
❆❞❛♣t✐✈❡ ❋❛✉❧t✲❚♦❧❡r❛♥t ❈♦♥tr♦❧ ♦❢ ❙♣❛❝❡❝r❛❢t

❆tt✐t✉❞❡ ❉②♥❛♠✐❝s ✇✐t❤ ❆❝t✉❛t♦r ❋❛✐❧✉r❡s

❨✉ ❍❛♥✶

❍❛r❜✐♥ ■♥st✐t✉❞❡ ♦❢ ❚❡❝❤♥♦❧♦❣②✱ ❍❛r❜✐♥✱ ❍❡✐❧♦♥❣❥✐❛♥❣✱ ❈❤✐♥❛✱ ✶✺✵✵✵✶

❏❛♠❡s ❉✳ ❇✐❣❣s✷

❯♥✐✈❡rs✐t② ♦❢ ❙tr❛t❤❝❧②❞❡✱ ●❧❛s❣♦✇✱ ●✶ ✶❳❏✱ ❯❑

◆❛✐❣❛♥❣ ❈✉✐✸

❍❛r❜✐♥ ■♥st✐t✉❞❡ ♦❢ ❚❡❝❤♥♦❧♦❣②✱ ❍❛r❜✐♥✱ ❈❤✐♥❛✱ ✶✺✵✵✵✶

◆♦♠❡♥❝❧❛t✉r❡

Ā ❂ t❤❡ ❧♦❝❛❧ ✈❡rt✐❝❛❧ ❛♥❞ ❧♦❝❛❧ ❤♦r✐③♦♥t❛❧ r❡❢❡r❡♥❝❡ ❢r❛♠❡

B̄ ❂ t❤❡ ❜♦❞②✲✜①❡❞ r❡❢❡r❡♥❝❡ ❢r❛♠❡

J ❂ ✐♥❡rt✐❛ ♠❛tr✐① ♦❢ s♣❛❝❡❝r❛❢t

ω ❂ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ✈❡❝t♦r ♦❢ s♣❛❝❡❝r❛❢t ✭r❛❞✴s✮

q̄, q, q4 ❂ q✉❛t❡r♥✐♦♥ ♦❢ s♣❛❝❡❝r❛❢t

τ ❂ ❝♦♥tr♦❧ t♦rq✉❡ ✐♥♣✉t ✈❡❝t♦r ♦❢ s♣❛❝❡❝r❛❢t ✭◆♠✮

ω̂ ❂ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ✈❡❝t♦r ♦❢ ✐❞❡❛❧ r❡❢❡r❡♥❝❡ ♠♦❞❡❧ ✭r❛❞✴s✮

ˆ̄q, q̂, q̂4 ❂ q✉❛t❡r♥✐♦♥ ♦❢ ✐❞❡❛❧ r❡❢❡r❡♥❝❡ ♠♦❞❡❧

τ̂ ❂ ❝♦♥tr♦❧ ✐♥♣✉t ✈❡❝t♦r ♦❢ ✐❞❡❛❧ r❡❢❡r❡♥❝❡ ♠♦❞❡❧ ✭◆♠✮

θ̄ ❂ ❛❞❛♣t✐✈❡ ♣❛r❛♠❡t❡r ♦❢ ❛♥❣✉❧❛r ✈❡❧♦❝✐t②

δ̄ ❂ ❛❞❛♣t✐✈❡ ♣❛r❛♠❡t❡r ♦❢ q✉❛t❡r♥✐♦♥

Fg ❂ t❤❡ ❣❛✐♥ ♠❛tr✐①

✶ P❤✳❉✳ ❝❛♥❞✐❞❛t❡✱ ❙❝❤♦♦❧ ♦❢ ❆str♦♥❛✉t✐❝s✱ ▼❛✐❧❜♦① ✸✹✺✱ ❍❛r❜✐♥ ■♥st✐t✉❞❡ ♦❢ ❚❡❝❤♥♦❧♦❣②✱ ❍❛r❜✐♥✱ ❈❤✐♥❛✱ ✶✺✵✵✵✶✱

t❛❜✉❜✉✶✾✽✼❅❤♦t♠❛✐❧✳❝♦♠
✷ ❆ss♦❝✐❛t❡ ❉✐r❡❝t♦r✱ ❆❞✈❛♥❝❡❞ ❙♣❛❝❡ ❈♦♥❝❡♣ts ▲❛❜♦r❛t♦r②✱ ❉❡♣❛rt♠❡♥t ♦❢ ▼❡❝❤❛♥✐❝❛❧ ❛♥❞ ❆❡r♦s♣❛❝❡ ❊♥❣✐♥❡❡r✐♥❣✱

❯♥✐✈❡rs✐t② ♦❢ ❙tr❛t❤❝❧②❞❡✱ ●❧❛s❣♦✇✱ ●✶ ✶❳❏✱ ❯❑✱ ❥❛♠❡s✳❜✐❣❣s❅str❛t❤✳❛❝✳✉❦
✸ Pr♦❢❡ss♦r✱ ❙❝❤♦♦❧ ♦❢ ❆st♦♥❛✉t✐❝s✱ ▼❛✐❧❜♦① ✸✹✺✱ ❍❛r❜✐♥ ■♥st✐t✉❞❡ ♦❢ ❚❡❝❤♥♦❧♦❣②✱ ❍❛r❜✐♥✱ ❈❤✐♥❛✱ ✶✺✵✵✵✶

✶



gi ❂ ❛❝t✉❛t♦r ❣❛✐♥ ❢❛✉❧t ✐♥❞✐❝❛t♦r ❢♦r t❤❡ it❤ ❛❝t✉❛t♦r

Fd ❂ t❤❡ ❞❡✈✐❛t✐♦♥ ♠❛tr✐①

di ❂ ❛❝t✉❛t♦r ❞❡✈✐❛t✐♦♥ ❢❛✉❧t ✐♥❞✐❝❛t♦r ❢♦r t❤❡ it❤ ❛❝t✉❛t♦r

R(q̄) ❂ r♦t❛t✐♦♥ ♠❛tr✐①

■✳ ■♥tr♦❞✉❝t✐♦♥

❙♣❛❝❡❝r❛❢t ♣❧❛② ❛♥ ✐♥❝r❡❛s✐♥❣❧② ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ✈❛r✐♦✉s ❛r❡❛s ♦❢ ♠♦❞❡r♥ s♦❝✐❡t②✱ s✉❝❤ ❛s

t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥✱ ❡❛rt❤ ♦❜s❡r✈❛t✐♦♥✱ ❛♥❞ s♣❛❝❡ ❡①♣❧♦r❛t✐♦♥✳ ■t ✐s ❡st✐♠❛t❡❞ t❤❛t t❤❡r❡ ❤❛✈❡ ❜❡❡♥

♠♦r❡ t❤❛♥ ✼✵✵✵ s♣❛❝❡❝r❛❢ts ❧❛✉♥❝❤❡❞ ❛❧❧ ♦✈❡r t❤❡ ✇♦r❧❞✳ ❉❡s♣✐t❡ r✐❣♦r♦✉s t❡st✐♥❣ ♠❛♥② ♦❢ t❤❡s❡

s♣❛❝❡❝r❛❢t ❢❛✐❧ ♦♥ ♦r❜✐t ❞✉❡ t♦ ✈❛r✐♦✉s r❡❛s♦♥s ❬✶❪✱ ✇❤✐❝❤ ❝♦♥s❡q✉❡♥t❧② ♦❢t❡♥ ❧❡❛❞ t♦ t❤❡ ❢❛✐❧✉r❡ ♦❢

t❤❡ ✇❤♦❧❡ ♠✐ss✐♦♥✳ ❆❝❝♦r❞✐♥❣ t♦ ❬✷❪✱ ♦✈❡r ✸✵✪ ♦❢ s♣❛❝❡❝r❛❢t ❢❛✐❧✉r❡s ♦❝❝✉r ❛t t❤❡ s✉❜s②st❡♠ ❧❡✈❡❧

♦❢ t❤❡ ❆tt✐t✉❞❡ ❛♥❞ ❖r❜✐t ❈♦♥tr♦❧ ❙②st❡♠ ✭❆❖❈❙✮✳ ▼♦r❡♦✈❡r ❛❜♦✉t ✺✵✪ ♦❢ t❤❡ ❆❖❈❙ ❢❛✐❧✉r❡s ❛r❡

❛ttr✐❜✉t❡❞ t♦ ❛❝t✉❛t♦r ❡rr♦rs✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ♣r❡s❡♥t ❛♥ ❛❝t✉❛t♦r ❢❛✉❧t✲t♦❧❡r❛♥t

❛tt✐t✉❞❡ ❝♦♥tr♦❧✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t❤r❡❡ t②♣❡s ♦❢ ❛❝t✉❛t♦r ❡rr♦r✱ ✇❤✐❝❤ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤

t❤❡ ❢❛✉❧ts t❤❛t ❝❛♥ ♦❝❝✉r ✐♥ r❡❛❝t✐♦♥ ✇❤❡❡❧s ❬✸❪✿ ✭✐✮ ❆ ❣❛✐♥ ❢❛✉❧t ❬✹❪✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ ❝❛s❡ ✐♥

