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SUMMARY

In this paper, adaptive control of kinematically redundant
robot manipulators is considered. An end-effector tracking
controller is designed and the manipulator’s kinematic
redundancy is utilized to integrate a general sub-task
controller for self-motion control. The control objectives are
achieved by designing a feedback linearizing controller that
includes a least-squares estimation algorithm to compensate
for the parametric uncertainties. Numerical simulation
results are presented to show the validity of the proposed
controller.
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1. Introduction

When the number of joints of a robot manipulator is greater
than the dimension of its task-space position vector then
it is called a kinematically redundant robot manipulator. In
many applications, robot manipulators with such additional
degrees of freedom are preferred to execute complicated
tasks. This kinematic redundancy can result in joint motion
in the null space of the Jacobian matrix that does not affect
the end-effector position, this phenomenon is commonly
referred to as self-motion. There are generally an infinite
number of solutions for the inverse kinematics of redundant
robot manipulators>™*; this complicates the control of
kinematically redundant robot manipulators since it is
difficult to select a reasonable, desired joint trajectory for
a given desired task-space trajectory.

In our previous work,> an adaptive full-state feedback-
quaternion-based controller developed in ref. [6] was utilized
and a general sub-task controller was designed. In ref. [5],
the sub-task controller was systematically integrated into
the stability analysis and specific sub-task objectives (such
as singularity avoidance, joint limit avoidance, bounding
the impact forces and bounding the potential energy) were
introduced to make use of the kinematic redundancy. In ref.
[7], configuration control of redundant robot manipulators

* A preliminary version of this paper has appeared in [1].
**Corresponding author. E-mail: enver @envertatlicioglu.com.

was investigated. The proposed controller achieved task-
space tracking and the redundancy was utilized to impose
kinematic and dynamic constraints or posture control. Hsu
et al.® proposed a dynamic feedback linearizing control law
that guarantees asymptotic tracking of a desired task-space
trajectory. However, the controller in ref. [8] required that
the exact dynamic model of the robot manipulator should be
known. Zergeroglu et al.’ used the controller in ref. [8] as a
basis and developed an adaptive controller to compensate
for the parametric uncertainty in the dynamic model. In
refs. [8] and [9] both, the researchers provided control of
the redundant link velocities to accomplish desirable sub-
task objectives. Peng and Adachi'® proposed two compliant
motion controllers for redundant manipulators where the
redundancy was utilized to realize additional constraints
that optimize a user-defined objective function. Nakamura®
categorized the tasks to be accomplished by a kinematically
redundant robot manipulator based on their respective
priorities. Specifically, in chapter 4 of ref. [2], examples
of how orientation of the end-effector of a redundant robot
manipulator may have more significance than the position
of the end-effector or vice versa were provided and then the
tasks were classified based on their level of significance. For
a more detailed overview of the research on redundant robot
manipulators, the reader is referred to refs. [2, 6, 9, 11, 12]
and the references therein.

In this paper, the feedback linearizing controller in ref.
[8] is redesigned to compensate for parametric uncertainties
present in the dynamic model. The control development
is presented in two parts, namely, task-space control and
null-space control. The task-space controller is designed to
meet the task-space tracking objective, that is tracking a
desired task-space trajectory. The design of the task-space
controller allows the integration of a null-space controller
to make use of the redundancy resolution. This auxiliary
null-space controller is designed through the joint motion in
the null-space of the Jacobian matrix (i.e. self-motion) and
by controlling the joint velocities in the null-space, we can
integrate sub-task control objectives (the reader is referred
to ref. [5] for specific sub-task objectives) and achieve a
stable system. The integration of a sub-task objective into
the controller is completed by designing a framework that
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places preferences on desirable configurations based on the
sub-task objective. In the design of both task-space and null-
space controllers, Lyapunov-based analysis techniques are
utilized. This work demonstrates a major improvement to
our previous work,> in the sense that in this paper a null-
space velocity tracking objective is defined and proven to
be met by driving the null-space velocity tracking error to
zero. This null-space control objective allows the sub-task
control objectives to be injected into the task-space controller
to control the body motion of the robot manipulator. When
compared to ref. [2], our control design utilizes Lyapunov-
based analysis, which is a powerful tool in control of non-
linear systems and in our design the position and orientation
of the end-effector is always the primary control objective and
the sub-task objectives are utilized to control only the body
motion of the manipulator. Review of the adaptive redundant
robot control literature (e.g. refs. [5, 9, 13]) suggests that
researchers typically prefer gradient-type algorithms for
parameter estimation. The design proposed here uses a
least-squares algorithm in a seemingly novel departure from
adaptive redundant robot control.

