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Adaptive Dynamic Surface Control for a Class of Strict-Feedback
Nonlinear Systems with Unknown Backlash-Like Hysteresis

Beibei Ren, Phyo Phyo San, Shuzhi Sam Ge and Tong Heng Lee

Abstract—In this paper, we investigate the control design
for a class of strict-feedback nonlinear systems preceded by
unknown backlash-like hysteresis. Using the characteristics
of backlash-like hysteresis, adaptive dynamic surface control
(DSC) is developed without constructing a hysteresis inverse.
The explosion of complexity in traditional backstepping design
is avoided by utilizing DSC. Function uncertainties are compen-
sated for using neural networks due to their universal approx-
imation capabilities. Through Lyapunov synthesis, the closed-
loop control system is proved to be semi-globally uniformly
ultimately bounded (SGUUB), and the tracking error converges
to a small neighborhood of zero. Simulation results are provided
to illustrate the performance of the proposed approach.

Index Terms— Dynamic surface control (DSC), hysteresis,
neural networks(NNs).

I. INTRODUCTION

Hysteresis nonlinearities are common in many industrial
processes, especially in position control of smart material-
based actuators, including piezoceramics and shape memory
alloys. The existence of hysteresis nonlinearities severely
limit system performance such as giving rise to undesirable
inaccuracy or oscillations and even may lead to instability
[1]. Since hysteresis is a very complex phenomenon, mod-
eling a general type of hysteresis is still an active research
topic and there exist many hysteresis models in the literature,
such as the Preisach model, the Ishlinskii hysteresis operator,
the Prandtl-Ishlinskii hysteresis model, the Duhem hysteresis
operator, the Bouc Wen model, an so on. Interested readers
can refer to [2] for a review of the hysteresis models. Among
of them, the backlash hysteresis model is the most familiar
and simple model, which can be described by two parallel
lines connected via horizontal line segments and will be
considered in this paper.

Due to the nonsmooth characteristics of hysteresis nonlin-
earities, traditional control methods are inadequate in dealing
with the effects of unknown hysteresis. Therefore, advanced
control techniques to mitigate the effects of hysteresis have
been called upon and have been studied for decades. One
of the most common approaches is to construct an inverse
operator to cancel the effects of the hysteresis as in [1]
and [3]. However, it is a challenging task to construct the
inverse operator for the hysteresis, due to its complexity and
uncertainty. To circumvent these difficulties, alternative con-
trol approaches that do not need an inverse model have also
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been developed. In [4] and [5], robust adaptive control and
adaptive backstepping control were, respectively, investigated
for a class of nonlinear systems in a Brunovsky form with
unknown backlash-like hysteresis and system parameters.

Motivated by the above works [4] and [5], in this paper,
we extend the system to a class of nonlinear systems in strict-
feedback form with unknown functions and disturbances.
The function uncertainties are compensated for by neural
networks due to their universal approximation capabilities
[6]-[8]. For the control of strict-feedback nonlinear systems,
though backstepping is one of the popular design methods,
an obvious drawback in the traditional backstepping design
is the problem of “explosion of complexity”, which is caused
by the repeated differentiations of certain nonlinear functions
such as virtual controls. To overcome the “explosion of
complexity”, dynamic surface control (DSC) was proposed
for a class of strict-feedback nonlinear systems with known
fi(x1,...,x;) and g; = 1 by introducing first-order filtering of
the synthetic virtual control input at each step of traditional
backstepping approach [9]. The result was extended to a class
of strict-feedback nonlinear systems with unknown functions
fi and virtual coefficients g; = 1 by combining DSC
control and neural networks [10]. In this paper, the virtual
coefficients g; of the strict-feedback nonlinear systems are
considered as unknown constants further. The bounds of the
“disturbance-like” terms, including disturbances and neural
network approximation errors, are estimated by adaptive
control.

The organization of this paper is as follows. The problem
formulation and preliminaries are given in Section II. In
Section III, adaptive dynamic surface control is developed
for a class of unknown nonlinear systems in strict-feedback
form with the unknown backlash-like hysteresis. The closed-
loop system stability is analyzed as well. Results of extensive
simulation studies are shown to demonstrate the effectiveness
of the approach in Section IV, followed by the conclusion
in Section V.