✇❤✐❝❤ ♦♥❡ ♦r s❡✈❡r❛❧ ❛❝t✉❛t♦rs ❧♦s❡ ♣❛rt✐❛❧ ♣♦✇❡r ❜✉t st✐❧❧ ❢✉♥❝t✐♦♥❀ ✭✐✐✮ ❆ ❞❡✈✐❛t✐♦♥ ❢❛✉❧t✱ ✇❤❡r❡

❛♥ ❛❝t✉❛t♦r ❞❡❧✐✈❡rs ❛ ❝♦♥st❛♥t t♦rq✉❡ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ r❡q✉✐r❡❞ t♦rq✉❡❀ ✭✐✐✐✮ ❆ st✉❝❦ ❢❛✉❧t✱ ✇❤✐❝❤

♠❡❛♥s t❤❡ ❛❝t✉❛t♦r ♦✉t♣✉t ✐s st✉❝❦ ❛t ❛ ❝♦♥st❛♥t ✈❛❧✉❡ ♦❢ t♦rq✉❡ ❞❡s♣✐t❡ ❛ ❞✐✛❡r❡♥t r❡q✉✐r❡❞ t♦rq✉❡✳

Pr❡✈✐♦✉s ✇♦r❦ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❢❛✉❧t✲t♦❧❡r❛♥t ❝♦♥tr♦❧ ❢♦❝✉s❡s ♦♥ ❥✉st ♦♥❡ t②♣❡ ♦❢ ❢❛✉❧t ♠♦❞❡✱

❬✹✕✻❪✳ ❚❤✐s ♣❛♣❡r ❝♦♥s✐❞❡rs ❛ ❝♦♥tr♦❧ ♠❡t❤♦❞ ✇❤✐❝❤ ❝♦✉❧❞ ✇♦r❦ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛❧❧ ♦❢ t❤❡s❡ ❢❛✉❧ts✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ❧♦♦❦ ❛t ❛♣♣❧②✐♥❣ ❛♥ ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ t♦ t❤❡ ❛tt✐t✉❞❡ ❝♦♥tr♦❧ ♦❢ ❛ s♣❛❝❡❝r❛❢t ✐♥ t❤❡

♣r❡s❡♥❝❡ ♦❢ t❤❡s❡ ❛❝t✉❛t♦r ❢❛✉❧ts✳ ❆❞❛♣t✐✈❡ ❝♦♥tr♦❧ r❡❢❡rs t♦ ❛ ❝♦♥tr♦❧ t❤❛t ❛❞❛♣ts t♦ ❛❝❝♦♠♠♦❞❛t❡

♣❛r❛♠❡tr✐❝✱ str✉❝t✉r❛❧✱ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t❛❧ ✉♥❝❡rt❛✐♥t✐❡s t♦ ❛❝❤✐❡✈❡ ❛ ❞❡s✐r❡❞ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡✱

❬✼❪✳ ❙✉❝❤ ✉♥❝❡rt❛✐♥t✐❡s ♦❢t❡♥ ❛♣♣❡❛r ✐♥ ❛❡r♦s♣❛❝❡ ❛❝t✉❛t♦rs ❛♥❞ ❛✉t♦♠♦❜✐❧❡ ❡♥❣✐♥❡s✱ ❡❧❡❝tr♦♥✐❝

❞❡✈✐❝❡s✱ ❛♥❞ ✐♥❞✉str✐❛❧ ♣r♦❝❡ss❡s✳ P❛②❧♦❛❞ ✈❛r✐❛t✐♦♥s ♦r ❝♦♠♣♦♥❡♥t ✇❡❛r ❛♥❞ t❡❛r ♦r ❡✈❡♥ ❝♦♠♣❧❡t❡

❢❛✐❧✉r❡ ♦❢ ❝♦♠♣♦♥❡♥ts ❧❡❛❞ t♦ ♣❛r❛♠❡tr✐❝ ❛♥❞ str✉❝t✉r❛❧ ✉♥❝❡rt❛✐♥t✐❡s ✐♥ t❤❡ ♠♦❞❡❧❧✐♥❣❀ ✐♥ ❛❞❞✐t✐♦♥

✉♥❝❡rt❛✐♥t✐❡s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ t❤❡ ❞✐✣❝✉❧t② ✐♥ ♠♦❞❡❧❧✐♥❣ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ r❡❛❧ s②st❡♠

✷



❧❡❛❞s ✉s t♦ ❝♦♥s✐❞❡r ❛ st♦❝❤❛st✐❝ ❡❧❡♠❡♥t ✐♥ t❤❡ ♠♦❞❡❧❧✐♥❣ ❛♥❞ ❛ ❝♦♥tr♦❧ ♠✉st ❛❞❛♣t t♦ ❞❡❛❧ ✇✐t❤

s✉❝❤ ✉♥❦♥♦✇♥ q✉❛♥t✐t✐❡s✳ ❆❞❛♣t✐✈❡ ❝♦♥tr♦❧ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ ❜♦t❤ t❤❡♦r② ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ t♦

❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠s ♦❢ r♦❜✉st❧② ❝♦♥tr♦❧❧✐♥❣ ✉♥❝❡rt❛✐♥ s②st❡♠s✳ ❯♥❧✐❦❡ t❤❡ ❝❧❛ss✐❝❛❧ ❝♦♥tr♦❧❧❡rs✱ s✉❝❤

❛s P■❉✱ ✇❤✐❝❤ ❛r❡ ❝♦♥✈❡♥t✐♦♥❛❧❧② ❜❛s❡❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❦♥♦✇♥ s②st❡♠ ♣❛r❛♠❡t❡rs✱ ❛❞❛♣t✐✈❡

❝♦♥tr♦❧❧❡rs ❞♦ ♥♦t ❤❛✈❡ t❤✐s str✐❝t r❡q✉✐r❡♠❡♥t❀ t❤❡② ❝❛♥ ❛❞❛♣t t♦ ♣❛r❛♠❡t❡r ✉♥❝❡rt❛✐♥t✐❡s ❜② ✉s✐♥❣

♣❡r❢♦r♠❛♥❝❡ ❡rr♦r ✐♥❢♦r♠❛t✐♦♥ ♦♥✲❧✐♥❡✳

❈♦♥✈❡♥t✐♦♥❛❧ ❛tt✐t✉❞❡ ❝♦♥tr♦❧❧❡rs s✉❝❤ ❛s q✉❛t❡r♥✐♦♥ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ❛r❡ t✉♥❡❞ ❛ss✉♠✐♥❣ t❤❛t

t❤❡ s②st❡♠ ✇♦r❦s ♣❡r❢❡❝t❧② ✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ ❝♦♥str❛✐♥ts ♦❢ t❤❡ s②st❡♠ ❛r❡ ❦♥♦✇♥ ❬✽✱ ✾❪✳

❍♦✇❡✈❡r✱ t❤❡② ❞♦ ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡✲t✉♥✐♥❣ r❡q✉✐r❡❞ ✐♥ t❤❡ ❡✈❡♥t ♦❢ ❛♥ ❛❝t✉❛t♦r ❢❛✉❧t✳ ■♥

t❤✐s ♣❛♣❡r✱ ✇❡ ✉s❡ ❛♥ ✐❞❡❛❧ r❡❢❡r❡♥❝❡ ♠♦❞❡❧ t♦ ✐❞❡♥t✐❢② ❛♥ ❛❝t✉❛t♦r ❢❛✉❧t ✇❤❡r❡ ❛ ❢❛✉❧t ✐s ✐❞❡♥t✐✜❡❞

✇❤❡♥ t❤❡ r❡❛❧ s②st❡♠ ❞❡✈✐❛t❡s ❢r♦♠ t❤❡ ✐❞❡❛❧ ♠♦❞❡❧✳ ❚❤❡ ❝♦♥tr♦❧ tr❛❝❦s t❤❡ ❝♦♥tr♦❧❧❡❞ ✐❞❡❛❧ r❡❢❡r❡♥❝❡

♠♦❞❡❧ t♦ r❡♣❧✐❝❛t❡ ✐t ❛s ❝❧♦s❡❧② ❛s ♣♦ss✐❜❧❡✳ ❚✇♦ ❛❞❛♣t✐✈❡ ♣❛r❛♠❡t❡rs ❛r❡ ✉s❡❞ ✇❤✐❝❤ ✐♥❝r❡❛s❡ t❤❡

r❡s♣♦♥s✐✈❡♥❡ss ♦❢ t❤❡ tr❛❝❦✐♥❣ ❝♦♥tr♦❧ t♦ ❞❡✈✐❛t✐♦♥s ❢r♦♠ t❤❡ ✐❞❡❛❧ r❡❢❡r❡♥❝❡ st❛t❡✳ ▼♦r❡♦✈❡r✱ ✐t ✐s

s❤♦✇♥ t❤❛t t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② r❡❧❛t✐✈❡ ❡rr♦rs ❛r❡ ♠♦r❡ s❡♥s✐t✐✈❡ t❤❛♥ q✉❛t❡r♥✐♦♥ r❡❧❛t✐✈❡ ❡rr♦rs t♦