2. Dynamic and Kinematic Model

The dynamic model for an n-joint (n > 6), revolute, direct
drive robot manipulator is described by the following
expression:

M@)J +N@®,6)=r, (1)

where (1), 0(t), 4(t) € R" denote the position, velocity
and acceleration in the joint-space, respectively. In Eq. (1),
M(#)eR"*" represents the inertia effects, N(, ) cR"
represents other dynamic effects (centripetal-Coriolis
effects, gravitational effects, dynamic frictional effects)
and t(t) e R" represents the control input torque vector.
The subsequent development is based on the following
properties.'*

Property 1 The inertia matrix M(0) is symmetric and
positive-definite, and satisfies the following inequalities
mi||§1° < ETM©)% <mEIP VEER", (2

where my, my € R are positive constants and ||-|| denotes the
standard Euclidean norm.

Property 2 The left-hand side of (1) can be linearly
parameterized as

M(©)6 4+ N@©,0)=Y(©,0,0)p, 3)
where ¢ € R? contains the constant system parameters and
the regression matrix Y (-) € R" *? contains known functions

dependent on the signals 0(t), 6(t) and 6(t).

The kinematic model for the robot manipulator is described
by the following expression:

x=J®)0, 4

where x(¢) € R™ is the task-space position and J(6) € R™ *"
is the manipulator Jacobian matrix. The subsequent develop-
ment is based on the assumption that x(¢), X(¢), 6(¢) and 6(z)
are measurable.

Remark 1 The dynamic and kinematic terms for a general
revolute robot manipulator, denoted by M(0), N(8, 0), J(6)
and J*(0), are assumed to depend on 0(t) only as arguments
of trigonometric functions, and hence remain bounded
for all possible 0(t). During the control development, the
assumption will be made that if x(t) is bounded then 0(t) is
a bounded signal.

3. Pseudo-Inverse and Its Properties

The pseudo-inverse of the Jacobian, denoted by
JT(0) e R™™ s defined as follows:
JTEJTIIN )

From (5), it is clear that J () satisfies the following*
JIT =1,. (6)

As shown in ref. [2], the pseudo-inverse defined by (5)
satisfies the Moore—Penrose conditions as follows:

JITT =1,
Jr*nT=Jty,

JtJJgt=J"%, @)
JIH =g+, (8)

In addition to the above properties, the matrix (1, — JTJ)
satisfies the following properties:

L, —J NI, —J " Hh=1,—-J"J, 9)
Iy —J D" =, —JHD), (10)

J(I, — JTT) = 0,41, (11)

(I, — JT DI =0,x1. (12)

The following expression can be obtained for the time
derivative of J*J :

d ,
a{J+J} =Jy+ I, —TTD), (13)

where Jy(r) € R"*" is an auxiliary function defined as
follows:

Jp 2T+ ItiIty. (14)

It should be noted that Jy(¢) satisfies the following property:

JIg =T+ JJTJIN)I,

d
= —{JJH},
o

= On XN (15)

* Throughout the paper, I, and 0,,«, will be used to represent
an n x n standard identity matrix and an m X r zero matrix,
respectively.
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where Eq. (6) was used. In addition, the following property
will also be utilized throughout the subsequent analysis:

(L, —J D)y = Jy — I T Iy,
= Jg. (16)

where Eq. (15) was used.

