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SUMMARY

Methodshave beenproposedto re-designa clinical trial at an interim stagein order to increasepower.

This maybein responseto externalfactorswhich indicatepower shouldbesoughtat a smallereffect size,or

it couldbea reactionto dataobservedin thestudyitself. In orderto preserve thetypeI errorrate,methodsfor

unplanneddesignchangehaveto bedefinedin termsof non-sufficientstatisticsandthiscallsinto questiontheir

efficiency andthe credibility of conclusionsreached.We evaluatemethodsfor adaptive re-design,extending

the theoreticalargumentsfor useof sufficient statisticsof Tsiatis& Mehta(2003)andassessingthepossible

benefitsof pre-plannedadaptive designsby numericalcomputationof optimal tests;theseoptimal adaptive

designsareconcreteexamplesof optimalsequentiallyplannedsequentialtestsproposedbySchmitz(1993).We

concludethattheflexibility of unplannedadaptivedesignscomesatapriceandwerecommendtheappropriate

power for a studyshouldbedeterminedasthoroughlyaspossibleat theoutset.Then,standarderrorspending

tests,possiblywith unevenly spacedanalyses,provide efficient designsbut it is still possibleto fall backon

flexible methodsfor re-designshouldstudyobjectiveschangeunexpectedlyoncethetrial is underway.

Key words: Adaptive re-design;Admissibility; Clinical trials; Conditionalpower; Efficiency; Group

sequentialtests;Sufficiency.

1 Introduction

Therehasbeenmuch recentinterestin adaptive methodsfor modifying the power, or conditional

power, of a clinical trial at an interim stage. Such adaptationmay be in responseto external

developmentsor to information arising in the study itself. We considerthe situationwherethere

is achangein thealternative atwhichaspecifiedpower is to beattained.Thisshouldnotbeconfused

with the problemof “re-estimating”the samplesizeneededto meeta fixed power requirementas

moreis learntabouta nuisanceparameterthatcontrolsthenecessarysamplesize;see,for example,

Wittes & Brittain (1990)or, for updatingsamplesizein a groupsequentialtest,Denne& Jennison
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(2000). Adaptive strategies have alsobeenproposedto dealwith changesin treatmentdefinition,

changesin the primary responseor the way it is measured,switchingbetweentestsfor superiority

andnon-inferiority, or adaptiverandomisationrulesfor reducingthenumberof subjectsonaninferior

treatment.Many of theseadaptationscanbe accommodatedin non-adaptive groupsequentialtests

andareessentiallyorthogonalto theissueswe considerhere.

Suppose
�

representstheimprovementin efficacy offeredby anew treatmentandastudyhasbeen

designedto test ��� : ����� againstthealternative
�	�
�

with type I error probability � andpower����
at
�����

. Motivation for re-designmaybefrom externalfactors,for example,thewithdrawal

of a rival treatmentmaymeanthatsmallereffect sizesfor thenew treatmentarenow of interestand

power
����

shouldbesoughtat analternative
�������

for some
�	�
�������

. A similar conclusion

might be reachedin the light of informationinternal to the studybut on a secondaryendpoint,for

example,goodsafetyresultscombinedwith a positive efficacy effect at a level below
�

couldjustify

useof thenew treatment.

Theremay, instead,becompletelyinternalreasonsfor re-design,arisingfrom interimdataonthe

primaryendpoint.It maybedeemedappropriateto increasetheremainingsamplesizeof a studyif

continuingasplannedwouldgive low conditionalpowerunder
�����

. Alternatively, whenaninterim

estimate�� below
�

is reported,investigatorsmayrealisethat,although �� is lower thantheeffect size

they hadexpectedor hopedfor, it still representsa worthwhile improvementand they would like

to extendthe study to ensurehigh power canbe achieved undersuchan effect size. Monitoring a

studyby repeatedconfidenceintervals,asdescribedby Jennison& Turnbull (1989),givesflexibility

to modify criteriafor earlystoppingbut thisapproachstill assumesadherenceto aspecifiedsampling

plan: attainingpower
����

at analternative closerto thenull hypothesisnecessitatesanincreasein

samplesize.

Specialmethodsareneededto preserve the type I error probability at level � if samplesize is

changedin orderto modify poweronthebasisof observeddata.Bauer& Köhne(1994)proposetwo-

stagedesignsin which  -valuescalculatedseparatelyfrom thetwo stagesarecombinedthroughR.A.

Fisher’s (1932)method;this allows greatflexibility in adaptingthesecondstageto interim databut,

to bevalid, themethodmustbeadoptedat theoutset.More recently, Cui et al. (1999),L. D. Fisher

(1998),Shen& Fisher(1999)andMüller & Schäfer(2001),amongothers,have proposeda variety

of methodsthatpreserve thetypeI errorratedespitecompletelyunplanneddesignchanges.Although

differing in appearanceandderivation, thesemethodsarecloselyrelatedin that eachpreserves the

conditionaltype I error probability whenever the designis modified; Jennison& Turnbull (2003)
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prove thismustbethecasefor any unplannedre-designthatpreservestheoverall typeI errorrate.

Thepublicationof well over ahundredpaperson adaptive designsin recentyearsindicatesgreat

enthusiasmfor thesemethods,with potentialuseswell beyond therescueof under-poweredstudies

describedby Cui et al. (1999). In their illustrative examples,Lehmacher& Wassmer(1999)and

Brannath,Posch& Bauer(2002)notethe freedomgiven to investigatorsto re-designthe remainder

of a studyat an interim stage.Shen& Fisher(1999)promote“variancespending”testsasa means

to gainthebenefitsof low samplesizefor givenpower achievedby groupsequentialtests.Thach&

Fisher(2002)searchfor optimaldesignswithin aclassof two-stagevariancespendingtests.In Shen

& Fisher’s (1999)examples,a power curve is not decidedon at theoutset,instead,samplesizesare

modifiedto aim for power
�!"�

underthe actualeffect size,usingan estimatefrom interim data.

We shall returnin our discussionto thecontentiousissueof whetherit is reasonableto postponefull

considerationof thepower requirementuntil interimdatabecomeavailable.

Severalauthorsexplain adaptive re-designin termsof a weightingfactorfor laterobservations:

thus, the responsesof differentsubjectsareweightedunequallyanddecisionsarenot functionsof

the sufficient statisticfor
�
. Failure to observe the principal of sufficiency (Cox & Hinkley, 1974,

Sec.2.3) raisesquestionsboth aboutthe statisticalefficiency of the experimentaldesignsand the

credibility resultswill have whenreportedto a wider audience.In ananalysisof selectedexamples,

Jennison& Turnbull (2003)show thatadaptivesamplingrulescanbehighly inefficient in comparison

with standardgroupsequentialtests.Tsiatis& Mehta(2003)giveaformalproofthatany adaptive test

usinga non-sufficient statisticcanbeout-performedby a sequentialtestusingthesufficient statistic;

however, thesequentialtestthey constructto do this is allowedagreaternumberof analysesthanthe

adaptive test. Proponentsof adaptive designshave respondedto thesecriticisms: in a comparison

of certainclassesof adaptive and non-adaptive designs,Posch,Bauer& Brannath(2003) found

optimal adaptive designsto have a small advantageover their optimal non-adaptive counterparts.

Theseadaptive designsareexamplesof the “sequentiallyplannedsequentialdesigns”proposedby

Schmitz(1993)andareimplementedaccordingto a preciselydefinedsetof rules,a quite different

prospectfrom theflexible schemesdiscussedabove.

Our objectivesin this paperareto illustrateandcritically appraisemethodsof adaptive re-design

for powercriteria,in particular, to answerthequestions:

Doestheuseof non-sufficient statisticsin adaptive designsautomaticallyimply a lossof

efficiency?

How great an improvement over non-adaptive tests can the most efficient adaptive
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sequentialtestsoffer andis this largeenoughto justify their usein practice?

Examplesin Section2 illustratehow adaptivere-designcanbeusedto meetnew objectivesarising

from external or internal information. We measurethe cost of delay in learningabouta study’s

real objective by comparingperformanceof theadaptive schemewith a non-adaptive testdesigned

knowing theultimateobjective at theoutset.In Section3 we presenta completeclasstheoremthat

characterisesoptimal adaptive andnon-adaptive testswhentheexperimentaldesignis pre-planned.

To be admissible,a sequentialtest must be the solution of a Bayesdecisionproblem, and one

implicationof this is thattestswhich do notadhereto thesufficiency principleareinadmissible.The

theoreticalresultsof Section3 answerour first questionin theaffirmative, re-inforcingtheevidence

of specificexamplesin Section2.

In Section4 we quantify the benefitsadaptivity canyield in pre-planneddesigns. Our results

show thatsmallgainsareindeedpossiblebut theseareunlikely to beregardedassufficiently greatto

justify the extra complexity of an adaptive design.Nor do thepositive benefitsof optimal adaptive

testsprovide a usefulmargin to offset the inefficiency arisingfrom useof non-sufficient statisticsor

sub-optimalsamplingrulesin unplannedadaptive tests.

Our conclusionis that the strengthof adaptive re-designlies in copingwith the unexpected,in

particularrespondingto external information that could not have beenanticipatedat the startof a

study. The efficiency cost when adaptive methodsare usedto rescuean under-powered study is

inescapableandwe would recommendinvestigatorsavoid suchproblemsby thinking throughthe

power requirementcarefullyat theplanningstage.

2 Sample size adaptation to alter power

2.1 Adaptation preserving the type I error rate

Cui et al. (1999) cite instancesin their experienceat the U. S. Food and Drug Administrationof

researchersproposingan increasein samplesizeduring thecourseof a groupsequentialtrial based

on the observed samplepath. In oneexample,a PhaseIII study of a drug to prevent myocardial

infarction in patientsundergoing coronaryarterybypassgraft surgery wasdesignedto have power

0.95 to detecta 50% reductionin incidence.At an interim point, the incidenceratein the placebo

groupwasin line with expectationsbut theobservedratefor patientsreceiving thedrugwasonly 25%

lower. Theinvestigatorsrecognisedthata 25%reductionin incidencewasstill clinically significant

but, asdesigned,the studyhad little power to detectsuchan effect: consequentlya proposalwas
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submittedto expandthe study’s samplesize. However, no valid testingprocedurewasavailableto

accountfor suchanoutcome-dependentadjustmentof samplesize.

