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respect to perturbations in terms of initial conditions, atmospheric density variations,
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good tracking performance, improved of about 50% in terms of altitude and range

errors with respect to the corresponding standard sliding-mode control approach.
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Nomenclature

Roman

a(x),b(x) = Generic functions

ap, = Third time derivative of h not dependent on control, (m/s?)
ay = Second time derivative of V not dependent on control, (m/s*)
bh = Third time derivative of h dependent on u,, (m/s?)

bh,u = Third time derivative of h dependent on u,, (m/s?)

by.a = Second time derivative of V dependent on u,, (m/s?)

by, = Second time derivative of V dependent on u,,, (m/s?)

Cp = Drag coefficient

CL — Lift coefficient

d = Generic unknown function

dp, = Altitude-related disturbance / uncertainty, (m/s®)

dy = Velocity-related disturbance / uncertainty, (m/s®)

g = gravitational acceleration, (m/s?)

h = Altitude, (m)

k; = Nonlinear sliding-mode gains of the i*" variable

L = lift acceleration, (m/s?)

M — Mach number

1, — Load factor

q = Dynamic pressure, (N/m?)

Q = Heat flux, (W/m?)

r = Radial position, (m)

D = Relative degree of the system

Ryas = Specific gas constant, (J/(kg K))

T = Temperature, (K)

Ty = Temperature derivative with respect to the altitude, (K/m)



Ug, = feedback angle-of-attack rate, (rad/s)

Uy = feedback bank-angle rate, (rad/s)

Vv = Velocity modulus, (m/s)

x(t) = State vector

Greek

! = Angle of attack, (rad)

1 = Bank angle, (rad)

~ = Flight-path angle, (rad)

Ygas = Specific heat ratio

0] = Latitude, (rad)

A = ' Linear sliding-mode gains of the k' variable
R = i*" Nonlinear sliding-mode gains of the k'® variable
P = Velocity azimuth angle, (rad)

o = Atmospheric density, (kg/m?)

o = Generic sliding variable

o — Standard deviation

0 = Longitude, (rad)

Operators

() = First time derivative, ((-) /s)

) = Second time derivative, ((-) /s?)

Third time derivative, ((-) /s®)

N
O
I

) = Estimate of (+), (*)
) = Residual of (), ()
sgn = sign function

sat = saturation function
() — Generic subscript
() ref — Reference variable



I. Introduction

Entry guidance of an unpowered vehicle is a difficult task, as the problem is governed by
nonlinear equations of motion, and multiple constraints acting on the vehicle must be taken into
account. For this reason, decades of research have provided several methods for dealing with this
problem. Among these, the so-called Apollo entry guidance [1] has gained popularity in terms of
reliability, and has been used since the beginning of the Apollo program itself until the last NASA
missions, e.g., the Mars Science Laboratory [2, 3]. This method is based on the design of one or
more reference drag-velocity (or, alternatively, drag-energy) profiles that satisfy the requirements
of the mission. In the hypothesis of having a nominal angle of attack, it is possible to extract
the longitudinal states, that is, the altitude, the velocity, and the flight-path angle, as well as the
bank-angle command from the drag-energy model. Lateral motion is usually controlled with so-
called bank reversals, consisting of a rapid change of the sign of the bank angle, but preserving its
modulus. With this approach it is possible to keep the heading-alignment error under control, while
minimizing the impact of the lateral guidance on the longitudinal performance of the system.

Over the last years, an alternative to the class of drag-energy methods has arisen, based on the
use of optimal control theory, and several tools have been developed over the years, such as DIDO
[4, 5] and SPARTAN [6, 7]. The problem is described in terms of a cost function to be minimized (or
maximized) and the differential equations representing the motion of the vehicle. Moreover, other
constraints, such as the load factor and the heat-flux, can be included in the optimization problem
as nonlinear algebraic constraints. The optimal-control problem can be transcribed and solved with
one of the many off-the-shelf available software, e.g. SNOPT [8] or IPOPT [9].

These two families of methods rely on several assumptions, though. For instance, they use
analytical or semi-analytical models for the gravity field and the atmospheric density. Moreover,
dispersions on the initial states, the mass of the vehicle and other external disturbances affect the
performance of the system. Therefore a feedback scheme, able to track the desired trajectory and to
reject these disturbances, is required. On this subject several alternatives have been proposed over
the years. In [10] and [11] linear and nonlinear feedback laws with a proportional-integral-derivative

(PID) structure for the longitudinal tracking was proposed. The lateral error was in both cases kept



under control with the bank-reversal management logic.

Alternatively, in [12] and [13] the use of different tracking laws based on a trade-off between
longitudinal and lateral guidance performance were suggested, while in [14] a pre-TAEM (terminal
area for energy management) ground-track control to limit the heading error was adopted. Other
possible solutions foresaw the use of a receding-horizon scheme based on the linearized time-varying
dynamics to be controlled [15], and a unified predictor-corrector algorithm [16], which covers all the
possible entry mission profiles. The problem was also approached by using different gain-scheduling
controllers [17, 18], or by tracking altitude and velocity via Model Reference Adaptive Control
(MRAC) [19, 20]. A possible alternative to the state-tracking schemes is a generalized constraint-
tracking guidance, with a particular emphasis on the tracking of the heat-flux [21, 22].

A different way to approach the tracking problem comes from the field of attitude-control tech-
niques, more specifically sliding mode control (SMC) [23], which shows excellent robustness against
perturbations with known upper bounds. This technique can be applied to nonlinear systems, there-
fore no large amount of information has to be stored, as is the case for H,, controllers, which suffer
from the rapid increase of the number of states needed to represent the uncertainties, and the need
to apply a gain-scheduling technique, since they are conceived for linear systems.

Another advantage associated with the use of SMC techniques is its robustness with respect to
uncertainties and disturbances, because of its nonlinear nature. Interesting results for the entry prob-
lem have been obtained by using terminal-guidance High-Order Sliding Mode (HOSM) controllers,
in both the time [24] and the range [25] domain, respectively. They are based on the definition of
sliding surfaces associated with predefined terminal conditions to be achieved. More recently, a new
class of adaptive high-order sliding-mode controllers was proposed [26—28]. These methods general-
ize the possibility to apply virtually chattering-free sliding-mode controllers to systems with relative
degree larger than one [29]. The controller is made adaptive by using a a double-layer strategy to
estimate online the minimum gain required to dominate unknown, but bounded disturbances acting
on the system. The adaptation is obtained by using the concept of equivalent control, filtered out
from the current control signal, and fed-back into the double-layer algorithm. However, a drawback

of this technique is the small step-size required to obtain a stable numerical scheme for the gains.



