✐♥❣ ❛✛❡❝ts t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ❛♥❞✱ t❤✉s✱ t❤❡

s✉r♣❧✉s ❛❧❧ ✉s❡rs ❣❡t ❢r♦♠ ❜r♦✇s✐♥❣ ❝♦♥t❡♥t✳ ❈♦♥s❡q✉❡♥t❧②✱ ❝♦♥s✉♠❡rs ♠❛② ❜❡ ❜❡tt❡r ♦✛ ❛♥❞ s♦❝✐❛❧

✇❡❧❢❛r❡ ♠❛② ✐♥❝r❡❛s❡ ✇✐t❤ ♠♦r❡ tr❛❝❦✐♥❣ ✇❤❡♥ t❤❡ ❧❛tt❡r r❡str✐❝ts t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s

❚❤❡ ❛❜♦✈❡ ✜♥❞✐♥❣s ❤❛✈❡ ❞✐r❡❝t ✐♠♣❧✐❝❛t✐♦♥s ❢♦r t❤❡ ❞❡❜❛t❡ ♦♥ ♣r✐✈❛❝②✲♣r♦t❡❝t✐♦♥ r✉❧❡s ❞❡s✐❣♥❡❞

t♦ ❡✐t❤❡r r❡❞✉❝❡ t❤❡ ❝♦sts ♦❢ ❜❧♦❝❦✐♥❣ tr❛❝❦✐♥❣ ♦r ✐♥❞✉❝❡ t❤❡ ❛❞✈❡rt✐s✐♥❣ ✐♥❞✉str② t♦ ❛❞♦♣t ❧❡ss

✐♥tr✉s✐✈❡ ♣r❛❝t✐❝❡s✳✺ ❚❤❡s❡ ♠❡❛s✉r❡s ♠✐❣❤t ♣❡♥❛❧✐③❡ t❤❡ ❛❞✈❡rt✐s✐♥❣ ✐♥❞✉str② ❛s ✇❡❧❧ ❛s ❝♦♥s✉♠❡rs✱

✐❢ tr❛❝❦✐♥❣ r❡❞✉❝❡s t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s✳ ❇② ❝♦♥tr❛st✱ ✐❢ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ✐♥❝r❡❛s❡s✱ r❡str✐❝t✐♦♥s

♦♥ tr❛❝❦✐♥❣ ❜❡♥❡✜t ❝♦♥s✉♠❡rs✳ ❲❡ ❛❧s♦ ❡✈❛❧✉❛t❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❛❞✈❡rt✐s✐♥❣ ❝❛♣s✱ t❤❛t ♠✐❣❤t

♠✐t✐❣❛t❡ t❤❡ ✉♥✐♥t❡♥❞❡❞ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ♣r✐✈❛❝② r❡❣✉❧❛t✐♦♥ ♦♥ t❤❡ s✉♣♣❧② ♦❢ ❛❞s✳

❲❡ ♣r♦♣♦s❡ ❛ s❡r✐❡s ♦❢ ❡①t❡♥s✐♦♥s ✐♥ t❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ ❛♥❛❧②s✐s✳ ❲❡ ✜rst ❝♦♥s✐❞❡r ❛ tr❛❝❦✐♥❣

♥❡t✇♦r❦✱ t❤❛t s❡❧❧s ♦♥❧② tr❛❝❦✐♥❣ ✐♥❢♦r♠❛t✐♦♥ t♦ t❤❡ ❛❞✈❡rt✐s❡rs ❜✉t ❧❡ts t❤❡ ♣✉❜❧✐s❤❡rs s❡❧❧ t❤❡✐r

✺❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❋❡❞❡r❛❧ ❚r❛❞❡ ❈♦♠♠✐ss✐♦♥ ♣r♦♣♦s❡❞ ✐♥ ✷✵✶✷ ❛ ✏❞♦ ♥♦t tr❛❝❦✑ ♠❡❝❤❛♥✐s♠✳ ❚❤❡ ❊❯ ●❡♥❡r❛❧
❉❛t❛ Pr♦t❡❝t✐♦♥ ❘❡❣✉❧❛t✐♦♥ ✭●❉P❘✱ ✷✵✶✻✮ ❡st❛❜❧✐s❤❡s ♦♣t✲✐♥ ♣♦❧✐❝✐❡s ❢♦r ❝♦❧❧❡❝t✐♥❣ ❝♦♥s✉♠❡rs✬ ❝♦♥s❡♥t✳

✹



♦✇♥ ❛❞ ✐♥✈❡♥t♦r✐❡s✳ ❚❤❡ ♣✉❜❧✐s❤❡rs ❞♦ ♥♦t ❜❡♥❡✜t ❢r♦♠ ❧❡tt✐♥❣ t❤✐s ♥❡t✇♦r❦ tr❛❝❦ t❤❡✐r ❛✉❞✐❡♥❝❡ ✐❢

tr❛❝❦✐♥❣ r❡❞✉❝❡s t❤❡ t♦t❛❧ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡✳ ❇② ❝♦♥tr❛st✱ ❛♥ ❛❞ ♥❡t✇♦r❦ t❤❛t ❝❡♥tr❛❧✐③❡s t❤❡ s❛❧❡

♦❢ ❛❞s ✐s ❛ttr❛❝t✐✈❡ t♦ t❤❡ ♣✉❜❧✐s❤❡rs ❡✈❡♥ ✐❢ tr❛❝❦✐♥❣ r❡❞✉❝❡s ❛❞ r❡✈❡♥✉❡s✱ ❜❡❝❛✉s❡ t❤❡ ❛❞ ♥❡t✇♦r❦

s♦❢t❡♥s ❝♦♠♣❡t✐t✐♦♥ ❢♦r ❛❞✈❡rt✐s❡rs✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❛❞✈❡rt✐s❡rs ❜❡♥❡✜t ❢r♦♠ ❝♦♠♣❡t✐t✐♦♥

❜❡t✇❡❡♥ t❤❡ ♣✉❜❧✐s❤❡rs ❛♥❞✱ ❤❡♥❝❡✱ ♠❛② ❜❡ ❜❡tt❡r ♦✛ ✇✐t❤ ❛ tr❛❝❦✐♥❣ ♥❡t✇♦r❦✳

■♥ ❛ ❢✉rt❤❡r ❡①t❡♥s✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ❛❞ ♥❡t✇♦r❦s✳ ❉✉❡ t♦ t❤❡ ❣❛✐♥s ❢r♦♠

❝❡♥tr❛❧✐③❛t✐♦♥ ❛♥❞ tr❛❝❦✐♥❣✱ t❤❡ ❛❞ ♥❡t✇♦r❦s ❝♦♠♣❡t❡ ✜❡r❝❡❧② t♦ ❛ttr❛❝t t❤❡ ♣✉❜❧✐s❤❡rs ❛♥❞ t❤❡

❡q✉✐❧✐❜r✐✉♠ ✐s s✉❝❤ t❤❛t ❜♦t❤ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡ t♦ t❤❡ s❛♠❡ ♦♥❡✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢

✐♠♣r❡ss✐♦♥s ❛♥❞ t♦t❛❧ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡s ❛r❡ t❤❡ s❛♠❡ ❛s ✇✐t❤ ❛ ♠♦♥♦♣♦❧✐st ♥❡t✇♦r❦✳ ❚❤✉s✱

❝♦♠♣❡t✐t✐♦♥ ❜❡♥❡✜ts ♣r✐♠❛r✐❧② t❤❡ ♣✉❜❧✐s❤❡rs✳ ❲❡ ❛❧s♦ s❤♦✇ t❤❛t ♦✉r r❡s✉❧ts ❛r❡ r♦❜✉st t♦ ✐♥tr♦✲

❞✉❝✐♥❣ ♠♦r❡ t❤❛♥ t✇♦ ♣✉❜❧✐s❤❡rs ❛♥❞ t♦ ✈❛r✐♦✉s ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ str✉❝t✉r❡ ♦❢ ❝♦♥tr❛❝ts ❜❡t✇❡❡♥

♣✉❜❧✐s❤❡rs✱ t❤❡ ❛❞ ♥❡t✇♦r❦ ❛♥❞ ❛❞✈❡rt✐s❡rs✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ♣r❡s❡♥ts ❛ ❜r✐❡❢ ❧✐t❡r❛t✉r❡ r❡✈✐❡✇✳

❙❡❝t✐♦♥ ✸ ❞❡s❝r✐❜❡s t❤❡ ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✹ ❛♥❛❧②③❡s t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❛❞ ♥❡t✇♦r❦ ♦♥ t❤❡ s✐③❡ ❛♥❞

❞✐str✐❜✉t✐♦♥ ♦❢ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡s✱ ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞✈❡rt✐s✐♥❣✳ ❙❡❝t✐♦♥ ✺ ❡♥❞♦❣❡♥✐③❡s

t❤❡ ❡①t❡♥t ♦❢ tr❛❝❦✐♥❣✱ ❢♦❝✉s✐♥❣ ♦♥ ❝♦♥s✉♠❡rs✬ ❝❤♦✐❝❡ t♦ ❜❧♦❝❦✳ ❙❡❝t✐♦♥ ✻ ♣r❡s❡♥ts t❤❡ ❡①t❡♥s✐♦♥s✳

❙❡❝t✐♦♥ ✼ ❞✐s❝✉ss❡s t❤❡ ♣♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ♦✉r ❛♥❛❧②s✐s✱ ❛♥❞ ❙❡❝t✐♦♥ ✽ ❝♦♥❝❧✉❞❡s✳ ❯♥❧❡ss ♦t❤❡r✇✐s❡

st❛t❡❞✱ ♣r♦♦❢s ❛r❡ ✐♥ ❆♣♣❡♥❞✐① ✶✳ ❆♣♣❡♥❞✐① ✷✱ ✸ ❛♥❞ ✹ ❛r❡ ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡✳

✷ ▲✐t❡r❛t✉r❡

❖✉r ♣❛♣❡r ❜❡❧♦♥❣s t♦ ❛ r❡❝❡♥t ❧✐t❡r❛t✉r❡ t❤❛t st✉❞✐❡s t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞✈❡rt✐s✐♥❣ ✐♥ t✇♦✲s✐❞❡❞ ♠❛r❦❡ts

✇✐t❤ ♠✉❧t✐✲❤♦♠✐♥❣ ❝♦♥s✉♠❡rs ❛♥❞ ❛❞✈❡rt✐s❡rs ✭❆♥❞❡rs♦♥ ❡t ❛❧✳✱ ✷✵✶✽❀ ❆♠❜r✉s ❡t ❛❧✳✱ ✷✵✶✻❀ ❆t❤❡②

❡t ❛❧✳ ✷✵✶✽✮✳ ❚❤✐s ❧✐t❡r❛t✉r❡ ❛❝❦♥♦✇❧❡❞❣❡s t❤❛t ♠✉❧t✐✲❤♦♠✐♥❣ r❡❞✉❝❡s t❤❡ ✈❛❧✉❡ ♦❢ ❛❞ ✐♥✈❡♥t♦r✐❡s

❜② ✐♥❝r❡❛s✐♥❣ ♣❧❛t❢♦r♠s✬ ❝♦♠♣❡t✐t✐♦♥ ❢♦r ❛❞✈❡rt✐s❡rs ❛♥❞ ♠❛❦✐♥❣ t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ❛❞s ❧❡ss ❡✣❝✐❡♥t✳

❋✉rt❤❡r♠♦r❡✱ ♣r❡✈✐♦✉s ✇♦r❦ ❡♠♣❤❛s✐③❡s t❤❡ r♦❧❡ ♦❢ ❞❡♠❛♥❞ ❝♦♠♣♦s✐t✐♦♥ ✭s✐♥❣❧❡✲ ❛♥❞ ♠✉❧t✐✲❤♦♠❡rs✮

✐♥ ❞❡t❡r♠✐♥✐♥❣ ♠❛r❦❡t ♦✉t❝♦♠❡s✳ ❖✉r ♠♦❞❡❧ ✐♥❝♦r♣♦r❛t❡s t❤❡s❡ ❛s♣❡❝ts ❛♥❞ ❝♦♥tr✐❜✉t❡s ❜② ❝♦♥✲

s✐❞❡r✐♥❣ ❛❞ ♥❡t✇♦r❦s✱ t❤❛t ❝❛♥ ❛❞❞r❡ss ♠✉❧t✐✲❤♦♠✐♥❣ ❜② ❝❡♥tr❛❧✐③✐♥❣ t❤❡ s❛❧❡ ♦❢ ❛❞s ❛♥❞ ❡①♣❧♦✐t✐♥❣

tr❛❝❦✐♥❣ t❡❝❤♥♦❧♦❣✐❡s✳

❚❤❡r❡ ✐s ❛ ❣r♦✇✐♥❣ ❧✐t❡r❛t✉r❡ st✉❞②✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ t❡❝❤♥♦❧♦❣✐❡s t❤❛t ✉s❡ ❝♦♥s✉♠❡r ❞❛t❛ t♦

✐♠♣r♦✈❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❛❞✈❡rt✐s✐♥❣✳ ❚❤✐s ❧✐t❡r❛t✉r❡ s❤♦✇s t❤❛t ✜r♠s ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❜❡♥❡✲

✜t ❢r♦♠ ❝♦❧❧❡❝t✐♥❣ ❛♥❞ ❡①♣❧♦✐t✐♥❣ ❝♦♥s✉♠❡r ❞❛t❛✳❆t❤❡② ❛♥❞ ●❛♥s ✭✷✵✶✵✮ s❤♦✇ t❤❛t t❛r❣❡t✐♥❣ ❤❛s

✈❛❧✉❡ ❢♦r ❣❡♥❡r❛❧ ♣✉❜❧✐s❤❡rs ♦♥❧② ✇❤❡♥ t❤❡② ❛r❡ ❝♦♥str❛✐♥❡❞ ✐♥ ❛❞✈❡rt✐s✐♥❣ s♣❛❝❡✳ ❇❡r❣❡♠❛♥♥ ❛♥❞

❇♦♥❛tt✐ ✭✷✵✶✶✮ ❛♥❛❧②③❡ ❤♦✇ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ t❛r❣❡t✐♥❣ ❛❜✐❧✐t② ♦❢ ♠❡❞✐❛ ✜r♠s ❛✛❡❝ts ❝♦♠♣❡t✐t✐♦♥

❢♦r ❛❞✈❡rt✐s✐♥❣ s♣❛❝❡✳ ❇❡r❣❡♠❛♥♥ ❛♥❞ ❇♦♥❛tt✐ ✭✷✵✶✺✮ ❝♦♥s✐❞❡r ❛ ❞❛t❛✲❜r♦❦❡r t❤❛t ❝♦❧❧❡❝ts ❛♥❞ s❡❧❧s

❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ t♦ ❛❞✈❡rt✐s❡rs✳ ❚❤❡② s❤♦✇ t❤❛t ♠♦r❡ ♣r❡❝✐s❡ ✐♥❢♦r♠❛t✐♦♥ ♠❛② ♥♦t ❜❡♥❡✜t

t❤❡ ❞❛t❛✲❜r♦❦❡r✳❆♥ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡ ✇✐t❤ ♦✉r ♣❛♣❡r ✐s t❤❛t t❤❡s❡ ♣❛♣❡rs ❢♦❝✉s ♦♥ ❛❞ t❛r❣❡t✐♥❣✱

❞✐sr❡❣❛r❞✐♥❣ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ♠✉❧t✐✲❤♦♠✐♥❣✳ ❲❡ ❢♦❝✉s ✐♥st❡❛❞ ♦♥ t❡❝❤♥♦❧♦❣✐❡s t❤❛t ❛❞❞r❡ss t❤❡

♣✉❜❧✐s❤❡rs✬ ✐♥❛❜✐❧✐t② t♦ ♠♦♥✐t♦r ♠✉❧t✐✲❤♦♠❡rs ♦✉ts✐❞❡ t❤❡✐r ♦✇♥ ❞♦♠❛✐♥✳ ❋✉rt❤❡r♠♦r❡✱ ❜② ❝♦♥s✐❞✲

✺



❡r✐♥❣ ♣✉❜❧✐s❤❡rs t❤❛t ❜r✐♥❣ ❝♦♥s✉♠❡rs ❛♥❞ ❛❞✈❡rt✐s❡rs t♦❣❡t❤❡r✱ ♦✉r ♠♦❞❡❧ ❞✐✛❡rs ❢r♦♠ ❇❡r❣❡♠❛♥♥

❛♥❞ ❇♦♥❛tt✐ ✭✷✵✶✶ ❛♥❞ ✷✵✶✺✮✱ ❛♥❞ ✐s✱ ✐♥ t❤✐s r❡❣❛r❞✱ ❝❧♦s❡r t♦ ❆t❤❡② ❛♥❞ ●❛♥s ✭✷✵✶✵✮✳ ❍♦✇❡✈❡r✱

✇❡ ❞✐✛❡r ❢r♦♠ t❤❡ ❧❛tt❡r ❜② ❡♥❞♦❣❡♥✐③✐♥❣ ♣❛rt✐❝✐♣❛t✐♦♥ ♦♥ t❤❡ ❝♦♥s✉♠❡r s✐❞❡✳ ●✐✈❡♥ t❤❡ r❡s♣♦♥s❡

♦❢ ❝♦♥s✉♠❡rs ❛s ✇❡❧❧ ❛s ❛❞✈❡rt✐s❡rs✱ ✇❡ ✜♥❞ t❤❛t t❤❡ s✉♣♣❧② ♦❢ ❛❞s ❝❛♥ ✐♥❝r❡❛s❡ ♦r ❞❡❝r❡❛s❡ ✇✐t❤

tr❛❝❦✐♥❣ ✐♥t❡♥s✐t②✳

❆❧t❤♦✉❣❤ ✇❡ ❞♦ ♥♦t ❢♦❝✉s ♦♥ t❤❡ ♣r✐✈❛❝② ✐♠♣❧✐❝❛t✐♦♥s ♦❢ tr❛❝❦✐♥❣ ❢♦r ❝♦♥s✉♠❡rs✱ ✇❡ ❝♦♥tr✐❜✉t❡

t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ t❤❡ ❡❝♦♥♦♠✐❝s ♦❢ ♣r✐✈❛❝② ❜② st✉❞②✐♥❣ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ❝♦♥s✉♠❡rs ❛✈♦✐❞❛♥❝❡

♦❢ tr❛❝❦✐♥❣ ❛♥❞ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ♦♥ ❞✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs✳ ▼♦st ♣❛♣❡rs ✐♥ t❤✐s ❧✐t❡r❛t✉r❡ ✭s❡❡

❆❝q✉✐st✐ ❡t ❛❧✳✱ ✷✵✶✻✱ ❢♦r ❛ s✉r✈❡②✮ ❢♦❝✉s ♦♥ ✜r♠s✬ ✐♥❝❡♥t✐✈❡s t♦ ❝♦❧❧❡❝t ❝♦♥s✉♠❡r ❞❛t❛ ✭❞❡ ❈♦r♥✐èr❡

❛♥❞ ❞❡ ◆✐❥s✱ ✷✵✶✻❀ ▲❡✈✐♥ ❛♥❞ ▼✐❧❣r♦♠✱ ✷✵✶✵✮✱ ❜✉t ♥♦t ♦♥ ❝♦♥s✉♠❡rs✬ r❡❛❝t✐♦♥✳ ❖✉r ❛♣♣r♦❛❝❤ ✐s

❝❧♦s❡r t♦ ❈❛s❛❞❡s✉s✲▼❛s❛♥❡❧❧ ❛♥❞ ❍❡r✈❛s✲❉r❛♥❡ ✭✷✵✶✺✮✱ ✇❤♦ st✉❞② t❤❡ ❣❛t❤❡r✐♥❣ ♦❢ ❞❛t❛ ❜② ✜r♠s

❛s ✇❡❧❧ ❛s t❤❡ r❡s♣♦♥s❡ ❜② ❝♦♥s✉♠❡rs✳ ❉✐✛❡r❡♥t❧② ❢r♦♠ ✉s✱ t❤❡ ❛✉t❤♦rs ❝♦♥❝❡♥tr❛t❡ ♦♥ ❤♦✇ ✜r♠s

s❡t ♣r✐❝❡s ❢♦r ❝♦♥s✉♠❡rs ❛♥❞ ❢♦r s❡❧❧✐♥❣ ❞❛t❛ t♦ t❤✐r❞ ♣❛rt✐❡s✱ s❤♦✇✐♥❣ t❤❛t ✜r♠s ❝♦❧❧❡❝t✐♥❣ ♠♦r❡

❞❛t❛ t❡♥❞ t♦ s❡t ❧♦✇❡r ♣r✐❝❡s✳ ❈♦♥✐t③❡r ❡t ❛❧✳ ✭✷✵✶✷✮ ❛♥❞ ▼♦♥t❡s ❛t ❛❧✳ ✭✷✵✶✾✮ st✉❞② s❡tt✐♥❣s ✇❤❡r❡

✜r♠s tr❛❝❦ ❝♦♥s✉♠❡rs t♦ ✐♠♣❧❡♠❡♥t ♣❡rs♦♥❛❧✐③❡❞ ♣r✐❝❡s ❛♥❞ ❝♦♥s✉♠❡rs ❝❛♥ ❝❤♦♦s❡ ✇❤❡t❤❡r t♦ st❛②

❛♥♦♥②♠♦✉s✳ ❈♦♥✐t③❡r ❡t ❛❧✳ ✭✷✵✶✷✮ ✜♥❞ t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ❝♦st ♦❢ ♣r♦t❡❝t✐♥❣ t❤❡✐r ♣r✐✈❛❝② ❝❛♥

❜❡♥❡✜t ❝♦♥s✉♠❡rs✳ ▼♦♥t❡s ❡t ❛❧✳ ✭✷✵✶✾✮ s❤♦✇ t❤❛t✱ ✐♥ ❞✉♦♣♦❧②✱ ❛ ❧❛r❣❡r ❝♦st ♦❢ ♣r♦t❡❝t✐♥❣ ♣r✐✈❛❝②

❞❡❝r❡❛s❡s ✜r♠s✬ ♣r♦✜ts ❜❡❝❛✉s❡ ❝♦♠♣❡t✐t✐♦♥ ❢♦r ❡❛❝❤ ❝♦♥s✉♠❡r ❜❡❝♦♠❡s ♠♦r❡ ✐♥t❡♥s❡✳ ❉✐✛❡r❡♥t❧②

❢r♦♠ t❤❡s❡ ♣❛♣❡rs✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❝♦♥s✉♠❡rs ❛✈♦✐❞✐♥❣ tr❛❝❦✐♥❣ ❛♥❞ ❛❞✈❡rt✐s✐♥❣

q✉❛♥t✐t✐❡s✳ ❆③✐③ ❛♥❞ ❚❡❧❛♥❣ ✭✷✵✶✾✮ ❝♦♥s✐❞❡r ❛♥ ❡①♦❣❡♥♦✉s s❤❛r❡ ♦❢ ❝♦♥s✉♠❡rs t❤❛t ❜❧♦❝❦s tr❛❝❦✐♥❣✱

s❤♦✇✐♥❣ t❤❛t ❜❧♦❝❦✐♥❣ ❝❛♥ ❛✛❡❝t t❤❡ ❛❝❝✉r❛❝② ♦❢ ❛❞ t❛r❣❡t✐♥❣✳ ■♥ ♦✉r ♣❛♣❡r t❤❡ ❞❡❝✐s✐♦♥ ✇❤❡t❤❡r t♦

❜❧♦❝❦ ✐s ❡♥❞♦❣❡♥♦✉s✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞✐✛❡r ❜② ❛♥❛❧②③✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❞✐❣✐t❛❧ ♣❧❛t❢♦r♠s ✭♣✉❜❧✐s❤❡rs

❛s ✇❡❧❧ ❛s t❤❡ ❛❞ ♥❡t✇♦r❦✮ ❛♥❞ st✉❞②✐♥❣ t❤❡ ❡✛❡❝t ♦❢ tr❛❝❦✐♥❣ ♦♥ ❛❞✈❡rt✐s✐♥❣ q✉❛♥t✐t✐❡s✳

❆ ❝♦♥s✉♠❡r✬s ❞❡❝✐s✐♦♥ t♦ ❛✈♦✐❞ tr❛❝❦✐♥❣ ✐♠♣♦s❡s ❛♥ ❡①t❡r♥❛❧✐t② ♦♥ ♦t❤❡r ❝♦♥s✉♠❡rs✱ ❜② ❛✛❡❝t✐♥❣

t❤❡ ♣❧❛t❢♦r♠s✬ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s✳ ❚❤✐s ❛s♣❡❝t ❝♦♥♥❡❝ts ♦✉r ♣❛♣❡r t♦ ❛ r❡❝❡♥t ❧✐t❡r❛t✉r❡ t❤❛t st✉❞✐❡s

t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❝♦♥s✉♠❡rs ❝❤♦✐❝❡ t♦ ❛✈♦✐❞ ❛❞s ✭❡✳❣✳ ✇✐t❤ ❛❞✲❜❧♦❝❦❡rs✮✱ ❛❧t❤♦✉❣❤ t❤❡r❡ ✐s ♥♦

❛❞ ❛✈♦✐❞❛♥❝❡ ✐♥ ♦✉r ♠♦❞❡❧✳ ❏♦❤♥s♦♥ ✭✷✵✶✸✮ s❤♦✇s t❤❛t t❤❡r❡ ♠❛② ❜❡ t♦♦ ❧✐tt❧❡ ❛✈♦✐❞❛♥❝❡ ❜❡❝❛✉s❡

❝♦♥s✉♠❡rs ✐❣♥♦r❡ t❤❛t ❜❧♦❝❦✐♥❣ ❛❞s ❞✐s❝♦✉r❛❣❡s ♠❛r❣✐♥❛❧ ❛❞✈❡rt✐s❡rs✱ ❜❡♥❡✜t✐♥❣ ♦t❤❡r ❝♦♥s✉♠❡rs✳

❍❛♥♥ ❡t ❛❧✳ ✭✷✵✵✽✮ st✉❞② ❝♦♥s✉♠❡r ❡✛♦rts t♦ ❞❡✢❡❝t ♠❛r❦❡t✐♥❣✱ ✜♥❞✐♥❣ t❤❛t ❛❞ ❜❧♦❝❦✐♥❣ ♠❛② ❛✛❡❝t

♦t❤❡r ❝♦♥s✉♠❡rs ❜② ❝❤❛♥❣✐♥❣ ✜r♠s✬ ✐♥❝❡♥t✐✈❡ t♦ ❛❞✈❡rt✐s❡✳ ■♥ ♦✉r ♠♦❞❡❧✱ ❞✐✛❡r❡♥t❧② ❢r♦♠ t❤❡s❡

♣❛♣❡rs✱ t❤❡ ✐♥t❡r♣❧❛② ❜❡t✇❡❡♥ ❝♦♥s✉♠❡r ❝❤♦✐❝❡s ❛♥❞ ♠❛r❦❡t ♦✉t❝♦♠❡s ✐s ❞r✐✈❡♥ ❜② t❤❡ str❛t❡❣✐❡s

♦❢ t✇♦✲s✐❞❡❞ ♣❧❛t❢♦r♠s✳ ❆♥❞❡rs♦♥ ❛♥❞ ●❛♥s ✭✷✵✶✶✮ ❝♦♥s✐❞❡r ❛❞ ❛✈♦✐❞❛♥❝❡ ✐♥ ❛ t✇♦✲s✐❞❡❞ ♠♦❞❡❧✱

❜✉t ❛ss✉♠❡ ❝♦♥s✉♠❡rs s✐♥❣❧❡✲❤♦♠❡✳ ■♥ t❤❡✐r ♠♦❞❡❧✱ ♣❧❛t❢♦r♠s ❛❧✇❛②s r❡s♣♦♥❞ t♦ ❛❞ ❛✈♦✐❞❛♥❝❡ ❜②

r❛✐s✐♥❣ ❛❞ q✉❛♥t✐t✐❡s✱ ❜❡❝❛✉s❡ ❝♦♥s✉♠❡rs ✇❤♦ ❞♦ ♥♦t ❜❧♦❝❦ ❛r❡ ❧❡ss s❡♥s✐t✐✈❡ t♦ ❛❞s✳ ❇② ❝♦♥tr❛st✱

✇❡ ✜♥❞ ♦♣t✐♥❣ ♦✉t ❢r♦♠ tr❛❝❦✐♥❣ ❝❛♥ ❛❧s♦ ❜r✐♥❣ t♦ ❧❡ss ❛❞✈❡rt✐s✐♥❣✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ❝♦♥❞✐t✐♦♥s t❤❛t

❛r❡ ✐♥t✐♠❛t❡❧② r❡❧❛t❡❞ t♦ ♠✉❧t✐✲❤♦♠✐♥❣ ❛♥❞ t❤❡ t✇♦✲s✐❞❡❞♥❡ss ♦❢ t❤❡ ♠❛r❦❡t✳

❖✉r st✉❞② ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❝♦♠♠♦♥ ❞✐str✐❜✉t♦rs ✐♥ ♠❡❞✐❛ ♠❛r❦❡ts✳ ❑✐♥❞ ❡t ❛❧✳

✭✷✵✶✻✮ ❝♦♥s✐❞❡r ❛ ❞✐str✐❜✉t♦r t♦ ✇❤✐❝❤ ❚❱ ❝❤❛♥♥❡❧s ❝❛♥ ❞❡❧❡❣❛t❡ t❤❡ ❝❤♦✐❝❡ ♦✈❡r s✉❜s❝r✐♣t✐♦♥ ♣r✐❝❡s✳

❚❤❡② s❤♦✇ t❤❛t ✉s✐♥❣ t❤❡ ❞✐str✐❜✉t♦r ✐s ♥♦t ❛❧✇❛②s ♣r♦✜t❛❜❧❡ ❜❡❝❛✉s❡ ✐t ❛❧❧♦✇s ✐♥t❡r✲✜r♠ ♣r✐❝❡

✻



❋✐❣✉r❡ ✶✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❜❛s❡❧✐♥❡ ♠❛r❦❡t str✉❝t✉r❡✳

❝♦♦r❞✐♥❛t✐♦♥ ♦♥ t❤❡ ❝♦♥s✉♠❡r s✐❞❡ ♦❢ t❤❡ ♠❛r❦❡t✱ ❜✉t ♣r❡✈❡♥ts ✐♥tr❛✲✜r♠ ❝♦♦r❞✐♥❛t✐♦♥✳ ●❡♦r❣❡ ❛♥❞

❍♦❣❡♥❞♦r♥ ✭✷✵✶✷✮ st✉❞② ♥❡✇s ❛❣❣r❡❣❛t♦rs✱ s❤♦✇✐♥❣ t❤❛t t❤❡② ❢❛❝✐❧✐t❛t❡ ♠✉❧t✐✲❤♦♠✐♥❣ ❛♥❞ ❝❛♥ t❤✉s

r❡❞✉❝❡ ❛ ♣✉❜❧✐s❤❡r✬s ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡ ✐❢ ♠❛♥② ♦❢ ✐ts ♦r✐❣✐♥❛❧ ✈✐❡✇❡rs ❛r❡ ❡①❝❧✉s✐✈❡✳ ■♥ ❝♦♥tr❛st t♦

t❤❡s❡ ♣❛♣❡rs✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❛❣❣r❡❣❛t♦r ♦♥ t❤❡ ❛❞✈❡rt✐s✐♥❣ s✐❞❡ ♦❢ t❤❡ ♠❛r❦❡t✳ ■♥ ♦✉r ♠♦❞❡❧✱ ❜②

❝❡♥tr❛❧✐③✐♥❣ t❤❡ s✉♣♣❧② ♦❢ ❛❞s✱ t❤❡ ❛❣❣r❡❣❛t♦r ❜❡♥❡✜ts ❛❞✲✜♥❛♥❝❡❞ ♣✉❜❧✐s❤❡rs✳

❋✐♥❛❧❧②✱ ♦✉r ♣❛♣❡r ❛❧s♦ r❡❧❛t❡s t♦ ❛ r❡❝❡♥t ❧✐t❡r❛t✉r❡ ♦♥ ❛❞✈❡rt✐s✐♥❣ ❛ttr✐❜✉t✐♦♥✱ ✐✳❡✳ t❤❡ ❡①✲♣♦st

❛❧❧♦❝❛t✐♦♥ ♦❢ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡ t♦ ♣✉❜❧✐s❤❡rs ✇❤❡♥ ❛❞✈❡rt✐s❡rs ♠✉❧t✐✲❤♦♠❡ ✭❑✐r❡②❡✈ ❡t ❛❧✳✱ ✷✵✶✻✮✳

❈♦♥s✐st❡♥t❧② ✇✐t❤ ♦✉r ✜♥❞✐♥❣s✱ ❇❡r♠❛♥ ✭✷✵✶✽✮ s❤♦✇s t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ❡✣❝✐❡♥❝② ✐♥ t❤❡ ❛❧❧♦❝❛t✐♦♥

♦❢ ❛❞s ♠❛② ✐♥❝r❡❛s❡ ♣r♦✜ts ❢♦r ♣✉❜❧✐s❤❡rs✱ ❜✉t ❞❡❝r❡❛s❡s t❤♦s❡ ♦❢ ❛❞✈❡rt✐s❡rs✳ ❖✉r ❛♣♣r♦❛❝❤ ✐s

❝♦♠♣❧❡♠❡♥t❛r② t♦ t❤✐s ❧✐t❡r❛t✉r❡✱ ❜❡❝❛✉s❡ ✇❡ st✉❞② t❤❡ ❛❞ ♥❡t✇♦r❦s✬ r♦❧❡ ♦❢ ✐♠♣r♦✈✐♥❣ t❤❡ ✭❡①✲❛♥t❡✮

❛❧❧♦❝❛t✐♦♥ ♦❢ ❛❞s ♦♥ ♠✉❧t✐♣❧❡ ♣✉❜❧✐s❤❡rs✳

✸ ❇❛s❡❧✐♥❡ s❡t✉♣

❲❡ ❝♦♥s✐❞❡r ❛ ♠❛r❦❡t ✇✐t❤ t✇♦ ♣✉❜❧✐s❤❡rs✱ ✐♥❞❡①❡❞ ❜② i = 1, 2✱ ❛♥❞ ❛♥ ❛❞ ♥❡t✇♦r❦✱ ❞❡♥♦t❡❞ ❜② AN

✭s❡❡ ❋✐❣✉r❡ ✶✮✳✻ ❚❤❡ ❜❛s✐❝ str✉❝t✉r❡ ♦❢ ♦✉r ♠♦❞❡❧ ❜♦rr♦✇s ❢r♦♠ t❤❡ s❡tt✐♥❣ ♦❢ ❆♠❜r✉s ❡t ❛❧✳ ✭✷✵✶✻✮✳

P✉❜❧✐s❤❡rs ❛♥❞ t❤❡ ❛❞ ♥❡t✇♦r❦✳ P✉❜❧✐s❤❡rs ♣r♦✈✐❞❡ ❢r❡❡ ❝♦♥t❡♥t t♦ ❝♦♥s✉♠❡rs ❛♥❞ ❣❡♥❡r❛t❡

r❡✈❡♥✉❡ ❢r♦♠ ❛❞✈❡rt✐s✐♥❣✳ ❲❡ ❞❡♥♦t❡ ❜② qi t❤❡ ❛❞✈❡rt✐s✐♥❣ ❧❡✈❡❧ ♦♥ ♣✉❜❧✐s❤❡r i✱ ✐✳❡✳ t❤❡ q✉❛♥t✐t②

♦❢ ✐♠♣r❡ss✐♦♥s t❤❛t t❤❡ ♣✉❜❧✐s❤❡r ❝❛♥ ❡①♣♦s❡ ❡❛❝❤ ❝♦♥s✉♠❡r t♦✳ ❲❡ s❤❛❧❧ ❛t t✐♠❡s r❡❢❡r t♦ qi ❛s

t❤❡ ♣✉❜❧✐s❤❡r✬s ✏❛❞✈❡rt✐s✐♥❣ ❝❛♣❛❝✐t②✑✿ ✐♥ ♦✉r ♠♦❞❡❧✱ t❤❡ ♣✉❜❧✐s❤❡rs ❞❡❝✐❞❡ t❤✐s ❝❛♣❛❝✐t② ❛t ❛♥ ❡❛r❧②

st❛❣❡ ❛♥❞ ❧❛t❡r s❡❧❧ t❤❡ ❛✈❛✐❧❛❜❧❡ ✐♠♣r❡ss✐♦♥s t♦ t❤❡ ❛❞✈❡rt✐s❡rs✳✼

❚❤❡ ♣✉❜❧✐s❤❡rs ❝❛♥ ❡✐t❤❡r s❡❧❧ t❤❡ ✐♠♣r❡ss✐♦♥s ❞✐r❡❝t❧② ♦r ♦✉ts♦✉r❝❡ t❤✐s ❢✉♥❝t✐♦♥ t♦ t❤❡ ❛❞

♥❡t✇♦r❦✳✽ ❲❤❡♥ ❛ ♣✉❜❧✐s❤❡r ♦✉ts♦✉r❝❡s✱ t❤❡ ❛❞ ♥❡t✇♦r❦ s❡❧❧s t❤❡ ♣✉❜❧✐s❤❡r✬s ❛❞✈❡rt✐s✐♥❣ ✐♥✈❡♥t♦r②