II. PROBLEM FORMULATION AND PRELIMINARIES
Throughout this paper, () = (A) —(+), || - || denotes the
2-norm, Apin(+) and Apax(+) denote the smallest and largest
eigenvalues of a square matrix (), respectively.
Consider a class of nonlinear systems in strict-feedback
form described as follows:

1 = fi(x1) + gr1ee +di(t)

4482



S.Ui = fz(i'z)+gzxz+1 +dz(t), Z'ZQ,...,TL*].
Tn = fol(@n) + gnu(v) + dy(t)
y = @ (L
where #; = [z1,...,2;]7 € R', i = 1,...,n are the states,

y is the system output, g; are the unknown constant virtual
coefficients, f;(-) are the unknown smooth functions, d;(-)
are the unknown bounded time varying disturbances, and
u € R is the system input and the output of the backlash-
like hysteresis, which is described as follows:

%za%(ev—u)—i—Bl% (2)
where «, ¢, and B; are constants, ¢ > 0 is the slope of lines
satisfying ¢ > B;. Fig. 1 shows that the model (2) indeed
generates a class of backlash-like hysteresis curve, where
a = 1.0, ¢ = 3.1635, B; = 0.345 and the input signal
v = 6.5sin(2.3t).

20

Fig. 1. Backlash-like Hystersis curve

Based on the analysis in [4], (2) can be solved explicitly
as follows:

u(t) = cv(t) + h(v) 3)

[UO _ Cvo]efa(vao)sgm)

+e—avsgm') / [Bl _ c]eag(sgn 1})d<- (4)

)

Substituting (3) into (1), we have:

i1 = fi(z1) + gr1z2 + di(?)
(ti = fl(fzz)“f‘gzxqul +dz(t)7 i:27"'7n_1
in = fn(-fn) + gnCU(t) + gnh(v) + dn (t)
y = n 5)

The control objective is to design adaptive control law v(t)
for system (5) such that the output y follows the specified
desired trajectory yg.

To facilitate the control design later in Section III, the
following assumptions are needed.

Assumption 1: The signs of g; are known, and there exist
constants g; max > Jimin > 0 such that Jimin < |gz| <
9i max-

Assumption 2: The desired trajectory vectors are contin-
uous and available, and [yq, ¥4, ija]T € Qa4 with known
compact set Qg = {[ya, . ja]” : y3+93+¥3 < Bo} C R,
whose size By is a known positive constant.

Assumption 3: [4] There exist constants cpin, and Cpax
such that the slope ¢ in (2) satisfies ¢ € [Cmin, Cmax)-

Assumption 4: [4] There exist a constant h,,, such that
h(U) S hmax-

Assumption 5: There exist constants d;m,ax such that
dz(t) S dz max-

Remark 1: Assumption 1 implies that unknown constants
g; are strictly either positive or negative. Without losing
generality, we will only consider the case when g; > 0.
Assumptions 3 and 4 assume the slop range of a backlash
hysteresis and the upper bound of the hysteresis loop, which
are reasonable according to the analysis in [4]. In Assump-
tion 5, the disturbances are also required to be bounded,
which is practical in reality. It should be noted that all these
bounds ¢maxs Jmin> Cmins Cmax> Pmax and d;max are not
required in implementation proposed control design. They
are used only for analytical purposes.

III. CONTROL DESIGN AND STABILITY ANALYSIS

In this section, we will combine the dynamic surface con-
trol with backstepping and adaptive control for the nth-order
system described by (5). Similar to traditional backstepping,
the design of adaptive dynamic surface control is based on
the following change of coordinates: z1 = x1 —y4, 2; = ©; —
wi, © = 2,...,n, where w; is the output of a first order filter
with o, as the input, and «;_; is an intermediate control
which shall be developed for the corresponding (i — 1)th
subsystem. Finally, an overall control law v is constructed
at step n. The major difference of dynamic surface control
with traditional backstepping is to replace, at each step
of recursion, the quantity ¢;_; by w; in determining the
virtual control ¢&; . As a result, the operation of differ-
entiation can be replaced by simpler algebraic operation.
Before proceeding with the adaptive control, some notations
are presented below: z; = [z1,...,z]7, 5 = [y2, .., y;]7,
Wi = [WlT, ...,WZ-T]T, where ¢ = 1,...,n, Yj = w5 —Q—1,
j=2,...,n.