SucheventsmotivatedCui et al. (1999)to proposea methodof adaptingsamplesizeduringthe

courseof a groupsequentialstudywhich preserves type I error. We describetheir proposalin the

context of ageneralgroupsequentialtestof a treatmenteffect
�
. Supposeefficient scorestatistics#%$

for
�

areavailableat analyses& � �('*)*)*)+'-, with#/.1032�4 �65 . ' 5 .87 '#%$  #%$�9 . 0:2;4 � 4 5 $  5 $�9 . 7 ' 5 $  5 $�9 . 7 ' & �:< '*)*)*)+'-,=' (1)

andincrements#/. , #?>  #/. '*)*)*)+' #%@  #%@ 9 . areindependent.This joint distribution for asequence

of scorestatisticsarisesverygenerally, holdingexactly in normallinearmodelsandfor largesamples

in othercases;see,for example,Jennison& Turnbull (1997). A one-sidedgroupsequentialtestof

thenull hypothesis�A� : �B�"� against
�C�"�

takestheform

aftergroup & � �('*)*)*)�'-,D"�
if #%$�EGF6$ stop,reject �A�
if #%$ �GH $ stop,accept� �
otherwise continueto group &�I � ,

aftergroup
,

if #%@JEGF6@ stop,reject �A�
if #%@ �GH @ stop,accept�A� ,

(2)

where
H @ � F6@ to ensureterminationat analysis

,
. Typically, testsaredesignedwith analyses

at equallyspacedinformationlevels
5 . '*)*)*)�' 5 @ . Then,for given

,
, themaximuminformation

5 @
andboundaryvalues 4 H $ ' F6$K7 , & � �('*)*)*)�'-, , canbechosento attaintypeI errorprobability � under���3�

andpower
�LM�

ataspecifiedalternative
�!�:�

.

Supposea testof the above form is underway and,basedon dataobserved at analysisN , it is

desiredto increasethesizeof theremaininggroupsof observations.Let # �$ , & � N , denotethenew

scorestatisticsand,for notationalconvenience,define # �O � # O . Assumeeachinformationincrement

is increasedby a factor P sothatfor each& � NQI �('*)*)*)�'-, ,# �$  # �$�9 . 0:2;4 � P�4 5 $  5 $�9 . 7 ' P�4 5 $  5 $�9 . 7R7
independentlyof otherincrements.For & � N , define

#%$ � # O I $STVUWO8X . P 9 .ZY[> 4\# �T  # �T 9 . 7 ) (3)
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Then,under
���3�

, incrementsremainindependent,2�4 � ' 5 $  5 $�9 . 7 andapplyingtheboundary(2)

to the newly defined #%$ preserves the type I error probability � exactly. The meansof the new

incrementsaremultiplied by P .ZY[> , so if P � �
this increasesthe test’s power for

�	���
. Cui et al.

(1999)suggestasinglere-designpointwill usuallysuffice but themethodeasilyextendsto more.

A key featureof this proposalis that it gives investigatorsfreedomto decidehow to modify a

studyat aninterim point. However, in orderto assessthemethod,it is necessaryto considerspecific

strategiesfor adaptive re-design.

2.2 Example 1: Re-design in response to external information

We considertheexampleof a groupsequentialtestwith 5 analysestesting ��� : �A��� against
�]�:�

with typeI errorprobability � �3� ) �^<K_ andpower
�`a� �3� )cb

at
�!�:�

. A fixedsamplesizetestfor

thisproblemrequiresinformationfor
� 5edf�Jg+h�i I h�jlk >�m � > ' (4)

where
hon

denotesthe
�p�q

quantileof the standardnormal distribution. We supposethe study

is designedasa one-sidedtest from the r -family of error spendingtestsdescribedby Jennison&

Turnbull (2000,Sec.7.3) With thechoice r �ts
, theboundaryvalues

H . '*)*)*)�' Hvu and F . '*)*)*)+' F u are

chosento satisfy xw g #/. � F�. or
)*)*)

or #/.Lya4 H . ' F�.*7 '*)*)*)+' #%$�9 . y;4 H $�9 . ' F6$�9 . 7 ' #z$ � F6$ k�� 4 5 $ m 5 u 7|{z�
and  /w g #/. �}H . or

)*)*)
or #/.�yM4 H . ' F�.*7 '*)*)*)+' #%$�9 . ya4 H $�9 . ' F6$�9 . 7 ' #%$ �}H $ kQ� 4 5 $ m 5 u 7 { �

for & � �('*)*)*)+' _ . At thedesignstage,equallyspacedinformationlevelsareassumedandcalculations

show that a maximuminformation
5 u � �() �(~ b 5ed

is neededfor the boundariesto meetup withH u � F u .
Supposenow that at the second analysis, information becomesavailable that leads the

investigatorsto seekpower
� )cb

at
���t� m <

ratherthan
�����

. Sincethis decisionis independentof

dataobservedin thestudy, onemightargueadesignmodificationcouldbemadewithoutprejudicing

thetypeI errorrate.However, it would bedifficult to prove thedatarevealedat interim analyseshad

playedno part in thedecisionto re-design.We considerdesignmodificationaccordingto Cui et al’s

(1999)generalmethod.WechooseP sothattheconditionalpowerunder
���:� m <

giventheobserved

valueof #?> is equalto
��;� ��� )cb

, with theexceptionthat P is truncatedto lie in therange1 to 6,
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Figure1: Power of theoriginal test( r ��s
), Cui et al’s adaptive designwith samplesizerevisedto

attainpowerat
�!�3� ) _��

, andmatchednon-adaptive test( r �3� )�� _ ) with power
� )cb

at
�!�3� ) _ b �

.
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sosamplesizeis never reducedandthemaximumtotal informationis increasedby at mosta factor

of 4. Figure1 shows thepower curve of theadaptive testlies well above thatof theoriginal group

sequentialdesign. The power 0.78 attainedat
�M��� ) _��

falls shortof the target of 0.9 due to the

impossibilityof increasingconditionalpower whenthetesthasalreadyterminatedto accept��� and

thetruncationof P for valuesof #?> just above
H >

It is of interestto assessthecostof thedelayin learningtheultimateobjective of thestudy. Our

comparisonis with a r -family errorspendingtestwith r �:� )�� _ , power0.9at
� ) _ b �

andthefirst four

analysesat fractions0.1, 0.2,0.45and0.7 of thefinal informationlevel
5 u �ts )��(� 5ed

. This choice

ensuresthepowerof thenon-adaptive testis everywhereashighasthatof theadaptive test,asseenin

Figure1, andtheexpectedinformationcurvesof thetwo testsareof a similar shape.Figure2 shows

theexpectedinformationon terminationasa functionof
� m �

for thesetwo tests;theverticalaxis is

in units of
5ed

, the informationrequiredin a fixed samplesizewith power 0.9 at
�	���

. Together,

Figures1 and2 show thenon-adaptive testdominatestheadaptive testin bothpower andexpected

informationover therangeof
�

values.Also, thenon-adaptive test’s maximuminformationlevel ofs )��(� 5ed
is about10%lower thantheadaptive test’s

~ ) <(�65ed
.

It is usefulto haveasinglesummaryof relativeefficiency whentwo testsdiffer in bothpowerand
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Figure2: ��w(4 5 7 of Cui et al’s adaptive designwith samplesizerevisedto attainpower at
�]��� ) _��

andof thematchednon-adaptive testwith power
� )cb

at
�f�}� ) _ b �

, expressedin unitsof
5ed

.
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expectedinformation. If testA with typeI error rate � at
�]���

haspower
�� F���4 � 7 andexpected

information � �e� wK4 5 7 underaparticular
�p�"�

, wedefineits efficiency index at
�

to be

��� � 4 � 7 � g+h i I h������ wo� k >� > �� �e� wK4 5 7 '
theratio of theinformationneededto achieve power

�� F8�14 � 7 in a fixedsampletestto � �e� w(4 5 7 . In

comparingtestsA andB, we take theratio of theirefficiency indicesto obtaintheefficiency ratio

�f�Q�z� �L4 � 7 � ��� � 4 � 7������4 � 7�� � �K� ) � � �x� wK4 5 7� �e� w�4 5 7 g+h�i I h�� � � wo� k >g+h�i I h �\�e� wo� k > � � �K� )
Thiscanberegardedasaratioof expectedinformationfor thetwo testsadjustedfor thedifferencein

attainedpower.

The plot in Figure3 of the efficiency ratio betweenthe adaptive andnon-adaptive testsfor our

examplequantifiesthe costof delayin learningthe study’s objective asa decreasein efficiency of

over 20%at highervaluesof
�
, falling to aroundzeronear

�����
. Valuesof theefficiency ratio in

excessof 100 just above
�	���

reflectslightly higherpower of the adaptive test,not visible to the

nakedeye in Figure1.
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Figure3: Efficiency ratiobetweenCui etal’sadaptivedesignwith samplesizerevisedto attainpower
at
���:� ) _��

andthematchednon-adaptive testwith power
� )cb

at
���:� ) _ b �

.
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2.3 Example 2: Re-design in response to internal information

Westartwith thesameinitial testasin Example1, but now supposethedecisionto modify thedesign

at thesecondanalysisis promptedby theestimate�� > � #?> m 5 > andtherealisationthathigh power is

desirableat lowervaluesof
�

whichwereoverlookedoriginally but now appearplausiblein thelight

of interim data. This time we chooseP so that conditionalpower given the observed # > , if
�

is in

factequalto thecurrentestimate�� > , is equalto
�LM� �:� )cb

. A decreasein samplesizeis allowedif�� > is sufficiently high to imply P � � . As in Example1, P is truncatedto 6 to restrictthemaximum

information level to at most4 timesthat of the original design;this hasthe effect that conditional

power is equalto 0.9 for �� E � ) _�� but lower for smallervaluesof �� .
Thepower curvesin Figure4 show this adaptationhasbeeneffective in increasingpower above

thatof theoriginaltest,with powerat
����� m <

risingfrom 0.37to 0.68.In thisexample,thereasonfor

re-designarosepurelyfrom observing�� > anddid notdependon informationfrom externalsources.It

should,therefore,havebeenpossiblefor investigatorsto considerat thedesignstagehow they would

respondto dataseenat thesecondanalysis.Let ussupposetheabove adaptive rule is in accordwith

suchconsiderationsandthepower curve in Figure4 is deemedto besatisfactory. We shallcompare

thisadaptivedesignwith anon-adaptivegroupsequentialtestachieving similarpower thatcouldhave
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Figure4: Power of theoriginal test( r ��s
), Cui et al’s adaptive designwith samplesizerevisedto

attainpowerat
�!� �� > , andmatchednon-adaptive test( r �3� )�� _ ) with power

� )cb
at
�!�3� )c� ~��

.
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beenchosenfor theoriginalstudydesign.Ourchoiceis theerrorspendingtestfrom the r -family withr �3� )�� _ , power 0.9at
� )c� ~��

andthefirst four analysesat fractions0.1,0.2,0.45and0.7of thefinal

informationlevel
5 u ��s ) < � 5ed

. Figure4 shows thepower of this non-adaptive testexceedsthatof

theadaptive testatall
�

valuesandby asubstantialmargin at thehighest
�
s.

Figure5 shows that the non-adaptive testhasconsiderablylower expectedinformationover a

wide rangeof
�

valuesbut slightly higherexpectedinformation for
�

above
� )c� �

wherethe non-

adaptive test’s power advantageis greatest.Theefficiency ratio is particularlyhelpful here.Theplot

in Figure6 showsthat,with adjustmentfor attainedpower, theadaptive testis upto 39%lessefficient

thanthenon-adaptive alternative. Themaximuminformationof
~ ) <(�?5ed

for theadaptive testis also

substantiallyhigherthanthenon-adaptive test’s
s ) < � 5ed

.