Moreover, it requires the design of a dedicated differentiator, which represents a parasitic dynamics
[30], and needs to be included in the loop.

In this work an alternative adaptive disturbance-based high-order sliding-mode control (AD-
HOSMC) scheme, based on an extended sliding mode observer (SMO), is proposed. Instead of esti-
mating the equivalent control via low-pass filtering, we propose to use a multi-input, multi-output
(MIMO) sliding-mode disturbance observer, able to reconstruct online the disturbances acting on
the system, and at the same time, to observe the o-dynamics, that is, the sliding variables repre-
senting the state errors, which can be fed in the loop. The advantage of this approach is twofold.
First, it relaxes the requirements for the step-size needed for the scheme. Second, at the same time
it provides the derivatives of the sliding variables needed to compute the tracking law.

The vehicle considered in this paper is the SHEFEX-3 (SHarp Edge Flight EXperiment) pro-
totype, a vehicle planned by the German Aerospace Center (DLR) [31, 32] for the demonstration
of several entry technologies. The proposed tracking law can be used as feedback control scheme
together with onboard trajectory-generation algorithms [33, 34|, as well as in conjunction with pure
optimal trajectory-generation tools [6, 7]. The work is organized as follows. In Sec. II the vehicle
and the scenario are briefly introduced, while in Sec. III the adaptive high-order sliding-mode is
described in detail, together with a series of simulations coming from a simplified example motivat-
ing the current work. In Sec. IV the proposed technique is applied to the longitudinal equations
of motion of an unpowered entry vehicle, while Sec. V focuses on the validation of the proposed
algorithms, and compares the results with a traditional sliding-mode control algorithm. Finally, in

Sec. VI some conclusions on the work are drawn.

II. Vehicle and Scenario Characterization
SHEFEX is a program of technological development for atmospheric entry, conceived and led
by the German Aerospace Center over the last 20 years [35]. The idea is to test technologies for
atmospheric entry, such as structural and thermal-protection systems, with the focus to transform
blunt areas into flat surfaces, to reduce costs without penalizing system performance.

SHEFEX-1 was successfully launched on October 27, 2005 from Andgya Rocket Range in An-



denes, Norway. The experiments measured several aerodynamics parameters, and their effect on
the structure during atmospheric entry, and used passive control during entry. This mission also
demonstrated that sounding rockets are suitable for atmospheric entry experiments. The SHEFEX
project served as a starting point for SHEFEX-2, launched on June 22, 2012 also from Andgya
Rocket Range. The goal of SHEFEX-2 was to validate analytical predictions and ground-test data,
and to investigate technologies for hypersonic and space-transportation systems. To go on with
the effort to increase the technological level for real space missions, the development of SHEFEX-3
began in 2012. The SHEFEX-3 vehicle has a faceted surface, which guarantees minor costs in terms

of manufacturing. One of the proposed designs (the reference one for this work) is shown in Fig. 1.

Fig. 1 SHEFEX-3 Entry vehicle.

The reference surface is equal to 0.468 m?. The vehicle has its center of mass (CoM) at 55%,

starting from the nose, and is fully trimmable.

Table 1 SHEFEX-3 vehicle parameters and initial state.

Parameter Value Unit State Initial Value Unit
mass 500 kg Altitude h 100.0 km
reference surface 0.468 m? Longitude 6 2.1 deg
length 1.85 m Latitude ¢ 68.5 deg
width 185 m Velocity modulus V/ 6500.0 m/s
height 0.66 m Flight-path angle v 0.0 deg
CoM 55% - Heading angle -144.0 deg




The entry interface has an initial altitude and velocity of 100 km and 6.5 km/s, respectively,
and an initial flight-path angle is equal to 0. Details on the entry interface and the vehicle data are
listed in Table 1, while the open-loop results are presented in Figs. 2-3. The open-loop commands
are defined as follows: the angle of attack is initially equal to 45 deg, and slowly decreases until the
value of 22 deg (corresponding to the max L/D) is achieved. This guarantees the correct exposure of
the thermal-protection system at the beginning of the mission, when a large heat-flux is experienced,
while in the second part of the mission the L/D ratio is maximized to extend the range capabilities
of the vehicle. The bank-angle profile varies from an initial value of 60 deg to a value of 45 deg to
ensure a sufficient margin of controllability.

The reference controls ensure proper final conditions in terms of altitude and velocity, which
allow for the opening of the parachute system, while providing sufficient range, required for the
onboard experiments. It is worth mentioning that angular-rate limits were included in the design of
the control strategy. Specifically, these limits are equal to 5 deg/s for both the angle-of-attack rate
and the bank-angle rate, and are compatible with the constraints coming from the flight-control
system. In the frame of this work no lateral control is included. However, the method can be fully
coupled with bank-reversal management, or with other lateral control schemes.

Figure 2 shows the open-loop trajectory. Specifically, the plots in the top-left and the center-left,
representing the altitude (Fig. 2(a)) and the flight-path angle (Fig. 2(c)), show one of the difficulties
associated with this scenario, i.e., the phugoid oscillations (typycal of flight at max L/D), and a
high-variability of the states, which require an adequate reaction capability of the control scheme to
be employed. In Fig. 2(b) the velocity modulus is depicted, where one can see that the velocity is
almost constant during the first 200 s (as the drag is too low to reduce it), and then decreases once
that the vehicle experiences a thicker atmospheric density, and therefore, a larger drag acceleration.
In Fig. 2(d) plot the nominal range is depicted. One can see that the spacecraft travels for about
3,000 km. Plots in Figs. 2(e) and 2(f) present the corresponding open-loop profiles of angle of
attack and bank angle.

Finally, in Fig. 3 the constraints acting on the vehicle, i.e., the dynamic pressure g (Fig.