❛❝t✉❛t♦r ❢❛✉❧ts✳ ❚❤✉s t❤❡ ❛❞❛♣t✐✈❡ ♣❛r❛♠❡t❡r s❤✐❢ts t❤❡ ❡♠♣❤❛s✐s t♦ tr❛❝❦✐♥❣ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t②

❡rr♦r ♠♦r❡ ❛❣❣r❡ss✐✈❡❧② t❤❛♥ t❤❡ q✉❛t❡r♥✐♦♥ ❡rr♦r ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❢❛✉❧t✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❛tt✐t✉❞❡ ❦✐♥❡♠❛t✐❝s ❛♥❞ ❞②♥❛♠✐❝s ♦❢ t❤❡ s♣❛❝❡❝r❛❢t ❛♥❞

✐❞❡❛❧ r❡❢❡r❡♥❝❡ ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ■■■ t❤❡♥ ❛❞❞r❡ss❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡✈❡❧♦♣✐♥❣ ❛♥ ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧❧❡r

✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞ ❛❝t✉❛t♦r ❢❛✐❧✉r❡s✳ ❙❡❝t✐♦♥ ■❱ ✐❧❧✉str❛t❡s t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢

t❤❡ ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ t❤r♦✉❣❤ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❛ ♥❛♥♦✲s♣❛❝❡❝r❛❢t✳ ❚❤r♦✉❣❤ ❝♦♠♣❛r✐♥❣ t❤❡ ❛❞❛♣t✐✈❡

❝♦♥tr♦❧ ♦❢ t❤✐s ♣❛♣❡r t♦ ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ♣r♦♣♦rt✐♦♥❛❧ ❝♦♥tr♦❧❧❡r✱ ✇❡ ❝❛♥ s❡❡ t❤❡ ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧

❞❡♠♦♥str❛t❡s ❛♥ ✐♠♣r♦✈❡❞ ❝♦♥tr♦❧ ♣❡r❢♦r♠❛♥❝❡✳

■■✳ ❙♣❛❝❡❝r❛❢t ❙②st❡♠ ▼♦❞❡❧ ❛♥❞ ■❞❡❛❧ ❘❡❢❡r❡♥❝❡ ▼♦❞❡❧

■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s♣❛❝❡❝r❛❢t s②st❡♠ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❛s ❛ r✐❣✐❞ ❜♦❞② ✇✐t❤

♥❡❣❧✐❣✐❜❧❡ ♠♦✈✐♥❣ ♣❛rts ❛♥❞ ♥♦ ❧✐q✉✐❞ ♣r♦♣❡❧❧❛♥t✳ ■♥ ❝♦♥tr❛st t♦ ❝❧❛ss✐❝❛❧ ♣r♦♣♦rt✐♦♥❛❧ ❝♦♥tr♦❧❧❡rs

t❤❛t tr❛❝❦ ❛ r❡❢❡r❡♥❝❡ tr❛❥❡❝t♦r② ♦r ❞❡s✐r❡❞ st❡❛❞② st❛t❡✱ t❤✐s s♣❛❝❡❝r❛❢t ❝♦♥tr♦❧❧❡r tr❛❝❦s t❤❡ st❛t❡ ♦❢

❛♥ ✐❞❡❛❧✐③❡❞ s②st❡♠ ✉♥❞❡r ♥♦r♠❛❧ ♦♣❡r❛t✐♥❣ ❝♦♥❞✐t✐♦♥✳ ❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥s

✸



❢♦r t❤❡ ❛tt✐t✉❞❡ ❦✐♥❡♠❛t✐❝s ❛♥❞ ❞②♥❛♠✐❝s ♦❢ t❤❡ s♣❛❝❡❝r❛❢t ❛♥❞ t❤❡ ✐❞❡❛❧ r❡❢❡r❡♥❝❡ ♠♦❞❡❧✳

❚❤❡ s♣❛❝❡❝r❛❢t s②st❡♠ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ r✐❣✐❞ ❜♦❞②✳ ❚❤❡ ❧♦❝❛❧ ✈❡rt✐❝❛❧ ❛♥❞ ❧♦❝❛❧ ❤♦r✐③♦♥t❛❧

✭▲❱▲❍✮ r❡❢❡r❡♥❝❡ ❢r❛♠❡ Ā ✇✐t❤ ✐ts ♦r✐❣✐♥ ❛t t❤❡ ❝❡♥tr❡ ♦❢ ♠❛ss ♦❢ ❛♥ ♦r❜✐t✐♥❣ s♣❛❝❡❝r❛❢t ❤❛s ❛ s❡t

♦❢ ✉♥✐t ✈❡❝t♦rs {~a1,~a2,~a3}✱ ✇✐t❤ ~a1 ❛❧♦♥❣ t❤❡ ♦r❜✐t ❞✐r❡❝t✐♦♥✱ ~a2 ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♦r❜✐t ♣❧❛♥❡✱

❛♥❞ ~a3 ❞❡✜♥❡❞ ❜② t❤❡ r✐❣❤t✲❤❛♥❞ r✉❧❡✱ t♦✇❛r❞s t❤❡ ❊❛rt❤✱ ❬✾❪✳ ❉❡✜♥❡ ❛❧s♦ ❛ ❜♦❞②✲✜①❡❞ r❡❢❡r❡♥❝❡

❢r❛♠❡ B̄ ✇✐t❤ ❜❛s✐s ✈❡❝t♦rs {~b1,~b2,~b3}✳ ❚❤❡ s♣❛❝❡❝r❛❢t ❛tt✐t✉❞❡ ✐s t❤❡♥ ❞❡✜♥❡❞ ❛s t❤❡ r❡❧❛t✐✈❡ ❛♥❣❧❡

❢r♦♠ t❤❡ ❧♦❝❛❧✲❧❡✈❡❧ ❝♦♦r❞✐♥❛t❡s t♦ t❤❡ ❜♦❞② ❢r❛♠❡✳ ❉❡✜♥❡ ω×✱ ω = [ω1, ω2, ω3]
T ✱ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣

s❦❡✇✲s②♠♠❡tr✐❝ ♠❛tr✐①✿

ω× ≡

















0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

















✭✶✮

❚❤❡ ❊✉❧❡r ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❞❡s❝r✐❜✐♥❣ t❤❡ s♣❛❝❡❝r❛❢t ♠♦t✐♦♥ ✐♥ t❤❡ ❜♦❞②✲✜①❡❞ r❡❢❡r❡♥❝❡ ❢r❛♠❡

❝❛♥ t❤❡♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❬✾✱ ✶✵❪✿

Jω̇ = −ω×Jω + τ ✭✷✮

✇❤❡r❡ J ∈ R
3×3 ❞❡♥♦t❡s t❤❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ s②♠♠❡tr✐❝ ✐♥❡rt✐❛ t❡♥s♦r ♦❢ t❤❡ s♣❛❝❡❝r❛❢t❀ ω =

[ω1, ω2, ω3]
T ❞❡♥♦t❡s t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ✈❡❝t♦r ♦❢ t❤❡ s♣❛❝❡❝r❛❢t ♠♦❞❡❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧♦❝❛❧

r❡❢❡r❡♥❝❡ ❢r❛♠❡ Ā ❛♥❞ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❜♦❞②✲✜①❡❞ ❢r❛♠❡ B̄❀ ❛♥❞ τ = [τ1, τ2, τ3]
T ❞❡♥♦t❡s t❤❡ ❝♦♥tr♦❧

t♦rq✉❡ ✐♥♣✉t ✈❡❝t♦r✳

❚❤❡ ❛tt✐t✉❞❡ ❦✐♥❡♠❛t✐❝s ♦❢ t❤❡ s♣❛❝❡❝r❛❢t ✐s ♣❛r❛♠❡t❡r✐s❡❞ ✉s✐♥❣ q✉❛t❡r♥✐♦♥s✿

2q̇ = q4ω − ω×q ✭✸✮

2q̇4 = −ωT q ✭✹✮

✇❤❡r❡ q̄ = (q, q4) ∈ R
3 × R ✇✐t❤ q = [q1, q2, q3]

T ❞❡♥♦t❡s t❤❡ ✉♥✐t q✉❛t❡r♥✐♦♥ r❡♣r❡s❡♥t✐♥❣ t❤❡

❛tt✐t✉❞❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ✐❞❡❛❧ ♠♦❞❡❧ ✐♥ t❤❡ ❜♦❞②✲✜①❡❞ ❢r❛♠❡ B̄ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥❡rt✐❛❧ ❢r❛♠❡

Ā✱ ✇❤✐❝❤ ❛r❡ s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥t

qT q + q2
4
= 1 ✭✺✮

✹



ω× ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ t❤❡ r♦t❛t✐♦♥ ❣r♦✉♣ ❙❖✭✸✮ ✇❤♦s❡ ▲✐❡ ❜r❛❝❦❡t ✐s ❞❡✜♥❡❞ ❜②