Step 1: Since z; = 1 — y4, and its derivative is

21 = &1—Ya= fi(x1)+qrea+di(t) —ga (6)

Consider the following Lyapunov function candidate:

L 2 )
—2Z
2g1 !

21
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Its derivative along (6) is

.
—2Z1Z21
91

Qi (Z1) 4w+ gilch(t)] ®)

V., =

where Q1(Z1) = g7 fi(21) — g7 'ga with Z1 = [21,94] €
Qz, C RZ% To compensate for the unknown function
Q1(Z1), we can use the radial basis function neural network
(RBFNN) in [11], WT'S(Z,), with W, € R*', S(Z;) e
R, and the NN node number [ > 1, to approximate the
function @Q1(Z1) on the compact set 2z, as follows

Q1(Z1)

where the approximation error £1(Z;) satisfies |e1(Z71)| <
€] with a positive constant 7. Substituting (9) into (8) and
according to Assumptions 1 and 5, we obtain

=WTIS(Z,) —WTS(Zy) +e1(Zy) )]

V., < z[WlS(Zy)—WES(Zy) + aa] + |21 Dy10)

where D; = ‘;mﬁ + €7. Since xo = 22 + Y2 + ay, (10)
becomes
Vzl < Zl[WiTS(Zl) -
+[21|D1

WIS(Zy) + 22 + y2 + i
(11)

Choose the following virtual control law and adaptation laws:

a = —kiz— WIS(2Zy) — tanh()Dy (12)
€

Wl = Fl[zlS(Zl)—le] (13)

Di = qalertanh(2) = oy, D] (14)

where k1 > 0, € > 0, ﬁl is the estimate of Dy, I'y = FT S
R™!'> 0,01 >0, 74 >0and g4, > 0.

Substituting (12) into (11), and using the following prop-
erty of the hyperbolic tangent function tanh(-):

0<|z1]| — =1 tanh( ) < 0.2785¢ (15)

we obtain that

Vzl < —]4)12%—&—2’12’24—212/2 —lelTS(Zl)
-z tanh( YDy + 21| Dy
< —k22 4 lez + z1y0 — W IS(Zy)
-z tanh( YDy + 21Dy — 2 tanh( YD,
< —kizf+ 2122 + 2192 — WY S(Z1)
2z tanh( YDy +0.2785¢D; (16)
where D = D — D. Using the Young’s inequality, the

following inequalities hold:

1

2129 < zf—ﬁ—zzg a7
1

z1y2 < zf—&-zy% (18)

Substituting (17) and (18) into (16) leads to

) 1 1 -
—21 tanh( )D1 + 0.2785e¢ D1 (19)

Define the filtered virtual control wy in the following
manner:

wo (0) = 1 (0),

where 7> is a design constant that we will choose later.
Due to y3 = wo — aq, from (20), we have wy = —%.
Therefore, we have

Tows + w2 = ag, (20)

Y2 . 2 T 2T
=—-—=—+ [klzl + W1 S(Zl) + W1 S(Zl)

Yo = wo—0
T2
+tanh(2 )D1 + (1 — tanh?(2 ))z‘lf)l] (21)
As such,
‘292-5-%‘ < Co(Za, Y2, Wi, D1, Ya, Y i) (22)
2

where (2(Z2, ya2, Wi, Dy, Yd, Yd, §a) is a continuous function.
From (21) and (22), using the Young’s inequality, we
obtain that

2 2
. 1
Yoo < —% + ya|Ge < —% +y2 + 1@‘22 (23)

Consider the following Lyapunov function candidate:

‘/1:

1. - .1
V., + =WIryiw D2 + —y2 (24
1+2 11y 1‘*'2%[1 1+2y2 (24)