Remark 2 During the subsequent control development,
the assumption is made that the minimum singular value
of the manipulator Jacobian matrix, denoted by oy, is
greater than a known small positive constant § >0, such
that max{||JT(0)|} is known a priori and all kinematic
singularities are always avoided.

4. Task-Space Controller Development

The primary control design objective is to formulate a control
input that ensures that the end-effector of the manipulator
tracks a desired trajectory. The task-space tracking error
denoted by e(7) € R™ is defined as follows:

eéxd — X, (17)

where x,4(t) € R is the task-space desired trajectory. In the
subsequent development, it will be assumed that x,4(z), x4(¢)
and i¥,4(¢) are bounded signals.

Based on (4), the following expression can be obtained for
the joint velocities:

O0=J"x+U, —JTDH. (18)

To facilitate the task-space controller development, the time
derivative of (18) is given as follows:

. . d . .
0=J¢+JTx - E{J+J}9 +, —Jtna. 19

After using Eq. (4), the following simplified expression can
be obtained for 6(t):

6=J"@G— J6)+ by, (20)

where 6y (1) € R" is defined as follows:

. A + .
Oy=U,—JTJ)b. (21)

The estimation form of (3) is defined as

M@®)d + N@) =Y (©0,0,0)9, (22)
where qAS(t) e R”, M(t) and N(¢) are the estimates of ¢, M(9)
and N(0, 0), respectively. After subtracting (22) from the

manipulator’s dynamics in (1), the following is obtained:

Yé=1—(MI+N), (23)

where ¢ (1) € R? is the parameter estimation error defined as

~ A N

$=¢— 9. (24)
After pre-multiplying (23) by M~'(t), the following
expression can be obtained:

M 'Yo=M"'t—M'N -4, (25)

for the open-loop error system. To facilitate the subsequent
analysis the control input t(¢) is designed as follows:

T2 M Uy + ol + N + s, (26)

where u () € R, u,(t) € R" are auxiliary control inputs and
¢n(t) € R" is a vector in the null-space of J(¢). The auxiliary
control input u(t) is designed as

M]éxd+kvé+kp€_j9+uaum (27)

where k, and k, are positive constants, and u..(¢) € R™
is another auxiliary control input that will be designed
subsequently. After substituting (26) and (27) into the open-
loop error system in (25), the following expression is
obtained:

M7'Y¢ =TT+ kpé + kpe + )
+ M uy + ¢y — by (28)

After pre-multiplying (28) by J(#) and rearranging, the
following expression can be obtained:

é+kvé+kpe+uaux = JM_I(Y(ﬁ—Mz), (29)
where Eq. (6) and the following facts were used:

J¢N:0m><1s JéNZOmxl' (30)

It should be noted that since 0(1,‘) is an unmeasurable
signal, the regression matrix Y (6, 6, 6) introduced in Eq. (3)
is unmeasurable. To tackle this issue, a filtered regression
matrix Y () € R"*? is introduced':

Yi= —aYy+a¥, Yito) =0 31)

where o« €R is a positive constant. Notice that Eq. (31)
cannot be implemented since Y (0, 6, 6) is unmeasurable. For

an implementable form of the filtered regression matrix see
Appendix B. A filtered control input is defined similarly'

52 —atptar, ) 2 0u. (32)

To facilitate the subsequent analysis a prediction error,
denoted by z(z) € R", is defined as follows:

2 My — Y. (33)
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After using the development given in Appendix A, the
prediction error in Eq. (33) can be written as follows:

7=M""Y;g, (34)

where (24) was also utilized. The auxiliary control input u,(#)
is designed as

Al N | N
ury=—Yrp + —M-z. 35)
o o

After substituting u,(¢) into Eq. (29), the following
expression can be obtained:

