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We attempt to recover an n-dimensional vector observed in white noise,
where n is large and the vector is known to be sparse, but the degree of
sparsity is unknown. We consider three different ways of defining sparsity
of a vector: using the fraction of nonzero terms; imposing power-law decay
bounds on the ordered entries; and controlling the £, norm for p small. We
obtain a procedure which is asymptotically minimax for £ loss, simultane-
ously throughout a range of such sparsity classes.

The optimal procedure is a data-adaptive thresholding scheme, driven by
control of the false discovery rate (FDR). FDR control is a relatively recent
innovation in simultaneous testing, ensuring that at most a certain expected
fraction of the rejected null hypotheses will correspond to false rejections.

In our treatment, the FDR control parameter g, also plays a determin-
ing role in asymptotic minimaxity. If ¢ = limg, € [0, 1/2] and also ¢, >
y/log(n), we get sharp asymptotic minimaxity, simultaneously, over a wide
range of sparse parameter spaces and loss functions. On the other hand,
q =limgy, € (1/2, 1] forces the risk to exceed the minimax risk by a factor
growing with g.

To our knowledge, this relation between ideas in simultaneous inference
and asymptotic decision theory is new.

Our work provides a new perspective on a class of model selection rules
which has been introduced recently by several authors. These new rules
impose complexity penalization of the form 2 - log(potential model size/
actual model sizes). We exhibit a close connection with FDR-controlling pro-
cedures under stringent control of the false discovery rate.
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1. Introduction. The problem of model selection has attracted the attention
of both applied and theoretical statistics for as long as anyone can remember. In
the setting of the standard linear model, we have noisy data on a response variable
which we wish to predict linearly using a subset of a large collection of predictor
variables. We believe that good parsimonious models can be constructed using
only a relatively few variables from the available ones. In the spirit of the modern,
computer-driven era, we would like a simple automatic procedure which is data
adaptive, can find a good parsimonious model when one exists and is effective for
very different types of data and models.

There has been an enormous range of contributions to this problem, so large
in fact that it would be impractical to summarize here. Some key contributions,
mentioned further below, include the AIC, BIC and RIC model selection proposals
[4, 22, 31, 35]. Key insights from this vast literature are:

(a) the tendency of certain rules (notably AIC), when used in an exhaus-
tive model search mode, to include too many irrelevant predictors—Breiman and
Freedman [11];

(b) the tendency of rules which do not suffer from this problem (notably RIC)
to place evidentiary standards for inclusion in the model that are far stricter than
the time-honored “individually significant” single coefficient approaches.

In this paper we consider a very special case of the model selection problem
in which a full decision-theoretic analysis of predictive risk can be carried out. In
this setting, model parsimony can be concretely defined and utilized, and we ex-
hibit a model selection method enjoying optimality over a wide range of parsimony
classes. While the full story is rather technical, at the heart of the method is a sim-
ple practical method with an easily understandable benefit: the ability to prevent
the inclusion of too many irrelevant predictors—thus improving on AIC—while
setting lower standards for inclusion—thus improving on RIC. The optimality re-
sult assures us that in a certain sense the method is unimprovable.

Our special case is the problem of estimating a high-dimensional mean vector
which is sparse, when the nature and degree of sparsity are unknown and may
vary through a range of possibilities. We consider three ways of defining sparsity
and will derive asymptotically minimax procedures applicable across all modes of
definition.

Our asymptotically minimax procedures will be based on a relatively recent
innovation—false discovery rate (FDR) control in multiple hypothesis testing. The
FDR control parameter plays a key role in delineating superficially similar cases
where one can achieve asymptotic minimaxity and where one cannot.

To our knowledge, this connection between developments in these two impor-
tant subfields of statistics is new. Historically, the multiple hypothesis testing lit-
erature has had little to do with notions like minimax estimation or asymptotic
minimaxity in estimation.
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The procedures we propose will be very easy to implement and run quickly
on computers. This is in sharp contrast to certain optimality results in minimax-
ity which exhibit optimal procedures that are computationally unrealistic. Finally,
because of recent developments in harmonic analysis—wavelets, wavelet packets,
and so on—these results are of immediate practical significance in applied settings.
Indeed, wavelet analysis of noisy signals can result in exactly the kind of sparse
means problem discussed here.

Our goal in this introduction is to make clear to the nondecision-theorist the
motivation for these results, the form of a few select results and some of the im-
plications. Later sections will give full details of the proofs and the methodology
being studied here.

1.1. Thresholding. Consider the standard multivariate normal mean problem:
iid. .

(L.1) Vi = Ui +0,2i, zi ~N@O1),i=1,...,n.
Here o, is known, and the goal is to estimate the unknown vector u lying in a
fixed set ®,. The index n counts the number of variables and is assumed large.
The key extra assumption, to be quantified later, is that the vector u is sparse:
only a small number of components are significantly large, and the indices, or
locations of these large components are not known in advance. In such situations,
thresholding will be appropriate, specifically, hard thresholding at threshold to;,,
meaning the estimate /& whose ith component is

R . — yl"
(12) o=t ={5 Bil

A compelling motivation for this strategy is provided by wavelet analysis, since
the wavelet representation of many smooth and piecewise smooth signals is sparse
in precisely our sense [18]. Consider, for example, the empirical wavelet coeffi-
cients in Figure 1(c). Model (1.1) is quite plausible if we consider the coefficients
to be grouped level by level. Within a level, the number of large coefficients is
small, though the relative number clearly decreases as one moves from coarse to
fine levels of resolution.

1.2. Sparsity. In certain subfields of signal and image processing, the wavelet
coefficients of a typical object can be modeled as a sparse vector; the interested
reader might consult literature going back to Field [21], extending through DeVore,
Jawerth and Lucier [12], Ruderman [33], Simoncelli [39] and Huang and Mumford
[28]. A representative result was given by Simoncelli, who found that in looking
at a database of images, the typical behavior of histograms of wavelet coefficients
at a single resolution level of the wavelet pyramid was highly structured, with a
sharp peak at the origin and somewhat heavy tails. In short, many coefficients are
small in amplitude while a few are very large.
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FI1G. 1. (a) Sample NMR spectrum provided by A. Maudsley and C. Raphael, n = 1024, and dis-
cussed in [18]. (b) Reconstruction using inverse discrete wavelet transform. (c) Empirical wavelet
coefficients w j displayed by nominal location and scale j, computed using a discrete orthogo-
nal wavelet transform and the Daubechies near symmetric filter of order N = 6. (d) Wavelet co-
efficients after hard thresholding using the FDR threshold described at (1.8), with estimated scale
6 = med.abs.dev.(wgy)/0.6745, a resistant estimate of scale at level 9—for details on &, see [18].

Wavelet analysis of images is not the only place where one meets transforms
with sparse cofficients. There are several other signal processing settings—for ex-
ample, acoustic signal processing—where, when viewed in an appropriate basis,
the underlying object has sparse coefficients [5].

In this paper we consider several ways to define sparsity precisely.

The most intuitive notion of sparsity is simply that there is a relatively small pro-
portion of nonzero coefficients. Define the ¢y quasi-norm by || x|o = #{i : x; £ 0}.
Fixing a proportion 7, the collection of sequences with at most a proportion n of
nonzero entries is

(1.3) Coln] ={n e R":||ullo < nn}.
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By analogy with night-sky images, we will call nearly black a setting where the
fraction of nonzero entries n *2 0 [17].

Sparsity can also mean that there is a relatively small proportion of relatively
large entries. Define the decreasing rearrangement of the amplitudes of the entries
so that

llay = Il = = [kl
we control the entries by a termwise power-law bound on the decreasing rearrange-
ments:
Il <C-k P, k=1,2,....

For reasons which will not be immediately obvious, we work with p =1/ in-
stead, and call such a constraint a weak-£,, constraint. The interesting range is p
small, yielding substantial sparsity. One can check whether a vector obeys such a
constraint by plotting the decreasing rearrangement on semilog axes, and compar-
ing the plot with a straight line of slope —1/p. Certain values of p < 2 provide a
reasonable model for wavelet coefficients of real-world images [12].

Formally, a weak-£, ball of radius 7 is defined by requiring that the ordered
magnitudes of components of u decay quickly:

(1.4) mpln]={pn e R": |u|@y < mn/Pk=VP forallk =1,...,n}.
Weak £, has a natural “least-sparse” sequence, namely,
(1.5) fe =nn' /PP, k=1,...,n

(and its permutations). We also measure sparsity using £, norms with p small:

n 1/p
(1.6) ||M||p:<Z|Mi|p) :

i=1
That small p emphasizes sparsity may be seen by noting that the two vectors
(1,0,...,0) and (n~ /P, ... n7V/P)

have equivalent £, norms, but when p is small the components of the latter dense
vector are all negligible. Strong-£,, balls of small average radius 7 are defined so:

1 n
Lplnl = {MGR":;ZIMI” SnP]-
i=1

If we refer to £, without qualification—weak or strong—we mean strong £ .

There are important relationships between these classes. Note that as p — 0,
the £, norms approach £: ||;L||£ — |ltllo. Weak-£, balls contain the correspond-
ing strong-£, balls, but only just:

ﬁp[ﬂ]Cmp[ﬂMZ@p/[ﬂ], P/>p-

1.3. Adapting to unknown sparsity. Estimation of sparse normal means
over £, balls has been carefully studied in [15], with the result that much is known
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FIG. 2. Gaussian shift model (1.1) with n = 10,000 and oy, = 1. There are ng = nl/* = 10 nonzero
components p; = jto = 5.21. Thus B = 1/4. Stars show ordered data |y| () and solid circles the cor-

responding true means. Dotted horizontal line is “correct” threshold t1 /4 = \/2(1 — JT) logn =3.72,
and dotted vertical lines show magnitude of the error committed with t1 /4. Solid horizontal line is a

“misspecified” threshold typ = /2(1 — %) logn = 3.03, which would be the appropriate choice for

ng = n'/2 =100 nonzero components. Solid vertical lines show the additional absolute error suf-

fered by using this misspecified threshold. Quantitatively, the absolute error || — ||| using the right
threshold is 14.4 versus 70.0 for the wrong threshold. For £y error || i — Ml|%, the right threshold has
error 38.8 and the wrong one has error 221.1.

about asymptotically minimax strategies for estimation. In essence, if we know the
degree of sparsity of the sequence, then it turns out that thresholding is indeed
asymptotically minimax, and there are simple formulas for optimal thresholds.
Figure 2 gives an example. One simple model of varying sparsity levels sets
no = n? nonzero components out of n, 0 < 8 < 1. Theory reviewed in Section 3
suggests that a threshold of about 75 = 0,,/2(I — B) logn is appropriate for such a
sparsity level. Suppose that 8 is unknown, and examine the consequences of using
misspecified thresholds 7, y # B. The solid lines in Figure 2 show the increased
absolute error incurred using #1,2 when ?; 4 is appropriate—the total absolute er-
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ror is five times worse. For squared error, the misspecified threshold produces a
discrepancy that is larger by nearly a factor of 6.

Typically we could not know in advance the degree of sparsity of the estimand,
so we prefer methods adapting automatically to the unknown degree of sparsity.

1.4. FDR-controlling procedures. Benjamini and Hochberg [6] proposed a
new principle for design of simultaneous testing procedures—control of the false
discovery rate (FDR). In a setting where one is testing many hypotheses, the prin-
ciple imposes control on the expected ratio of the number of erroneously rejected
hypotheses to the total number rejected. The exact definition and basic properties
of the FDR, as well as examples of procedures holding it below a specified level ¢,
are reviewed in Section 2. In the context of estimation, a thresholding procedure,
which reflects the step-up FDR controlling procedure in [6], was first proposed
in [1]. The procedure is quite simple:

Form the order statistics of the magnitudes of the observed estimates,

(1.7) Iy =1yl == >la == 1ymn,

and compare them to the series of right tail Gaussian quantiles ty = 0,,2(q/2-k/n).
Let kr be the largest index k for which |y|x) > 1; threshold the estimates at (the
data-dependent) threshold e = tr,

(1.8) fp = {yk, |kl = iF,
’ 0, else.

The FDR threshold is inherently adaptive to the sparsity level: it is higher for
sparse signals and lower for dense ones. In the context of model selection, control
of the FDR means that when the model is discovered to be complex, so that many
variables are needed, we should not be concerned unduly about occasional inclu-
sion of unnecessary variables; this is bound to happen. Instead, it is preferable to
control the expected proportion of erroneously included variables. In a limited sim-
ulation study in the context of wavelet estimation, Abramovich and Benjamini [2]
demonstrated the good adaptivity properties of the FDR thresholding procedure as
reflected in relative mean square error performance.

In order to demonstrate the adaptivity of FDR thresholding, Figure 3 illustrates
the results of FDR thresholding at two different sparsity levels. In the first, sparser,
case a higher threshold is chosen. Furthermore, the fraction of discoveries (coef-
ficients above threshold) that are false discoveries (coming from coordinates with
true mean 0) is roughly similar in the two cases. This is consistent with the fun-
damental result of Benjamini and Hochberg [6] that the FDR procedure described
above controls the false discovery rate below level g, whatever be the configura-
tions of means u € R*, n > 1.
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Fic. 3. (a) 10 out of 10,000. p; = pug =5.21 for i =1,...,n9 = 10 and p; =0 if
i=11,12,...,n=10,000. Data y; from model (1.1), on = 1. Solid line: ordered data |y| ). Solid
circles: true unobserved mean value w; corresponding to observed |y| ). Dashed line: FDR quan-

tile boundary ty = z(q/2 - k/n), q = 0.05. Last crossing at kr = 12 producing threshold tr = 4.02.
Thus |y|(10) and |y|(12) are false discoveries out of a total of kg =12 discoveries. The empirical
false discovery rate FDR = 2/12. (b) 100 out of 10,000. p; = ug =4.52 fori =1,...,n9 = 100;
otherwise zero. Same FDR quantile boundary, g = 0.05. Now there are IGF = 84 discoveries, yielding
7r =3.54 and FDR = 5/84.

1.5. Certainty-equivalent heuristics for FDR-based thresholding. How can
FDR multiple-testing ideas be related to the performance of the corresponding
estimator? Here we sketch a simple heuristic.

Consider an “in-mean” analysis of FDR thresholding. In the FDR definition,
replace the observed data |y| ) by the mean values i, assumed to be already de-
creasing. Consider a pseudo-FDR index k. (it), found assuming o, = 1, by solving
for the crossing point

Mk, = Ik, -

Consider the case where the object of interest obeys the weak-£, sparsity con-
straint p € mp[n,]. Weak £, has a natural “extreme” sequence, namely (1.5).
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Consider the “in-mean” behavior at this extremal sequence; the crossing point re-
lation (1.5) yields

Nn (n/k*)l/p = I,
Using the relation t; ~ /2logn/k, valid for k = o(n), one sees quickly that

tk, ~ v 2log, s

the right-hand side of this display is asymptotic to the correct minimax threshold
for weak- and strong-£,, balls of radius 7!

Thus, FDR, in a heuristic certainty-equivalent analysis, is able to determine the
threshold appropriate to a given signal sparsity. Further, this calculation makes no
reference to the loss function, and so we might hope that the whole range 0 < r <2
of £, error measures is covered.

1.6. Main results. Given an £, error measure and ®, C R”, the worst-case
risk of an estimator & over ©,, is

(1.9) P, ®y) = sup Eyllit — plly-
HEB,

The parameter spaces of interest to us will be those introduced earlier:

(i) ©, ={Lo[n,] (“nearly black™),
(i) ®, =mp[n,],0 < p <r (weak-I, balls), and
(iii) ©, =£,[n,],0 < p <r (strong-I,, balls).

In these cases we will need to have n,, — 0 with increasing n, reflective of increas-
ing sparsity.
For a given ®,,, the minimax risk is the best attainable worst-case risk,

(1.10) Ry (©,) =infp(ft, ©y);
m

the infimum covers all estimators (measurable functions of the data). Any particu-
lar estimator such as FDR must have p(ftr, ®,) > R,(0,), but we might ask how
inefficient fi F is relative to the “benchmark” for ®, provided by R,(®,).

THEOREM 1.1. Let y ~ N,(u, O’,%I) and the FDR estimator jir be defined
by (1.8). In applying the FDR estimator, the FDR control parameter (q,, say) may
depend on n, but suppose this has a limit q € [0, 1). In addition, suppose g, >
y /log(n) for some y >0 and all n > 1.

Use the £, risk measure (1.9) where O < p <r <2. Let ®, be one of the para-
meter spaces detailed above with n,f en! log5 n,n%,8>0. Then as n — oo,

2q -1

sup (i 1) = By (@) {1+ T2 +0(1) ).

HED,

where u,, =1 and u,p =1 — (p/r) for strong- and weak-1,, balls, respectively.
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Hence, if the FDR control parameter ¢ < 1/2, p(iir, ®,) ~ R,(0©,) in the
sense that the ratio approaches 1 as n — oco. Otherwise, p(iir, ®,) ~ c(q¢) R, (Oy)
for an explicit c(g) > 1 growing with ¢q.

In short, Theorem 1.1 establishes the asymptotic minimaxity of the FDR esti-
mator in the setting of (1.1)—provided we control false discoveries so that there
are more true discoveries than false ones. Moreover, this minimaxity is adaptive
across various losses and sparse parameter spaces.