2.4 Discussion of examples

The positive conclusionfrom the precedingexamplesis that adaptive methodsdo exist for making

mid-coursedesignmodificationsto meet changesin study objectives due to external or internal

factorswhile preservingthe type I error rate. Although a more cost effective designcould have

beenchosenhadthe ultimateobjective beenknown at the outset,this is not an option in the first
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Figure5: ��4 5 7 of Cui et al’s adaptive designwith samplesizerevisedto attainpower at
�C� �� > and

of thematchednon-adaptive testwith power
� )cb

at
���}� )c� ~��

, expressedin unitsof
5ed

.
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example;moreover, it would appearthat instancesof under-poweredstudiesin needof mid-course

rescuecontinueto arise.

Thenegative aspectof flexible adaptive designsis their inefficiency relative to designssetup to

achieve the correctpower requirementat the outset. Useof non-sufficient statisticsasa result of

the weightingby P 9 .ZY[> in (3) is a sourceof inefficiency in both examples. Part of the additional

efficiency lossin Example2 canbeattributedto over-relianceon theinterim estimate�� > which is, in

fact,highly variable. This resultsin randomvariationin samplesizethat is in itself inefficient: see

Jennison& Turnbull (2003)for furtherdiscussionof this point in thecontext of a two-stagedesign.

The lack of precisionof earlyestimatesof
�

arguesagainstthe “wait andsee”approachin which a

firm decisionon thedesiredpower curve is delayeduntil interim dataareavailableandanadaptive

designmodificationis thenusedto attainthis.

Wehavecarriedoutmany morecomparisonsof adaptivedesignsandmatchednon-adaptive error

spendingtestswith similar qualitative conclusionsto the two examplesdescribedhere. In general,

allowing agreaterincreasein themaximumsamplesizeof anadaptivetestleadstohigherinefficiency.

Theexamplesof Sections2.2and2.3follow therecommendationof many authorsto basesamplesize

revision on conditionalpower. Theadaptive testshave thebenefitof earlystoppingto accept�A� in
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Figure6: Efficiency ratiobetweenCui etal’sadaptivedesignwith samplesizerevisedto attainpower
at
��� �� > andthematchednon-adaptive testwith power

� )cb
at
���3� )c� ~��

.
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theoriginal design:this stoppingrule wascarefully chosento reducethe risk of stoppingto accept��� undervaluesof
�

in the range
� m <

to
�

underwhich it may be decidedlater that higherpower

is desirable.In our experience,adaptationswhich make a noticeablechangeto a test’s power curve

areliable to introduceinefficiency at leastasgreatasthatseenin our two examplesandoftenmuch

larger; seeJennison& Turnbull (2003) for an exampleof a two-stageadaptive designwith much

higherefficiency loss. In thefollowing sectionswe complementthis empiricalevidencewith theory

andnumericalevaluationof optimaltestswithin well-definedadaptive andnon-adaptive classes.

3 Theory of optimal adaptive group sequential designs

Considertheproblemof testing � � : ���t�
against

� ���
. Supposethereare ¡ possibleanalysis

times to choosefrom with associatedinformation levels
5 . '*)*)*)�' 5e¢ . We assumethe statistic #?£

is sufficient for
�

at the analysiswith information
5 £ and the sequence#/. '*)*)*)�' # ¢ hasthe joint

distribution specifiedin (1). Weshallconsidergroupsequentialtestswith amaximumof
,

analyses,

where
, � ¡ . Whenthestudycontinuesat an interim analysis,the timing of thenext analysisis

chosenasafunctionof currentlyobserveddata.Thesetof availableinformationlevels
g-5 . '*)*)*)�' 5e¢=k

is to beregardedasfixed.For adaptive tests,we areinterestedin ¡ ¤ ,
; thecase¡ � ,

applies
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to non-adaptive groupsequentialtests.

Denotethe indicesof the informationlevels arisingin a particularrealisationof theexperiment

by ¥	. ' ¥�> '%)*)*) , sothe & th analysishasinformationlevel
5 £�¦ . An adaptive groupsequentialdesign

is definedby a decisionrule specifying the action at eachstage. A deterministicrule specifies¥	.	y g �('*)*)*)+' ¡ 3, I � k , then for each & andobserved §�$ it choosesan action from the set

of possibilities:stopandaccept�A� ; stopandreject �A� ; continueto analysis&�I � at information

level
5 £`¦[¨ª© where¥�$ X . y g ¥�$xI �('*)*)*)�' ¡ �, I�&`I � k . Theoptionof continuingis notavailable

atanalysis
,

. It is helpful in deriving theoreticalresultsto allow randomisedruleswhichcorrespond

to probabilitydistributionson thesetof deterministicrules.Wedenotethesetof all randomisedand

non-randomisedrulesby « .

Let ¬ denotethefinal decisiontaken,eitherto acceptor to reject ��� , and
5

the informationon

termination.Therisk or expectedlossof decisionrule  comprisesthetypeI errorfunction� . 4 � ' ª7 �  /wK4®¬ � Reject� � 7 ' �B�"� '
thetypeII errorfunction �Q>K4 � ' W7 �  xw^4®¬ � Accept �A��7 ' �B�"� '
andtheexpectedinformationfunction � { 4 � ' W7 � ��w(4 5 7 )
We assumethepreferreddecisionis to reject ��� whenever

�]�:�
but it is straightforward to modify��. and ��> to changethethresholdfor thispreference.Weavoid technicaldifficultiesin ourproofsby

consideringrisk at a finite setof
�

values,̄
��g+� . '*)*)*)�' ��°1k , where

� . � )*)*) �±�+²���������² X . �)*)*) �±�+°
. This restrictionhaslittle impacton thepracticalimplicationsof theoreticalresultsasit is

perfectlyacceptableto take,say, tenmillion pointsspacedat very small intervalsover therangeof
�

valuesof interest.

Wecombine�f. , �Q> and � { into asinglerisk vector��4�W7 � 4³��4 �(' W7 '*)*)*)�' ��4 <^´ ' ª7R7� 4³� . 4 � . ' W7 '*)*)*)+' � . 4 � ² ' ª7 ' � > 4 � ² X . ' W7 '*)*)*)+' � > 4 � ° ' ª7 '� { 4 � . ' ª7 '*)*)*)�' � { 4 �+° ' W7R7 )
13



A decisionrule Ay�« is saidto beinadmissibleif thereis a rule  � with��4³µ '  � 7 � ��4³µ ' W7 for all µ � �('*)*)*)+' <^´
and ��4³µ '  � 7 � ��4³µ ' ª7 for at leastone µ�y g �('*)*)*)+' <^´Ck .
A decisionrulewhich is not inadmissibleis admissible.

A Bayesdecisionproblemis definedby aprior distribution ¶ � 4³¶%. '*)*)*)�' ¶ ° 7 on ¯ andcostsfor

eachelementof therisk vector � . TheBayesrisk is°S· U . ¶ · {SO8U .v¸ · O � O 4 � · ' ª7 (5)

where¸ · . is thecostof rejecting��� , ¸ · > thecostof accepting��� and ¸ · { thecostperunit of observed

informationunder
���±� · . Here ¸ · . ��� for ¹ �  and ¸ · > �3� for ¹ �  . Weshallwrite theBayes

risk as ºL» ��4�W7 � > °S T¼U . º 4³µR7|��4³µ ' ª7 ' (6)

whereeach

º 4³µ[7QE � , µ � �('*)*)*)�' <^´
. A Bayesrule is a decisionrule  which minimisestheBayes

risk for some

º
. In characterisingtheadmissiblerulesasBayesrules,therisk set½ �Jg ��4�ª7-¾o]y�« k

playsacentralrole.

Theorem 1. For theproblemdefinedabove, therisk set
½

is closedandconvex.

Corollary 1. Each admissiblerule ty�« is a Bayesrule for a problem in which

º 4³µ[7¿E �
,µ � �('*)*)*)+' <^´ , andat leasttwo of thefollowing hold:

1.

º 4³µR7 �"� for someµ �  
2.

º 4³µR7 �"� for some GI � � µ �}´
3.

º 4³µR7 �"� for someµ�E ´ I � .
Let «�À1Á denote the set of “non-sequential”decision rules which terminate at the minimum

information level
5 . with probability 1 or terminateat the maximuminformation level

5e¢
with

probability1. Then,eachadmissiblerule in «�Â+«�À�Á is a Bayesrule for a problemin which all three

of theabove conditionshold. Ã Ä
14



We refer thereaderto Chapter2 of Ferguson(1967)for backgroundto completeclasstheorems

which show, broadlyspeaking,thatadmissiblerulesareBayesandvice versa,andfor proofsof the

supportinghyperplaneandseparatinghyperplanetheorems.Thefirst stepin proving acompleteclass

theoremis to show thattherisk setis closedandconvex. Proving therisk setis closedis oftendifficult

andourproblemis no exception.Theproofsof Theorem1 andCorollary1 aregivenin Appendix1.

Ferguson (1967, Sec. 7.1 and 7.2) and Brown, Cohen & Strawderman(1980) characterise

admissiblerules in the non-adaptive case,¡ � ,
, but combineerror ratesandexpectedsample

size into a single risk for each value of
�
. Keeping error rates and expectedinformation as

separateelementsof the risk vector in our treatmentmeansthat when a decisionrule is shown

to be inadmissible,the dominatingrule hasboth a superiorpower function and a lower expected

informationfunction— aswasvery nearlythecasein Example1 of Section2. In thenon-adaptive

setting,Chang(1996)considersariskvectorof lengththree,comprisingthetypeI errorrateatasingle� � , power at analternative
� . andexpectedsamplesizeat

�]� 4 � �`I � .67 m < . He appealsto standard

decisiontheoryargumentsto concludethatadmissibledesignsareBayesbut doesnotprovideaproof

thattherisk setis closed.

It followsfrom Corollary1 thatany decisionrulewhichis properlysequentialin thatit producesa

non-degeneratedistributionof samplesizesandwhich is notaBayesrule for aproblemsatisfyingthe

threeconditionsof thecorollaryis inadmissible.Sincea Bayesproblemalwayshasa solutionbased

on sufficient statistics,this establishesthe generalprinciple that a sequentialtestshouldbe defined

asa function of the sequenceof sufficient statisticsfor
�
. The fact that an adaptive rule is defined

throughthenon-sufficient statistics(3) doesnot necessarilymeantherule is not Bayes:if thefactorP by whichgroupsizesafteranalysisN areincreasedis aone-to-onefunctionof # O , thestoppingrule

at informationlevels
5 O I¿P�4 5 O�X .  5 O 7 '*)*)*)�' 5 O I�PÅ4 5 @  5 O 7 canbere-expressedin termsof the

sufficient statistics #%$ � # O I $ST¼UWO8X . 4\# �T  # �T 9 . 7 ' & � NQI �('*)*)*)+'-,=)
In the examplesof Section2, truncationof P to a maximumvalue meansthe samesequenceof

future informationlevelsarisesfor an interval of # O valuesandconsiderationof thedecisionrule to

acceptor reject ��� at analysis
,

is sufficient to show theseadaptive plansfail to agreewith any

given Bayesrule on a setof samplepathswith positive probability. The variancespendingtestsof

Shen& Fisher(1999)areeasilydealtwith sincethe sequenceof informationlevels is fixed andit

is the weightsfor eachgroupof observationsthat arechosenadaptively: any non-trivial departure

from equalweightsimpliesa positive probabilityof disagreementwith a givenBayesrule so,by the
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corollary, thevariancespendingtestis inadmissible.