3(a)), the heat flux Q (Fig. 3(b)), and the vertical load factor n, (Fig. 3(c)), together with their



corresponding limits, are depicted. Specifically, they are computed as

7=13pV% Q=1ke/pV?, n.= |LcosatDsina| (1)

90

where p is the atmospheric density, expressed in kg/m?, k, is a constant depending on the material
and the geometry of the thermal protection system, for SHEFEX-3 equal to 3.111 - 10~* kg'/2/m?,
and go is the gravity acceleration at sea level, (go = 9.806 m/s?). The structural limits of the vehicle
and the active thermal-protection system dictate a limit for the above constraints. These limits are

equal to gy = 2-10* N/m?, Qp = 2.5 MW /m?, and n. y = 5 g, respectively.
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III. Adaptive Disturbance-Based High-Order Sliding Mode Control
In this section the adaptive disturbance-based high-order sliding mode control approach is ex-
plained. Subsections III.A and ITI.B describe the high-order sliding-mode theory, and the extended
sliding-mode disturbance observer, respectively. Their combination leads to the proposed AD-

HOSMC approach. In subsection III.C a practical example, motivating this work, is shown.

A. High-Order Sliding Mode Theory

High-order sliding mode theory deals with the design of robust controllers for nonlinear systems.
The name refers to the fact that the system to control is expressed in affine form with respect to
the control signals. This is done by differentiating the equations of motion until the control appear
linearly. We refer to the n*P-order sliding mode controller when the highest derivative of the state
to track is of order n. It is therefore possible to link the state errors to the so-called sliding surfaces.
The control will constrain the system to stay on this sliding surface, and this will ensure the correct
tracking of the reference signals. As practical example suppose that we have the system dynamics

described by

o™ (t) = a(t) + b(t)u (2)
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where o(t) € R is the state error or equivalently, the sliding variable associated with the state z(t),
and defined as x(t) — rer(t), a(t) and b(t) are known functions € R, and u(¢) € R is the control.
In real applications, the functions a(t) and b(t) do not perfectly match the models. Moreover,

unmodeled terms may affect the results. We can therefore rewrite Eq. (2) as
o™ (t) = a(t) + Aa(t) + (b(t) + Ab(t))u = a(t) + b(t)u + d(t) (3)

where d(t) € R is an unknown, bounded function. Note that the function d(¢) may contain combi-

nations of several uncertainties and/or disturbances. That is,
d(t) = Aa(t) + Ab(t)u + dy(t) (4)

with Aa(t) and Ab(t) representing errors in the models of a(t) and b(t), and d,,(t) includes further,
unknown terms. The operator ()™ in Eqgs. (2), and (3) represents the n'® derivative with respect
to the independent variable, in this case the time t.

Proposition 1. Consider Eq. (2) in the nominal case (i.e., d(t) = 0). In the hypothesis of

b(t) # 0 it is possible to state that the high-order sliding-mode control

u=—b(t)" (@ +a(t)),

S
|

! . g . (5)
=3 7)o 0] sen (0V1))

@
I
=3

stabilizes the nonlinear system described by Eq. (2) if the terms ; are taken such that the polyno-

mial

f) =p"+mp" 4+ +m (6)

is Hurwitz, (that is, all its roots have negative real parts), and the terms «; are computed according

to the formula

fA’ i=2,..
Qi1 — Qg

n (7)

Qi1 =
with a1 = 1, and the seed «, is defined in the range [1 — €, 1), with e << 1.

Proof. In [29], Proposition 8.1 it is possible to find a rigorous proof of Proposition 1 for the
special case a(t) = 0, b(t) = 1. If we replace the affine mapping between control v and pseudocontrol
4 defined as

u=—b(t)" i+ a(?t)) (8)

11



in Eq. (4), the system is reduced to

23

sgn (o1 (1)) = 0 (9)

n—1
o™+ 3 ‘a(i) (t)
=0

For the system described in Eq. (9) Proposition 8.1 of [29] directly holds. The proof is complete,

and is valid for the generic case a(t) # 0, b(t) # 0, 1.
Remark.1 Note that Eqs. (5) and (8) define a continuous controller. As a consequence, no chattering affects
the system, and therefore, no saturation functions need to be selected to mitigate this effect at the expense of a

robustness decrease.

The nominal case represented by Eq. (2) is still a special case. In general, there will be distur-
bances and uncertainties, which will make the d(¢) term different from zero. Edwards and Shtessel
proposed an adaptive controller, based on a double-layer scheme, able to capture the derivative of
the disturbance d(t), and to use it to estimate online the gain able to dominate the disturbance
d(t) [28]. The scheme works very well for small step-sizes, which are suitable for industrial appli-
cations. However, for entry-guidance schemes this approach may be complicated to be used, as
outer-loop control-system frequencies are usually lower (in the order of 1-10 Hz), and the aforemen-
tioned approach may lead to numerical instabilities. Moreover, the scheme still requires the design
of a numerical differentiator, as not all the derivatives of the states (required in Eq. (5)), which are
involved in the feedback loop, are directly measured.

Therefore, to guarantee the validity of hypothesis of Proposition 8.1 in [29] also in presence of
unknown disturbances we propose an alternative scheme, able to cope with larger step-sizes without
reducing the accuracy of the results. The scheme is at the same time able to observe the o-dynamics
by only using measurements of the states, and not their derivatives, and is based on sliding-mode

differentiation theory [36, 37].

B. Extended Sliding-Mode Observer

Let us define an augmented o-state o, € R"*1, defined as

Oa = Oa,1y -3 Oany Oan+l

12



where 04 n+1 = d(t). The dynamics of Eq. (3) can be rewritten as

Oa,1 = Ta,2

Cam = a+bu+d
Oantl = d
A gystem in the form of Eq. (11) can be estimated by using the sole measurement of the first state
o1, supposed to be available [36, 37]; (here the hypothesis of having a pure regulator problem, that
is, T1,pef = 0, 01 = T1 — T1 ey = %1, is implicitly assumed, while the general tracking problem is

treated in Sec. IV). The sliding-mode observer can be written as

Ga1 = 0Ogq2+ M0g1+ K1580(64,1)
(12)
Cam = a+bu+ A\G41+ Knsgn(Ga1)
&a,n-&-l == An—i—15—a7n+l + Kn+41 858N (&a,l)
where 6,1 is defined as 01 — G,,1. The terms A; > 0, ¢ = [1,n + 1] are linear gains, chosen such

that the dynamics described by Eq. (12) is stable, and defines a Luenberger observer. Nonlinear
gains k; > 0, i = [1,n + 1] define a sliding-mode behavior, and enforce the variables &; to converge
exponentially to the true sliding states o;, ¢ = [1,n + 1], within an accuracy defined by a constant

€ such that

loi(t) —o1(t)]| € e < 1 (13)

The consequence is that the estimated o-states converge to the true ones, while the (n + 1)™
component converges to the disturbance d(t), which means that the disturbance is reconstructed in
real-time, and can be used to make the controller defined in Eq. (5) adaptive.