[X,Y ] = XY − Y X✳ ❚❤❡ ▲✐❡ ❛❧❣❡❜r❛ so(3) ✐s ✐s♦♠♦r♣❤✐❝ t♦ R
3 ❬✶✶❪✳ ❆ r♦t❛t✐♦♥ ♠❛tr✐① ❝❛♥ t❤❡♥ ❜❡

r❡tr✐❡✈❡❞ ❢r♦♠ q̄ ❛s✿

R(q̄) = (q2
4
− qT q)I3×3 + 2qqT − 2q4q

× ✭✻✮

✇❤❡r❡ I3×3 ✐s ❛ 3× 3 ✐❞❡♥t✐t② ♠❛tr✐①✳

■♥ t❤✐s ♣❛♣❡r✱ ❛♥ ✐❞❡❛❧✐③❡❞ s②st❡♠ ✉♥❞❡r ♥♦r♠❛❧ ♦♣❡r❛t✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s s❡t✳ ■❢ t❤❡ ❛❞❛♣t✐✈❡

❝♦♥tr♦❧ ❧♦❣✐❝ ❞❡t❡❝ts ❛♥② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✐❞❡❛❧ ♠♦❞❡❧ ♦❢ t❤❡ s②st❡♠ st❛t❡ ✉♥❞❡r ❝♦♥tr♦❧ ❛♥❞

t❤❡ ❛❝t✉❛❧ st❛t❡ ♦❢ t❤❡ s②st❡♠✱ ❛ ❢❛✉❧t ✐s ✐❞❡♥t✐✜❡❞✳ ❚❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ♦❢ t❤❡ ✐❞❡❛❧ r❡❢❡r❡♥❝❡

s②st❡♠ ✐s ω̂ = [ω̂1, ω̂2, ω̂3]
T ✳ ❚❤❡ ✉♥✐t q✉❛t❡r♥✐♦♥ ♦❢ t❤❡ ✐❞❡❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ✐s ˆ̄q = [q̂, q̂4] ✇✐t❤

q̂ = [q̂1, q̂2, q̂3]
T ❛♥❞ t❤❡ ❝♦♥tr♦❧ t♦rq✉❡ ♦❢ t❤❡ ✐❞❡❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ✐s τ̂ = [τ̂1, τ̂2, τ̂3]

❚❤❡ ❞②♥❛♠✐❝ ❛♥❞ ❦✐♥❡♠❛t✐❝s ♦❢ t❤❡ ✐❞❡❛❧ r❡❢❡r❡♥❝❡ ♠♦❞❡❧ ✐s✿

J ˙̂ω = −ω̂×Jω̂ + τ̂ ✭✼✮

2 ˙̂q = q̂4ω̂ − ω̂×q̂ ✭✽✮

2 ˙̂q4 = −ω̂T q̂ ✭✾✮

✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥ r♦t❛t✐♦♥ ♠❛tr✐① ❢♦r♠ ❛s Ṙ(ˆ̄q) = R(ˆ̄q)ω̂×

■♥ t❤❡ ❛❝t✉❛❧ s♣❛❝❡❝r❛❢t s②st❡♠✱ t❤❡ ❝♦♥tr♦❧ ♦❜❥❡❝t✐✈❡ ✐s t♦ tr❛❝❦ t❤❡ ✐❞❡❛❧ ♠♦❞❡❧ ✇✐t❤ t❤❡ ❛♥❣✉❧❛r

✈❡❧♦❝✐t② ✈❡❝t♦r ω̂ ❛♥❞ t❤❡ q✉❛t❡r♥✐♦♥ ˆ̄q✳ ❚❤❡ q✉❛t❡r♥✐♦♥ ❡rr♦r ✐s t❤✉s ❞❡✜♥❡❞ ❛s

























eq1

eq2

eq3

eq4

























=

























q̂4 q̂3 −q̂2 −q̂1

−q̂3 q̂4 q̂1 −q̂2

q̂2 −q̂1 q̂4 −q̂3

q̂1 q̂2 q̂3 q̂4

















































q1

q2

q3

q4

























✭✶✵✮

✇❤❡r❡ ēq = [eq, eq4]
T ❛♥❞ eq = [eq1, eq2, eq3]

T ❞❡♥♦t❡s t❤❡ q✉❛t❡r♥✐♦♥ ❡rr♦r✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

R(ēq) = R(ˆ̄q)TR(q̄) t❤❡♥

Ṙ(ēq) = Ṙ(ˆ̄q)TR(q̄) +R(ˆ̄q)T Ṙ(q̄) ✭✶✶✮

✺



✇❤✐❝❤ s✐♠♣❧✐❢②s t♦

Ṙ(ēq) = R(ēq)(ω
× −R(ēq)

−1ω̂×R(ēq)) ✭✶✷✮

❉❡✜♥✐♥❣ t❤❡ r❡❧❛t✐✈❡ ✈❡❧♦❝✐t② ❛s e×ω = ω× − R(ēq)
−1ω̂×R(ēq)✱ t❤❡ ❡q✉❛t✐♦♥ ✭✶✷✮ ❝♦♠❡s t♦ Ṙ(ēq) =

R(ēq)e
×

ω ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ q✉❛t❡r♥✐♦♥ ❢♦r♠ ❛s

2ėq = eq4eω − e×ω eq2ėq4 = −eTωeq ✭✶✸✮

✇❤❡r❡ eω = ω −R(ēq)
T ω̂✳

■■■✳ ❆❞❛♣t✐✈❡ ❋❛✉❧t✲❚♦❧❡r❛♥t ❈♦♥tr♦❧ ▲♦❣✐❝

■♥ t❤✐s s❡❝t✐♦♥ ❛♥ ❛❞❛♣t✐✈❡ ❢❛✉❧t✲t♦❧❡r❛♥t ❝♦♥tr♦❧ ❧♦❣✐❝ ✐s ♣r❡s❡♥t❡❞ ✇❤✐❝❤ ✐s r♦❜✉st t♦ ❛❝t✉❛t♦r

❢❛✉❧ts✳ ❚❤❡ ❛❝t✉❛t♦r ❣❛✐♥ ❢❛✉❧t ❛♥❞ ❞❡✈✐❛t✐♦♥ ❢❛✉❧t ✐s ❝♦♥s✐❞❡r❡❞✳ ❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts ❛♥ ❛❞❛♣t✐✈❡

❢❛✉❧t✲t♦❧❡r❛♥t ❝♦♥tr♦❧ ❧♦❣✐❝ t❤❛t ✐♥❝♦r♣♦r❛t❡s ❛❝t✉❛t♦r ❢❛✉❧ts ❛♥❞ ✉♥❝❡rt❛✐♥t✐❡s✳

❆✳ ❆❞❛♣t✐✈❡ ❈♦♥tr♦❧ ▲♦❣✐❝ ❛♥❞ ❙t❛❜✐❧✐t② Pr♦♦❢

❚❤❡ ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ ❧♦❣✐❝ ♦❢ t❤❡ ❛❝t✉❛❧ s♣❛❝❡❝r❛❢t s②st❡♠ ✐s st❛t❡❞ ❛s

τ = ω×Jω − Ω̂− θ̄eω − δ̄eq4eq ✭✶✹✮

✇❤❡r❡ Ω̂ = Je×ωR(ēq)
T ω̂ + JR(ēq)

TJ−1(ω̂×Jω̂ − τ̂)✳

❚❤✐s ♣❛♣❡r s❤♦✇s t❤❛t t❤✐s ❝♦♥tr♦❧❧❡r ✐s r♦❜✉st t♦ ❝❡rt❛✐♥ ❢❛✉❧ts t❤r♦✉❣❤ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♦❢ ❛♥❞

♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❜❡❢♦r❡ ♣r♦❝❡❡❞✐♥❣ t♦ ❛❞❞r❡ss t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ❛♥❞ s✐♠✉❧❛t✐♦♥

✇❡ ♣r♦✈✐❞❡ s♦♠❡ ✐♥t✉✐t✐♦♥ ✐♥t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ♣❛r❛♠❡t❡rs θ̄ ❛♥❞ δ̄✳

˙̄θ = kθ < eω, eω >R3 ✭✶✺✮

˙̄δ = −kδ < eq, eq >R3 ✭✶✻✮

✇❤❡r❡ kθ > 0 ❛♥❞ kδ ≥ 0✳ ❚❤❡ ❛❞❛♣t✐✈❡ ♣❛r❛♠❡t❡rs θ̄ ❛♥❞ δ̄ ❛r❡ ♣♦s✐t✐✈❡ ❛♥❞ ❛r❡ ✇r✐tt❡♥ ❛s