1
é+kye+ kpe = J(-Z + Z) — Uaux, (36)
o

where Eq. (34) and its time derivative were utilized. A filtered
tracking error, denoted by r(#) € R™, is defined to be of the
following form:

r2é+oe, 37)
where o € R is a positive constant. After setting the constant
control gains k, and k,, which were introduced in Eq. (27),
as

k=01 +0y  k, =010, (38)
the left-hand side of Eq. (36) can be written as
é+kyée +kpe =7+ oor, (39

where 0, € R is a positive constant. After using Eq. (39), the
expression in Eq. (36) can be rewritten as

1
7+ oyr = J(&Z + Z) — Uaux- (40)

To facilitate the subsequent stability analysis, an auxiliary
error signal, denoted by y(¢) € R™ is defined as

1
yEr— —Jz. 1)
o

The time derivative of y(¢) is given as
. (o)) 1.
y=—oy+|1——)Jz— =Jz — taux, (42)
o o

where Eqs. (40) and (41) were utilized. The auxiliary control
input u,(¢) is designed as

1.
P (1 _ 2)Jz —Jz (43)
(07 (07

After substituting (43) into (42), the following simplified
expression is obtained for the dynamics of y(t) :

y=—0)y. (44)

From (44), standard analysis techniques can be utilized to
show that

y(1) = y(to) exp(—021) (45)

from which we can conclude that || y(¢)|]| — 0 exponentially
fast. Motivated by the subsequent stability analysis, the
parameter estimate vector ¢ () is generated by the following
update law:

$=rYINTs, (46)

where I'(¢) e RP*? is a least-squares estimation gain matrix
designed as follows:

d & ATy —
GO h=yim vy, (47)

Remark 3 I should be noted that when T' = (ty) is selected to
be positive definite and symmetric, then it is clear that I'(ty)
is also positive definite and symmetric. Therefore, it follows
that both T~\(t) and T'(t) will remain positive definite and
symmetric Nt. From (47), the following expression can be
obtained:

I'=-ry/m "M 'y,T. (48)

From (48), it is easy to see that I'(t) is negative semi-definite;
therefore, the estimation gain matrix U (t) is always constant
or decreasing, and hence T'(t) is bounded (for more details,
the reader is referred to refs. [15] and [16]).

RAemark 4 The matrix inverse of the estimate of M(0) (i.e.
M(0)) can be guaranteed to exist through the use of a
projection algorithm as described in ref. [17].

Theorem 1 The control law described in (26), (27), (35) and
(43) and the adaptation law defined in (46) guarantee that
z(t), r(t) and e(t) are driven to zero as t — Q.

Proof See Appendix C.

Remark 5 The proof of Theorem I requires the boundedness
of 0(t) and ¢n(t). In the subsequent sections, an auxiliary
null-space control signal, denoted by g(0), will be designed
to meet these conditions.

S. Sub-Task Error System

In addition to the end-effector tracking objective, there may
be sub-task objectives that are required for a particular
redundant robot application. To integrate the sub-task
objective into the controller, an auxiliary control signal,
denoted by g(0), will be introduced. The integration of
this sub-task objective into the controller is completed by
designing a framework that places preferences on desirable
configurations based on the sub-task objective. The auxiliary
null-space controller g(0) is designed through the joint
motion in the null-space of the Jacobian matrix (i.e. self-
motion).
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The null-space velocity tracking error is defined as®

en = =TT I)E — 6), (49)
where g(t)e R" is the subsequently designed null-space
controller. The following expression can be obtained for the
dynamics of éy(t)

en=U,—J " Dg+U, — J*J)(éi +z— ¢N)

—Jy(g —0)— J Jey, (50)
where Eqs. (12), (13) anq. (49) were utilized along with the
following expression for 6(¢):

. 1
9:—(&z+z)+ﬁu1+¢m, (51)

where Eqgs. (20), (25), (26), (34), the time derivative of (34)
and (35) were utilized. To facilitate the null-space control

development, an auxiliary error signal, denoted by p(¢) € R",
is defined as follows:

1
pEey — —(I,— J* )z (52)
o
The dynamics of p(¢) can be written as
p=U,—J"Ng+ U — I )z~ dn)
o1 L
—Jy g—@—az —J7Jp, (53)

where Egs. (13), (50) and (52) were utilized. The auxiliary
null-space vector ¢y(¢), introduced in Eq. (26), is now
designed as follows:

oy = (I, — JY )G +kep +2)

o
Jylg—60——2),
+ ¢<g aZ)

where k,, € R is a positive constant. After substituting ¢y (¢)
into Eq. (53) the following simplified expression is obtained
for the dynamics of p(z):

(54)

p=—k,I, —JTHp—J Jp, (55)

where Egs. (9) and (16) were used.