❛♥❞ r❡t❛✐♥s t❤❡ ❡♥s✉✐♥❣ r❡✈❡♥✉❡s✱ ✐♥ ❡①❝❤❛♥❣❡ ❢♦r ❛ ❢❡❡✳ ■♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱ ✇❡ ❛❧❧♦✇ t❤✐s ❢❡❡ t♦

❞❡♣❡♥❞ ♦♥ t❤❡ ❛❞ ❝❛♣❛❝✐t② ❝❤♦s❡♥ ❜② t❤❡ ♣✉❜❧✐s❤❡r ❛♥❞ ♦♥ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ♥❡❣♦t✐❛t✐♦♥ ✇✐t❤ t❤❡

♦t❤❡r ♣✉❜❧✐s❤❡r✳ ❲❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❝♦♥tr❛❝t ❜❡t✇❡❡♥ t❤❡ ♣✉❜❧✐s❤❡rs ❛♥❞ t❤❡ ❛❞ ♥❡t✇♦r❦ ✐♥ ❙❡❝t✐♦♥

✹✳✷✳ ❲❡ ❞❡♥♦t❡ ♣✉❜❧✐s❤❡r i✬s ♣r♦✜t ❛s πi✱ ❛♥❞ t❤❡ ❛❞ ♥❡t✇♦r❦✬s ♣r♦✜t ❛s πAN ✳

✻❲❡ ✐♥tr♦❞✉❝❡ ❝♦♠♣❡t✐♥❣ ❛❞ ♥❡t✇♦r❦s ❛♥❞ ♠♦r❡ t❤❛♥ t✇♦ ♣✉❜❧✐s❤❡rs ✐♥ ❙❡❝t✐♦♥s ✻✳✷ ❛♥❞ ✻✳✸✱ r❡s♣❡❝t✐✈❡❧②✳
✼❲❡ ❤❛✈❡ ✐♥ ♠✐♥❞ ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ♣✉❜❧✐s❤❡rs ✜rst ❞❡s✐❣♥ t❤❡ ❧❛②♦✉t ♦❢ t❤❡✐r ✇❡❜ ♣❛❣❡s✱ ✐♥❝❧✉❞✐♥❣ t❤❡

❛❧❧♦❝❛t✐♦♥ ♦❢ s♣❛❝❡ ❜❡t✇❡❡♥ ❝♦♥t❡♥t ❛♥❞ ❛❞s✳ ❖♥❝❡ ❝♦♥s✉♠❡rs ✈✐s✐t t❤❡✐r ✇❡❜♣❛❣❡s✱ t❤❡ ♣✉❜❧✐s❤❡rs ❣❡♥❡r❛t❡ ✐♠♣r❡ss✐♦♥
♦♣♣♦rt✉♥✐t✐❡s ❢♦r t❤❡ ❛❞✈❡rt✐s❡rs✳ ◆♦t❡ t❤❛t qi ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ ❝♦♥s✉♠❡rs ✈✐s✐t✐♥❣ ✐✳ ❲❡ ❞✐s❝✉ss t❤✐s ❛ss✉♠♣t✐♦♥ ✐♥
❙❡❝t✐♦♥ ✹✳✷✳

✽❲❡ ❝♦♥s✐❞❡r ❛❞ ♥❡t✇♦r❦s t❤❛t ❞♦ ♥♦t s❡❧❧ ❛❞✈❡rt✐s✐♥❣✱ ❜✉t ♦♥❧② tr❛❝❦✐♥❣ ✐♥❢♦r♠❛t✐♦♥✱ ✐♥ ❙❡❝t✐♦♥ ✻✳✶✳

✼



❯♥❧✐❦❡ t❤❡ ♣✉❜❧✐s❤❡rs✱ t❤❡ ❛❞ ♥❡t✇♦r❦ ❝❛♥ tr❛❝❦ ❝♦♥s✉♠❡rs ❛❝r♦ss ♦✉t❧❡ts ✭❆t❤❡② ❡t ❛❧✳✱ ✷✵✶✽✮✳

❆s ❡①♣❧❛✐♥❡❞ ❜❡❧♦✇✱ t❤✐s ❢❡❛t✉r❡ ❤❛s r❡❧❡✈❛♥t ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡s✳

❈♦♥s✉♠❡rs✳ ❚❤❡r❡ ✐s ❛ ✉♥✐t ♠❛ss ♦❢ ❝♦♥s✉♠❡rs✳ ❆ ❝♦♥s✉♠❡r ✈✐s✐ts ♣✉❜❧✐s❤❡r i ✐❢ ❛♥❞ ♦♥❧② ✐❢ s❤❡

♦❜t❛✐♥s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✉t✐❧✐t② ❢r♦♠ ❞♦✐♥❣ s♦✳ ❲❡ ❞❡♥♦t❡ ❜② D12 t❤❡ q✉❛♥t✐t② ♦❢ ♠✉❧t✐✲❤♦♠❡rs✱ Di

t❤❡ q✉❛♥t✐t② ♦❢ s✐♥❣❧❡✲❤♦♠❡rs ♦♥ ♣✉❜❧✐s❤❡r i✱ ❛♥❞ D0 t❤❡ q✉❛♥t✐t② ♦❢ ❝♦♥s✉♠❡rs ✈✐s✐t✐♥❣ ♥♦ ♣✉❜❧✐s❤❡r

✭③❡r♦✲❤♦♠❡rs✮✳ ❲❡ s♣❡❝✐❢② ❝♦♥s✉♠❡r ❞❡♠❛♥❞s ❛s ❢♦❧❧♦✇s✾

D12 = Pr {u1 − δq1 ≥ 0, u2 − δq2 ≥ 0} ,

Di = Pr {ui − δqi ≥ 0, uj − δqj < 0} , i, j = 1, 2 ❛♥❞ i 6= j,

D0 = 1−D1 −D2 −D12,

✭✶✮

✇❤❡r❡ ui ✐s t❤❡ r❡s❡r✈❛t✐♦♥ ✉t✐❧✐t② ❢♦r ❝♦♥t❡♥t ♦♥ ♣✉❜❧✐s❤❡r i✳ ❲❡ ❛ss✉♠❡ t❤❛t u1 ❛♥❞ u2 ❛r❡

❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ✇✐t❤ s♠♦♦t❤ ❞❡♥s✐t②✱ g (u1, u2)✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡

❛ss✉♠❡ t❤❡ ♥❡t ✉t✐❧✐t✐❡s ❢r♦♠ ❜r♦✇s✐♥❣ t❤❡ ♣✉❜❧✐s❤❡rs ❛r❡ ❛❞❞✐t✐✈❡❧② s❡♣❛r❛❜❧❡✳ ❚❤❡ t❡r♠ δqi ❝❛♣t✉r❡s

t❤❡ ❞✐s✉t✐❧✐t② ❣❡♥❡r❛t❡❞ ❜② ❛❞s ✇❤❡♥ ✈✐s✐t✐♥❣ ♣✉❜❧✐s❤❡r i✱ ✇❤❡r❡ δ > 0✳✶✵

❚❤❡ ❞❡♠❛♥❞ s②st❡♠ ✐♥ ✭✶✮ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳ ❲❤❡♥ qi ✐♥❝r❡❛s❡s✱ ♣✉❜❧✐s❤❡r i ❧♦s❡s

♠✉❧t✐✲❤♦♠❡rs✱ ✇❤♦ ❜❡❝♦♠❡ s✐♥❣❧❡✲❤♦♠❡rs ♦♥ ♣✉❜❧✐s❤❡r j✱ ✐✳❡✳ ∂D12

∂qi
< 0 ❛♥❞

∂Dj

∂qi
> 0✳ ❍❡♥❝❡✱

t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ j✬s ❛✉❞✐❡♥❝❡ ❝❤❛♥❣❡s ✇✐t❤ qi✳ ❍♦✇❡✈❡r✱ j✬s t♦t❛❧ ❞❡♠❛♥❞ ❞♦❡s ♥♦t✱ ❜❡❝❛✉s❡
∂(D12+Dj)

∂qi
= 0✳

❚❤❡ t♦t❛❧ s✉r♣❧✉s ❝♦♥s✉♠❡rs ❣❡t ❢r♦♠ ❜r♦✇s✐♥❣ t❤❡ ♣✉❜❧✐s❤❡rs✱ CS✱ ✐s

CS =
∫
∞

δq1

∫ δq2
0 (u1 − δq1) g (u1, u2) du2du1 +

∫ δq1
0

∫
∞

δq2
(u2 − δq2) g (u1, u2) du2du1+

+
∫
∞

δq1

∫
∞

δq2
(u1 − δq1 + u2 − δq2) g (u1, u2) du2du1.

✭✷✮

❆❞✈❡rt✐s❡rs✳ ❚❤❡r❡ ✐s ❛ ✉♥✐t ♠❛ss ♦❢ ❛❞✈❡rt✐s❡rs✳ ❆❞✈❡rt✐s✐♥❣ ✐s ✐♥❢♦r♠❛t✐✈❡✿ t❤❡ r❡✈❡♥✉❡ ❣❡♥✲

❡r❛t❡❞ ❢r♦♠ ❛❞s ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❝♦♥s✉♠❡rs ❛r❡ ✐♥❢♦r♠❡❞ ❛❜♦✉t t❤❡ ❛❞✈❡rt✐s❡r✬s

♣r♦❞✉❝t ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ r❡t✉r♥ ❢r♦♠ ✐♥❢♦r♠✐♥❣ ❛ ❝♦♥s✉♠❡r✳ ❲❡ ❛ss✉♠❡ t❤❡ ❛❞✈❡rt✐s❡rs ❝❛♣t✉r❡ t❤❡

❡♥t✐r❡ s✉r♣❧✉s ❣❡♥❡r❛t❡❞ ✇❤❡♥ ❛ ❝♦♥s✉♠❡r ✐s ✐♥❢♦r♠❡❞✳✶✶ ❲❡ ❛ss✉♠❡ t❤❡ ❛❞✈❡rt✐s❡rs ❛r❡ s②♠♠❡tr✐❝

❛♥❞ ❞❡❝♦♠♣♦s❡ t❤❡✐r ❡①♣❡❝t❡❞ r❡✈❡♥✉❡ ✐♥ s❡✈❡r❛❧ ♣❛rts✱ ❡❛❝❤ r❡❧❛t❡❞ t♦ ❛ s✉❜s❡t ♦❢ ❝♦♥s✉♠❡rs✳ ■❢

❛♥ ❛❞✈❡rt✐s❡r ❞♦❡s ♥♦t ♣❧❛❝❡ ❛❞s ♦♥ ❛♥② ♣✉❜❧✐s❤❡r✱ ✐ts r❡✈❡♥✉❡ ✐s ③❡r♦✳ ❙✉♣♣♦s❡ ❛♥ ❛❞✈❡rt✐s❡r ❜✉②s

mi ✐♠♣r❡ss✐♦♥s ✭♣❡r ❝♦♥s✉♠❡r✮ ♦♥❧② ❢r♦♠ ♣✉❜❧✐s❤❡r i ✭✐✳❡✳ t❤❡ ❛❞✈❡rt✐s❡r s✐♥❣❧❡✲❤♦♠❡s✮✳ ❲❡ ❞❡♥♦t❡

❜② ri (mi) ✭r❡s♣✳ r̂i (mi)✮ t❤❡ ❡①♣❡❝t❡❞ r❡✈❡♥✉❡ t❤❡ ❛❞✈❡rt✐s❡r ♦❜t❛✐♥s ❢r♦♠ ❛ s✐♥❣❧❡✲❤♦♠✐♥❣ ✭r❡s♣✳ ❛

✾❲❡ ❛ss✉♠❡ t❤❡s❡ ❞❡♠❛♥❞s s❛t✐s❢② t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤
✐♥t❡r✐♦r s♦❧✉t✐♦♥s✳ ❙❡❡ ❆♠❜r✉s ❡t ❛❧✳ ✭✷✵✶✻✮ ❢♦r ❛ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✳

✶✵❚❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❝♦♥s✉♠❡rs ❞✐s❧✐❦❡ ❛❞s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✐♥❝r❡❛s✐♥❣ ❞✐✛✉s✐♦♥ ♦❢ ❛❞✲❜❧♦❝❦❡rs ❛♥❞ t❤❡ ❢❛❝t
t❤❛t s❡✈❡r❛❧ ♣✉❜❧✐s❤❡rs ♦✛❡r ❛❞✲❢r❡❡ ✈❡rs✐♦♥s ♦❢ t❤❡✐r ✇❡❜s✐t❡s ❢♦r ❛ ♣r✐❝❡✱ s✉❣❣❡st✐♥❣ t❤❛t ✐♥t❡r♥❡t ❛❞s t❡♥❞ t♦ ❜❡
❛♥♥♦②✐♥❣✳ ❲❡ r❡❝♦❣♥✐③❡ t❤❛t ❞✐❣✐t❛❧ t❡❝❤♥♦❧♦❣✐❡s ❡♠♣❧♦②❡❞ ❜② ❛❞ ♥❡t✇♦r❦s ♠❛② ♠❛❦❡ s♦♠❡ ❛❞s ♠♦r❡ ✈❛❧✉❛❜❧❡ t♦
✉s❡rs ✭❡✳❣✳ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♣❡rs♦♥❛❧✐③❡❞ ♦✛❡rs✮ ♦r ♠♦r❡ ❛♥♥♦②✐♥❣ ✭❡✳❣✳ ✐♥ t❤❡ ❝❛s❡ ♦❢ r❡t❛r❣❡t✐♥❣✮✳ ❆❝❝♦r❞✐♥❣❧②✱ ✐♥
❙❡❝t✐♦♥ ✺ ✇❡ ❧❡t t❤❡ ❞✐s✉t✐❧✐t② δ ❞❡♣❡♥❞ ♦♥ ✇❤❡t❤❡r ❛ ❝♦♥s✉♠❡r ✐s tr❛❝❦❡❞ ❜② t❤❡ ❛❞ ♥❡t✇♦r❦✳

✶✶❲❤❡t❤❡r ❝♦♥s✉♠❡rs ♦❜t❛✐♥ ❛ r❡❛❧ ❜❡♥❡✜t ❢r♦♠ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥✈❡②❡❞ ❜② ❛❞s ✐s ✉♥❝❡rt❛✐♥✳ ❆❝❝♦r❞✐♥❣❧②✱ ✇❡
❢♦❧❧♦✇ t❤❡ ❧✐t❡r❛t✉r❡ ❛ss✉♠✐♥❣ ❛❞✈❡rt✐s❡rs ❝❛♣t✉r❡ t❤❡ ❡♥t✐r❡ s✉r♣❧✉s ❢r♦♠ ✐♥❢♦r♠✐♥❣ ❝♦♥s✉♠❡rs ✭s❡❡✱ ❡✳❣✳✱ ❆♥❞❡rs♦♥
❛♥❞ ❈♦❛t❡✱ ✷✵✵✺✮✳ ❖✉r ❛♥❛❧②s✐s ✐s ✉♥❝❤❛♥❣❡❞ ✐❢ ❝♦♥s✉♠❡rs✬ r❡t❛✐♥ ♣❛rt ♦❢ t❤✐s s✉r♣❧✉s✱ ❛s ❧♦♥❣ ❛s t❤❡ ♥❡t ❡✛❡❝t ♦❢
❡①♣♦s✉r❡ t♦ ❛❞s ✐s ♥❡❣❛t✐✈❡ ✭❣✐✈❡♥ δ✮✳

✽



♠✉❧t✐✲❤♦♠✐♥❣✮ ❝♦♥s✉♠❡r✳✶✷ ❆ s✐♥❣❧❡✲❤♦♠✐♥❣ ❛❞✈❡rt✐s❡r✬s r❡✈❡♥✉❡ ✐s

ri (mi)Di + r̂i (mi)D12, i = 1, 2. ✭✸✮

❲❡ ❛ss✉♠❡ t❤❛t ri ❛♥❞ r̂i ❛r❡ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s ♦❢ mi✱ t♦ ❝❛♣t✉r❡ ❞✐♠✐♥✐s❤✐♥❣ r❡t✉r♥s

t♦ ❛❞✈❡rt✐s✐♥❣✳✶✸ ❆ss✉♠❡ ♥♦✇ t❤❡ ❛❞✈❡rt✐s❡r ♠✉❧t✐✲❤♦♠❡s✱ ❜✉②✐♥❣ mi ✐♠♣r❡ss✐♦♥s ✭♣❡r ❝♦♥s✉♠❡r✮

♦♥ ♣✉❜❧✐s❤❡r i✳ ❚❤❡ ❛❞✈❡rt✐s❡r✬s t♦t❛❧ r❡✈❡♥✉❡ ✐s

r1 (m1)D1 + r2 (m2)D2 + r12 (m1,m2, β)D12. ✭✹✮

❚❤❡ ❡①♣❡❝t❡❞ r❡✈❡♥✉❡ ❢r♦♠ ❛ s✐♥❣❧❡✲❤♦♠✐♥❣ ❝♦♥s✉♠❡r ✐s st✐❧❧ ri (mi)✱ ❜❡❝❛✉s❡ s❤❡ ✐s ❡①♣♦s❡❞ ♦♥❧② t♦

✐♠♣r❡ss✐♦♥s ♦♥ i✳ ❚❤❡ ❡①♣❡❝t❡❞ r❡✈❡♥✉❡ ❢r♦♠ ❛ ♠✉❧t✐✲❤♦♠❡r ✐s r12 (m1,m2, β)✱ ✇❤✐❝❤ ✐s ✐♥❝r❡❛s✐♥❣

❛♥❞ ❝♦♥❝❛✈❡ ✐♥ m1 ❛♥❞ m2✳ ❚❤✐s r❡✈❡♥✉❡ ❛❧s♦ ❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r ❝♦♥s✉♠❡rs ❛r❡ tr❛❝❦❡❞ ❛❝r♦ss

♦✉t❧❡ts✳ ▲❡t β ∈ [0, 1] ❞❡♥♦t❡ t❤❡ ❡①♣❡❝t❡❞ s❤❛r❡ ♦❢ tr❛❝❦❡❞ ❝♦♥s✉♠❡rs✳ ❆❧s♦✱ ❧❡t rT12 (m1,m2) ❜❡

t❤❡ r❡✈❡♥✉❡ ❢r♦♠ ❛❞s t❤❛t ❤✐t ❛ tr❛❝❦❡❞ ♠✉❧t✐✲❤♦♠❡r✱ ❛♥❞ rnT12 (m1,m2) t❤❡ r❡✈❡♥✉❡ ❢r♦♠ ❛❞s ♦♥ ❛

♥♦♥✲tr❛❝❦❡❞ ♠✉❧t✐✲❤♦♠❡r✳ ❍❡♥❝❡✱ t❤❡ ❡①♣❡❝t❡❞ r❡✈❡♥✉❡ ❢r♦♠ ❛ ♠✉❧t✐✲❤♦♠❡r ✐s

r12 (m1,m2, β) = (1− β) rnT12 (m1,m2) + βrT12 (m1,m2) . ✭✺✮

❲❡ ❛ss✉♠❡ t❤❛t r̂i ≤ rnT12 ≤ r̂1+r̂2✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❝❛♣t✉r❡s t❤❡ ❢❛❝t t❤❛t ❛❞s s❤♦✇♥ t♦ ❛ ❝♦♥s✉♠❡r

♦♥ ❞✐✛❡r❡♥t ♣✉❜❧✐s❤❡rs ❛r❡ t②♣✐❝❛❧❧② ✐♠♣❡r❢❡❝t s✉❜st✐t✉t❡s✱ ❢♦r ❡①❛♠♣❧❡ ❜❡❝❛✉s❡ ❛ ♠✉❧t✐✲❤♦♠❡r ♠❛②

r❡❝❡✐✈❡ ❛♥ ✐♠♣r❡ss✐♦♥ t❤❛t s❤❡ ❤❛s ❛❧r❡❛❞② r❡❣✐st❡r❡❞ ✇❤✐❧❡ ✈✐s✐t✐♥❣ ❛♥♦t❤❡r ♣✉❜❧✐s❤❡r ✭❆♠❜r✉s ❡t

❛❧✳✱ ✷✵✶✻❀ ❞❡ ❈♦r♥✐èr❡ ❛♥❞ ❚❛②❧♦r✱ ✷✵✶✹✮✳ ❚❤❡ ❛❞ ♥❡t✇♦r❦ ❝❛♥ ✐♠♣r♦✈❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❛❞s ♦♥

♠✉❧t✐✲❤♦♠❡rs ❜② tr❛❝❦✐♥❣ t❤❡♠ ❛❝r♦ss ♦✉t❧❡ts ✭❡✳❣✳ ✇✐t❤ t❤✐r❞✲♣❛rt② ❝♦♦❦✐❡s✮✳ ❲❡ ❛ss✉♠❡ tr❛❝❦✐♥❣

✐♥❝r❡❛s❡s t❤❡ ❡①♣❡❝t❡❞ r❡✈❡♥✉❡ ❢r♦♠ t❤❡ ❛❞s t❤❛t ❤✐t ❡❛❝❤ ♠✉❧t✐✲❤♦♠❡r✱ ✐✳❡✳ rT12 > rnT12 ✱ ❛s ✇❡❧❧ ❛s

t❤❡ ✈❛❧✉❡ ♦❢ ❛❞❞✐t✐♦♥❛❧ ✐♠♣r❡ss✐♦♥s ♦♥ s✉❝❤ ❝♦♥s✉♠❡r✱ ✐✳❡✳
∂rT

12

∂mi
>

∂rnT
12

∂mi
✳ ❚❤❛t ✐s✱ ∂r12

∂β > 0 ❛♥❞
∂2r12
∂mi∂β

> 0✳ ◆♦t❡ t❤❛t ✇❡ ♠♦❞❡❧ t❤❡ ❡✛❡❝t ♦❢ tr❛❝❦✐♥❣ ♦♥ ❛❞ r❡✈❡♥✉❡s ✐♥ ❛ s✐♠♣❧❡✱ r❡❞✉❝❡❞✲❢♦r♠

✇❛②✳ ❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ❡♥❛❜❧❡s ✉s t♦ st✉❞② t❤❡ ✐♠♣❛❝t ♦❢ tr❛❝❦✐♥❣ t❡❝❤♥♦❧♦❣✐❡s ✐♥ ❛ s❡tt✐♥❣ ✇❤❡r❡

t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♣❧❛t❢♦r♠s✱ ❛❞✈❡rt✐s❡rs ❛♥❞ ❝♦♥s✉♠❡rs ✐s ❡♥❞♦❣❡♥♦✉s✱ ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ❛♥❛❧②s✐s

tr❛❝t❛❜❧❡✳

❚❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ s❡✈❡r❛❧ ✇❛②s ♦❢ ❡①♣❧♦✐t✐♥❣ tr❛❝❦✐♥❣ ✐♥❢♦r♠❛t✐♦♥✳ ❋♦r

✐♥st❛♥❝❡✱ tr❛❝❦✐♥❣ ❝❛♥ ❛✈♦✐❞ ✇❛st❡❢✉❧❧② r❡♣❡❛t❡❞ ✐♠♣r❡ss✐♦♥s✿ ✉♣♦♥ ✐❞❡♥t✐❢②✐♥❣ ❛ ❝♦♥s✉♠❡r ✐♥❢♦r♠❡❞

♦♥ ❛ ♣✉❜❧✐s❤❡r ✭❡✳❣✳✱ ❜② ♦❜s❡r✈✐♥❣ t❤❛t s❤❡ ❤❛s ❛❧r❡❛❞② ❝❧✐❝❦❡❞ ♦♥ ❛ ❣✐✈❡♥ ❛❞✮✱ t❤❡ ❛❞ ♥❡t✇♦r❦

❝❛♥ ❡①♣♦s❡ ❤❡r t♦ ❛ ❞✐✛❡r❡♥t ♠❡ss❛❣❡ ♦♥ t❤❡ ♦t❤❡r ♣✉❜❧✐s❤❡r ✭❡✳❣✳✱ ❛♥ ❛❞ ❛❜♦✉t ❛ r❡❧❛t❡❞ ♣r♦❞✉❝t✱

♣♦ss✐❜❧② ❢r♦♠ t❤❡ s❛♠❡ ❛❞✈❡rt✐s❡r✮✳ ❚r❛❝❦✐♥❣ ♠❛② ❛❧s♦ ❜❡ ✉s❡❢✉❧ ❢♦r r❡✲t❛r❣❡t✐♥❣✱ ✐✳❡✳ ♣r♦♣♦s✐♥❣ ❛♥

❛❞ ❝♦♥t❛✐♥✐♥❣ ❛ s♣❡❝✐✜❝ ♦✛❡r ♦♥ ❛ ❝❡rt❛✐♥ ♣r♦❞✉❝t t♦ ❛ ❝♦♥s✉♠❡r ✇❤♦ ❤❛s ♣r❡✈✐♦✉s❧② s❤♦✇♥ ✐♥t❡r❡st

✐♥ ✐t✳✶✹ ❋✐♥❛❧❧②✱ tr❛❝❦✐♥❣ ❝❛♥ ✐♠♣r♦✈❡ t❤❡ ❛❞ ♥❡t✇♦r❦✬s ❛❜✐❧✐t② t♦ ✐❞❡♥t✐❢② ❝♦♥s✉♠❡rs✬ ♣r❡❢❡r❡♥❝❡s ❢♦r

✶✷❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ri (mi) ❛♥❞ r̂i (mi) ♠❛② st❡♠ ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t ❛♠♦✉♥t ♦❢ ❛tt❡♥t✐♦♥ ♦r t✐♠❡ t❤❛t s✐♥❣❧❡✲
❛♥❞ ♠✉❧t✐✲❤♦♠❡rs ❞❡✈♦t❡ t♦ ❛ ❣✐✈❡♥ ♣✉❜❧✐s❤❡r✳

✶✸❉✐♠✐♥✐s❤✐♥❣ r❡t✉r♥s ♠❛② ❛r✐s❡ ❜❡❝❛✉s❡ ❛❞s ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ r❡❛❝❤ ❛❧r❡❛❞② ✐♥❢♦r♠❡❞ ❝♦♥s✉♠❡rs ❛s t❤❡ s✐③❡ ♦❢ ❛♥
❛❞✈❡rt✐s✐♥❣ ❝❛♠♣❛✐❣♥ ✐♥❝r❡❛s❡s✳ ❙❡❡✱ ❡✳❣✳✱ ❇❛❣✇❡❧❧ ✭✷✵✵✼✮ ❛♥❞ ❘❡♥❛✉❧t ✭✷✵✶✺✮✳

✶✹❆♥♦t❤❡r ❡①❛♠♣❧❡ ✐s t❤❡ ❝❛s❡ ♦❢ ❛❞ ❝❛♠♣❛✐❣♥s s❡♥❞✐♥❣ ♠❡ss❛❣❡s ✐♥ ❛ s❡q✉❡♥❝❡ t♦ t❡❧❧ ❛ ❜r❛♥❞ st♦r② ✭s❡❡✱ ❡✳❣✳✱

✾



♣r♦❞✉❝ts ❛♥❞ ♠❛t❝❤ t❤❡♠ ✇✐t❤ t❤❡ r❡❧❡✈❛♥t ❛❞✈❡rt✐s❡rs ✭t❛r❣❡t✐♥❣✮✳ ❖❜s❡r✈❡ t❤❛t t❤❡s❡ ❡①❛♠♣❧❡s

❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t tr❛❝❦✐♥❣ ❤❛s ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ r❡✈❡♥✉❡ ❣❡♥❡r❛t❡❞ ❢r♦♠

❡❛❝❤ ♠✉❧t✐✲❤♦♠❡r ❛s ✇❡❧❧ ❛s ❢r♦♠ ❡❛❝❤ ❛❞❞✐t✐♦♥❛❧ ✐♠♣r❡ss✐♦♥ t❤❛t ❤✐ts t❤❡s❡ ❝♦♥s✉♠❡rs✳ ❋♦r ✐♥st❛♥❝❡✱

❜② r❡❞✉❝✐♥❣ ✇❛st❡❢✉❧ ❛❝r♦ss✲♦✉t❧❡t r❡♣❡t✐t✐♦♥✱ tr❛❝❦✐♥❣ ✐♥❝r❡❛s❡s t❤❡ s❤❛r❡ ♦❢ ♠✉❧t✐✲❤♦♠❡rs t❤❛t ❛r❡

✐♥❢♦r♠❡❞ ❛❜♦✉t ❛ ♣r♦❞✉❝t ❢♦r ❛ ❣✐✈❡♥ ♥✉♠❜❡r ♦❢ ✐♠♣r❡ss✐♦♥s ✭rT12 > rnT12 ✮✱ ❜✉t ✐t ❛❧s♦ ✐♥❝r❡❛s❡s t❤❡

❧✐❦❡❧✐❤♦♦❞ t❤❛t ❡❛❝❤ ❛❞❞✐t✐♦♥❛❧ ✐♠♣r❡ss✐♦♥ ❢r♦♠ t❤❡ ❛❞✈❡rt✐s❡r ❤✐ts ❝♦♥s✉♠❡rs ✇❤♦ ❛r❡ ♥♦t ❛❧r❡❛❞②

✐♥❢♦r♠❡❞ ✭
∂rT

12

∂mi
>

∂rnT
12

∂mi
✮✳✶✺ ❍♦✇❡✈❡r✱ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡s❡ t✇♦ ❡✛❡❝ts ♠❛② ✈❛r②✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡

✇❛② ❛❞✈❡rt✐s❡rs ❡①♣❧♦✐t tr❛❝❦✐♥❣ ✐♥❢♦r♠❛t✐♦♥✳ ❲❡ r❡t✉r♥ t♦ t❤✐s ♣♦✐♥t ❜❡❧♦✇✳

❚❤❡ s❤❛r❡ ♦❢ tr❛❝❦❡❞ ❝♦♥s✉♠❡rs✱ β✱ ✐s ❡①♦❣❡♥♦✉s ✭✇❡ r❡❧❛① t❤✐s ❛ss✉♠♣t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✺✮✳ ❍♦✇✲

❡✈❡r✱ t❤❡ ❛❞ ♥❡t✇♦r❦ ❝❛♥ tr❛❝❦ ❝♦♥s✉♠❡rs ❛❝r♦ss ♦✉t❧❡ts ♦♥❧② ✐❢ ❜♦t❤ ♣✉❜❧✐s❤❡rs ❛❧❧♦✇ ✐t ♦♥ t❤❡✐r

✇❡❜s✐t❡s✳ ❚❤❡r❡❢♦r❡✱ β = 0 ✇❤❡♥❡✈❡r ❡✐t❤❡r ♣✉❜❧✐s❤❡r ❞♦❡s ♥♦t ♦✉ts♦✉r❝❡✳ ●✐✈❡♥ ♦✉r ❢♦❝✉s ♦♥

❛❝r♦ss✲♦✉t❧❡t tr❛❝❦✐♥❣✱ ✇❡ ❛❧s♦ ❛ss✉♠❡ ❛❞ r❡✈❡♥✉❡s ❢r♦♠ s✐♥❣❧❡✲❤♦♠❡rs ❛r❡ ✉♥❛✛❡❝t❡❞ ❜② tr❛❝❦✐♥❣✳✶✻

❙♦❝✐❛❧ ✇❡❧❢❛r❡✳ ❆❢t❡r ♥❡tt✐♥❣ ♦✉t tr❛♥s❢❡rs ❜❡t✇❡❡♥ ♣❧❛②❡rs ✭✐♥❝❧✉❞✐♥❣ ✜r♠s✬ ♣r♦✜ts✮✱ ✇❡❧❢❛r❡ ✐s

t❤❡ s✉♠ ♦❢ ❝♦♥s✉♠❡r s✉r♣❧✉s ✭s❡❡ ✭✷✮✮ ❛♥❞ ❣r♦ss ❛❞✈❡rt✐s❡r s✉r♣❧✉s✱ AS✿

W = CS +AS. ✭✻✮

■♥❞❡①✐♥❣ ❛❞✈❡rt✐s❡rs ❜② a ❛♥❞ ❧❡tt✐♥❣ M ✭r❡s♣✳✱ Si✮ ❜❡ t❤❡ s❡t ♦❢ ❛❞✈❡rt✐s❡rs t❤❛t ♠✉❧t✐✲❤♦♠❡s ✭r❡s♣✳✱

s✐♥❣❧❡✲❤♦♠❡s ♦♥ i✮✱ ✇❡ ❝❛♥ ✇r✐t❡ AS ❛s ❢♦❧❧♦✇s✿

AS =
∑

a∈M

(
∑

i

riDi + r12D12

)

+
∑

i

∑

a∈Si

(riDi + r̂iD12) . ✭✼✮

❚✐♠✐♥❣ ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❝❡♣t✳ ❆t st❛❣❡ ✶✱ AN ♦✛❡rs ❛ tr❛♥s❢❡r t♦ ❡❛❝❤ ♣✉❜❧✐s❤❡r ✐♥ ❡①✲

❝❤❛♥❣❡ ❢♦r ✐ts ❛❞✈❡rt✐s✐♥❣ ✐♥✈❡♥t♦r②✳ ❚❤❡ ♣✉❜❧✐s❤❡rs ❛❝❝❡♣t ♦r r❡❢✉s❡✳ ❆t st❛❣❡ ✷✱ t❤❡ ♣✉❜❧✐s❤❡rs

❝❤♦♦s❡ t❤❡✐r ❛❞✈❡rt✐s✐♥❣ ❝❛♣❛❝✐t✐❡s✱ qi✳ ❆t st❛❣❡ ✸✱ ❝♦♥s✉♠❡rs ♦❜s❡r✈❡ t❤❡s❡ ❝❛♣❛❝✐t✐❡s (q1, q2) ♦♥

❡❛❝❤ ✇❡❜s✐t❡ ❛♥❞ ❞❡❝✐❞❡ ✇❤✐❝❤ t♦ ✈✐s✐t✱ ✐❢ ❛♥②✳ ❆t st❛❣❡ ✹✱ ✐❢ ❛❞ ✐♥✈❡♥t♦r✐❡s ❛r❡ ♦✉ts♦✉r❝❡❞✱ t❤❡

❛❞ ♥❡t✇♦r❦ s❡❧❧s t❤❡ ✐♠♣r❡ss✐♦♥s t♦ ❛❞✈❡rt✐s❡rs✳ ❖t❤❡r✇✐s❡✱ t❤❡ ♣✉❜❧✐s❤❡rs s❡❧❧ t❤❡ ✐♠♣r❡ss✐♦♥s✳

❈♦♥s✉♠❡rs t❤❡♥ ❣❡t ❡①♣♦s❡❞ t♦ ❛❞s ❛♥❞ ❛❧❧ ♣❛②♦✛s ❛r❡ r❡❛❧✐③❡❞✳ ❲❡ ❛❞♦♣t ❙✉❜❣❛♠❡✲P❡r❢❡❝t ◆❛s❤

❊q✉✐❧✐❜r✐✉♠ ✭❙P◆❊✮ ❛s t❤❡ s♦❧✉t✐♦♥ ❝♦♥❝❡♣t ❛♥❞ s♦❧✈❡ t❤❡ ♠♦❞❡❧ ❜② ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥✳

❤tt♣s✿✴✴s❝♦♥t❡♥t✲❛r♥✷✲✶✳①①✳❢❜❝❞♥✳♥❡t✴t✸✾✳✷✸✻✺✲✻✴✶✵✸✸✸✶✶✾❴✶✹✺✼✻✸✺✻✻✶✶✻✵✹✾✻❴✶✻✽✼✻✽✸✶✽❴♥✳♣❞❢✮✳
✶✺❙✐♠✐❧❛r❧②✱ ✐❢ tr❛❝❦✐♥❣ ✐♠♣r♦✈❡s t❤❡ t❛r❣❡t✐♥❣ ♦❢ ❛❞s✱ ✐t ♠❛❦❡s ❡❛❝❤ ✐♠♣r❡ss✐♦♥ ❜❡tt❡r ♠❛t❝❤❡❞ t♦ t❤❡ ❝♦♥s✉♠❡rs✬

♣r❡❢❡r❡♥❝❡s ✭rT12 > rnT
12 ✮✱ ❜✉t ❛❧s♦ ✐♥❝r❡❛s❡s t❤❡ ❧✐❦❡❧✐❤♦♦❞ t❤❛t ❛♥② ❛❞❞✐t✐♦♥❛❧ ✐♠♣r❡ss✐♦♥ ❤✐ts t❤❡ r✐❣❤t ❝♦♥s✉♠❡rs

✭
∂rT

12

∂mi

>
∂rnT

12

∂mi

✮✳ ❋✐♥❛❧❧②✱ ❛ r❡✲t❛r❣❡t❡❞ ❛❞❞✐t✐♦♥❛❧ ✐♠♣r❡ss✐♦♥ ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ✈❛❧✉❛❜❧❡ t♦ t❤❡ ❛❞✈❡rt✐s❡r t❤❛♥ ♦♥❡

✇❤✐❝❤ ✐s ♥♦t✱ s♦ t❤❛t
∂rT

12

∂mi

>
∂rnT

12

∂mi

✳ ❲❡ ♣r♦✈✐❞❡ ❛ ❢♦✉♥❞❛t✐♦♥ ❢♦r t❤❡ r❡✈❡♥✉❡ ❢✉♥❝t✐♦♥s ❢♦r ♠✉❧t✐✲❤♦♠❡rs ✐♥ ❆♣♣❡♥❞✐①
❉✳