θ̄ =
∫ ˙̄θ dt + θ̄(0) ❛♥❞ δ̄ =

∫ ˙̄δ dt + δ̄(0)✱ ✇❤❡r❡ θ̄(0) > 0 ❛♥❞ δ̄(0) > 0✳ ❚❤❡ ❝♦♥tr♦❧ ❧❛✇ ✐s ✐♥✐t✐❛❧❧②

❞❡s✐❣♥❡❞ ✇✐t❤ t❤❡s❡ ❛❞❛♣t✐✈❡ ♣❛r❛♠❡t❡rs t♦ tr❛❝❦ t❤❡ ✐❞❡❛❧ s②st❡♠✳

✻



❚❤❡♦r❡♠ ✶ ▲❡t eωd = [0, 0, 0]T , eqd = [0, 0, 0, 1]T ❜❡ t❤❡ ❞❡s✐r❡❞ ❛tt✐t✉❞❡ ♦❢ t❤❡ s②st❡♠✳ ❋♦r

❛♥② tr❛❝❦✐♥❣ ❡rr♦r (eω, eq) ♦❢ t❤❡ s♣❛❝❡❝r❛❢t s②st❡♠ ✇✐t❤♦✉t ❛❝t✉❛t♦r ❢❛✉❧ts ✭✷✮ ✇✐t❤ t❤❡ ❝♦♥tr♦❧ ✭✶✹✮✳

❚❤❡♥ t❤❡ tr❛❝❦✐♥❣ ❡rr♦r eω → eωd✱ eq → eqd ❛s t → ∞✳

Pr♦♦❢✿ ❉❡✜♥❡ ❛ ❣❡♥❡r❛❧ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ ❛s

V ≡
1

2
< Jeω, eω >R3 +δ̄ < eq, eq >R3 +

1

2kθ
(

∫

˙̄θ dt)2 ✭✶✼✮

❚❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤✐s ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②✿

V̇ =< Jeω, ω̇ − Ṙ(ēq)
T ω̂ −R(ēq)

T ˙̂ω >R3 +2δ̄ < eq, ėq >R3 + ˙̄δ < eq, eq >R3 +
1

kθ
(

∫

˙̄θ dt) ˙̄θ ✭✶✽✮

t❤❡♥ s✉❜st✐t✉t✐♥❣ ❡q✉❛t✐♦♥ ✭✷✮✱ ✭✼✮✱✭✶✺✮ ❛♥❞ ✭✶✻✮ ✐♥t♦ ❡q✉❛t✐♦♥ ✭✶✽✮ ❣✐✈❡s✿

V̇ = < eω,−ω×Jω + τ + Je×ωR(ēq)
T ω̂ + JR(ēq)

TJ−1(ω̂×Jω̂ − τ̂) >R3 +δ̄ < eq, eq4eω −

e×ω eq >R3 −kδ < eq, eq >2

R3 +(

∫

˙̄θ dt) < eω, eω >R3

✭✶✾✮

t❛❦❡ Ω̂ = Je×ωR(ēq)
T ω̂+ JR(ēq)

TJ−1(ω̂×Jω̂− τ̂)✱ ❛♥❞ s✐♥❝❡ < eq,−e×ω eq >R3= 0✱ t❤❡ ❡q✉❛t✐♦♥ ✭✶✾✮

s✐♠♣❧✐✜❡s t♦

V̇ =< eω,−ω×Jω + τ + Ω̂ + δ̄eq4eq + (

∫

˙̄θ dt)eω >R3 −kδ < eq, eq >2

R3 ✭✷✵✮

s❡tt✐♥❣ t❤❡ ❝♦♥tr♦❧ ❧❛✇ t♦ ❡q✉❛t✐♦♥ ✭✶✹✮ ❣✐✈❡s✿

V̇ = −θ̄(0) < eω, eω >R3 −kδ < eq, eq >2

R3≤ 0 ✭✷✶✮

❚❤✉s✱ t❤❡ r❡s✉❧t ❛s st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✶ ✐s ❡st❛❜❧✐s❤❡❞✳

❇✳ ❆❝t✉❛t♦r ❋❛✉❧t ▼♦❞❡s

❚✇♦ ♠❛✐♥ ❦✐♥❞s ♦❢ ❛❝t✉❛t♦r ❢❛✉❧t ❢♦r s♣❛❝❡❝r❛❢t ❛r❡ ❛ ❣❛✐♥ ❢❛✉❧t ❛♥❞ ❛ ❞❡✈✐❛t✐♦♥ ❢❛✉❧t✳ ❚❤❡

❛❝t✉❛t♦r ❢❛✉❧t ❝❤❛♥❣❡s t❤❡ ❝♦♥tr♦❧ t♦rq✉❡ ♦❢ t❤❡ s♣❛❝❡❝r❛❢t ♠♦❞❡❧✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②✿

τ = Fgu+ Fd ✭✷✷✮

✇❤❡r❡ u = [u1, u2, u3]
T ❞❡♥♦t❡s t❤❡ ❞❡s✐r❡❞ ❝♦♥tr♦❧ t♦rq✉❡✱ Fg ∈ R

3×3 ✐s t❤❡ ❣❛✐♥ ❢❛✉❧t ♠❛tr✐①

r❡♣r❡s❡♥t✐♥❣ ❛ ❣❛✐♥ ❢❛✉❧t ❛♥❞ Fd = [d1, d2, d3]
T ✐s t❤❡ ❞❡✈✐❛t✐♦♥ ❢❛✉❧t ♠❛tr✐① r❡♣r❡s❡♥t✐♥❣ ❛ ❞❡✈✐❛t✐♦♥

✼



❢❛✉❧t✳ ❙♦ ❢♦r t❤❡ ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ ❧♦❣✐❝ ✭✶✹✮✳ ❚❤❡ ❣❛✐♥ ♠❛tr✐① ✐s ❡①♣r❡ss❡❞ ❛s ❬✹❪✱

Fg =

















g1 0 0

0 g2 0

0 0 g3

















✭✷✸✮

t❤❡ ✏❣❛✐♥ ❢❛✉❧t ✐♥❞✐❝❛t♦r✑ 0 ≤ gi ≤ 1 ❝❛♥ ❜❡ ❝♦♥t✐♥✉♦✉s t✐♠❡✲✈❛r②✐♥❣ ♦r st♦❝❤❛st✐❝ ✇❤❡r❡ ❛ st♦❝❤❛st✐❝

❡❧❡♠❡♥t ✇♦✉❧❞ r❡♣r❡s❡♥t ✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ ❛❝t✉❛t♦r ❢❛✉❧t✳ ❚❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ gi = 1 ✐♠♣❧✐❡s t❤❛t

t❤❡ ❛❝t✉❛t♦r ✐s ♥♦t ✐♥ ❛ ❣❛✐♥ ❢❛✉❧t ♠♦❞❡❀ gi = 0 ✐s t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ it❤ ❛❝t✉❛t♦r ✐s ✐♥ ❛ st✉❝❦

❢❛✉❧t ♠♦❞❡❀ ❛♥❞ 0 < gi < 1 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ it❤ ❛❝t✉❛t♦r ♣❛rt✐❛❧❧② ❧♦s❡s ♣♦✇❡r

✭❣❛✐♥ ❢❛✉❧t ♠♦❞❡✮✳

❋♦r t❤❡ ❞❡✈✐❛t✐♦♥ ❢❛✉❧t ♠❛tr✐①✱ di ✐s t❤❡ ✏❞❡✈✐❛t✐♦♥ ❢❛✉❧t ✐♥❞✐❝❛t♦r✑ ❢♦r t❤❡ it❤ t❤r✉st❡r✱ ✇❤✐❝❤

✐s ❛❧s♦ ✉♥❝❡rt❛✐♥✳ ❚❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ di = 0 ✐♠♣❧✐❡s t❤❛t t❤❡ it❤ ❛❝t✉❛t♦r ✐s ♥♦t ✐♥ ❞❡✈✐❛t✐♦♥ ❢❛✉❧t

♠♦❞❡✳

■t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❣❛✐♥ ♠❛tr✐① r❡❧❛t❡❞ t♦ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ❡rr♦r

❣r❡❛t❧② ✐♠♣r♦✈❡s t❤❡ ❝♦♥tr♦❧ ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♥ ❛❝t✉❛t♦r ❢❛✉❧t ❬✶✷❪✳ ❲❤❡♥ t❤❡r❡ ✐s

❛♥ ❛❝t✉❛t♦r ❢❛✉❧t✱ t❤❡ ❣❛✐♥ ♦♥ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ❡rr♦r ✇✐❧❧ ✐♥❝r❡❛s❡ t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ ✐♥❝r❡❛s❡

✐♥ ❡rr♦r✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ ❛❝t✉❛t♦rs ❛r❡ ♦♣❡r❛t✐♥❣ ❝❧♦s❡ t♦ t❤❡✐r ♠❛①✐♠✉♠ t♦rq✉❡✱ t❤❡ ✐♥❝r❡❛s❡

✐♥ t❤❡ ❣❛✐♥ ♣❛r❛♠❡t❡r ❝♦✉❧❞ ♣✉s❤ t❤❡ ❞❡s✐r❡❞ t♦rq✉❡ ❜❡②♦♥❞ t❤❡ ♣❤②s✐❝❛❧ ❝❛♣❛❜✐❧✐t② ♦❢ t❤❡ ❛❝t✉❛t♦r✳