Proposition 2. The structure defined in Eq. (12) converges to the true o-state provided that
K1 > |0q,2(t) — Ga2(t)|mas-

Proof. A formal proof of Proposition 2 is described in [36].
Remark 2. Note that the availability of o; is a realistic hypothesis, as for the case of atmospheric entry,

measurements of altitude and velocity, available from the navigation solution, are employed [38].
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Remark 3. A more general criterion for the selection of the linear and nonlinear gains, which appear in Eq.

(12) is described in Sec. IT1.C.
If we indicate the estimate of the disturbance d(t) as c?(t) we can modify Eq. (5), and define
the disturbance-based, high-order sliding mode control law as
~ A n—1 o )
u=—b"1 (11 +a+ d) e g:o i |a(z) |al sgn (o) (14)
where @ and b are the nominal functions a and b computed by using the states estimates and obtained
by the sliding-mode observer; this online estimator also provides the disturbance estimate d.

Proposition 3. Suppose that the disturbance signal d(¢) is bounded, together with its first

and second derivatives, that is, there exist some values dp, 01, 02 such that |d(t)] < do,

d()| <
and ‘d(t)’ < 3. Then the adaptive law defined by Eq. (14) drives the dynamics of Eq. (5) towards
the equilibrium point [0y, ...,0,]T = [0, ...,0]7 in finite time.

Proof Let us assume that the conditions for the sliding-mode observer existence hold. Then,
each of the variables in the sliding-mode observer of Eq. (11) will converge to the true ones, as
stated in Proposition 2. This means that once the observation sliding surface o, ; is reached and
maintained, the dynamics is reduced to Eq. (9), and Proposition 8.1 of [29] once again holds. The

proof is complete.
Remark 4. Note that this is a theoretical result. In practice, what we obtain by using the adaptive law of Eq.
(14) is a dramatic reduction of the disturbance acting on the system from the full unknown disturbance term d to a

much smaller residual eg = d — [i\, which is bounded, by
€0
leal < — (15)
m
where €9 < 1 is a tuning parameter in the sliding-mode observer, and u is the eigenvalue of the observer, properly
defined in Sec. V.B, and taken > 1 throughout this work. However, given the robustness of the HOSM framework,
and the exponential stability of the nonlinear observer, the convergence is fast, and the proposed adaptive law makes

the controller able to work in quasi-ideal conditions.

IV. A Motivational Example
In this subsection a simple example illustrating the motivation of the work is described. Suppose

we have a system of third-order, defined as
o®(t) = a(t) + b(t)u + d(t) (16)
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where a and b are equal to 2 and 4, respectively, while d(¢) is a time-dependent uncertainty acting
on the system. Suppose that the initial state is defined as ¢ = [1 0.5 0]7, and that, in absence
of uncertainties (i.e, d(t) = 0) we apply the controller defined by Eq. (5). Results are omitted for
brevity, but one can observe some of the interesting features of HOSM theory: the error converges
to the equilibrium point [0, 0, 0]7 in finite time, and the control signal does not show any trace
of the chattering phenomenon. Let us consider the presence of the disturbance d(t). A possible
approach to take the (unknown) disturbance d(t) into account is to define a double-layer adaptive
scheme, based on the use of the so-called equivalent control [27, 28, 30]. The idea is to counteract
the disturbance d(t) by means of two gains k(t) and p(¢), which become an upper bound for the first
and the second derivative of the disturbance. It is possible to demonstrate that the corresponding
candidate Lyapunov function converges to 0, which means that the gains themselves are bounded,
and converge to the unknown disturbance derivatives. An example of application of this technique

(simulated with a step-size equal to 0.1 ms) is represented in Figs. 4(a)-4(d). There, the double-
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Fig. 4 Application of double-layer adaptive HOSM: step-size = 0.1 ms.
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Fig. 5 Application of double-layer adaptive HOSM: step-size = 2.5 ms.

layer based adaptive scheme is able to drive the states of the perturbed system, represented in Fig.
4(a) by using the control signal (depicted in Fig. 4(b)) to its equilibrium point. Figures. 4(c) and
4(d) show the two layers of gains k and p. They are integrated in the scheme to compensate for the
disturbances. To guarantee convergence, the first gain has to be equal or greater than the absolute
value of the first derivative of the disturbance. An example of this adaptive scheme is shown in
Fig. 4(c), where the gain k tracks with some margin ¢; (which is one of the tuning parameters)
‘d(t)’ The tracking of the disturbance is realized by using the second layer, defined by a further
gain p, which is an upper bound for the second derivative of the disturbance J(t), and ensures the
convergence of the scheme. However, while there is formal proof for the theoretical stability of the
scheme, in practice some numerical issues arise when larger step-sizes are taken. For instance if the
step-size is increased to 2.5 ms, while keeping all the other parameters constant, we get the results
depicted in Figs. 5(a)-5(d). One can see that numerical instabilities cause divergence of the states of

the adaptive scheme, which directly causes the divergence of the states (Fig. 5(a)) . Therefore, while

16



this technique is an excellent choice for high-performance architectures, for machines with stricter
CPU limitations, such as onboard computers, this algorithm may not be the best alternative.

To overcome this drawback an alternative scheme based on MIMO sliding-mode observer is
proposed. The advantage is twofold: first, it significantly relaxes the step-size requirements, while
still bringing the state errors to 0. Second, it provides the variables needed for the feedback process,
that is o, and its derivatives. Figures 6(a)-6(d) and 7(a)-7(d) show the corresponding results ob-
tained by using the proposed ADHOSMC scheme for step-size equal to 0.1 and 2.5 ms, respectively.
No qualitative differences can be observed in the states, which for both cases converge towards the
equilibrium point of the system, and in the controls, which are chattering-free. Moreover, for both
cases the disturbance observer converges in less than a second (about 690 ms) to the true d(t) with

an accuracy of +1%.
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Fig. 6 Application of adaptive disturbance-based high-order SMC: step-size = 0.1 ms.
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Fig. 7 Application of adaptive disturbance-based high-order SMC: step-size = 2.5 ms.

V.