✶✻❉✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs ❛r❡ t②♣✐❝❛❧❧② ❡✛❡❝t✐✈❡ ❛t ♠♦♥✐t♦r✐♥❣ ❝♦♥s✉♠❡rs ❛♥❞ ❛❧❧♦❝❛t✐♥❣ ❛❞s ❡✣❝✐❡♥t❧② ♦♥ t❤❡✐r ♦✇♥
✇❡❜s✐t❡s✱ ❜✉t ✉♥❛❜❧❡ t♦ ♠♦♥✐t♦r ❝♦♥s✉♠❡rs ✇❤❡♥ t❤❡② ✈✐s✐t ♦t❤❡r ♦✉t❧❡ts ✭❆t❤❡② ❡t ❛❧✳✱ ✷✵✶✽✮✳ ▼♦r❡♦✈❡r✱ ♣✉❜✲
❧✐s❤❡rs ❛r❡ ♦❢t❡♥ ❛❜❧❡ t♦ s❤❛r❡ ✇✐t❤ t❤❡ ❛❞ ♥❡t✇♦r❦ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦❧❧❡❝t❡❞ ✉s✐♥❣ ✜rst✲♣❛rt② ❝♦♦❦✐❡s ✭s❡❡✱ ❡✳❣✳✱
❤tt♣s✿✴✴❝❧❡❛r❝♦❞❡✳❝❝✴❜❧♦❣✴✜rst✲♣❛rt②✲❝♦♦❦✐❡✲❛♣♣r♦❛❝❤✮✳ ❍❡♥❝❡✱ t❤❡ ❛❞ ♥❡t✇♦r❦✬s ❛❜✐❧✐t② t♦ tr❛❝❦ ❛✛❡❝ts ♣r✐♠❛r✐❧② t❤❡
r❡✈❡♥✉❡ ❣❡♥❡r❛t❡❞ ❜② ❛❞s ❤✐tt✐♥❣ ♠✉❧t✐✲❤♦♠❡rs✳

✶✵



✹ ❙♦❧✈✐♥❣ t❤❡ ♠♦❞❡❧

❖✉r ✜rst ♦❜❥❡❝t✐✈❡ ✐s t♦ st✉❞② t❤❡ ✐♠♣❛❝t ♦❢ ❛❞ ♥❡t✇♦r❦s ♦♥ ❞✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs✱ ❛❞✈❡rt✐s❡rs ❛♥❞

❝♦♥s✉♠❡rs✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ ✇❤❡r❡ t❤❡ ❛❞ ♥❡t✇♦r❦ ✐s ✉♥❛✈❛✐❧❛❜❧❡✳ ◆❡①t✱ ✇❡ ❛❧❧♦✇

t❤❡ ♣✉❜❧✐s❤❡rs t♦ ♦✉ts♦✉r❝❡ t❤❡✐r ✐♥✈❡♥t♦r✐❡s t♦ t❤❡ ♥❡t✇♦r❦✳ ❇❡❝❛✉s❡ ❝♦♥s✉♠❡r ❞❡♠❛♥❞s ✭st❛❣❡ ✸✮

❛r❡ ❢✉❧❧② ❞❡s❝r✐❜❡❞ ✐♥ ✭✶✮✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♦t❤❡r st❛❣❡s ♦❢ t❤❡ ❣❛♠❡✳

✹✳✶ ◆♦ ❛❞ ♥❡t✇♦r❦

❆ss✉♠❡ t❤❡ ❛❞ ♥❡t✇♦r❦ ✐s ✐♥❛❝t✐✈❡✳ ❆t st❛❣❡ ✹✱ ❡❛❝❤ ♣✉❜❧✐s❤❡r ♦✛❡rs ❛ ❝♦♥tr❛❝t t♦ ❡❛❝❤ ❛❞✈❡rt✐s❡r✱

s♣❡❝✐❢②✐♥❣ ❛♥ ❛❞✈❡rt✐s✐♥❣ q✉❛♥t✐t② mi ✐♥ ❡①❝❤❛♥❣❡ ❢♦r ❛ ♣❛②♠❡♥t pi✳
✶✼ ❚❤❡ ❝❤♦✐❝❡ ♦❢ mi ✐s ❝❤❛r❛❝✲

t❡r✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ❜❡❝❛✉s❡ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡s ❛r❡ ✐♥❝r❡❛s✐♥❣ ✐♥ mi ✭s❡❡ ✭✸✮ ❛♥❞ ✭✹✮✮✱ ❡❛❝❤

♣✉❜❧✐s❤❡r ✜❧❧s t❤❡ ❛❞ ❝❛♣❛❝✐t② ♦♥ ❡❛❝❤ ❝♦♥s✉♠❡r✳ ❋✉rt❤❡r♠♦r❡✱ ❞✉❡ t♦ ❞✐♠✐♥✐s❤✐♥❣ r❡t✉r♥s✱ ❡❛❝❤

♣✉❜❧✐s❤❡r s♣❧✐ts t❤✐s ❝❛♣❛❝✐t② ❡q✉❛❧❧② ❛❝r♦ss ❛❧❧ ❛❞✈❡rt✐s❡rs✳ ❚❤✉s✱ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❡❛❝❤ ♣✉❜❧✐s❤❡r

♦✛❡rs t❤❡ s❛♠❡ ❝♦♥tr❛❝t t♦ ❛❧❧ ❛❞✈❡rt✐s❡rs✱ s✉❝❤ t❤❛t mi = qi ✭r❡❝❛❧❧ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐t ♠❛ss ♦❢

❛❞✈❡rt✐s❡rs✮✳

❚♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣❛②♠❡♥t pi✱ ✇❡ ❡✈❛❧✉❛t❡ t❤❡ ❛❞✈❡rt✐s❡r✬s ♣❛②♦✛ ✇❤❡♥ r❡❥❡❝t✐♥❣ i✬s ♦✛❡r✳ ■❢ t❤❡

❛❞✈❡rt✐s❡r ♣❧❛❝❡s ❛❞s ♦♥❧② ♦♥ t❤❡ ♦t❤❡r ♣✉❜❧✐s❤❡r✱ j✱ ✐ts r❡✈❡♥✉❡ ✐s ❣✐✈❡♥ ❜② ✭✸✮✱ ♥❡t ♦❢ t❤❡ ♣❛②♠❡♥t

pj ✳ ❇② ❝♦♥tr❛st✱ ✐❢ t❤❡ ❛❞✈❡rt✐s❡r ❛❧s♦ ❛❝❝❡♣ts i✬s ♦✛❡r✱ ✐t ❣❡ts ✭✹✮ ♥❡t ♦❢ pi ❛♥❞ pj ✳ ◆♦t❡ t❤❛t

r12 = rnT12 ✱ ❜❡❝❛✉s❡ β = 0 ✇✐t❤♦✉t t❤❡ ❛❞ ♥❡t✇♦r❦✳ ❍❡♥❝❡✱ ❡❛❝❤ ♣✉❜❧✐s❤❡r s❡ts

pi = ri (qi)Di (qi, qj) +
(
rnT12 (q1, q2)− r̂j (qj)

)
D12 (q1, q2) , i, j = 1, 2 ❛♥❞ i 6= j. ✭✽✮

❆❧❧ ❛❞✈❡rt✐s❡rs ❛❝❝❡♣t t❤❡ ❛❜♦✈❡ ❝♦♥tr❛❝t✱ t❤✉s i ♦❜t❛✐♥s πi = pi ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✭s❡❡ ❆♣♣❡♥❞✐① ❇✳✶

❢♦r ❛ ♣r♦♦❢✮✳ ❚❤✐s ♣❛②♠❡♥t ❡q✉❛❧s t❤❡ ❛❞✈❡rt✐s❡rs✬ ✐♥❝r❡♠❡♥t❛❧ r❡✈❡♥✉❡ ❢r♦♠ ♣❧❛❝✐♥❣ qi ✐♠♣r❡ss✐♦♥s

♣❡r ❝♦♥s✉♠❡r ♦♥ i✳ ❚❤❡ ♣✉❜❧✐s❤❡rs ❛r❡ t❤❡r❡❢♦r❡ ✉♥❛❜❧❡ t♦ ❡①tr❛❝t t❤❡ ✇❤♦❧❡ s✉r♣❧✉s ❣❡♥❡r❛t❡❞

❜② ❛❞s ♦♥ t❤❡✐r ♣❧❛t❢♦r♠ ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ ♥♦♥✲❡①❝❧✉s✐✈❡ ❝♦♥s✉♠❡rs✳ ❙✉❝❤ ❝♦♥s✉♠❡rs ❝r❡❛t❡ ❛♥

✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡s ♦♥ t❤❡ t✇♦ ♣✉❜❧✐s❤❡rs✿ t❤❡ ❤✐❣❤❡r t❤❡ r❡✈❡♥✉❡

❢r♦♠ r❡❛❝❤✐♥❣ ❛ ♠✉❧t✐✲❤♦♠❡r ♦♥❧② ♦♥ j✱ t❤❡ ❧❡ss ❛❞✈❡rt✐s❡rs ❛r❡ ✇✐❧❧✐♥❣ t♦ ♣❛② ❢♦r ✐♠♣r❡ss✐♦♥s ♦♥ i✳

❆t st❛❣❡ ✷✱ ❡❛❝❤ ♣✉❜❧✐s❤❡r ❝❤♦♦s❡s ✐ts ❛❞✈❡rt✐s✐♥❣ ❝❛♣❛❝✐t②✱ qi✱ ♠❛①✐♠✐③✐♥❣ ✭✽✮ ❣✐✈❡♥ t❤❡ qj

❝❤♦s❡♥ ❜② t❤❡ ♦t❤❡r ♣✉❜❧✐s❤❡r✳ ▲❡t
(
qC1 , q

C
2

)
❜❡ t❤❡ r❡s✉❧t✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ❝❛♣❛❝✐t✐❡s✱ ✇❤❡r❡ C ✐s

t❤❡ s✉♣❡rs❝r✐♣t ❞❡♥♦t✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛r✐❛❜❧❡s ✇✐t❤♦✉t t❤❡ ❛❞ ♥❡t✇♦r❦✳ ❚❤✐s ♣❛✐r s❛t✐s✜❡s t❤❡

❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s✿

∂πi
∂qi

=

[
∂ri
∂qi

Di +
∂rnT12
∂qi

D12

]

+

[

ri
∂Di

∂qi
+
(
rnT12 − r̂j

) ∂D12

∂qi

]

= 0, i, j = 1, 2, i 6= j. ✭✾✮

❆s qi ✐♥❝r❡❛s❡s✱ t❤❡ r❡✈❡♥✉❡ ❢r♦♠ ✐♠♣r❡ss✐♦♥s ♦♥ ♣✉❜❧✐s❤❡r i ❣♦❡s ✉♣ ✭t❤❡ ✜rst ❜r❛❝❦❡t ♦❢ ✭✾✮ ✐s

♣♦s✐t✐✈❡✮✱ ❜✉t ❢❡✇❡r ❝♦♥s✉♠❡rs ❥♦✐♥ t❤❡ ♣✉❜❧✐s❤❡r✬s ♣❧❛t❢♦r♠ ✭t❤❡ s❡❝♦♥❞ ❜r❛❝❦❡t ✐s ♥❡❣❛t✐✈❡✮✳ ❚❤❡

♦♣t✐♠❛❧ qi ❢♦r ♣✉❜❧✐s❤❡r i ♦♣t✐♠✐③❡s t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❡✛❡❝ts✳

✶✼❲❡ ❛♥❛❧②③❡ ❛❧t❡r♥❛t✐✈❡ ❢♦r♠✉❧❛t✐♦♥s ♦❢ ❝♦♥tr❛❝ts ❜❡t✇❡❡♥ ♣✉❜❧✐s❤❡rs✱ t❤❡ ❛❞ ♥❡t✇♦r❦ ❛♥❞ ❛❞✈❡rt✐s❡rs ✐♥ ❙❡❝t✐♦♥
✻✳✹✳

✶✶



▲❡♠♠❛ ✶✳ ❆ss✉♠❡ t❤❡ ♣✉❜❧✐s❤❡rs ❞♦ ♥♦t ♦✉ts♦✉r❝❡ t♦ t❤❡ ❛❞ ♥❡t✇♦r❦✳ ❚❤❡ ❙P◆❊ ✐s s✉❝❤ t❤❛t ❛❞

❝❛♣❛❝✐t✐❡s
(
qC1 , q

C
2

)
s❛t✐s❢② ✭✾✮✳ ❊❛❝❤ ❛❞✈❡rt✐s❡r ❛❝q✉✐r❡s qCi ❛❞s ♣❡r ❝♦♥s✉♠❡r ♦♥ ♣✉❜❧✐s❤❡r i✱ ✇✐t❤

t❤❡ ♣❛②♠❡♥t pCi ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ✭✽✮ ❝♦♠♣✉t❡❞ ❛t
(
qC1 , q

C
2

)
✳ P✉❜❧✐s❤❡r i✬s ♣r♦✜t✱ πC

i ✱ ❡q✉❛❧s pCi ✳

✹✳✷ ■♥tr♦❞✉❝✐♥❣ t❤❡ ❛❞ ♥❡t✇♦r❦

❆ss✉♠❡ ♥♦✇ t❤❡ ❛❞ ♥❡t✇♦r❦ ✐s ❛❝t✐✈❡✳ ❈♦♥s✐❞❡r st❛❣❡ ✹ ✐♥ t❤❡ s✉❜❣❛♠❡ ✇❤❡r❡ ❜♦t❤ ♣✉❜❧✐s❤❡rs

♦✉ts♦✉r❝❡❞✳AN ♦✛❡rs ❛ ❝♦♥tr❛❝t t♦ ❡❛❝❤ ❛❞✈❡rt✐s❡r✱ s♣❡❝✐❢②✐♥❣ ❛ ♣❛✐r (m1,m2) ❛♥❞ ❛ ♣❛②♠❡♥t

pAN ✳❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❧♦❣✐❝ ❛s ❛❜♦✈❡✱ AN ✜❧❧s t❤❡ ❛✈❛✐❧❛❜❧❡ ❛❞ ❝❛♣❛❝✐t② ❛♥❞ ❞✐✈✐❞❡s ✐t ❡q✉❛❧❧②

❛❝r♦ss ❛❧❧ ❛❞✈❡rt✐s❡rs✳ ❍❡♥❝❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥tr❛❝ts ❛r❡ s✉❝❤ t❤❛t mi = qi✳ ❋✉rt❤❡r♠♦r❡✱

AN ❡①tr❛❝ts t❤❡ ❡♥t✐r❡ ❛❞✈❡rt✐s❡r s✉r♣❧✉s✱ ❜❡❝❛✉s❡ ✐t ✐s t❤❡ ✉♥✐q✉❡ ❣❛t❡✇❛② t♦ t❤❡ ❛✉❞✐❡♥❝❡ ♦❢

❜♦t❤ ♣✉❜❧✐s❤❡rs✳ ■♥ ❡q✉✐❧✐❜r✐✉♠✱ ❛❧❧ ❛❞✈❡rt✐s❡rs ❛❝❝❡♣t t❤❡ ❛❜♦✈❡ ❝♦♥tr❛❝t✳ ❚❤✉s✱ t❤❡ ❛❞ ♥❡t✇♦r❦✬s

r❡✈❡♥✉❡✱ pAN ✱ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❛❞✈❡rt✐s❡r s✉r♣❧✉s✱ AS ✭s❡❡ ✭✼✮✮✿

pAN = AS = r1 (q1)D1 (q1, q2)+r2 (q2)D2 (q1, q2)+
(
(1− β) rnT12 (q1, q2) + βrT12 (q1, q2)

)
D12 (q1, q2) .

✭✶✵✮

❚❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ✭✽✮ ❛♥❞ ✭✶✵✮ ♣r♦✈✐❞❡s ❛ ❜❛s✐❝ ✐♥s✐❣❤t✿ ❛❧❧ ❡❧s❡ ❣✐✈❡♥✱ t❤❡ ❛❞ ♥❡t✇♦r❦ ❝❛♥ ❡①♣❛♥❞

t♦t❛❧ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡s ❜❡❝❛✉s❡ tr❛❝❦✐♥❣ ✐♥❝r❡❛s❡s t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❛❞s ♦♥ ♠✉❧t✐✲❤♦♠❡rs✳ ■♥

❛❞❞✐t✐♦♥✱ t❤❡ ♥❡t✇♦r❦ ❝❡♥tr❛❧✐③❡s t❤❡ s❛❧❡ ♦❢ ❛❞s✱ t❤❡r❡❜② ❝❛♣t✉r✐♥❣ ❛ ❧❛r❣❡r s❤❛r❡ ♦❢ t❤✐s r❡✈❡♥✉❡

t❤❛♥ ❝♦♠♣❡t✐♥❣ ♣✉❜❧✐s❤❡rs ❝❛♥✳ ■♥ ❢❛❝t✱ ✐♥ ♦✉r ❜❛s❡❧✐♥❡ ♠♦❞❡❧ AN ❝❛♣t✉r❡s t❤❡ ❡♥t✐r❡ ❛❞✈❡rt✐s❡r

s✉r♣❧✉s✱ ❣✐✈❡♥ ✐t ❤❛s ❛❧❧ t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❛❞✈❡rt✐s❡rs ✭✇❡ ❞✐s❝✉ss t❤❡

✐♠♣❧✐❝❛t✐♦♥s ♦❢ r❡❧❛①✐♥❣ t❤✐s ❛ss✉♠♣t✐♦♥ ❜❡❧♦✇✮✳

❘❡❝❛❧❧ t❤❛t✱ ❜② ❛ss✉♠♣t✐♦♥✱ ❛ ♣✉❜❧✐s❤❡r✬s ❛❞ ❝❛♣❛❝✐t②✱ qi✱ ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ ❝♦♥s✉♠❡rs✳ ❍❡♥❝❡✱

✐♥ ❡q✉✐❧✐❜r✐✉♠ ❛ tr❛❝❦❡❞ ♠✉❧t✐✲❤♦♠❡r ✐s ❡①♣♦s❡❞ t♦ t❤❡ s❛♠❡ q✉❛♥t✐t② ♦❢ ❛❞s ♦♥ ❡❛❝❤ ♣✉❜❧✐s❤❡r ❛s

❛ ♥♦♥✲tr❛❝❦❡❞ ♦♥❡ ✭s❡❡ ❆♣♣❡♥❞✐① ❇✳✷ ❢♦r ❛ ♣r♦♦❢✮✳✶✽ ❍♦✇❡✈❡r✱ t❤❡ ♠✐① ♦❢ ❛❞s t❤❡s❡ ❝♦♥s✉♠❡rs ❛r❡

❡①♣♦s❡❞ t♦ ♠❛② ❜❡ ❞✐✛❡r❡♥t✱ ❜❡❝❛✉s❡ tr❛❝❦✐♥❣ ❡♥❛❜❧❡s t❤❡ ❛❞ ♥❡t✇♦r❦ t♦ ❛❞❥✉st t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ❛❞s

♦♥ ♠✉❧t✐✲❤♦♠❡rs✳ ❍❡♥❝❡✱ t❤❡ ❛❞ ♥❡t✇♦r❦ ❝❤❛r❣❡s ♠♦r❡ ❢♦r ❛❞s ❤✐tt✐♥❣ ❛ tr❛❝❦❡❞ ♠✉❧t✐✲❤♦♠❡r t❤❛♥

❢♦r t❤♦s❡ ❤✐tt✐♥❣ ❛ ♥♦♥✲tr❛❝❦❡❞ ♦♥❡ ✭r❡❝❛❧❧ t❤❛t rT12 ≥ rnT12 ✮✳

❲❡ ♥♦✇ ❞❡s❝r✐❜❡ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ❡❛r❧✐❡r st❛❣❡s ♦❢ t❤❡ ❣❛♠❡✳ ❆t st❛❣❡ ✶✱ AN ♠❛❦❡s s✐♠✉❧t❛✲

♥❡♦✉s t❛❦❡✲✐t✲♦r✲❧❡❛✈❡✲✐t ♦✛❡rs t♦ ❡❛❝❤ ♣✉❜❧✐s❤❡r✱ s♣❡❝✐❢②✐♥❣ ❛ s❝❤❡❞✉❧❡ ♦❢ tr❛♥s❢❡rs xi(qi) ❝♦♥t✐♥❣❡♥t

♦♥ t❤❡ ♣✉❜❧✐s❤❡r✬s ❛❞✈❡rt✐s✐♥❣ ❝❛♣❛❝✐t②✱ ✐♥ ❡①❝❤❛♥❣❡ ❢♦r t❤❡ ♣✉❜❧✐s❤❡r✬s ❛❞ ✐♥✈❡♥t♦r② ❛♥❞ t❤❡ ❡♥s✉✐♥❣

r❡✈❡♥✉❡✳✶✾ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❛ss✉♠❡ t❤❡ ❝♦♥tr❛❝t ✇✐t❤ ♣✉❜❧✐s❤❡r i ✐s ✈♦✐❞ ✐❢ t❤❡ ♦t❤❡r ♣✉❜❧✐s❤❡r

r❡❥❡❝ts AN ✬s ♦✛❡r✳ ❚❤✐s ❢❡❛t✉r❡ ❝❛♣t✉r❡s t❤❡ ❢❛❝t t❤❛t t❤❡ ❛❞ ♥❡t✇♦r❦ ❝❛♥ ♠❛❦❡ ❛♥ ❛❞✈❛♥t❛❣❡♦✉s

♦✛❡r t♦ ❡❛❝❤ ♣✉❜❧✐s❤❡r ♦♥❧② ✐❢ ✐t ♠❛♥❛❣❡s t❤❡✐r ✐♥✈❡♥t♦r✐❡s ❥♦✐♥t❧②✳ ■❢ ♦♥❧② ♦♥❡ ♣✉❜❧✐s❤❡r ♦✉ts♦✉r❝❡s✱

✶✽❲❡ ❛r❡ ♥♦t ❛✇❛r❡ ♦❢ ❡✈✐❞❡♥❝❡ t❤❛t ❞✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs s✐❣♥✐✜❝❛♥t❧② ❝❤❛♥❣❡ t❤❡ q✉❛♥t✐t② ♦❢ ❛❞s ♦♥ t❤❡✐r ✇❡❜ ♣❛❣❡s
❛❝❝♦r❞✐♥❣ t♦ ✇❤❡t❤❡r ❛ ❝♦♥s✉♠❡r ✐s tr❛❝❦❡❞ ❜② t❤✐r❞ ♣❛rt✐❡s✳ ❚❤❡♦r❡t✐❝❛❧❧②✱ ♦♥❡ ❝♦✉❧❞ ❛❧❧♦✇ t❤❡ ♣✉❜❧✐s❤❡rs t♦ s❡t
❞✐✛❡r❡♥t ❛❞✈❡rt✐s✐♥❣ ❝❛♣❛❝✐t✐❡s ❢♦r tr❛❝❦❡❞ ❛♥❞ ♥♦♥✲tr❛❝❦❡❞ ❝♦♥s✉♠❡rs✳ ❍♦✇❡✈❡r✱ ❞♦✐♥❣ s♦ ✇♦✉❧❞ ❝♦♠♣❧✐❝❛t❡ t❤❡
❛♥❛❧②s✐s ❜② ❞♦✉❜❧✐♥❣ t❤❡ s✐③❡ ♦❢ t❤❡ ♣✉❜❧✐s❤❡rs✬ ❝❤♦✐❝❡ s❡t ❛♥❞ ♣r❡✈❡♥t ❛ ❝❧❡❛♥ ❝♦♠♣❛r✐s♦♥ ♦❢ ❛❞✈❡rt✐s✐♥❣ q✉❛♥t✐t✐❡s
❜❡t✇❡❡♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❛❞ ♥❡t✇♦r❦ ✐s ❛✈❛✐❧❛❜❧❡ ❛♥❞ t❤❛t ✇❤❡r❡ ✐t ✐s ♥♦t✳

✶✾❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✐❞❡❛ t❤❛t t❤❡ ❛❞ ♥❡t✇♦r❦ ❝❛♥ ♣r♦✈✐❞❡ ✐♥❝❡♥t✐✈❡s t♦ t❤❡ ♣✉❜❧✐s❤❡rs t♦
♦♣t✐♠✐③❡ t❤❡✐r ❛❞ ❝❛♣❛❝✐t✐❡s ✭s❡❡✱ ❡✳❣✳✱ ●♦♦❣❧❡ ❆❞ ❙❡♥s❡ ♦♣t✐♠✐③❛t✐♦♥ t✐♣s t♦ ♣✉❜❧✐s❤❡rs ❛t ❤tt♣s✿✴✴✉r❧②✳✐t✴✸✶✾✷❝✮✳ ❲❡
r❡❧❛① t❤❡ ❛ss✉♠♣t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✻✳✺✱ ✇❤❡r❡ ✇❡ ❡①♣❧♦r❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❛❧t❡r♥❛t✐✈❡ ❝♦♥tr❛❝t ❢♦r♠✉❧❛t✐♦♥s ✭✐♥❝❧✉❞✐♥❣
♣❡r✲✐♠♣r❡ss✐♦♥ tr❛♥s❢❡rs ❛♥❞ r❡✈❡♥✉❡ s❤❛r✐♥❣ ❝♦♥tr❛❝ts✮✳

✶✷



t❤❡ ❛❞ ♥❡t✇♦r❦ ❝❛♥♥♦t ❣❡♥❡r❛t❡ ♠♦r❡ r❡✈❡♥✉❡ t❤❛♥ t❤❡ ♣✉❜❧✐s❤❡r ✐ts❡❧❢✱ ❣✐✈❡♥ t❤❛t ✐t ❝❛♥♥♦t tr❛❝❦

❝♦♥s✉♠❡rs ❛❝r♦ss ♦✉t❧❡ts ❛♥❞ ❤❛s t♦ ❝♦♠♣❡t❡ ✇✐t❤ t❤❡ ♦t❤❡r ♣✉❜❧✐s❤❡r ❢♦r ❛❞✈❡rt✐s❡rs✳ ❍❡♥❝❡✱ ❜②

✐♥❝❧✉❞✐♥❣ t❤✐s ♠✉❧t✐❧❛t❡r❛❧ ❞✐♠❡♥s✐♦♥ ✐♥ t❤❡ ❝♦♥tr❛❝t ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ❛❞ ♥❡t✇♦r❦ ❛♥❞

❛ ♣✉❜❧✐s❤❡r ♠❛② ✇❛♥t t♦ r❡♥❡❣♦t✐❛t❡ t❤❡✐r ❝♦♥tr❛❝t ✐❢ t❤❡ ♦t❤❡r ♣✉❜❧✐s❤❡r ❞♦❡s ♥♦t ♦✉ts♦✉r❝❡✳✷✵ ❚❤❡

❝♦♥tr❛❝t✉❛❧ str✉❝t✉r❡ ✇❡ ❛ss✉♠❡ ❛❧❧♦✇s t❤❡ ❛❞ ♥❡t✇♦r❦ t♦ ❝♦♦r❞✐♥❛t❡ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞✈❡rt✐s✐♥❣ ♦♥

❜♦t❤ ♣✉❜❧✐s❤❡rs✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ s✐♠♣❧✐✜❡s t❤❡ ❡①♣♦s✐t✐♦♥ ✇✐t❤♦✉t ❛✛❡❝t✐♥❣ ♦✉r r❡s✉❧ts s✉❜st❛♥t✐❛❧❧②

✭s❡❡ ❙❡❝t✐♦♥ ✻✳✺✮✳

❲❡ ♥♦✇ ❛r❣✉❡ t❤❛t t❤❡ ✉♥✐q✉❡ ❙P◆❊ ♦❢ t❤✐s ❣❛♠❡ ✐s s✉❝❤ t❤❛t ❜♦t❤ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡✳✷✶ ▲❡t

q∗i ❜❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛❞ ❝❛♣❛❝✐t② ❝❤♦s❡♥ ❜② ♣✉❜❧✐s❤❡r i ✭t♦ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜❡❧♦✇✮✳ P✉❜❧✐s❤❡r i

❛❝❝❡♣ts AN ✬s ♦✛❡r ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ tr❛♥s❢❡r ✐t ♦❜t❛✐♥s ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ xi (q
∗

i )✱ ✐s ❣r❡❛t❡r ♦r ❡q✉❛❧ t❤❛♥

✐ts ♦✉ts✐❞❡ ♦♣t✐♦♥✱ πo
i ✳ ❚♦ ❞❡t❡r♠✐♥❡ t❤❡ ❧❛tt❡r✱ s✉♣♣♦s❡ t❤❡ ♣✉❜❧✐s❤❡r r❡❥❡❝ts t❤❡ ♦✛❡r✳ ❇❡❝❛✉s❡ t❤❡

❛❞ ♥❡t✇♦r❦✬s ❝♦♥tr❛❝ts ❛r❡ ✈♦✐❞✱ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ❣❛♠❡ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❛t ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳

■t ❢♦❧❧♦✇s t❤❛t πo
i = πC

i ✱ ❛s ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ▲❡♠♠❛ ✶✳ ❍♦✇❡✈❡r✱ AN ❝❛♥ ❣❡♥❡r❛t❡ ♠♦r❡ ❛❞✈❡rt✐s✐♥❣

s✉r♣❧✉s ❛♥❞ ❡①tr❛❝t ❛ ❧❛r❣❡r s❤❛r❡ ♦❢ ✐t t❤❛♥ t❤❡ ♣✉❜❧✐s❤❡rs ❝❛♥ ✭s❡❡ ✭✽✮ ❛♥❞ ✭✶✵✮✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡

❤❛✈❡ pAN >
∑

i=1,2 π
o
i ✳ ■♥ ❡q✉✐❧✐❜r✐✉♠✱ AN ♣❛②s t♦ ❡❛❝❤ ♣✉❜❧✐s❤❡r ❛ tr❛♥s❢❡r ❡q✉❛❧ t♦ πC

i ❛♥❞ ❡❛r♥s

πAN = pAN − πC
1 − πC

2 . ✭✶✶✮

❚❤❡ ❛❞ ♥❡t✇♦r❦ ❞❡s✐❣♥s t❤❡ s❝❤❡❞✉❧❡s xi (qi) t♦ ✐♥❞✉❝❡ t❤❡ ♣✉❜❧✐s❤❡rs t♦ ❝❤♦♦s❡ ❛❞ ❝❛♣❛❝✐t✐❡s t❤❛t

♠❛①✐♠✐③❡ πAN ✳ ◆♦t✐♥❣ t❤❛t πC
i ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❛♣❛❝✐t✐❡s ❝❤♦s❡♥ ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤✱

(q∗1, q
∗

2) ♠❛①✐♠✐③❡ pAN ❛t st❛❣❡ ✷✳ ❙♣❡❝✐✜❝❛❧❧②✱ (q∗1, q
∗

2) s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s✿

∂pAN

∂qi
=

[

Di
∂ri
∂qi

+D12
∂r12
∂qi

]

+

[
∂Di

∂qi
ri +

∂D12

∂qi
(r12 − rj)

]

= 0, i, j = 1, 2, i 6= j. ✭✶✷✮

◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ♣r♦♣❡rt② t❤❛t
∂Dj

∂qi
= −∂D12

∂qi
❛♥❞ t❤❛t r12 = (1− β) rnT12 + βrT12✳ ❚❤❡

❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡s ♦❢ q∗i ❛r❡ t❤❡ r❡s✉❧t ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛❞❡✲♦✛✿ ✐♥❝r❡❛s✐♥❣ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ♦♥ ♦♥❡

♣✉❜❧✐s❤❡r ❣❡♥❡r❛t❡s ♠♦r❡ r❡✈❡♥✉❡ ❢r♦♠ ✐ts ❝♦♥s✉♠❡rs ✭✜rst ❜r❛❝❦❡t✮✱ ❜✉t ❛❧s♦ r❡❞✉❝❡s t❤❡ q✉❛♥t✐t②

♦❢ ❝♦♥s✉♠❡rs t❤❛t ✈✐s✐t ✐t ✭s❡❝♦♥❞ ❜r❛❝❦❡t✮ ❛s s♦♠❡ s✇✐t❝❤ ❢r♦♠ ♠✉❧t✐✲❤♦♠✐♥❣ t♦ s✐♥❣❧❡✲❤♦♠✐♥❣ ♦♥

t❤❡ ♦t❤❡r ♣✉❜❧✐s❤❡r✳

▲❡♠♠❛ ✷✳ ❲❤❡♥ t❤❡ ❛❞ ♥❡t✇♦r❦ ✐s ❛✈❛✐❧❛❜❧❡✱ t❤❡ ❙P◆❊ ✐s s✉❝❤ t❤❛t ❜♦t❤ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡

t❤❡✐r ✐♥✈❡♥t♦r✐❡s✱ ❡❛r♥✐♥❣ πC
i ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ✇❤❡r❡❛s t❤❡ ❛❞ ♥❡t✇♦r❦ ❡❛r♥s pAN − πC

1 − πC
2 ✳ ❚❤❡

❛❞✈❡rt✐s✐♥❣ q✉❛♥t✐t✐❡s✱ (q∗1, q
∗

2)✱ ♠❛①✐♠✐③❡ t♦t❛❧ ❛❞ r❡✈❡♥✉❡s✱ pAN ✱ ❛s ❞❡✜♥❡❞ ✐♥ ✭✶✵✮✳

❚❤❡r❡ ✐s ❛ s✐♠✐❧❛r✐t② ❜❡t✇❡❡♥ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❛❞ ♥❡t✇♦r❦ ♦♥ t❤❡ ❛❞✈❡rt✐s✐♥❣ ♠❛r❦❡t ❛♥❞ t❤❛t

✷✵❊①❝❧✉❞✐♥❣ t❤✐s ♠✉❧t✐❧❛t❡r❛❧ ❞✐♠❡♥s✐♦♥ ❢r♦♠ t❤❡ ❝♦♥tr❛❝t ❜❡t✇❡❡♥ t❤❡ ❛❞ ♥❡t✇♦r❦ ❛♥❞ ❡❛❝❤ ♣✉❜❧✐s❤❡r ❞♦❡s ♥♦t
✐♠♣❧② ♠❛❥♦r ❝❤❛♥❣❡s ✐♥ ♦✉r ✜♥❞✐♥❣s ✭s❡❡ ❙❡❝t✐♦♥ ✻✳✺✮✳ ❙❡❡ ❇❡r♥❤❡✐♠ ❛♥❞ ❲❤✐♥st♦♥ ✭✶✾✽✺✮ ♦♥ ♠✉❧t✐❧❛t❡r❛❧ ❝♦♥tr❛❝t✐♥❣
✐♥ ♠✉❧t✐✲❛❣❡♥t r❡❧❛t✐♦♥s❤✐♣s✳

✷✶■♥ ♦✉r ♠♦❞❡❧ ❡❛❝❤ ♣✉❜❧✐s❤❡r ❢✉❧❧② ♦✉ts♦✉r❝❡s ✐ts ❛❞ ✐♥✈❡♥t♦r✐❡s✳ ❚❤✐s ✐s ♣r♦✜t❛❜❧❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❣❛✐♥s ❢r♦♠
❝❡♥tr❛❧✐③❛t✐♦♥ ❛♥❞ tr❛❝❦✐♥❣✳ ❖❜s❡r✈❡ t❤❛t s❡❧❧✐♥❣ ❞✐r❡❝t❧② t❤❡ ✐♥✈❡♥t♦r② t❤❛t ❝♦♠❡s ❢r♦♠ s✐♥❣❧❡✲❤♦♠❡rs ✭❢♦r ✇❤✐❝❤
♣✉❜❧✐s❤❡rs ❢❛❝❡ ♥♦ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ t❤❡r❡ ❛r❡ ♥♦ ✐♥❡✣❝✐❡♥❝✐❡s ❞✉❡ t♦ ❛❝r♦ss✲♦✉t❧❡t r❡♣❡t✐t✐♦♥✮ ✐s ✐♠♣♦ss✐❜❧❡ ❜❡❝❛✉s❡
t❤❡ ♣✉❜❧✐s❤❡rs ❝❛♥♥♦t ❦♥♦✇ ✇❤❡t❤❡r ❛ ❝♦♥s✉♠❡r ♠✉❧t✐✲❤♦♠❡s ✇✐t❤♦✉t t❤❡ ❛❞ ♥❡t✇♦r❦✬s tr❛❝❦✐♥❣ t❡❝❤♥♦❧♦❣②✳

✶✸



♦❢ ❥♦✐♥t ♦✇♥❡rs❤✐♣ ♦❢ t❤❡ t✇♦ ♣✉❜❧✐s❤❡rs✳ ❚❤✐s s✐♠✐❧❛r✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❛❞ ♥❡t✇♦r❦✬s ❛❜✐❧✐t② t♦

❝❡♥tr❛❧✐③❡ t❤❡ s❛❧❡ ♦❢ ❛❞s ❛♥❞✱ ❣✐✈❡♥ t❤❡ ❝♦♥tr❛❝t str✉❝t✉r❡ ✇❡ ❛ss✉♠❡✱ t♦ ❝♦♦r❞✐♥❛t❡ t❤❡ ♣✉❜❧✐s❤❡rs✬