This exhibits a tighter connection between false discovery rate ideas and adap-
tive minimaxity than one might have expected. The key parameter in the FDR
theory—the rate itself—seems to be diagnostic for performance.

1.7. Interpretations. Two remarks help place the above result in context.

1.7.1. Comparison with other estimators. The result may be compared to tra-
ditional results in the estimation of the multivariate normal mean. Summarizing
results given in [15]:

(i) Linear estimators attain the wrong rates of convergence when 0 < p <r
over these parameter spaces;

(i) The James—Stein estimator, which is essentially a linear estimator with
data-determined shrinkage factor, has the same defect as linear estimators;

(iii)) Thresholding at a fixed level, say 0,+/2logn, does attain the right rates,
but with the wrong constants for 0 < p < r;

(iv) Stein’s unbiased risk estimator (SURE) directly optimizes the £, error, and
is adaptive for r =2 and 1 < p < 2 [16]. However, there appears to be a major
technical (empirical process) barrier to extending this result to p < 1, and indeed,
instability has been observed in such cases in simulation experiments [16]. Fur-
ther, there is no reason to expect that optimizing an £ criterion should also give
optimality for £, error measures, p <r < 2.

In short, traditional estimators are not able to achieve the desired level of adap-
tation to unknown sparsity. On the other hand, recent work by Johnstone and
Silverman [30], triggered by the present paper, exhibits an empirical Bayes
estimator—EBayesThresh—which seems, in simulations, competitive with FDR
thresholding, although the theoretical results for sparse cases are currently weaker.

1.7.2. Validity of simultaneous minimaxity. Minimax estimators are often crit-
icized as being complicated, counterintuitive and distracted by irrelevant worst
cases. An often-cited example is p = [x + /n/2]/[n + /n] for estimating a
success probability p € [0, 1] from X ~ Bin(n, p). Although this estimator is
minimax for estimating p under squared-error loss, “everybody” agrees that the
common-sense estimator x = x/n is “obviously better”—better at most p and
marginally worse only at p near 1/2.

Perhaps surprisingly, simultaneous (asymptotic) minimaxity seems to avoid
such objections. Instead, to paraphrase an old dictum, it shifts the focus from an
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“exact solution to the wrong problem” to “an approximate solution to the right
problem.” To explain this, note that to develop a standard minimax solution, one
starts with parameter space ® and error measure || - || and finds a minimax estimator
fl@,)-) attaining the minimum in (1.10). This estimator may indeed be unsatisfac-
tory in practice, for example, because it may depend on aspects of ® that will not
be known, or may be incorrectly specified.

In contrast, we begin here with an a priori reasonable estimator 1z whose de-
finition does not depend on the imposed || - || and the presumably unknown ®,.
Adaptive minimaxity for ¢ < 1/2—as established for jtr in Theorem 1.1—shows
that, for a large class of relevant parameter spaces ®, and error measures || - ||,
o, ®y) ~ R,(O,). In other words, the prespecified estimator [i, is flexible
enough to be approximately an optimal solution in many situations of very differ-
ent type (varying sparsity degree p, sparsity control 7, and error measure r in the
FDR example).

Using large n asymptotics to exhibit approximately minimax solutions for finite
n also renders the theory more flexible. For example, in the binomial setting cited
earlier, the standard estimator x = x /n, while not exactly minimax for finite n, is
asymptotically minimax. More: if we consider in the binomial setting the parame-
ter spaces 4 5] = {p :a < p < b}, then X is simultaneously asymptotically mini-
max for a very wide range of parameter spaces—each O, ) for0 <a <b < 1—
whereas p is asymptotically minimax only for special cases a < 1/2 < b. In short,
whereas minimaxity violates common sense in the binomial case, simultaneous
asymptotic minimaxity agrees with it perfectly.

1.8. Penalized estimators. At the center of our paper is the study, not of jir,
but of a family of complexity-penalized estimators. These yield approximations to
FDR-controlling procedures, but seem far more amenable to direct mathematical
analysis. Our study also allows us to exhibit connections of FDR control to several
other recently proposed model selection methods.

A penalized estimator is a minimizer of & — K (i, y), where

(1.11) K (i, y) = Ily — pll3 + Pen(p).

If the penalty term Pen(u) takes an £, form, Pen(u) = A||u| 5, familiar estimators
result: p = 2 gives linear shrinkage fi; = (1 + A)~!y;, while p = 1 yields soft
thresholding ft; = (sgny;)(|yi| — A/2)+; for p =0, Pen(i) = A ullo gives hard
thresholding 1; = y; I{|yi| > A}.

Penalized FDR results from modifying the penalty to

llllo

Pen(p) = Z tlz.
=1

Denote the resulting minimizer of (1.11) by . For small |[x]o, Pen(u) ~
tllzullo - |lt]lo- It therefore has the flavor of an £( penalty, but with the regularization
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parameter A replaced by the squared Gaussian quantile appropriate to the com-
plexity ||i|lo of w. Further, [i; is indeed a variable hard threshold rule. If k2 is a
minimizer of

Sk— Z y(l)—l—Zt,,

I=k+1
then

fzi = yil{lyil Z 1, }.

The connection with original FDR arises as follows: 122 is the location of the
global minimum of Sy, whlle the FDR index lgp is the rightmost local mini-
mum. Similarly, we define kg as the leftmost local minimum of S: evidently
kG < k2 < kp For future reference, we will call kG the step-down FDR index.
In practice, these indices are often identical. For theoretical purposes, we show
(Proposition 5.1 and Theorem 9.3) that kr — k¢ is uniformly small enough on our
sparse parameter spaces ®,, that asymptotic minimaxity conclusions for [i; can be
carried over to iF.

To extend this story from ¢ to £, losses, we make a straightforward translation:

Il 4llo

(1.12) ur—argmm ly —wlly+ > 1.
=1

Again it follows that Igr € [IQG, lgp]. Our strategy is, first, to prove £,-loss optimal-
ity results using i, and later, to draw parallel conclusions for the original FDR
rule [iF.

Why is the penalized form helpful? In tandem with the definition of /i, as the
minimizer of an empirical complexity i — K ({, y), we can define the minimizer
wuo of the theoretical complexity i — K (fi, ) obtained by replacing y by its
expected value w. By the very definition of [i,, we have K (ii,,y) < K(uo,y),
and by simple manipulations one arrives (in the £, case here) at the basic bound,
valid for all p € R™:

(1.13) Ellf2 =l < K (o, ) + 2E{fi2 — ., z) — E, Pen(i2a).

Analysis of the individual terms on the right-hand side is very revealing. Con-
sider the theoretical complexity term K (uo, i). For ®,, of type (i)—(iii) in the pre-
vious section, it turns out that the worst-case theoretical complexity is asymptotic
to the minimax risk! Thus

(1.14) sup K (o, ) ~ Ry(©®,), n— 0o.

HEB,
The argument for this relation is rather easy, and will be given in Section 9.2. The
remaining term 2E ({1 — u, z) — E, Pen(fi2) in (1.13) has the flavor of an error
term of lower order. Detailed analysis is actually rather hard work, however. Sec-
tion 9.3 overviews a lengthy argument, carried out in the immediately following
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sections, showing that this error term is indeed negligible over ®, if g <1/2, and
of the order of R, (®,,) otherwise.

Plausibility for simultaneous asymptotic minimaxity of FDR is thus laid out
for us very directly within the penalized FDR point of view. A full justification
requires study of the theoretical complexity and the error term, respectively. This
fact permeates the architecture of the arguments to follow.

1.9. Penalization by 2klog(n/k). Penalization connects our work with a vast
literature on model selection. Dating back to Akaike [4], it has been popular to
consider model selection rules of the form

k = argminRSS (k) + 20 %kA,
k

where A is the penalization parameter and RSS(k) stands for “the best residual sum
of squares ||y —m II% for a model m with k parameters.” The AIC model selection
rule takes A = 1. Schwarz’s BIC model selection rule takes A = log(n)/2, where n
is the sample size. Foster and George’s RIC model selection rule takes A = log(p),
where p is the number of variables available for potential inclusion in the model.

Several independent groups of researchers have recently proposed model selec-
tion rules with variable penalty factors. For convenience, we can refer to these as
2log(n/ k) factors, yielding rules of the form

(1.15) k = argminRSS (k) + 20k log(n/ k).
k

(a) Foster and Stine [23] arrived at a penalty o> Z’;zl 2log(n/j) from infor-
mation-theoretic considerations. Along sequences of k and n with n — oo and
k/n— 0, 2klog(n/k) ~ 21;21 2log(n/j).

(b) For prediction problems, Tibshirani and Knight [42] proposed model se-
lection using a covariance inflation criterion which adjusts the training error by
the average covariance of predictions and responses on permuted versions of the
dataset. In the case of orthogonal regression, their proposal takes the form of a
complexity-penalized residual sum of squares, with the complexity penalty ap-
proximately of the above form, but larger by a factor of 2: 20,% le-:l 2log(n/j).
There are intriguing parallels between the covariance expression for the optimism
[19] in [42], formula (6), and the complexity bound (1.13).

(c) George and Foster [25] adopted an empirical Bayes approach, drawing the
components u; independently from a mixture prior (1 — w)dp + wN (0, C) and
then estimating the hyperparameters (w, C) from the data y. They argued that the
resulting estimator penalizes the addition of a kth variable by a quantity close to
2log(ZH —1).

(d) Birgé and Massart [10] studied complexity-penalized model selection for
a class of penalty functions, including penalties of the form ZJ,fklog(n / k). They
developed nonasymptotic risk bounds for such procedures over £, balls.
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Evidently, there is substantial interest in the use of variable-complexity penal-
ties. There is also an extensive similarity of 2klog(n/k) penalties to FDR penal-
ization. Penalized FDR [i, from (1.12) can be written in penalized form with a
variable-penalty factor Ag p,

122 = argmin RSS(k) + 20,1210»;(,,,,
k

where
1 & L/l 5 (kg
Apn = — e Pt i )
= ok > 7 (Zn) . (Zn)/

1
~log(n/k) — 7 loglog(n/k) 4+ c(q, k, n)

for large n, k = o(n) and bounded remainder c¢ [cf. (12.7) below]. FDR penal-
ization is thus slightly weaker than 2k log(n/k) penalization. We could also say
that 2k log(n/ k) penalties have a formal algebraic similarity to FDR penalties, but
require a variable ¢ = g (k, n) that is both small and decreasing with n. This per-
spective on 2k log(n/ k) penalties suggests the following conjecture:

CONIJECTURE 1.2. In the setting of this paper, where “model selection” means
adaptive selection of nonzero means, and the underlying estimand | belongs to
one of the parameter spaces as detailed in Theorem 1.1, the procedure (1.15) is
asymptotically minimax, simultaneously over the full range of parameter spaces
and losses covered in that theorem.

In short, although the 2klog(n/k) rules were not proposed from a formal
decision-theoretic perspective, they might well exhibit simultaneous asymptotic
minimaxity. We suspect that the methods developed in this paper may be extended
to yield a proof of this conjecture.

1.10. Take-away messages. The theoretical results in this paper suggest the
following two messages:

TAM 1. FDR-based thresholding gives an optimal way of adapting to unknown
sparsity: choose ¢ < 1/2. In words, aiming for fewer false discoveries
than true ones yields sharp asymptotic minimaxity.

TAM 2. Recently proposed 2klog(n/k) penalization schemes, when used in a
sparse setting, may be viewed as similar to FDR-based thresholding.

1.11. Simulations. We tested FDR thresholding and related procedures in sim-
ulation experiments. The outcomes support TAM’s 1 and 2.

Table 1 displays results from simulations at the so-called least-favorable case
Ui = min{n_l/zk_l/p, +/(2—p)logn} for the weak-£, parameter ball [cf. re-
mark following (9.13)]. Here p = 1.5, r =2, n = 1024 and n = 65,536, 0 = 1.
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TABLE 1
Ratios of MSE(FDR)/ MSE(t* (p. n)), p = 3/2

q Step-up FDR  Penalized FDR  Step-down FDR

n=1024 0.01 1.3440 1.3440 1.3440
0.05 1.3283 1.3293 1.3334
0.25 1.2473 1.2482 1.2512
0.40 1.2171 1.2171 1.2173
0.50 1.2339 1.2335 1.2321
0.75 1.4159 1.4132 1.4100
0.99 1.9810 1.9744 1.9687
n=065,536 0.01 1.3370 1.3372 1.3374
0.05 1.3178 1.3180 1.3183
0.25 1.2276 1.2277 1.2277
0.40 1.1889 1.1889 1.1890
0.50 1.1937 1.1936 1.1936
0.75 1.5122 1.5118 1.5114
0.99 4.0211 4.0189 4.0174

The table records the ratio of squared-error risk of FDR to squared-error risk of the
asymptotically optimal threshold t* = r*(p, n) = /(2 — p) logn for that parame-
ter ball (cf. Section 3.3 below). All results derive from 100 repeated experiments.
The standard errors of the MSE’s were between 0.001 and 0.003 for n = 1024 and
between 0.0005 and 0.0007 for n = 65,536.

These results should be compared with the behavior of 2log(n/k)-style penal-
ties. For the estimator of Foster and Stine [23], minimizing RSS 402 Z’;: 12 x
log(n/j), we have that for n = 1024, MSE /MSE(¢*) = 1.2308 while for n =
65,536, MSE / MSE(¢*) = 1.2281. This is consistent with behavior that would re-
sult from FDR control with ¢ = 0.3 for n = 1024 and ¢ = 0.25 for n = 65,536.

In Figure 4, we display simulation results under a range of sample sizes. Appar-
ently the minimum MSE occurs somewhere below g = 1/2.

We propose the following interpretations:

INT 1. FDR procedures with ¢ < 1/2 have a risk which is a reasonable multiple of
the “ideal risk” based on the threshold which would have been optimal for
the given sparsity of the object. The ratios in Table 1 do not differ much for
various ¢ < 1/2, which demonstrates robustness of the FDR procedures
toward the choice of ¢q.

INT 2. An FDR procedure with g near 1/2 appears to outperform g-small proce-
dures at this configuration, achieving risks which are roughly comparable
to the ideal risk.

INT 3. Avoid FDR procedures with large ¢, in favor of ¢ < 1/2.

1.12. Contents. The paper to follow is far more technical than the Introduc-
tion, in our view necessarily so, since much of the work concerns refined properties
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FIG. 4. Ratios of MSE(FDR)/ MSE(t* (p, n)), p = 3/2.

of fluctuations in the extreme upper tails of the normal order statistics. However,
Sections 2—4 should be accessible on a first reading. They review pertinent infor-
mation about FDR-controlling procedures and about minimax estimation over £,
balls, and parse our main result into an upper bound result and a lower bound result.
Section 4 then gives an overview of the paper to follow, which carries out rigorous
proofs of the lower bound (Sections 5-8, 13) and the upper bound (Sections 9—11).

2. The false discovery rate. The field of multiple comparisons has developed
many techniques to control the increased rate of type I error when testing a family
of n hypotheses Hy; versus Hy;, i = 1,2,...,n. The traditional approach is to
control the familywise error rate at some level «, that is, to use a testing procedure
that controls at level « the probability of erroneously rejecting even one true H;.



600 ABRAMOVICH, BENJAMINI, DONOHO AND JOHNSTONE

The venerable Bonferroni procedure test ensures this by testing each hypothesis at
the «/n level.

The Bonferroni procedure is criticized as being too conservative, since it often
lacks power to detect the alternative hypotheses. Much research has been devoted
to devise more powerful procedures: tightening the probability inequalities, and in-
corporating the dependency structure when it is known. For surveys, see Hochberg
and Tamhane [26] and Shaffer [37]. In one fundamental sense the success has been
limited. Generally the power deteriorates substantially when the problem is large.
As a result, many practitioners avoid altogether using any multiplicity adjustment
to control for the increased type I errors caused by simultaneous inference.

Benjamini and Hochberg [6] argued that the control of the familywise error rate
is a very conservative goal which is not always necessary. They proposed to con-
trol the expected ratio of the number of erroneously rejected hypotheses to the
number rejected—the false discovery rate (FDR). Formally, for any fixed config-
uration of true and false hypotheses, let V' be the number of true null hypotheses
erroneously rejected, among the R rejected hypotheses. Let O be V/R if R > 0,
and 0 if R =0; set FDR = E{Q}, where the expectation is taken according to the
same configuration. The FDR is equivalent to the familywise error rate when all
tested hypotheses are true, so an FDR-controlling procedure at level g controls the
probability of making even one erroneous discovery in such a situation. Thus for
many problems the value of ¢ is naturally chosen at the conventional levels for tests
of significance. The FDR of a multiple-testing procedure is never larger than the
familywise error rate. Hence controlling FDR admits more powerful procedures.

Here is a simple step-up FDR-controlling procedure. Let the individual
P-values for the hypotheses Hy; be arranged in ascending order: P[j) < --- < P[,).
Compare the ordered P-values to a linear boundary i /nq, and note the last cross-
ing time,

2.1) kp =max{k: Py < (k/n)gq).
The FDR multiple-testing procedure is to reject all hypotheses H(g;) correspond-
ing to the indices i =1, ..., IQF. If 123 deno}es thg number of P-values below the

Bonferroni cutoff ¢/n, it is apparent that kr > kp and hence that the FDR test
conducted at the same level is necessarily less conservative.