Theorem 2 The auxiliary null-space vector described by
(54) guarantees that éy(t) is driven to zero as t — o0.

Proof See Appendix D.

6. Sub-Task Controller

In this section, a general sub-task controller is developed.
As proven in the subsequent stability analysis, the sub-task
objective will be met if the Jacobian-related null-space matrix

maintains full rank. Specifically, when the subsequently
defined Jacobian-related null-space matrix loses rank, the

sub-task objective will not be met.
An auxiliary positive function y,(¢) € R is defined as

A
Ya = exp(—ky,B(0)), (56)
where k,, € Ris a positive constant, 8(f) € Ris anon-negative
function that is specific to each sub-task and exp(-) is the
natural logarithmic exponential function. After taking the
time derivative of (56), the following simplified expression
is obtained for the dynamics of y,(?):
ya = Jsé’ (57)
where Ji(t) e R'" is a Jacobian-type vector defined as
follows:

9Ya
Jy = Y .
a0
After adding and subtracting the terms J,J*J6 and J,(I, —
JTJ)(g — 0) to the right-hand side of Eq. (57), we obtain the
following for the time derivative of y,():

(58)

Vo = oI 5+ (I, — Tt g — Jew, (59)
where (4) and (49) were used. Based on the subsequent
stability analysis, the sub-task controller is designed as
A
8= _ksJSTya, (60)
where k; € Ris a positive constant. After substituting Eq. (60)
into Eq. (59), we obtain the following expression:

Ya = _kst(In - J+J)(In - ‘]+J)JsTyﬂ

+JJ % — Jen, (61)

where Eq. (9) was utilized.

Remark 6 The auxiliary signal y,(t) in Eq. (56) was
preferred because of the useful properties of the logarithmic
exponential function given that many different positive
functions could also be utilized for the design of y,(t). From
Eq. (56), it is clear that as B(0) increases, y,(t) decreases
and y,(t) satisfies these inequalities, 0 < y,(t) < 1.

The following theorem is stated to show the performance
of the sub-task controller.

Theorem 3 The control law described by Eq. (60) guarantees
that y,(t) is practically regulated (i.e. ultimately bounded) in
the following sense:

€
|Ya(D)] < \/yﬁ(to) exp(—2y1) + " (62)
provided the following sufficient conditions hold:
1Ly = JE D> > 8, (63)



878 Adaptive control of redundant robot manipulators with sub-task objectives

[J,(JF*x —en)ll < 61, (64)
1

ks > g, (65)
2

where €, v, 8, 81, 8, € R are positive constants.

Proof The reader is referred to Appendix A of ref. [18] for a
similar proof.

Remark 7 For specific sub-task objectives including
singularity avoidance, joint-limit avoidance, bounding the
impact forces and bounding the potential energy, the reader
is referred to ref. [18].

Remark 8 The sub-task objective is met only if the sufficient
conditions described by the inequalities in (63)-(65) are
satisfied.* From the result of Theorem 1, the task-space
tracking objective is guaranteed and the sub-task objective is
always secondary to it. When the sub-task controller forces
the end-effector of the robot manipulator to take a path not
allowed by the task-space tracking controller, the condition
in (63) will not be satisfied; hence, the result of Theorem 3
will not hold. To meet the task-space tracking and sub-task
objectives simultaneously, careful consideration is required
in the design of the desired task-space trajectory and the
sub-task objective.