❛❞ ❝❛♣❛❝✐t✐❡s✳ ■♥ ❙❡❝t✐♦♥ ✻✳✺✱ ✇❡ ❝❤❡❝❦ t❤❡ r♦❜✉st♥❡ss ♦❢ ♦✉r r❡s✉❧ts t♦ ❛❧t❡r♥❛t✐✈❡ ❝♦♥tr❛❝ts ❜❡t✇❡❡♥

t❤❡ ❛❞ ♥❡t✇♦r❦ ❛♥❞ t❤❡ ♣✉❜❧✐s❤❡rs✱ s❤♦✇✐♥❣ t❤❛t t❤❡ ♠❛✐♥ r❡s✉❧ts ❞♦ ♥♦t ❝❤❛♥❣❡✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡

♣r♦✈✐❞❡ ❜❡❧♦✇ ❛❞❞✐t✐♦♥❛❧ ❡①t❡♥s✐♦♥s t❤❛t ❢✉rt❤❡r ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❞✐✛❡r❡♥❝❡ ✇✐t❤ ❥♦✐♥t ♦✇♥❡rs❤✐♣✳

❚❤❡s❡ ❡①t❡♥s✐♦♥s ✐♥❝❧✉❞❡ tr❛❝❦✐♥❣ ♥❡t✇♦r❦s✱ t❤❛t ♦♥❧② s❡❧❧ tr❛❝❦✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❜✉t ❞♦ ♥♦t ❝❡♥tr❛❧✐③❡

t❤❡ s❛❧❡ ♦❢ ❛❞s ✭❙❡❝t✐♦♥ ✻✳✶✮ ❛♥❞ ❝♦♠♣❡t✐♥❣ ❛❞ ♥❡t✇♦r❦s ✭❙❡❝t✐♦♥ ✻✳✷✮✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ♠♦r❡ t❤❛♥

t✇♦ ♣✉❜❧✐s❤❡rs ✭❙❡❝t✐♦♥ ✻✳✸✮✳ ❆❧t❤♦✉❣❤ ♠❛♥② ♣✉❜❧✐s❤❡rs ♠❛② ❥♦✐♥ ❛♥ ❛❞ ♥❡t✇♦r❦✱ ✐t ✐s ✉♥❧✐❦❡❧② t❤❛t

t❤❡② ✇♦✉❧❞ ♠❡r❣❡ ✉♥❞❡r t❤❡ s❛♠❡ ♦✇♥❡r ✐♥ r❡❛❧✐t②✳ ❆❧s♦✱ ♠❡r❣❡rs ❜❡t✇❡❡♥ ❧❛r❣❡ ❞✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs

❛r❡ ❧✐❦❡❧② t♦ ❢❛❝❡ ❝♦♥str❛✐♥ts ✐♠♣♦s❡❞ ❜② ❝♦♠♣❡t✐t✐♦♥ ❛✉t❤♦r✐t✐❡s✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ♣r❛❝t✐❝❡✱ ❝♦♠♣❡t✐♥❣

♣✉❜❧✐s❤❡rs ❝❛♥♥♦t r❡♣❧✐❝❛t❡ t❤❡ ❜❡♥❡✜ts ❞❡❧✐✈❡r❡❞ ❜② ❛❞ ♥❡t✇♦r❦s s✐♠♣❧② ❜② ♠❡r❣✐♥❣✳

✹✳✸ ❚❤❡ ❡✛❡❝t ♦❢ t❤❡ ❛❞ ♥❡t✇♦r❦ ♦♥ ♣✉❜❧✐s❤❡rs ❛♥❞ ❛❞✈❡rt✐s❡rs

■♥ ♦✉r ♠♦❞❡❧✱ t❤❡ ❛❞ ♥❡t✇♦r❦ ✐♥❝r❡❛s❡s ❣r♦ss ❛❞✈❡rt✐s❡r s✉r♣❧✉s✱ ❜② tr❛❝❦✐♥❣ ❝♦♥s✉♠❡rs ❛♥❞ ❝♦♦r✲

❞✐♥❛t✐♥❣ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ♦♥ ♠✉❧t✐♣❧❡ ♣✉❜❧✐s❤❡rs✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❞ ♥❡t✇♦r❦ ❛❧s♦ ❝❤❛♥❣❡s t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ t❤✐s s✉r♣❧✉s✱ ❜② r❡❞✉❝✐♥❣ ❝♦♠♣❡t✐t✐♦♥ ♦♥ t❤❡ s❡❧❧❡r s✐❞❡✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ✐♠♣❧✐✲

❝❛t✐♦♥s ♦❢ t❤❡s❡ ❝❤❛♥❣❡s ❢♦r ❛❞✈❡rt✐s❡rs ❛♥❞ ❞✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs✳

❇② ❝❡♥tr❛❧✐③✐♥❣ t❤❡ s❛❧❡ ♦❢ ❛❞s✱ t❤❡ ❛❞ ♥❡t✇♦r❦ ❝❛♥ ❡①tr❛❝t ♠♦r❡ r❡✈❡♥✉❡ ❢r♦♠ t❤❡ ❛❞✈❡rt✐s❡rs

t❤❛♥ t❤❡ ♣✉❜❧✐s❤❡rs ❝❛♥✳ ■♥ ♦✉r ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱ t❤❡ ❛❞ ♥❡t✇♦r❦ ❝❛♥ ✐♥ ❢❛❝t ❡①tr❛❝t ❛❧❧ s✉❝❤ r❡✈❡♥✉❡✳

❍❡♥❝❡✱ t❤❡ ❛❞✈❡rt✐s❡rs ❛r❡ ✇♦rs❡ ♦✛ ✇❤❡♥ t❤❡ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❛❞ ♥❡t✇♦r❦

♠❛❦❡s t❤❡✐r ❛❞s ♠♦r❡ ❡✛❡❝t✐✈❡ ✇✐t❤ tr❛❝❦✐♥❣✳ ❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ s❡❡♥ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ♣❛②♠❡♥ts

❝❤❛r❣❡❞ ❜② t❤❡ ❛❞ ♥❡t✇♦r❦✱ ✭✶✵✮✱ t♦ t❤♦s❡ ❝❤❛r❣❡❞ ❜② t❤❡ ♣✉❜❧✐s❤❡rs✱ ✭✽✮✳ ❍♦✇❡✈❡r✱ t❤✐s ♦✉t❝♦♠❡

❞❡♣❡♥❞s ♦♥ ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❛❞ ♥❡t✇♦r❦ ♦✛❡rs t❛❦❡✲✐t✲♦r✲❧❡❛✈❡✲✐t ❝♦♥tr❛❝ts t♦ t❤❡ ❛❞✈❡rt✐s❡rs✳

❲❡ r❡❧❛① t❤✐s ❛ss✉♠♣t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✻✳✹✱ s❤♦✇✐♥❣ t❤❛t ✇❤❡♥ ❛♥ ❛❞✈❡rt✐s❡r ❤❛s s✉✣❝✐❡♥t ❜❛r❣❛✐♥✐♥❣

♣♦✇❡r✱ ✐t ❝❛♥ r❡t❛✐♥ ❛ ❧❛r❣❡ ❡♥♦✉❣❤ s❤❛r❡ ♦❢ t❤❡ ❛❞❞✐t✐♦♥❛❧ r❡✈❡♥✉❡s ❣❡♥❡r❛t❡❞ ❜② tr❛❝❦✐♥❣ ❛♥❞✱ t❤✉s✱

❛❧s♦ ❜❡♥❡✜t ✇❤❡♥ t❤❡ ♣✉❜❧✐s❤❡rs✬ ♦✉ts♦✉r❝❡✳

■♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ♣✉❜❧✐s❤❡rs r❡❝❡✐✈❡ ❛t ❧❡❛st ❛s ♠✉❝❤ r❡✈❡♥✉❡ ❢r♦♠ t❤❡ ❛❞ ♥❡t✇♦r❦ ❛s t❤❡② ❡❛r♥

✇❤❡♥ t❤❡② ❞♦ ♥♦t ♦✉ts♦✉r❝❡✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ❡❛❝❤ ♣✉❜❧✐s❤❡r ❤❛s t❤❡ ❛❧t❡r♥❛t✐✈❡ ♦❢ s❡❧❧✐♥❣ ✐ts

✐♥✈❡♥t♦r② ❞✐r❡❝t❧② ❛♥❞ t❤❡ ❛❞ ♥❡t✇♦r❦ ♠✉st ❝♦♠♣❡♥s❛t❡ ✐t ❛❝❝♦r❞✐♥❣❧②✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣✉❜❧✐s❤❡rs

❛r❡ ♥❛t✉r❛❧❧② ✐♥ ❛ str♦♥❣❡r ♣♦s✐t✐♦♥ t❤❛♥ t❤❡ ❛❞✈❡rt✐s❡rs ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❛❞ ♥❡t✇♦r❦✿ ✇❤❡♥

t❤❡ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡✱ t❤❡ ❛❞✈❡rt✐s❡rs ❤❛✈❡ ♥♦ ❛❧t❡r♥❛t✐✈❡ ❜✉t ❣♦✐♥❣ t❤r♦✉❣❤ t❤❡ ♥❡t✇♦r❦ t♦ r❡❛❝❤

❝♦♥s✉♠❡rs✳ ❆s ✇❡ ❛r❣✉❡ ❜❡❧♦✇ ✭❙❡❝t✐♦♥ ✻✮✱ t❤❡s❡ ❝♦♥❝❧✉s✐♦♥s ❤♦❧❞ ❛❧s♦ ✐❢ ♦♥❡ ❝♦♥s✐❞❡rs ♠♦r❡ t❤❛♥

t✇♦ ♣✉❜❧✐s❤❡rs✱ ❝♦♠♣❡t✐♥❣ ❛❞ ♥❡t✇♦r❦s✱ ❛♥❞ ❛❧t❡r♥❛t✐✈❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ ❝♦♥tr❛❝ts✳

✹✳✹ ❚❤❡ ❡✛❡❝t ♦❢ t❤❡ ❛❞ ♥❡t✇♦r❦ ♦♥ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞✈❡rt✐s✐♥❣

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❛❞ ♥❡t✇♦r❦ ♦♥ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞✈❡rt✐s✐♥❣ ♦♥ ❞✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs✳ ❚❤✐s

✐s ❛♥ ✐♠♣♦rt❛♥t ♠❛r❦❡t ♦✉t❝♦♠❡ ❛♥❞ ✐s ❦❡② t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✐♠♣❛❝t ♦❢ ❛❞ ♥❡t✇♦r❦s ♦♥ ❝♦♥s✉♠❡rs✳

❚❤❡ ❛❞ ♥❡t✇♦r❦✬s ❡✛❡❝t ♦♥ t❤❡ s✉♣♣❧② ♦❢ ❛❞s ✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞✱ ❛s ✐t ❞❡♣❡♥❞s ♦♥ ✐ts ❛❜✐❧✐t② t♦

✶✹



tr❛❝❦ ❝♦♥s✉♠❡rs ❛♥❞ t♦ ❝❡♥tr❛❧✐③❡ t❤❡ s❛❧❡ ♦❢ ❛❞s✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❡①♣♦s✐t✐♦♥✱ ✇❡ s❤❛❧❧ ✜rst ❢♦❝✉s ♦♥

t❤❡ ❡✛❡❝t ♦❢ tr❛❝❦✐♥❣ ❛♥❞ ❛♥❛❧②③❡ t❤❡ ❡✛❡❝t ♦❢ ❝❡♥tr❛❧✐③❛t✐♦♥ ❧❛t❡r✳

✹✳✹✳✶ ❚❤❡ ❡✛❡❝t ♦❢ tr❛❝❦✐♥❣ ♦♥ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞✈❡rt✐s✐♥❣

❲❡ ♥♦✇ ✐♥✈❡st✐❣❛t❡ ❤♦✇ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ❡①t❡♥t ♦❢ tr❛❝❦✐♥❣ ❜② t❤❡ ❛❞ ♥❡t✇♦r❦✱ β✱ ❛✛❡❝ts t❤❡

❡q✉✐❧✐❜r✐✉♠ ❛❞✈❡rt✐s✐♥❣ q✉❛♥t✐t✐❡s✱ q∗i ✳ ❆ss✉♠✐♥❣ t❤❡ ♣✉❜❧✐s❤❡rs ❛r❡ s②♠♠❡tr✐❝ ❛♥❞ ✉s✐♥❣ ✭✶✷✮✱ ✇❡

❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿✷✷

Pr♦♣♦s✐t✐♦♥ ✶✳ ❆ss✉♠❡ t❤❛t ♣✉❜❧✐s❤❡rs ❛r❡ s②♠♠❡tr✐❝✳ ❚❤❡ ❛❞✈❡rt✐s✐♥❣ q✉❛♥t✐t② ♦♥ ❡❛❝❤ ♣✉❜❧✐s❤❡r

✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ❡①t❡♥t ♦❢ tr❛❝❦✐♥❣ ✭✐✳❡✳✱
∂q∗i
∂β > 0✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢

D12

(
∂rT12
∂qi

−
∂rnT12
∂qi

)

︸ ︷︷ ︸

(+)

+
∂D12

∂qi

(
rT12 − rnT12

)

︸ ︷︷ ︸

(−)

> 0, i = 1, 2. ✭✶✸✮

✇❤❡r❡ ❛❧❧ ❢✉♥❝t✐♦♥s ❛r❡ ❡✈❛❧✉❛t❡❞ ❛t (q∗1, q
∗

2)✳

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛❞ q✉❛♥t✐t✐❡s ♠❛② ✐♥❝r❡❛s❡ ♦r ❞❡❝r❡❛s❡ ✇✐t❤ tr❛❝❦✐♥❣✳ ❚r❛❝❦✐♥❣ r❛✐s❡s t❤❡ r❡✈❡♥✉❡

❢r♦♠ ♠❛r❣✐♥❛❧ ❛❞s ❤✐tt✐♥❣ t❤❡ D12 ♠✉❧t✐✲❤♦♠❡rs ✭ ∂
2r12

∂qi∂β
=

∂rT
12

∂qi
−

∂rnT
12

∂qi
> 0✮✱ ✐♠♣❧②✐♥❣ ❛ str♦♥❣❡r

✐♥❝❡♥t✐✈❡ t♦ ❡①♣❛♥❞ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ tr❛❝❦✐♥❣ ❛❧s♦ r❛✐s❡s t❤❡ ❡①♣❡❝t❡❞

r❡✈❡♥✉❡ ❢r♦♠ ❛❧❧ ❛❞s t❤❛t ❤✐t ♠✉❧t✐✲❤♦♠❡rs ✭∂r12∂β = rT12 − rnT12 > 0✮✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❝♦st ♦❢ ❝❛rr②✐♥❣

❛❞❞✐t✐♦♥❛❧ ❛❞s ✐♥❝r❡❛s❡s✱ ❣✐✈❡♥ t❤❛t t❤❡ q✉❛♥t✐t② ♦❢ ♠✉❧t✐✲❤♦♠❡rs ❞❡❝r❡❛s❡s ✇✐t❤ qi ✭
∂D12

∂qi
< 0✮✳

❚❤❡ s✐❣♥ ♦❢ ✭✶✸✮ ❞❡♣❡♥❞s ♦♥ t❤❡ ❡❧❛st✐❝✐t② ♦❢ t❤❡ q✉❛♥t✐t② ♦❢ ♠✉❧t✐✲❤♦♠✐♥❣ ❝♦♥s✉♠❡rs t♦ t❤❡

q✉❛♥t✐t② ♦❢ ❛❞s ❛♥❞ ♦♥ ❤♦✇ tr❛❝❦✐♥❣ ❛✛❡❝ts t❤❡ ❛❞✈❡rt✐s✐♥❣ t❡❝❤♥♦❧♦❣②✳ ■t ✐s ✉s❡❢✉❧ t♦ ❡✈❛❧✉❛t❡

t❤❡s❡ t✇♦ ❛s♣❡❝ts s❡♣❛r❛t❡❧②✳ ❚❤❡ ❡❧❛st✐❝✐t② ♦❢ D12 ✇✐t❤ r❡s♣❡❝t t♦ qi r❡❧❛t❡s t♦ t❤❡ ❞✐str✐❜✉t✐♦♥

♦❢ ♣r❡❢❡r❡♥❝❡s ❢♦r t❤❡ t✇♦ ♣✉❜❧✐s❤❡rs✳ ❙✉♣♣♦s❡ t❤❡s❡ ♣r❡❢❡r❡♥❝❡s ❛r❡ ♥❡❣❛t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ✭❡✳❣✳✱ ✐♥

t❤❡ ❝❛s❡ ♦❢ ♣♦❧❛r✐③❡❞ ♥❡✇s ✇❡❜s✐t❡s s✉❝❤ ❛s ▼❙◆❇❈✳❝♦♠ ❛♥❞ ❋❖❳♥❡✇s✳❝♦♠✮✳ ❇❡❝❛✉s❡ ❝♦♥s✉♠❡rs

t❡♥❞ t♦ ✈✐s✐t ❡✐t❤❡r ♦♥❡ ♣✉❜❧✐s❤❡r ♦r t❤❡ ♦t❤❡r✱ ♠✉❧t✐✲❤♦♠❡rs ❛r❡ ❛ r❡❧❛t✐✈❡❧② s♠❛❧❧ s❤❛r❡ ♦❢ t❤❡

❛✉❞✐❡♥❝❡s✱ ❜✉t ❛ r❡❧❛t✐✈❡❧② ❧❛r❣❡ s❤❛r❡ ♦❢ t❤❡ ❝❤❛♥❣❡ ✐♥ ❞❡♠❛♥❞ tr✐❣❣❡r❡❞ ❜② ♠♦r❡ ❛❞s✳ ❋♦r♠❛❧❧②✱

D12 ✐s s♠❛❧❧ r❡❧❛t✐✈❡ t♦ ∂D12

∂qi
✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✳ ❍❡♥❝❡✱ ❛❧❧ ❡❧s❡ ❣✐✈❡♥✱ ✐t ✐s ♠♦r❡ ❧✐❦❡❧② t❤❛t tr❛❝❦✐♥❣

r❡str✐❝ts t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s✳ ❇② ❝♦♥tr❛st✱ ♠❛♥② ❝♦♥s✉♠❡rs t❤❛t ✈✐s✐t ♦♥❡ ♣✉❜❧✐s❤❡r t❡♥❞ t♦ ✈✐s✐t ❛❧s♦

t❤❡ ♦t❤❡r ✐❢ ♣r❡❢❡r❡♥❝❡s ❛r❡ ♣♦s✐t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ✭❡✳❣✳ ✇✐t❤ t✇♦ ✇❡❜s✐t❡s ♣r♦✈✐❞✐♥❣ ❝♦♠♣❧❡♠❡♥t❛r②

s♣♦rt ❝♦✈❡r❛❣❡✱ s✉❝❤ ❛s ❊❙P◆✳❝♦♠ ❛♥❞ ❨❛❤♦♦✦s♣♦rts✳❝♦♠✮✳ ❆❧❧ ❡❧s❡ ❣✐✈❡♥✱ tr❛❝❦✐♥❣ ✐s ♠♦r❡ ❧✐❦❡❧② t♦

✐♥❝r❡❛s❡ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ✐♥ t❤✐s ❝❛s❡✳

❚r❛❝❦✐♥❣✬s ❡✛❡❝t ♦♥ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ❛❧s♦ ❞❡♣❡♥❞s ♦♥ ❤♦✇ ✐t ✐♥✢✉❡♥❝❡s t❤❡ ✈❛❧✉❡ ❢r♦♠ ❛❞s

♦♥ ❛ ♠✉❧t✐✲❤♦♠❡r ✭rT12 − rnT12 ✮✱ r❡❧❛t✐✈❡❧② t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ✐♠♣r❡ss✐♦♥s ♦♥ s✉❝❤ ❝♦♥s✉♠❡r

✭
∂rT

12

∂qi
−

∂rnT
12

∂qi
✮✳ ❚❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡s❡ ❡✛❡❝ts ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ❛❞✈❡rt✐s✐♥❣ ❝❛♠♣❛✐❣♥s✳

❋♦r ✐♥st❛♥❝❡✱ ✜r♠s ❛❞✈❡rt✐s✐♥❣ ♠❛✐♥str❡❛♠ ♣r♦❞✉❝ts t②♣✐❝❛❧❧② ❛✐♠ t♦ ♠❛①✐♠✐③❡ t❤❡ r❡❛❝❤ ♦❢ t❤❡✐r

❝❛♠♣❛✐❣♥s✳ ❚❤❡s❡ ❛❞✈❡rt✐s❡rs ✈❛❧✉❡ ❝♦♥tr♦❧❧✐♥❣ t❤❡ ❢r❡q✉❡♥❝② ♦❢ ✐♠♣r❡ss✐♦♥s ♦♥ ❡❛❝❤ ❝♦♥s✉♠❡r

✷✷❲✐t❤♦✉t s②♠♠❡tr②✱ t❤❡ ❡✛❡❝t ♦❢ β ♦♥ q∗i ❣❡ts ♠♦r❡ ✐♥✈♦❧✈❡❞✱ ❜❡❝❛✉s❡ ✐t ❞❡♣❡♥❞s ♦♥ ❤♦✇ ❝❤❛♥❣❡s ✐♥ t❤❡ q✉❛♥t✐t②
♦❢ ✐♠♣r❡ss✐♦♥s ♦♥ ♦♥❡ ♣✉❜❧✐s❤❡r ❛✛❡❝t t❤❡ ♠❛r❣✐♥❛❧ r❡✈❡♥✉❡s ❣❡♥❡r❛t❡❞ ♦♥ t❤❡ ♦t❤❡r✳
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✭❛s t♦♦ ❢❡✇ ♦r t♦♦ ♠❛♥② ❛❞s ♦♥ t❤❡ s❛♠❡ ❝♦♥s✉♠❡r ❛r❡ ✇❛st❡❢✉❧✮✱ ✇✐t❤ r❡❧❛t✐✈❡❧② ❧✐tt❧❡ r❡❣❛r❞ ❢♦r

❤✐tt✐♥❣ s♣❡❝✐✜❝ ✐♥❞✐✈✐❞✉❛❧s✳ ■♥ t❤✐s ❝❛s❡✱ ✐t ✐s r❡❛s♦♥❛❜❧❡ t♦ ❡①♣❡❝t tr❛❝❦✐♥❣ t♦ ♠❛✐♥❧② ✐♥❝r❡❛s❡

t❤❡ ✈❛❧✉❡ ♦❢ ♠❛r❣✐♥❛❧ ✐♠♣r❡ss✐♦♥s✱ ❜❡❝❛✉s❡ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ r❡♣❡t✐t✐♦♥ ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ t♦t❛❧

✈♦❧✉♠❡ ♦❢ ✐♠♣r❡ss✐♦♥s ❛❝q✉✐r❡❞✳ ❇② ❝♦♥tr❛st✱ ✜r♠s ❛❞✈❡rt✐s✐♥❣ ♥✐❝❤❡ ♣r♦❞✉❝ts t❡♥❞ t♦ t❛r❣❡t s♣❡❝✐✜❝

❝♦♥s✉♠❡rs✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❡①♣❡❝t tr❛❝❦✐♥❣ t♦ ✐♥❝r❡❛s❡ t❤❡ ✈❛❧✉❡ ♦❢ ❛♥② ✐♠♣r❡ss✐♦♥ ✭❛♥❞ ♥♦t ❥✉st

♠❛r❣✐♥❛❧ ♦♥❡s✮ ♦♥ ♠✉❧t✐✲❤♦♠❡rs✱ ❜❡❝❛✉s❡ ❡❛❝❤ s✐♥❣❧❡ ✐♠♣r❡ss✐♦♥ ✐s ✇♦rt❤❧❡ss ✐❢ ✐t ❞♦❡s ♥♦t ❤✐t t❤❡

r✐❣❤t ❝♦♥s✉♠❡r✳ ❋✐♥❛❧❧②✱ ✇❤❡♥ ❛❞✈❡rt✐s❡rs ❝❛r❡ ❢♦r r❡t❛r❣❡t✐♥❣ t❤❡ s❛♠❡ ❝♦♥s✉♠❡r ♦r s❡♥❞✐♥❣ ❛❞s

✐♥ s❡q✉❡♥❝❡ t♦ t❡❧❧ ❛ ❜r❛♥❞ st♦r②✱ ✇❡ ❡①♣❡❝t tr❛❝❦✐♥❣ t♦ ✐♥❝r❡❛s❡ t❤❡ ✈❛❧✉❡ ♦❢ ♠❛r❣✐♥❛❧ ✐♠♣r❡ss✐♦♥s

♣r✐♠❛r✐❧②✳

❚♦ s✉♠♠❛r✐③❡✱ ❡①♣r❡ss✐♦♥ ✭✶✸✮ s✉❣❣❡sts t❤❛t tr❛❝❦✐♥❣ ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❡①♣❛♥❞ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢

❛❞✈❡rt✐s✐♥❣ ♦♥ ❞✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs ✇❤❡♥ ❝♦♥s✉♠❡r ♣r❡❢❡r❡♥❝❡s ❢♦r t❤❡ t✇♦ ♣✉❜❧✐s❤❡rs ❛r❡ ♣♦s✐t✐✈❡❧②

❝♦rr❡❧❛t❡❞ ❛♥❞ ❛❞✈❡rt✐s❡rs ✉s❡ tr❛❝❦✐♥❣ ✐♥❢♦r♠❛t✐♦♥ t♦ ❝❛♣ t❤❡ ❢r❡q✉❡♥❝② ♦❢ ✐♠♣r❡ss✐♦♥s ♦r ✐♠♣❧❡♠❡♥t

r❡t❛r❣❡t✐♥❣ ❛❝r♦ss ♦✉t❧❡ts✳ ❇② ❝♦♥tr❛st✱ ✇❡ ❡①♣❡❝t ❛ r❡str✐❝t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ✇❤❡♥

❝♦♥s✉♠❡rs✬ ♣r❡❢❡r❡♥❝❡s ❢♦r t❤❡ ♣✉❜❧✐s❤❡rs ❛r❡ ♥❡❣❛t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ❛♥❞ tr❛❝❦✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐s ✉s❡❞

❢♦r t❛r❣❡t✐♥❣ ❛❞s t♦ ❝♦♥s✉♠❡rs ✇✐t❤ s♣❡❝✐✜❝ ♣r❡❢❡r❡♥❝❡s✳

Pr♦♣♦s✐t✐♦♥ ✶ ✐❞❡♥t✐✜❡s ❛ ♥♦✈❡❧ ❡✛❡❝t ♦❢ tr❛❝❦✐♥❣ t❡❝❤♥♦❧♦❣✐❡s ♦♥ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s✳ ❆t❤❡②

❛♥❞ ●❛♥s ✭✷✵✶✵✮ ✜♥❞ t❤❛t ✐t ✐s ♦♣t✐♠❛❧ ❢♦r ♣✉❜❧✐s❤❡rs t♦ ❝✉t t❤❡ s✉♣♣❧② ♦❢ ❛❞s ✇❤❡♥ ❛❞s ❝❛♥ ❜❡

t❛r❣❡t❡❞✳ ❏♦❤♥s♦♥ ✭✷✵✶✸✮ ✜♥❞s t❤❛t t❤❡ ❧❡✈❡❧ ♦❢ ❛❞✈❡rt✐s✐♥❣ ✐♥❝r❡❛s❡s ✇✐t❤ t❛r❣❡t✐♥❣ ✐❢ t❤❡ ✈❛❧✉❡

♦❢ t❤❡ ♠❛r❣✐♥❛❧ ❛❞ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ✈❛❧✉❡ ♦❢ ❛♥ ❛❞ ♦♥ ❛ r❛♥❞♦♠ ❝♦♥s✉♠❡r✳ ❖✉r r❡s✉❧t ❞✐✛❡rs

♣r✐♠❛r✐❧② ❜❡❝❛✉s❡ ✐t st❡♠s ❢r♦♠ t❤❡ t✇♦✲s✐❞❡❞ ♥❛t✉r❡ ♦❢ ❞✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs✱ t❤❛t ♠✉st ❛❝❝♦✉♥t ❢♦r

t❤❡ r❡s♣♦♥s❡ ♦❢ ❝♦♥s✉♠❡rs ❛s ✇❡❧❧ ❛s ❛❞✈❡rt✐s❡rs ✭❝♦♥s✉♠❡r ❞❡♠❛♥❞s ❛r❡ ❡①♦❣❡♥♦✉s ✐♥ ❆t❤❡② ❛♥❞

●❛♥s✱ ✷✵✶✵✱ ❛♥❞ ♣✉❜❧✐s❤❡rs ❛r❡ ♥♦t ♠♦❞❡❧❡❞ ✐♥ ❏♦❤♥s♦♥✱ ✷✵✶✸✮✳

✹✳✹✳✷ ❚❤❡ ♦✈❡r❛❧❧ ❡✛❡❝t ♦❢ t❤❡ ❛❞ ♥❡t✇♦r❦ ♦♥ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞✈❡rt✐s✐♥❣

❲❡ ♥♦✇ st✉❞② t❤❡ ♦✈❡r❛❧❧ ❡✛❡❝t ♦♥ ❛❞ q✉❛♥t✐t✐❡s ♦❢ t❤❡ ♣✉❜❧✐s❤❡rs✬ ❞❡❝✐s✐♦♥ t♦ ♦✉ts♦✉r❝❡ t♦ t❤❡ ❛❞

♥❡t✇♦r❦✳ ❋♦r♠❛❧❧②✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛❞ q✉❛♥t✐t✐❡s (q∗1, q
∗

2) ✇❤❡♥ t❤❡ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡

✭s❛t✐s❢②✐♥❣ ✭✶✷✮✮ t♦ t❤❡ q✉❛♥t✐t✐❡s
(
qC1 , q

C
2

)
✇❤❡♥ t❤❡② ❞♦ ♥♦t ✭s❛t✐s❢②✐♥❣ ✭✾✮✮✳ ■♥ s♦ ❞♦✐♥❣✱ ✇❡ s❤❛❧❧

✐s♦❧❛t❡ t❤❡ ❡✛❡❝t ♦❢ ❝❡♥tr❛❧✐③✐♥❣ t❤❡ s❛❧❡ ♦❢ ❛❞s ❢r♦♠ t❤❛t ♦❢ tr❛❝❦✐♥❣✳ ◆♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t r❡q✉✐r❡

s②♠♠❡tr② t♦ ❞❡r✐✈❡ t❤❡ r❡s✉❧t t❤❛t ❢♦❧❧♦✇s✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❲❤❡♥ t❤❡ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡ t♦ t❤❡ ❛❞ ♥❡t✇♦r❦✱ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ❡①❝❡❡❞s

t❤❛t ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡② ❞♦ ♥♦t✱ ✐✳❡✳ q∗i > qCi ✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢

β







D12

(
∂rT12
∂qi

−
∂rnT12
∂qi

)

+
∂D12

∂qi

(
rT12 − rnT12

)

︸ ︷︷ ︸

Tracking







>

∂D12

∂qi
(rj − r̂j)

︸ ︷︷ ︸

Centralization

, i, j = 1, 2, i 6= j, ✭✶✹✮

✇❤❡r❡ ❛❧❧ ❢✉♥❝t✐♦♥s ❛r❡ ❡✈❛❧✉❛t❡❞ ❛t
(
qC1 , q

C
2

)
✳

✶✻



❚❤❡ ❡✛❡❝t ♦❢ tr❛❝❦✐♥❣ ♦♥ ❛❞ q✉❛♥t✐t✐❡s ✐s ❝❛♣t✉r❡❞ ❜② t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✹✮✳ ❚❤✐s ♣❛rt ♦❢

t❤❡ ❡①♣r❡ss✐♦♥ ❝♦♥t❛✐♥s t❤❡ s❛♠❡ t❡r♠s ❛s Pr♦♣♦s✐t✐♦♥ ✶ ✭s❡❡ t❤❡ ❝♦♠♠❡♥t❛r② t❤❡r❡❛❢t❡r✮✳ ❚♦ ❢♦❝✉s

♦♥ t❤❡ ❡✛❡❝t ♦❢ ❝❡♥tr❛❧✐③❛t✐♦♥✱ s✉♣♣♦s❡ t❤❡r❡ ✐s ♥♦ tr❛❝❦✐♥❣✱ ✐✳❡✳ β = 0✳ ❆s ✭✶✹✮ s✉❣❣❡sts✱ AN ✬s

✐♥❝❡♥t✐✈❡s r❡❣❛r❞✐♥❣ t❤❡ ❝❤♦✐❝❡ ♦❢ qi ❞✐✛❡r ❢r♦♠ t❤❡ ♣✉❜❧✐s❤❡rs✬ ♦♥❧② ❞✉❡ t♦ t❤❡✐r ❞✐✛❡r❡♥t ❛❜✐❧✐t② t♦

❣❡♥❡r❛t❡ r❡✈❡♥✉❡ ❢r♦♠ ♠✉❧t✐✲❤♦♠❡rs✳ ❆s t❤❡ q✉❛♥t✐t② ♦❢ ❛❞✈❡rt✐s✐♥❣ ♦♥ ♣✉❜❧✐s❤❡r i✱ qi✱ ✐♥❝r❡❛s❡s✱

s♦♠❡ ♠✉❧t✐✲❤♦♠❡rs ❜❡❝♦♠❡ s✐♥❣❧❡✲❤♦♠❡rs ♦♥ j ✭∂D12

∂qi
< 0✮✳ ❇❡❝❛✉s❡ t❤❡ ♥❡t✇♦r❦ ❝❡♥tr❛❧✐③❡s t❤❡ s❛❧❡

♦❢ ❛❞ ✐♥✈❡♥t♦r✐❡s✱ t❤✐s ✐♥❝r❡❛s❡ ✐♥ qi ♣r♦❞✉❝❡s ❛ ♥❡t ❧♦ss ♦❢ rnT12 − rj ✭s❡❡ ✭✶✷✮✮✳ ❇② ❝♦♥tr❛st✱ ❤✐❣❤❡r

qi ✐♠♣♦s❡s ♦♥ ♣✉❜❧✐s❤❡r i ❛ ❧♦ss ❡q✉❛❧ t♦ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ✈❛❧✉❡ ♦❢ ❛ ♠✉❧t✐✲❤♦♠❡r✱ rnT12 − r̂j ✭s❡❡ ✭✾✮✮✳

◆♦t❡ t❤❛t✱ ✉♥❧✐❦❡ t❤❡ ❛❞ ♥❡t✇♦r❦✱ ❡❛❝❤ ♣✉❜❧✐s❤❡r ✐❣♥♦r❡s t❤❡ ✐♠♣❛❝t ♦❢ t❤✐s ❝♦♥s✉♠❡r ❜❡❝♦♠✐♥❣ ❛

s✐♥❣❧❡✲❤♦♠❡r ♦♥ t❤❡ ♦t❤❡r ♣✉❜❧✐s❤❡r✳ ❚❤❡ ❛❞ ♥❡t✇♦r❦ ♣❡r❝❡✐✈❡s ❛ s♠❛❧❧❡r ❝♦st ♦❢ ✐♥❝r❡❛s✐♥❣ t❤❡ ❛❞

q✉❛♥t✐t② t❤❛♥ t❤❡ ♣✉❜❧✐s❤❡rs ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦r♠❡r ❧♦ss ✐s s♠❛❧❧❡r✱ ✐✳❡✳ rj > r̂j ✳ ❍❡♥❝❡✱ ✉♥❞❡r t❤✐s

❝♦♥❞✐t✐♦♥✱ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s ✐♥❝r❡❛s❡s ✇❤❡♥ t❤❡ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡✳✷✸

❲❡ ❡①♣❡❝t t❤❡ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡ ❣❡♥❡r❛t❡❞ ❜② s✐♥❣❧❡✲ ❛♥❞ ♠✉❧t✐✲❤♦♠❡rs ✇✐t❤✐♥ ❛ ❣✐✈❡♥ ✇❡❜s✐t❡

t♦ ❞✐✛❡r✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡s❡ t✇♦ t②♣❡s ♦❢ ❝♦♥s✉♠❡rs ♠❛② ❞❡✈♦t❡ ❛ ❞✐✛❡r❡♥t ❛♠♦✉♥t ♦❢ ❛tt❡♥t✐♦♥ ♦r

t✐♠❡ t♦ ❡❛❝❤ ✇❡❜s✐t❡✿ ✐❢ ♠✉❧t✐✲❤♦♠❡rs ❞❡✈♦t❡ t❤❡ s❛♠❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ ❛tt❡♥t✐♦♥ t♦ t❤❡ ♣✉❜❧✐s❤❡rs

❛s s✐♥❣❧❡✲❤♦♠❡rs✱ ❜✉t s♣r❡❛❞ ✐t ♦♥ s❡✈❡r❛❧ ✇❡❜s✐t❡s✱ ✇❡ ❡①♣❡❝t t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡② r❡❣✐st❡r ❛♥

❛❞ ♦♥ ❛ ❣✐✈❡♥ ✇❡❜s✐t❡ t♦ ❜❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t s✐♥❣❧❡✲❤♦♠❡rs ❞♦ ✭✐✳❡✳ rj >r̂j✮✳ ❇②