Benjamini and Hochberg [6] considered the above testing procedure in the sit-
uation of independent hypothesis tests on many individual means. They consid-
ered the two-sided P-values from testing that each individual mean was zero.
They found that the false discovery rate of the above multiple-testing procedure
is bounded by g whatever be the number of true null hypotheses ng or the config-
uration of the means under the alternatives:

(2.2) FDR = E, {Q}=¢qno/n <q for all u € R".
The multiple-testing procedure (2.1) was proposed informally by Elkund, by

Seeger [36] and much later independently by Simes [38]. Each time it was ne-
glected because it was shown not to control the familywise error rate [27, 36]. In
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the absence of the FDR concept, it was not understood why this procedure could
be a good idea. After introduction of the FDR concept, it was recognized that k F
had the FDR property, but also that other procedures offered FDR control—most
importantly for us, the step-down estimator kg [34]. This rule, introduced in Sec-
tion 1, will also be referred to frequently below, and our theorems are also applica-
ble to thresholding estimators based upon it.

As noted in the Introduction, Abramovich and Benjamini [1] adapted FDR test-
ing to the setting of estimation, in particular of wavelet coefficients of an unknown
regression function. In this setting, given n data on a unknown function observed
in Gaussian white noise, we are testing n independent null hypotheses on a func-
tion’s wavelet coefficients, u; = 0. Using the above formulation with two-sided
P-values, we obtain (1.8).

Previously in the same setting of wavelet estimation, Donoho and Johnstone [15]
had proposed to estimate wavelet coefficients by setting to zero all coefficients be-
low a certain “universal threshold” 4/21og(n)o,. A key observation in [13] and
[18] about this threshold is that, with high probability, every truly zero wavelet
coefficient is estimated by zero.

Using ideas from simultaneous inference we can look at universal thresholding
differently. The likelihood ratio test of the null hypothesis Hy; : u; = O rejects if
and only if |y;| > to, and the Bonferroni method at familywise level o sets the
cutoff for rejection ¢ at tgoN = o z(a/2n). Now very roughly, z(1/n) ~ /2log(n);
much more precise results are derived below and lie at the center of our arguments.
Hence, Bonferroni at any reasonable level « leads us to set a threshold not far from
the universal threshold. Put another way, universal thresholding may be viewed as
precisely a Bonferroni procedure, for & = o . We can derive o < 1/,/Tog(n) as
n— oo.

As was emphasized by Abramovich and Benjamini [2], the FDR estimator can
choose lower thresholds than o, 4/21logn when kr is relatively large. It thus offers
the possibility of adapting to the unknown mean vector by adapting to the data,
choosing less conservative thresholds when significant signal is present. It is this
possibility we explore here.

Pointers to the FDR literature more generally. The above discussion of FDR
thresholding emphasizes just that “slice” of the FDR literature needed for this pa-
per, so it is highly selective. The literature of FDR methodology is growing rapidly,
and is too diverse to adequately summarize here. Recent papers have illuminated
the FDR from different points of view: asymptotic, Bayesian, empirical Bayes and
as the limit of empirical processes [20, 24, 40].

Another line of work, starting with Benjamini and Hochberg [7], addresses the
factor ng/n in (2.2); many methods have been offered to estimate this, followed
by the step-up procedure with the adjusted (larger) g. The results of Benjamini,
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Krieger and Yekutieli [8] and Storey, Taylor and Siegmund [41] assure FDR con-
trol under independence. When ng/n is close to 1, as is our case in this paper, such
methods are close to the original step-up procedure.

An immediate next step beyond this paper would be to study dependent sit-
uations. The FDR-controlling property of the step-up procedure under positive
dependence has been established in [9], and similar results were derived for the
step-down version in [34]. Since much of the formal structure below is based on
marginal properties of the observations, this raises the possibility that our estima-
tion results would extend to a broader class of situations involving dependence in
the noise terms z;.

3. Minimax estimation on £y, {,,m,. As a prelude to the formulation of
the adaptive minimaxity results, we review information [15, 17, 29] on minimax
estimation over £, £, and weak-£,, balls in the sparse case: 0 < p < 2 and with
normalized radius 1, — 0 as n — o0o. Throughout this section, we suppose a shift
Gaussian model (1.1) with unit noise level o,, = 1. We will denote the risk of an
estimator /i under £, loss by

(L, ) = Eulljp — plly.

Particularly important classes of estimators are obtained by thresholding of indi-
vidual coordinates: hard thresholding was defined at (1.2), while soft thresholding
of a single coordinate y is given by ns(y1, t) = sgn(y1)(|y1| —t)+. We use a spe-
cial notation for the risk function of thresholding on a single scalar observation
yi~ Ny, 1):

ps(t, ) =Ey Ins(yi, 1) — pal”,

with an analogous definition of pg (¢, ;1) for hard thresholding.

3.1. £o balls. Asymptotically least-favorable configurations for £ balls £¢[#;,]
can be built by drawing the p; i.i.d. from sparse two-point prior distributions

7= =108+ b,  tn~ Rlogn, H1/2.

The precise definition of u, is given in the remark below. The expected number
of nonzero components u; is k, = nn,. The prior is constructed so that the corre-
sponding Bayes estimator essentially estimates zero even for those u; drawn from
the atom at 1, and so the Bayes estimator has an /, risk of at least k, iu},. A corre-
sponding asymptotically minimax estimator is given by soft or hard thresholding
at threshold 7, = t(n,) := 2logn, W1/2 ~ 11, as n — oo. This estimator achieves
the precise asymptotics of the minimax risk, namely:

(3.1) R (€olna]) ~ knpts = niupaly ~ ni, (2log )72,
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2

REMARK 1. Given a sequence a;; = o(logn, 1) that increases slowly to 0o,

WUn 1s defined as the solution of the equation ¢(a, + w,) = ¢ (a,), where ¢
denotes the standard Gaussian density. Equivalently, Mﬁ + 2appn = 2logn, =

1:,%, giving the more precise relation
(3.2) Ty = Un +an + o(ay).

Thus 7, — , — o0, which for both soft and hard thresholding at 7, indicates
p(Ty; n) ~ 1y, (Note also that, to simplify notation, we are using (., to denote a
sequence of constants rather than the nth component of the vector .)

3.2. £) balls. Again, asymptotically least-favorable configurations for £,[n,]
are obtained by 1.i.d. draws from 7w = (1 — B,))8¢ + B0, where now the mass of
the nonzero atom and its location are informally given by the pair of properties

(3.3) Bo=nlu, P, pa~ (log B HY2

More precisely, i, = tn(n, ay; p) is now the solution of ¢ (a,, + wn) = B (an),
which implies that

(3.4) fin ~ Ty = (2logn, )2, n— 0o,

and then that (3.2) continues to hold for £, balls. The expected number of nonzero
components y; is now nf, = nn,’,7 Un P For later use, we define

(3.5) k, = nnfl’rn_l’;

since w, ~ t,, we have k, ~ npB,, and so k, is effectively the nonzero number.
With similar heuristics for the Bayes estimator, the exact asymptotics of minimax
risk becomes

(3.6) Ry (Lp[nal) ~ knpty = nnf )P = nnl (2logn, ")/,

Asymptotic minimaxity is had by thresholding at
ty, = 2logn, "'/ ~ Q2logn/kn)'2.

3.3. Weak-£, balls. The weak-£, ball m,[n,] contains the corresponding
strong-£,, ball £,[n,] with the same radius, and the asymptotic minimax risk is
larger by a constant factor:

(3.7) Rn(mp[nn]) ~ (}’/(}’ - p))Rn(gp[nn])a n — 0.

Let Fp(x) =1—x"7, x > 1, denote the distribution function of the Pareto(p)
distribution and let X be a random variable having this law. Then an asymptotically
least-favorable distribution for m,[n,] is given by drawing n i.i.d. samples from
the univariate law

(3.8) w1 = L(min(n, X, p1y)),
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where u, is defined exactly as in the strong case. The mass of the prior probability
atom at u, equals flf: Fy(dx/n,) = nEun? = B, again as in the strong case.
Thus, the weak prior can be thought of as being obtained from the strong prior by
smearing the atom at 0 out over the interval [, i,] according to a Pareto density
with scale 1,,. One can see the origin of the extra factor in the minimax risk from
the following outline (for details when r = 2, see [29]). The minimax theorem
says that R(m,[n,]) equals the Bayes risk of the least-favorable prior. This prior
is roughly the product of n copies of 71, and the corresponding Bayes estimator is
approximately (for large n) soft thresholding at 7,), so

Ru(m plna]) ~ 1 f ps (T, )1 (dRL).

Now consider an approximation to the risk function of soft thresholding, again at
threshold #,. Indeed, using the estimate pg(t, u) = ps(t,0) + |1|", appropriate in
the range 0 < < u,, ignoring the term pg(¢, 0) and reasoning as before (3.6), we
find

Mn
(3.9 Ry (mp[na]) N”/ ps(ty, W) Fp(dp/nn) + nBnps(ty, iin)

n

Ihn
(3.10) ﬁnf W pnfu Pl dp + ko,

(3.11) = [ + 1}nn{;u;‘p ~ LR(Kp[nn])-
r—p

r—p
Comparison with (3.6) shows that the second term in (3.9)—(3.10) corresponds
exactly to R(€,[n,]); the first term is contributed by the Pareto density in the
weak-£, case.

4. Adaptive minimaxity of FDR thresholding. We now survey the path to
our main result, providing in this section an overview of the remainder of the paper
and the arguments to come.

What we ultimately prove is broader than the result given in the Introduction,
and the argument will develop several ideas seemingly of broader interest.

4.1. General assumptions. Continually below we invoke a collection of as-
sumptions (Q), (H), (E) and (A) defined here.

False discovery control. We allow false discovery rates to depend on 7, but
approach a limit as n — oco. Moreover, if the limit is zero, rates should not go to
zero very fast. Formally define the assumption:

(Q) Suppose that g, — g €10, 1). If g =0, assume that g,, > b,/ logn.

The constant b1 > 0 is arbitrary; its value could be important at a specific n.
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Sparsity of the estimand. We consider only parameter sets which are sparse,
and we place quantitative upper bounds keeping them away from the “dense” case.
Formally define:

(H) n, (for £o[n,1) and n} (for m ,[n,]) lie in the interval [n~!log n, byn=b3].

Here the constants b, > 0 and b3 > 0 are arbitrary; their chosen values could
again be important in finite samples.

Diversity of estimators. Our results apply not just to the usual FDR-based es-
timator fip of (1.7) but also to the penalty-based estimator [, of (1.11). More
generally, recall the terms [f, 7] defined in Section 1.8. Under formal assump-
tion (E), we consider any estimator /i obeying

4.1) i = hard thresholding at f € [{, fG] w.p. 1.

Notation. We introduce a sequence o, which often appears in estimates in
Sections 7 and 8 and in dependent material. We also define constants ¢’ and ¢”.
Formally:

(A) Set oy, = 1/(baty), with by = (1 — q)/4. Also set ¢ = (¢ + 1)/2 and ¢ =
(I1-q¢)/2=1-4".

Finally, as a global matter, we suppose that our observations y ~ N, (i, I); thus

crnz = 1. For estimation of u, we consider £, risk (1.9), 0 < r < 2, and minimax

risk R,(®,) of (1.10). Here the parameter spaces are ®, = £o[n,] or £,[n,] or
m p[n,] defined by (1.3), (1.6) and (1.4), respectively, with0 < p <.

4.2. Upper bound result. Our argument for Theorem 1.1 splits into two parts,
beginning with an upper bound on minimax risk.

THEOREM 4.1. Assume (H), (E), (Q). Then, as n — oo,
2g, — 1

( qn )+ + 0(1)}’
1 - dn

where Urp = 1—(p/r)if O, :mp[nn] and Urp = Lif®, :Ep[nn] or Lo[ny].

4.2) sup p(it, ) < Ry (®n){1 +urp
HEB,

The bare bones of our strategy for proving the upper bound result were de-
scribed in the Introduction. The global idea is to study the penalized FDR esti-
mator [1p of (1.8) and then compare to the behavior of jitr. To make this work,
numerous technical facts will be needed concerning the behavior of hard thresh-
olding, the mean and fluctuations of the threshold exceedance process, and so on.
As it turns out, those same technical facts form the core of our lower bound on the
risk behavior of [if. As a result, it is convenient for us to study the lower bound
and associated technical machinery first, in Sections 5-8 (with some details de-
ferred to Sections 12 and 13), and then later, in Sections 9-11, to prove the upper
bound, using results and viewpoints established earlier.
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4.3. Lower bound result. Theorem 1.1 is completed by a lower bound on the
behavior of the FDR estimator.

THEOREM 4.2. Suppose (H), (Q). With notation as in Theorem 4.1,

M-ﬁ-o(l)}, n— 00,

@3) sup p(iir ) = R©) |1+,

HE®, n

where u;, =1 — (p/r) for ©, =mp[n,l, and u,, =1 for ®, = £,[n,].

This bound establishes the importance of ¢, showing that if ¢ > 1/2, then cer-
tainly FDR cannot be asymptotically minimax. We turn immediately to its proof.

5. Proof of the lower bound. The proof involves three technical but signifi-
cant ideas. First, it bounds the number of discoveries made by FDR, as a function
of the underlying means . Second, it studies the risk of ordinary hard thresh-
olding with nonadaptive threshold in a specially chosen, (quasi-) least-favorable
one-parameter subfamily of ®,,. Finally, it combines these elements to show that,
on this least-favorable subfamily, (i behaves like hard thresholding with a par-
ticular threshold. The lower bound result then follows. Unavoidably, the results in
this section will invoke lemmas and corollaries only proven in later sections.

Beyond simply proving the lower bound, this section introduces some basic
viewpoints and notions. These include:

(a) a threshold exceedance function M, which counts the number of threshold
exceedances as a function of the underlying means vector,

(b) aspecial “coordinate system” for thresholds, mapping thresholds ¢ onto the
scale of relative expected exceedances,

(c) a special one-parameter (quasi-) least-favorable family for FDR, at which
the lower bound is established.

These notions will be used heavily in later sections.

5.1. Mean exceedances and mean discoveries. Define the exceedance num-
ber N(tx) = #{i:|yi| > |t|}. Since |yx)| > || if and only if N(7;) > k, we are
interested in the values of k£ for which N (#;) ~ k. (See Section 7 for details.)

Throughout the paper we will refer to the mean threshold exceedance function,
counting the mean number of exceedances over threshold #; as k varies,

n n
(5.1) M(k;p)=EuN@w) =Y Pu(lyil =) =Y Dl — trr pur + 11°).
=1 =1
[Here ®(A) denotes the probability of event A under the standard Gaussian proba-

bility distribution, and k is extended from positive integers to positive real values.]
If w =0, then M(k; u) =2nd(t;) = gk, reflecting the fact that in the null case,
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the fraction of exceedances is always governed by the FDR parameter ¢. If 1 # 0,
we expect that kg will be close to the mean discovery number

(5.2) k(w) =inf{k e RT: M (k; ) = k}.

The existence and uniqueness of k(x) when p # 0 follows from facts to be estab-
lished in Section 6.3: that (taking k as real-valued) the function k — M (k; 1)/ k
decreases strictly and continuously from a limit of +o00 as k — 0 to a limit < 1, as
k— n.

A key point is that the mean discovery number is bounded over the parameter
spaces ®,. The mean discovery number is monotone in j: if |1 |x) > |2|k) for
all k, then k(u1) > k(u2). Thus, on £o[n,], the largest mean discovery number M,
say, is obtained by taking k, = [nn,] components to be very large. Writing this
out,

My, (k) = sup M (k; j1) = kn 4 2(n — kn) D (1)
Lolnnl
=kn + (1 = ky/n)kqy ~ ky + kqp,
using the definition of # = z(kgq,/2n) and 7, ~ k,/n — 0. The first term corre-

sponds to “true” discoveries, and the second to “false” ones. Solving M (k) = k
yields a solution

(5.3) ke=kn/(1= (1= n""kn)gn) ~ K/ (1 = ).
In particular, for all u € €o[n,], we have k(u) <k, /(1 — g, (1 4+ 0(1)).

Weak £,. On ©, = mp[n,], E,N(f) is maximized by taking the com-
ponents of u as large as possible—that is, at the coordinatewise upper bound
i1 =n,(n/1)P. Thus now

Mu(k)= sup EuN() = EnN (1),
mp[nn]

To approximate M (k; 1), note first that the summands in (5.1) are decreasing from
nearly 1 for u; large to 2d(#;) when w; is near 0. With k held fixed, break the
sum into two parts using k, = nn} T, P [This choice is explained in more detail
after (9.13) below.] For [ < k,,, the ~summands are mostly well approximated by 1,
and for [ > k;, predominantly by 2®(#;) = gk/n. Since k;, /n =~ 0, we have
M©; ) X ky + (n —kn)gnv/n
~nnft, P+ qnv.

Again the first term tracks “true” discoveries and the second “false” ones. Solving
M (v; ) = v based on this approximation suggests that, just as in (5.3),

(5.4 k() < kn/(1 = gu)(1 + o(D)).
The full proof is given in Section 6.4.4.
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Strong £,. Since £,[n,] Cmp[n,], (5.4) applies here as well.