Longitudinal Controller Design

Let us now apply the approach discussed in the previous section to the longitudinal equations

of motion of an unpowered re-entry vehicle. First, we need to extract the input/output linearized

model from these equations, to have a system in the form of Eq. (2) to make the application of the

ADHOSMC possible.
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A. Input/Output Feedback Linearization

The longitudinal dynamics of the vehicle with respect to a non-rotating Earth is described by

[10],

h = Vsinvy

V=-D—gsiny

v = %Lcos,u + (‘: - ‘g/> cosy (17)

Q= Uy + Cref

b= Uy + flret
where h, V and v are the altitude, the velocity modulus, and the flight-path angle, respectively,
while 7 is the radial position. g is the gravity acceleration, while L and D are the lift and drag
accelerations. The controls are in this case the angle-of-attack rate, u., and the bank-angle rate, u,,.
Indeed, they appear in affine form in the equations of motion. This is not the case for the angle of
attack, which is "hidden" in the aerodynamic database (for the vehicle analyzed here the coefficients
depend on angle of attack, Mach number and altitude), and the bank angle, which appears as an
argument of the cosine function. The objective is to derive the MIMO ADHOSMC that allows to
track the reference altitude hpet(t) and velocity Vieg(t). An important difference with respect to
[24], [25], and [39] is that in this case the reference states are time-dependent, and not terminal,
constant values, therefore their derivatives are different from zero, and need to be included in the
controller design. To have the controls linearly appearing in the equations of motion we differentiate
the altitude three times, and the velocity two times. The total relative degree of the system is 5,
and is equal to the order of the system of Eq. (17).

If we differentiate the altitude three times with respect to time, we get

h(t) = Vsiny
h(t) = Vsiny + V4 cosy (18)

h(t) = Vsiny + 2V4 cosy + V4 cosy — V42 siny

From the above equation it is clear that the expression for % is needed. If we differentiate v twice,
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we get

'—£cos + K_Q cos
V—V Y , % Y

L LV Lsi
"?:VCOSH—WCOSM— s‘fl”(ﬂref-f-uu)-ﬁ---- (19)

+ Z—E—Q—I—ﬂ cos7y — V_ s y sin
roorz2 VoV 7 rov) T

Furthermore, differentiating the velocity twice with respect to time yields

V =—-D —gsiny
(20)
V =—D — gsiny — gjcosy
Atmospheric density and gravity acceleration derivatives with respect to time can be easily computed

either analytically or numerically. Assuming that the atmospheric density p and the gravity accele-

ration g depend only on the altitude, we can write

p = pnh
(21)

g = gnh
where pp and g; are the derivatives of the atmospheric density and the gravity acceleration with
respect to the altitude, respectively. From the analysis of Eqs. (18)-(20) it is clear that we need

to extract differential information about the aerodynamic accelerations L and D from the model.

Drag and lift accelerations derivatives with respect to time can be computed as

DD(”+2V+CD>

p V. Cp

o (22)
; p vV  Cr
L=r0(l 4ol +2E

The time derivatives of the aerodynamic coefficients can be computed using the information con-

tained in the aerodynamic database,

Cp = Cp.a (Cuet + ta) + Cp pr My V 4 (Cp a My, + OD,h)h
(23)
Cr, = CL. (Cuet + o) + Cr s My'V + (Cpar My, + CL,h)il
where Cp , and Cp . are the derivative of the aerodynamic coeflicients with respect to the angle
of attack a. Cp »r and Cp s are the derivative of the aerodynamic coefficients with respect to the

Mach number M, Cp j and Cp ;, are the derivative of the aerodynamic coefficients with respect to

the altitude, while duer is the reference angle-of-attack rate. Finally, the terms My and M), are the
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derivatives of the Mach number with respect to the velocity V' and the altitude h, and are described
in the appendix. With all these relationships, the entire input/output model can be obtained. It

has the following compact form

h(t) =ap + bh,aua + bh,uuu
(24)
V(t) =ay + bvyaua =+ bv)u’u,u
As for the single-input, single-output (SISO) system of Eq. (5), uncertainties on aerodynamics,

mass, atmosphere, and wind will cause variations of the functions a;, b; j, i = h,V, j = o, p. All

these uncertainties can be combined into two extra terms to be added in Eq. (24), which become

h(t) =ap + bh,aua + bh,,p,up, +dp,
(25)
V(t) =ay + by,qlUa + by uu, +dy

The expressions for the terms ay, av, bn,a, bh i, bv,a, by, are given in the appendix. They depend

on the states and their derivatives, while u, and u, are the control rates we need to determine.
Remark 5. Explicit expressions for the uncertainties d and dy can be obtained by writing the perturbed
version of Eqs. (25), which can be obtained by replacing the nominal variables involved in Eqs. (18)-(24) with their
perturbed version (i.e. replacing Cr, with Cr + ACy, and so on). However, this development is omitted, as the scope
of the adaptive control scheme proposed here is to reconstruct uncertainties without any previous knowledge of them.
Moreover, there may be other uncertainties not modeled by Eqgs. (18)-(24), which will be dealt with the method here

anyway.
It is now possible to design the adaptive high-order sliding-mode control scheme for the system

of Eq. (25).

B. MIMO adaptive disturbance-based high-order sliding mode control
The objective of the feedback control scheme is to track the given altitude and velocity profiles.
In a similar fashion to what has been done in Sec. III, let us define two decoupled sliding surfaces

op and oy,

(26)
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We can extend the approach developed in Sec. III, and specifically Eq. (14) to the MIMO system

represented by Eq. (26). Let us define the following matrices and vectors:

ap bh,a bhp dn
A= , B= , D= (27)
ay bv.a by dy
2 (@) (|1 (i)
> ni|oy ()| sgn(oy, (1)) Ug
a=| =0 , u= (28)
: (@) (| @V ()
;)’Yv,i oy (t) sgn (o (t)) Uy,

With these definitions, the MIMO control law can be written in matrix form as
u=-B'(a+A+D) (29)

All the terms in Eq. (29) are defined, except the vector D, which will be replaced by its estimated

value ]5, leading to the final form of the ADHOSMC law.
u=-B! (ﬁ+f&+f)) (30)