7. Numerical Simulation Results

To illustrate the performance of the task-space and sub-task
controllers, a numerical simulation was conducted using the
model of a planar, three-joint, revolute robot manipulator.
Since most real robot manipulators have mechanical limits
on the joint rotations, joint limit avoidance is considered as
an interesting sub-task control objective. The objective for
this sub-task is to keep each joint away from its respective
joint limits, while meeting the task-space tracking control
objective. For this sub-task, the auxiliary signal B(0) is
defined as follows’:

A ] 9,'
P ) ()]
i=1 !

where 9" and 6™ € R* are the minimum and maximum
joint limits for the ith joint, respectively. For this sub-task
objective, the problem is set up to satisfy B(6) > 0 which
can be achieved by keeping y,(¢) < 1. Based on the result of
Theorem 3, from (62), it is clear that y,(¢) < 1 if the following

inequality holds:
€
JJYato) + v 1, (67)

*It should be noted that, the control gain k; could be chosen to
satisfy Eq. (65). After using Remark 1 and the results of Theorem
1, it can be concluded that 6(¢), J(8) and J ™ (9) are bounded. Since
Jy(+) is a function of 6(¢), then from Eq. (58), it is clear that J(-)
is bounded function. From the results of Theorems 1 and 2, it can
be seen that x(¢) and éy(¢) are bounded functions, thus, it can be
concluded that the term || J(JT% — éy)|| can be lower bounded by
a positive constant.

which can be achieved by proper selection of the initial
conditions of the robot manipulator, control gains k;, k, and
bounding constants. From (66), it is easy to see that 8(6) > 0
will be satisfied as long as all joint angles are within their
respective joint limits. From (56), (62), (66) and (67), it is
clear that 5(0) > 0 Vt, provided the sufficient conditions in
Egs. (63)—(65) are met; hence meeting the sub-task objective.
For the simulation, the dynamic model of the robot
manipulator was considered to be of the following form:

M) + V,,(0,0)0 + F,6 = 1. (68)

InEq. (68), M(0) = (m; j)3x3, Vin(0,0) = (vi j)3x3and F; €
R¥*3 represent the symmetric inertia matrix, the centripetal-
Coriolis terms and the frictional effects, respectively. The
entries of the inertia matrix and the centripetal-Coriolis terms
have the following form™*

my = @1 + 2¢aca + 2¢s5c23 + 2063, Moz = ¢ + 2¢c3,
My = @3 + Qacr + Pscz + 2¢6c3, Moz = 2 + Pecs,
miz = ¢y + Ps5c3 + Pec3, msz = @3,

— 65305,
— 2665365,

Vi1 = — 520 — P552362 — 552363
V12 = —(@a52 + Ps5523)(01 + 62) — Ps523053
V13 = — (5523 + P653)(O1 + 03) — Pss2305,
Va1 = (¢as2 + Ps5523)61,

v = —¢65363,

U3 = —653(201 + 05 + 63),

V31 = (P5823 + P6s3)01,

32 = ¢653(201 + 62),

v33 =0,

the dynamic frictional effects are of the form

Fy 2 diag{¢7, ¢s, P9} and ¢; are the unknown parameters.

The task-space is defined by x(t)é [x1(t) x2()]" where
x1(t), x2(¢) € R are scalar Euclidean coordinates. The planar
three-joint robot manipulator has the following forward
kinematics for the end-effector

xi | _ | tier + bacin + E3c12
X2 st + Lasi + L3sis |’
and the manipulator Jacobian is obtained as follows:

Lict + Lacin + £3cinz
£rcin + £3cinz ,
{3c123

—L1s1 — €as1o — £35123
J = —los12 — £385123
—4{35123

where the link lengths were selected as £; =0.40 [m],
£, =0.36 [m] and ¢3=0.32 [m]. The desired task-space

**The notations ¢;, i, cij, Sij, Cijx and s;jx represent cos(6;),
sin(6;), cos(6; + 6;), sin(8; + 6;), cos(9 +6; + 6;) and sin(6; +
0; +6)Vi,j,k, respectlvely
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Fig. 1. Desired trajectory for three-link robot.