5.2. Typical behavior of kr and kg. We turn to the stochastic quantities kr
and IGG. These are defined in terms of the exceedance numbers N (f;), which them-
selves depend on independent (and nonidentically distributed) Bernoulli variables.
This suggests the use of bounds on kr and kg derived from large deviations prop-
erties of N (t;). Since we are concerned mainly with relatively high thresholds #,
results appropriate to Poisson regimes are required. Details are in Section 7.

To describe the resulting bounds on [k(;, k £, we first introduce some terminol-
ogy. We say that an event A, (u) is ®,-likely if there exist constants cg, c] not
depending on n and ® such that

sup P, {AS (1)} < coexp{—cilog®n).

HEB,

With «;, as in assumption (A), define

_ k() — anky, k() > 20k,
55 k() = {0, k(1) < 20t,ky,
and
(5.6) k() =k(u) vV anky + ayky,.

PROPOSITION 5.1. Assume (Q), (H) and (A). For each of the parameter
spaces Oy, it is O, -likely that

k_ () <k <kp <ky(w).

Thus all the penalized estimates ky (and any ke [lgg, IQF]) are with uniformly
high probability bracketed between k_ (1) and k4 (u). In particular, note that

(5.7 k() —k—(p) < 3otnky,

and so the fluctuations in &, are typically small compared to the maximal value
over ©,.

Here and below it is convenient to have a notational variant for #, used espe-
cially when the subscript would be very complicated; so define

tlkl =z(2n/kq);

keep in mind that ¢ depends implicitly on g = g, and n. We occasionally use #;
when the subscript is very simple.
Giving this notation its first workout, the thresholds f, are bracketed between

(5.8) ti(pn) =tlk—(w)] and 71— () =1tlk+(w)].
Note that 7 > ¢_, but from (5.7) and (12.13), it follows that z /t_ <1+ 3an/tz.
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5.3. Risk of hard thresholding. We now study the error of fixed thresholds
as a prelude to the study of the data-dependent FDR thresholds. We define one-
parameter families of configurations and of thresholds which exhibit key transi-
tional behavior. As might be expected, these are concentrated around the critical

threshold 7, = /2logn, ! corresponding to sparsity level 7.
Consider first a family of (quasi-) least-favorable means . The coordinates

take one of two values, most being zero, and the others amounting to a fraction 7
with value roughly 7, + a. Specifically, for o € R, set

_ | tlkn]l +a, [ <kp,
(5.9) Hal = {0, k, <l <n.

In a sense o, is right at the FDR boundary, while with o > 0, g x, is above
the boundary and with o < 0 it is below the boundary.

Next, consider a “coordinate system” for measuring the height of thresholds in
the vicinity of the FDR boundary. Think of thresholds {z:¢ > 0} as generated by
{tlak,], a > 0}, with a fixed while n and k;, increase. For a = 1, we are on the
FDR boundary at k;,, so that a < 1 is above the boundary and a > 1 is below the
boundary. The “coordinate” a will be heavily used in what follows.

In fact, these thresholds vary only slowly with a: for a fixed, as n — oo,

(5.10) tlakn] = tlkn]| < c(@,

Nevertheless, the effect of a is visible in the leading term of the risk:

PROPOSITION 5.2. Let a € R and a > 0 be fixed. Let the configuration iy €
Loln] be defined by (5.9). For £, loss, the risk of hard thresholding at tlak,] is
given, as n — 00, by

(5.11) PRk tlaky ) ta) = [P(@) + agnlkat) (14 0(1)).

Here k; rg is asymptotic to the minimax risk for £o[#n,]—compare (3.1)—and
so defines the benchmark for comparison.

The two leading terms in (5.11) reflect false negatives and false positives, re-
spectively. The proof is given in Section 13. Here we aim only to explain how
these terms arise.

The false-negative term d(a)ky, ‘c; decreases as « increases. This is natural, as
the signals with mean m, = t[k,] + @ become easier to detect as « increases—
whatever be the threshold ¢[ak;,]. More precisely, the £, error due to nondetection,
|y1] < tlaky], on each of the k, terms with mean m, contributes risk

(5.12) kntg, P, (1y1] < tlaky]) ~ knt; @ (tlaky] — ma),
since mg ~ T, as n — 00. Finally, (5.10) shows that

(5.13) mo,—t[akn]:oz+t[kn]—t[akn]zoz—i-O(tn_l),
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so that (5.12) is approximately &D(a)kn 7:,; .

The false-positive term shows a relatively subtle dependence on threshold a —
tlak,]. There are n — k, means that are exactly 0, and so the risk due to false
discoveries is

(5.14) (n — kn) E{|z|" : |z| > tlak,1} ~ 2nt[ak,]" ®(t[aky])
(5.15) = akuqntlak,]
(5.16) ~ aqnknt,.

(Equation (5.14) follows from (8.6) below, while (5.15) uses the definition of the
FDR boundary, t[k,] = dfl(knqn /2n), and finally (5.16) follows from (12.18)
below.)

Weak €. In this case, we replace the two-point configuration by Winsorized
analogs in the spirit of Section 3.3:

(5.17) Mol = i A Mg, me = tlky] + a.

Now an extra term appears in the risk of hard thresholding when using thresholds
tlak,]:

PROPOSITION 5.3. Adopt the setting of Proposition 5.2, replacing only (5.9)
by (5.17). Then

:O(llH,t[ak,,]v ﬂa) = [&)(O{) + % + QQni|knT,;(1 + 0(1))

The same phenomena as for £o[n] apply here, except that the p/(r — p) term
arises due to the cumulative effect of missed detections of means [; that are
smaller than m, but certainly not 0. This term decreases as p becomes smaller,
essentially due to the increasingly fast decay of fi; = ¢,/ ~'/P. The term disappears
in the p — 0 limit, and we recover the £ risk (5.11). This result also is proved in
Section 13.

5.4. FDR on the least-favorable family. To track the response of the FDR es-
timator to members of the family {1y, @ € R}, we look first at the mean discovery
numbers. In Section 13 we prove:

PROPOSITION 5.4. Assume (Q), (H) and (A). Fix a € R and define o by
(5.9) and (5.17) for £o[n,] and m y[n,], respectively. Then as n — o0,

(5.18) k(i) ~ (1= g) "' @ ().
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Heuristically, for £o[n, ], we approximate
(5.19)  M(k: pta) = kn[®(tx — ma) + @ (=t — mg)] +2(n — k)@ (1)
~ky®(my — t) + an ~k,®(a) + CInk’

from (5.13). Solving M (k; uy) = k based on this approximation leads to (5.18).
The same approach works for m ,[n, ], but with more attention needed to bounding
the component terms in M (k; i) as detailed in Section 6.

Proposition 5.4 suggests that at configuration ., FDR will choose a threshold
close to t[k (e )], which is of the form ¢[ak,] witha ~ (1 — q)_l @ (). Thus, as o
increases, and with it the nonzero components of 114, the FDR threshold decreases,
albeit modestly.

The risk incurred by FDR at . = 4 corresponds to that of hard thresholding at
t[k(tq)]. In Section 13 below we prove:

PROPOSITION 5.5. Assume (Q), (H) and (A). Fix a € R and consider 1
defined by (5.9) for £o[n,]. Then as n — o0,

6200 plrasa) =| @ + @1 i (1-+ o)

qn

On the other hand, define y using (5.17) for m,[n,]; then
520 oG = [ + L+ 0@ (14 o),

Formula (5.20) shows visibly the role of the FDR control parameter ¢g. Note that

q
l—gq

(5.22) sup () + (o) 21q _ 1, qg>1/2.
—q

{1 q=1/2,

Consider the implications of this in (5.20) in the £g[#n,] case. The minimax risk
~ knt,, and so the minimax risk is exceeded asymptotically whenever g > 1/2.

We interpret this further. When g < 1/2, the worst configurations in {t,} corre-
spond to « large and negative, and yield essentially the minimax risk. Indeed, only
@ (a) of the true nonzero means are discovered. Each missed mean contributes risk
~ g ~ T, and so the risk due to missed means is given roughly by P (a)ky, 7. The
risk contribution due to false discoveries, being controlled by ® (), is negligible
in these configurations.

When g > 1/2, the worst configurations in {iy} correspond to « large and pos-
itive. Essentially all of the &, nonzero components are correctly discovered, along
with a fraction g of the &k, (ug) ~ (1 — q)_ldD(a)kn which are false discoveries.
In the £g case, the false discoveries dominate the risk, yielding an error of order

P()lg/(1—q)lknty.
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When g = 1/2, the risk p(iiF, te) ~ knr,; regardless of «, so that all config-
urations (o are equally bad, even though the fraction ®(«) of risk due to false
discoveries changes from O to 1 as my = t[k,] + « increases from values below
t[k,] through values above.

5.5. Proof of the lower bound. Our interpretation of Proposition 5.5 in effect
gave away the idea for the proof of (4.3). We now fill in a few details.

In the £o[n,] case, fix ¢ > 0. Choosing « = «(¢; q) sufficiently large positive or
negative according as ¢ > 1/2 or g < 1/2, we get

- q AV q
ba(e) + 0o > (1-5) sup e + o,

Equation (5.20) gives that for large n,

. (2g —1)
P(F, ate)) = [] =+ ﬁ]knfg(l —é€).
But the family uy € £9[n,], and R, (Lo[n,]) ~ kn r,; , hence

(2g — 1)y
l—¢q
As this is true for all ¢ > 0, the £y[n,] case of (4.3) follows.
For the £,[n,] case, fix ¢ > 0, and choose again o = a(¢; ¢) as in the £ case.
Note that my is implicitly a function mgy[k,] of the number of nonzeros. Define
the pair B, and k), informally as the joint solution of

By = nf (malk, D)7, ky, = np,.

(A formal definition can be made using the approach in Section 3.2.) Now the
mean vector u,, with k), nonzeros each taking value m[k],] gives, again by (5.20),
that for large n,

BUr, Eolmal) = p(r, Hate)) = [1 + }Rn@o[nn])(l _o).

. (2g — D+

! }k;<ma[k;]>’<1 o).
—q

Now from Section 3.2, R, (£,(1,)) ~ nn,’fr,;_p, while
ky (ma ke, 1) = np, (mo [k, D) ™F = nnl (g, D)™ ™F ~nnfe, =7, n— 0.

At the same time, uy € £,[n,]. Hence

(2g — 1
l—q

Again this holds for all & > 0, and the £,[n,] case of (4.3) follows.
The argument for (4.3) in the m ,[n,] case is entirely parallel, only using (5.21)
and the modified definition of 1, for the m, case.

FUr, Eplna]) = p(Ar Haw) = [1 + }Rnwp[nn])(l o).
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5.6. Infrastructure for the lower bound. 'We look ahead now to the arguments
supporting the propositions of this section.

Propositions 5.2-5.4 will be proved in Section 13 at the very end of the paper.
The proofs exploit viewpoints and estimates set forth in Sections 6-8. Section 6
sets out properties of the mean detection function v — M (v; i) of (5.1) and its
derivatives, with a view to deriving information and bounds on the discovery num-
ber k(i) of Section 5.1.

Section 7 applies these bounds in combination with the large deviations bounds
to prove Proposition 5.1 and show that kr — kg < 3a,k;,. Section 8 collects various
bounds on the risk of fixed thresholds, and the risk difference between two data
dependent thresholds.

All these sections frequently invoke a very useful section, Section 12, which
assembles needed properties of the Gaussian distribution, of the quantile function
z(n) = ®~!(n) and of implications of the FDR boundary #.

6. The mean detection function.

6.1. Comparing weak £, with £y: the effective nonzero fraction. A key feature
of £o[n,] is that only k, = nn, coordinates may be nonzero. Consequently, the
number of “discoveries” at threshold ¢[v] from n — k;, zero coordinates is at most
linear in v with slope gj,:

(6.1) (n —kp)pv(0) =n(l = np)vgn/n < gnv,

since p, (0) = Z&D(t[v]) =qyv/n.
In the case of weak £, the discussion around (9.12)—(9.13) shows that for cer-

tain purposes, the index k, = nn} T b

cantly” nonzero coordinates.

In this section we will see that an alternative, slightly larger index, k!, = nn} r,f ,
yields for weak £, the property analogous to (6.1): the number of discoveries at f,
from the n — k,, smallest means j; is not essentially larger than g,v. At least for
the extremal configuration (fi;), the range of indices [k, k,/1] constitutes a “tran-
sition” zone between ‘“clearly nonzero” means and “effectively zero” ones; this is
discussed further in Section 6.4.

To state the result, we need a certain error-control function; let

counts the maximum number of “signifi-

1 _11—1apnl 1
6.2 S (e) = P24 < I PIP =177 pE],
( ) P(g) pg'/g w w= {(10g8_l)8, p= 1.

LEMMA 6.1. Assume hypotheses (Q) and (H). Let 13 =2logn,"” and ¢, =
Nty and 8,(e) be defined as above. There exists ¢ = c(by, b3) > 0 such that for v
with tg > 2, we have, uniformly in u € mp[n,], that

(6.3) [1—ellgnv < Y po(ur) < [1+cdp(en)lgnv.
I>kj,



614 ABRAMOVICH, BENJAMINI, DONOHO AND JOHNSTONE

The proof is deferred to Section 6.4—compare the proof of (6.29) there.

REMARK. Suppose g, — g € [0, 1). Then for n sufficiently large (i.e., n
larger than some n¢ depending on p, ¢, and the particular sequence 7,,), it follows
that

(3/2)gn, ifg, <1/2,
(1+q)/2, ifl1/2<gm<1;

in particular, the right-hand side is strictly less than 1.

We have just defined g, for the case of m . If in the nearly-black case (£o[n,])
we agree to define g, = ¢g,,, then we may write both conclusions (6.1) and (6.3) in
one unified form,

(6.5) > po(u) < Gnv.
1>k,

64)  [1+c8y(E)lgn <dn = {

The “true positive” rate. Adopt for a moment the language of diagnostic test-
ing and call those means with u; # 0 “positives,” and those with u; = 0 “neg-
atives.” In the nearly-black case there are typically k,, positives out of n. In the
weak-£,, case, there are formally as many as n positives, but as argued above,
there are effectively k), = nnk t,f positives, and it is this interpretation that we take
here. If it is assumed (without loss of generality) that py > up > -+ > u, >0,
then the true positive rate using threshold ¢[v] is defined by

K,

(6.6) () = (1/ky) Y pupan).
1

In our sparse settings, if the mean discovery number for u exceeds v, then there is
a lower bound on the true positive rate at u using threshold #[v].

COROLLARY 6.2. Assume (Q) and (H) and define g, by (6.4). If n is suffi-
ciently large, then uniformly over pu in mp[n,] or £,[n,] for which k() > v, the
true positive rate using threshold t[v] satisfies

() = (1= gn)(v/ k).
PROOF. From the definition of the mean exceedance number, we have

k(1) = M(v, ) — D pulpr).
[>k,

Since v < k(u) we have M (v; i) > v, and to bound the sum we use (6.5). Hence
k), (k) = v — Gy, as required. [
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6.2. Convexity properties of exceedances. The goal of this subsection, Corol-
lary 6.5, shows that a lower bound on the mean discovery number k(u) forces a
lower bound on the mean threshold function v — M (v; ) at least on sparse para-
meter sets. The idea is to establish convexity of a certain power function associated
with testing individual components p; and then to use the convexity to construct
two-point configurations providing the needed lower bounds.

Let N(tx) =#{l:]y/| > t}, and as before M (k; ) = E,,N(tx) = >_y_; px(1).
Here, the exceedance probability for threshold #; is given by

pe() = PUZ + pl > e} = Do — ) + D (=t — ),
and we note that as u increases from 0 to oo, py increases from py (0) = 20(1) =
gk/n to pr(oco) = 1. It has derivative

pr) =t — ) =t +1) >0,  pe(0,00).

Since u — pi(w) is strictly monotone, the inverse function () = ulr; k] =
pk_l(n) exists for gk/n < m < 1. In the language of testing, consider the two-
sided test of Hp: u = 0 that rejects at ;. Then pg (;r) is that alternative p at which
the test has power . In addition

1 1
-1
—p ()= — = .
dr " pipi @) P
The bi-threshold function. Given indices v < k, so that #, > f, consider mini-

mizing M (v; u) over u subject to the constraint that M (k; ) stay fixed. Introduce
variables 1; = px(u;); we wish to minimize

M) =) po(u) =) pu(p;'(m) subjectto Y m=m.
/ l l

Define a bi-threshold function

g(m) = gui(m) = pu(py (1)),  qk/n<m <1,

Thus, g, « (7r) gives the power of the test based on the ¢, -threshold at the alternative
where the #;-threshold has power w. As v <k, g, () <.

LEMMA 6.3. Ifv <k, then m — g, k() is convex and increasing from qv/n
to 1 for w € [gk/n, 1].