❚❤❡r❡❢♦r❡✱ t♦ ♦✛s❡t t❤✐s ✐♥❝r❡❛s❡ ✐♥ t♦rq✉❡ t❤❡ ❣❛✐♥ r❡❧❛t❡❞ t♦ t❤❡ q✉❛t❡r♥✐♦♥ ❡rr♦r ❝♦✉❧❞ ❜❡ r❡❞✉❝❡❞✳

❚❤✐s ❛♣♣r♦❛❝❤✱ t❤❡r❡❢♦r❡✱ ♣❧❛❝❡s ❛ ❣r❡❛t❡r ✇❡✐❣❤t ♦♥ tr❛❝❦✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② r❡❧❛t✐✈❡

t♦ t❤❡ r❡❢❡r❡♥❝❡ q✉❛t❡r♥✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♥ ❛❝t✉❛t♦r ❢❛✉❧t✳ ❚❤❡ ❝♦♥tr♦❧ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r

✐s ❜❛s❡❞ ♦♥ t❤✐s r❡❛s♦♥✐♥❣ ❛♥❞ ✐s ❛❧s♦ s❤♦✇♥ t♦ ❣✉❛r❛♥t❡❡ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛

❣❛✐♥ ❛♥❞ st✉❝❦ ❢❛✉❧t ✉s✐♥❣ ❛ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ ❧❛t❡r ✐♥ t❤❡ ♣❛♣❡r✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ✐♥❢♦r♠❡❞ ❜②

t❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② r❡❧❛t✐✈❡ ❡rr♦r ✐s ♠♦r❡ s❡♥s✐t✐✈❡ t♦ ❛❝t✉❛t♦r ❢❛✉❧ts t❤❛♥ t❤❡

q✉❛t❡r♥✐♦♥ r❡❧❛t✐✈❡ ❡rr♦r✳ ❚♦ ✐❧❧✉str❛t❡ t❤✐s ♣♦✐♥t ✇❡ s✐♠✉❧❛t❡ t✇♦ ✐❞❡♥t✐❝❛❧ s♣❛❝❡❝r❛❢t t♦ ♣❡r❢♦r♠ ❛

t②♣✐❝❛❧ s❧❡✇ ♠❛♥❡✉✈❡r ✉s✐♥❣ ❛ q✉❛t❡r♥✐♦♥ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧❧❡r ♦❢ t❤❡ ❢♦r♠ ❬✾❪✳ ❚❤❡ ✜rst s♣❛❝❡❝r❛❢t

❝♦♥s✐❞❡r❡❞ ✭❙♣❛❝❡❝r❛❢t ✶✮ ✐s ❛ss✉♠❡❞ t♦ ❡①♣❡r✐❡♥❝❡ ♥♦ ❢❛✉❧ts ❛♥❞ ✇❡ ❞❡✜♥❡ ✐ts ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ❛s

ωo ❛♥❞ ✐ts q✉❛t❡r♥✐♦♥ ❛s qo✳ ❆ s❡❝♦♥❞ s♣❛❝❡❝r❛❢t ✭❙♣❛❝❡❝r❛❢t ✷✮ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❤❛✈❡ ❛ ❣❛✐♥ ❢❛✉❧t

❞❡s❝r✐❜❡❞ ❜② ❡q✉❛t✐♦♥ ✭✷✹✮ ❛❧♦♥❣ ✇✐t❤ ❛ ❞❡✈✐❛t✐♦♥ ❢❛✉❧t ❞❡s❝r✐❜❡❞ ❜② ✭✷✺✮✳ ❚❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ♦❢

✽



❚❛❜❧❡ ✶ ❚❤❡ ✐♠♣❛❝t ♦❢ ❛❝t✉❛t♦r ❢❛✉❧t t♦ r❡❧❛t✐✈❡ ❡rr♦rs

ω(0) q(0) ω̄error q̄error

[0, 0, 0] [0.5, 0.5, 0.5, 0.5] ✷✳✷✸✽✶ 5.6276× 10−6

[0, 0, 0] [0, 0, 0, 1] ✷✳✼✷✶✶ ✵✳✵✶✷✾

[1, 1, 1] [0.5, 0.5, 0.5, 0.5] ✸✳✽✽✵✵✺ ✵✳✵✷✹✵

[1, 1, 1] [0, 0, 0, 1] ✸✳✵✸✾✸ ✵✳✵✶✷✵

❙♣❛❝❡❝r❛❢t ✷ ✐s ❞❡♥♦t❡❞ ❛s ωf ❛♥❞ ✐ts q✉❛t❡r♥✐♦♥ ❜② qf

gi = 0.3 + 0.1rand(t) + 0.2sin(500t+ iπ/3) ✭✷✹✮

d1 = 0.00001 ✭✷✺✮

❲❡ ❞❡✜♥❡ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ♦❢ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ❛s

ωerror =
‖ ωf − ωo ‖

‖ ωf ‖
✭✷✻✮

❛♥❞ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ♦❢ t❤❡ q✉❛t❡r♥✐♦♥ ❛s

qerror =
‖ qf − qo ‖

‖ qf ‖
✭✷✼✮

❚❛❜❧❡✳✶ s❤♦✇s t❤❡ ❛r✐t❤♠❡t✐❝ ♠❡❛♥ ♦❢ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ♦❢ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ❛♥❞ t❤❡ q✉❛t❡r♥✐♦♥

❢♦r ❛ ❢❡✇ ❡①❛♠♣❧❡s ♦❢ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ s♣❛❝❡❝r❛❢t ♠♦t✐♦♥✳ ■t s❤♦✇s ❝❧❡❛r❧② t❤❛t t❤❡

❛r✐t❤♠❡t✐❝ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ♦❢ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ω̄error ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ❛r✐t❤✲

♠❡t✐❝ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ♦❢ q✉❛t❡r♥✐♦♥ q̄error ✐♥ ❛❧❧ t❤❡ s✐t✉❛t✐♦♥s t❤❛t ❛r❡ ❝♦♥s✐❞❡r❡❞✳

❚❤❡r❡❢♦r❡✱ ✐t ✐s ✐♥t✉✐t✐✈❡ t♦ ✐♥❝r❡❛s❡ t❤❡ ❣❛✐♥ ♦♥ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ❡rr♦r r❡❧❛t✐✈❡ t♦ t❤❡ q✉❛t❡r♥✐♦♥

❡rr♦r ❞✉❡ t♦ t❤❡ ❣r❡❛t❡r ❡✛❡❝t ♦❢ ❛ ❢❛✉❧t ♦♥ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ♦❢ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ❛s s❤♦✇♥ ✐♥ t❤❡

❝♦♥tr♦❧ ❧♦❣✐❝ ✭✶✹✮✱ ✭✶✺✮✱ ✭✶✻✮✳

■❱✳ ❙✐♠✉❧❛t✐♦♥ ❙t✉❞②

❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✐s ✉s❡❞ t♦ ✈❡r✐❢② t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❝♦♥tr♦❧ s❝❤❡♠❡✳ ❲❡

t❛❦❡ t❤❡ ❈✉❜❡s❛t ❯❑✉❜❡✲✶ ❛s t❤❡ ♠♦❞❡❧ ✉s❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s ❬✶✸❪✱ ✇❤✐❝❤ ✇❡✐❣❤s ✹ ❦❣ ❛♥❞ ❤❛s

✾



❞✐♠❡♥s✐♦♥s 10× 10× 10 ❝♠✱ ✇✐t❤ t❤❡ ♠♦♠❡♥ts ♦❢ ✐♥❡rt✐❛

J =

















0.0109 0 0

0 0.0506 0

0 0 0.0509

















❚❤✐s t②♣❡ ♦❢ ♥❛♥♦✲s♣❛❝❡❝r❛❢t ❞♦❡s ♥♦t ✉♥❞❡r❣♦ t❤❡ r✐❣♦r♦✉s t❡st✐♥❣ ♦❢ ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ♠✉❧t✐✲t♦♥♥❡

s♣❛❝❡❝r❛❢t ❛♥❞ t❤✉s ✐s ♠♦r❡ s✉s❝❡♣t✐❜❧❡ t♦ ❢❛✉❧ts✳ ❚❤❡ r❡❛❧ ❯❑✉❜❡✲✶ ✐s ♥♦t ❡q✉✐♣♣❡❞ ✇✐t❤ r❡❛❝t✐♦♥

✇❤❡❡❧s❀ ♥❡✈❡rt❤❡❧❡ss✱ t❤✐s t②♣❡ ♦❢ ❛❝t✉❛t♦r ✭✸✲❛①✐s st❛❜✐❧✐③❛t✐♦♥✮ ✐s ✉s❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✳ ■♥ t❤✐s

♣❛♣❡r ✇❡ ✉s❡ ❧❛r❣❡ ♠❛❣♥✐t✉❞❡s ❢♦r t❤❡ ❛❝t✉❛t♦r ❢❛✉❧ts ❛s ✐t ❡♥❛❜❧❡s t❤❡ ❞❡♠♦♥str❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧

t♦ ❜❡ ✐❧❧✉str❛t❡❞ ♠♦st ❡✛❡❝t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ ✉s✐♥❣ t❤❡s❡ ❧❛r❣❡ ♠❛❣♥✐t✉❞❡s ❢♦r t❤❡ ❢❛✉❧ts ♠❡❛♥s t❤❛t