trajectory x,(¢) € R? is generated by the following bounded
dynamic system:

Xa1 | _ —sin(0.1¢)
[Xdz] =005 [ c0s(0.21)
and can be seen in Fig. 1. The control gains were selected as
follows:

The initial conditions of the parameter estimates and
estimation gain matrix were selected as follows:

H(to) = 091, T(to) = Io,

and ¢=[1.2746 0.39464 0.0512 0.4752 0.128 0.1152
8 8 8]7. The robot manipulator was set to be initially at
rest at the following joint configuration:

0(t)) = [0.5 0.5 3.3]"
and the following values were chosen for the joint limits:

omn = 0.5, 6Pt =0.5, oM = 0.1,
QInax =20, Qénax =2.0, Qé“ax =6.0,

all in radians. The initial configuration of the robot
manipulator was intentionally selected to make 8(6(tp)) =0
i.e. maximize y,(#y)) to demonstrate that Eq. (62) holds for
the simulation. The auxiliary sub-task function §(6) and the
tracking error are presented in Figs. 2 and 3, respectively.
From Figs. 2 and 3, it is clear that both the tracking objective
and the joint limits sub-task objective were successfully
satisfied. In Fig. 4, the parameter estimates are presented.
To better demonstrate the effects of the sub-task controller,
the simulation was run one more time without the sub-task
controller. This was done by setting k; = 0 and keeping
everything else the same. The joint positions of the slave
system and the auxiliary sub-task function 8(t) are presented
in Figs. 5 and 6, respectively. It is clear that during the
simulation run, the first joint position becomes less than its

PO

Time [s]

Fig. 2. B() for joint limit avoidance sub-task.

T

[m]

[m]
o o
s 2R
T

L L L L L L
10 20 30 40 50 60 70
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Fig. 3. Tracking error.
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Fig. 4. The parameter estimates qg(t).

minimum joint limit while the second joint becomes greater
than its maximum joint limits, and as a result S(¢) becomes
less than zero.

8. Conclusions

Lyapunov-based stability analysis techniques were utilized
to design a feedback linearizing adaptive controller for
kinematically redundant robot manipulators. The controller
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Fig. 5. The joint positions of the robot manipulator.
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Fig. 6. 8(0) when there is no sub-task controller (i.e. k; =0).

compensates for the parametric uncertainties in the dynamic
model using a least-squares estimation algorithm. To our
best knowledge, this is novel when compared to the
previous adaptive redundant robot control literature. Task-
space tracking was achieved and the kinematic redundancy
was utilized to integrate a general sub-task controller.
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Appendix A: Filter Development
From Egs. (1), (3), (31) and (32) the following can be
obtained:

tr+aty =Ysp +a¥yo. (A1)
The expression in Eq. (A1) can be rewritten as
(s+a)ty=(+a)ro, (A2)

where s is the Laplace variable. From Eq. (A2) the following
can be obtained!®:

T = Yf¢, (A 3)
where the initial condition information defined in Egs. (31)
and (32) were utilized.

Appendix B: Implementable Form of the Regression
Matrix
In order to obtain an implementable form of Eq. (31) the
entries of Y (0, 6, ) will be written in the following form:
. A .. .

Yij(0.6.6)=B[6)6 + A;j©.6), B1)
where B[;(6) eR'™" and A;;(0,0)€R for Vi=1,...,n
and Vj=1,..., p. An auxiliary filter signal, denoted by
P;;(t) e R, is designed as follows:

Pi(t) & —aY, — BLO) + A0, 6),

, (B2)

Py(to) = —BL(O10))0(t0), (B3)
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where Y, (1) Vi, j are defined as follows:

A .
Yy, = Pj+ Bl(6). (B4)
From Egs. (B2)—(B4), it is clear that Eq. (31) is satisfied
and Yy, (¢) defined in Eq. (B4) can be implemented without

measuring 6(t).