PROOF. Setting u = pk_l(n), we have

_nW _ ¢l == ¢t _ poppsinhip
Py otk — ) — Pt + ) sinh 7 it

To complete the proof, we show that if r > u, then the function G(u) =
f@, w)/f(u, ) is increasing for f (¢, u) = sinhz . First note that

g'(m) 0.

t
G'(w) =G | DDyullog 1)(s. ) ds.
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and that, on setting y = 2spu,

. coshsu 1 2y
D, logsinh(sp) =s = y+ .

sinhs _ﬂ e¥—1

Finally, Dy{y +2y/(e” — 1)} has numerator proportional to (e’ — Wr—1—y2>
y4/4>0. O

For weak £, define g, as in (6.4), while for the nearly-black case, set g, = g,.
Let a, be positive constants to be specified. Since (6.4) guarantees that g, < 1,
define

T =1- C;n)an

PROPOSITION 6.4.  Assume (Q) and (H). As before, let k,, = nn, (for £y) or
nnk r,f (for weak £ ). Define m, = a,(1 — q,) as above. Then, uniformly in u for
which k() > ank),, we have:

(a) Forv <ayk,),
(6.7) M (v; ) = ki, @ (b, — ity anky]).

(b) In particular, for v=1 and a,, > bs(logn)™",

(6.8) M(1; 1) > c(logn)? "1

REMARK. 1. The lower bound of (6.8) is valid for all sparsities n} in the range
[n~log” n, n=b3]; clearly it is far from sharp for 5/ away from the lower limit.
If needed, better bounds for specific cases would follow from (6.12) and (6.13) in
the proof below.

2. We shall need only the lower bound for v = 1, but the methods used below
would equally lead to bounds for larger v, working from the intermediate esti-
mate (6.7).

COROLLARY 6.5. Letk, = nn,[:'c,,_p, and take o, as in assumption (A); then
uniformly in u for which k() > o, ky,

M(1; p) = c(logn)? P2,
PROOF OF PROPOSITION 6.4. For convenience, we abbreviate a,k,, by «.
The bi-threshold function g = g,  is convex (Lemma 6.3), and so

ki

M@; )=y guelm) =Y g(m) = kg (e (1)),
=1 =1
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where 7, () = (1/k},) lec’/’ m; is the true positive rate defined at (6.6). Since
k(p) > &, Corollary 6.2 bounds 7, () > (1 — gn)(x/k,) = 7, and so from the
monotonicity of g,

8@ (W) = g(1n) = pv(pic (1)) = ®(1y — pic (7).
This establishes part (a). For (b), we seek an upper bound for
(6.9) ty = e (7Tn) =ty — fic + B — e,
where we abbreviate pu, (7r,,) by u, for convenience. First note that
Tn = e (i) = P(—te — i) + Pt — ),
which shows that ® (1, — ) < 7, < 2®(fe — jiic), from which we get

te — e < z2(my /2) < \/210g(27rn_1),

using (12.7). Since 7, = (1 — g, )a, > c¢3/(logn)™", we conclude that

(6.10) fe — My () < v 2rloglogn + c4.

From (12.13), we have

(6.11) 0=ty — 1 </2log(n/v) — \/2log(n/k) + c (b1, by).
Since k = a,k,, with a, < 1, the right-hand side only increases if we replace «
by k.

At this point, we specialize to the case v =1 and set v, = /2logn —
v/2logn/k},. Combining (6.9), (6.10) and (6.11), we find that

ty — pie (7Tn) < vp + c(b1, b3) +/2rloglogn + ca.

For n > n(b), the last three terms are bounded by s, = /(2r + 1)loglogn. So,
from (6.7),

(6.12) M(1; 1) = ky, ® (v + 80).

We may rewrite k), in terms of v,, obtaining

logk!, = vp/2logn — v2/2.

The bound ®(w) > ¢ (w) /(2w) holds for w > V2, applying this we conclude
e—Sn/2

(6.13) K, ®(vy + sp) > mexp{vn(,/ﬂogn—vn—sn)}.

Since e—%1/2 = (log n) "2 and v, < +/2logn, the first factor is bounded below
by co(log n)~"~!. To bound the main exponential term, set g(v) = v(y/2logn —
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1=b3] 2 _

v — s5,). We note that nn} € [log" n,n )
and so 7 € [1,2logn] and so k|, € [log” n, (2logn)n'=23]. For £o[n,], k,, €
[log” n, n'=b3]; we shall see shortly that the difference between the two cases does
not matter here.

We now estimate the values of v and g(v) corresponding to these bounds on &/,.

At the lower end, k), = log” n; then [using /a — /a — & > ¢/(2/a)]
y loglogn
> =i vy,
/2logn

and one checks that g(vy,) > y loglogn — 1 for n > n(b). At the upper end, if
k, = (2logn)n'=b3, then

and so T 2logn, ¥ < 2logn

vp < (1 — x/Z3) 2logn + ¢ =: vy,

and one checks that g(vy,) = (Vb3 —b3)(2 logn)(1 + o(1)) > g(vy,) for n large.
Since g(v) is a concave quadratic polynomial with maximum between vy, and
v2n, it follows that for &), in the range indicated above,

e8Wn) > e8Win) > e (logn)?.
Combined with the bound on the first factor in (6.13), we get
kj, ® (vn + 50) > coe™ (logn)? 71,

as required for part (b). [J

6.3. Properties of the mean detection function. This subsection collects some
properties of

M) =Y &ty — ) + ®(—t, — 1)
l

as a function of v, considered as a real variable in R.. Writing M, M for partial
derivatives w.r.t. k, calculus shows that

01,/9V =~/ Qnp (1)),
6.14)  Mip) = (=01,/0v) 3. (ty — ) + d(ty + )
)

(6.15) = (gn/m) Y e/ cosh(t, ) > 0,
l

(6.16)  M(vi j) =—q2/@nP¢ ) Y pue ™/ sinh(ypu) <0,
[

with strict inequality unless p = 0. Finally, since M (0; u) = 0, there exists ¥ €
[0, v] such that the threshold exceedance function v~ M (v; p) = v (M (v; p) —



FALSE DISCOVERY RATE THRESHOLDING 619

M@O; ) = M (v, n), and hence, for each u the exceedance function is decreasing
in v:

6.17
( ) av v

Let us focus now on £¢[n,]. In this case

d (M(v; Ty 1(
_(M) — ;[M(v; ) =M@, )] <0.

ky
M p) = [D@ — 1) + P (=t — u)]+ (1 = na)gav,
1

and so, using (6.14) and (12.9),

. 2¢ (0)kp
M(v; ) < + (1 = nn)gn-
In particular, if v = ak;,, then
. 2¢(0)
M (aky; =< n-
(akn; 1) atlak,] +gq

Finally, if a = a, = 1/(b47;), then (12.15) shows that for 7, sufficiently small,

20 _, (2 7

(6.18)

= <by.
atlak,] N 7 tlank,] =

As aresult, uniformly in £o[n,],
(6.19) M (otpkn: 1) <bs+qn <4’

by the definition of b4; recall assumptions (A) and (Q) of Section 4.1.

6.4. Weak £, bounds for the detection function. For weak £, we do not have
such a simple bound on M as (6.19). From the preceding calculations, we know
that v — M (v; w) is positive and decreasing. We will need now some sharper es-
timates, uniform over m ,[n,] (and £o[n,]) in the scaling v = ak,, with a regarded
as variable. This will lead to bounds on the solution of M (ak;,; ;1) = ak,, and hence
to bounds on k(u) (cf. Corollary 6.8).

The two key phenomena are:

(a) If ap is fixed, then for v in intervals [aik,, al_lk,,], the slope of M is, for
large n, essentially constant and equal to g,. This reflects exclusively the effect of
false detections.

(b) For small a (~1/7;, say), the order of magnitude of M (aky; ) can be as
large as 1/(at[ak,]). This reflects essentially the effect of true detections.

Since u — M (k; w) is an even function of each u;, we may assume without
loss of generality that p; > 0 for each /.
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To bound M, divide the range of summation into three regions, defined by the
indices

kn:nny]:T;p’ l’_l’kn:TT]’
/ = —1
kn=nn,ft,f, i, =T,
Thus, we write

M = Mpos + Mtrn + Mneg»

where the sum in Mpos extends over the range [1, k,,] of true “positives.” The sum
in th ranges over (k,, k,,] and is “transitional,” while the sum for Mneg ranges
over (k),, n] and corresponds to means that are essentially true “negatives.”

A rough statement of the results to follow is that for a in the range [y 7,” L1,

. 1
sup Mpos(aky; p) =< )
molnad atlaky]

. 1
M kpy ) =0 ——— .
ms,,lff | tn(@kn; () <at2[akn]>

Mneg(akn§ )~ qn.
Combining these will establish:

PROPOSITION 6.6. Assume (Q), (H) and (A). For n > n(b), t, > cp,a > 1
and all pw € my[n,],

qnll — eP1 < M (aky; )
(6.20)

2¢/(0) 0
S qull+ ey lenl+ [1 - t[am]

If, in addition, a > )/tn_l, then for n? < n(y, p, b1, b3) sufficiently small,

. C
(6.21) sup M (akn: i) = gull — €01+ ———.
mp[’?n] at[ak”]

The proof consists in building estimates for M in the positive, transition and
negative zones. It will also be convenient, for Corollary 6.8 below, to obtain esti-
mates at the same time for the corresponding components of the detection func-
tion M itself.
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6.4.1. Positive zone.  Mpos(v; 1) = Zfil pyv () is, for w = [, approximately
constant on the interval [a;k;,, al_lkn]: fora; <a < al_l,

(6.22) Mpos(akn; 1) € [1 — &1p, 11ky.
PROOF OF PROPOSITION 6.6. The upper bound follows from p,(u;) < 1.

For the lower bound, since ®(z, — [) is decreasing in / and increasing in v, we
have for any /| < k,,,

kn
Mpos(v; 1) = Z Sty — i) = L Pty — i) = L P(t[8ke] — fiyy).-

Choose v, =1, I and define /; by the equation
l'Lll = t[8kn] + z(yn).
From (12.15) it is clear that i1;, > 1y, so that [; < k,. Hence
(6.23) Mpos(v; 1) = i D (=z(yn)) = L (1 = ).
We have from (12.16) that i1; = 7, + \/2log T, + (b1, b3) for n small, and hence

A [ T, ]p [ ‘/210g‘c,,+c]_
_— 1 >+ >1 —C‘L' 2logt
ko Lil0kal+ 2] = T 210

Since y, =7, ", the last two displays imply (6.22) with €1, = c7, I /2Tog 7.

Bound for Mpos. Since Mpos(v; ) = ]1(” d~>(tv —up) + (-1, — ), we have

kn
(6.24) Mipos (v ) = (=31, /90) Y d(ty — ) + b (1 + o).
1

From (12.9), we obtain Mpos(v; w) < 2k,¢(0)/(vt,). Hence, for v = ak, with
t, > 1 and all w,

2¢(0)

6.25 Myos(aky; ) < .
( ) pos(a ny M) < atlak,]

Turning to the lower bound, we note that j; > 1, if and only if / < nn,’,7 P =1,
By setting all u; =1t, forl </, we find from (6.24) and (12.9) that

©0) k, A l
sup Mpos(v n) = d) -
mp[nn] 2 viy

(This also holds for £¢[7n,].) If v = ak,, then

ko A1 1 [( T )p }
= AT
vty atlak,] L \t[aky]
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Ifa > yrn_l, then for n sufficiently small, (12.17) says t,/t[ak,] > % Combining
the last remarks, we conclude that for v = ak, and a > yr{l,

ciently small,

then for n suffi-

. co
(6.26) sup Mpos(aky; n) > :
mp[nn] at[akn]

Here co denotes an absolute constant.

6.4.2. Transition zone. For a < al_l and n < ng sufficiently small, we have,
uniformly in m ,[n,]:

(6.27) 0 < Min(akn; 1) < cot,) 'k,
. Cco

6.28 M, kny ) < ———.

( ) wn(@ky; ) < atz[akn]

To bound th (k; n), introduce
h(, 1) = "2,

which increases from 1 to a global ma>.<imum of e’/? = ¢(0)/o(t) as u grows
from O to 7. We have from (6.15) that M (k; u) < 2(gn/n) >_h(us, tx). The argu-
ments for the two bounds run in parallel. We have

K, kn
Mun(vi ) <Y Hi(uy) and M (v; 1) < (gn/n) Y Ha(u),
kn kn

where H;(u) =2®(t, — ) and Ha(i) = h(w A 1y, 1) are both increasing func-
tions of p > 0. By integral approximation,

k' k!

n n _ ‘[’] o

> HGuw) = Y HiGn) <nnf [ Haw " du,
I=kp kn R

For a < al_l, we have t =1, > 7, — 3/2 for n sufficiently small by (12.15),
while (12.17) shows that 1',]_1 > 1/(2t,). Let H = sup H; we have

T t _ _
/ " HuuP"' du 5/ Hu P du + 3/2)Ht P~ < coHr=P~!
! 1/(21)

after using Lemma 6.7 below. For My, H =2 and we have from the previous
displays
Mimn(aky; 1) < connutlak,17P~" < cot,  kn,

since f[ak,]~! < 21’,7_1.
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For Mim, H = h(t,,1,) = $(0)/$(t,), and since ¢ (1,) > 51, D (1),

: coh(ty, ty) _ cognnk m \? 1
M (akn; 1) < g} < . SCO( :
e el P2 d1,) tlak,]) at*laky]

and so (6.28) follows from (12.15).
LEMMA 6.7. For p <2andt > 2, and for h(u,t) given by either ®(t — u) or
¢t —u)/@(t), there is an absolute constant cqo such that

/r hu, du _ coh(t, )
1 .

PROOF. Writing v for t —u, we find that in the two cases h(u, t)/ h(t, t) equals
20 (v) or e‘”z/z, respectively. By (12.3), 20(v) < e="*/2 for v > 0, so in either
case the integral in question is bounded by

h(t,t) t—1/(2t)

pyss exp{—v?/2+ (p+ g(w)}dv,

where the convex function g(v) = logt — log(t — v) is bounded for 0 < v <
t — 1 by 4v(logt)/t. Completing the square in the exponent gives an integrand
smaller than +/277 times a unit-variance Gaussian density centered at u(p, 1) =
4(p + D(ogt)/t. Since u(p,t) < cq for p <2 and t > 2, the previous integral is
bounded by \/ﬂexp{%,u,z(p, N} <cyg. O

6.4.3. Negative zone. Under conditions described immediately below,
(6.29) [1—&l1gnv < Myeg(v; ) < [1+cbp(en)lgnv,
(6.30) [1—el1qn < Mneg(v; ) < [1 4 €8, (en)1gn-
The lower bound in (6.29) holds for all n, v, u. All other bounds require u €

mp[n,] and n > n(b). The upper bounds further require v such that ¢, > c(b).

Lower bounds. For Myeg(v; ) = lek;, pv(uy) this is simple because
pv(ir) > py(0) = guv/n, so that Mneg (v; 1) > (n — k})gnv/n =[1— &} Ignv.
For Mneg(v; w), weset f(u,t)= e~1/2 cosh(ru) and check that for given ¢,
n—> f(u,t) is increasing for ru < ¢y and t > ,/cy. For I > k|, we have
(6.31) wsi <=1, <an ! <ar,
by (12.14), for ¢; = c¢1(b). Consequently f(u;,t,) > f(0,¢,) =1 and so
Mieg (v; 1) = (qn/n) Y f (1, 1) = (gn/n)(n — kp) = [1 — & 1.

Ik,
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Upper bounds.  The arguments run in parallel: we have

(6.32)  Mueg(vi ) < > Hi(w) and  Mneg(v; 1) < (gn/n) Y, Ha(u),

1>k, 1>k,

where Hi (i) = 2d~>(t,, — ) and Ho () = h(u, t,) are both increasing and convex
functions of u € [0, 1], at least when ¢ > 2. Using (6.31) along with ¢ = ¢,, this
convexity implies

H(up) <A —tpr/c1)HQO) + (tpi/c1)H(ci /1)
and hence, since t < ¢, 7, from (12.14),
(6.33) nt YT HGu) < HO) +cpey  Hier/Dwn ™" Y .

1=k 1>k},

By an integral approximation, since &, = 1,7, and k},/n = ek, we find

n 1 1

6.34) Tn 'Y < r,,nnf x VP dx :pen/ sP2ds = 8,(en).
1 ky/n &n

l_kn "

To apply these bounds to Mpeg(v, n), we note that H;(0) = g,v/n while
from (12.4), for t > +/2cq,

H(c1t™") < 8e1®(r) = 4e° (guv/n).

From (6.32), (6.33) and (6.34), we obtain (6.29).
Turning t0 Mhpeg(v; 1), we note that H>(0) = 1 and Hz(c1/t) = exp{c1 —
c% / (2t2)} < ¢! and so the same bounds combine to yield (6.30).

6.4.4. Conclusion. The upper bound in (6.20) follows by combining those
in (6.25), (6.28) and (6.30). The lower bound (6.21) follows by combining
(6.26) and (6.30).

COROLLARY 6.8. Letd, = 2c0t,7_1 [where cg is the constant in (6.27)]. Uni-
Jormly in mp[n,],
(6.35) k() < (1= gp — dp) ™ 'ken.

PROOF. Lets=(1—gq, — dn)_l. Combining the bounds on Mpos, My, and
Mg in (6.22), (6.27) and (6.29), we find for n > n(b) and 7 sufficiently small that

M (skys 1) < [1 4 cot, ! +qus (1+ cu8p(en)) Jkn < [1+ s + ralkn,
where, since s < (1 —g/)~ !,

rm=cot, | +cdplen).  c=cb,q).
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‘We have
M(Skn,ﬂ)/(Skn)fl_QH_dn + qn +rn=1—d,+ry.