❝♦♥tr❛st✱ ✐❢ ♠✉❧t✐✲❤♦♠❡rs ❞❡✈♦t❡ s✉❜st❛♥t✐❛❧❧② ♠♦r❡ t✐♠❡ ✐♥ t♦t❛❧ t♦ ❜r♦✇s✐♥❣ t❤❡ ♣✉❜❧✐s❤❡rs t❤❛♥

s✐♥❣❧❡✲❤♦♠❡rs ❞♦✱ t❤❡ ✐♥❡q✉❛❧✐t② ♠❛② ❜❡ r❡✈❡rs❡❞✳

✹✳✺ ❚❤❡ ❡✛❡❝t ♦❢ t❤❡ ❛❞ ♥❡t✇♦r❦ ♦♥ ❝♦♥s✉♠❡rs ❛♥❞ ✇❡❧❢❛r❡

❲❡ ❜r✐❡✢② s✉♠♠❛r✐③❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❛❜♦✈❡ ✜♥❞✐♥❣s ❢♦r ❝♦♥s✉♠❡rs ❛♥❞ s♦❝✐❛❧ ✇❡❧❢❛r❡✳ ■♥

♦✉r ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❛❞ ♥❡t✇♦r❦ ❢♦r ❝♦♥s✉♠❡rs ❞❡♣❡♥❞s ♦♥ ❤♦✇ ✐t ✐♥✢✉❡♥❝❡s t❤❡

q✉❛♥t✐t② ♦❢ ❛❞s t❤❡② ❛r❡ ❡①♣♦s❡❞ t♦✳ ❚❤❡r❡❢♦r❡✱ ❝♦♥s✉♠❡rs ❜❡♥❡✜t ✇❤❡♥ t❤❡ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡ t♦

t❤❡ ❛❞ ♥❡t✇♦r❦ ✐❢ ❛♥❞ ♦♥❧② ✐❢ q∗i < qCi ✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s s✉✣❝✐❡♥t ✭t❤♦✉❣❤ ♥♦t ♥❡❝❡ss❛r②✮ ❢♦r s♦❝✐❛❧

✇❡❧❢❛r❡ ✭s❡❡ ✭✻✮✮ t♦ ✐♥❝r❡❛s❡ ❛s ✇❡❧❧✱ ❜❡❝❛✉s❡ t❤❡ ❛❞ ♥❡t✇♦r❦ ✐♥❝r❡❛s❡s t❤❡ ❣r♦ss ❛❞✈❡rt✐s❡r s✉r♣❧✉s✳

◆♦t❡ t❤❛t ♦✉r ❜❛s❡❧✐♥❡ ♠♦❞❡❧ ✐❣♥♦r❡s t❤❛t ❝♦♥s✉♠❡rs ♠❛② ❞✐s❧✐❦❡ t❤✐r❞✲♣❛rt② tr❛❝❦✐♥❣ ♣❡r s❡

✭❡✳❣✳ ❢♦r ♣r✐✈❛❝② r❡❛s♦♥s✮ ❛♥❞ t❤❛t tr❛❝❦✐♥❣ ♠✐❣❤t ♠❛❦❡ ❛❞s ♠♦r❡ ♦r ❧❡ss ❛♥♥♦②✐♥❣✳ ❲❡ ✐♥tr♦❞✉❝❡

t❤❡s❡ ❛s♣❡❝ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ❛♥❞ ❜r✐❡✢② ❞✐s❝✉ss t❤❡✐r ✐♠♣❛❝t ♦♥ ❝♦♥s✉♠❡r s✉r♣❧✉s✳

✺ ❊♥❞♦❣❡♥♦✉s ❝♦♥s✉♠❡r tr❛❝❦✐♥❣

❲❡ ♥♦✇ ❡①t❡♥❞ t❤❡ ♠♦❞❡❧ ❛❧❧♦✇✐♥❣ ❝♦♥s✉♠❡rs t♦ ❛✈♦✐❞ tr❛❝❦✐♥❣✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✉♠❡rs ❝❛♥

❜❧♦❝❦ tr❛❝❦✐♥❣ ❜② ✉s✐♥❣ ❜r♦✇s❡r ❡①t❡♥s✐♦♥s t♦ r❡❥❡❝t t❤✐r❞✲♣❛rt② ❝♦♦❦✐❡s ♦r ❛♥♦♥②♠✐③❡ t❤❡✐r ♦♥❧✐♥❡

❛❝t✐✈✐t②✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❜❧♦❝❦✐♥❣ ❢♦r t❤❡ ❛❞✈❡rt✐s✐♥❣ ✐♥❞✉str② ❛s ✇❡❧❧ ❛s ❢♦r

❝♦♥s✉♠❡rs✳

✷✸❲❤❡♥ β = 0✱ ✭✶✹✮ ✐s ✐❞❡♥t✐❝❛❧ t♦ Pr♦♣♦s✐t✐♦♥ ✷ ✐♥ ❆♠❜r✉s ❡t ❛❧✳ ✭✷✵✶✻✮✱ ✇❤♦ ❛♥❛❧②③❡ t❤❡ ❡✛❡❝ts ♦❢ ❥♦✐♥t ♦✇♥❡rs❤✐♣
♦❢ ♠❡❞✐❛ ♦✉t❧❡ts✳

✶✼



✺✳✶ ▼♦❞✐✜❡❞ s❡t✉♣

❲❡ ❡①t❡♥❞ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧ ❛s ❢♦❧❧♦✇s✳ ❆t st❛❣❡ ✶✱ ✇❡ ❧❡t ❝♦♥s✉♠❡rs ❞❡❝✐❞❡ ✇❤❡t❤❡r t♦ ❜❧♦❝❦

❛❝r♦ss✲♦✉t❧❡t tr❛❝❦✐♥❣✳✷✹ ▲❡t βcons ∈ [0, 1] ❜❡ t❤❡ s❤❛r❡ ♦❢ ❝♦♥s✉♠❡rs t❤❛t ❞♦❡s ♥♦t ❜❧♦❝❦✳ ❆t t❤❡

s❛♠❡ st❛❣❡✱ t❤❡ ❛❞ ♥❡t✇♦r❦ ❝❤♦♦s❡s t❤❡ ❡①♣❡❝t❡❞ s❤❛r❡ ♦❢ ❝♦♥s✉♠❡rs ✐t tr❛❝❦s✱ ❞❡♥♦t❡❞ ❜② βA ∈ [0, 1]✳

❚❤❡r❡❢♦r❡✱ t❤❡ s❤❛r❡ ♦❢ tr❛❝❦❡❞ ❝♦♥s✉♠❡rs ✐s β = βA · βcons✳ ❍♦✇❡✈❡r✱ t♦ ❢♦❝✉s ♦♥ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s

♦❢ ❝♦♥s✉♠❡rs✬ ❝❤♦✐❝❡ ✇❤❡t❤❡r t♦ ❛✈♦✐❞ tr❛❝❦✐♥❣✱ t❤r♦✉❣❤♦✉t ♠♦st ♦❢ t❤✐s s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ t❤❡

❛❞ ♥❡t✇♦r❦ tr❛❝❦s ❡✈❡r②♦♥❡ ✇❤♦ ❞♦❡s ♥♦t ❜❧♦❝❦ ✭❝♦♥s✉♠❡rs ❛r❡ ❛✇❛r❡ ♦❢ t❤✐s ❝♦♥❞✐t✐♦♥✮✳ ❚❤❛t ✐s✱

βA = 1✱ s♦ β = βcons✳ ❲❡ ❛❧s♦ t❛❦❡ t❤❡ ♣✉❜❧✐s❤❡rs✬ ❝❤♦✐❝❡ t♦ ♦✉ts♦✉r❝❡ t♦ t❤❡ ❛❞ ♥❡t✇♦r❦ ❛s ❣✐✈❡♥✳

❲❡ r❡❧❛① t❤❡s❡ t✇♦ ❛ss✉♠♣t✐♦♥s ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ s❡❝t✐♦♥✳

❇② ❛ss✉♠✐♥❣ ❝♦♥s✉♠❡rs ❝❤♦♦s❡ ✇❤❡t❤❡r t♦ ❜❧♦❝❦ tr❛❝❦✐♥❣ ✐♥ st❛❣❡ ✶✱ ✐✳❡✳ ❜❡❢♦r❡ ❞❡❝✐❞✐♥❣ ✇❤✐❝❤

❝♦♥t❡♥t t♦ ❜r♦✇s❡✱ ✇❡ ❝❛♣t✉r❡ t❤❡ ❢❛❝t t❤❛t ♠♦st ♣r✐✈❛❝②✲r❡❧❛t❡❞ ❝❤♦✐❝❡s ✭❡✳❣✳✱ ✐♥st❛❧❧✐♥❣ ❛♥t✐✲tr❛❝❦✐♥❣

s♦❢t✇❛r❡✮ ❛r❡ ♥♦t ♠❛❞❡ ❡❛❝❤ t✐♠❡ ❛ ❝♦♥s✉♠❡r ❞❡❝✐❞❡s ✇❤❡t❤❡r t♦ ✈✐s✐t ❛ ♣✉❜❧✐s❤❡r✱ ❜✉t r❛t❤❡r ♦♥ ❛

✏♦♥❝❡✲❛♥❞✲❢♦r✲❛❧❧✑ ❜❛s✐s✳ ■♥ ❛ s✐♠✐❧❛r ✈❡✐♥✱ ✇❡ ♠♦❞❡❧ ❜❧♦❝❦✐♥❣ ❛s ❛ ❜✐♥❛r② ❝❤♦✐❝❡✳

❲❡ ❝♦♥s✐❞❡r t✇♦ ❝❤❛♥♥❡❧s ✇❤❡r❡❜② tr❛❝❦✐♥❣ ❛✛❡❝ts ❝♦♥s✉♠❡r ✉t✐❧✐t②✳✷✺ ❋✐rst✱ ❜② tr❛❝❦✐♥❣ ❝♦♥✲

s✉♠❡rs✱ t❤❡ ❛❞ ♥❡t✇♦r❦ ❝♦❧❧❡❝ts ♣♦ss✐❜❧② s❡♥s✐t✐✈❡ ✐♥❢♦r♠❛t✐♦♥✱ ✇❤✐❝❤ s♦♠❡ ❝♦♥s✉♠❡rs ♠❛② ♣❡r❝❡✐✈❡

❛s ✐♥✈❛❞✐♥❣ t❤❡✐r ♣r✐✈❛❝② ✭●♦❧❞❢❛r❜ ❛♥❞ ❚✉❝❦❡r✱ ✷✵✶✷✮✳ ❆❝❝♦r❞✐♥❣❧②✱ ✇❡ ❛ss✉♠❡ ❝♦♥s✉♠❡rs s✉✛❡r ❛

❞✐s✉t✐❧✐t② θ ✇❤❡♥ tr❛❝❦❡❞✱ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝✳❞✳❢✳ F (θ)✱ ✇✐t❤ s✉♣♣♦rt
[
0, θ
]
❛♥❞ ❞❡♥s✐t②

f (θ)✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❝♦♥s✉♠❡rs✬ ♣r❡❢❡r❡♥❝❡s ❢♦r ❝♦♥t❡♥t✳ ❈♦♥s✉♠❡rs ✇❤♦ ❞✐s❧✐❦❡

tr❛❝❦✐♥❣ ❝❛♥ ❜❧♦❝❦ ✐t ❛t ❛ ❝♦st b ∈ (0, θ)✳ ❚❤❡ ✇❛② ✇❡ ♠♦❞❡❧ t❤❡ ♣r✐✈❛❝② ✐♠♣❧✐❝❛t✐♦♥s ♦❢ tr❛❝❦✐♥❣ ❢♦r

❝♦♥s✉♠❡rs ✐s ❞❡❧✐❜❡r❛t❡❧② s✐♠♣❧❡✱ ❜❡❝❛✉s❡ ♦✉r ❢♦❝✉s ✐s ♥♦t ♦♥ s✉❝❤ ✐♠♣❧✐❝❛t✐♦♥s ♣❡r s❡✳ ❘❛t❤❡r✱ ✇❡

❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❝♦♥s✉♠❡rs✬ ❛✈♦✐❞❛♥❝❡ ♦❢ tr❛❝❦✐♥❣ ❢♦r t❤❡ ❛❞✈❡rt✐s✐♥❣ ♠❛r❦❡t✳

❚❤❡ s❡❝♦♥❞ ❝❤❛♥♥❡❧ ✇❤❡r❡❜② tr❛❝❦✐♥❣ ❝❛♥ ❛✛❡❝t ❝♦♥s✉♠❡rs ✐s ❜② ❝❤❛♥❣✐♥❣ t❤❡ ♥✉✐s❛♥❝❡ ❝♦st

❢r♦♠ ❛❞s ❢♦r ♠✉❧t✐✲❤♦♠❡rs✳ ❚❤✐s ❡✛❡❝t ♠❛② ❛r✐s❡ ❜❡❝❛✉s❡ tr❛❝❦✐♥❣ ♠♦❞✐✜❡s t❤❡ ♠✐① ♦❢ ✐♠♣r❡ss✐♦♥s

❝♦♥s✉♠❡rs ❛r❡ ❡①♣♦s❡❞ t♦ ❛❝r♦ss t❤❡ t✇♦ ♣✉❜❧✐s❤❡rs✳ ❚♦ ✐s♦❧❛t❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❡❛❝❤ ❝❤❛♥♥❡❧✱

✇❡ s❤❛❧❧ ♣r♦❝❡❡❞ ✐♥ st❡♣s✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ❜❡♥❝❤♠❛r❦ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞✐s✉t✐❧✐t② ❢r♦♠ ❛❞s ✐s

✉♥❛✛❡❝t❡❞ ❜② tr❛❝❦✐♥❣ ✭❈❛s❡ I✮✱ ✐✳❡✳ δI = δ✳ ◆❡①t✱ ✇❡ ❝♦♥s✐❞❡r ❝❛s❡ R✱ ✇❤❡r❡❜② tr❛❝❦❡❞ ♠✉❧t✐✲

❤♦♠❡rs s✉✛❡r ❛ ❣r❡❛t❡r ❞✐s✉t✐❧✐t② ❢r♦♠ ❛❞s✱ δR > δ✳ ❚❤✐s ❝❛s❡ ❝❛♥ ❝❛♣t✉r❡✱ ❢♦r ❡①❛♠♣❧❡✱ s✐t✉❛t✐♦♥s

✇❤❡r❡ tr❛❝❦✐♥❣ ✐s ✉s❡❞ ❢♦r r❡t❛r❣❡t✐♥❣✱ ✇❤✐❝❤ ❝♦♥s✉♠❡rs t❡♥❞ t♦ ✜♥❞ ❛♥♥♦②✐♥❣ ✭●♦❧❞❢❛r❜ ❛♥❞ ❚✉❝❦❡r✱

✷✵✶✶✮✳ ❋✐♥❛❧❧②✱ ✐♥ ❝❛s❡ FC tr❛❝❦✐♥❣ r❡❞✉❝❡s t❤❡ ❞✐s✉t✐❧✐t② ❢r♦♠ ❛❞s✱ δFC < δ✳ ❚❤✐s ❝❛s❡ ❝❛♥ ❝❛♣t✉r❡

s✐t✉❛t✐♦♥s ✇❤❡r❡ tr❛❝❦✐♥❣ ✐s ✉s❡❞ ♠❛✐♥❧② ❢♦r ❢r❡q✉❡♥❝② ❝❛♣♣✐♥❣✱ ♠❛❦✐♥❣ ❛❞s ❧❡ss r❡♣❡t✐t✐✈❡✳ ❚❤✉s✱ ❛

tr❛❝❦❡❞ ♠✉❧t✐✲❤♦♠❡r✬s s✉r♣❧✉s ❢r♦♠ ❜r♦✇s✐♥❣ t❤❡ ♣✉❜❧✐s❤❡rs ✐s

u1 + u2 − δx (q1 + q2) , x = I, R, FC. ✭✶✺✮

❙✐♥❣❧❡✲❤♦♠❡rs✬ ✉t✐❧✐t② ❢r♦♠ ❜r♦✇s✐♥❣ ❛♥② ♣✉❜❧✐s❤❡r r❡♠❛✐♥s t❤❡ s❛♠❡ ❛s ✐♥ ♦✉r ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱

✷✹■♥ ♣r✐♥❝✐♣❧❡✱ ❝♦♥s✉♠❡rs ❝♦✉❧❞ ❛❧s♦ ❜❧♦❝❦ ✇✐t❤✐♥✲♦✉t❧❡t tr❛❝❦✐♥❣ ✭❡✳❣✳✱ ✜rst✲♣❛rt② ❝♦♦❦✐❡s✮✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♠✉❝❤
♠♦r❡ ❞✐✣❝✉❧t ❢♦r ❛ ❝♦♥s✉♠❡r t♦ ❜❧♦❝❦ ✇✐t❤✐♥✲✇❡❜s✐t❡ tr❛❝❦✐♥❣ ✐♥ ♣r❛❝t✐❝❡✱ ❜❡❝❛✉s❡ ✐t ✐s ♦❢t❡♥ ✐♥t❡rt✇✐♥❡❞ ✇✐t❤ t❤❡
s✐t❡✬s ❜❛s✐❝ ❢✉♥❝t✐♦♥❛❧✐t✐❡s✳ ▼♦r❡♦✈❡r✱ ♠♦st ❛♥t✐✲tr❛❝❦✐♥❣ t♦♦❧s ♦♥❧② ❜❧♦❝❦ t❤✐r❞✲♣❛rt② tr❛❝❦✐♥❣✳

✷✺❋❛rr❡❧❧ ✭✷✵✶✷✮ ❛r❣✉❡s t❤❛t ♣r✐✈❛❝② ✐s ❜♦t❤ ❛ ✜♥❛❧ ❣♦♦❞ ✭✐✳❡✳ ❝♦♥s✉♠❡rs ❝❛r❡ ❛❜♦✉t ✐t ❢♦r ✐ts ♦✇♥ s❛❦❡✮ ❛♥❞ ❛♥
✐♥t❡r♠❡❞✐❛t❡ ♦♥❡ ✭✐✳❡✳ ❝♦♥s✉♠❡rs ❝❛r❡ ❛❜♦✉t ✐t ✐♥ ❛♥ ✐♥str✉♠❡♥t❛❧ ✇❛②✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ❤♦✇ t❤❡ ❞❛t❛ ❝♦❧❧❡❝t❡❞ ❛r❡ ✉s❡❞✮✳

✶✽



❜❡❝❛✉s❡ ❝r♦ss✲♦✉t❧❡t tr❛❝❦✐♥❣ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ t②♣❡ ♦❢ ❛❞s t❤❡② ❛r❡ ❡①♣♦s❡❞ t♦✳

❈♦♥❝❡✐✈❛❜❧②✱ ✇❤❡♥ ❝♦♥s✉♠❡rs s❡t t❤❡✐r ❜r♦✇s❡r✬s ♣r✐✈❛❝② s❡tt✐♥❣s✱ ♦r ❞❡❝✐❞❡ ✇❤❡t❤❡r t♦ ✐♥st❛❧❧

♣r✐✈❛❝②✲♣r♦t❡❝t✐♦♥ s♦❢t✇❛r❡✱ t❤❡② ♠❛② ♥♦t ❜❡ ❢✉❧❧② ✐♥❢♦r♠❡❞ ❛❜♦✉t ✇❤✐❝❤ ✇❡❜s✐t❡s t❤❡② ❡♥❞ ✉♣

✈✐s✐t✐♥❣ ❛♥❞ ♦♥ ❤♦✇ t❤❡s❡ ✇❡❜s✐t❡s ♠❛t❝❤ t♦ t❤❡✐r ♣r❡❢❡r❡♥❝❡s✳ ❆❝❝♦r❞✐♥❣❧②✱ ✇❡ s♦❧✈❡ t❤❡ ♠♦❞❡❧

✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ✇❤❡♥ ❝♦♥s✉♠❡rs ❝❤♦♦s❡ ✇❤❡t❤❡r t♦ ❜❧♦❝❦✱ t❤❡② ❛r❡ ✉♥❛✇❛r❡ ♦❢ t❤❡

✉t✐❧✐t② ❢r♦♠ ❜r♦✇s✐♥❣ ♣✉❜❧✐s❤❡r i✱ ui✱ t❤❛t ✇✐❧❧ ❜❡ r❡❛❧✐③❡❞ ♦♥❧② ❛t st❛❣❡ ✸✳✷✻ ❍♦✇❡✈❡r✱ ❝♦♥s✉♠❡rs

❤❛✈❡ r❛t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s ❛♥❞ ❝❛♥ ❝♦rr❡❝t❧② ❝❛❧❝✉❧❛t❡ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s✱ uei ✳
✷✼ ❋✉rt❤❡r♠♦r❡✱

t❤❡② ❝❛♥ ❛♥t✐❝✐♣❛t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛❞✈❡rt✐s✐♥❣ ❧❡✈❡❧s✳ ●✐✈❡♥ t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ ❛t st❛❣❡ ✶ t❤❡

❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ ❛ ❝♦♥s✉♠❡r ❜❧♦❝❦✐♥❣ ❛♥❞ ❛❧❧♦✇✐♥❣ tr❛❝❦✐♥❣✱ r❡s♣❡❝t✐✈❡❧②✱ ❛r❡✷✽

ue1 + ue2 − δ (q1 + q2)− b, ✭✶✻✮

ue1 + ue2 − δx (q1 + q2)− θ, x = I, FC,R. ✭✶✼✮

●✐✈❡♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ ❛t st❛❣❡ ✶✱ t❤❡ ❡① ❛♥t❡ ❝♦♥s✉♠❡r s✉r♣❧✉s✱ CSe✱ ✐s ❞❡✜♥❡❞ ❛s✿✷✾

CSe = (ue1 + ue2)−

(∫ θx

0
θ + δx (q1 + q2) dF (θ)

)

− (b+ δ (q1 + q2)) (1− F (θx)) , x = I, R, FC,

✭✶✽✮

✇❤❡r❡ θx ✐s ❛ t❤r❡s❤♦❧❞ s✉❝❤ t❤❛t ❝♦♥s✉♠❡rs ❛❧❧♦✇ tr❛❝❦✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ θ ≤ θx ✭✇❡ ❝❤❛r❛❝t❡r✐③❡

t❤✐s t❤r❡s❤♦❧❞ ❜❡❧♦✇✮✳ ❚❤❡ ✜rst t❡r♠ ♦❢ t❤✐s ❡①♣r❡ss✐♦♥ ❝❛♣t✉r❡ t❤❡ ❡①♣❡❝t❡❞ ❣r♦ss ✉t✐❧✐t② ❢r♦♠

❝♦♥t❡♥t✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ❝❛♣t✉r❡s t❤❡ ❡①♣❡❝t❡❞ ❞✐s✉t✐❧✐t② ♦❢ ❛❞s ❛♥❞ ❢r♦♠ ❜❡✐♥❣ tr❛❝❦❡❞ ❢♦r t❤♦s❡

✇❤♦ ❞♦ ♥♦t ❜❧♦❝❦✳ ❚❤❡ ❧❛st t❡r♠ ❝❛♣t✉r❡s t❤❡ ❡①♣❡❝t❡❞ ❞✐s✉t✐❧✐t② ♦❢ ❛❞s ❛♥❞ t❤❡ ❝♦st ♦❢ ❜❧♦❝❦✐♥❣

❢♦r t❤♦s❡ ✇❤♦ ❛✈♦✐❞ tr❛❝❦✐♥❣✳ ❚❤❡ ❡✛❡❝t ♦❢ tr❛❝❦✐♥❣ ♦♥ ❝♦♥s✉♠❡r s✉r♣❧✉s ✭❣✐✈❡♥ t❤❡ ❛❞✈❡rt✐s✐♥❣

q✉❛♥t✐t✐❡s✮ ✐s r❛t❤❡r str❛✐❣❤t❢♦r✇❛r❞✿ ❛ ❤✐❣❤❡r ✭❧♦✇❡r✮ ❞✐s✉t✐❧✐t② ❢r♦♠ ❛❞s ❤❛s ❛ ♥❡❣❛t✐✈❡ ✭♣♦s✐t✐✈❡✮

✐♠♣❛❝t✳ ❚❤❡r❡ ✐s ❛❧s♦ ❛ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ❞✉❡ t♦ t❤❡ ❞✐s✉t✐❧✐t② ❢r♦♠ ❜❡✐♥❣ tr❛❝❦❡❞ ♣❡r s❡ ❛s ✇❡❧❧ ❛s

t❤❡ ❝♦st ♦❢ ❜❧♦❝❦✐♥❣✳

✺✳✷ ❈❛s❡ I✿ tr❛❝❦✐♥❣ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ❞✐s✉t✐❧✐t② ❢r♦♠ ❛❞s

❈♦♥s✐❞❡r t❤❡ ❜❡♥❝❤♠❛r❦ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞✐s✉t✐❧✐t② ❢r♦♠ ❛❞s✱ δ✱ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ tr❛❝❦✐♥❣✳ ❚❤❡

❧❛tt❡r ❤❛s ♥♦ ❞✐r❡❝t ❡✛❡❝t ♦♥ ❝♦♥s✉♠❡rs✬ ❝❤♦✐❝❡ ♦❢ ♣✉❜❧✐s❤❡rs✱ ❤❡♥❝❡ ❝♦♥s✉♠❡r ❞❡♠❛♥❞s ❛r❡ ❛s ✐♥

✭✶✮✳ ❚❤❡ ♠♦❞❡❧ ✐s t❤❡r❡❢♦r❡ ✐❞❡♥t✐❝❛❧ t♦ t❤❛t ✐♥ ❙❡❝t✐♦♥ ✹✱ ❡①❝❡♣t t❤❛t β ✐s ❡♥❞♦❣❡♥♦✉s❧② ❞❡t❡r♠✐♥❡❞

✷✻❋♦r ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ s♦❧✈❡ t❤❡ ♠♦❞❡❧ ❛ss✉♠✐♥❣ t❤❛t ❝♦♥s✉♠❡rs ❤❛✈❡ ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ ✇❤❡♥ ❝❤♦♦s✐♥❣ ✇❤❡t❤❡r t♦
❜❧♦❝❦ ✐♥ ❆♣♣❡♥❞✐① ❈✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ❜❧♦❝❦✐♥❣ ❣❡ts s✐❣♥✐✜❝❛♥t❧② ♠♦r❡ ✐♥✈♦❧✈❡❞✱ ❜✉t t❤❡ ♠❛✐♥ r❡s✉❧ts ❞♦ ♥♦t ❝❤❛♥❣❡✳
❆ss✉♠✐♥❣ ✐♥❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ✐♥ ❧✐♥❡ ✇✐t❤ ♣r❡✈✐♦✉s ❧✐t❡r❛t✉r❡ ♦♥ ✐♥t❡r♥❡t ♠❡❞✐❛ ✭s❡❡✱ ❡✳❣✳ ❞❡ ❈♦r♥✐èr❡ ❛♥❞
❚❛②❧♦r✱ ✷✵✶✹✱ ❛♥❞ ❆♥❞❡rs♦♥ ❡t ❛❧✳✱ ✷✵✶✽✮✳

✷✼❋♦r♠❛❧❧②✱ t❤✐s ✐s t❤❡ ♠❡❛♥ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ui✳ ❚❤❛t ✐s✱ ue
i =

∫
∞

0
E(ui|v)hj(v)dv, i = 1, 2; j 6= i✱

✇❤❡r❡ E(ui|v) ✐s t❤❡ ♠❡❛♥ ♦❢ ui ❝♦♥❞✐t✐♦♥❛❧ ♦♥ uj = v ❛♥❞ hj(.) ✐s t❤❡ ♠❛r❣✐♥❛❧ ❞❡♥s✐t② ♦❢ uj ✳
✷✽❚❤❡s❡ ❡①♣r❡ss✐♦♥s ❛ss✉♠❡ t❤❛t ❝♦♥s✉♠❡rs ❡①♣❡❝t t♦ ❜r♦✇s❡ ❜♦t❤ ♣✉❜❧✐s❤❡rs ❡① ❛♥t❡✳ ❍♦✇❡✈❡r✱ ♦♥❝❡ t❤❡ ui ❛r❡

r❡❛❧✐③❡❞ ❛t st❛❣❡ ✸✱ s♦♠❡ ❝♦♥s✉♠❡rs ❡♥❞ ✉♣ ✈✐s✐t✐♥❣ ♦♥❧② ♦♥❡✱ ♦r ♥♦♥❡✳ ❚❤❡ ❛♥❛❧②s✐s ✐s ♠♦st❧② ✉♥❝❤❛♥❣❡❞ ✐❢ ❝♦♥s✉♠❡rs
❡①♣❡❝t t♦ ✈✐s✐t ♦♥❧② ♦♥❡ ❝♦♥t❡♥t✳ ❉❡t❛✐❧s ❛r❡ ❛✈❛✐❧❛❜❧❡ ❢r♦♠ t❤❡ ❛✉t❤♦rs✳

✷✾❲❤❡♥ ❡✈❛❧✉❛t✐♥❣ r❡❣✉❧❛t♦r② ✐♥t❡r✈❡♥t✐♦♥s ♦♥ tr❛❝❦✐♥❣ ✭✇❤✐❝❤ ✇❡ ❝♦♥s✐❞❡r ❜❡❧♦✇✮✱ CSe ✐s t❤❡ r❡❧❡✈❛♥t ♠❡❛s✉r❡ ♦❢
❝♦♥s✉♠❡r s✉r♣❧✉s✳ ❆ r❡❣✉❧❛t♦r ❞♦❡s ♥♦t ❤❛✈❡ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛♥ t❤❡ ❝♦♥s✉♠❡rs ❝♦♥❝❡r♥✐♥❣ t❤❡✐r ♦✇♥ ♣r❡❢❡r❡♥❝❡s✿
❛t st❛❣❡✶✱ t❤❡ r❡❣✉❧❛t♦r ❞♦❡s ♥♦t ♦❜s❡r✈❡ t❤❡ ✉t✐❧✐t② ❢r♦♠ ❝♦♥t❡♥t✱ ui✱ i = 1, 2✱ ✇❤✐❝❤ ✐s r❡❛❧✐③❡❞ ♦♥❧② ❛t st❛❣❡ ✸✳

✶✾



❛t st❛❣❡ ✶✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❣✐✈❡♥ ✭✶✻✮ ❛♥❞ ✭✶✼✮✱ ❛ ❝♦♥s✉♠❡r ❜❧♦❝❦s tr❛❝❦✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ θ > b✱ s♦ t❤❛t

θI = b ❛♥❞ β = F (b)✳

❲❡ ♥♦✇ ❛♥❛❧②③❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❝♦♥s✉♠❡rs ❛✈♦✐❞✐♥❣ tr❛❝❦✐♥❣✳ ❋♦❝✉s ✜rst ♦♥ t❤❡ ❡✛❡❝t ♦❢ β

♦♥ ❣r♦ss ❛❞✈❡rt✐s❡r s✉r♣❧✉s✱ AS ✭❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ✭✶✵✮✮✳ ◆♦t✐♥❣ t❤❛t ∂AS
∂qi

= 0 ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ✇❡

❤❛✈❡✿✸✵

dAS

dβ
=
(
rT12 − rnT12

)
DI

12 > 0. ✭✶✾✮

■♥ ❝❛s❡ I✱ ✐♥❝r❡❛s✐♥❣ β ♦♥❧② r❛✐s❡s t❤❡ r❡t✉r♥s ❢r♦♠ ❛❞s ❤✐tt✐♥❣ ♠✉❧t✐✲❤♦♠❡rs✳ ❚❤✉s✱ ❝♦♥s✉♠❡rs

❛✈♦✐❞✐♥❣ tr❛❝❦✐♥❣ ✐♠♣♦s❡ ❛ ♥❡❣❛t✐✈❡ ❡①t❡r♥❛❧✐t② ♦♥ t❤❡ ❛❞✈❡rt✐s✐♥❣ ✐♥❞✉str②✳ ◆♦t❡ t❤❛t ❛♥② ❝❤❛♥❣❡

✐♥ AS ❛❝❝r✉❡s t♦ t❤❡ ❛❞ ♥❡t✇♦r❦✱ ❞✉❡ t♦ ✐ts ♠♦♥♦♣♦❧✐st✐❝ ♣♦s✐t✐♦♥ ❛♥❞ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r✳ ■♥ ❛ ♠♦r❡

❣❡♥❡r❛❧ s❡tt✐♥❣✱ ❡✳❣✳ ❝♦♠♣❡t✐♥❣ ❛❞ ♥❡t✇♦r❦s ❛♥❞ ❛❞✈❡rt✐s❡rs ✇✐t❤ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ✭s❡❡ ❙❡❝t✐♦♥ ✻✮✱

♣❛rt ♦❢ t❤❡ ❝❤❛♥❣❡ ✐♥ ❣r♦ss ❛❞✈❡rt✐s❡r s✉r♣❧✉s ✇♦✉❧❞ ❛❝❝r✉❡ t♦ ❛❞✈❡rt✐s❡rs ❛♥❞ ♣✉❜❧✐s❤❡rs ❛s ✇❡❧❧✳

❚❤❡ ❡✛❡❝t ♦❢ ❛✈♦✐❞✐♥❣ tr❛❝❦✐♥❣ ♦♥ ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s ❧❡ss str❛✐❣❤t❢♦r✇❛r❞✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✶✽✮

✇✐t❤ r❡s♣❡❝t t♦ β ❛♥❞ ❡✈❛❧✉❛t✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❡①♣r❡ss✐♦♥ ❛t ❡q✉✐❧✐❜r✐✉♠✱ ✇❡ ♦❜t❛✐♥

dCSe

dβ =
∂CSe

∂β
︸ ︷︷ ︸

=0

+
∑

i=1,2

∂CSe

∂qi
︸ ︷︷ ︸

(−)

∂qi
∂β
︸︷︷︸

(+)/(−)

.
✭✷✵✮

❚❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡✱ ∂CSe

∂β ✱ ❝❛♣t✉r❡s t❤❡ ❞✐r❡❝t ❡✛❡❝t ♦❢ ❝❤❛♥❣✐♥❣ t❤❡ s❤❛r❡ ♦❢

tr❛❝❦❡❞ ❝♦♥s✉♠❡rs✳ ❚❤✐s t❡r♠ ❡q✉❛❧s ③❡r♦ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ❜❡❝❛✉s❡ ♦♥❧② ❝♦♥s✉♠❡rs ✇❤♦ ❛r❡ ✐♥❞✐✛❡r❡♥t

❜❡t✇❡❡♥ ❜❧♦❝❦✐♥❣ ❛♥❞ ♥♦t ♠♦❞✐❢② t❤❡✐r ❝❤♦✐❝❡ ❛❢t❡r ❛ ♠❛r❣✐♥❛❧ ❝❤❛♥❣❡ ✐♥ β✳ ❚❤❡ ❧❛st t❡r♠ ✐♥ ✭✷✵✮

❝❛♣t✉r❡s t❤❡ ❢❛❝t t❤❛t✱ ❛s t❤❡ ❡①t❡♥t ♦❢ tr❛❝❦✐♥❣ ❝❤❛♥❣❡s✱ s♦ ❞♦❡s t❤❡ q✉❛♥t✐t② ♦❢ ❛❞s ❛♥❞✱ t❤✉s✱ t❤❡

s✉r♣❧✉s ❝♦♥s✉♠❡rs ❣❡t ❢r♦♠ t❤❡ ♣✉❜❧✐s❤❡rs✳ ●✐✈❡♥ t❤❛t ∂CSe

∂qi
< 0✱ t❤✐s ❡✛❡❝t ✐s ♣♦s✐t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

tr❛❝❦✐♥❣ r❡❞✉❝❡s t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s✱ ✐✳❡✳ ∂qi
∂β < 0 ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥s ❞r✐✈✐♥❣ t❤❡

s✐❣♥ ♦❢ t❤✐s ❞❡r✐✈❛t✐✈❡✮✳ ❊❛❝❤ ❝♦♥s✉♠❡r ✐❣♥♦r❡s t❤❡ ❡✛❡❝t ♦❢ ❤❡r ♦✇♥ ❝❤♦✐❝❡ r❡❣❛r❞✐♥❣ tr❛❝❦✐♥❣ ♦♥

t❤❡ q✉❛♥t✐t② ♦❢ ❛❞s ❝❛rr✐❡❞ ❜② ❞✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ❞❡❝✐s✐♦♥ ❡♥t❛✐❧s ❛♥ ❡①t❡r♥❛❧✐t② ♦♥

❛❧❧ ❝♦♥s✉♠❡rs✳ ❲❤❡♥
∂q∗i
∂β > 0 ❤♦❧❞s✱ ❜❧♦❝❦✐♥❣ ❧❡❛❞s t♦ ❧❡ss ❛❞✈❡rt✐s✐♥❣ ❛♥❞✱ ❤❡♥❝❡✱ t❤❡ ❡①t❡r♥❛❧✐t② ✐s

♣♦s✐t✐✈❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s s✉❝❤ t❤❛t ❝♦♥s✉♠❡rs ❛s ❛ ✇❤♦❧❡ ❣❛✐♥ ✇✐t❤ ❧❡ss ❡①t❡♥s✐✈❡

tr❛❝❦✐♥❣✳ ❍♦✇❡✈❡r✱ ✐❢
∂q∗i
∂β < 0✱ ❜❧♦❝❦✐♥❣ ♣r♦❞✉❝❡s ❛ ♥❡❣❛t✐✈❡ ❡①t❡r♥❛❧✐t② ♦♥ ❝♦♥s✉♠❡rs✱ t❤❛t ❛r❡