Appendix C: Proof of Theorem 1
The following non-negative function is introduced to analyse
the stability of the task-space controller:

Al .
V1=§¢TF 2 (Ch
The time derivative of the Lyapunov function in Eq. (C1) is
given as follows:

) Lo i em a
Vi=2¢'I7¢—¢'T¢
Vg g o
= §¢)TY](TM_TM_1Yf¢ - oYMz
1 T
=-5'z, (C2)

where Eqgs. (34), (46) and (47) were used. After integrating
Eq. (C2) the following expression can be obtained:

o0

1
Vi(to) — Vi(o0) = 5 / 2 (1)z(v) dr.

fo

(C3)

From (C1), itis clear that V;(#) > 0, and from (C3), it is easy
to see that V,(¢) < Vi(4), then we can conclude that V(¢) is
bounded, hence z(t) € £, N Lo and ¢(t) € Lo. From (24),
(ﬁ(t) € Lo hence M (t) and N (t) are also bounded. Based on
Remark 4, the matrix inverse of the estimate of M () (i.e.
M~Y(1)) exists and is bounded. Remark 1 can be utilized to
show that J(#) and J(9) are bounded. These boundedness
statements can be utilized along with Eq. (41) to prove that
r(t) is bounded; hence, from Eq. (37), we can conclude
that e(z), é(t) € L. Since the desired trajectory and its time
derivative are assumed to be bounded then from Eq. (17) and
its time derivative we can prove that x(¢), x(¢) € L. Based
on Remark 1, 0(¢) is bounded. The rest of the development
requires the joint velocities to be bounded. From the proof of
Theorem 2 (see Appendix D), we know that éy(¢) € L, and
from the proof of Theorem 3, we know that g(¢) € L.,. Based
on these facts, we can show that (I, — J*J)8 € L. After
utilizing this along with Eq. (4) and the fact that x(¢) € L,
we can prove that 8(¢) € Lo. After utilizing the facts that

0(1), 6(t) € L, we can conclude that M(0) and N (0, 6) are
bounded. By utilizing the above boundedness statements it
is easy to show that J(#) € L. From the development in
Appendix B, we can show that Y ¢(¢), Y 7(t) € Loo. Then from
Eq. (46), it is clear that &(1) is also bounded. Thus M(t)
and %(M ~1(#)) can be shown to be bounded. We can utilize
the time derivative of Eq. (34) to prove that 7(f) € L. The
above boundedness statements can be utilized along with
(35) and (43) to show that .. (¢), ur(t) € Lo, thus, from
Eq. (27), u(¢) is also bounded. From the proof of Theorem 3,
we know that g(¢), ¢(t) € L. After utilizing these facts and
the previous boundedness statements along with Eq. (54), we
can prove that ¢ () € L. Then from (26) and (51), itis clear
that 7(t), §(¢) € L. Since z(t) € Lo N Lo and (1) € Lo, We
can conclude that ||z(z)|] — 0 as t — oco. Then from Eq. (41),
it is clear that ||r(¢)|| — 0 as t — o0; thus from (37), |le(®)]l,
le(H)]| — 0 as t — oo.

Appendix D: Proof of Theorem 2
Let V;,(¢) € R denote the following non-negative function:

Al
V,=3p'p. (D1)
The time derivative of (D1) is given as follows:
Vo= ~kyp" p+ p" Ik — Dp, (D2)

where the dynamics of p(¢) in (55) was utilized. To
facilitate the subsequent development the following property
is introduced

o1\
plJt = (g -6 — —z) I, —Jtnrs+
o

1 T
= (g -0 — —z) I, —JT)J*
o

= Ol XMy (D 3)
where Egs. (49) and (52) were utilized. In view of (D3), (D2)
can be written in the following simple form:

V, = —k,,pr. (D4)
From (D1) and (D4), standard linear analysis techniques can
be utilized to show that

p(t) = p(to) exp(—kyt), (D5)
from which we can conclude that || p(¢)|| — 0 exponentially

fast. Then from (52) and the proof of Theorem 1, it is easy
to see that |léy(?)|| = 0 as t — oo.
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