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡s✐r❡❞ t♦rq✉❡ ✐s ♦✉t✲✇✐t❤ t❤❡ ❝✉rr❡♥t ♥❛♥♦✲s♣❛❝❡❝r❛❢t r❡❛❝t✐♦♥ ✇❤❡❡❧ ❝❛♣❛❜✐❧✐t②✳

■♥ t❤✐s ♣❛♣❡r✱ ❛ s✐♠♣❧❡ q✉❛t❡r♥✐♦♥ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧❧❡r ❬✶✹❪ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣❡r❢♦r♠ ❛ s✐♠♣❧❡ s❧❡✇

♠❛♥❡✉✈❡r ❢♦r t❤❡ ✐❞❡❛❧ s②st❡♠✿

τ̂ = −σJω̂ − kJq̂e ✭✷✽✮

✇❤❡r❡ σ, k > 0 ❛r❡ s❝❛❧❛r ❝♦♥st❛♥ts✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❝♦✉♥t❡r t❤❡ ✉♥✇✐♥❞✐♥❣ ♣r♦❜❧❡♠ ❜②

✐♥tr♦❞✉❝✐♥❣ ❛ ❞✐s❝♦♥t✐♥✉✐t②✳ ❚❤❡ q✉❛t❡r♥✐♦♥ ❡rr♦r ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♠♦❞❡❧ ˆ̄qe = [q̂1e, q̂2e, q̂3e, q̂4e]
T

✐s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❝♦♠♠❛♥❞❡❞ ❛tt✐t✉❞❡ q✉❛t❡r♥✐♦♥ ˆ̄qc = [q̂1c, q̂2c, q̂3c, q̂4c]
T ❛♥❞ t❤❡ ❝✉rr❡♥t

q✉❛t❡r♥✐♦♥ ˆ̄q ❛s ❡q✉❛t✐♦♥ ✭✶✵✮✳ ■♥ t❤✐s ♣❛♣❡r✱ t❤❡ s✐♠✉❧❛t✐♦♥ ✐s t❛❦❡♥ ✇✐t❤ ❛ s✐♠♣❧❡ ❜❛s❡❧✐♥❡ ♠❛♥❡✉✈❡r

✇❤✐❝❤ ✐s ♣❧❛♥♥❡❞ r❡st✲t♦✲r❡st ❢r♦♠ q̂c(0) = [0, 0, 0, 1]T t♦ q̂c(Tf ) = [0.5, 0.5, 0.5, 0.5]T ✳ ❚❤❡ ✐♥✐t✐❛❧

✈❛❧✉❡ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❝♦♥tr♦❧ ❧♦❣✐❝ ✭✶✹✮ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛s t❤❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡

✐❞❡❛❧ r❡❢❡r❡♥❝❡ ♠♦❞❡❧ ✭✷✽✮ s✉❝❤ t❤❛t θ̄(0) = σ ❛♥❞ δ̄(0) = k✳

❆✳ ❙✐♠✉❧❛t✐♦♥ ✇✐t❤ ❛ ●❛✐♥ ❋❛✉❧t

■♥ ❣❡♥❡r❛❧ t❤✐s ❢❛✉❧t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❢♦r♠ gi = α + βrand(t) + ǫsin(γt + iπ/3) ✇✐t❤ α

❛s ❛ ♠❡❛♥ ✈❛❧✉❡❀ rand(t) ❛ r❛♥❞♦♠ ♥✉♠❜❡r ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✱ ❛♥❞ sin(γt + iπ/3) ✐s t✐♠❡✲✈❛r②✐♥❣✳

❚❤✐s ❣❡♥❡r❛❧ ❢♦r♠ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡♠♦♥str❛t❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❢❛✉❧ts t❤❛t ❛r❡ s❡❝✉❧❛r✱ ♣❡r✐♦❞✐❝ ❛♥❞

st♦❝❤❛st✐❝✳ ■♥ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥✱ t❤❡ r❛♥❞♦♠ ♣❛rt ✐s ♥♦t ❝♦♥s✐❞❡r❡❞✱ ✇✐t❤ t❤❡ ✐♥❞✐❝❛t♦r

gi s❡t ❛s

gi = 0.1 + 0.1sin(0.1t+ iπ/3) (i = 1, 2, 3) ✭✷✾✮
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◆♦t❡ t❤❛t✱ t♦ s❤♦✇ t❤❡ ❢❛✉❧t ❝❧❡❛r❧②✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❢❛✉❧t ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ ✐♥ t❤✐s s❡❝t✐♦♥ ✐s ♠✉❝❤

❤✐❣❤❡r t❤❛♥ ✇♦✉❧❞ ✉s✉❛❧❧② ♦❝❝✉r ✐♥ t❤❡ r❡❛❧ s②st❡♠✳ ❚❤❡ ❢❛✉❧t ✐♥❞✐❝❛t♦r gi ∈ [0, 1] ✐♠♣❧✐❡s t❤❛t t❤❡

❛❝t✉❛t♦r ✐s ♦♣❡r❛t✐♥❣ ♥❡❛r t♦ ♣❡r❢❡❝t ✐❢ gi ✐s ♥❡❛r t♦ ✶✳ ■♥ t❤✐s s✐♠✉❧❛t✐♦♥✱ gi ✐s ✈❛r✐❡❞ ❢r♦♠ ✵ t♦ ✵✳✷✱

✇❤✐❝❤ ♠❡❛♥s t❤❡ ❛❝t✉❛t♦r ❡①♣❡r✐❡♥❝❡s ❛ ✈❡r② ❧❛r❣❡ ❣❛✐♥ ❢❛✉❧t✳
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❋✐❣✳ ✸ ❈♦♥tr♦❧ t♦rq✉❡
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❋✐❣✳ ✹ ❆❞❛♣t✐✈❡ P❛r❛♠❡t❡rs

❚❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ❢❛✉❧t✲t♦❧❡r❛♥t ❝♦♥tr♦❧ ♠❡t❤♦❞ ❛♥❞ t❤❡ tr❛❞✐t✐♦♥❛❧ q✉❛t❡r♥✐♦♥

❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♠❡t❤♦❞ ❛r❡ s❡♣❛r❛t❡❧② s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✳ ❚❤❡ q✉❛t❡r♥✐♦♥ tr❛❝❦✐♥❣ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳

✷✳ ❋✐❣✳ ✸ s❤♦✇s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥tr♦❧ t♦rq✉❡ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ❛♥❞ tr❛❞✐t✐♦♥❛❧ ❝♦♥tr♦❧ ♠❡t❤♦❞
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❛♥❞ ❋✐❣✳ ✹ s❤♦✇s t❤❡ ❛❞❛♣t✐✈❡ ♣❛r❛♠❡t❡rs θ̄ ❛♥❞ δ̄ ❛❣❛✐♥st t✐♠❡✱ ✇❤❡r❡ kθ = 107 ❛♥❞ kδ = 5 × 103

✐s t✉♥❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② ❢♦r ❜❡st ♣❡r❢♦r♠❛♥❝❡✳ ❚❤❡ tr❛❞✐t✐♦♥❛❧ ❝♦♥tr♦❧ ♠❡t❤♦❞ ❢❛✐❧s t♦ ♣❡r❢♦r♠ t❤❡

r❡q✉✐r❡❞ ♠♦t✐♦♥ ✇❤❡r❡❛s t❤❡ ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ ♣❡r❢♦r♠s t❤❡ ♠❛♥❡✉✈❡r✳

❇✳ ❙✐♠✉❧❛t✐♦♥ ✇✐t❤ ❉❡✈✐❛t✐♦♥ ❋❛✉❧t

❚♦ ✐❧❧✉str❛t❡ t❤❡ ♥❛t✉r❡ ♦❢ ❞❡✈✐❛t✐♦♥ ❢❛✉❧t✱ ✇❡ s❡t

d1 =















0 t ≤ 50s

0.01 t ≥ 50s
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❋✐❣✳ ✺ ❆♥❣✉❧❛r ✈❡❧♦❝✐t②

❚❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ♦❢ t❤❡ s♣❛❝❡❝r❛❢t ✉s✐♥❣ t❤❡ ❛❞❛♣t✐✈❡ ❢❛✉❧t✲t♦❧❡r❛♥t ❝♦♥tr♦❧ ❛♥❞ t❤❡ tr❛❞✐✲

t✐♦♥❛❧ q✉❛t❡r♥✐♦♥ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ❛r❡ s❡♣❛r❛t❡❧② s❤♦✇♥ ✐♥ ❋✐❣✳ ✺ ❛♥❞ t❤❡ q✉❛t❡r♥✐♦♥ tr❛❝❦✐♥❣ ✐♥