❜❡tt❡r ♦✛ ✇✐t❤ ♠♦r❡ ❡①t❡♥s✐✈❡ tr❛❝❦✐♥❣✳ ❚❤✐s ❡①t❡r♥❛❧✐t② ❤❛s s♦ ❢❛r ❣♦♥❡ ✉♥♥♦t✐❝❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ■❢
∂q∗i
∂β < 0✱ i = 1, 2 ✭r❡s♣❡❝t✐✈❡❧②✱

∂q∗i
∂β > 0✱ i = 1, 2✮✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s s✉❝❤ t❤❛t

❛ ♠❛r❣✐♥❛❧ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❡①t❡♥t ♦❢ tr❛❝❦✐♥❣ ❧❡❛✈❡s ❝♦♥s✉♠❡rs ❜❡tt❡r ✭r❡s♣✳ ✇♦rs❡✮ ♦✛✳

❋✐♥❛❧❧②✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❡✛❡❝t ♦❢ ❛✈♦✐❞✐♥❣ tr❛❝❦✐♥❣ ♦♥ s♦❝✐❛❧ ✇❡❧❢❛r❡✱ W ✳ ❆❢t❡r ♥❡tt✐♥❣ ♦✉t

✸✵❆❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s ❛r❡ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛❞ ❝❛♣❛❝✐t✐❡s (q∗1 , q
∗

2)✱ t❤❛t ♠❛①✐♠✐③❡ ✭✶✵✮✳

✷✵



tr❛♥s❢❡rs ❜❡t✇❡❡♥ ♣❧❛②❡rs✱ W = CSe +AS. ❊✈❛❧✉❛t✐♥❣ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛❧❧♦❝❛t✐♦♥✱ ✇❡ ❤❛✈❡

∂W
∂β =

∑

i=1,2

∂CSe

∂qi
︸ ︷︷ ︸

(−)

∂qi
∂β
︸︷︷︸

(+)/(−)

+
∂AS

∂β
︸ ︷︷ ︸

(+)

.
✭✷✶✮

❚❤❡ ✜rst t❡r♠ ✐s ♣♦s✐t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢
∂q∗i
∂β < 0✱ ❛s ❞✐s❝✉ss❡❞ ❛❜♦✈❡✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ ∂AS

∂β > 0✳

❈♦♥s❡q✉❡♥t❧②✱ ✐❢
∂q∗i
∂β < 0✱ ✇❡❧❢❛r❡ ✐♥❝r❡❛s❡s ✇✐t❤ ❢❡✇❡r ❝♦♥s✉♠❡rs ❜❧♦❝❦✐♥❣✳ ❲❡ ❞✐s❝✉ss t❤❡ ♣♦❧✐❝②

✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤❡s❡ ✜♥❞✐♥❣s ✐♥ ❙❡❝t✐♦♥ ✼✳

✺✳✸ ❈❛s❡ R ❛♥❞ FC

❲❡ ♥♦✇ ♣r❡s❡♥t t❤❡ ♠❛✐♥ ❝❤❛♥❣❡s ✐♥ t❤❡ ❛♥❛❧②s✐s ✇❤❡♥ tr❛❝❦✐♥❣ ❛✛❡❝ts ❝♦♥s✉♠❡rs✬ ❞✐s✉t✐❧✐t② ❢r♦♠

❛❞s✱ ❝♦♥s✐❞❡r✐♥❣ ❝❛s❡s R ❛♥❞ FC✳

❊❛❝❤ ♣✉❜❧✐s❤❡r✬s ❛✉❞✐❡♥❝❡ ✐s ❝♦♠♣♦s❡❞ ♦❢ tr❛❝❦❡❞ ❛♥❞ ♥♦♥✲tr❛❝❦❡❞ ❝♦♥s✉♠❡rs✳ ❉❡♠❛♥❞s ❜② ♥♦♥✲

tr❛❝❦❡❞ ❝♦♥s✉♠❡rs r❡♠❛✐♥ ❛s ✐♥ ✭✶✮✳ ■♥st❡❛❞✱ ❞❡♠❛♥❞s ❜② tr❛❝❦❡❞ ❝♦♥s✉♠❡rs ❝❤❛♥❣❡✱ ❜❡❝❛✉s❡ t❤❡

❞✐s✉t✐❧✐t② ❢r♦♠ ❛❞s ❞❡♣❡♥❞s ♦♥ tr❛❝❦✐♥❣✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❛ tr❛❝❦❡❞ ❝♦♥s✉♠❡r✬s ✉t✐❧✐t② ❢r♦♠ ♠✉❧t✐✲❤♦♠✐♥❣

✐s ❣✐✈❡♥ ❜② ✭✶✺✮✱ ✇❤❡r❡❛s t❤❡ ♥❡t ✉t✐❧✐t② ❢r♦♠ ♠✉❧t✐✲❤♦♠✐♥❣ ✐❢ ♥♦♥✲tr❛❝❦❡❞ ❛♥❞ ❢r♦♠ s✐♥❣❧❡✲❤♦♠✐♥❣

❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱ u1 + u2 − δ (q1 + q2) ❛♥❞ ui − δqi✱ ❛s ✐♥ ♦✉r ❜❛s❡❧✐♥❡ ♠♦❞❡❧✳ ❯t✐❧✐t② ♠❛①✐♠✐③❛t✐♦♥

❜r✐♥❣s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡♠❛♥❞s ❜② tr❛❝❦❡❞ ❝♦♥s✉♠❡rs ✐♥ ❝❛s❡ R✿

DR
i = Pr

{
ui − δqi ≥ max (0;uj − δqj) ;uj <

(
δR − δ

)
qi + δRqj

}
, i, j = 1, 2 ❛♥❞ i 6= j,

DR
12 = Pr

{
u1 >

(
δR − δ

)
q2 + δRq1;u2 >

(
δR − δ

)
q1 + δRq2)

}
.

✭✷✷✮

❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❡♠❛♥❞ s②st❡♠ ✐♥ ✭✶✮ ✐s t❤❛t✱ ❜❡❝❛✉s❡ tr❛❝❦✐♥❣ ✐♥❝r❡❛s❡s

t❤❡ ❞✐s✉t✐❧✐t② ❢r♦♠ ❛❞s ✇❤❡♥ ♠✉❧t✐✲❤♦♠✐♥❣✱ ❛ tr❛❝❦❡❞ ❝♦♥s✉♠❡r t❤❛t ✈✐s✐ts i ✐s ❧❡ss ❧✐❦❡❧② t♦ ✈✐s✐t j

❛s ✇❡❧❧✱ ❛❧❧ ❡❧s❡ ❣✐✈❡♥✳ ■♥❞❡❡❞✱ ✈✐s✐t✐♥❣ ❛♥♦t❤❡r ♣✉❜❧✐s❤❡r ❝♦♠❡s ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♥✉✐s❛♥❝❡ ❢r♦♠

❛❞s ❡q✉❛❧ t♦
(
δR − δ

)
qi + δRqj ✳ ❚❤✐s ❡①tr❛ ♥✉✐s❛♥❝❡ ❡①❝❡❡❞s t❤❛t ❢♦r ❛ ♥♦♥✲tr❛❝❦❡❞ ❝♦♥s✉♠❡r✱ δqj ✳

■♥ ❝❛s❡ FC✱ ❞❡♠❛♥❞s ❛r❡ ❣✐✈❡♥ ❜②

DFC
i = Pr

{
ui − δqi > 0;uj < δFCqj −

(
δ − δFC

)
qi
}
, i, j = 1, 2 ❛♥❞ i 6= j,

DFC
12 = Pr

{
u1 ≥ δFCq1 −

(
δ − δFC

)
q2;u2 ≥ δFCq2 −

(
δ − δFC

)
q1;u1 + u2 ≥ δFC (q1 + q2)

}
.

✭✷✸✮

❈♦♥tr❛r② t♦ ❝❛s❡ R✱ tr❛❝❦✐♥❣ r❡❞✉❝❡s t❤❡ ❞✐s✉t✐❧✐t② ❢r♦♠ ❛❞s ❢♦r ♠✉❧t✐✲❤♦♠❡rs✳ ❍❡♥❝❡✱ ❝♦♠♣❛r✐♥❣

✭✷✸✮ t♦ ✭✶✮✱ ❛ tr❛❝❦❡❞ ❝♦♥s✉♠❡r t❤❛t ✈✐s✐ts ♦♥❡ ♣✉❜❧✐s❤❡r ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ✈✐s✐t t❤❡ ♦t❤❡r ❛s ✇❡❧❧✱

❜❡❝❛✉s❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♥✉✐s❛♥❝❡ ❢r♦♠ ❛❞s✱ δFCqj−
(
δ − δFC

)
qi✱ ✐s s♠❛❧❧❡r t❤❛♥ t❤❛t ❢♦r ❛ ♥♦♥✲tr❛❝❦❡❞

❝♦♥s✉♠❡r✱ δqj ✳

❚♦ s✉♠♠❛r✐③❡✱ ✉s✐♥❣ s✉♣❡rs❝r✐♣t nT t♦ ❞❡♥♦t❡ ❞❡♠❛♥❞s ❜② ♥♦♥✲tr❛❝❦❡❞ ❝♦♥s✉♠❡rs✱ t❤❡ ❢♦❧❧♦✇✐♥❣

✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞✿

DR
i > DnT

i , i = 1, 2; DR
12 < DnT

12 ; ✭✷✹✮

DFC
i < DnT

i , i = 1, 2; DFC
12 > DnT

12 . ✭✷✺✮

✷✶



◆♦t❡ ❛❧s♦ t❤❛t✱ ✐♥ ❝❛s❡ FC✱ t❤❡ ❝♦♥s✉♠❡r ♠❛r❦❡t ♠✐❣❤t ❡①♣❛♥❞✱ ✐✳❡✳ DnT
0 > DFC

0 ✱ ❜❡❝❛✉s❡ tr❛❝❦✐♥❣

r❡❞✉❝❡s t❤❡ ❞✐s✉t✐❧✐t② ♦❢ ❛❞s ✇❤❡♥ ♠✉❧t✐✲❤♦♠✐♥❣✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❞❡❝✐s✐♦♥ ✇❤❡t❤❡r t♦ ❜❧♦❝❦ tr❛❝❦✐♥❣✳ ●✐✈❡♥ ✭✶✻✮ ❛♥❞ ✭✶✼✮✱ ✇❡ ✜♥❞ t❤❛t ❛

❝♦♥s✉♠❡r ❜❧♦❝❦s tr❛❝❦✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ θ > θx✱ ✇❤❡r❡ θx ✐s s✉❝❤ t❤❛t

θx =







b−
(
δR − δ

)
(q1 + q2) ❈❛s❡ ❘✱

b+
(
δ − δFC

)
(q1 + q2) ❈❛s❡ ❋❈ .

✭✷✻✮

❚❤❡ s❤❛r❡ ♦❢ ❝♦♥s✉♠❡rs t❤❛t ❛❧❧♦✇s tr❛❝❦✐♥❣ ✐s β = F (θx)✳ ❈♦♥s✉♠❡rs ❛r❡ t❤❡r❡❢♦r❡ ♠♦r❡ ✭r❡s♣❡❝✲

t✐✈❡❧②✱ ❧❡ss✮ ❧✐❦❡❧② t♦ ❛✈♦✐❞ tr❛❝❦✐♥❣ ✇❤❡♥ t❤❡ ❧❛tt❡r ♠❛❦❡s ❛❞s ♠♦r❡ ✭❧❡ss✮ ❛♥♥♦②✐♥❣✳

P✉❜❧✐s❤❡r i✬s t♦t❛❧ ❛✉❞✐❡♥❝❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ✇❡✐❣❤t❡❞ s✉♠ ♦❢ ❞❡♠❛♥❞s ❢r♦♠ tr❛❝❦❡❞ ❛♥❞ ♥♦♥✲

tr❛❝❦❡❞ ❝♦♥s✉♠❡rs✱ ✐✳❡✳ βDx
i + (1− β)DnT

i + βDx
12 + (1− β)DnT

12 ✳ ❍❡♥❝❡✱ tr❛❝❦✐♥❣ ❛✛❡❝ts t❤❡

❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣✉❜❧✐s❤❡rs✬ ❛✉❞✐❡♥❝❡s ❛♥❞✱ t❤❡r❡❢♦r❡✱ t❤❡ ❣r♦ss ❛❞✈❡rt✐s❡r s✉r♣❧✉s✳ ❚❤✐s s✉r♣❧✉s✱

❝❛♣t✉r❡❞ ❜② t❤❡ ❛❞ ♥❡t✇♦r❦ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ✐s ❣✐✈❡♥ ❜②✿

pxAN = AS =
∑

i=1,2

(
βDx

i + (1− β)DnT
i

)
ri + βDx

12r
T
12 + (1− β)DnT

12 r
nT
12 , x = R,FC. ✭✷✼✮

❘❡❝❛❧❧✐♥❣ t❤❛t ∂AS
∂qi

= 0 ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ✇❡ ✜♥❞ t❤❛t

❈❛s❡ R :
dAS

dβ
> 0 ⇔

(
rT12 − rnT12

)
DR

12 >
(
rnT12 − ri

) (
DnT

12 −DR
12

)
, ✭✷✽✮

❈❛s❡ FC :
dAS

dβ
> 0 ⇔

(
rT12 − rnT12

)
DFC

12 >
(
rnT12 − ri

) (
DnT

12 −DFC
12

)
− ri

(
DnT

0 −DFC
0

)
. ✭✷✾✮

❚❤❡s❡ ❡①♣r❡ss✐♦♥s s✉❣❣❡st t❤❛t✱ ✐♥ s♣❡❝✐✜❝ ❝✐r❝✉♠st❛♥❝❡s✱ t❤❡ ❣r♦ss ❛❞✈❡rt✐s❡r s✉r♣❧✉s ♠✐❣❤t

❞❡❝r❡❛s❡ ✇❤❡♥ t❤❡ ❡①t❡♥t ♦❢ tr❛❝❦✐♥❣ ✐♥❝r❡❛s❡s✳ ❚♦ ✐❧❧✉str❛t❡✱ ❧❡t ✉s ❢♦❝✉s ♦♥ ❝❛s❡ R ✭s❡❡ ✭✷✽✮✮✳ ■♥

t❤✐s ❝❛s❡✱ s♦♠❡ ♠✉❧t✐✲❤♦♠❡rs ❜❡❝♦♠❡ s✐♥❣❧❡✲❤♦♠❡rs ✇❤❡♥ tr❛❝❦❡❞ ✭DR
12 < DnT

12 ✮✳ ❙✉♣♣♦s❡ t❤❡ r❡t✉r♥s

❢r♦♠ ❛❞✈❡rt✐s✐♥❣ t♦ ♥♦♥✲tr❛❝❦❡❞ ♠✉❧t✐✲❤♦♠❡rs ❡①❝❡❡❞ t❤♦s❡ ❢r♦♠ s✐♥❣❧❡✲❤♦♠❡rs ✭✐✳❡✳✱ rnT12 > ri✮✱ s♦

t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✷✽✮ ✐s ♣♦s✐t✐✈❡✳ ❍❡♥❝❡✱ tr❛❝❦✐♥❣ ✐♥❝r❡❛s❡s ❣r♦ss ❛❞✈❡rt✐s❡r s✉r♣❧✉s ♦♥❧② ✐❢

t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ ❛❞s t❤❛t ❤✐t ♠✉❧t✐✲❤♦♠❡rs ✭❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✷✽✮✮ ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤❡

✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ✭✷✾✮ ❢♦r ❝❛s❡ FC ✐s s✐♠✐❧❛r✱ t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❜❡✐♥❣ t❤❛t tr❛❝❦✐♥❣ ✐♥❝r❡❛s❡s t❤❡

s❤❛r❡ ♦❢ ♠✉❧t✐✲❤♦♠❡rs ✭DFC
12 > DnT

12 )✳ ❋✉rt❤❡r♠♦r❡✱ ❣✐✈❡♥ t❤❛t DnT
0 > DFC

0 ✱ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡

❞❡❝r❡❛s❡s✱ ♠❛❦✐♥❣ ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ tr❛❝❦✐♥❣ ❧❡ss ❧✐❦❡❧②✳

❲✐t❤♦✉t tr❛❝❦✐♥❣✱ t❤❡ r❡t✉r♥s ❢r♦♠ ❛❞✈❡rt✐s✐♥❣ t♦ s✐♥❣❧❡✲ ❛♥❞ ♠✉❧t✐✲❤♦♠❡rs ♠❛② ❞✐✛❡r ❢♦r s❡✈❡r❛❧

r❡❛s♦♥s✳ ■❢ ♠✉❧t✐✲❤♦♠❡rs s♣r❡❛❞ t❤❡✐r ❛tt❡♥t✐♦♥ ❛❝r♦ss ♠✉❧t✐♣❧❡ ✇❡❜s✐t❡s✱ ❛❞s ❤✐tt✐♥❣ t❤❡♠ ♦♥ ❡✐t❤❡r

♦✉t❧❡t ♠❛② ❧♦s❡ ❡✛❡❝t✐✈❡♥❡ss ❝♦♠♣❛r❡❞ t♦ ❛❞s ❤✐tt✐♥❣ s✐♥❣❧❡✲❤♦♠❡rs✳ ❚❤✐s ❝❛♥ ❜❡ t❤❡ ❝❛s❡✱ ❢♦r

✐♥st❛♥❝❡✱ ✇❤❡♥ t❤❡ ❝♦♥t❡♥t ♣r♦✈✐❞❡❞ ❜② t❤❡ t✇♦ ♣✉❜❧✐s❤❡rs ♦✈❡r❧❛♣s✱ s♦ t❤❛t ❛❢t❡r ✈✐s✐t✐♥❣ ♦♥❡

♣✉❜❧✐s❤❡r✱ t❤❡ ❝♦♥s✉♠❡r s♣❡♥❞s r❡❧❛t✐✈❡❧② ❧✐tt❧❡ t✐♠❡ ♦♥ t❤❡ ♦t❤❡r✳ ■♥ ❛❞❞✐t✐♦♥✱ ❝r♦ss✲♦✉t❧❡t r❡♣❡t✐t✐♦♥

♠❛❦❡s ❛❞ ❝❛♠♣❛✐❣♥s ❧❡ss ❡✣❝✐❡♥t ✭❆t❤❡② ❡t ❛❧✳✱ ✷✵✶✽✮✳ ❚❤✉s✱ ✐♠♣r❡ss✐♦♥s ❤✐tt✐♥❣ ♠✉❧t✐✲❤♦♠❡rs ♠❛②

s✉❜st❛♥t✐❛❧❧② ❧♦s❡ ✈❛❧✉❡ ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ♦♥ s✐♥❣❧❡✲❤♦♠❡rs✳ ❚♦ s✉♠♠❛r✐③❡✱ ✇❡ ❡①♣❡❝t t❤❛t rnT12 > ri

✷✷



❤♦❧❞ ✐❢ ♠✉❧t✐✲❤♦♠❡rs ❞❡✈♦t❡ ❡♥♦✉❣❤ ❛tt❡♥t✐♦♥ t♦ ❡❛❝❤ ♣✉❜❧✐s❤❡r ❝♦♠♣❛r❡❞ t♦ s✐♥❣❧❡✲❤♦♠❡rs ❛♥❞ ✐❢

r❡♣❡t✐t✐♦♥ ❛❝r♦ss ♦✉t❧❡ts ✐s ♦❢ r❡❧❛t✐✈❡❧② ❧✐tt❧❡ ❝♦♥❝❡r♥ t♦ ❛❞✈❡rt✐s❡rs✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ♠❛②

r❡✈❡rs❡✱ ❡✳❣✳✱ ✇❤❡♥ ❛❞s r❡♣❡❛t❡❞❧② ❤✐tt✐♥❣ ❝♦♥s✉♠❡rs ♦♥ ❞✐✛❡r❡♥t ♦✉t❧❡ts ❛r❡ ❤✐❣❤❧② ✇❛st❡❢✉❧ ❛♥❞

♠✉❧t✐✲❤♦♠❡rs ❛r❡ ♥♦t ✈❡r② ❛tt❡♥t✐✈❡✳

●✐✈❡♥ tr❛❝❦✐♥❣✬s ♣♦t❡♥t✐❛❧ t♦ ✐♥❝r❡❛s❡ t❤❡ ✈❛❧✉❡ ♦❢ ✐♠♣r❡ss✐♦♥s ♦♥ ♠✉❧t✐✲❤♦♠❡rs ❛♥❞ ❤♦✇ ♣❡r✈❛s✐✈❡

♠✉❧t✐✲❤♦♠✐♥❣ ✐s ♦♥ t❤❡ ✐♥t❡r♥❡t✱ ✇❡ ❡①♣❡❝t ❝♦♥❞✐t✐♦♥s s✉❝❤ t❤❛t ∂AS
∂β < 0 ❤♦❧❞ r❛t❤❡r r❛r❡❧②✱ ❛♥❞

♠♦st❧② ✇❤❡♥ tr❛❝❦✐♥❣ ✐s ❛ss♦❝✐❛t❡❞ t♦ ♣r❛❝t✐❝❡s t❤❛t ❝♦♥s✉♠❡rs str♦♥❣❧② ❞✐s❧✐❦❡ ✭❡✳❣✳✱ ❛❣❣r❡ss✐✈❡

r❡✲t❛r❣❡t✐♥❣✮✳ ❋✉rt❤❡r♠♦r❡✱ ❛❧t❤♦✉❣❤ ♦✉r ♠♦❞❡❧ ✐s t♦♦ st②❧✐③❡❞ t♦ ❛♥❛❧②③❡ t❤❡ ❛❞ ♥❡t✇♦r❦✬s ♦♣t✐♠❛❧

tr❛❝❦✐♥❣ str❛t❡❣②✱ ✇❡ ❡①♣❡❝t t❤❡ ♥❡t✇♦r❦ ✇♦✉❧❞ t❡♥❞ t♦ ❛✈♦✐❞ ✉s✐♥❣ tr❛❝❦✐♥❣ ✐♥ ✇❛②s t❤❛t r❡❞✉❝❡

t♦t❛❧ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡✳✸✶

❋✐♥❛❧❧②✱ ❝♦♥s✐❞❡r t❤❡ ❡✛❡❝t ♦❢ ❛✈♦✐❞✐♥❣ tr❛❝❦✐♥❣ ♦♥ ❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞ ✇❡❧❢❛r❡✳ ●✐✈❡♥ t❤❛t
∂AS
∂qi

= 0 ❛♥❞ ∂CSe

∂β = 0 ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✭s❡❡ ❆♣♣❡♥❞✐① ❆✳✸ ❢♦r t❤❡ ♣r♦♦❢✮✱ ❡①♣r❡ss✐♦♥s ✭✷✵✮ ❛♥❞

✭✷✶✮ ❛r❡ ✉♥❝❤❛♥❣❡❞ ❛♥❞ s♦ ✐s t❤❡✐r ✐♥t❡r♣r❡t❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ❡✛❡❝t ♦❢ tr❛❝❦✐♥❣ ♦♥ ❛❞✈❡rt✐s✐♥❣

q✉❛♥t✐t✐❡s ✐s ♠♦r❡ ✐♥✈♦❧✈❡❞✳ ❆s ✇❡ s❤♦✇ ✐♥ ❆♣♣❡♥❞✐① ❇✳✸✱ ✇❡ ❤❛✈❡ t❤❛t
∂q∗i
∂β > 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢

Dx
12

(
∂rx12
∂qi

−
∂rnT12
∂qi

)

+
∂Dx

12

∂qi

(
rx12 − rnT12

)
+

+
(
Dx

12 −DnT
12

)
(
∂rnT12
∂qi

−
1

2

∂ri
∂qi

)

+

(
∂Dx

12

∂qi
−

∂DnT
12

∂qi

)
(
rnT12 − ri

)
+

+
(
DnT

0 −Dx
0

) 1

2

∂ri
∂qi

+

(
∂DnT

0

∂qi
−

∂Dx
0

∂qi

)

ri > 0 x = R,FC. ✭✸✵✮

❚❤❡ t❡r♠s ✐♥ t❤❡ ✜rst r♦✇ ♦❢ ❡①♣r❡ss✐♦♥ ✭✸✵✮ r❡♣❧✐❝❛t❡ t❤♦s❡ ✐♥ ✭✶✸✮ ✭s❡❡ t❤❡ ❝♦♠♠❡♥t❛r② t♦ Pr♦♣♦✲

s✐t✐♦♥ ✶✮✳ ❚❤❡ t❡r♠s ✐♥ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ r♦✇s ♦❢ ✭✸✵✮ ✐♥❞✐❝❛t❡ t❤❛t✱ ✇❤❡♥ tr❛❝❦✐♥❣ ❛✛❡❝ts t❤❡

❞✐s✉t✐❧✐t② ♦❢ ❛❞s✱ t❤❡r❡ ✐s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡✛❡❝t ❞✉❡ t♦ t❤❡ ❞✐r❡❝t ✐♠♣❛❝t ♦❢ β ♦♥ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢

❛✉❞✐❡♥❝❡s ✭s❡❡ ✭✷✼✮✮✳ ❚♦ ✐❧❧✉str❛t❡✱ ✇❡ ❢♦❝✉s ♦♥ ❝❛s❡ R✳ ●✐✈❡♥ δ < δR✱ s♦♠❡ ♠✉❧t✐✲❤♦♠❡rs st♦♣

❜r♦✇s✐♥❣ ♦♥❡ ♣✉❜❧✐s❤❡r ✇❤❡♥ tr❛❝❦❡❞ ✭✐✳❡✳ DR
12 < DnT

12 ✮✳ ■♥ ❛❞❞✐t✐♦♥✱ tr❛❝❦❡❞ ♠✉❧t✐✲❤♦♠❡rs ❛r❡ ♠♦r❡

s❡♥s✐t✐✈❡ t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❛❞✈❡rt✐s✐♥❣ q✉❛♥t✐t✐❡s✱ ♠❛❦✐♥❣ t❤❡♠ ♠♦r❡ ❧✐❦❡❧② t♦ s✇✐t❝❤ t♦ s✐♥❣❧❡✲❤♦♠✐♥❣

✭
∂DR

12

∂qi
<

∂DnT
12

∂qi
< 0✮✳ ❙✉♣♣♦s❡ ❛❞s ❤✐tt✐♥❣ ♠✉❧t✐✲❤♦♠❡rs ✇✐t❤♦✉t tr❛❝❦✐♥❣ ❛r❡ s✉✣❝✐❡♥t❧② ❡✛❡❝t✐✈❡✱

❝♦♠♣❛r❡❞ t♦ ❛❞s ❤✐tt✐♥❣ s✐♥❣❧❡✲❤♦♠❡rs ✭✐✳❡✳
∂rnT

12

∂qi
> 1

2
∂ri
∂qi

❛♥❞ rnT12 > ri✮✳ ❚❤❡♥✱ ❜② ❞✐s❝♦✉r❛❣✐♥❣

♠✉❧t✐✲❤♦♠✐♥❣✱ tr❛❝❦✐♥❣ ✐s ♠♦r❡ ❧✐❦❡❧② t♦ r❡❞✉❝❡ t❤❡ ♣❧❛t❢♦r♠s✬ s✉♣♣❧② ♦❢ ❛❞s✳ ❙❡❡ ♦✉r ❞✐s❝✉ss✐♦♥

❛❜♦✈❡ ❢♦r ✇❤② rnT12 ❛♥❞ ri ✭❛♥❞ t❤❡✐r ❞❡r✐✈❛t✐✈❡s✮ ♠❛② ❞✐✛❡r✳ ❚❤❡ ❧❛st r♦✇ ♦❢ ✭✸✵✮ ✐s ✐rr❡❧❡✈❛♥t ✐♥

❝❛s❡ R✱ ❜❡❝❛✉s❡ ♥♦ ❝♦♥s✉♠❡rs ❞r♦♣ ♦✉t ♦❢ t❤❡ ♠❛r❦❡t ✇❤❡♥ tr❛❝❦❡❞ ✭✐✳❡✳ DnT
0 = DR

0 ✮✳

■♥ ❝❛s❡ FC✱ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ❢♦r t❤❡ t❡r♠s ✐♥ t❤❡ s❡❝♦♥❞ r♦✇ ♦❢ ✭✸✵✮ ✐s t❤❡ s❛♠❡ ❛s ❛❜♦✈❡✱ ❜✉t

t❤❡✐r s✐❣♥ ✐s r❡✈❡rs❡❞ ❜❡❝❛✉s❡ δ > δFC ❛♥❞✱ t❤❡r❡❢♦r❡✱ DFC
12 > DnT

12 ❛♥❞
∂DC

12

∂qi
>

∂DnT
12

∂qi
✳ ▼♦r❡♦✈❡r✱

❜❡❝❛✉s❡ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ♠❛r❦❡t ❡①♣❛♥s✐♦♥ ✇❤❡♥ tr❛❝❦✐♥❣ ♠❛❦❡s ❛❞✈❡rt✐s✐♥❣ ❧❡ss ❛♥♥♦②✐♥❣ ✭✐✳❡✳

DnT
0 > DFC

0 ✮✱ t❤❡ ❧❛st t✇♦ t❡r♠s ✐♥ ✭✸✵✮ ❛r❡ ♣♦s✐t✐✈❡✱ r❛✐s✐♥❣ t❤❡ ❧✐❦❡❧✐❤♦♦❞ t❤❛t t❤❡ q✉❛♥t✐t② ♦❢ ❛❞s

✐♥❝r❡❛s❡s ✇✐t❤ tr❛❝❦✐♥❣✳

✸✶❚❤❡ ❝❤♦✐❝❡ ♦❢ ❤♦✇ t♦ ✉s❡ tr❛❝❦✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❛❧s♦ ❞❡♣❡♥❞s ♦♥ t❤❡ ♦❜❥❡❝t✐✈❡s ♦❢ t❤❡ ❛❞✈❡rt✐s❡rs✬ ❝❛♠♣❛✐❣♥s✳
▼♦❞❡❧✐♥❣ t❤❡s❡ ❛s♣❡❝ts ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ ♦✉r ❛♥❛❧②s✐s✳

✷✸



✺✳✸✳✶ ❙❤♦✉❧❞ t❤❡ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡ t♦ t❤❡ ❛❞ ♥❡t✇♦r❦❄

❲❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❡ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡ t❤❡✐r ❛❞ ✐♥✈❡♥t♦r✐❡s t♦ t❤❡ ❛❞ ♥❡t✇♦r❦✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡

❝♦♥❞✐t✐♦♥s s✉❝❤ t❤❛t ∂AS
∂β < 0 ❤♦❧❞✱ ♦♥❡ ♠❛② s✉s♣❡❝t t❤❛t t❤❡ ♣✉❜❧✐s❤❡rs ♠❛② ❜❡ ❜❡tt❡r ♦✛ ♥♦t

♦✉ts♦✉r❝✐♥❣✳ ◆♦t✐❝❡✱ t❤♦✉❣❤✱ t❤❛t ❛ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦❢ tr❛❝❦✐♥❣ ♦♥ ❛❞ r❡✈❡♥✉❡s ❞♦❡s ♥♦t ✐♠♣❧②

t❤❛t t❤❡ ♣✉❜❧✐s❤❡rs ❛✈♦✐❞ ♦✉ts♦✉r❝✐♥❣✳ ❆s ✇❡ s❤♦✇ ✐♥ ❆♣♣❡♥❞✐① ❇✳✹✱ t❤❡r❡ ❛❧✇❛②s ❡①✐sts ❛ ✈❛❧✉❡ ♦❢

βA t❤❡ ❛❞ ♥❡t✇♦r❦ ❝❛♥ ❝❤♦♦s❡ t❤❛t ♠❛❦❡s ♦✉ts♦✉r❝✐♥❣ ♣r♦✜t❛❜❧❡✳ ■♥ t❤❡ ❡①tr❡♠❡✱ t❤❡ ❛❞ ♥❡t✇♦r❦

♠❛② ❛✈♦✐❞ tr❛❝❦✐♥❣ ❛❧t♦❣❡t❤❡r ✭✐✳❡✳ s❡t βA = 0✮✱ ✇❤✐❧❡ st✐❧❧ ♠❛❦✐♥❣ ♦✉ts♦✉r❝✐♥❣ ✇♦rt❤✇❤✐❧❡ t♦ t❤❡

♣✉❜❧✐s❤❡rs ❣✐✈❡♥ t❤❡ ❝❡♥tr❛❧✐③❛t✐♦♥ ♦❢ t❤❡ s❛❧❡ ♦❢ ❛❞s✳✸✷ ❚❤✐s ♦✉t❝♦♠❡ ❝❛♥ ❜❡ s❡❡♥ ❜② ❝♦♠♣❛r✐♥❣ ✭✽✮

t♦ ✭✷✼✮✿ t❤❡ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡ ❝♦❧❧❡❝t❡❞ ❜② t❤❡ ❛❞ ♥❡t✇♦r❦ ❡①❝❡❡❞s t❤❡ ♣✉❜❧✐s❤❡rs✬ ❥♦✐♥t r❡✈❡♥✉❡

✇❤❡♥ ❝♦♠♣❡t✐♥❣ ✐❢ β = 0✳

✻ ❊①t❡♥s✐♦♥s

❲❡ ♥♦✇ ♣r❡s❡♥t ❢✉rt❤❡r ❡①t❡♥s✐♦♥s t♦ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧ ♦❢ ❙❡❝t✐♦♥ ✸✳

✻✳✶ ❚r❛❝❦✐♥❣ ♥❡t✇♦r❦s

■♥ ♦✉r ❜❛s❡❧✐♥❡ s❡tt✐♥❣✱ t❤❡ ❛❞ ♥❡t✇♦r❦ s❡❧❧s t❤❡ ♣✉❜❧✐s❤❡rs✬ ❛❞ ✐♥✈❡♥t♦r✐❡s✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧

t❤✐r❞✲♣❛rt② ♣❧❛t❢♦r♠s t❤❛t ♦♥❧② s❡❧❧ tr❛❝❦✐♥❣ ✐♥❢♦r♠❛t✐♦♥ t♦ ❛❞✈❡rt✐s❡rs ✭❡✳❣✳ ❆❞♦❜❡ ❆♥❛❧②t✐❝s✮✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤✐s ❦✐♥❞ ♦❢ ♣❧❛t❢♦r♠✱ r❡❢❡rr✐♥❣ t♦ ✐t ❛s ❛ tr❛❝❦✐♥❣ ♥❡t✇♦r❦ ✭TN✮✳ ❲❡ ♠♦❞✐❢②

t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧ ♦❢ ❙❡❝t✐♦♥ ✸ ❛s ❢♦❧❧♦✇s✳ ❆t st❛❣❡ ✶✱ t❤❡ ♣✉❜❧✐s❤❡rs ♠❛② ❛❧❧♦✇ TN t♦ tr❛❝❦

t❤❡✐r ❝♦♥s✉♠❡rs✱ ✐♥ ❡①❝❤❛♥❣❡ ❢♦r ❛ ♣❛②♠❡♥t✳✸✸ ❆t st❛❣❡ ✹✱ t❤❡ ❛❞✈❡rt✐s❡rs ❝❛♥ ❛❝q✉✐r❡ tr❛❝❦✐♥❣

✐♥❢♦r♠❛t✐♦♥✱ ♣❛②✐♥❣ pTN t♦ TN ✳ ❆t t❤❡ s❛♠❡ st❛❣❡✱ t❤❡② ❛❝q✉✐r❡ ❛❞ ✐♠♣r❡ss✐♦♥s ❢r♦♠ t❤❡ ♣✉❜❧✐s❤❡rs✳

❲❡ s✉♠♠❛r✐③❡ t❤❡ ♠❛✐♥ r❡s✉❧ts ❢r♦♠ t❤✐s ♠♦❞❡❧ ✭s❡❡ ❆♣♣❡♥❞✐① ❇✳✺ ❢♦r ♣r♦♦❢s✮✳ ❆❧❧ ❛❞✈❡rt✐s❡rs

❛❝q✉✐r❡ ❛❞s ♦♥ ❜♦t❤ ♣✉❜❧✐s❤❡rs ❛♥❞✱ ✐❢ ❛✈❛✐❧❛❜❧❡✱ tr❛❝❦✐♥❣ ✐♥❢♦r♠❛t✐♦♥✱ ❣❡♥❡r❛t✐♥❣ t❤❡ ❛❞ r❡✈❡♥✉❡

❞❡s❝r✐❜❡❞ ❜② ✭✶✵✮✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛②♠❡♥ts ❡❛❝❤ ❛❞✈❡rt✐s❡r ♠❛❦❡s t♦ t❤❡ ♣✉❜❧✐s❤❡rs ❛♥❞ TN ✱

r❡s♣❡❝t✐✈❡❧②✱ ❛r❡✿

pi = riDi +
(
rnT12 − r̂j

)
D12, i = 1, 2, pTN = βD12

(
rT12 − rnT12

)
. ✭✸✶✮

❉✉❡ t♦ ✐ts ♠♦♥♦♣♦❧✐st ♣♦s✐t✐♦♥✱ TN ❝❛♣t✉r❡s ❛❧❧ t❤❡ ✈❛❧✉❡ t❤❛t tr❛❝❦✐♥❣ ❜r✐♥❣s t♦ t❤❡ ❛❞s ❤✐tt✐♥❣ t❤❡