The quantities fA, B are computed by using the nominal expressions described in the appendix, by
using the derivatives estimated with the SMO, and D is the vector containing the online estimates
of the disturbances acting on the system. From the terms u, the angle of attack and bank angle

can be obtained as

a(t) = aret(t) + Ac(t) = aret(t) + / U dT

t (31)
(0) = b6 + plt) = pxr(t) + [

to

where u, and u, are the feedback angle-of-attack rate and the bank-angle rate, respectively. From
the inspection of Eq. (30) one can see that the control can be synthesized only if the matrix B is

non-singular.
det(B) = bp,abv,y — bi,uby,a #0 (32)
If we look at the definitions shown in the appendix, we can write

det(B) =0 < bp oL cosysiny =0 (33)
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Since bp,, and L are always different from 0, from a physical point of view Eq. (33) gives us
the two only possibilities where the control synthesis cannot be applied. The former is related to
the condition v = +90 deg, which means that the controller cannot be applied in vertical motion.
This condition is excluded during the trajectory planning in any case. The latter is related to the
condition p = 0 deg, which represents a well-known singularity for controllability of unpowered entry
vehicles [40-42]. To exclude this possibility, a region around p = 0 deg is avoided. Specifically, for
all the simulations the bank angle is limited in the interval [0.1,89] deg. The angle-of-attack was
limited to the range [—5,7.5] deg with respect to the nominal angle-of-attack profile, in a similar
fashion to what has been done for the Space Shuttle [10]. With the proposed approach it is possible
to track the altitude and the velocity by modulating the bank angle and the angle of attack at the
same time. The next step is the extension of the sliding-mode observer to the system represented

by Eq. (25).

C. Nonlinear Disturbance Observer

The control scheme synthesized in the previous section relies on several models (for instance,
the atmospheric density and the aerodynamic database), which can be different with respect to the
actual data. The missing information can be enclosed in ]5, which will be estimated by a MIMO
SMO. The technique is here extended to the longitudinal states involved in the atmospheric entry,
that is, the altitude and the velocity. Moreover, since the flight-path angle and its derivatives appear
in Egs. (18)-(24), this state is also included in the observer, which will provide, together with the

states and their derivatives, the estimates dy,(t) and dy (¢). If we define the state vector x as

X:{hhﬁvdyﬁ}T (34)
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the system of Eq. (17) can be rewritten in state-space form as

23 = ap + by, + bh,uuu
j,‘4 =I5

Is =ay + bV@ua + bv#uu
.’f)ﬁ = X7

Ty = @y + by qUa + by Uy,

We want to estimate online the terms dy(t) and dy (t) defined in Eq. (25).

augmented state vector x,

T
Xaz{hhﬁdthbdvfy‘y}
the perturbed equations of motion can be represented in state-space form as

i’a,l = Tq,2
:ka,Q = Tq,3

jja,3 =ap + bh,aua + bh,;tu;t + La,4
dq4 = dp
.’1',‘0”5 = Ta,6

ija,ﬁ =ay + bV,au(x + bV,uUu + Tq7
a7 = dy
jf'a,8 = Tqa,9

Ta,9 = Gy + byala + by puy

If we define the new

For the scenario analyzed here the measurements of attitude, position and velocity are obtained

with sufficient accuracy by the navigation subsystem [38], and are converted into altitude, velocity

and flight-path angle measurements 2, 2y, and z,. These measurements can be integrated into the
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following MIMO nonlinear disturbance estimator,
fa,l =Tg2+ oz, + Kl sat (3,)
53\(1,2 = Ta + A\ Zp, + K sat (2,)
a3 = ap + bualia + bh py + Taa + NaZy, + kB sat (2,)
3;,4 = M@y, + kb sat ()
Tas = Tas + N + kY sat (Zy) (38)
i.\a,(i =ay + byala + To7 + ATy + K] sat (Ty)
§a77 = MZy + kY sat (Zy)
Tag = Tao + ATy + k] sat (E)
Ta.0 = G + by .ol + by uty + ANy + K] sat ()

~

i

where A, \?, A} are the linear gains, and kP, kY, k] are the nonlinear gains of the observer
respectively; they are all positive, while the terms %, Zv, &, are the differences between the

measurements and the observer estimates, computed as

Th = Zh — Ta,1

.’zv =2y — :i’a,5 (39)
'%’Y = Z~y — QA?a’g
The state vector X, is consequently defined as
. . T
- {iiidotd 54 (10)

To avoid observer’s chattering, the sgn function is replaced by the saturation function, defined as

1, Zm>wny
sat (.i'm) = _17 x S —Wm m = h; v,y (41)
%7 |£m‘ < W

Equation (41) implies that when the residuals defined in Eq. (39) are within the boundaries defined

by wy, wy, and w,, the SMO becomes a Luenberger observer with augmented linear gains

N =T 4 e me= ooy (42)

The procedure to select the linear and nonlinear gains is directly taken from [37], and is based on

the assumption that the disturbances and their derivatives can be unknown, but bounded, which
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is a realistic hypothesis given the scenario we are dealing with. Therefore, it is always possible to

define some positive constants ¢, m = h,v, and ¢ = 1,2 such that

ldn| < €ty |dn| < cb
(43)
jdv| < ¢, |dv] <3
holds. More rigorously, the disturbance derivatives are assumed Lipschitz continuous. With these

premises, it is possible to realize the conditions for the SMO only if the nonlinear gains satisfy the
following relationships [36]:
K1 2‘*ia,2|
kY >|Zqs) (44)
K1 Z‘5Ezz,8|
If we define the thresholds for the convergence of the observer ¢, €y, and ¢ it is possible to compute
the linear gains as
MNv=Cipt, i=1,...,4
A =Cipl,, i=1,...,3 (45)
)\Z:C’f,uﬁy, i=1,2
where the parameters pup,, v, and g, are the poles of the Luenberger observer. These parameters

have to satisfy the following inequality,

Hmax (Pm,) 2Umaz (Pm )Cén
HBmin(Pm)  (1—vm)em

fim > , m=h,v,7y (46)

where the terms v, vy, and v, are constant parameters defined in the range (0,1). The coefficients

C? are computed as

Ci=_I - j=1,23 (47)

7 A=)t
and the parameters fina:(Prm) and ppmin(Pr) (m = h,v,7), are the maximum and the minimum

eigenvalues of the matrices P,,, which represent the solutions of the following Lyapunov equations

P,M,, + MIP), = —1I3

PyMy +MLPy = -1, (48)

P,M,+MIP, = -1
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with

10
-Ci 1
Mp=|_-c201]|, Mv= , M, =-C{ (49)
¢z 0
300

and I, is the identity matrix having dimensions n x n. Once the linear gains are computed, the

nonlinear gains can be obtained as

i~ max Pvn
R 2 Bl e /22552, m = hyv, (50)
K> fi}fC;flu;;H 1=2,3,4
kY > RYCSTIY =23 (51)

Rigorous mathematical proofs for these relationships can be found in [37].
With the estimates of the disturbances Jh(t) and Jv(t), and the states’ derivatives ?L(t), E(t),

~ ~

h(t), V(t), ‘A/(t), the sliding variables can finally be computed as

Sn = h(t) — heet(t) (52)

ov =V (t) — Viet(t)
With the use of the disturbance observer, we simultaneously estimate online the uncertainties
acting on the system, and the derivatives of the current states, needed for the design of the controller,

by only using available measurements.