Corollary1 with
, � ¡ characterisesadmissibledesignswhich aretruly adaptive in thatdata-

dependentchoicesaremadefor eachsuccessive groupsize. Adaptive designsusingnon-sufficient

statistics,asrequiredin theflexible adaptiveapproach,aredominatedby admissibledesignsbasedon

sufficient statistics.TheBayesoptimaldominatingdesignsareexamplesof theoptimal“sequentially

plannedsequentialdesigns”describedby Schmitz(1993),all aspectsof whicharepre-planned.

Thegeneralclassof “designedextension”proceduresproposedby Proschan& Hunsberger(1995)

comprisespre-plannedadaptive designswith
, ��<

. Someof theseprocedurescanbeexpressedin

termsof sufficient statisticsandLi, Shih,Xie & Lu (2002)advocateonesuchprocedure.While it is

necessaryfor admissibilitythata designcanbeexpressedasa functionof thesufficient statistic,this

is notasufficient condition:Corollary1 shows whatis requiredof theconditionalerrorfunctionand

samplingrule for suchadesignto beadmissible.

In thecase
, � ¡ , adaptive testsbecomenon-adaptive andthecorollarytellsusthatwithin the

classof non-adaptive groupsequentialtests,thosewith stoppingrulesor decisionrulesbasedonnon-

sufficient statisticsaredominatedby Bayesoptimal designsdefinedin termsof sufficient statistics.

With thesequenceof ¡ possibleinformationlevelsheldfixed, increasingthemaximumnumberof

analysesfrom
,

to ¡ only addsto theavailableoptions.Thusfor any Bayesproblem,theoptimal

adaptive testwith
, � ¡ analysescando no betterthantheoptimalnon-adaptive designwith ¡

analyses.It follows thatany
,

-analysisadaptive designusingnon-sufficient statisticsis dominated

by anon-adaptive ¡ -analysisdesignbasedonsufficientstatistics.Thisconclusionis similarin nature

to theresultprovedby Tsiatis& Mehta(2003)whostartwith a
,

-analysisadaptivedesignusingnon-

sufficientstatisticsandconstructan ¡ -analysisnon-adaptive testwhich increasespowerandreduces

expectedinformationat parametervalues
�

in thealternative hypothesis.Our resultgoesfurther in

showing the type I error probability andexpectedinformation function canalsobe maintainedor

reducedat all valuesof
�

in a compositenull hypothesis.Tsiatis& Mehta(2003)consideronly a

simplenull hypothesisandexpectedinformationat this valueof
�

mayincreasein their construction;

also,while this constructionimproveson the testbasedon non-sufficient statistics,the result is not

necessarilyanadmissibletest.OurCorollary1 providesacharacterisationof admissibletestsandwe

shallusethis in Section4 to derive andstudyoptimaltests.

Calculationsfor optimalgroupsequentialtestsin Eales& Jennison(1992)show thatmostof the

reductionsin expectedsamplesizeto be gainedby sequentialanalysisareobtainedin testswith as

few as5 or 10 analyses,supportingTsiatis& Mehta’s (2003,p. 375) argumentthat non-adaptive
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groupsequentialtestswith 5 or 10 groupsshouldbeableto matchtheperformanceof adaptive tests

fairly closely. This leavesopenthequestionof how greatanadvantagecarefullydesignedadaptive

testsmayhavewhenthemaximumnumberof analysesis restrictedto
, �:<

or 3. Allowing adaptive

choiceof groupsizesextendstheclassof sequentialdesignsandthereareintuitive argumentswhy,

for example,onemight wish to take a smallergroupsizewhencurrentdatalie closeto the testing

boundary. If theefficiency gainsfor optimaladaptive testsaresubstantial,therecouldbea casefor

usingpre-plannedadaptive designs.Also, advantagesof adaptivity might meanthattheperformance

of sub-optimaltestsusingnon-sufficientstatisticsis still comparablewith thatof thebestnon-adaptive

tests.Weshallexploretheextentof thesepossiblegainsfrom adaptivity in Section4.

As well aspointing to the needfor efficient teststo be definedin termsof sufficient statistics,

Corollary1 alsoimposesstrict requirementson thestoppingrule andsamplingrule of anadmissible

adaptive test. It will be of interestto seehow similar the optimal rulesderived in Section4 areto

the proposalsinvolving conditionalpower at a pre-specifiedor estimatedeffect sizethat have been

proposedby otherauthors.

4 Computing optimal adaptive designs

The theory of Section3 indicatesthe importanceof Bayesoptimal adaptive designsas the set of

suchdesignscoincideswith the classof admissibleadaptive tests. Eales& Jennison(1992) and

Barber& Jennison(2002)have exploited theanalogouscorrespondencein thenon-adaptive setting

to computeoptimal frequentisttests,using backwards induction to solve an unconstrainedBayes

decisionproblemand searchingover costsin this Bayesproblemto find the optimal test with a

specifictypeI errorrateandpower.

Wehaveextendedthiscomputationaltechniquetofindoptimaladaptivetests.Theresultsreported

herearefor testsof ��� : �C�"� against
�B�G�

with typeI errorrate � �:� ) �^<K_ under
�!�:�

andpower�Å=� �3� )cb
at
���3�

. Testsaredesignedto minimisetheintegralof ��w^4 5 7 overanormaldistribution

for
�

with mean
�

andstandarddeviation
� m <

, reflectingoptimismthat theeffect sizemaybehigher

thanthevalue
�

at which power
��;�

is setanda desireto stopparticularlyearly if this is thecase.

Optimal adaptive testsarecalculatedwith ¡ �D_(�
and

5 . '*)*)*)+' 5 u � equallyspacedbetween0 and� 5ed , for severalvaluesof � , where
5ed

is theinformationneededfor afixedsampletestgivenin (4).

Comparisonof resultsfor ¡ � � �
, 25 and50 indicatesno significantimprovementis to beobtained

by increasing¡ further.

In orderto find theoptimal testswe adoptthedevice of Eales& Jennison(1992)andformulate
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Bayesdecisionproblemswith a prior comprisingpoint massesat
��� �

and
�

mixed with a2;4 � ' � > m ~ 7 kernel, costs ¸ . for rejecting ��� when
�¿�Æ�

and ¸ > for accepting��� when
�¿�Ç�

,

andacostof oneperunit of observedinformationunderthecontinuouscomponentof theprior. The

backwardsinductionalgorithmfor finding Bayesoptimaladaptive rulesis similar to thatemployed

by Eales& Jennison(1992)andBarber& Jennison(2002)but now thesetof interimstatesis indexed

bothby theanalysisnumber& andtheindex ¥�$ of theinformationlevel atwhichthisanalysisoccurs.

Furtherdetailsof the algorithm aregiven in Appendix 2. Thesecalculationsprovide the optimal

adaptive testsdescribedin abstractform, but withoutnumericalexamples,by Schmitz(1993).

Let È�4 � 7 denotethedensityof a 2�4 � ' � > m ~ 7 distribution. Table1 shows the integratedexpected

information É ��wK4 5 7ZÈ�4 � 7v � (7)

for optimaladaptive testsexpressedasa percentageof
5ed

. Thenumbersof analysesare
, ��<

, 3,

4, 5, 6, 8 and10 andmaximumsamplesizeis � � �() �^_
, 1.1,1.2and1.3 times

5ed
. Thetablesalso

show theminimumpossiblevalueof (7) for (a) a non-adaptive testwith
,

analysesat information

levels
5 . '*)*)*)�' 5 @ placedoptimally between0 and � 5ed and(b) a non-adaptive testwith

,
analyses

at informationlevelsequallyspacedbetween0 and � 5ed . Thesearchfor optimal informationlevels

in (a)wasby thesimplex algorithmof Nelder& Mead(1965).

The resultsshow thatadaptive testscanreduceexpectedinformationwell below that of a fixed

sampletest. This reductionincreaseswith the numberof analyses
,

and, at least initially, with

the factor � specifyingthe maximumallowable information. However, well chosennon-adaptive

testsarealmostasefficient. For a givennumberof analyses
,

andmaximuminformation � 5ed , the

average��wK4 5 7 of thebestnon-adaptive testwith equallyspacedinformationlevels is within 2% of5ed
of theoptimaladaptive testin mostcases:exceptionswhen

, ��<
and �ÊE �() <

or
, ��s

and� � �() s
aredueto thesevaluesof � beingunnecessarilyhigh for the numberof analyses.Eales

& Jennison(1992)andBrittain & Bailey (1993)have proposedoptimisingthe informationlevelsat

which analysesof a groupsequentialtestareperformed.Optimising
5 . '*)*)*)�' 5 @ subjectto anupper

boundof � 5ed for
5 @ givesthemiddlecolumnof resultsin Table1, noneof which is morethan1.5%

of
5ed

higherthantheaverage��wK4 5 7 of theoptimaladaptive test.We have foundsimilar differences

with otherchoicesof � and
�

andwhen testsareoptimisedfor a variety of criteria, for example,��Ë Y[> 4 5 7 or
g � � 4 5 7zI�� Ë 4 5 7 k m < . Optimisingtheinformationlevels is morecrucial for criteriasuch

as
g � � 4 5 7/I}� Ë 4 5 7/I}��Ì Ë 4 5 7 k m s with � �Ís

or 4, say, whereit is importantto stopearly under

a high
�

value: in thesecasesnon-adaptive testswith optimisedinformationlevelsstill do almostas
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Table1: Minimum possiblevaluesof ÎÏ��wK4 5 7ZÈ�4 � 7v � for adaptive andnon-adaptive testswith typeI
errorrate � �3� ) �^<K_ , power

���� �3� )cb
at
�!�:�

,
,

analysesandmaximuminformationlevel � 5ed .
Valuesareexpressedasapercentageof

5ed
.

Numberof Adaptive Non-adaptive tests Non-adaptive
analyses,

,
tests with optimised testswith5 . '*)*)*)�' 5 @ 5 $ � 4�& m , 7|� 5ed� � �() �^_

2 74.7 74.7 74.7
3 68.0 68.8 69.0
4 64.9 66.2 66.5
5 63.3 64.7 65.1
6 62.3 63.7 64.1
8 61.1 62.5 62.8
10 60.5 61.8 62.1� � �()V�
2 73.2 73.3 73.8
3 66.0 66.8 67.0
4 62.8 63.9 64.2
5 61.0 62.3 62.7
6 59.9 61.3 61.6
8 58.6 60.0 60.3
10 58.0 59.3 59.5� � �() <
2 72.5 73.2 74.8
3 64.8 65.6 66.1
4 61.2 62.4 62.7
5 59.2 60.5 60.9
6 58.0 59.4 59.8
8 56.6 58.0 58.3
10 55.9 57.2 57.5� � �() s
2 72.4 73.0 77.1
3 64.5 65.5 66.6
4 60.8 61.9 62.5
5 58.6 60.0 60.5
6 57.3 58.7 59.2
8 55.8 57.2 57.6
10 55.0 56.3 56.7
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well astheoptimaladaptive tests.