Its time derivative along (19) and (23) is

. . ~ i 1 ~ =
V1 = VZl + WlTFI1W1 =+ TDD + yzyz

dy

1 ~
< —(k—2)27 + 125 —aW{'8(Z1)
2 tanh(2 )D1 +0.2785¢Dy + WITT W,
1
+ L pbh- + 1-y3 + §2 25)
Ydy 4

Substituting (13) and (14) into (25) results in

. 1
1 < _(kl - 2)25% + ZZQ O'1W1 W1 — UdlDlDl
Y5 Lo 1,
===+ 1-ys + —(5 +0.2785¢D, (26)
T2 4 4
Step i (2 <i < n): The time derivative of z; is
Zi = [i(Zi) + gimiy1 + di(t) — i 27
Consider the following Lyapunov function candidate:
1
V,, = —22 (28)
29,

Its derivative along (27) is

. 1 1
Ve, = —zi%=2[Qi(Z;) + wip1 + ;di(t)] (29)

gi
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D) = g7 fi(@) — g; M with Z; = [3,04] €
Qz, C R To compensate for the unknown function
Qi(Z;), we can use the radial basis function neural network
(RBENN), WT'S(Z;), with W; € R™*', S(Z;) € R, and
the NN node number [ > 1, to approximate the function
Qi(Z;) on the compact set {2, as follows

Qi(Z:) = W['S(Zi) - W[ S(Zi) +ei(Z) (30)

where the approximation error ¢;(Z;) satisfies |€;(Z;)| < €F
with a positive constant €. Substituting (30) into (29), we

where Q;(Z.

obtain
Ve < zWTS(Z) = WS(Z) + wiga] + |2 Di
€2))
where D; = Jmax 4 o% Since w41 = 241 + Vi1 + Qs

min

(31) becomes
V., < z[Wrs(z) -

WiTS(Zi) + Zit1 + Yir1 + Oéi]
(32)

Choose the following virtual control law and adaptation laws:

i = —kiz— WIS(Z) - tanh(Z)D;  (33)
€
W, = Ti[28(Z) — 0] (34)
Di = aleitanh(Z) — 0q,D;) (35)
€

where k; > 0, € > 0, D; is the estimate of D;, T'; = I'7 €
R >0, 0; >0, 74, >0 and o4, > 0.
Substituting (33) into (32) and using the property of the
hyperbolic tangent function as (15), we obtain
Vz <~k + Zzzz+1 + 2i¥Yit1 — ZiWiTS(Zi)

—2z tanh( )D 4+ 0.2785¢D; (36)

Using the Young’s 1nequahty, the following inequalities hold:

Ziziv1 < zf + izﬂl 37
Zyinn < 2+ iyfﬂ (38)
Substituting (37) and (38) into (36) leads to
V., < —(ki—2)2+ izm + %yfﬂ —2W[S(Z)
—z; tanh( )D; + 0.2785¢D; (39)

Define the filtered V1rtua1 control w;1; in the following
manner:

wi+1(0) = @;(0),

where 7;41 is a design constant that we will choose later.
Due to y;11 = wit1 — oy, from (40), we have w;4; =
— Y%+l Therefore, we have

Tip1Wit1 + Wip1 = oy, (40)

Ti+1
Yit1 Wit — ¢
- Yit+1 . 2 T 2o
i+1

+tanh( YD, —l—(l—tanhQ(e))z'if)i} (41)

As such,
Yit+1

yi"rl + ’ < Cl-‘rl(zz-‘rlayl-‘rlaWZaD’Laydaydayd) (42)
where <i+1(2i+1737i+1;WhDi»ydvydvyd) is a continuous
function.