VI. Results
Simulation campaigns have been performed to assess the behavior of the proposed controller.
The ADHOSMC is compared with a standard SMC, based on the traditional sliding-mode control

theory [39]. The schemes are tuned to ensure similar control authority. More specifically, the
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two seeds «j, and ay are both taken equal to 0.8, while the poles associated with Eq. (28) are
placed at -0.4 and -0.6, respectively. For what regards the disturbance observer, the linear gains
are based on the poles A\, = —6.18, A\yy = —4.57, and A\, = —5.56, while the the nonlinear gains
are k" = [2.82, 78.4, 4849, 1664.7]7, k¥ = [0.51, 5.1, 11.7], and x? = [0.02, 0.17]. Finally, the
saturation layers are chosen as wy, = 0.25, wy = 0.1, and wy = 0.001. The nonlinear control strategy
is therefore completely defined by a small number of constant parameters, with the advantage that
no large data-sets, coming from gain-scheduling techniques, are required. For what regards the
triggering of the feedback scheme, since at the beginning of the entry the atmospheric density is
thin, the aerodynamic accelerations are very small and cannot properly counteract gravity, and this
condition may induce control saturation. To avoid it, the scheme is triggered once the aerodynamic
accelerations become significant. A rule, which works well in practice, is to use the drag-to-gravity
ratio as measure of the effectiveness of the control. In this case the trigger is associated with a
drag acceleration equal to 0.5g, which happens in a time interval between 140 and 170 s after the
beginning of the entry.

To assess the behavior of the developed control strategy, a full Monte-Carlo campaign has been
run. Dispersions on atmospheric density, altitude, velocity and flight-path angle are considered.
Moreover, aerodynamic dispersions, and mass uncertainty have been included. The control sample
rate for all the simulations is 0.1 s. All the uncertainties follow a normal distribution. Further

details about the uncertainties are listed in Table 2.

Table 2 Monte-Carlo campaign parameters.

Parameter ~ Range (30) Units
Ah +1 km
AV +100 m/s
Axy +0.25 deg
Ap +20% -

ACL +10% -
ACp +10% -
Am +0.5% -
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Fig. 8 MC campaign (1000 runs): ADHOSMC vs SMC - altitude velocity plane.

From the previous table one can see that, together with the initial errors and the atmospheric-
density uncertainty, a variation of the Cp, and Cp coefficients up to £10% is included. These limits
are in line with the wind-tunnel tests performed by the DLR Institute of Aerodynamics and Flow
Technology [43]. Moreover, uncertainties in the dry mass, together with the propellant residuals were
taken into account according to the margins suggested by the European Space Agency (ESA)[44]. A
total of 1000 runs has been performed. For visibility purposes, only the results associated with the
first 25 simulations are plotted, and are shown in Figs. 8 - 14, while in Figs. 15(a) and 15(b) there
is a comparison of the behavior of the sliding states for all the three SMC techniques considered
here. Table 3 illustrates the benefits of using ADHOSMC compared to SMC and pure HOSM.

From Fig. 8 and 9 we can observe that both the ADHOSMC and the SMC strategies correctly
track the reference states. The dispersions reduce over time, and a first difference in the methods
can be seen. The ADHOSMC generates smoother results, and this is especially visible in the h — V'
plane, plotted in Fig. 8, and in the flight-path angle (Fig. 9(c)), in the interval between 140 and
170 s, which is exactly the moment at which the drag becomes large enough to counteract gravity.
Note that the effective error that the control scheme has to deal with is much larger than what has

been summarized in Table 2. Indeed, there is a lack of control authority during the first 2-3 minutes
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Fig. 10 MC campaign (1000 runs): ADHOSMC vs SMC - state errors and controls.
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Fig. 11 MC campaign (1000 runs): ADHOSMC vs SMC - constraints.
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Fig. 12 MC campaign (1000 runs): altitude online reconstruction.

of mission, and during this phase the error may significantly increase. However the control scheme
can properly counteract the error once activated. The difference coming from the two strategies
become more evident in Figs. 10(a) and 10(b), where one can see that in general the convergence

to the equilibrium point is significantly faster (in the order of 80-100 s) than if we use the standard
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Fig. 13 MC campaign (1000 runs): velocity and flight-path angle reconstruction.

SMC. For the 1000 cases analyzed the velocity errors goes to 0 more slowly by using the ADHOSMC
strategy than by using SMC in less than 1% of the cases, while for the altitude it never happens.
The reason is due to an angle-of-attack saturation. In that case, the other available control, that
is, the bank angle, is used to keep tracking the reference altitude, and this causes a delay in the
convergence of the velocity error.

Note that in general, however, there is more control activity when the SMC is used than when
the ADHOSMC is adopted, as is shown in Fig. 10. It is also interesting to see that once the sliding
surfaces are reached, the control profiles of the two schemes perfectly overlap.

This behavior is consistent with the fact that the two control scheme achieve the same sliding
surfaces in different ways, and in different times, but when these are reached, the control activity
to track them is the same, as the kinematic profiles involved in their definition are the same too.

An interesting difference between the two schemes can be observed in Fig. 11, which shows
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Fig. 14 MC campaign (1000 runs): disturbances reconstruction.

the constraints. While both the control systems satisfy the limits in terms of dynamic pressure
and heat flux, the delay in the convergence of the SMC with respect to the ADHOSMC causes
several violations of the maximum value of vertical load factor, as it is visible from the bottom plot.
This limit was violated in about 11% of the cases, while in total only six violations occur when the

ADHOSMC is employed. The maximum violation in the two cases is in any case quite different.
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Fig. 15 MC campaign (1000 runs): ADHOSMC vs SMC - state errors.

The worst cases in terms of load factor are associated with a value of 5.27g (ADHOSMC) and 7.06g
(SMC). Moreoer the conventional SMC violates 5 times the maximum dynamic pressure, while this
never happens with the ADHOSMC. Finally, both the systems satisfy the requirements in terms of
heat-flux.