The small advantagesof adaptive designsover non-adaptive testsare in keepingwith results

reportedby Posch,Bauer& Brannath(2003)for thecase
, �:<

. Ourresultsaremorefar-reachingin

thatweoptimiseovercompletelygeneralsamplingrulesandstoppingboundariesandconsiderhigher

valuesof
,

. Controllingcomparisonsat a fixedmaximuminformationlevel is appropriatesincethe

maximumpossiblesamplesizeis oftenconstrainedin practiceandits valuehasasubstantialeffecton

theperformanceof a sequentialdesign.Even if the limited benefitsof adaptive designsaredeemed

worthwhile, from anadministrative perspective it maywell bepreferableto achieve thesein a non-

adaptive designwith additionalanalyses.That thesegainscanbe obtainedin many instanceswith

just oneor two extra analysesis a very tight resultwhencomparedwith theargumentthatonecan

expectto dominateanadaptive testwith 2 or 3 analysesby anon-adaptive testwith 10analysessince

this is known to deliver almostall thebenefitsof continuousmonitoring.

Thegapbetweenthebestadaptiveandbestnon-adaptive testsis largeenoughthatanadaptive test

basedon non-sufficient statisticsmaynot bedominatedby a non-adaptive test.However themargin

for errorhereis small.Wehave foundsamplingrulesfor optimaladaptive teststo follow aconsistent

pattern: at analysis & , smaller incrementsin information are chosenwhen #�£ ¦ is closeto either

stoppingboundaryandlarger incrementsaretakenwhen #�£ ¦ is nearthemiddleof thecontinuation

region. This is in contrastto themonotoneincreasein informationincrementsas #�£ ¦ decreasesseen

in samplingrulesbasedon constantconditionalpower at
�=��� m <

or
��� �� , asin the examplesof

Section2, or basedon constantconditionalpower at
�Ð���

assuggestedby Denne(2001). Thus,

althoughconditionalpower criteriahave an intuitive appeal,they shouldnot be expectedto leadto

efficient sequentialdesigns.

5 Discussion

Non-adaptive groupsequentialtestsarewell studiedandoptimaltestshavebeenderivedfor avariety

of designcriteria. Barber& Jennison(2002)show that membersof the r -family of error spending

testswith equallyspacedinformationlevelsarehighly efficientfor arangeof criteriainvolving ��w^4 5 7
atvaluesof

�
between

 � m <
and

sK� m <
. Theseerrorspendingtestsareeasilyimplementedandprovide

flexibility to dealwith unpredictableinformationsequences.

Addinganelementof adaptivity in pre-plannedgroupsequentialdesigns,asproposedby Schmitz

(1993),producesasmallbenefitovernon-adaptive testswith thesamenumberof analyses.However,

similar or betterperformanceis often achieved by a non-adaptive designwith one extra analysis,
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avoiding theadministrative complicationsof apre-plannedadaptive design.

Usingadaptive methodsin an unplannedmanneroffersflexibility to studyorganisersbut, since

the sufficiency principle is contravened,there is an automaticefficiency cost. One argumentfor

flexible adaptive designsis that they allow investigatorsto choosea study’s power curve in the light

of earlyestimatesof theeffect size,
�
. Suchanapproachmaybesuggestedwhenthereis uncertainty

aboutthelikely effectand,in particular, optimisticestimatesof theeffectsizeareconsiderablylarger

thanthe minimum clinically or commerciallysignificanteffect. Schäfer& Müller (2004)consider

testsfor a rangeof detectabletreatmenteffectsandproposeanovel groupsequentialdesignin which

attentionshifts to smallereffect sizesat successive analyses.An alternative solution is simply to

specifyhigh power at thesmallbut clinically significanteffect sizeandchoosea stoppingboundary

that gives low expectedsamplesize underthe larger effects investigatorshopeto see. Reducing

expectedinformationundervaluesof
�

well above thatatwhichpower is setmayrequirespecialised

versionsof standardgroupsequentialtests.Examplesof thesearethe r -family errorspendingtests

seenin Section2 with r ��� )�� _
anda specialsequenceof informationlevels includinga coupleof

very earlyanalyses.Jennison& Turnbull (2004)investigaterelatedtests,assessingperformanceby

theaverageexpectedinformation
g ���^4 5 7eIG� Ë 4 5 7eI}��Ì Ë 4 5 7 k m s with � �t<

, 3 and4; they show

that r -family error spendingtestswith an optimisedinformationlevel for thefirst analysisperform

almostaswell asthebestpre-plannedadaptive designs.

In somestudiesa nuisanceparameter, suchasthevarianceof a normalresponse,determinesthe

samplesizeneededto achieve agivenpowerataspecifiedeffectsize.Thereis asubstantialliterature

on methodsfor modifying samplesize in responseto estimatesof sucha nuisanceparameterand

thesemethodscanbeincorporatedin groupsequentialtests.In the“information-basedmonitoring”

approachdescribedby Mehta& Tsiatis(2001),the maximuminformationlevel neededin an error

spendingtestis known at theoutsetbut, sincetherelationshipbetweensamplesizeandinformation

dependson parameterswhich are initially unknown, the target samplesize is adjustedrepeatedly

duringthestudyasnew estimatesof theseparameterareobtained.Sincethismodificationof sample

sizefollows pre-specifiedrules,independentof the estimatedtreatmenteffect, thereis no needfor

any adjustmentto preserve the type I error rate. The importancefor our discussionis that this

processoperatesindependentlyof any designchangesthatmight bemadeto altertheoriginal power

requirementandthisform of samplesizeadjustmentshouldnotbeconfusedwith theissuesaddressed

in thispaper.

A key role that remains for flexible adaptive methodsis to help investigatorsrespondto
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unexpectedexternal events. As Müller & Schäfer(2001) and Posch,Bauer& Brannath(2003)

point out, it is goodpracticeto designa studyasefficiently aspossiblegiven initial assumptions,

so the benefitsof this designareobtainedin the usualcircumstanceswhereno mid-coursechange

is required. But, if the unexpectedoccurs,adaptive methodsareavailable to deal with this. The

approachbasedon maintainingconditionaltypeI errorprobabilityput forwardby Denne(2001)and

by Müller & Schäfer(2001) is particularlypromisingas it hasthe potentialto be usedwith error

spendingdesignsthat alreadyadaptto unpredictableinformation sequencesand, possibly, update

samplesizein responseto estimatesof anuisanceparameter.

Finally, the useof flexible adaptive methodsto rescuean under-poweredstudy shouldnot be

overlooked. While it is easyto becritical of a poorinitial choiceof samplesize,it would benaive to

think suchproblemswill ceaseto occur.
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APPENDIX 1

Proofs

Proof of Theorem 1. In theproblemformulatedin Section3, we restrictattentionto caseswith ÑÓÒÕÔ�Ö6×�Ø ,Ù Ô�Ö+ÚoÛ�ÛoÛ-Ú[Ø . Then,theBayesrisk Ü�Ý�ÞQßáàKâ in (6) impliescostsunder ã�Ôaã Ò of Ø`Ü�ß Ù â for a wrongdecision

and ØLÜ�ßäØ�å Ù â¼æ for observedinformationæ . Sinceany expression(5) canbewritten in theform (6), thisdoes

not reducetheclassof problemsconsidered.It will behelpful to treattheBayesrisk astheexpectation,under

prior Ñ Ò Ô�Ö6×�Ø , Ù Ô¿Ö+ÚoÛoÛ�Û-ÚçØ , of the“loss function” è1ßVÜ�ÚçéÏÚäæÕÚ|ã�â where

è�ßVÜ�ÚZéÏÚ®æ�Ú|ã Ò â]Ôëê Ø�Ü�ß Ù â(ìvßäéGÔ Reject í�î6âCå�Ø�Ü�ß®ØÐå Ù â*æ�Ú Ù�ï�ð ÚØ�Ü�ß Ù â(ìvßäéGÔ Accept í�î*âCå�Ø�Ü�ßäØÐå Ù â6æ�Ú Ù�ñ�ð Û (8)

Supposerisk vectors ò6ó and ò�ô belongto the risk set õ and ö�÷�øÐ÷�Ö . Then,therearedecisionrulesà(ó and à�ô for which ò6ó and ò�ô arethe risk vectors. Define à�ù asthe randomisedrule which mixes à(ó with

probability ø and à ô with probability Ö�ú�ø . Therisk vectorof à ù is ÞQßäà ù âzÔ;ø^ò ó åMß\Ö�ú�øÓâ�ò ô�û õ . Showing

thata generallinearcombinationof pointsin õ is alsoin õ provesthat õ is convex.

To provethat õ is closed,we takeageneralpoint ò*ó on theboundaryof õ andshow thatit is in õ . We use

thesupportinghyperplaneat ò ó to defineaBayesdecisionproblem.A decisionrulesolvingthisBayesproblem

canbefoundby backwardsinduction;seetheproof of Lemma1 for details.Therisk vectorof this rule is in õ
andliesin thesupportinghyperplane.If thehyperplaneintersectstheclosureof õ in asinglepoint,thismustbe

theoriginal point ò6ó . However, thesupportinghyperplanemayintersecttheclosureof õ at a setof pointsand
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thenweneedto provethissetis closedandcontainsò*ó . Thefull proofof thetheoremis by induction.We start

by outlining thefirst two stagesof thegeneralschemeto motivatethedefinitionof theinductivehypothesis.

Let üõ denotetheclosureof õ andtakeanarbitrarypoint ò6ó ontheboundaryof üõ . Wewishto show ò*ó û õ .

By thesupportinghyperplanetheorem,thereis a hyperplaneð ó Ô¿ý�ò?þ�Ü Ýó ò`Ôaÿ ó��
which passesthroughò6ó with õ on oneside,i.e., Ü Ýó ò*óÕÔMÿ(ó and Ü Ýó ò�� ÿ�ó for all ò û õ . Letõ�ó�Ô ð ó���õ and ��ó�Ô ð ó�� üõ�Û
Considerchoosingadecisionrule to minimise Ü�Ýó ÞQßáàKâ . If someelementsof Ü ó arenegativethis is anunusual

Bayesdecisionproblem,but that is unimportant.Direct constructionof a decisionrule, à(ó say, minimisingÜ Ýó ÞQßäà(â is possibleby backwardsinduction. Since Ü Ýó ò���ÿ ó for all ò û õ , we know Ü Ýó ÞQßáà ó â���ÿ ó . But,

therearedecisionruleswith risk vectorsapproachingò ó , so we alsohave Ü�Ýó ÞQßáà ó â ï Ü1Ýó ò ó Ô ÿ ó . HenceÜ�Ýó ÞQßäà(ó8âeÔ�ÿ(ó and ÞQßáàKó�â û õ�ó , demonstratingthat õ�ó is non-empty. Takinglinearcombinationsof decision

rulesin theusualway, it is easyto seethat õ ó is convex. If ò ó1û õ ó , wehavethedesiredresultthat ò ó�û õ ; the

situationwe mustconsiderfurther is where õ�ó is a strict subsetof �`ó and ò6ó û �`ó
	6õ�ó . Our plan is to show

that

(i) õ ó is closed,andthen

(ii) õ�ó�Ô���ó ,
from which it follows that ò ó`û õ ó . Lemma1 provesthat(ii) holds,given(i). Proving (i) is similar to proving

the original theorembut we have madesomeprogresssince õ�ó is a subsetof the ß�+Ø"ú;Ö6â -dimensionalð ó
whereasõ wasa subsetof � ô�� .