From (41) and (42), using the Young’s inequality, we
obtain that

2
. y Y
vt < =2 [yl < -2 4yl
Ti+1 Tit+1
1
+4 2+1 (43)

Consider the following Lyapunov function candidate:

1. - 1 -, 1
Vi = Vo +-WIT7'W,+ —D? + Z¢2, (44
7.+2 1 7 +2,-Yd ’L+2y2+1 ( )

i

Its time derivative along (39) and (43) is

. . ~ X 1 ~ =
Vi = V., +WIT;'W, + TDDi + Yit1¥i+1

i

IN

1
—(k; —2)22 + 122

1 Y 1 1
DD - 1*
+’7d1 . Tt g o

Substituting (34) and (35) into (45) results in

(45)

Vv, < —(ki — 2)z + 4ZZ+1 - UiWZTWi - UdiEiDi
2
; 1 1
SYRL g2 422 40.2785eD;  (46)
Tiv1 4 4

Step n: In this final step, we will design the control input
v(t). Since z, = &, — wy, the time derivative of z,, is

Zn = fu(Zn) + gncv(t) + gnh(v) + dp(t) — wp 47)
Consider the following Lyapunov function candidate:
1
n 22 (48)
2gy.c
Its derivative along (47) is
. 1 . h(v
‘/zn = T Znfn = Zn [Qz(zn) + U(t) + Q
gnC c
1
—d,(t 49
toe n(t)] (49)

where Q,,(Z,) = (gnc) 2 fu(Zn) — (gnc) "tw, with Z,, =
[T, wn] € Qz,; C R™L. To compensate for the unknown
function Q,,(Z,), we can use the radial basis function neural
network (RBFNN), WZ'S(Z,), with W,, € R'*1, §(Z,) €
R, and the NN node number [ > 1, to approximate the
function @,,(Z,) on the compact set 2z, as follows

Qn(Zn) = WIS(Z) = WIS(Zn) +en(Zy)  (50)

where the approximation error €, (Z,) satisfies |e,(Z,)| <

e; with a positive constant ;. Substituting (50) into (53)and

according to Assumptions 1, 3-5, we obtain that

2 [Wih S(Z0) = Wi S(Zy) + ()] + |2n| D
(51)

V., <
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dn max

where D,, = ’;mA +
control law:

v(t) =

+ 5. Choose the following

9n minCmin

—kpzn — WTS(Z,) — tanh(Z2) D,
€

(52)

where k, > 0, € > 0, ﬁn is the estimate of D,,. Substituting
(52) into (51), and using the property of the hyperbolic
tangent function as (15), we obtain that

Zn

V., < —kpz2—2,WTS(Z,) — 2, tanh(
+0.2785¢D,,

)Dn
(53)

€

where ﬁn = Dn —D,.
Consider the following Lyapunov function candidate:
L s o1 L~
Vo = V,, +-W, I W, +—D; (54)
2 2vd,,
where T',, = Tl € R™! > 0, 44, > 0. Its time derivative
along (53) is
. . ~ 2 1 ~ =
V, = V. +WIrT 'w,+—D,D,
Yd,,

< —kp2? — 2, WES(Z) — 2 tanh(z—")Dn
€
~ X 1 ~ =
+0.2785¢D,, + WIT W, + —D,,D,,(55)
"de

Choose the following adaptation laws:

W, = TulznS(Zn) — onW,]
Yd, [#n tanh(z—n) — 04, Dn]
€

(56)
(57)

where o,, > 0 and o4, > 0. Substituting (56) and (57) into
(55) results in

Vi < —kn2? — 0, WIW, — 04, DnD,, + 0.2785¢D,,
(58)

The following theorem shows the stability and control
performance of the closed-loop adaptive system.

Theorem 1: Consider the closed-loop system consisting of
the plant (5) under Assumptions 1-5, the controller (52), and
adaption laws (34)(35). For bounded initial conditions, there
exist constants p > 0, k; > 0, 7; > 0, Apax (I 1), 05 > 0,
va;and og, > 0, satisfying V' = >"""_, V; < p, such that the
overall closed-loop control system is semi-globally stable in
the sense that all of the signals in the closed-loop system are
bounded, and the tracking error is smaller than a prescribed
error bound.

Proof: Consider the Lyapunov function candidate V =
Yo, Vi. Its derivative with respect to time is:

V=300
=1

(59)

Substitute (26)(46) and (58) into (59), it follows that

n—1
. 1 1
V o< —(ky—2)22 =Y (ki —2-)22 — (kp — -)22
n n ~ n—1 y2
=Y WIWi =Y oa Dibi+ Y [ - 22
=1 i=1 =1 Tit1
1 2 1 2 .
15920+ 2]+ 0.2785eD; (60)

i=1
Since for any By > 0 and p > 0, the sets Qg = {(ya, ¥d, Ud) :
=T i

yc2l+yc2l+yc2l < BO} and Qz = {[E;Tangsz ]T : Zj:l_‘/j <
pl, i = 1,...,n are compact in R3 and R*~!1*Xj=1li
respectively. Therefore, ;1 has a maximum M;; on 24 X
Q;.