❋✐❣✳ ✻✳ ❋✐❣✳ ✼ ✐❧❧✉str❛t❡s t❤❡ ❝♦♥tr♦❧ t♦rq✉❡ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ❛♥❞ tr❛❞✐t✐♦♥❛❧ ❝♦♥tr♦❧✳ ❋✐❣✳ ✽ s❤♦✇s

❤♦✇ ❛❞❛♣t✐✈❡ ♣❛r❛♠❡t❡r ❝❤❛♥❣❡s✱ ✇❤❡r❡ kθ = 103 ❛♥❞ kδ = 500✳ ❋r♦♠ t❤❡s❡ ✜❣✉r❡s✱ ✇❡ ❝❛♥ s❡❡

t❤❛t ✇❤❡♥ t❤❡ ❛❝t✉❛t♦r ❞❡✈✐❛t✐♦♥ ❢❛✉❧t ♦❝❝✉rs ❛t 50s✱ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ♦♥ ❜♦t❤ ❝♦♥tr♦❧ ♠❡t❤✲

♦❞s ✐♠♠❡❞✐❛t❡❧② ❞❡✈✐❛t❡✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ ♠❡t❤♦❞✱ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② q✉✐❝❦❧②

r❡s♣♦♥❞s ❛♥❞ ♠♦✈❡s ❜❛❝❦ t♦ t❤❡ ❞❡s✐r❡❞ r❡❢❡r❡♥❝❡ ✇❤✐❧❡ t❤❡ tr❛❞✐t✐♦♥❛❧ ❝♦♥tr♦❧ ♠❡t❤♦❞ ❝♦♠♣❧❡t❡❧②

❧♦s❡s ❝♦♥tr♦❧✳ ❋✐❣✳ ✻ s❤♦✇s t❤❛t t❤❡ tr❛❞✐t✐♦♥❛❧ ❝♦♥tr♦❧ ♠❡t❤♦❞ ❝♦✉❧❞ ♥♦t ❝♦♥tr♦❧ t❤❡ q✉❛t❡r♥✐♦♥✳
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❋✐❣✳ ✼ ❈♦♥tr♦❧ t♦rq✉❡

❈✳ ❙✐♠✉❧❛t✐♦♥ ✇✐t❤ ❈♦♠❜✐♥❡❞ ❆❝t✉❛t♦r ❋❛✉❧ts

❚♦ s❤♦✇ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ ♠❡t❤♦❞ ✐♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❛❝t✉❛t♦r ❢❛✉❧ts✱ ❜♦t❤ ❛

❣❛✐♥ ❢❛✉❧t ❛♥❞ ❛ ❞❡✈✐❛t✐♦♥ ❢❛✉❧t ❛r❡ s✐♠✉❧❛t❡❞✳ ❲✐t❤ t❤❡ ❣❛✐♥ ❢❛✉❧t ❛s

gi = 0.7 + 0.15rand(t) + 0.1sin(0.1t+ iπ/3) (i = 1, 2, 3) ✭✸✶✮
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✇❤❡r❡ rand(t) ✐s ❛ r❛♥❞♦♠ ♥✉♠❜❡r ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✳ ❚❤❡ ❞❡✈✐❛t✐♦♥ ❢❛✉❧t ✐s

d1 =















0 t ≤ 50s

0.005 t ≥ 50s
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❚❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ❢❛✉❧t✲t♦❧❡r❛♥t ❝♦♥tr♦❧ ♠❡t❤♦❞ ❛♥❞ t❤❡ tr❛❞✐t✐♦♥❛❧ q✉❛t❡r♥✐♦♥

❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♠❡t❤♦❞ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✾✳ ❚❤❡ q✉❛t❡r♥✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✵✳ ❋✐❣✳ ✶✶

✐❧❧✉str❛t❡s t❤❡ ❝♦♥tr♦❧ t♦rq✉❡ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ ♠❡t❤♦❞ ❛♥❞ t❤❡ tr❛❞✐t✐♦♥❛❧ ❝♦♥tr♦❧ ♠❡t❤♦❞✱

r❡s♣❡❝t✐✈❡❧②✳ ❋✐❣✳ ✶✷ s❤♦✇s t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ t✇♦ ❛❞❛♣t✐✈❡ ♣❛r❛♠❡t❡rs θ̄ ❛♥❞ δ̄✱ ✐♥ t❤✐s s✐♠✉❧❛t✐♦♥
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❋✐❣✳ ✶✷ ❆❞❛♣t✐✈❡ P❛r❛♠❡t❡rs

kθ = 107 ❛♥❞ kδ = 3 × 103✳ ❋r♦♠ t❤❡s❡ ✜❣✉r❡s✱ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ tr❛❞✐t✐♦♥❛❧ q✉❛t❡r♥✐♦♥ ❝♦♥tr♦❧

❧❛✇✱ t❤❡ ❛❞❛♣t✐✈❡ ❢❛✉❧t✲t♦❧❡r❛♥t ❝♦♥tr♦❧ ❧❛✇ ❞❡♠♦♥str❛t❡s ❛ ❣♦♦❞ ❝♦♥tr♦❧ ♣❡r❢♦r♠❛♥❝❡ r❡❧❛t✐✈❡ t♦ t❤❡

❝♦♥✈❡♥t✐♦♥❛❧ ❝♦♥tr♦❧❧❡r ✭✷✽✮ ❛♥❞ r❡❛❝❤❡s t❤❡ ❞❡s✐r❡❞ st❛t❡✳

❱✳ ❈♦♥❝❧✉s✐♦♥

❚✇♦ ❦✐♥❞s ♦❢ s♣❛❝❡❝r❛❢t ❛❝t✉❛t♦r ❢❛✐❧✉r❡s ✇❡r❡ ❝♦♥s✐❞❡r❡❞✿ ❛ ❣❛✐♥ ❢❛✉❧t✱ ❛♥❞ ❛ ❞❡✈✐❛t✐♦♥ ❢❛✉❧t✳

❆♥ ❛❞❛♣t✐✈❡ ❢❛✉❧t✲t♦❧❡r❛♥t ❝♦♥tr♦❧ ♠❡t❤♦❞ ✐s ♣r♦♣♦s❡❞ ❢♦r t❤❡ s♣❛❝❡❝r❛❢t ❡①♣❡r✐❡♥❝✐♥❣ t❤❡s❡ ❛❝t✉❛t♦r

❢❛✐❧✉r❡s✳ ❚❤❡ ❢❛✉❧t✲t♦❧❡r❛♥t ❝♦♥tr♦❧ ✐♥ t❤✐s ♣❛♣❡r r❡❧✐❡s ♦♥ ❛♥ ✐❞❡❛❧ r❡❢❡r❡♥❝❡ ♠♦❞❡❧ t♦ ✐❞❡♥t✐❢② ✇❤❡♥ ❛

❢❛✉❧t ♦❝❝✉rs✳ ❚❤❡ ❝♦♥tr♦❧ tr❛❝❦s t❤❡ ✐❞❡❛❧ r❡❢❡r❡♥❝❡ ♠♦❞❡❧ t♦ r❡♣❧✐❝❛t❡ ✐t ❛s ❝❧♦s❡❧② ❛s ♣♦ss✐❜❧❡✳ ❚❤✐s

❝♦♥tr♦❧ ❡♠♣❧♦②s ❛❞❛♣t✐✈❡ ♣❛r❛♠❡t❡rs t♦ ✐♠♣r♦✈❡ t❤❡ r❡s♣♦♥s✐✈❡♥❡ss ♦❢ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ❡rr♦r

❛♥❞ t❤❡ q✉❛t❡r♥✐♦♥ ❡rr♦r ❞✉❡ t♦ ❛❝t✉❛t♦r ❢❛✉❧ts✳ ▼♦r❡♦✈❡r✱ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ❡rr♦r ♠❛❣♥✐t✉❞❡ ✐s

♠♦r❡ s❡♥s✐t✐✈❡ t❤❛♥ t❤❡ q✉❛t❡r♥✐♦♥ ❡rr♦r t♦ ❛♥ ❛❝t✉❛t♦r ❢❛✉❧t✳ ❚❤✐s s❡♥s✐t✐✈✐t② ❝❛♥ ❜❡ ❡①♣❧♦✐t❡❞ ✐♥

t❤❡ ❝♦♥tr♦❧ ❞❡s✐❣♥ ❜② ♠♦r❡ ❛❣❣r❡ss✐✈❡❧② tr❛❝❦✐♥❣ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ♦❢ t❤❡ ✐❞❡❛❧ s②st❡♠ r❡❧❛t✐✈❡ t♦

t❤❡ q✉❛t❡r♥✐♦♥ ❡rr♦r✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ t✐♠❡✲❞❡♣❡♥❞❡♥t ♣❛r❛♠❡t❡rs t❤❛t ✇❡✐❣❤t t❤❡

❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❛✐♥ ❢❛✉❧t ✭❛♥❞ st✉❝❦ ❢❛✉❧t✮ t❤❡

st❛❜✐❧✐t② ✐s ♣r♦✈❡❞ ❜② ❛ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥✳ ❚❤✐s ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ s✐❣♥✐✜❝❛♥t❧②
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