Takinganarbitrarypoint ò ô on theboundaryof õ ó , we canfind a supportinghyperplanewithin ð ó ,ð ô1Ô�ý8ò?þ*Ü Ýô ò�Ôaÿ�ô � � ð ó
for which Ü�Ýô ò ô Ôaÿ ô and Ü�Ýô ò�� ÿ ô for all ò û õ ó . We thendefineõ ô Ô ð ô ��õ and � ô Ô ð ô � üõ�Û
Pointsin õ ô ariseas risk vectorsof decisionrulessolving the following problem: first, minimise Ü�Ýó Þ�ßäà(â
then,asa secondarycriterion,minimise Ü�Ýô ÞQßáàKâ amongrulesminimising Ü�Ýó ÞQßáàKâ . Sucha rule, à ô say, can

be constructedby backwardsinductionand,following earlierreasoning,it mustsatisfy Ü�Ýó ÞQßáà�ô6â�ÔJÿ(ó andÜ�Ýô ÞQßäà+ô*â�Ô3ÿ+ô . Thus, õ ô is non-emptyand,by theusualargument,convex. We now wish to show (i) õ ô is

closed,andthen(ii) õ ô Ô�� ô , in orderto deduceò ô`û õ ô .
Furtheriterationsof this processleadeventuallyto a non-empty, convex õ�� of dimensionzero.As this is

a singletonset,it is closedso(i) holds. We still needto show that (ii) holdsat this level, i.e., õ���Ô���� , and
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work backto deduceõ�ó is closedand õ�ó1Ô��`ó . Thesequenceof hyperplanesandsubsetsof õ arisingin this

processis definedbelow.

For notationalconsistency, let õlî	Ôtõ and ð î	Ô�� ô�� . We shall considersequencesý�ßVò��(Ú|Ü���â����;ÔÖ�ÚoÛ�ÛoÛ-Ú���Ø � suchthatfor �QÔ¿Ö�ÚoÛ�ÛoÛ-Ú���Ø :ò � is a pointon theboundaryof õ ���Wó ,ð �`Ô¿ý�ò?þ*Ü�Ý� òLÔaÿ � � � ð ���Wó is asupportinghyperplaneto õ����Wó within ð ���Wó at thepoint ò!� , for whichÜ�Ý� ò!�LÔMÿ � and Ü�Ý� ò"�	ÿ � for all ò û õ����ló ,õ � Ô ð � ��õ is non-emptyand � � Ô ð � � üõ . (9)

Notethatarbitrarychoiceof boundarypoints ò�� is allowedin (9). A supportinghyperplaneð � existssinceõlî
is convex and,hence,sois õ����Wó ; if thereis morethanonesupportinghyperplane,any definingvector Ü�� may

bechosen.To seethateachõ � is non-empty, notethatbackwardsinductioncanbeusedto constructadecision

rule à � minimising Ü�Ýó ÞQßäà(â first, thenminimising Ü1Ýô ÞQßáàKâ amongrulesthatminimise Ü1Ýó ÞQßáàKâ , andsoforth.

Argumentsoutlinedaboveandgivenmorefully in theproof of Lemma1 show that Ü�Ýó Þ�ßäà � âÅÔ;Ü1Ýó ò ó Ô�ÿ ó ,
etc.,so ÞQßäà ��â lies in eachhyperplaneð ó6Ú�ÛoÛ�ÛoÚ ð � aswell asin õ , andthereforeÞ�ßäà ��â û õ�� .

Lemma1, provedbelow, statesthat in this settingif, for any Ö ï � ï ��Ø , õ�� is closedthen õ��BÔ#��� .
In otherwords,property(i) impliesproperty(ii) at eachlevel � . We usethis lemmain an inductiveargument

combiningresultsover levels � to prove thetheorem.Theinductivehypothesisto beprovedfor ö ï%$�ï �+Ø
is:

If thedimensionof ð � ï&$ , then õ � is closed. (10)

Thishypothesisis satisfiedfor $ Ô ö sincethen õ�� is asingletonset.To provetheinductivestep,suppose(10)

is true for $�ï('$ , where ö ï('$�ï �+ØGú;Ö . Considera generalõ����ló in a hyperplaneð ���Wó of dimension'$ å�Ö . For any ò � on the boundaryof õ ���ló , take a supportinghyperplaneð � anddefine õ � Ô ð � �põ and

�)�`Ô ð ���¿üõ . Thedimensionof ð � is '$ so,by theinductivehypothesis,õ�� is closed.Therefore,by Lemma1,õ��`Ô��)� . Now, ò!� is in üõ and ð � , henceò!� û ���+* ò!� û õ��%* ò!� û õ,* ò!� û õ����ló*Û
As ò � wasageneralboundarypointof õ ���Wó , weseethat õ ���Wó is closedandthisestablishes(10) for $Bï-'$ å�Ö .
Putting �ÏÔaö and $ Ô.�+Ø in (10) givestheresultthat õlî`ÔÐõ is closed,completingtheproof of thetheorem./0

Theproofof Theorem1 is complicatedby thepossibilitythataBayesdecisionproblemmayhavemultiple

solutions. This doesnot seemvery plausibleandan alternative strategy would be to prove directly that the

Bayesproblemdefinedby Ü ó hasauniquesolution,upto setsof measurezero.Exceptionalcaseswherewhole

sectionsof Ü�ó arezerodohavemultipleBayessolutionsandneedspecialtreatment.For othercases,apossible

routeis offeredby thepropertiesof analyticfunctionsusedby Brown,Cohen& Strawderman(1980)in proving
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their Theorem3.3. However, theargumentfor thenon-adaptiveproblemis not simpleandits extensionto our

settingwould benon-trivial. Furthermore,our new methodof proof generalisesto discretedistributionswhere

someBayesproblemsdonot haveuniquesolutions.

Lemma 1. In thesettingdefinedat (9), for any Ö ï � ï ��Ø , if õ�� is closed,then õ���Ô���� .
Proof of Lemma 1. As notedin the proof of the theorem,õ � is non-emptyandconvex. Supposeõ � is

closedbut õ���1Ô2��� . Then,thereis a point 3 û ���4	8õ�� and,by theseparatinghyperplanetheorem,a vector 5
andconstant6 ñ ö suchthat

5 Ý 3 ï 5 Ý ò�ú76 for all ò û õ � .
Since3 û�üõ , therearedecisionrules ý8à98 � with :<;>=?8A@CB	ÞQßáà98³âzÔD3 . We shallprovethelemmaby constructing

a decisionrule 'à for which 5-ÝE3D��5RÝ ÞQß 'à^â , contradictingthe assumptionsaboutthe point 3 . The rule 'à is

definedby thefollowing criteria:

1. Minimise Ü Ýó ÞQßáàKâ
2. Subjectto satisfyingcondition1, minimise Ü�Ýô Þ�ßäà(â
...

� . Subjectto satisfyingconditions1 to ��ú	Ö , minimise Ü�Ý� ÞQßáàKâ
�WåfÖ . Subjectto satisfyingconditions1 to � , minimise 5 Ý Þ�ßäà(â
�WåF� . Subjectto satisfyingconditions1 to �Lå Ö , take thefirst actionin list G .

Here, G is theorderedlist: (1) Stop,acceptí î ; (2) Stop,reject í î ; (3) Continueto ananalysisat information

level æ ó ; ÛoÛoÛ ; ( H�åI� ) Continueto ananalysisat æ�J . Condition �?åI� ensuresthatrule 'à is preciselyspecified,

up to variationson a setof measurezero.Theparticularorderingof actionsis not significantbut thelabelling

of possibleactionswill beof uselater.

A rule satisfyingtheabovecriteriacanbeconstructedby backwardsinduction,finding theoptimalactions

to take at analysesK , KÍú;Ö�ÚWÛoÛ�ÛlÚZö in succession.The actionat analysiszerorefersto the choiceof Lpó .
Writing MON for ßP�QSR8ÚoÛ�ÛoÛoÚ�P�QUT9��L ó ÚoÛ�ÛoÛoÚ�L�N�â , let V4WYX�ßZMON�â betheprobabilitydensityof thepath ßP�QSR8ÚoÛ�ÛoÛoÚ�P�QUT�â
underfixed information levels æ Q R8Ú�ÛoÛ�ÛoÚäæ Q�T , anddenoteby [xßáàvÚYM N â the conditionalprobability underruleà of taking the sequenceof actions to continuesamplingat stage \ with next information level æ]Q�^`_ R ,
\BÔDö^Ú�ÛoÛ�Û-ÚçÿAú"Ö , as the samplepath ßP Q R8Ú�ÛoÛoÛ�Ú�P Q�T â unfolds. For the loss function definedby (8) with

a given value of Ü , we write the conditional expectedloss under rule à , when ã�Ô ã Ò and outcomesa QSR�ÔbP�QSR6ÚoÛ�ÛoÛ-Ú a Q�T�Ô%P�Q�T havebeenobserved,as

c WYX*ý8è�ßáÜ�ÚZé!Úäæ�ÚZã*Ò8â]deMONf�Zà � Û
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Thus,thecontribution to Ü�Ý ÞQßäà(â from samplepathsfollowedup to at leastanalysisÿ canbewrittenasS
g Q R�h`i`i`i h QUTkj

É
g<lem R h`i`i`i h lem T j

�S Òon ó ÖØ V W X*ßZM N âf[xßáàvÚYM N â c W X6ý6è�ßVÜ�ÚZéÏÚ®æ�Ú|ã Ò âEdeM N �Zà � àfP Q R ÛoÛ�ÛZàfP QUT Û (11)

Denotethe densityof the path ßP�QSR6Ú�ÛoÛ�Û-Ú�P�Q�T�â for fixed informationlevels æ]QSR*ÚoÛoÛ�ÛoÚ®æ]QUT underthe assumed

uniformprior distributionon ã by

VqpWßrMsN�â�Ô �S ÒYn ó ÖØ VtWYX�ßrMsN�âRÛ
Theposteriordistributionof ã given M N is Ñzßáã Ò deM N â%ÔMØ �ló V W X*ßZM N âZ×4V p ßZM N â . For conciseness,wewrite Î u àtM N
to denotethesumover ßZL�ó6ÚoÛ�ÛoÛ�ÚYL N â followedby integrationover ßP Q R6Ú�ÛoÛoÛoÚ�P Q�T â . We canre-write(11)asÉ v

V p ßrM N âf[/ßäà Ú�M N â �S Òon ó ÑzßVã Ò deM N â c W X*ý8è1ßVÜ�ÚçéÏÚäæ�ÚZã Ò â]doM N �çà � à M N Û (12)

In thebackwardsinductionprocess,theoptimaldecisionsatanalysesÿvå�Ö+ÚoÛ�ÛoÛ-Ú�K areknownwhenanalysisÿ is

considered.Standardreasoningshows thataBayesoptimalproceduremustminimisetheexpectedconditional

lossundertheposteriordistributionof ã . Let
c W X*ý8è�ßáÜ�ÚZé!Úäæ�ÚZã Ò â]deM N �xw+Ú 'à � denotetheconditionalexpectation

of loss è�ßáÜ�ÚZéÏÚ®æ�Ú|ã Ò â when ã�ÔÐã Ò , path M N hasbeenobserved,action w is takenat analysisÿ andtheoptimal

rule 'à is followedatanalysisÿ�å�Ö andbeyond.Following thelist of ��å7� criteria,theoptimalchoicewhenin

stateM N at analysisÿ is theaction w minimising

�S ÒYn ó Ñzßáã Ò deM N â c W X6ý8è1ßVÜ�ó6ÚçéÏÚäæÕÚ|ã Ò â]doM N �xw+Ú 'à � Û
If two or moreactionsattainthis minimum,thesecondcriterionis appliedto breakthetie, soweminimise

�SÒYn ó ÑzßVã�ÒydeMON+â c WYX6ý6è�ßáÜ ô ÚZéÏÚ®æ�Ú|ã�Ò8â]deMONf�xw+Ú 'à �
amongthe contendingactions,and so forth. The final criterion ensuresa uniquely defineddecisionrule.