In terms of observer’s performance we can see how the states and their derivatives are correctly
reconstructed. Specifically, the altitude and its first and second derivatives are shown in Fig. 12,
while in Fig. 13 the velocity modulus, the flight-path angle, and their derivatives are plotted. The
online estimates (continuous black lines) are overlapped with the corresponding true profiles (dotted
gray lines). The estimates are very accurate over the entire mission timeline. Figures 14(a) and
14(b) show the comparison between true disturbances acting on the system (dp(t) and dy (¢), in
dotted, gray lines), and their estimates, (c/l\h(t) and c?v(t), in continuous, black lines). Also here the
approximation is very good with one exception. Errors with respect to the true disturbances can
indeed be observed only at the moment of triggering the feedback control scheme. The reason for
this behavior resides in the fact that there is a discontinuity in the angular rates u, and u, at the
moment of triggering the control system or saturating the controls. Since they appear in the online
sliding-mode observer of Eq. (38), the condition of Lipschitz continuity invoked in Eq. (43) is locally

violated, and this causes the presence of these errors. However, once the control activity is started,

34



the hypothesis of Lipschitz continuity is valid again, and the estimated disturbances converge to
the true ones immediately, and are bounded by the theoretical ¢ (assumed equal to 0.01 m/s? for
both the altitude and the velocity), as foreseen by the SMO theory. In any case, since the local
discontinuity of the angular rates is a mathematical simplification, it does not limit the practical
applicability for real systems, which will always have a finite angular acceleration, and therefore
will not be affected by this local decrease of accuracy. Finally, the behavior of the altitude and
velocity sliding states for the three SMC techniques are depicted in Figs. 15(a) and 15(b). In both
the plots one can see that the use of the disturbance observer help the ADHOSMC to reach the
sliding surfaces, while without the control system does not reach the origin of the sliding state space.
Note that the conventional SMC is also able to reach the origin, but it shows a worse transient,

consistently with the results of Figs. 10(a) and 10(b).

Table 3 MonteCarlo campaign results.

Parameter Units ADHOSMC SMC HOSM
mean Ahy m 2.44 3.66 -27.92
std Ahy m 19.69 28.25 68.12
mean AVy m/s -0.04 -0.01 -0.81
std AV; m/s 0.18 0.05 1.07
mean ARy km 0.50 0.99 0.90
std ARy km 7.43 7.71 7.82
mean Jpeak N/m? 15,226 15,391 15,295
std Gpeak N/m? 1,695 1,831 1,556
mean Qpeak MW /m? 1.744 1.753 1.748
std Qpeak MW /m” 0.089 0.124 0.079
mean n:,peak g 4.091 4.309 4.100
stand. dev. n: peak g 0.284 0.610 0.277

If we look at Table 3 we can see the benefits of using the ADHOSMC: the tracking error in
terms of altitude is reduced, both with respect to the standard SMC, and more dramatically with
respect to the application of the corresponding pure HOSM strategy. Also the standard deviation

is reduced of about 30% with respect to what is obtained by using the standard SMC. It is worth to
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recall that these results are obtained without any saturation function in the control law (as in the
case of the SMC), which would cause a decrease of the robustness of the system, and no trade-off
between robustness and chattering reduction need to be operated.

Also in terms of final range, we can observe an improvement coming from the use of the proposed
approach. The use of the ADHOSMC positively affects all the constraints. We can observe that
all the peaks are equal or less to the ones obtained by using conventional SMC, and as previously
stated, only six violations was observed on a total of 1000 cases (corresponding to the 0.6% of
cases, against 112 violations observed when the SMC was used. Finally, the corresponding standard
deviations are positively influenced as well when the ADHOSMC is employed. The reason for these
results comes from the improvement in the transient behavior. Since all the peaks are experienced
at about 180-200 s after the beginning of the entry, a better transient (i.e., a faster and smoother
convergence to the reference states) automatically turns into a reduction of the peaks, which will

become closer to the nominal ones.

VII. Conclusions

In this paper we have proposed a novel adaptive control scheme for hypersonic entry vehicles.
The proposed method uses the chattering-free high-order sliding-mode control strategy, and is at
the same time able to estimate the combination of known and unknown perturbations acting on the
system. The disturbances dj; and dy, coming from multiple uncertainties, are reconstructed online by
only using the measurements provided by the navigation subsystem. Moreover, the scheme provides
accurate estimates of the state derivatives, without the need to design a further differentiator.

The approach can be implemented by using a step-size, which is in the range of the nowadays
on-board computers, and therefore significantly relaxes the corresponding computational require-
ments. Results show the feasibility of the approach, together with a significant improvement in
the response of the system, especially in terms of transient, with respect to standard sliding-mode
control strategies. The transient behavior improvement translates into a significantly smaller num-
ber of violations of the maximum value of constraints, in this specific case the load factor, and in

general to an improvement of the final errors. Moreover, the estimates match very well with the
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true derivatives and disturbances, confirming the validity of the proposed adaptive approach.

Appendix

The terms ayp, av, bn.a, bhu, bv,qa, by, can be computed as follows.

an = 2VAcosy — VA2 siny + sinyay + V cosya, (53)
ay = —ap — gnsinyh — g cosvy (54)
bh,a = sinyby,o + V cosyb, o (55)
b =V cosyby (56)
bv,a = —bp,a (57)
by, =0 (58)
ap =D (/J;«b + Cg;) h+D <‘2/ CDé/IMV) <CD a) Otref (59)
aLL<’Z‘+CCLL’h>h+L(‘2/+C“CV’LMV)V L<C )aref (60)
bp.o = DCC?;‘ (61)
b= L (62
ay = (i—i—é)ff—(7‘;—|—?;l>hcos'y—#Vcos,u—‘fzsinu/lref (63)
_,.y<‘:_‘g/> sinv—l—%cosu (64)
bya= I; cos [t (65)
by = —é sin y4 (66)

Moreover, the partial derivatives of Mach number with respect to the altitude h and the velocity

modulus V' are computed as follows,

M T,
My=—5F
1 (67
My =

V Ygas RgasT

with T}, representing the derivative of the atmospheric temperature T with respect to h, and com-
puted numerically. 7445 is the air specific heat ratio, equal to 1.4, and Ry, is the specific gas

constant, assumed equal to 287.05 J / (kg K).
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