Since 8, (g,) = 0(1’,7_ 1Y (from the assumptions on ny), clearly r, —d, <0 for n >
n(b); for such n, M (sk,; i) < sk,, and so k(i) < sk, as required. [J

We draw a consequence for later use. Define

_ [o, + (1 — Qn)_l]knv for £o[n,],
(6.36) o= { [ay + (1 —gn — dn)_l]kna for mp[nn]-

Recall now the notational assumption (A). Clearly, for large n,
(6.37) in ~ (1= g) ke and iy <kn/q".

From the remark after (5.3) (case ®, = €y[n,]), and from Corollary (6.8) (case
Op=m p[nn]),

sup k4 (u) <ky.
e, " 0

7. Large deviations bounds for [k(;, kp] We now develop exponential
bounds on the FDR interval [kG kF] that lead to a proof of Proposmon 5.1.
“Switching” inequalities allow the boundary-crossing definitions of kg, kp to be
expressed in terms of sums of independent Bernoulli variables for which large
deviations inequalities in a “small numbers” regime can be applied.

7.1. Switching inequalities. 'We will write Y; for the absolute ordered values
[ylg. Let 1 < kg <kp <n be, respectively, the smallest and largest local min-
ima of k — S =314 Y12 + Zf‘zl tl2 for 0 < k < n. The possibility of ties in
the sequence {Si} complicates the exact description of local minima. Since ties
occur with probability zero, we will for convenience ignore this possibility in the
arguments to follow, lazily omitting explicit mention of “with probability 1.”

Define the exceedance numbers

N () =#{i :1yil > e}, Ny () =#{i :|yil = e}
Clearly N (#x) and N4 (tx) have the same distributions. We now have
(7.1) krp=max{l:Y; > 1;} = max{l: N(1) > I},
(7.2) kg +1=min{l:Y; <} =min{l: Ny (1) <I}.

[We set IQF =0or I%G = n if no such indices / exist.] To verify the left-hand side
inequalities, note that Sy — Si_1 = t,g — Ykz, so that

Sk = Sk—1 = Yi<t.
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The largest local minimum of S; occurs at k = IQF exactly when S < Sx—1 but
S; > 8;—1 for all [ > k. In other words Y > t; but ¥; < #; for all larger /, which
is precisely (7.1). Similarly, the smallest local minimum of S; occurs at k = ke
exactly when Siy1 > S but §; < §;—1 for all [ <k, and this leads immediately
to (7.2).

For the right-hand side inequalities, we simply note that

N(ty) >k iff Yy >, and Niy(x) <k iff Y < t.

7.2. Exponential bounds. First, recall Bennett’s exponential inequality
(e.g., [32], page 192) in the form which states that for independent, zero-mean
random variables X1, ..., X, with | X;| < K and V =) _ Var(X;),

PXi+--+X,>n} < exp{_n_23<ﬂ>},
- 2V Vv
where B(\) = (2/A2)[(1 + X)) log(1 4+ 1) — A] for A > 0 is decreasing in A. The ex-
tended version [3] gives the following consequence, useful for settings of Poisson
approximation.

LEMMA 7.1. Suppose that Y;, | = 1,...,n, are independent 0/1 variables
with P(Yy=1)=p;. Let N=> 1Y and M = EN =} p;. Then
(7.3) P{N <k} <exp{—3Mh(k/M)}, ifk <M,
(7.4) P{N >k} < exp{— i Mh(k/M)}, ifk>M,

where h(x) = min{|x — 1], |x — 1|?}.

7.3. Bounds on k/My. The Lipschitz properties of k — M (k; ) established
in Section 6 are now applied to derive bounds on the ratios k/ M} appearing in the
exponential bounds (7.3)—(7.4). In the following, we use b to denote the vector of
constants b = (b, ..., bs, q’), and the phrase n > no(b) to indicate that a statement
holds for n sufficiently large, depending on the constants b.

PROPOSITION 7.2. Assume hypotheses (Q), (H) and (A). If ayk, < ki, then
for n > n(b), uniformly in u € Lo[n,] and m p[n,],
(7.5) M (ki + anky; ) — M(ky; w) < q/ankn-

(@) Ifk(n) <ki < (1 —q") 'ky and ky = k1 + ayky, then

k>
(7.6) M~ 1> —q)a, = ap.
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(b) There is ¢ > 0 so that, if 2a,k, < k(n) < (1 — q/)_lkn and k1 = k() —
ok, , then

ki N2
(7.7) l———>0—-q) o =ay.
My,

PROOF. Formulas (6.15)—(6.16) show that v — M (v; w) is positive and de-
creasing and so the left-hand side of (7.5) is positive and bounded above by
M (otnkn; ). For p € £o[n,], (6.19) shows that for n > n(b), M(ankn; ) < ¢’
for all w in £o[n,]. That the same bound holds uniformly over m ,[n,] also is a
consequence of (6.20) and (6.18).

(a) To prove (7.6), note that the assumption k() < ky entails My, < ki, so
from (7.5),

My, = My, + My, — My, < ki + q'ctnky.
Since k1 <k,/(1 —q’) and ¢’ < 1, we have
My, _ki+q'anky _1+4¢'(1=q)en
ky = kit+oapky, T 14+ —q)ay
Thus, since o, = O(1/4/logn), for n > n(b), we find

k 1 _ N2
2 1> ( q') an z(l—q’)3an-
My, 1+4'(1 —q")an
(b) The assumption that k(i) > 2wk, yields ki > ayk,, and so the Lipschitz
bound (7.5) implies M,y — My, < q’a,k,. Hence, since k(u) <k,/(1 —q’),

My _ k(W) = q'ankn 1 =¢'(1 = g))an
ki 7 kGO —apky T 1= (1—q"ay
which leads to (7.7) by simple rewriting. [

PROOF OF PROPOSITION 5.1. 1. Let k; = k() V ayk, and ky = ki + a,k;,.
From (7.1),

(7.8) tkr > ko) c | JN@) = 13
1>ky

For | > kp > k(u), we necessarily have E,N(#) = M(l; u) <[, and so from
Lemma 7.1

(7.9) PuiN (@) = 1} < exp{—3 Mih(l/ M)}, My =MU; ).

For x > 1, the function A (x) is increasing, and for ! > k>, [ — [/ M is increasing
and so h(l/M;) > h(ky/My,). Now ki and k; satisfy the assumptions of Proposi-
tion 7.2(a) and so from (7.6), h(ky/My,) > ;201,%. Since I — M; is increasing, we
have from Proposition 6.4 that

(7.10) M; > M(1; 1) > c(logn)? —3/2.
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Combining (7.8), (7.9) and (7.10), we find

P lkp >ky) < > exp{—%Mlg“za,%}
I1>ky

<n exp{—coz,%(log n)Y 32
< nexp{—c'(logn)” =%},

for ¢’ depending on ¢ and by.
2. Now assume that k(1) > 2a,k,; we establish a high probability lower bound
for kg. Let ky = k() — apky,; from (7.2)

tkg <k} =thkc +1<ki} C | JIN+(0) <1},
1<k

For [ < k| < k(u), we necessarily have M; > [ and so
P{NL(t)) <l}=P{N(@t) <1} < exp{—}‘Mlh(l/Ml)}.

Since | — [/M; < 1 is increasing, and since k| and k(u) satisfy the assumptions
of Proposition 7.2(b), we obtain from (7.7) that

h(l /M) > (1— al )zzczai-
My,

In addition / — M; is increasing, and so M; > M. Since k() > 20, k, > onky,
we have from Proposition 6.4 that (7.10) holds here also. Hence
PM{IQG <k} <k exp{—}‘Mlgza%} < nexp{—c'(logn)? ~>/?},

in the same way as for (7.11). [

8. Lemmas on thresholding. This section collects some preparatory results
on hard (and in some cases soft) thresholding with both fixed and data-dependent
thresholds. These are useful for the analysis and comparison of the various FDR
and penalized rules, and are perhaps of some independent utility.

8.1. Fixed thresholds. First, we give an elementary decomposition of the £,
risk of hard thresholding.

LEMMA 8.1. Suppose that x ~ N(u, 1) and that ng(x,t) = xI{|x| > t}.
Then

pH(t, ) =Eng(x,t) — pu|"
(8.1) .
- f_ WG —mwdx+ [ x =l é — ) dx

[x|>t

(8.2) =D(u, 1)+ E(u, 1),
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where
(83) D(u,t) = |l [®(t — p) — D(—1 — w],
E(u,ty=1t —pnl" "o — )+t +pul " ot + 1)

+e(t—p)+e+p),

(8.4)

o0
(8.5) le()| =|r — llf zr_zqﬁ(z) dz < vr_3¢(v), v>0 0<r<2.
v
We note that for 0 <r <2
m ~
8.6) pu(t,0 = 2/ d(2)dz =21"D()(1 4+ 0t72), 0<0<r,
t

and that E(u, t):

(i) is globally bounded: 0 < E(u,t) <c¢, = [ |z|"¢(2) dz,
(1) is increasing in w, at least for 0 < u <t — «/E,

(iii) satisfies E(1,1) < cot” ®(t — 1) fort > 1.

A consequence of (8.6) is that for some (0] <1,

k
(8.7) St =kt (14 617%) + 6ot] = ktf (1 + o(1)),
=1

so long as k — oo and k/n — 0.

This is proven in the extended version on which this article is based [3]; the
same is true for the next lemma, which concerns covariance between the data and
hard thresholding. This helps analyze ¢; loss; for the ¢, analog, see Section 11.3.

LEMMA 8.2. Let x ~ N(u,1). (t,n) = E(x — w)[nu (x,t) — ] has the
properties:
(1)
8.8)  Et, W =tl¢p(t — )+ P+ W]+ D@ —p) + P(—1 — ),
(i1)
2, foru| <t — . /2logt,
(8.9) 5t 1) = {t +1, for all .,

(iii)
(8.10) u— &(t, w) is symmetric about 0, increasing for 0 < u <t,
(8.11) and convex for 0 < u <t/3ift >3,

(iv)
(8.12) sup |5, (1, )| < co.

lul<t/3
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8.2. Data-dependent thresholds.

LEMMA 8.3. Letx =u+z~ N(u, 1) and n(x, ) denote soft or hard thresh-
olding at f. Forr >0,

(8.13) In(x, 1) — pl” <207 D+(lz" +17]").
PROOF. Check cases and use |a + b|" <20~ D+(ja|” +|b"). O

LEMMA 8.4. Suppose that y ~ N, (u, I) and that {1(y) corresponds to soft or
hard thresholding at random level £ [1(y); = n(yi, ). Suppose that f <t almost
surely on the event A (witht > [E|z|2’]1/2r). Then for r > 0,

(8.14) Eullla—pl" A1 <272 n P, (4)' 2,

REMARK. The notation E[X, A] denotes EXI4 where I, is the indicator
function of the event A.

PROOF OF LEMMA 8.4. Rewrite the left-hand side and use Cauchy—Schwarz:
n n
Y EllnGi ) — wil”, A1 < P2 (Eln — il ™, ALY/,
i=1 1
Now (8.13) and the bound on 7 imply
E[|7]l _ Mi|2r7 A] S 2(2)’71)+[E|Zi|2r + fZ)’] E 22r\/1t2r' |:|

Continuing with y ~ N, (u, I'), the next lemma matches the £, risks of two hard
threshold estimators /1(y); = ny(y;; ) and i’ with data-dependent thresholds 7
and ¢’ if those thresholds are close. Assume also that there is a nonrandom bound
t such that 7, 7 < t with probability 1. Then

t if |y;| lies between 7, 7/,

[ s f - [ s f/ = 1
e (i, t) —na (i, )] < {0’ otherwise.

Let N’ =#{i:|y;| € [{,']}—clearly || — /|- <t"N’. In various cases, N can
be bounded on a high probability event, yielding:

LEMMA 8.5. Let 8, be a specified sequence, and with the previous definitions,
set B, ={N' < B,}. For0 <r <2,

1ot 1) — p(i )| < 2But" +rI{r > 1}p(/, w)! =V gL

(8.15)
+8t"'nP, (B2
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PROOF. To develop an ¢, analog of (9.21), we note a simple bound valid for
alla,z e R:

|z|", O0<r<l,

8.16 "—lal"| <
16 lakal 1= {50y 12

(For r > 1, use derivative bounds for y — |y|".) We consider here only 1 < r < 2;

the case r < 1 is similar and easier. Thus, setting e = 4 — A/, A =t — u and
similarly for A’,

E{ZIAiI’ — AL, Bn}
i

Using Holder’s inequality and defining €, = E{||L — ['||., Bn}, we obtain

SrE{Z|A;|’—‘|ei|+|el~|’,Bn .
i

(8.17) IE{IALL = 1A, B < rp(2, )TVl 4 re,.

From the definition of event B,, and the remarks preceding the lemma, €, < §,1".
On By, apply Lemma 8.4 to obtain (8.15). [

9. Upper bound result: £, error. We now turn to the upper bound, Theo-
rem 4.1. We begin with the simplest case: squared-error loss. Only the outline of
the argument is presented in this section, with details provided in the next section.
The extensions to £, error measures, of considerable importance to the conclusions
of the paper, are not straightforward. The proofs are postponed until Section 11.

The approach taken in this section was sketched in the Introduction; see
(1.11) and (1.13). We define certain empirical and theoretical complexity func-
tions—the empirical complexity being minimized by f[i;. A basic inequality
bounds the theoretical complexity of jio by the minimal theoretical complexity
plus an “error term” of covariance type. When maximized over a sparse parame-
ter set ©,, the minimum theoretical complexity has the same leading asymptotics
as the minimax estimation risk for ®,. To complete the proof, the error term is
bounded. This analysis is sketched in Section 9.3; the detailed proof relies on an
average case and large deviations analysis of the penalized FDR index k>. The
upshot is that these terms are negligible if ¢ < 1/2, but add substantially to the
maximum risk when g > 1/2; this was foreshadowed in Proposition 5.5 and its
discussion. Finally, a risk comparison is used to extend the conclusion from the
penalized estimate [1, to the original FDR estimate [if.

9.1. Empirical and theoretical complexities. In Section 1.8 we have de-
fined 1o as the minimizer of the empirical complexity K (i, y) = |ly — iil|> +
Pen(1) (note that now we set o> = 1). Substituting y = u +z into K ({12, y) yields
the decomposition

9.1) K (2, y) = K (i, ) +2(z, it — f12) + |1z]1%.
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Now let g = uo(un) denote the minimizer over i of the theoretical complexity
K ({1, n) corresponding to the unknown mean vector pu,

9.2) K (o, p) = inf llu = il1* + Pen(@).
There is a decomposition for K (ug, y) that is exactly analogous to (9.1),

K (o, y) = K (10, ) +2(z, it — po) + 1z

Since by definition of 12, K (1o, y) > K (f12, y), we obtain, after noting the can-
cellation of the quadratic error terms and rearranging,

9.3) K (f12, ) < K (po, 1) + 2(z, flo — po)-

Thus the complexity of /i, is bounded by the minimum theoretical complexity plus
an error term. Up to this point, the development is close to that of [14], as well as
work of other authors (e.g., [43]). Since

(9.4) K (12, 1) = | iz — p]|* + Pen(f22),

we obtain a bound for p(ji2, u) = E,|lft2 — || by taking expectations in (9.3).
Since the error term has zero mean, we may replace o by © and obtain the basic
bound

9.5) p (2, ) < K (uo, u) +2E,(z, fia — ) — E, Pen(f1).

We view the right-hand side as containing a “leading term” K (u¢, ;)—the the-
oretical complexity—and an “error term,”

(9.6) Erry (i, o) = 2E,, (2, fia — 1) — Ej, Pen(f2).
We now claim that the maximum theoretical complexity over sparsity classes ®,

is asymptotic to the minimax risk.

PROPOSITION 9.1.  Assume (Q), (H). Then

9.7) sup K (po(i), i) ~ Ru(On), n— oo.
HEB,

The same minimax risk bounds the error term:

PROPOSITION 9.2.  Assume (Q), (H). With uz, =1 for €y and strong £, and
uzp =1— p/2 for weak €,
| Re@0u, 2D
9.8) sup Errp(u, f12) = Prl—q ’
H#EOn 0(Ry(©y)), g<1/2.

Together these propositions give the upper bound result in the squared-error
case.
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9.2. Maximal theoretical complexity. We prove Proposition 9.1, beginning
with the nearly-black classes ®,, = €g[n,].

As in Section 1.8, decompose the optimization problem (9.2) defining K (w0, 1)
over the number of nonzero components in /. Assign these to the largest compo-
nents of u: hence

9.9) K (0, ) =inf Z u<l)+Ztl
I=k+1

On {y[n,], at most k, = [nn,] components of © can be nonzero. Hence the infi-
mum over k may be restricted to 0 < k < k. This implies

kn
9.10) sup K (o, ) = 17
uelolnal 1

Indeed, choosing k = k,, in (9.9) shows the left-hand side to be smaller than the
right-hand side in (9.10), while equality occurs for any p with nonzero entries
M1 =---= g, > t1. Noting

k
2
©.11) S 17 ~ ki, t,g~210g<%—> if k = o(n)
q
1

[cf. (8.7) and Lemma 12.3], along with n, = 0(n=?%), we get

kl’L

Y47 ~ katiy, ~ nna2logn, ' ~ Ry (€olnal),
1

which establishes (9.7) in the £ case.