Continuingthisprocessbackto ÿÏÔ ö , whereLpó is chosen,determines'à .
SinceÞQß 'àKâ û õ , thedefinitionof Ü�ó and ÿ�ó implies Ü�Ýó ÞQß 'à(âz� ÿ�ó . But Ü1Ýó ò*óÕÔMÿ(ó for ò6ó ontheboundary

of õ , sotherearerisk vectorsò in õ with Ü�Ýó ò arbitrarilycloseto ÿ ó . As 'à minimisesÜ�Ýó Þ�ßäà(â over ÞQßáàKâ û õ ,

we concludeÜ1Ýó ÞQß 'àKâÕÔGÿ�ó , henceÞQß 'à(â û ð ó and Þ�ß 'à^â û õ�ó . Similarly, ÞQß 'àKâ û õ�ó implies Ü1Ýô ÞQß 'àKâ{�¿ÿ�ô
but therearerisk vectorsò in õ ó with Ü�Ýô ò arbitrarily closeto Ü�Ýô ò ô Ô"ÿ ô and,as 'à minimisesÜ�Ýô ÞQßáàKâ overÞ�ßäà(â û õ�ó , we have Ü�Ýô ÞQß 'àKâ�Ô"ÿ+ô , ÞQß 'à(â û ð ô and ÞQß 'àKâ û õ ô . Repeatingthis argumentshows,ultimately,

that Þ�ß 'à^â û õ�� .
If Ü Ýó Þ�ßäà 8 â�Ô Ü Ýó Þ�ß 'à(âRÚoÛ�ÛoÛoÚZÜ Ý� Þ�ßäà 8 â�Ô Ü Ý� ÞQß 'à(â , criterion ��å�Ö in the definition of 'à implies

5RÝ ÞQß 'àKâ ï 5RÝ ÞQßáà98�â andit cannotbe the casethat 5RÝ ÞQßáà98�âLÔ|5RÝ Þ�ß 'à^âzú}6 . However, we needto show this

situationcannotbereachedin thelimit as ~���� . To comparerule à 8 with 'à , definerules à N8 , ÿfÔ�ö ÚoÛoÛ�Û-Ú�K ,
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where à N8 behavesas à 8 at analysesö to ÿ andas 'à at analysesÿLåMÖ to K . By this definition, à��8 ÔMà98 andfor

notationalconsistency weset à �ló8 Ô 'à . Then

ÞQßáà98�â ú�ÞQß 'à(â�Ô�ÞQßáà �8 â�ú�ÞQßäà �ló8 â�Ô �S
N�n î Þ�ßäà N8 â ú�ÞQßáà N �ló8 âRÛ (13)

Theterm ÿ in this suminvolvesrules à N8 and à N �Wó8 which differ only at analysisÿ andbothproceedoptimally,

asrule 'à , atanalysisÿLåÐÖ andbeyond.

SupposesamplepathMON�Ô¿ßxP!QSR*ÚoÛoÛ�Û-Ú�P�Q�Tf��L ó ÚoÛoÛ�Û-ÚYL�N�â arisesandstoppingdoesnotoccurbeforeanalysisÿ . Then,atanalysisÿ , theconditionalexpectationof loss è1ßVÜ�ÚçéÏÚäæÕÚ|ã Ò â underrule 'à , andthereforeunderruleà N �ló8 , is �S Òon ó ÑzßVã Ò doM N â c W X*ý8è�ßáÜ�ÚZé!Úäæ�ÚZã Ò â]deM N � 'à � Û
Rule à N8 maytake a differentaction,w , at analysisÿ , thenproceedas 'à , in which casewe write theconditional

expectedlossas �S Òon ó ÑzßVã Ò doM N â c W X*ý8è�ßáÜ�ÚZé!Úäæ�ÚZã Ò â]deM N �xw+Ú 'à � Û
Let � ßáÜ�ÚYMONKÚ�w(â%Ô �S ÒYn ó ÑzßVã�ÒydeMON�âO� c WYX*ý8è1ßVÜ�ÚçéÏÚäæ�ÚZã�Ò�â]doMsNf��w�Ú 'à � ú c W�X6ý6è�ßVÜ�ÚZéÏÚ®æ�Ú|ã�Ò�âEdeMsN�� 'à �
� Û (14)

Define �/ßáà98ZÚ�M N Ú�wKâ to be the probability that rule à98 takes action w when in state M N , indexing actionsby

w û ý+Ö+ÚoÛoÛ�ÛRÚ�H�å�� � accordingto theordering G . Then,combining(12), (13)and(14),

Ü Ý ÞQßáà98³â ú�Ü Ý Þ�ß 'à^â]Ô �S
Nkn î Ü Ý ÞQßáà N8 â�ú�Ü Ý ÞQßäà N �ló8 â�Ô

�S
N�n î J��lôS

� n ó É v V4pWßZMsN+âf[/ßäà 8 Ú�MsN�â9�/ßáà 8 Ú�MsN(Ú�wKâ � ßVÜ�Ú�MsN ÚxwKâ(à MsN(Û
Define � ó�Ô¿ý�ßrM N Ú�w(â(þ � ßVÜ�ó�ÚYM N ÚxwKâ ñ ö � Ú
and,letting

�{�
denotethecomplementof

�
, define� � Ô¿ý�ßrMsN(Ú�wKâ�þ � ßáÜ � Ú�MsN(Ú�wKâ ñ ö � � � �

� �Wó�� Ôb�^ÚoÛ�ÛoÛoÚ��vÛ
For pairs ßZMONKÚxwKâ in ß � óS� Û�ÛoÛ � � � â � , action w is optimal for minimising eachof Ü Ýó Þ�ßäà(âRÚoÛ�ÛoÛoÚZÜ Ý� Þ�ßäà(â , in

order. For pairs ßZM N ÚxwKâ in

� � , action w is optimal for minimisingeachof Ü�Ýó Þ�ßäà(âRÚoÛ�ÛoÛoÚZÜ�Ý� �Wó Þ�ßäà(â in orderbut

not thenoptimal for minimising Ü�Ý� Þ�ßäà(â . Thefunctions
� ßVÜ�ÚYM N ÚxwKâ satisfy:

� ßVÜ�ó*Ú�M N Ú�wKâ ñ ö for ßZM N ÚxwKâ in� ó and
� ßáÜ ó Ú�MsN(Ú�w(â%ÔMö for ßrMsN(Ú�wKâ in

��� ó then,for each� Ô%�KÚ�ÛoÛ�Û-ÚY� ,
� ßVÜ � ÚYMONKÚ�w(â canbepositiveor negative

on ß � ó � Û�ÛoÛ � � � �ló�â , � ßVÜ � Ú�M N Ú�wKâ ñ ö for ßZM N Ú�w(â in

� � and
� ßVÜ � ÚYM N ÚxwKâ%ÔÐö for remainingpairs ßZM N ÚxwKâ .
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Recall ý8à98 � is a sequenceof decisionrules with ÞQßáà98�â�� 3 û ���4	8õ�� where Ü�Ý� 3GÔDÜ�Ý� Þ�ß 'à(â for

� Ô�Ö�Ú�ÛoÛoÛoÚY� and 5 Ý 3 ï 5 Ý ò�ú�6 for all ò û õ . SinceÜ Ýó ÞQßáà 8 â?ú]Ü Ýó ÞQß 'àKâ��Íö ,
�S
N�n î J��lôS

� n ó É v V4pWßZMsN�âf[xßáà 8 Ú�MsN+âf�eßáà 8 Ú�MsN(Ú�wKâ � ßVÜ ó ÚYMON(ÚxwKâ(à MsNLÔ
�S
Nkn î J��lôS

� n ó É v ì ý�ßrM N Ú�wKâ û � ó � V p ßrM N â�[/ßäà 8çÚYM N â9�eßäà 8çÚ�M N Ú�w(â � ßVÜ�ó*Ú�M N Ú�wKâ(àtM N � ö Û
As Î u V p ßZM N â is finite, [xßáà98ZÚ�M N â ï Ö , �eßáà98çÚYM N ÚxwKâ ï Ö , and

� ßVÜ�ó�ÚYM N ÚxwKâ ñ ö on

� ó , it follows that

�S
N�n î J�� ôS

� n ó É v ì^ý(ßZM N ÚxwKâ û � ó � V p ßZM N âf[xßáà98|Ú�M N âf�eßáà98çÚYM N ÚxwKâ(à M N � ö
and,sinceall thefunctions

� ßáÜ � ÚYMsNKÚxwKâ and
� ß56Ú�MsN(Ú�w(â arebounded,

�S
Nkn î J��lôS

� n ó É v ì ý�ßrMsN(Ú�wKâ û � ó�� V4pÓßrMsN�âf[/ßäà 8 Ú�MsN�â9�/ßáà 8 Ú�MsNKÚ�wKâ � ßVÜ � ÚYMON(ÚxwKâ(à MsN-� ö (15)

for � Ôb�^ÚoÛoÛ�Û-ÚY� , and

�S
Nkn î J��lôS

� n ó É v ì ý�ßrMsN(Ú�wKâ û � ó�� V4pÓßrMsN�âf[/ßäà 8 Ú�MsN�â9�/ßáà 8 Ú�MsNKÚ�wKâ � ß56Ú�MsN(Ú�wKâ(àtMON%� ö Û
At thenext level, thefactthat Ü�Ýô ÞQßäà 8�â�ú�Ü�Ýô ÞQß 'à(â��Íö and(15) for � Ôb� imply

�S
Nkn î J��lôS

� n ó É v ì ý�ßrM N Ú�wKâ û � ô � V p ßrM N â�[/ßäà 8çÚYM N â9�eßäà 8çÚ�M N Ú�w(â � ßVÜ�ô�Ú�M N Ú�wKâ(àtM N � ö Ú
from which wededuce

�S
Nkn î J��lôS

� n ó É v ì ý�ßrM N Ú�wKâ û � ô � V p ßrM N âf[/ßäà 8çÚ�M N â9�/ßáà98|Ú�M N Ú�wKâ � ßVÜ � ÚYM N ÚxwKâ(à M N � ö
for � ÔD� ÚoÛoÛ�Û-ÚY� , and