♠✉❧t✐✲❤♦♠❡rs✱ rT12 − rnT12 ✳ ❈♦♥s❡q✉❡♥t❧②✱ ❝♦♠♣❡t✐♥❣ ♣✉❜❧✐s❤❡rs ❡❛r♥ ❛s ♠✉❝❤ ❛s t❤❡② ❞♦ ✇✐t❤♦✉t t❤❡

tr❛❝❦✐♥❣ ♥❡t✇♦r❦✿ pi ✐♥ ✭✸✶✮ ✐s ❛s ✐♥ ✭✽✮✳ ❚❤❡r❡❢♦r❡✱ TN ❝❛♥ ✐♥❞✉❝❡ ❡❛❝❤ ♣✉❜❧✐s❤❡r t♦ ❣r❛♥t ❛❝❝❡ss t♦

✐ts ❝♦♥s✉♠❡rs ♣❛②✐♥❣ ❛ ✈❡r② s♠❛❧❧ tr❛♥s❢❡r✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❛❞✈❡rt✐s❡rs ❝❛♥ r❡t❛✐♥ ❛ ❧❛r❣❡r s❤❛r❡

♦❢ t❤❡ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡ t❤❛♥ ✇✐t❤ ❛♥ ❛❞ ♥❡t✇♦r❦ ✭❡q✉❛❧ t♦
(
2r̂j − rnT12

)
D12 ✐♥ ❡q✉✐❧✐❜r✐✉♠✮✳

❆t st❛❣❡ ✶✱ t❤❡ ♣✉❜❧✐s❤❡rs ❝❤♦♦s❡ t❤❡ s❛♠❡ ❛❞✈❡rt✐s✐♥❣ ❝❛♣❛❝✐t✐❡s✱
(
qC1 , q

C
2

)
✱ ❛s ✇❤❡♥ t❤❡r❡ ✐s ♥♦

♥❡t✇♦r❦✳ ❍❡♥❝❡✱ t❤❡ tr❛❝❦✐♥❣ ♥❡t✇♦r❦ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s✱ ✉♥❧✐❦❡ ❛♥ ❛❞ ♥❡t✇♦r❦

✸✷❚❤✐s r❡s✉❧t ❤♦❧❞s ❢♦r ❛♥② s❤❛r❡ ♦❢ ❝♦♥s✉♠❡rs ❜❧♦❝❦✐♥❣ tr❛❝❦✐♥❣✱ βcons✳ ❍❡♥❝❡✱ ✐t ✐s ♥♦t ♥❡❝❡ss❛r② t♦ ♠❛❦❡
❛ss✉♠♣t✐♦♥s ❛❜♦✉t ✇❤❡t❤❡r ❡❛❝❤ ❝♦♥s✉♠❡r ❦♥♦✇s t♦ ❜❡ tr❛❝❦❡❞ ♦r ♥♦t✳

✸✸❚❤✐s ♣❛②♠❡♥t ✐s ♥♦t ❝♦♥t✐♥❣❡♥t ♦♥ ❛❞ ❝❛♣❛❝✐t✐❡s✱ ❜❡❝❛✉s❡ TN ❞♦❡s ♥♦t ♠❛♥❛❣❡ t❤❡ ♣✉❜❧✐s❤❡rs✬ ❛❞ ✐♥✈❡♥t♦r✐❡s✳
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t❤❛t ❝❡♥tr❛❧✐③❡s t❤❡✐r s❛❧❡ ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✹✮✳ ■t ❢♦❧❧♦✇s t❤❛t ❝♦♥s✉♠❡rs ❛r❡ ❜❡tt❡r ♦✛ ✇✐t❤ ❛ tr❛❝❦✐♥❣

♥❡t✇♦r❦ t❤❛♥ ✇✐t❤ ❛♥ ❛❞ ♥❡t✇♦r❦ ✐❢ ❛♥❞ ♦♥❧② ✐❢ qCi > q∗i ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥s ❞r✐✈✐♥❣

t❤❡ s✐❣♥ ♦❢ t❤✐s ✐♥❡q✉❛❧✐t②✮✳ ❲❡ ❞✐s❝✉ss t❤❡ ♣♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ✜♥❞✐♥❣ ✐♥ ❙❡❝t✐♦♥ ✼✳

✻✳✶✳✶ ❙❤♦✉❧❞ t❤❡ ♣✉❜❧✐s❤❡rs ❛❧❧♦✇ t❤❡ tr❛❝❦✐♥❣ ♥❡t✇♦r❦ ♦♥ t❤❡✐r ✇❡❜s✐t❡s❄

❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ tr❛❝❦✐♥❣ ♥❡t✇♦r❦ ❝❛♥ ♦❜t❛✐♥ ❛❝❝❡ss t♦ t❤❡ ♣✉❜❧✐s❤❡rs✬ ❝♦♥s✉♠❡rs ❛t ✈✐rt✉❛❧❧②

♥♦ ❝♦st ✐❢ tr❛❝❦✐♥❣ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ❞✐s✉t✐❧✐t② ❢r♦♠ ❛❞s✳ ❍♦✇❡✈❡r✱ ✐❢ tr❛❝❦✐♥❣ ✐s ✉s❡❞ ✐♥ ✇❛②s t❤❛t

❝❤❛♥❣❡ s✉❝❤ ❞✐s✉t✐❧✐t②✱ t❤❡ ♣✉❜❧✐s❤❡rs ♠❛② ❜❡ ❜❡tt❡r ♦✛ ❛✈♦✐❞✐♥❣ t❤❡ tr❛❝❦✐♥❣ ♥❡t✇♦r❦✳ ❚♦ ❣r❛s♣

t❤❡ ✐♥t✉✐t✐♦♥✱ ❝♦♥s✐❞❡r t❤❡ ♠♦❞❡❧ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✶ ❛♥❞ ❢♦❝✉s ♦♥ ❝❛s❡ ❘✱ ✇❤❡r❡❜② tr❛❝❦✐♥❣

♠❛❦❡s ❛❞s ♠♦r❡ ❛♥♥♦②✐♥❣ t♦ ❝♦♥s✉♠❡rs✳ ❚❤❡ tr❛❝❦✐♥❣ ♥❡t✇♦r❦✬s r❡✈❡♥✉❡ ❛♥❞ t❤❛t ♦❢ ♣✉❜❧✐s❤❡r i

❛r❡✱ r❡s♣❡❝t✐✈❡❧② ✭s❡❡ ❆♣♣❡♥❞✐① ❇✳✺ ❢♦r t❤❡ ♣r♦♦❢✮✿

βDR
12

(
rT12 − rnT12

)
, ✭✸✷✮

ri
(
βDR

i + (1− β)DnT
i

)
+
(
rnT12 − r̂j

) (
βDR

12 + (1− β)DnT
12

)
, i = 1, 2. ✭✸✸✮

❊①♣r❡ss✐♦♥ ✭✸✸✮ s✉❣❣❡sts t❤❡ ♣✉❜❧✐s❤❡rs✬ r❡✈❡♥✉❡ ♠✐❣❤t ❞❡❝r❡❛s❡ ✇✐t❤ tr❛❝❦✐♥❣✳ ■♥ ❝❛s❡ R✱ tr❛❝❦✐♥❣

r❡❞✉❝❡s t❤❡ s❤❛r❡ ♦❢ ♠✉❧t✐✲❤♦♠❡rs ❛♥❞ ✐♥❝r❡❛s❡s t❤❛t ♦❢ s✐♥❣❧❡✲❤♦♠❡rs ✭s❡❡ ✭✷✹✮✮✳ ■❢ ❛ ♠✉❧t✐✲❤♦♠❡r

❣❡♥❡r❛t❡s s✉❜st❛♥t✐❛❧❧② ♠♦r❡ r❡✈❡♥✉❡ t♦ ❛ ♣✉❜❧✐s❤❡r t❤❛♥ ❛ s✐♥❣❧❡✲❤♦♠❡r ✭✐✳❡✳ rnT12 −r̂j ✐s ❧❛r❣❡ ❡♥♦✉❣❤

❝♦♠♣❛r❡❞ t♦ ri✮✱ tr❛❝❦✐♥❣ ❤✉rts t❤❡ ♣✉❜❧✐s❤❡r✳ ❍❡♥❝❡✱ TN ♠✉st ♣❛② ❛ ❝♦♠♣❡♥s❛t✐♦♥ t♦ ❣❛✐♥ ❛❝❝❡ss

t♦ i✬s ❝♦♥s✉♠❡rs✱ ✇❤✐❝❤ ✐s t♦♦ ❡①♣❡♥s✐✈❡ ✐❢ t❤❡ ❡①tr❛ r❡✈❡♥✉❡ ❢r♦♠ t❤❡ ❛❞s t❤❛t ❤✐t ♠✉❧t✐✲❤♦♠❡rs

✭s❡❡ ✭✸✷✮✮ ✐s ♥♦t ❧❛r❣❡ ❡♥♦✉❣❤✳ ■♥ t❤✐s ❝❛s❡✱ i ✐s ❜❡tt❡r ♦✛ ♥♦t ❛❝❝❡♣t✐♥❣ TN ♦♥ ✐ts ♣❧❛t❢♦r♠✳

❆s ✐♥ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✱ ✇❡ ❡①♣❡❝t t❤❛t t❤❡ r❡✈❡♥✉❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ ♠✉❧t✐✲❤♦♠❡rs

♦♥ ❡❛❝❤ ♣✉❜❧✐s❤❡r ✭✇✐t❤♦✉t tr❛❝❦✐♥❣✮ ❡①❝❡❡❞s t❤❛t ❢r♦♠ s✐♥❣❧❡✲❤♦♠❡rs ✐❢ t❤❡ ❢♦r♠❡r ❞❡✈♦t❡ ❡♥♦✉❣❤

❛tt❡♥t✐♦♥ t♦ ❡❛❝❤ ♣✉❜❧✐s❤❡r ❝♦♠♣❛r❡❞ t♦ s✐♥❣❧❡✲❤♦♠❡rs ❛♥❞ ✐❢ r❡♣❡t✐t✐♦♥ ❛❝r♦ss ♦✉t❧❡ts ✐s ♦❢ r❡❧❛t✐✈❡❧②

❧✐tt❧❡ ❝♦♥❝❡r♥ t♦ ❛❞✈❡rt✐s❡rs✳ ❍♦✇❡✈❡r✱ t❤❡ ♣✉❜❧✐s❤❡rs ♠❛② ❣❡♥❡r❛t❡ ♠♦r❡ r❡✈❡♥✉❡s ❢r♦♠ s✐♥❣❧❡✲

❤♦♠❡rs ✇❤❡♥ ❛❞s r❡♣❡❛t❡❞❧② ❤✐tt✐♥❣ ❝♦♥s✉♠❡rs ♦♥ ❞✐✛❡r❡♥t ♦✉t❧❡ts ❛r❡ ❤✐❣❤❧② ✇❛st❡❢✉❧ ❛♥❞ ♠✉❧t✐✲

❤♦♠❡rs ❛r❡ ♥♦t ✈❡r② ❛tt❡♥t✐✈❡✳

❆❧t❤♦✉❣❤ t❤❡ ❝♦♥❞✐t✐♦♥s s✉❝❤ t❤❛t tr❛❝❦✐♥❣ r❡❞✉❝❡s ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡s ♠✐❣❤t ❜❡ q✉✐t❡ s♣❡❝✐✜❝✱

t❤❡ ✜♥❞✐♥❣ t❤❛t t❤❡ ♣✉❜❧✐s❤❡rs ♠❛② ♣r❡❢❡r t♦ ❛✈♦✐❞ ❛ tr❛❝❦✐♥❣ ♥❡t✇♦r❦ ❞✐✛❡rs ❢r♦♠ t❤❡ ❝❛s❡ ✇❤❡r❡

t❤❡ ♣✉❜❧✐s❤❡rs✬ ♦✉ts♦✉r❝❡ t❤❡✐r ❛❞ ✐♥✈❡♥t♦r✐❡s t♦ ❛♥ ❛❞ ♥❡t✇♦r❦✳ ■♥ ❙❡❝t✐♦♥ ✺✳✸✳✶✱ ✇❡ ❛r❣✉❡❞ t❤❛t

♦✉ts♦✉r❝✐♥❣ ✐s ♣r♦✜t❛❜❧❡ t♦ t❤❡ ♣✉❜❧✐s❤❡rs ❡✈❡♥ ✐❢ tr❛❝❦✐♥❣ r❡❞✉❝❡s t♦t❛❧ ❛❞ r❡✈❡♥✉❡s✳ ❚❤❡ r❡❛s♦♥ ✐s

t❤❛t t❤❡ ❛❞ ♥❡t✇♦r❦ ❝♦❧❧❡❝ts ♠♦r❡ r❡✈❡♥✉❡ ❢r♦♠ t❤❡ ❛❞✈❡rt✐s❡rs ❜② ❝❡♥tr❛❧✐③✐♥❣ t❤❡ s❛❧❡ ♦❢ ❛❞s✱ ❡✈❡♥

✇✐t❤♦✉t tr❛❝❦✐♥❣✳ ❚r❛❝❦✐♥❣ ♥❡t✇♦r❦s ❝❛♥♥♦t ♦✛❡r t❤❡ s❛♠❡ ❛❞✈❛♥t❛❣❡ ❜❡❝❛✉s❡ t❤❡② ❞♦ ♥♦t r❡❞✉❝❡

❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣✉❜❧✐s❤❡rs ✭❡✈❡♥ ✐❢ t❤❡② ❝♦♥tr♦❧ t❤❡ ❡①t❡♥t ♦❢ tr❛❝❦✐♥❣✮✳

✻✳✷ ❈♦♠♣❡t✐♥❣ ❛❞ ♥❡t✇♦r❦s

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t✇♦ ✭✐❞❡♥t✐❝❛❧✮ ❛❞ ♥❡t✇♦r❦s ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧ ✭s❡❡ ❆♣♣❡♥❞✐① ❇✳✻ ❢♦r t❤❡

♣r♦♦❢s✮✳ ❆♥ ❛❞ ♥❡t✇♦r❦ ✐♥❝r❡❛s❡s ❣r♦ss ❛❞✈❡rt✐s❡r s✉r♣❧✉s✱ ❜② tr❛❝❦✐♥❣ ♠✉❧t✐✲❤♦♠❡rs✱ ❛♥❞ r❛✐s❡s

t❤❡ s❤❛r❡ ♦❢ t❤✐s s✉r♣❧✉s ❝❛♣t✉r❡❞ ❜② t❤❡ s✉♣♣❧② s✐❞❡ ♦❢ t❤❡ ♠❛r❦❡t✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡s❡ ❢✉♥❝t✐♦♥s
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❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ♦♥❧② ✐❢ ❜♦t❤ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡ t♦ t❤❡ s❛♠❡ ♥❡t✇♦r❦✳ ❖t❤❡r✇✐s❡✱ t❤❡ ♥❡t✇♦r❦s

❝♦♠♣❡t❡ t♦ ❛ttr❛❝t t❤❡ ❛❞✈❡rt✐s❡rs ❛♥❞ ❛r❡ ✉♥❛❜❧❡ t♦ tr❛❝❦ ❝♦♥s✉♠❡rs ❛❝r♦ss ♦✉t❧❡ts✳ ❆s ❛ r❡s✉❧t✱ t❤❡

♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡ t♦ t❤❡ s❛♠❡ ♥❡t✇♦r❦ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤✐s ♥❡t✇♦r❦ ❞❡❛❧s ✇✐t❤ t❤❡ ❛❞✈❡rt✐s❡rs ❛s

❛ ♠♦♥♦♣♦❧✐st✳ ❍❡♥❝❡✱ ✐t ✐♠♣❧❡♠❡♥ts t❤❡ s❛♠❡ ❛❞ q✉❛♥t✐t✐❡s ❛♥❞ ❝♦❧❧❡❝ts t❤❡ s❛♠❡ r❡✈❡♥✉❡ ❛s ✐♥ t❤❡

❜❛s❡❧✐♥❡ ♠♦❞❡❧✳ ❍♦✇❡✈❡r✱ ❝♦♠♣❡t✐t✐♦♥ t♦ ❛ttr❛❝t t❤❡ ♣✉❜❧✐s❤❡rs ❢♦r❝❡s t❤❡ ❛❞ ♥❡t✇♦r❦s t♦ tr❛♥s❢❡r

❛❧❧ t❤✐s r❡✈❡♥✉❡ t♦ t❤❡♠✳✸✹ ■♥ s✉♠✱ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ❛❞ ♥❡t✇♦r❦s ❜❡♥❡✜ts t❤❡ ♣✉❜❧✐s❤❡rs ♠♦r❡

t❤❛♥ ❛❞✈❡rt✐s❡rs ❛♥❞ ❝♦♥s✉♠❡rs✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ■❢ t✇♦ ❛❞ ♥❡t✇♦r❦s ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❜♦t❤ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡ t♦ t❤❡

s❛♠❡ ♦♥❡✳ ❚❤✐s ♥❡t✇♦r❦ ✐♠♣❧❡♠❡♥ts t❤❡ s❛♠❡ ❛❞ q✉❛♥t✐t✐❡s✱ (q∗1, q
∗

2)✱ ❛♥❞ ❝♦❧❧❡❝ts t❤❡ s❛♠❡ r❡✈❡♥✉❡✱

pAN ✱ ❛s ❛ ♠♦♥♦♣♦❧✐st ♥❡t✇♦r❦✳ ❍♦✇❡✈❡r✱ t❤❡ ♣✉❜❧✐s❤❡rs ❝❛♣t✉r❡ ❛❧❧ t❤✐s r❡✈❡♥✉❡✳

✻✳✸ ▼♦r❡ t❤❛♥ t✇♦ ♣✉❜❧✐s❤❡rs

❖✉r r❡s✉❧ts ❛r❡ r♦❜✉st t♦ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ♠♦r❡ t❤❛♥ t✇♦ ♣✉❜❧✐s❤❡rs ✭s❡❡ ❆♣♣❡♥❞✐① ❇✳✼✮✳ ❚♦ ❝♦♥✈❡②

t❤❡ ♠❛✐♥ ✐❞❡❛s✱ ❝♦♥s✐❞❡r t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧ ❛♥❞ ❛ss✉♠❡ t❤❡r❡ ❛r❡ N = 3 ♣✉❜❧✐s❤❡rs✳ ❚❤❡r❡ ❛r❡ t❤r❡❡

s❡ts ♦❢ ❝♦♥s✉♠❡rs ♦♥ ❡❛❝❤ ♣✉❜❧✐s❤❡r✿ s✐♥❣❧❡✲❤♦♠❡rs✱ ♠✉❧t✐✲❤♦♠❡rs s❤❛r❡❞ ❜❡t✇❡❡♥ t✇♦ ♣✉❜❧✐s❤❡rs✱

❛♥❞ ♠✉❧t✐✲❤♦♠❡rs s❤❛r❡❞ ❛♠♦♥❣ ❛❧❧ ♣✉❜❧✐s❤❡rs✳ ■❢ ♦♥❡ ♣✉❜❧✐s❤❡r ❞♦❡s ♥♦t ♦✉ts♦✉r❝❡ t♦ t❤❡ ❛❞

♥❡t✇♦r❦✱ t❤❡ ♦t❤❡r t✇♦ ❝❛♥ st✐❧❧ ❜❡♥❡✜t ❢r♦♠ t❤❡ ♥❡t✇♦r❦✬s ❝r♦ss✲♦✉t❧❡t tr❛❝❦✐♥❣ t❡❝❤♥♦❧♦❣② ❛♥❞

❢r♦♠ ❝❡♥tr❛❧✐③✐♥❣ t❤❡ s❛❧❡ ♦❢ ❛❞s✳ ❍♦✇❡✈❡r✱ ❝♦♠♣❡t✐t✐♦♥ ❢♦r ❛❞✈❡rt✐s❡rs ❣❡ts ♠♦r❡ ✐♥t❡♥s❡ ✇❤❡♥ s♦♠❡

♣✉❜❧✐s❤❡rs ❞♦ ♥♦t ♦✉ts♦✉r❝❡✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ✜♥❞ t❤❛t ❛❧❧ t❤❡ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱

❛s ✐♥ ♦✉r ❜❛s❡❧✐♥❡ s❡tt✐♥❣✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ r❡✈❡♥✉❡s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❛❞ ♥❡t✇♦r❦ ❛♥❞ t❤❡ ❢♦r❝❡s

t❤❛t ❞r✐✈❡ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛❞✈❡rt✐s✐♥❣ q✉❛♥t✐t✐❡s ❞♦ ♥♦t ❝❤❛♥❣❡✳ ❍❡♥❝❡✱ Pr♦♣♦s✐t✐♦♥s ✶ ❛♥❞ ✷ ❛r❡

q✉❛❧✐t❛t✐✈❡❧② ✉♥❝❤❛♥❣❡❞✳

❲❡ ❛❧s♦ st✉❞② t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣✉❜❧✐s❤❡rs ✐s ✈❡r② ❧❛r❣❡✱ t❤❛t ✐s N → ∞✳ ■♥

t❤✐s ❝❛s❡✱ ❡❛❝❤ ♣✉❜❧✐s❤❡r r❡♣r❡s❡♥ts ❛ t✐♥② ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♠❛r❦❡t✳ ❍❡♥❝❡✱ ✐ts ❞❡❝✐s✐♦♥ ✇❤❡t❤❡r t♦

♦✉ts♦✉r❝❡ t♦ t❤❡ ❛❞ ♥❡t✇♦r❦ ❤❛s ♣r❛❝t✐❝❛❧❧② ♥♦ ❡✛❡❝t ♦♥ t❤❡ ♣r♦✜t ❛♥❞ ❛❞✈❡rt✐s✐♥❣ ❝❛♣❛❝✐t② ♦❢ t❤❡

♦t❤❡r ♣✉❜❧✐s❤❡rs✱ ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ❛❞s ❛♥❞ r❡✈❡♥✉❡✳✸✺

✻✳✹ ❈♦♥tr❛❝ts ❛♥❞ ♥❡❣♦t✐❛t✐♦♥ ❜❡t✇❡❡♥ ❛❞✈❡rt✐s❡rs ❛♥❞ ♣❧❛t❢♦r♠s

■♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱ ✇❡ ❛ss✉♠❡ t❤❡ ♣✉❜❧✐s❤❡rs ❛♥❞ t❤❡ ❛❞ ♥❡t✇♦r❦ ♠❛❦❡ t❛❦❡✲✐t✲♦r✲❧❡❛✈❡✲✐t ♦✛❡rs

t♦ t❤❡ ❛❞✈❡rt✐s❡rs✱ s♣❡❝✐❢②✐♥❣ ❛ tr❛♥s❢❡r ✐♥ ❡①❝❤❛♥❣❡ ❢♦r ❛ ❝❡rt❛✐♥ q✉❛♥t✐t② ♦❢ ✐♠♣r❡ss✐♦♥s ♦♥ t❤❡✐r

❛✉❞✐❡♥❝❡✳ ■♥ ❆♣♣❡♥❞✐① ❇✳✽✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❛♥❛❧②s✐s ✐s r♦❜✉st t♦ ♦t❤❡r s♣❡❝✐✜❝❛t✐♦♥s ♦❢ t❤❡s❡

❝♦♥tr❛❝ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♣✉❜❧✐s❤❡rs ♦r t❤❡ ❛❞ ♥❡t✇♦r❦ ❞♦ ♥♦t ❤❛✈❡

❛❧❧ t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ✇❤❡♥ t❤❡② ♥❡❣♦t✐❛t❡ ✇✐t❤ ❛❞✈❡rt✐s❡rs✳ ❚❤❡ ❛❞✈❡rt✐s❡rs t❤✉s r❡t❛✐♥ ❛ ♣♦s✐t✐✈❡

✸✹❆s ✐♥ ♦✉r ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱ ❡❛❝❤ ♣✉❜❧✐s❤❡r ♦✉ts♦✉r❝❡s ✐ts ❡♥t✐r❡ ❛❞✈❡rt✐s✐♥❣ s♣❛❝❡ t♦ t❤✐s ♥❡t✇♦r❦✳ ❊✈❡♥ ✐❢ ❛ ♣✉❜❧✐s❤❡r
❝♦✉❧❞ ♦✉ts♦✉r❝❡ t♦ ❞✐✛❡r❡♥t ❛❞ ♥❡t✇♦r❦s✱ ✐t ✐s ❜❡tt❡r ♦✛ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ s✐♥❣❧❡ ♦♥❡ ✭s❡❡ ❢♦♦t♥♦t❡ ✷✶✮✳

✸✺❚♦ ❡✈❛❧✉❛t❡ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❛❞ ♥❡t✇♦r❦ ✐s ❛♥ ❡ss❡♥t✐❛❧ ❧✐♥❦ ❜❡t✇❡❡♥ ♣✉❜❧✐s❤❡rs ❛♥❞ ❛❞✈❡rt✐s❡rs✱ ✇❡ ❛❧s♦ ❝♦♥s✐❞❡r
❛ s❝❡♥❛r✐♦ ✇❤❡r❡ ❛ ♣✉❜❧✐s❤❡r ❝❛♥♥♦t ❣❡♥❡r❛t❡ ❛♥② r❡✈❡♥✉❡ ✇❤❡♥ ✐t ❞♦❡s ♥♦t ♦✉ts♦✉r❝❡ t♦ t❤❡ ❛❞ ♥❡t✇♦r❦✳ ❚❤❡ ♦♥❧②
❛s♣❡❝t ♦❢ t❤❡ ♠♦❞❡❧ t❤❛t ✐s ❛✛❡❝t❡❞ ✐s t❤❛t t❤❡ ❛❞ ♥❡t✇♦r❦ ❤❛s ❛ str♦♥❣❡r ♣♦s✐t✐♦♥ ✇❤❡♥ ❝♦♥tr❛❝t✐♥❣ ✇✐t❤ t❤❡ ♣✉❜❧✐s❤❡rs
❛♥❞ t❤✉s r❡t❛✐♥s ❛ ❧❛r❣❡r s❤❛r❡ ♦❢ t❤❡ ❣r♦ss ❛❞✈❡rt✐s❡r s✉r♣❧✉s✳

✷✻



s❤❛r❡ ♦❢ t❤❡ ❣r♦ss ❛❞✈❡rt✐s❡r s✉r♣❧✉s✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ t❤✐s s❤❛r❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ❛❞✈❡rt✐s✐♥❣

❝❛♣❛❝✐t✐❡s✱ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s r❡❣❛r❞✐♥❣ t❤❡ ❝❤♦✐❝❡ ♦❢ s✉❝❤ ❝❛♣❛❝✐t✐❡s ❛r❡ ❛s ✐♥ t❤❡ ❜❛s❡❧✐♥❡

♠♦❞❡❧ ✭s❡❡ ✭✶✷✮ ❛♥❞ ✭✾✮✮✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛❧❧♦❝❛t✐♦♥ ♦❢ ❛❞s ✐s ❛❧s♦ ✐❞❡♥t✐❝❛❧✱ ❛♥❞ t❤❡ ♠❛✐♥ r❡s✉❧ts

♦❢ t❤❡ ❛♥❛❧②s✐s ❞♦ ♥♦t ❝❤❛♥❣❡✳ ■♥ ❆♣♣❡♥❞✐① ❇✳✽✱ ✇❡ ❛❧s♦ ♣r♦✈✐❞❡ ❛♥ ✐♥❢♦r♠❛❧ ❞✐s❝✉ss✐♦♥ ♦❢ ❤♦✇ ♦✉r

♠♦❞❡❧ ❝♦✉❧❞ ❛❝❝♦♠♠♦❞❛t❡ ✐♠♣r❡ss✐♦♥s ❜❡✐♥❣ s♦❧❞ ✈✐❛ s❡❝♦♥❞✲♣r✐❝❡ ❛✉❝t✐♦♥s✳

✻✳✺ ❈♦♥tr❛❝ts ❜❡t✇❡❡♥ ♣✉❜❧✐s❤❡rs ❛♥❞ t❤❡ ❛❞ ♥❡t✇♦r❦

❲❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t t❤❡ ❛❞ ♥❡t✇♦r❦ ♦✛❡rs t♦ t❤❡ ♣✉❜❧✐s❤❡rs ♣❛②♠❡♥ts ❝♦♥t✐♥❣❡♥t ♦♥ t❤❡✐r ❛❞

❝❛♣❛❝✐t②✳ ❲❡ ♥♦✇ ❞✐s❝✉ss t❤❡ r♦❜✉st♥❡ss ♦❢ ♦✉r ❜❛s❡❧✐♥❡ r❡s✉❧ts t♦ ♦t❤❡r ❢♦r♠✉❧❛t✐♦♥s ♦❢ ❝♦♥tr❛❝ts

❜❡t✇❡❡♥ t❤❡ ❛❞ ♥❡t✇♦r❦ ❛♥❞ t❤❡ ♣✉❜❧✐s❤❡rs ✭s❡❡ ❆♣♣❡♥❞✐① ❇✳✾ ❢♦r t❤❡ ♣r♦♦❢s✮✳

❙✉♣♣♦s❡ t❤❡ ❛❞ ♥❡t✇♦r❦ ❞♦❡s ♥♦t ♦✛❡r ♣❛②♠❡♥ts ❝♦♥t✐♥❣❡♥t ♦♥ ❝❛♣❛❝✐t✐❡s✱ ❜✉t ❛ r❡✈❡♥✉❡ s❤❛r✐♥❣

❝♦♥tr❛❝t ✇❤❡r❡❜② t❤❡ ♣✉❜❧✐s❤❡rs r❡❝❡✐✈❡ ❛ ✜①❡❞ s❤❛r❡ ♦❢ t❤❡ ❛❞ ♥❡t✇♦r❦✬s t♦t❛❧ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡

✭s❡❡ ✭✶✵✮✮✳ ❚❤❡ ♣✉❜❧✐s❤❡rs✬ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ✇❤❡♥ ❝❤♦♦s✐♥❣ t❤❡ ❛❞ ❝❛♣❛❝✐t② ❛r❡ ❛s ✐♥ ✭✶✷✮✳ ❚❤✉s✱

❡q✉✐❧✐❜r✐✉♠ ❝❛♣❛❝✐t✐❡s ❛r❡ ✐❞❡♥t✐❝❛❧ t♦ t❤♦s❡ ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧ ❛♥❞ s♦ ❛r❡ t❤❡ ♠❛✐♥ r❡s✉❧ts✳

❆ss✉♠❡ ♥♦✇ t❤❡ ❛❞ ♥❡t✇♦r❦ s❤❛r❡s ✇✐t❤ ❡❛❝❤ ♣✉❜❧✐s❤❡r ❛ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ r❡✈❡♥✉❡ ❡❛r♥❡❞ ❢r♦♠

✐♠♣r❡ss✐♦♥s ♦♥ ✐ts ❞♦♠❛✐♥✳ Pr♦♣♦s✐t✐♦♥ ✶ r❡♠❛✐♥s t❤❡ s❛♠❡✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t t❤❡ ♣✉❜❧✐s❤❡rs

✐♥t❡r♥❛❧✐③❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡✐r ❛❞ ❝❛♣❛❝✐t✐❡s ♦♥ t❤❡ t♦t❛❧ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡ ❢r♦♠ ♠✉❧t✐✲❤♦♠❡rs ✭❛♥❞

❤♦✇ t❤✐s ❡✛❡❝t ❝❤❛♥❣❡s ✇✐t❤ tr❛❝❦✐♥❣✮✱ ❜❡❝❛✉s❡ t❤❡ ❛❞ ♥❡t✇♦r❦ tr❛♥s❢❡rs t♦ t❤❡♠ ❛ ✜①❡❞ s❤❛r❡ ♦❢

t❤✐s r❡✈❡♥✉❡✳ ❍♦✇❡✈❡r✱ Pr♦♣♦s✐t✐♦♥ ✷ ✐s s❧✐❣❤t❧② ♠♦❞✐✜❡❞✳ ❚❤❡ ♠❛✐♥ r❡❛s♦♥ ✐s t❤❛t ❡❛❝❤ ♣✉❜❧✐s❤❡r

✐❣♥♦r❡s t❤❡ ❡✛❡❝t ♦❢ ✐ts ♦✇♥ ❛❞ ❝❛♣❛❝✐t② ♦♥ t❤❡ r❡✈❡♥✉❡ ❢r♦♠ s✐♥❣❧❡✲❤♦♠❡rs ♦♥ t❤❡ ♦t❤❡r ♦✉t❧❡t✳

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ tr❛♥s❢❡rs ❢r♦♠ t❤❡ ❛❞ ♥❡t✇♦r❦ t♦ ❛ ♣✉❜❧✐s❤❡r ❛r❡ ♥♦t

❝♦♥t✐♥❣❡♥t ♦♥ t❤❡ ♦✉t❝♦♠❡ ♦❢ ♥❡❣♦t✐❛t✐♦♥ ✇✐t❤ t❤❡ ♦t❤❡r ♣✉❜❧✐s❤❡r ✭t❤❛t ✐s✱ ✇❡ r✉❧❡ ♦✉t t❤❡ ♠✉❧t✐❧❛t✲

❡r❛❧ ❞✐♠❡♥s✐♦♥ ❢r♦♠ t❤❡ ❝♦♥tr❛❝t✮✳ ❆❣❛✐♥✱ Pr♦♣♦s✐t✐♦♥ ✶ ✐s ✉♥❛✛❡❝t❡❞✳ ❊✈❡♥ ✐❢ t❤❡ ❛❞ ♥❡t✇♦r❦ t❛❦❡s

✐♥t♦ ❛❝❝♦✉♥t t❤❛t ❝❤❛♥❣❡s ✐♥ t❤❡ ❛❞✈❡rt✐s✐♥❣ ❝❛♣❛❝✐t② ♦♥ ♦♥❡ ♣✉❜❧✐s❤❡r ❛✛❡❝t t❤❡ ♦t❤❡r ♣✉❜❧✐s❤❡r✬s

♦✉ts✐❞❡ ♦♣t✐♦♥✱ t❤❡ ❧❛tt❡r ✐s ✉♥❛✛❡❝t❡❞ ❜② tr❛❝❦✐♥❣✱ ❜❡❝❛✉s❡ ✐t r❡❢❡rs t♦ ❛ s❝❡♥❛r✐♦ ✇❤❡r❡ t❤❡ ❛❞

♥❡t✇♦r❦ ✐s ♥♦t ♣r❡s❡♥t ♦♥ ❜♦t❤ ♣✉❜❧✐s❤❡rs✳ ❚❤✐s ❡✛❡❝t ❝❤❛♥❣❡s Pr♦♣♦s✐t✐♦♥ ✷ s❧✐❣❤t❧②✱ ❜✉t ♥♦t t❤❡

♠❛✐♥ ❢♦r❝❡s ❞r✐✈✐♥❣ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❛❞ ♥❡t✇♦r❦ ♦♥ ❛❞ q✉❛♥t✐t✐❡s✳

✼ P♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s

Pr✐✈❛❝② r❡❣✉❧❛t✐♦♥ ❛♥❞ ❝♦♥s✉♠❡r ❝♦♥s❡♥t✳ ❚❤❡r❡ ✐s ❛♥ ♦♥❣♦✐♥❣ ❞❡❜❛t❡ r❡❣❛r❞✐♥❣ t❤❡ ❡✛❡❝t ♦❢

tr❛❝❦✐♥❣ t❡❝❤♥♦❧♦❣✐❡s ♦♥ ❝♦♥s✉♠❡rs✳ ❙❡✈❡r❛❧ r❡❣✉❧❛t♦rs ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ♠❛♥❞❛t✐♥❣ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢

t♦♦❧s t❤❛t ❢❛❝✐❧✐t❛t❡ t❤❡ ❞❡❧❡t✐♦♥ ♦❢ t❤✐r❞✲♣❛rt② ❝♦♦❦✐❡s ✐♥ ■♥t❡r♥❡t ❜r♦✇s❡rs✳✸✻ ❆ r❡❧❛t❡❞ ✐♥t❡r✈❡♥t✐♦♥

❝♦♥s✐sts ✐♥ ✐♠♣❧❡♠❡♥t✐♥❣ ♦♣t✲✐♥ ♣♦❧✐❝✐❡s t❤❛t ❞❡❝r❡❛s❡ t❤❡ ♣❡r❝❡✐✈❡❞ ❝♦st ❢♦r ❝♦♥s✉♠❡rs t♦ ❛✈♦✐❞

tr❛❝❦✐♥❣✱ ❛s ♦♣♣♦s❡❞ t♦ ♦♣t✲♦✉t ♣♦❧✐❝✐❡s✳✸✼ ■♥ ♦✉r ♠♦❞❡❧✱ t❤❡s❡ ♣♦❧✐❝✐❡s ✇♦✉❧❞ r❡❞✉❝❡ t❤❡ ❝♦st ♦❢