REMARK. Using a fixed penalty Pengx (1) = 2|l i]lo in the above argument
would yield sup K = k,t% & nn,t%, but the > term is unable to adapt to varying
signal complexity.

Weak £,. The maximum of (9.9) over u € mp[n,] occurs at the extremal
vector u; = C,l=YP, where C, = nl/Pnn. Define k, to be the solution of

CngZ/P — tk2 . Using (9.11), we obtain

sup K (uo, M)_meZZl 2/"’+Z:t
wemplnnl k k+1

9.12) ~ Gk, A Rt Ty =

=+ 1)k, .
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Thus k,, is the optimal number of nonzero components and may be rewritten as
(9.13) k,=Clt, " =nnPt, "

A little analysis using (9.11) and the equation for k, shows that t,f ~2logn,?

(For this reason, we define k,, = nn} T ) From (3.4) we then conclude tk ~ M”,
which via (3.6) and (3.7) shows that the right-hand side of (9.12) is asymptotlcally
equivalent to R(m ,[n,]), as claimed.

REMARK. The least-favorable configuration for w is thus given by u; =
min(C,I~YP, 1;) = min(n,(I/n)~'/P, 1;), which, after noting (9.11), is essentially
identical with the least-favorable distribution (3.8). In addition, the maximization
has exactly the same structure as the approximate evaluation of the Bayes risk
of soft thresholding over this least-favorable distribution; compare (3.9)—(3.11).
Replacing the slowly varying boundary [ — # by my = t[k;,] + « leads to the con-
figurations (5.17).

Strong £,. The maximal theoretical complexity is the value of the optimization
problem

(Q(n,nh)) mamein(,u(zl), 1) subject to Z“&) <nnk.
¢

The change of variables x, = /L(pg) allows to write this as

mamem(x/p 2) subject to sz <nnf, x;1=x2>-
¢ ¢

Since p < 2, the objective function is strictly convex on IT,[0, tg], and the con-
straint set is convex. The maximum will be obtained at an extreme point of the
constraint set, that is, roughly at a sequence vanishing for £ > k (for some k) and

equal to té/ P for ¢ <k. Let k, be the largest k for which

k
P
> il <nnl.
(=1

Then the maximal theoretical complexity obeys

kn
Z <val(Q(n,nD)) < Y 17.
Again using (9.11), we get

SUp{K (10, 1) : jt € L[]} ~ kntlkn]* ~ nnf e 7.
So (9.7) follows in the £ [, ] case.
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9.3. The error term. We outline the proof of (9.8). Recall the definitions k4
and 71 from Section 5, at (5.6), (5.5), (5.8), and their use in Proposition 5.1. We
will rely on the fact that it is ®,-likely under P, that ky < k4 () and hence that
f» > t_ (). First write

(9.14) (z. 02 — ) =Y _zilnu (i, ©2) — wil-
1

We exploit monotonicity of the error term for small components p;. Indeed, if
lwil <t_(w) < f, then (cf. Lemma 10.1)

9.15) zilng iy 2) — il < zi[nw (i, 1= () — i,

as may be seen by checking cases. This permits us to replace #, by the fixed thresh-
old value 7_(u) for the vast majority of components j;, with Proposition 5.1 pro-
viding assurance that 7, > ¢_(u) with high probability. We recall the definition of
the covariance kernel £ in Lemma 8.2. For z; ~ N (0, 1) and scalar mean 1,

E, m1) =Ezilnu(z1 + w1, 1) — pal.

The function &(z, it1) is the covariance between y; and ngy (y1, t) when the data
y1 ~ N(u1,1). Lemma 8.2 shows that £ is even in @1, and has a minimum of
2t¢ () at puyp =0, rising to a maximum near p| = ¢ (though always bounded by
t + 1), and dropping quickly to 1 for large . It turns out that, uniformly on
nearly-black sequences u € ®,, the main contribution to the sum comes from
components /1 near 0.

Similarly, it is ®,,-likely that

b
Pen(f) =) 17 = k-3 ().
1

We proceed heuristically here, leaving the (necessary!) careful verification

to Section 10. Interpreting “~” to mean “up to terms whose positive part is
0(R,(®)),” we have, uniformly on ©,,,

(9.16) Brry(ue, f2) 22 ) E(t— (), i) — k- ()13 ()
0.17) A dnt_ (W) (1- () — k- ()13 (1)
(9.18) ~ [4nd(1- (1) — k-3 (1)
9.19) ~ (2qn — Dk— ()3 ().

At (9.17) we first use the fact that £(z,0) = 2¢¢ (¢). Second, for the at most k,
nonzero terms, we use the bound &(t, u) <t + 1 <t + 1—compare (8.9)—and
note that their contribution is at most O (k,t1) = o(R;). At (9.18) we use ¢ (t) ~
td~>(t) as t — 00, and at (9.19) the definitions of ¢ (1), k— and the asymptotics of
each.
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Expression (9.19) is negative if g, < 1/2, making Err, for our purposes negli-
gible. For ¢, > 1/2, since k — kt,g is increasing [cf. (12.10)], we use the bound
of (5.3), namely k(u) < IE,, on £o[n,], along with (9.11) to conclude that (9.19) is
not larger than

_ o 2g, —
(9.20) (2qn — Dk ~ 1‘1

1
Rn (EO[nn])-
n
This motivates (9.8) in the £ case.

Weak £,. The outline is much as above, although there is detailed technical
work since all means may be nonzero (subject to the weak-£,, sparsity constraint),
for example, in the transition (9.16) to (9.17). Again, after (9.19) we are led to max-
imize k_ (i) over mp[n] and from (5.4), find k— (1) < k() <kn/(1 —qn) =k,
say. Here k, = nn,’f T P is the effective nonzero index for weak ¢ p defined af-
ter (9.13).

Consequently, since 7; ~ 75, and using the expressions (3.6) and (3.7) for mini-
max risks, we obtain

(2qn — Dk-()13 (1) < (290 — DkeZ (14 0(1)

2g, — 1 2g, — 1

N qn knfi’\“ dn nnrll;tZ—p
1—gq l1—gq g
2g, — 1

2g, — 1
1—¢ Rn(ep[nn]) ~ UZpﬁR(mp[nn]),

with uz, = (1 — p/2).

Strong £,. The inclusion £,[n,] C m,[n,] and the previous display give

2g, — 1
2gn — Dk_ ()13 () < %Rn(ep[nn])(l +o(1)).

If the above arguments were complete—rather than just sketches—we would
now have the right-hand side of (9.8) in Proposition 9.2. Details will come in
Section 10.

9.4. From penalized to original FDR. We extend the adaptive minimaxity re-
sult for the penalized estimator [, which thresholds at f> to any threshold f in the
range [/, ic] defined in Section 1.8. In particular, the adaptive minimaxity will
apply to the original FDR estimator ji 5.

First compare the squared error of a deviation 8> = fin — p with that of § =

o=
(9.21) 18113 — 162113 = 2 — fi2ll3 +2(2 — 2) - (o2 — ).
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Now suppose fip (“D” for “data dependent”) has the form (4.1). All such estima-
tors differ from i, at most in those coordinates y; with kg <! < kg, and on such
coordinates the difference between the two estimates is at most ig < t; = z(q/2n).
Hence

~ A 2 2/7 7
lix — 2l <ty (kp — ki)

Proposition 5.1 and (5.7) show that FDR control, combined with sparsity, forces
the “crossover interval” [kg, kF] to be relatively small, having length bounded by

Y Qnkn.
On the event described in Proposition 5.1, we have

(9.22) 1A = 2113 < yankntf = 0(Ra(©y)).
We summarize, with remaining details deferred to Section 11.4.
THEOREM 9.3. If ip satisfies (4.1), then for each r € (0, 2]

sup |p(ftp, ) — p(fir, )| = 0(Ry(Oy)),
HEB,

so that asymptotic minimaxity of [i, implies the same property for any such [Lp.

10. Error term: quadratic loss. We now formalize the error term analysis of
Section 9.3, collecting and applying the tools built up in earlier sections.

LEMMA 10.1. If|u| <t' <12, then
(x = s (x, 1%) = ul < (& = Wlna (1) = ul.
PROOF. The difference RHS — LHS equals
(= wlna et = nu e, )] = (=l e < x| <%} 20,
since sgnx =sgn(x — w) if [x| > ¢! > |u|. O
We proceed with the formal analysis of the error term (9.6). Set

e =ei(f) =2(yi — mi)lnu (i, 22) — wil

and
An=An(,Uv)={t—§f2§t+}’ Sp(u) ={i il <1-}.
We have
2E(z,fla—pu)=E ) ¢
(10.1) 2.8

:E[ 3 é,-,A,,} +E[ > éi,An] +E[Z@i»AZ]

Sn (1) S5 ()
(10-2) = Dan + T2n + T3n»
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where we use Dy, Dy, and so on to denote “dominant” terms, and 7, to denote
terms that will be shown to be negligible.

Let e; = ¢;(¢—): the monotonicity of errors for small components (shown in
Lemma 10.1) says that the first term on the right-hand side is bounded above by

E[ > ei,An} :E[ > e,-:| —E[ > ei,Afl} = Dpp + Ta.

Sn (1) Sn (1) Su ()

Recalling the definition of £ (¢, i) from Section 8.2, we have Ee; = 2£(¢_, ;) and
Dpn = 2|8y (WIE@—,0) +2 > [E(1—, i) — £(1—, 0)]

Sn (i)

say. To summarize, we obtain the following decomposition for the error term (9.6):

4
Erry(pt, f12) < Den(i) + Y, Tjn (1),
j=1

where
Dep(p) =2n&(t—,0) — E, Pen(f12).

Recall that R,(©®,,) < kn‘c,% for both £o[n,] and m ,[n,]. In the following, we
will show negligibility of error terms by establishing that they are O (k, ;) [or, in
one case, o(k, rnz)] uniformly over £o[n,] or m ,[n,], respectively.

Dominant term. Using (12.1),
£(1,0) =219 (1) +2D(t) < 26D (1) + 6D(1).
Since 2<i>(t_) = an+n_1, we obtain
(10.3) 2n&(i-,0) < 2qpky 12 + 6quky < 2quk_12 + cky Ty,

after observing that k — k_ < 3ay,k, < ck, T, 1 by assumption (A), and that t_ <
cty from (12.14).

For the penalty term in D.,, we note that on A,, 122 > k_, and so Pen(ip) =
Zlfz tl2 > k,t_% > k_t2. On the other hand, since A,, is ®,-likely,

ka
E, [Z 17, A;} <ntf P, (AS) < cknTy,.
1

As a result

(10.4) E, Pen(fz) > k_t* + O (kyy).
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Combining (10.3) and (10.4), we obtain
Den(1) < Q2gn — Dk—12 + O (knTy).

If g, < 1/2, then of course the leading term is nonpositive, while in the case
1/2 < g, < 1, we note from the monotonicity of k — ktk2 [cf. (12.10)] and the
definition (6.37) of «,, that

k_t? <kyt’[ky] < knt’[icn] ~ (1= gn) " ka7

which leads to the second term in the upper bound of (4.2).

Negligibility of T1,, — T4,. Consider first the term 77, (1t). For the nonzero u;
(of which there are at most nn,), use the bound (8.9) to get

Tin(n) <kn(t1 +1) < knfn-

For the large signal component term 73,,, we have, using Lemma 8.4 and the
bound 7> < t; = O (log'/? n),

Ton < Y Eléi, Ayl
NAMD)

<2 Y A{EGi, b)) — wil}?

Se ()
(10.5)

< cot1|SE(w)|
< ISS(1)|(cologn)'/?,

On £o[n,], clearly |SS ()| < nn, and so T, (1) < c1knTy.
For the small threshold term T3, note first that 3" e; < 2||z]||||t2 — ||, so that

T30 (W) < 2(E||zIIHVHET fra — ), ASTHV2.

Now E||z||> = n, and since A€ is a rare event, apply Lemma 8.4, noting the bound
fz < t;. Thus

Tan (1) < 8nty Pu(AS)V* < cinty exp{—calog? n} = o(R, (€o[n,])),

uniformly on €g[7,] after applying Proposition 5.1.

The remaining term 7y, is handled exactly as was T3, if we let (i denote hard
thresholding at the (fixed) threshold ¢, then 3 g ) ei < llzllllitF — pl; and now
Lemma 8.4 and Proposition 5.1 can be used as before.
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Weak £,. A little extra work is required to analyze T7, (i), so we first dispose
of 15, — Tu4,. The analysis of T3, and Tu, is essentially as above. For T3,, we
bound [S;,(1)| using the extremal element of m ,[n,], namely j; = n, (n/HV7.
Thus, for all u € mp[n,],

Sp() C Ly >t (W},
and since, for n sufficiently small,
(106)  1-() =1lks (W] = 1lk4 (D] = 7 — 3/2 = 1,(1 + 0(1)),
we have
(10.7) 1SS < mnft =P () < nf TP (14 o(1)).

From (3.6) we have R, = R({p[n,]) ~ nn,’ffifp, and so from (10.5) and (10.7)
we get

Ton(w) < cotinnyt, P < ckaty.
For the Tj,, term, we obtain from Lemma 8.2 that

E(r, ) — E(t,0) < c(u* A1),

and so T, (n) < 2c2;1,2 A t1. The negligibility of Ty, is a consequence of the
following.

LEMMA 10.2. For0 < p <r <2, we have

i Aty = olket)).
)

PROOF. Define k by i = 1,/ log T; so that k= nnht, " log? t,,. We have

Since 11 < cTy),
Iztl(r_l)+ < ck,,r,g’_l)+ log” 7, = o(knr;).

By integral approximation, since 0 < p <r,

1 -
> if < /,;/ 7P dx < eppnify (ke /m) P
~ n
>k

= c,pnn,f‘r;_p log’™" 1, = o(knt,;). O
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11. ¢, losses. This section retraces for £, loss the steps used for squared er-
ror in Section 9, making adjustments for the fact that the quadratic decomposi-
tion (9.1) is no longer available. It turns out that this decomposition is merely a
convenience—the asymptotic result of Theorem 4.1 is as sharp for all 0 < r < 2.
However, the analysis of the error term is more complex than in Section 10, requir-
ing bounds developed in Lemmas 11.1 and 11.2.

11.1. Empirical complexity for £, loss. For an £, loss function, we use a mod-
ified empirical complexity,
N()
K(yin)=lly—al.+ Y 1.
=1

The minimizers of empirical and theoretical complexity are defined, respectively,
by

Ay =argmin K (@, y; r),
i

po = argmin K (@, s r).
i

For ¢, loss, the quadratic decomposition of (9.1) is replaced by
(1L1) K, p+2) =K@, w + llnw—n+zll = llw— il
The key inequality

K (fr, y) = K (1o, y),

when combined with (11.1), applied to both fi = fi, and po, yields the analog
of (9.3),

K(:&ra I’L) S K(MO? I/L) + D(llr’ MOa M» )’)
Setting
(11.2) S=p—fr,  So=p—po, y=p+tz,

we have for the error term

n
(11.3) D= D(fr, po, 1, y) = 180 + zlly — 180ll, — I8 +zIIL + 181 =D _d.
1

Thus, with Err, = EMﬁ — E, Pen, (i),

(11.4) Ellfty — plly < K (po, w3 1) + Erry (i, f2r).
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11.2. Maximum theoretical complexity. The theoretical complexity corre-
sponding to u is given by

n k
(115) K (o, i) =inf 3 [ulfy + 3 1f
k+1 1

We may argue as in Section 9.2 that for ®,, = £o[n,],

kil
(11.6)  sup K(uo. 1) < Yt ~katy ~nn,(2logn, " )/> ~ Ry(®p; 1),
.Uve®n 1

and that for ©, =m,[n,],

n k
sup K (o, ) =inf C7 S 1777 + 5t ~ R, (®,: 1).
sup (10, ) =in k; ;, n(On: 1)

Finally, for ®, = £,[n,], we may argue that

k k
sup K (po, w) ~max{y 1/ : > 1 <nnl b ~ Ry(Op;r).
HEB, k 1 1

We remark that if k() is an index minimizing (11.5), then wo; is obtained from
hard thresholding of w; at #9 = #[k(w)] [interpreted as #; if k(n) = 0]. In any event,
this implies

(1L.7) 180i | = |wi — peoil < il At1.

11.3. The £, error term. There is an ¢, analog of bound (9.15); this allows
us to replace the random threshold 7, by the fixed threshold value ¢, for the most
important cases.

Indeed, suppose that |u;| <t <#.. Let j1;(y) = ng (yi, t,) denote hard thresh-
olding at #,, and let 8 = wi — ;i denote the corresponding deviation. We claim
that

(11.8) 18: " — 18 +zil” < 18i]" — 18 + 2"

Indeed, Si = unless_tK <lyi| < f,. In this case, we have fi; = 0 so that S,- = Ui,
while i1; = y; so that §; = —z;. In this case, (11.8) reduces to
|r

il = lyil” < lzi

’

which is trivially true since |u;| <t <|yil.