By completion of squares, the following inequalities hold:

) LN i Wz 2 SIW|1?
2 2
- D? .D?
—04D;D; < _9dalhy | 9di Ly (62)
‘ 2 2
Substituting (61) and (62) into (60) leads to
n—1 1 1
y 2 2 2
Vs =2t - Y- 2 - (- e
n ~ n ~ n—1 2
ai[ Wil]? 04, D} [ Yir1
D D R Pl
i=1 =1 i=1
Ly
+11yi+1] y (63)

where
n n n—1

AW |12 D?
po= ZU’HVZZ ” +ZJ‘“2D1+£ZM5+1
i=1

i=1 i=1
n

+ Z 0.2785¢D; (64)
i=1
Choosing
0; .
apg < min{adi,}/dm 7_}a 1= 17 y TV
Amax(T7 1)
B> 24—
291 min
1 «
ki > 214— 2giiin, i=2,..,n—1
1 (67
kn > = a
o 4 N 292 minCmin
1 1 (7))
- > 1-4+ — =2,... 65
4 + 5 ! 2o T (65)
and substituting them into (60), we obtain that
V< —agV+pu (66)

If V =pand ag > %, then V < 0. If implies that V() <
p, ¥t > 0 for V(0) < p. Multiplying (66) by e*! and
integrating over [0, ¢] yields

(67)

0< V() < £ 4 [V(0) = L ]emeot
Qo

(&%)
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Therefore, all signals of the closed-loop system, i.e., z;, y;
and W; are uniformly ultimately bounded. Furthermore,
xi,a; and €; are also uniformly ultimately bounded. From
(64) and (65), we know that for any given constants
By,p,0q, and o;, we can decrease Amax(I'; 1) to make
O% arbitrarily small. Thus, the tracking error z; becomes
arbitrarily small. This completes the proof. m

IV. SIMULATION STUDIES

To demonstrate the effectiveness of the proposed approach,
we consider the plant used in [4] and [5]:

1—e=®
Ttee®
y =

T = + bu(v)

(68)

where « = 1, b = 1, and u(v) represents an output of the
following backlash-like hysteresis:

du dv dv

o al= -

dt t dt

with o = 1, ¢ = 3.1635, and B; = 0.345. As discussed in

[4], without control, i.e., u(v) = 0, (68) is unstable, since

—x(t —x(t

j;:aizi,zit;>0foras>0,anda'::a};zfzit;<0for

z < 0. The objective is to control the system output y to
follow a desired trajectory yq = 12.5sin(2.3t).

We adopt the control law and adaption laws in (52) (56)

(57). The following initial conditions and control design

(cv —u) + By (69)

parameters are chosen as: z(0) = u(0) = v(0) = 0.0,
W(0) = D) = 0.0, k; = 0.3, T = 0.105, 0 = 0.1,
va = 0.1,04 = 0.1, € = 0.05.

The simulation results are shown in Figs. 2 and 3.

From Fig. 2, we observe that good tracking performance
is achieved and the tracking error converges to a small
neighborhood of zero. At the same time, the control signal v
and hysteresis output u are kept bounded, as seen in Figs. 3.
It is noted that there is a large difference between the signals
v and v in Fig. 3, which indicates the significant hysteresis
effect.

V. CONCLUSION

Adaptive dynamic surface control (DSC) using neural
networks has been proposed for a class of nonlinear systems
in strict-feedback form with back-lash hysteresis input, where
the hysteresis is modeled as a differential equation. The
developed adaptive control can guarantee that all signals
involved are semi-globally uniformly ultimately bounded
(SGUUB) without constructing a hysteresis inverse. Simu-
lation results have been provided to show the effectiveness
of the proposed approach.
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