✸✻❚❤❡ ❋❚❈ r❡❝❡♥t❧② ❝♦♥s✐❞❡r❡❞ ❛ ❉♦ ◆♦t ❚r❛❝❦ ♠❡❝❤❛♥✐s♠ t❤❛t ✇♦✉❧❞ ♣❡rs✐st❡♥t❧② r❡❝♦r❞ ♦♥ ❛ ❝♦♥s✉♠❡r✬s ❞❡✈✐❝❡
❤❡r ❝❤♦✐❝❡ ♥♦t t♦ ❜❡ tr❛❝❦❡❞✳ ❆❧s♦✱ s❡✈❡r❛❧ ❊✉r♦♣❡❛♥ ❉❛t❛ Pr♦t❡❝t✐♦♥ ❆✉t❤♦r✐t✐❡s ❡♥❝♦✉r❛❣❡ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ✏❞♦✲
♥♦t✲tr❛❝❦✑ t♦♦❧s ❛❧❧♦✇✐♥❣ ❝♦♥s✉♠❡rs t♦ ❡❛s✐❧② ♠❛♥❛❣❡ ❝♦♦❦✐❡s ✭s❡❡ ❤tt♣✿✴✴❡❝✳❡✉r♦♣❛✳❡✉✴❥✉st✐❝❡✴❞❛t❛✲♣r♦t❡❝t✐♦♥✴❛rt✐❝❧❡✲
✷✾✴❞♦❝✉♠❡♥t❛t✐♦♥✴♦♣✐♥✐♦♥✲r❡❝♦♠♠❡♥❞❛t✐♦♥✴✜❧❡s✴✷✵✶✻✴✇♣✷✹✵❴❡♥✳♣❞❢✮✳

✸✼❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❊❯✬s ●❉P❘ ✭✷✵✶✻✮ ♣r❡s❝r✐❜❡s t❤❛t ✏❈♦♥s❡♥t s❤♦✉❧❞ ❜❡ ❣✐✈❡♥ ❜② ❛ ❝❧❡❛r ❛✣r♠❛t✐✈❡ ❛❝t✑✳

✷✼



❜❧♦❝❦✐♥❣✱ b✱ r❛✐s✐♥❣ t❤❡ s❤❛r❡ ♦❢ ❝♦♥s✉♠❡rs ✇❤♦ ❜❧♦❝❦✳✸✽

❆ss✉♠✐♥❣ t❤❡ ♦♥❧✐♥❡ ❛❞✈❡rt✐s✐♥❣ ♠❛r❦❡t ✐s ✉♥r❡❣✉❧❛t❡❞ ✭❛s ✐t ✐s ❝✉rr❡♥t❧② t❤❡ ❝❛s❡✮✱ ♦✉r ✜♥❞✐♥❣s

♦❢ ❙❡❝t✐♦♥ ✺ s✉❣❣❡st t❤❛t ✐♥t❡r✈❡♥t✐♦♥s ❛✐♠✐♥❣ t♦ ❢❛❝✐❧✐t❛t❡ ♦♣t✐♥❣ ♦✉t ❢r♦♠ tr❛❝❦✐♥❣ ♠❛② ❤✉rt

❝♦♥s✉♠❡rs ✐❢ t❤❡② ✐♥❞✉❝❡ ❛❞✈❡rt✐s✐♥❣ q✉❛♥t✐t✐❡s t♦ ❣♦ ✉♣✳ ❆❝❝♦r❞✐♥❣ t♦ ♦✉r ♠♦❞❡❧ ✭s❡❡ Pr♦♣♦s✐t✐♦♥

✶✮✱ t❤✐s s❤♦✉❧❞ ❜❡ t❤❡ ❝❛s❡ ✇❤❡♥ ❝♦♥s✉♠❡rs✬ ♣r❡❢❡r❡♥❝❡s ❢♦r t❤❡ ♣✉❜❧✐s❤❡rs ❛r❡ ♥❡❣❛t✐✈❡❧② ❝♦rr❡❧❛t❡❞

❛♥❞ tr❛❝❦✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐s ✉s❡❞ ♠❛✐♥❧② ❢♦r t❛r❣❡t✐♥❣ ❛❞s t♦ s♣❡❝✐✜❝ ❝♦♥s✉♠❡rs✳ ❚❤❡ ✉♥✐♥t❡♥❞❡❞

❝♦♥s❡q✉❡♥❝❡s ♦❢ ♣r✐✈❛❝② r❡❣✉❧❛t✐♦♥ ♠❛② ♥♦♥❡t❤❡❧❡ss ❜❡ ♠✐t✐❣❛t❡❞ ❜② r❡❣✉❧❛t✐♥❣ ❛❞✈❡rt✐s✐♥❣ q✉❛♥t✐t✐❡s

❛s ✇❡❧❧ ✭s❡❡ ❜❡❧♦✇✮✳ ❇② ❝♦♥tr❛st✱ ✐❢ ❛❞✈❡rt✐s✐♥❣ q✉❛♥t✐t✐❡s t❡♥❞ t♦ ❣♦ ❞♦✇♥ ✇❤❡♥ tr❛❝❦✐♥❣ ✐s r❡str✐❝t❡❞✱

❝♦♥s✉♠❡rs ✇♦✉❧❞ ❣❡t ❛ ❞♦✉❜❧❡ ❞✐✈✐❞❡♥❞ ❢r♦♠ ♣r✐✈❛❝② r❡❣✉❧❛t✐♦♥✳

❘❡❣✉❧❛t♦rs ❝❛♥ ❛❧s♦ ✐♥❝r❡❛s❡ t❤❡ ✐♥❝❡♥t✐✈❡s t♦ ❛❝❝❡♣t tr❛❝❦✐♥❣ ✇❤✐❧❡ ♠✐♥✐♠✐③✐♥❣ ❝♦♥s✉♠❡rs✬ ♣r✐✲

✈❛❝② ❧♦ss❡s ✭❝❛♣t✉r❡❞ ❜② θ ✐♥ ♦✉r ♠♦❞❡❧✮✳ ❘❡❣✉❧❛t♦rs ♠❛② tr② t♦ r❡❞✉❝❡ t❤❡ ❞✐s✉t✐❧✐t② t❤❛t ✉s❡rs

♣❡r❝❡✐✈❡ ✇❤❡♥ tr❛❝❦❡❞✱ ❡✳❣✳ ❜② ❢♦st❡r✐♥❣ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ♠♦r❡ tr❛♥s♣❛r❡♥t ✐♥❢♦r♠❛t✐♦♥ t♦ ❝♦♥s✉♠❡rs✱

❧✐♠✐t✐♥❣ t❤❡ t✐♠❡s♣❛♥ ♦❢ ❞❛t❛ r❡t❡♥t✐♦♥ ♦r r❡q✉✐r✐♥❣ ❞❛t❛ t♦ ❜❡ ❛♥♦♥②♠✐③❡❞ ❛♥❞✴♦r ❛❣❣r❡❣❛t❡❞✳

Pr❡s✉♠❛❜❧②✱ t❤❡s❡ ♠❡❛s✉r❡s ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤♦✉t ❞r❛st✐❝❛❧❧② r❡❞✉❝✐♥❣ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢

tr❛❝❦✐♥❣✳

❆❞ ❝❛♣s✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❤♦✇ t❤❛t✱ ✐♥ ♦✉r ♠♦❞❡❧✱ t❤❡ q✉❛♥t✐t② ♦❢ ❛❞s ✐s ❡①❝❡ss✐✈❡ ❢r♦♠ ❛

✇❡❧❢❛r❡ st❛♥❞♣♦✐♥t✱ ❣✐✈❡♥ ♣❧❛t❢♦r♠s ✐❣♥♦r❡ t❤❡ ❞✐s✉t✐❧✐t② s✉✛❡r❡❞ ❜② ❝♦♥s✉♠❡rs ✇❤❡♥ ❞❡❝✐❞✐♥❣ ♦♥ ❛❞

q✉❛♥t✐t②✳ ❚❤✐s r❡s✉❧t ❧❡♥❞s s✉♣♣♦rt t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛❞✈❡rt✐s✐♥❣ ❝❛♣s✳ ❚❤❡s❡ ❝❛♣s ❛r❡ ❝♦♠♠♦♥

✐♥ tr❛❞✐t✐♦♥❛❧ ♠❡❞✐❛ ♠❛r❦❡ts✱ ❜✉t ♥♦t ✐♥ t❤❡ ❝♦♠♠❡r❝✐❛❧ ✐♥t❡r♥❡t✳✸✾ ■♥t❡r❡st✐♥❣❧②✱ ✐❢ tr❛❝❦✐♥❣ ✐s ❧✐❦❡❧②

t♦ ❡①♣❛♥❞ t❤❡ q✉❛♥t✐t② ♦❢ ❛❞s ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✮✱ r❡❣✉❧❛t✐♦♥ ❢❛❝✐❧✐t❛t✐♥❣ ♦♣t ♦✉t s❤♦✉❧❞ ♠♦✈❡ t❤✐s

q✉❛♥t✐t② ✐♥ t❤❡ r✐❣❤t ❞✐r❡❝t✐♦♥✳ ❇② ❝♦♥tr❛st✱ ✐❢ tr❛❝❦✐♥❣ t❡♥❞s t♦ r❡❞✉❝❡ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s✱ ❛❞ ❝❛♣s

❜❡❝♦♠❡ ♠♦r❡ ❞❡s✐r❛❜❧❡ ✇✐t❤ str✐❝t❡r ♣r✐✈❛❝② r✉❧❡s✳

❈♦♥✜❣✉r✐♥❣ t❤❡ s✉♣♣❧②✲s✐❞❡ ♦❢ t❤❡ ❛❞✈❡rt✐s✐♥❣ ♠❛r❦❡t✳ ❙❡tt✐♥❣ ♣r✐✈❛❝② ❝♦♥s✐❞❡r❛t✐♦♥s ❛s✐❞❡✱

♦✉r ❛♥❛❧②s✐s ❛❧s♦ ❤❛s ✐♠♣❧✐❝❛t✐♦♥s ❢♦r t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ s✉♣♣❧②✲s✐❞❡ ♦❢ t❤❡ ❛❞✈❡rt✐s✐♥❣ ♠❛r❦❡t✳

❙❤♦✉❧❞ ❛ r❡❣✉❧❛t♦r ❞✐s❝♦✉r❛❣❡ t❤❡ ♣✉❜❧✐s❤❡rs ❢r♦♠ ♦✉ts♦✉r❝✐♥❣ t❤❡ s❛❧❡ ♦❢ ❛❞s t♦ ❛❞ ♥❡t✇♦r❦s❄ ■♥ ♦✉r

❜❛s❡❧✐♥❡ ♠♦❞❡❧✱ t♦t❛❧ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡ ✐s ❤✐❣❤❡r ✇✐t❤ t❤❡ ❛❞ ♥❡t✇♦r❦✳ ❋✉rt❤❡r♠♦r❡✱ ❝♦♥s✉♠❡rs

❜❡♥❡✜t ✐❢ t❤❡ ❛❞ ♥❡t✇♦r❦ r❡str✐❝ts t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❞s✳ ❍❡♥❝❡✱ ✇❤❡♥ t❤✐s ❝♦♥❞✐t✐♦♥ ❛♣♣❧✐❡s ✭s❡❡

Pr♦♣♦s✐t✐♦♥ ✶ ❛♥❞ ✷✮✱ r❡❣✉❧❛t♦rs s❤♦✉❧❞ ♥♦t ✐♠♣❡❞❡ ♦✉ts♦✉r❝✐♥❣✳ ❖t❤❡r✇✐s❡✱ r❡❣✉❧❛t♦rs ♠✐❣❤t ❢❛✈♦r

t❤❡ ✉s❡ ♦❢ tr❛❝❦✐♥❣ ♥❡t✇♦r❦s ❛♥❞ ❡♥❝♦✉r❛❣❡ t❤❡ ♣✉❜❧✐s❤❡rs t♦ s❡❧❧ t❤❡✐r ♦✇♥ ❛❞ ✐♥✈❡♥t♦r✐❡s ❞✐r❡❝t❧②✳

✽ ❙✉♠♠❛r② ❛♥❞ ❈♦♥❝❧✉s✐♦♥s

❲❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ♣✉❜❧✐s❤❡rs✬ ❞❡❝✐s✐♦♥ t♦ ♠❛❦❡ ✉s❡ ♦❢ t❤✐r❞✲♣❛rt② ♣❧❛t❢♦r♠s✱ ❞✐st✐♥❣✉✐s❤✐♥❣ ❜❡✲

t✇❡❡♥ ❛❞ ♥❡t✇♦r❦s ❛♥❞ tr❛❝❦✐♥❣ ♥❡t✇♦r❦s✳ ❲❡ ❢♦✉♥❞ t❤❛t ♦✉ts♦✉r❝✐♥❣ t❤❡ s❛❧❡ ♦❢ ❛❞s t♦ ❛♥ ❛❞

♥❡t✇♦r❦ ✐s ♣r♦✜t❛❜❧❡ ❢♦r ❞✐❣✐t❛❧ ♣✉❜❧✐s❤❡rs✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ♣✉❜❧✐s❤❡rs ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❣❛✐♥ ❜②

✸✽❚❤❡ ❡✛❡❝t ♦❢ r❡❞✉❝✐♥❣ b ✐s ❡q✉✐✈❛❧❡♥t t♦ ❡①♦❣❡♥♦✉s❧② r❡❞✉❝✐♥❣ β✱ ❡①❝❡♣t ❢♦r t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡✛❡❝t ♦♥ t❤❡ ❝♦sts
s✉st❛✐♥❡❞ ❜② t❤♦s❡ ✇❤♦ ❜❧♦❝❦ tr❛❝❦✐♥❣✳ ❲❡ ❢♦r♠❛❧❧② ❝❤❛r❛❝t❡r✐③❡ t❤✐s ❡✛❡❝t ✐♥ ❆♣♣❡♥❞✐① ❇✳✶✵✳✶✳

✸✾❙❡❡ ❆♥❞❡rs♦♥ ✭✷✵✵✼✮ ❢♦r ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ❡✛❡❝ts ♦❢ ❛❞ ❝❛♣s ♦♥ t❤❡ ❚❱ ♠❛r❦❡t✳

✷✽



❛❧❧♦✇✐♥❣ ❛ tr❛❝❦✐♥❣ ♥❡t✇♦r❦ ♦♥ t❤❡✐r ✇❡❜s✐t❡s✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✇❤❡♥ tr❛❝❦✐♥❣ r❡❞✉❝❡s t❤❡ ✈❛❧✉❡ ♦❢

t❤❡ ♣✉❜❧✐s❤❡rs✬ ❛❞ ✐♥✈❡♥t♦r②✱ ❜❡❝❛✉s❡✱ ✉♥❧✐❦❡ ❛♥ ❛❞ ♥❡t✇♦r❦✱ t❤❡ tr❛❝❦✐♥❣ ♥❡t✇♦r❦ ❞♦❡s ♥♦t s♦❢t❡♥

❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ❛❞✈❡rt✐s✐♥❣ ♦✉t❧❡ts✳ ❲❡ ❢♦✉♥❞ t❤✐s ❛❞✈❡rs❡ ❡✛❡❝t ✐s ♠♦r❡ ❧✐❦❡❧② ✇❤❡♥ ❛❞✈❡rt✐s✲

❡rs ✉s❡ tr❛❝❦✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ✇❛②s t❤❛t ♠❛❦❡ ❛❞s ♠♦r❡ ❛♥♥♦②✐♥❣ ❢♦r ❝♦♥s✉♠❡rs ✭❡✳❣✳ r❡t❛r❣❡t✐♥❣✮

❛♥❞ ✇❤❡♥ ❛ ♠✉❧t✐✲❤♦♠❡r ❣❡♥❡r❛t❡s s✉❜st❛♥t✐❛❧❧② ♠♦r❡ r❡✈❡♥✉❡ t♦ t❤❡ ♣✉❜❧✐s❤❡rs t❤❛♥ ❛ s✐♥❣❧❡✲❤♦♠❡r

✭❡✳❣✳✱ ❜❡❝❛✉s❡ ❝r♦ss✲♦✉t❧❡t r❡♣❡t✐t✐♦♥ ✐s ❧✐♠✐t❡❞ ❛♥❞ ♠✉❧t✐✲❤♦♠❡rs ❞❡✈♦t❡ ❛ s✐♠✐❧❛r ❛♠♦✉♥t ♦❢ ❛tt❡♥✲

t✐♦♥ t♦ ❡❛❝❤ ♣✉❜❧✐s❤❡r ❛s s✐♥❣❧❡✲❤♦♠❡rs✮✳

❚❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤✐r❞✲♣❛rt② ♣❧❛t❢♦r♠s ❢♦r ❛❞✈❡rt✐s❡rs ❛r❡ r❛t❤❡r ❞✐✛❡r❡♥t✳ ❉✉❡ t♦ t❤❡ ❤✐❣❤❡r

❝♦♥❝❡♥tr❛t✐♦♥ ♦♥ t❤❡ s✉♣♣❧② s✐❞❡✱ ❛❞✈❡rt✐s❡rs ♠❛② ♥♦t ❜❡♥❡✜t ✇❤❡♥ t❤❡ ♣✉❜❧✐s❤❡rs ♦✉ts♦✉r❝❡ t♦ ❛❞

♥❡t✇♦r❦s✱ ♣❛rt✐❝✉❧❛r❧② ✐❢ t❤❡✐r ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ✐s ❧✐♠✐t❡❞✳ ❚❤✐s ❧♦❣✐❝ s✉❣❣❡sts t❤❛t s♠❛❧❧ ❛❞✈❡rt✐s❡rs

❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ✇♦rs❡ ♦✛ t❤❛♥ ❧❛r❣❡ ♦♥❡s ✇❤❡♥ t❤❡ ♣✉❜❧✐s❤❡rs ✉s❡ ❛❞ ♥❡t✇♦r❦s✳ ❚♦ ✐♥❝r❡❛s❡

t❤❡✐r ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r✱ s♠❛❧❧ ❛❞✈❡rt✐s❡rs ♠❛② t❤❡r❡❢♦r❡ ❥♦✐♥ ❞❡♠❛♥❞ ❛❣❣r❡❣❛t♦rs✱ s✉❝❤ ❛s ❞❡♠❛♥❞✲

s✐❞❡ ♣❧❛t❢♦r♠s✳ ❇② ❝♦♥tr❛st✱ tr❛❝❦✐♥❣ ♥❡t✇♦r❦s ❡♥❛❜❧❡ t❤❡ ❛❞✈❡rt✐s❡rs t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ tr❛❝❦✐♥❣

t❡❝❤♥♦❧♦❣✐❡s ✇✐t❤♦✉t ✐♥❝r❡❛s✐♥❣ ❝♦♥❝❡♥tr❛t✐♦♥ ♦♥ t❤❡ s✉♣♣❧② s✐❞❡ ♦❢ t❤❡ ♠❛r❦❡t✳

❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❛♥ ❛❞ ♥❡t✇♦r❦✬s ❛❜✐❧✐t② t♦ ❛❧❧♦❝❛t❡ ❛❞s ❡✣❝✐❡♥t❧② ✐♠♣r♦✈❡s ✇✐t❤ t❤❡ ♥✉♠❜❡r

♦❢ ♣✉❜❧✐s❤❡rs t❤❡ ♥❡t✇♦r❦ ❛ttr❛❝ts✱ ♣r♦✈✐❞❡❞ t❤❡✐r ❛✉❞✐❡♥❝❡s ♦✈❡r❧❛♣✳ ❍❡♥❝❡✱ ❝♦♥♥❡❝t✐♥❣ ❛ ❧❛r❣❡ ♥✉♠✲

❜❡r ♦❢ ♣✉❜❧✐s❤❡rs r❡s✉❧ts ✐♥ ❛ ❝♦♠♣❡t✐t✐✈❡ ❛❞✈❛♥t❛❣❡ ✈❡rs✉s ♦t❤❡r ♥❡t✇♦r❦s✳ ❍♦✇❡✈❡r✱ ❝♦♠♣❡t✐t✐♦♥

❜❡t✇❡❡♥ ♥❡t✇♦r❦s ♠❛❦❡s ❛ttr❛❝t✐♥❣ t❤❡s❡ ♣✉❜❧✐s❤❡rs s✐❣♥✐✜❝❛♥t❧② ♠♦r❡ ❡①♣❡♥s✐✈❡ ✭Pr♦♣♦s✐t✐♦♥ ✹✮✳

❚❤❡s❡ ✜♥❞✐♥❣s ❤❡❧♣ t♦ ✐♥t❡r♣r❡t t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❛❞ ♥❡t✇♦r❦ ♠❛r❦❡t✱ ❝❤❛r❛❝t❡r✐③❡❞

❜② ♦♥❡ ❞♦♠✐♥❛♥t ❛❞ ♥❡t✇♦r❦ ✭●♦♦❣❧❡ ❆❞ ❙❡♥s❡✮ ❛♥❞ s❡✈❡r❛❧ s♠❛❧❧❡r ♥❡t✇♦r❦s t❤❛t t❡♥❞ t♦ ❛✈♦✐❞

❝♦♠♣❡t✐t✐♦♥ ✇✐t❤ ♦t❤❡r ♥❡t✇♦r❦s ❜② ❢♦❝✉s✐♥❣ ♦♥ s♣❡❝✐✜❝ ❛✉❞✐❡♥❝❡s ✭❡✳❣✳ ❏✉♠♣st❛rt ❢♦r ❛✉t♦♠♦t✐✈❡

❛❞✈❡rt✐s✐♥❣ ❛♥❞ ❘●▼ ❢♦r ❧✉①✉r② ❛❞✈❡rt✐s✐♥❣✮✳

❋✐♥❛❧❧②✱ t❤❡ ♣♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ♣❛♣❡r ❛r❡ r❡❧❡✈❛♥t ❢♦r t❤❡ ✇❤♦❧❡ ❛❞✈❡rt✐s✐♥❣ ✐♥❞✉str②✱ ❛s

✐t ❞❡❜❛t❡s ✇✐t❤ r❡❣✉❧❛t♦rs t❤❡ ❞❡s✐❣♥ ♦❢ ♣♦❧✐❝✐❡s ✐♥t❡♥❞❡❞ t♦ r❡str❛✐♥ ♦♥❧✐♥❡ tr❛❝❦✐♥❣✳ ❘❡❣✉❧❛t✐♦♥

t❤❛t ❧✐♠✐ts tr❛❝❦✐♥❣ ♠❛② ❤❛r♠ t❤❡ ❛❞✈❡rt✐s✐♥❣ ✐♥❞✉str② ❛s ✇❡❧❧ ❛s ❝♦♥s✉♠❡rs ✐❢ ✐t ✐♥❞✉❝❡s ❞✐❣✐t❛❧

♣❧❛t❢♦r♠s t♦ ❝❛rr② ♠♦r❡ ❛❞s✳ ❲❡ ✉♥❝♦✈❡r ❛ ♥♦✈❡❧ ♠❡❝❤❛♥✐s♠ ✇♦r❦✐♥❣ t❤r♦✉❣❤ t❤❡ ❛❞✈❡rt✐s✐♥❣
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❬✷✷❪ ●❡♦r❣❡✱ ▲✳▼✳ ❛♥❞ ❈✳ ❍♦❣❡♥❞♦r♥✱ ✷✵✶✷✳ ❆❣❣r❡❣❛t♦rs✱ s❡❛r❝❤ ❛♥❞ t❤❡ ❡❝♦♥♦♠✐❝s ♦❢ ♥❡✇ ♠❡❞✐❛

✐♥st✐t✉t✐♦♥s✳ ■♥❢♦r♠❛t✐♦♥ ❊❝♦♥♦♠✐❝s ❛♥❞ P♦❧✐❝②✱ ✷✹✱ ✹✵✲✺✶✳

❬✷✸❪ ●♦❧❞❢❛r❜✱ ❆✳ ❛♥❞ ❈✳ ❚✉❝❦❡r✱ ✷✵✶✶✳ ❖♥❧✐♥❡ ❞✐s♣❧❛② ❛❞✈❡rt✐s✐♥❣✿ ❚❛r❣❡t✐♥❣ ❛♥❞ ♦❜tr✉s✐✈❡♥❡ss✳

▼❛r❦❡t✐♥❣ ❙❝✐❡♥❝❡ ✸✵✱ ✸✽✾✕✹✵✹✳

❬✷✹❪ ●♦❧❞❢❛r❜✱ ❆✳✱ ❛♥❞ ❈✳ ❊✳ ❚✉❝❦❡r✱ ✷✵✶✷✳ ❙❤✐❢ts ✐♥ Pr✐✈❛❝② ❈♦♥❝❡r♥s✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱

✶✵✷✱ ✸✹✾✲✺✸✳

❬✷✺❪ ❍❛♥♥✱ ■✳✲❍✳✱ ❑✳ ▲✳ ❍✉✐✱ ❙✳✲❨✳ ❚✳ ▲❡❡✱ ❛♥❞ ■✳P✳▲✳ P♥❣✱ ✷✵✵✽✳ ❈♦♥s✉♠❡r Pr✐✈❛❝② ❛♥❞ ▼❛r❦❡t✐♥❣

❆✈♦✐❞❛♥❝❡✿ ❆ ❙t❛t✐❝ ▼♦❞❡❧✳ ▼❛♥❛❣❡♠❡♥t ❙❝✐❡♥❝❡✱ ✺✹✱ ✶✵✾✹✲✶✶✵✸✳

❬✷✻❪ ■♥t❡r❛❝t✐✈❡ ❆❞✈❡rt✐s✐♥❣ ❇✉r❡❛✉ ✭■❆❇✮✱ ✷✵✶✼✳ ■♥t❡r♥❡t ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡

r❡♣♦rt✳ ❆✈❛✐❧❛❜❧❡ ❛t✿ ❤tt♣s✿✴✴✇✇✇✳✐❛❜✳✐t✴✇♣✲❝♦♥t❡♥t✴✉♣❧♦❛❞s✴✷✵✶✽✴✵✼✴

■❆❇✲✷✵✶✼✲❋✉❧❧✲❨❡❛r✲■♥t❡r♥❡t✲❆❞✈❡rt✐s✐♥❣✲❘❡✈❡♥✉❡✲❘❡♣♦rt✳❘❊❱✷❴✳♣❞❢

❬✷✼❪ ❏♦❤♥s♦♥✱ ❏✳P✳✱ ✷✵✶✸✳ ❚❛r❣❡t❡❞ ❛❞✈❡rt✐s✐♥❣ ❛♥❞ ❛❞✈❡rt✐s✐♥❣ ❛✈♦✐❞❛♥❝❡✳ ❘❆◆❉ ❏♦✉r♥❛❧ ♦❢ ❊❝♦✲

♥♦♠✐❝s✱ ✹✹✱ ✶✷✽✲✶✹✹✳

❬✷✽❪ ❑✐♥❞✱ ❍✳ ❏✳✱ ❚✳ ◆✐❧ss❡♥✱ ❛♥❞ ▲✳ ❙ør❣❛r❞✱ ✷✵✶✻✳ ■♥t❡r✲❋✐r♠ Pr✐❝❡ ❈♦♦r❞✐♥❛t✐♦♥ ✐♥ ❛ ❚✇♦✲❙✐❞❡❞

▼❛r❦❡t✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥✱ ✹✹✱ ✶✵✶✲✶✶✷✳

❬✷✾❪ ❑✐r❡②❡✈✱ P✳✱ ❑✳ P❛✉✇❡❧s✱ ❙✳ ●✉♣t❛✱ ✷✵✶✻✳ ❉♦ ❞✐s♣❧❛② ❛❞s ✐♥✢✉❡♥❝❡ s❡❛r❝❤❄ ❆ttr✐❜✉t✐♦♥ ❛♥❞

❞②♥❛♠✐❝s ✐♥ ♦♥❧✐♥❡ ❛❞✈❡rt✐s✐♥❣✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❘❡s❡❛r❝❤ ✐♥ ▼❛r❦❡t✐♥❣✱ ✸✸✱ ✹✼✺✲✹✾✵✳

❬✸✵❪ ▲❡✈✐♥✱ ❏✳✱ ❛♥❞ P✳ ▼✐❧❣r♦♠✱ ✷✵✶✵✳ ❖♥❧✐♥❡ ❆❞✈❡rt✐s✐♥❣✿ ❍❡t❡r♦❣❡♥❡✐t② ❛♥❞ ❈♦♥✢❛t✐♦♥ ✐♥ ▼❛r❦❡t

❉❡s✐❣♥✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✶✵✵✱ ✻✵✸✲✵✼✳
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❖♥❧✐♥❡ ▼❛r❦❡ts ✇✐t❤ ❊♥❞♦❣❡♥♦✉s Pr✐✈❛❝②✳ ▼❛♥❛❣❡♠❡♥t ❙❝✐❡♥❝❡✱ ✻✺✱ ✾✺✺✲✶✹✺✸✳
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❬✸✹❪ ❘♦❡s♥❡r✱ ❋✳✱ ❚✳ ❑♦❤♥♦ ❛♥❞ ❉✳ ❲❡t❤❡r❛❧❧✱ ✷✵✶✷✳ ❉❡t❡❝t✐♥❣ ❛♥❞ ❉❡❢❡♥❞✐♥❣ ❆❣❛✐♥st ❚❤✐r❞✲P❛rt②

❚r❛❝❦✐♥❣ ♦♥ t❤❡ ❲❡❜✳ ◆❙❉■ ✷✵✶✷✳

❬✸✺❪ ❚✉❝❦❡r✱ ❈✳ ❊✳✱ ✷✵✶✹✳ ❙♦❝✐❛❧ ◆❡t✇♦r❦s✱ P❡rs♦♥❛❧✐③❡❞ ❆❞✈❡rt✐s✐♥❣✱ ❛♥❞ Pr✐✈❛❝② ❈♦♥tr♦❧s✳ ❏♦✉r♥❛❧

♦❢ ▼❛r❦❡t✐♥❣ ❘❡s❡❛r❝❤✱ ✺✶✱ ✺✹✻✲✺✻✷✳

❬✸✻❪ ❚✉r♦✇✱ ❏✳✱ ❏✳ ❑✐♥❣✱ ❈✳❏✳ ❍♦♦❢♥❛❣❧❡✱ ❆✳ ❇❧❡❛❦❧❡② ❛♥❞ ▼✳ ❍❡♥♥❡ss②✱ ✷✵✵✾✳ ❆♠❡r✐❝❛♥s ❘❡❥❡❝t

❚❛✐❧♦r❡❞ ❆❞✈❡rt✐s✐♥❣ ❛♥❞ ❚❤r❡❡ ❆❝t✐✈✐t✐❡s t❤❛t ❊♥❛❜❧❡ ■t✳ ▼✐♠❡♦✱ ❇❡r❦❡❧❡②✳

❆♣♣❡♥❞✐① ✲ Pr♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥s

❆✳✶ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶

❲❡ ❞❡♥♦t❡ ❜② FODi t❤❡ ✜rst ♦r❞❡r ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ pAN ✇✐t❤ r❡s♣❡❝t t♦

qi✳ ❇② t❤❡ ■♠♣❧✐❝✐t ❋✉♥❝t✐♦♥ ❚❤❡♦r❡♠✱ ✇❡ ❤❛✈❡ t❤❛t✿

∂qi
∂β

=

∂FODi

∂β
∂FODj

∂qj
−

∂FODj

∂β
∂FODi

∂qj

∂FODi

∂qj

∂FODj

∂qi
− ∂FODi

∂qi

∂FODj

∂qj

. ✭✸✹✮

❚❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ❛❧✇❛②s ♥❡❣❛t✐✈❡✱ ❜❡❝❛✉s❡ ∂FODi

∂qi

∂FODj

∂qj
− ∂FODi

∂qj

∂FODj

∂qi
> 0 ❜② t❤❡ s❡❝♦♥❞

♦r❞❡r ❝♦♥❞✐t✐♦♥s ✭❙❖❈✮ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ●✐✈❡♥ s②♠♠❡tr②✱ t❤❡ ♥✉♠❡r❛t♦r ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s
∂FODi

∂β

(
∂FODj

∂qj
− ∂FODi

∂qj

)

✳ ❯s✐♥❣ t❤❡ ❙❖❈s✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t
∂FODj

∂qj
− ∂FODi

∂qj
< 0✳ ❍❡♥❝❡✱ ∂qi

∂β > 0

✐❢ ❛♥❞ ♦♥❧② ✐❢ ∂FODi

∂β = D12
∂2rT

12

∂qi∂β
+ ∂D12

∂qi

∂rT
12

∂β > 0✳ ♣

❆✳✷ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷

▲❡t
(
qC1 , q

C
2

)
❜❡ t❤❡ ❝♦✉♣❧❡s ♦❢ q✉❛♥t✐t✐❡s t❤❛t s❛t✐s❢②

∂πC
i

∂qi
= 0✱ ❢♦r i = 1, 2✱ ✇❤❡r❡ πi ✐s ❣✐✈❡♥ ❜②

✭✽✮✳ ❆❧s♦✱ ❧❡t (q∗1, q
∗

2) ❜❡ t❤❡ ❝♦✉♣❧❡s ♦❢ q✉❛♥t✐t✐❡s t❤❛t s❛t✐s❢② ∂πAN

∂qi
= 0✱ ❢♦r i = 1, 2✱ ✇✐t❤ πAN

✐s ❞❡✜♥❡❞ ✐♥ ✭✶✶✮✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ t❡①t ✭s❡❡ ❢♦♦t♥♦t❡ ✾✮✱ ✇❡ ❛ss✉♠❡ ❝♦♥❞✐t✐♦♥s s✉❝❤ t❤❛t t❤❡

❡q✉✐❧✐❜r✐✉♠ ❝♦✉♣❧❡s
(
qC1 , q

C
2

)
❛♥❞ (q∗1, q

∗

2) ❡①✐st ❛♥❞ ❛r❡ ✉♥✐q✉❡ ❤♦❧❞✳ ❇② ❛ss✉♠♣t✐♦♥✱ t❤❡r❡❢♦r❡✱ ❜♦t❤

πi ❛♥❞ πAN ❛r❡ str✐❝t❧② ❝♦♥❝❛✈❡ ✇✐t❤ r❡s♣❡❝t t♦ qi✳ ❊✈❛❧✉❛t✐♥❣ ✭✶✷✮ ✐♥
(
qC1 , q

C
2

)
❛♥❞ ✉s✐♥❣ ✭✾✮✱ ✇❡

❤❛✈❡✱ ❢♦r i = 1, 2✱

∂pAN

∂qi
= D12 (q1, q2)β

[
∂rT

12
(q1,q2)
∂qi

−
∂rnT

12
(q1,q2)
∂qi

]

+

+ ∂D12(q1,q2)
∂qi

[
β
(
rT12 (q1, q2)− rnT12 (q1, q2)

)
+ r̂j (qj)

]
+

∂Dj(q1,q2)
∂qi

rj (qj)
∣
∣
∣

q1=qC
1
,q2=qC

2
.

✭✸✺✮

❇② ❝♦♥❝❛✈✐t② ♦❢ πAN ✱ q
∗

i > qCi ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∂pAN

∂qi
> 0 ✇❤❡♥ ❡✈❛❧✉❛t❡❞ ❛t

(
qC1 , q

C
2

)
✱ ❢♦r i = 1, 2✳

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ t❤❡ ❡q✉❛❧✐t② −∂D12(q1,q2)
∂qi

=
∂Dj(q1,q2)

∂qi
✱ q∗i > qCi ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✭✶✹✮ ✐s s❛t✐s✜❡❞✳♣
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❆✳✸ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸

❊① ❛♥t❡ ❝♦♥s✉♠❡r s✉r♣❧✉s✱ ✭✶✽✮✱ ✐s s✉❝❤ t❤❛t ∂CSe

∂qi
< 0✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t②

♦❢ ❛❞s ♦♥ ♣✉❜❧✐s❤❡r i✱ q∗i ✱ ❝❛♥ ✐♥❝r❡❛s❡ ♦r ❞❡❝r❡❛s❡ ✐♥ β✳ ❲❡ ❤❡r❡ s❤♦✇ t❤❛t ∂CSe

∂β = 0 ✇❤❡♥ ❡✈❛❧✉❛t❡❞

❛t ❡q✉✐❧✐❜r✐✉♠✳ ❈♦♥s✐❞❡r ❝❛s❡ x = {I, R, FC}✱ ✇❤❡r❡ β = F (θx)✳ ❇❡❝❛✉s❡ θx = F−1 (β) ❛♥❞
(
F−1 (β)

)
′
= 1/f (θx)✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❝♦♥s✉♠❡r s✉r♣❧✉s ✇✐t❤ r❡s♣❡❝t t♦ β ❛s✿

∂CSe

∂β
= − (θx + δx (q1 + q2))

f (θx)

f (θx)
+ (b+ δ (q1 + q2)) .

■♥ ❝❛s❡ I✱ ✇❡ ❤❛✈❡ θI = b✱ ❛♥❞ δI = δ✱ ❤❡♥❝❡ ✇❡ ✜♥❞ ∂CSe

∂β = 0✳ ❚❤❡ s❛♠❡ ❝❛♥ ❜❡ s❤♦✇♥ ❢♦r ❝❛s❡ R✱

✇❤❡r❡ θR = b−
(
δR − δ

)
(q1 + q2) ✱ ❛♥❞ ❝❛s❡ FC✱ ✇❤❡r❡ θFC = b+

(
δ − δFC

)
(q1 + q2)✳ ♣

✸✸
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