We now derive the ¢, analog of the error decomposition (10.1). Recalling the
notation (11.2)—(11.4), we have

(11.9) di = d; (1) = 180i + zil" — 180i]” — 18 + 2" + 181"
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Defining as in Section 9.3 the sets A, = {r_ <1, <t }and S,(u) = {i : |ui| <t_},
we obtain

ED=EYd =E[ » cz,-,A,,} +E[ » a,-,An} +E[Yd A¢]

Sn () SILI(M’)
= Dan + T2n + T3n-

Let d; = d;(t—); the monotonicity of errors for small components [cf. (11.8)] says
that the leading term

Dan §E{ > d,-,A,,} =E|: > d,} —E|: > d,-,Af{| = Dy + Tu.

Sn () Sn () Sn (1)

Consider first the dominant term Dp,,. First, write
Ed; = Ey|80i + zil" — 180i]" — 18 + zil” + 18;"
=Y (80i) + & (1—, i),

where, fory=u +2z, z~N(0,1) and 0 < r <2, we define

(11.10)

(111D Y@ =Ella+z|" —lal" —|zI'],
(11.12) &, ) =Ellng (v, 1) —ul” — na(y. ) = yI" + 1y — ul'].

[Note that a term E|z|" has been introduced in both - and &,; as aresult Y2 (a) =0
and & (¢, u) = 2&(¢, ) as defined at (8.8).] The next lemmas, proved in the ex-
tended version [3], play the same role as Lemma 8.2 for the ¢, case.

LEMMA 11.1. The function ¥, (a) defined at (11.11) is even in a and

Cilal", forall a,
Crla|"=D+,  forlal large.

(11.13) @) <
LEMMA 11.2.  The function &,(t, 1) defined at (11.12) is even in pu and satis-
fies

(11.14) £(,0)=2 1zI"p(2)dz,

|z|>t

(11.15) & (1, W] < C[t" D+ +1], neR, t>0.

With the preceding notation, we may therefore write

Dpn() = Y ¥r(80i) + & (t—, jti) = 1S (1) 1€, (-, 0) + T1a (1),
Sn (i)



644 ABRAMOVICH, BENJAMINI, DONOHO AND JOHNSTONE
say. To summarize, we obtain the following decomposition for the error term
in (11.4):

4
EpLD - Ep, Penr(ﬁ) = Dcn(ﬂ) + Z Tjn(#)a
j=1

Den (1) = né, (-, 0) — E, Pen, ().
Dominant term. Using (8.6),
5(t,0) <4 B[ 42177,
Since ZCTD(L) = an+n_1, we obtain
n&;(1-,0) < 2quk 1’ + 8qukst” > < 2qukt" + ckyt; ™
since k4 —k_ < ck,,'cn_1 and 7_ () < 75,
For the penalty term, arguing as before yields
E, Pen,(fiy) > k_t" + O (ko] ").
Combining the two previous displays, we obtain
Den() < (240 — Dk—t" + O (kyt, ™).

If g, < 1/2, of course the leading term is nonpositive, while in the case 1/2 <
gn < 1, we note from (12.10) and the definition (6.37) of «,, that

k- ()2 () < ket Th] < sent"[icn] ~ (1= )™ hny,
which shows that D, (u) is bounded by the second term in the upper bound
of (4.2).
Negligibility of T, — Ta,. Since there are at most k, nonzero terms in 77,
from Lemmas 11.1 and 11.2 we obtain
Tin () = Chaty ™ = 0lky7y).

To bound 75, we first note from the properties of hard thresholding [cf. (8.13)]
that

18i] = |ftri — il <t +1zi] <11+ |zil.

Inequality (11.7) shows that |§g;| < 11.
Combined with (11.9) and (8.16), this shows, for 1 <r <2,

(11.16) \di| <317 zi) + 61z 1",

while for 0 < r < 1 only the |z;|" term is needed. Consequently, there exist con-
stants C; such that for0 <r <2

(11.17) Eld)| < C1t1(r_1)+ and Ed? < C2t22(r_1)+-
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Thus

(11.18) Tl < Y Eldil < CISSGolr ™%
S5 (1)

And so on £y[n;],

|Tonl < Crnt ™ = o(ky ).
To bound 73, (1), use (11.17) and Cauchy—Schwarz:
A -1
Tsn(i) < P(AD'2 Y (EH'? < ent ™D+ expl{—co(logn)?/2} = 0(Rs(On)).

i
since A, is ©,-likely. Argue similarly for T4,, with threshold at 7_(u) instead
of #,.

Weak £,. For the Ty, term, we use a consequence of Lemmas 11.1 and 11.2,
proved in the extended report [3], to bound the summands in 77, (@):

(119) (00 + [, 1) — &, 0] = Cllpus )" A el D4,

Combined with Lemma 10.2, this shows that SUP (7,1 Tin () = o(ky t;).
For T3,,, we use (10.7) in (11.18) to obtain

|Tonl < Cunfts P! ™™ = 0(Ry(O)).

The analysis of T3, and Ty, is as for the £ case.
11.4. From penalized to original FDR.

PROOF OF THEOREM 9.3. Apply Lemma 8.5 with ft = ip and 4’ and
t = t;. We abbreviate the minimax risk R, (®,) by R,. Theorem 4.1 shows that
for sufficiently large n, supg p(Lr, w) < coRy,, so that the bound established by
Lemma 8.5 yields

Sup |,0(/’),D, /’L) - IO(I[’\LI" ,LL)|
HED®,

<2But] +2col{r > YRV (B,e)Y" + 8nt] sup P, (BS)'/2.
®Il

(11.20)

The thresholds 7p and 7, corresponding to fip and ji, both lie in [7G,tr], and
so with probability 1,

N'=#{i:|yi| €lip, 11} < #{i :r < |yi| <ic) <kr —ke.

[The first mequahty is valid except possibly on a zero probability event in which
some |y;| = tg. To see the second 1nequahty, note from (7.1) that [ > kp implies
Yl << tp, while (7. 2) entalls that [ < kG implies ¥; > t; > . Consequently
fr <Y < tg implies kg <1 <kp, which yields the required inequality.]
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If we take B, = 3a,k,, then Proposition 5.1 implies that
Pu(BS) = Pu(N' > B) < Pu(kp — kG > 3onky) < coexp{—cy log” n},

so that the third term in (11.20) is o(R,). Finally B,t] < cayk, 1:,; < cay, R, so that
the first two terms are also o(Rj,), completing the proof. [

12. Gaussian tails and quantiles. We collect in this section some results
about the normal density ¢, the normal CDF @ and the normal quantile function
z(-); these have been used extensively above. All proofs are given in the extended
report [3].

LEMMA 12.1. We have

(12.1) d) < (v+2v" Hd(), v>2.

More generally, Mills’ ratio M(y) = y®(y)/¢(y) increases from 0 to 1 as y in-
creases from O to oo. In particular,

(12.2) P (v)/(2v) < (V) < (V) /v, v>1,
(12.3) 20 () < e V2, v>0,
(12.4) D —c/v) <4eD(v), v>+/2c.

LEMMA 12.2. Suppose that k and o are such that max{a, 1/a} < Clogk.
Then

(12.5) J2logka = \/2logk +6+/C.

andifa>1,then() <6 < «/E/e <1,whileifa <1, then —1.1 < —\/g/e <6 <0.

LEMMA 12.3. (1) Let z(n) = o1 (n) denote the upper (1 — n)th percentile
of the Gaussian distribution. If n < 0.01, then

(12.6)  Z2(n) =2logn~' —loglogn™" —ra(n),  r2(n) €[1.8,3],

(12.7)  z(n) =+/2logn=! —ri(n), ri(n) €10, 1.5].

(2) We have 7' (n) = —1/¢(z(n)), and hence if ny > n1 > 0, then

(12.8) 2n) — z2(pp) < 21
n1z(n1)

In addition, if t, = z(vq /2n) > 1, then
(12.9) —dn/dv=0/(t),  Oe[5.1],
andf0r0§r§2andt§>2,

(12.10) A"y /dv =1""2[1 —rot,%] > 0.
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3) Ifn_] logsn < n,’: < bzn_b3, then
(12.11) 2b310gn—210gb2§r,72§210gn—1010glogn,
and so for n > n(b), we have
(12.12) 7 =2y, logn, 0<c) <y, <1.

4) If g, =b1/logn and v < bon'=—b3 then for n > n(by, b3),

(12.13) —3/2<t, —/2log(n/v) < 2(b1b3)~ /%

(5) () Forn > n(b),
(12.14) t1/ty < c(b).
(i) Ifa <1 and 775 <e Y2 then
(12.15) tlak,] >, —3/2.

Ifa <8, the same inequality holds for n < n(p, 8) sufficiently small.
(iii) If a > )/7:,7_1, then for nl < n(y, p, b1, b3) sufficiently small (and not
the same at each appearance),

(12.16) tlak,] < v, +c(b1, b3),
12.17) tlak,] < 27,

(iv) In particular, for a € [y‘r{l , 871, then as n,, — 0,
(12.18) tlak,] ~ Ty.

13. Proofs of lower bounds. This final section combines ideas from Sections
6—8 to finish the lower bound result.

PROOF OF PROPOSITION 5.2. From the structure (5.9) of the configuration
e, the total risk can be written in terms of the univariate component risks as

Pt Ha) =knpH (t,ma) + (n — kn) pH (2, 0).
From (8.6) together with the definition of ¢ = t[ak, ], we obtain
npp (tlaky], 0) = akygnt"lakn](1 + 0),
with 0 < 6 < 2¢[ak,]~2. Since t[ak,] ~ 7, by (12.18), we conclude that
(n — kn)pH (tlaky], 0) ~ agnknT, .
In the notation of (8.2),

PH(t,mg) =my[P(t —mg) — O(—t —mgy)] + E(mg, 1),
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and as noted there, 0 < E(mq,t) < ¢,. In addition, m), ®(—t — my) < c;, and
as noted at (5.13), my —t =a + O(z, ') and so D (1 — my) = ®(a) + O (7, H).
Consequently, since my ~ t,, we conclude that

knpr (t, ma) ~ k) ®(a) (1 + o(1)). O

PROOF OF PROPOSITION 5.3. We use (8.2) to decompose the total risk

PRt i ta) =D D(itar, t) + E(ltar, 1) = D + E,
l

say. To bound the “bias” or “false-negative” term D, we choose an index [/, =
nn,’,’mo_,p so that j1;, = mg ~ 1,. Now decompose D into D + D; according as
[ <lyorl>Ily. Forl <l,, we have identically pq; = m,, and so

Dy = lgm! [D(t — mg) — D(—t —mg)] = lgm’, d(@)(1 + o(1))
by the same arguments as for Proposition 5.2. And since my ~ 7,;, we have
lamg, =nnfmy P ~nnlt, =P = kyt,.
The novelty with the weak-£, risk comes in the analysis of

Dy= ) Pt — i) = P(—1 — ).

1>y

The second term is negligible, being bounded in absolute value by ®(r) 3", 1, ] =
ok, ‘cg ). For the first term we have an integral approximation [with f(x) =

Na(n/x) /7]

n 1
Dy ~ / A" (x)D(t — fi(x)) dx = plym’, VPO (1 — mgv) dv,
ly Nn /Mo
after setting x = [yv 7.

REMARK. To bound the error in the integral approximation, observe that if
f'(x) is smooth with at most one zero in [a, b], then the difference between

ZZ f () and ff f is bounded by supy, 4 | f1.

For 0 <v < 1, we have t —mgv ~ (1 — v)T; — 00, and so from the dominated
convergence theorem, the integral converges to fol VP~ dv, so

Dy ~[p/(r — p)llamg ~ [p/(r — p)lknT,.

Putting together the analyses of D and D,, we find that the false-negative term

D =[®@) +[p/r — pllkaty (1 +0(D).
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To bound the “variance” or “false-positive” term E, decompose the sum into
three terms, corresponding to indices in the ranges [1, [1], (/1, 2] and (l2, n], where
-2
S
We use (1)—(iii) of Lemma 8.1 to show that terms E and E» are negligible. For E1,
the global bound (i) gives E1 < c;l1 = o(ky, fg ). For E», properties (ii) (monotonic-
ity) and (iii) show that

E(u. 1) < E(fu,. 1) = E(1,1) < cot" ®(t — 1) < c17) (7, — 5/2),

Iy =nnf <, =1 and l2=nn,’l’t3” <, =T

where the last inequality uses ¢ = t[ak,] ~ 7, and that r > 7, — 3/2 from (12.15).
Hence

Ey <hE(1,1) < cokat) 737 ®(t; — 5/2) = 0(knT)).

Finally, we focus on the dominant term E3 = > ;_;, E(j1;,1). For [ > I, we
have [1; < rn_z and t < ct, so that

¢ (t + fir) = p(t) exp{Ft i — if /2} = p() (1 + O(z; ).
Now if |u| < rn_l and t = t[ak,] < 27, [from (12.17)], then
¢t — 1) = D exp(tp — u?/2) = () (1 + O(r; ).
and so
y(t— =t —pul "ot —w=r""epm(1+ 0, "),
et —p) <t —p" gt —p) <" e (1+ Oz, ).
Consequently, using (8.4) and t*1¢(t) ~ d~>(t), we get
E3=2(n—1)t"'¢@)(1+ Oz, ") = agukat) (14 0(1)),
using the manipulations of (5.14)—(5.16). [

PROOF OF PROPOSITION 5.4. Fix a; > 0. The idea, both for £¢[n] and for
mp[ny,], is to obtain bounds

M_(k) < M(k; po) < My (k), k€ [a1kn, aj 'ka],

for which solutions k4 to M4 (k) = k can be easily found. From monotonicity of
k — M (k; 1Ly), it then follows that k_ < k(uy) < k4.
In both cases we establish a representation of the form

(13.1) M (akp; o) = kn[@ (@) + 017, 1+ [1 + 028 () 1guk.

where |6;| < c(«, a, b) and §(n,) — 0 as n,, — 0. From this, expressions for k4
are easily found and k+ ~ k, P () /(1 — g5) is easily checked.

For £y[n,], (13.1) follows from (5.19) and (5.13). For m ,[n,], we formulate a
lemma, proven in the extended report [3].
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LEMMA 13.1. Let a and a be fixed. If | f| and | f'| are bounded by 1, then
ky
k' f (o — tlaka)) = f(@) + 07, ', 0] < c(a.a.b).
=1

LR INY3

We exploit the division into the “positive,” “transition” and “negative” zones
defined in Section 6.4. Applying the preceding lemma with f = & yields

Mpos (k; o) = kn® (o) + 637,71,
while from (6.27) and (6.29) we obtain
My (k; o) =94knr,7_1 and  Mneg(k; po) = [1+ 650, (€1)1gnk.

Putting together the last two displays, we recover (13.1) and the result. [J

PROOF OF PROPOSITION 5.5. Let ¢’ denote the fixed threshold ' = t[agpk,],
where ap = (1 — q)_1d>(a). We will use Lemma 8.5 to show that
lp(r, ma) = p(m,is ma)| = 0(knTy),

so that the conclusion will follow from Proposition 5.3.

To apply Lemma 8.5, set i = jip and /i’ = iy, so that the thresholds 7 = f
and ' = ¢/, respectively, which are both bounded by #;.

Let k+ = k4 (tg) = k(o) £ ayk, and recall that the event A, = {k_ < I%F <
ki} is mp[n,]-likely. If we set t+ = f[k<], then on event A,

N =#i:|yil €lip, '} < N" =#{i:|yi| € [r—, 141}

Hence P(N' > B,) < P(AS) + P(N" > B,).
We use the exponential bound of Lemma 7.1 to choose B, so that P(N” > B,)
is small. From the definition of the threshold function, M (k) = M (k; o), we have

M":=EN" = M(ky) — Mk_).

Since k — M is decreasing, and using the derivative bounds of Proposition 6.6,
we find that for n sufficiently large,

(13.2) (ky —k )M (ky) < M" < (ky — k)M (k_).
CLAIM. M(ki; Ue) =0[qn + c(oz)rn_l]for some 0 € [1/2,2].

PROOF. We again use the positive-transition-negative decomposition, this
time of M (aky; 1y). Write, with v = ak,,,

ky
Mipos(akn; pte)) = (—01,/00) > ¢t — phat) + (t + [har)-
1
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From (12.8) and (12.9), we have —k, (dt,/dv) ~ 1/(aty,). Applying Lemma 13.1
to f(x) = ¢ (—x), we conclude that for n sufficiently large,

Mypos(akn: o) = (01/(aty)[$(e) + 627, 1.
Appealing to (6.28) and (6.30),
Mtrn(akn§ M) = 037:;7_2 and Mneg(akn; o) =1+ 6043,(en)]1qn-

Combining the last two displays and noting that k+ = k(uy) *+ ok, correspond to
a=¢@)(1— qn)_l, we obtain the claim. [

Now set ggn = gn + c(oz)r,i_ I and select Bn = 8anknqen. From (13.2) and the
claim, we have

nknGan < M" < danknqan,
and so 8,/M" > 2. Consequently,
P(N" > B,) < exp{—(1/H)M"h(B,/M")}
< exp{—(1/danknganh(2)}
< cpexp{—cy log2 n}.

Now But] < anqankn r,? = o(knr,; ), while Proposition 5.3 shows that
P(Hy, ha) = O(knr,;). So Lemma 8.5 applies and we are done. [
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