�S
Nkn î J��lôS

� n ó É v ì ý�ßrM N Ú�wKâ û � ô � V p ßrM N âf[/ßäà 8çÚ�M N â9�/ßáà98|Ú�M N Ú�wKâ � ß56Ú�M N Ú�wKâ(àtM N � ö Û
Continuingthisprocessup to � ÔD� shows thatin thelimit, thereis nocontribution to 5 Ý ÞQßáà98³âWú�5 Ý ÞQß 'à(â from

sets

� ó to

�
� . For ßZM N ÚxwKâ û ß � ó � ÛoÛ�Û � �

��â � , action w is optimalfor eachof Ü�Ýó ÞQßáàKâ[ÚoÛ�ÛoÛ�Ú|Ü�Ý� ÞQßáàKâ in order,

andwherethis leavesachoiceof actions,rule 'à is definedto minimisetheexpectedcontributionto 5RÝ ÞQßáàKâ , so� ß56Ú�M N Ú�w(âU��ö . In consequence,

5 Ý 3�ú75 Ý ÞQß 'àKâ]Ô :>;<=8<@CB 5 Ý ÞQßáà98³â?ú75 Ý ÞQß 'àKâ�Ô
�S
N�n î J��lôS

� n ó É v V p ßrM N â�[/ßäà 8çÚYM N â9�eßäà 8çÚ�M N Ú�w(â � ß56Ú�M N Ú�w(âKàtM N �Êö Û
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Thiscontradictstheassumedpropertiesof 3 andthelemmais proved.
/0

Extensionof theseresultsto thecasewherethe finite setof æ valuesis replacedby an interval � ö ÚäæO�y�Y� �
appearsrelatively straightforward. In obtaininga Bayesrule by backwardsinduction,it is necessaryto show

thattheinfimumof expectedlossunderpossiblecontinuationpointsis attained,but this follows from showing

it is the infimum of a continuousfunction over a finite interval. In expressionsin Lemma1, the sumover

sequencesßrLpó�ÚoÛ�ÛoÛ-Ú�L N â becomesa multiple integral; this raisestechnicalpointsregardingmeasurabilityof

setsof informationsequenceswhich needacarefultreatment.

Proof of Corollary 1. Giventhat õ is closed,argumentsof Ferguson(1967,Ch.2) canbeapplieddirectly

to show thethatrisk vectorof anadmissibletest,à , liesonthelowerboundaryof õ . Thispointcanbeseparated

from theorigin by asupportinghyperplanewhichdefinesaBayesproblemwith Ü�ßr~\âU��ö for all ~%Ô�Ö+ÚoÛoÛ�Û-Ú��+Ø
andat leastone Ü�ßZ~|â ñ ö . Therule à is a Bayesrule for this problem.

SupposeÜ�ßZ~|â ñ ö only for someindices~ û ý�Ö�ÚoÛ�ÛoÛ-Ú ð � . As thereis nopenaltyfor acceptingí�î when ã is

positive,a Bayesrule mustacceptí î with probability1 underall ã . Thiscanbeachievedstoppingasearlyas

possible,i.e.,with æ=Ô�æ ó , andsinceà is admissible,it mustdothis. Hence,à is alsoaBayesrulefor problems

where Ü�ßZ~|â ñ ö for all ~�Ô:Ö+ÚoÛoÛ�Û-Ú ð and ~ÅÔGØMåaÖ�Ú�ÛoÛoÛoÚ���Ø . Similar reasoningshows that if Ü�ßr~|â ñ ö only

for indices ~ û ý ð åÐÖ�Ú�ÛoÛ�Û-ÚçØ � , then à is a Bayesrule for problemswhere Ü�ßZ~|â ñ ö for all ~%Ô ð åMÖ�ÚoÛ�ÛoÛ-Ú[Ø
and ~�ÔaØ�åÐÖzÛ�ÛoÛ-Ú���Ø .

Now supposeÜ�ßr~\â ñ ö only for someindices ~ û ý6Ø�å�Ö�ÚoÛ�ÛoÛ-Ú���Ø � . SincetheseÜ�ßZ~|â imply a costof

samplingbut no costsfor wrongdecisions,à muststopat æ Ô�æ ó with probability1. As à is admissible,it is

alsoadmissiblein theclassof decisionrulesfor thefixedsampleproblemwith data
a ó)�.��ßáãoæ ó�Ú�æ óoâ , which

hasrisk set õz�ÓÔ�õ��¡  where

 �Ô¿ý8ÞQßáàKâ�þ�ÞQßZ~[Úçà(â%Ô=æ ó Ú�~?ÔÐØ åÐÖ�Ú�ÛoÛoÛoÚ���Ø � Û
Standardargumentsshow this is a closedconvex set, ÞQßáàKâ is on the boundaryand lies on a supporting

hyperplanewithin   which definesa Bayesproblemfor the fixed sampletest with Ü�ßZ~|â ñ ö for at least

one ~ û ý�Ö�ÚoÛ�ÛoÛ-Ú[Ø � . It follows that à is Bayesfor thesequentialproblemwhich combinesÜ�ßZ~|â , ~/ÔGÖzÛ�ÛoÛ-Ú[Ø ,

from this fixed sampleproblemand Ü�ßZ~|âQÔ�í for all ~ û ý6Ø¿å¿Ö+ÚoÛ�ÛoÛ-Ú���Ø � , where í is sufficiently large

that stoppingalwaysoccursat æ¿Ô�æ ó . This casedemonstratesthat the converseto the last statementof the

corollarydoesnot holdsincethereareBayesrulesfor problemsin which conditions1 to 3 hold thatfall in the

set ¢�£�¤ .
/0

APPENDIX 2

The backwards induction algorithm

The Bayesdecisionproblemof Section4 is solved by a backwardsinductionalgorithm. The prior onã comprisespoint probability massesat ã	Ô�ö and ¥ , which we write as ÑWó�ßäö�âfÔ�Ö*×q� and ÑWó�ß¥�â�ÔÊÖ6×4� ,
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plus a density Ñvô�ßVã�â�Ô�V?ßáã�â|×4� for ã û � , where V?ßVã�â is the densityof a �=ßr¥*Ú¦¥ ô ×�§Kâ randomvariable. We

mustchoosebetweendecisionsé î Ô “Accept í î ” and é ó Ô “Reject í î ” with costfunction ¨zßáé ó ÚZö(âeÔ-© ó ,
¨%ßäéLî�Ú�¥�â1Ô�©-ô and ¨zßáéÏÚZã�â�Ô}ö otherwise.Thesamplingcostis oneperunit of observedinformationunder

the continuouspart of the prior distribution; sincethis assignsprobability zeroto ãAÔ�ö and ãAÔª¥ , we can

simply saysamplingcostis oneperunit of informationat all ã û ×/ý6ö^Ú�¥ � and0 otherwise.

Up to K analysesareallowedat anincreasingsequenceof informationlevelsfrom theset ýçæ ó*ÚoÛ�ÛoÛ-Ú®æ�J � .
Denotetheinformationlevel atanalysisÿ by æ]Q T , theteststatisticby

a Q T , andtheposteriordistribution for ã
by « g N�j ßVã¬d L N Ú a Q�T â , comprisingpointmasses« g N�jó ßäö¬d L N Ú a Q�T â and« g Nkjó ßr¥¦d L N Ú a Q�T â plusacontinuousdensity

« g N�jô ßVã¬d L N Ú a Q�T â .
The minimum additional expectedloss incurred by stoppingat analysis ÿ with information æ]Q�T and

statistic
a Q�T is  g Nkj ßZL N Ú a QUT âÏÔ®=";<¯`ý�©8ó9« g Nkjó ßáö¬d L N Ú a Q�T âRÚ°©-ô�« g N�jó ß¥¦d L N Ú a QUT â � Û

For analysesÿpÔ3Ö+ÚoÛ�ÛoÛ-Ú�K
ú Ö , L�N û ý*ÿªÚoÛ�ÛoÛ-Ú�HÆú±K å�ÿ � and L�N � ó�û ý!L�N�åaÖ+ÚoÛoÛ�Û-Ú�HÆú±K�å�ÿ�åaÖ � ,
define² g N�j ßrL N Ú a Q�T ÚYL N � ó8â to betheexpectedadditionalcostwhentheobservedstatisticis

a Q�T of continuing

to analysisÿÏå�Ö at information level æ Q�T _ R andproceedingoptimally thereafter. The minimum additional

expectedcostgiven L�N and
a Q T is thus

³ g N�j ßrL�N(Ú a Q T âQÔ®=F;>¯C�
 g N�j ßZL�N(Ú a Q T â[Ú�=F;>¯Q�T _ R ý�² g N�j ßrL�N(Ú a Q T ÚYL�N � ó â �!� Û

Denoting by ´ g N � ó j ß a Q�T _ R d L N Ú a Q�T Ú�L N ��ó�â the conditional cumulative

distribution functionof
a QUT _ R given L�N , a QUT and L�N ��ó , wehave

² g � �Wó j ßZL � �Wó Ú a Q�µ·¶9R8Ú�L � âQÔ�ß�æ]Q�µ�úCæ]QUµ·¶9R�â É B
�OB ÖzÛ« g � �ló jô ßVãsd L � �Wó Ú a Q�µ·¶9Roâå É B

�]B
 g � j ßZL � Ú a Q�µÅâ(à9´ g � j ß a Q�µ¸d L � �ló Ú a QUµ·¶9R6ÚYL � â

and,for ÿÏÔ�Ö�Ú�ÛoÛoÛoÚ�K ú±� ,
² g N�j ßZL�N(Ú a Q�T�Ú�L�N ��ó âQÔÍß�æ]QUT _ R úBæ]Q�T�â É B

�]B ÖzÛ« g Nkjô ßVã¬d L�NKÚ a Q�T�â
å É B

�OB ³ g N � ó j ßZL N � ó�Ú a QUT _ R â(à ´ g N � ó j ß a Q�T _ R d L N Ú a QUT Ú�L N � óoâRÛ
Proceedingby backwardsinductionthrough ÿ�Ô|Ktú;Ö�ÚoÛ�ÛoÛ-Ú�� andall permissiblepairs L N and L N � ó , the

above expressionsfor ² g N�j ßrL�N(Ú a Q T ÚYL�N � ó â arecalculatednumerically. In the caseÿ Ô¹K�ú;Ö , we apply

knowledgeof

 g � j ßZL � Ú a Q µÅâ andfor ÿ ï K ú7� weusevaluesfor ³ g N � ó j ßrL N ��ó*Ú a Q�T _ R â alreadycomputed

on a grid of valuesof
a Q�T _ R . Therangeof valuesfor

a QUT is dividedinto intervalswithin which theminimum

additionalexpectedcost, ³ g N�j ßrL�NKÚ a Q�T�â , is attainedby just oneof theactions:stopnow andacceptí î , stop

now andreject í�î , continueto informationlevel æ Q�T � ó , Û�ÛoÛ , continueto informationlevel æ�J?� � � N � ó . Then,

within eachinterval, ³ g N�j ßrL N Ú a Q�T â is calculatedat a grid of pointssuitablefor numericalintegrationover
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thedistribution of
a Q�T . Jennison& Turnbull (2000,Ch. 19) provide furtherdetailsof methodsfor recursive

numericalintegrationto deriveandevaluategroupsequentialtests.
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