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ADAPTIVE FEM WITH OPTIMAL CONVERGENCE RATES
FOR A CERTAIN CLASS OF NON-SYMMETRIC AND POSSIBLY
NON-LINEAR PROBLEMS

M. FEISCHL, T. FUHRER, AND D. PRAETORIUS

ABSTRACT. We analyze adaptive mesh-refining algorithms for conforming finite element
discretizations of certain non-linear second-order partial differential equations. We allow
continuous polynomials of arbitrary, but fixed polynomial order. The adaptivity is driven
by the residual error estimator. We prove convergence even with optimal algebraic
convergence rates. In particular, our analysis covers general linear second-order elliptic
operators. Unlike prior works for linear non-symmetric operators, our analysis avoids
the interior node property for the refinement, and the differential operator has to satisfy
a Garding inequality only. If the differential operator is uniformly elliptic, no additional
assumption on the initial mesh is posed.

1. INTRODUCTION

Let Q be a bounded polyhedral Lipschitz domain in R?, d > 2. We consider a homo-
geneous Dirichlet boundary value problem for a certain non-linear second-order elliptic
partial differential equation (PDE)

Lu(z) = —div(A(z, Vu)) + g(z,u, Vu) = f(z) inQ, (1a)
u=20 on I' := 0N. (1b)

The differential operator £ = A + K is split into a principal part Au = —diV(A(-, Vu))
and a compact perturbation Ku = g(-, u, Vu), see Subsection 6.5 for the precise regularity
assumptions. This framework also includes the case of general linear second-order elliptic
operators

Lu = —div(AVu) +b- Vu+ cu. (2)
We consider a common adaptive mesh-refining algorithm which iterates the following loop

[ solve | — [lestimate | — [mark | — [ refine | (3)

The module solve computes a piecewise polynomial finite element approximation U, of
u with respect to a given mesh 7,. For estimate, we use a residual error estimator, see
e.g. [3, 29]. Next, the Dorfler marking criterion [14] is used to single out elements for
refinement. Finally, refine leads to a locally refined and improved mesh 7,,; by means
of the newest vertex bisection algorithm (NVB).

So far, available results on convergence and quasi-optimality of adaptive finite element
methods (AFEM) from the literature essentially dealt with the linear, symmetric, and
elliptic case (2) with b = 0 and ¢ > 0, see e.g. [6, 8, 11, 14, 18, 27| and the references
therein. As far as the linear and non-symmetric case b # 0 is concerned, we are only
aware of the works [12, 19] which, however, considered the special situation divb = 0 and
¢ > 0. Moreover, their analysis requires the interior node property for the refinement
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at least after a fixed number of steps, which has been introduced in [21] to guarantee a
discrete lower bound for the error. Finally, the proofs of convergence and quasi-optimality
in [12, 19| assume the initial mesh 7y to be sufficiently fine although the assumption
divb = 0 already ensures ellipticity of the associated bilinear form b(-,-) in the weak
formulation of (1), i.e. the operator £ in (2) is uniformly elliptic. All this is different
to the present work, and the advances over the state of the art, see e.g. [11, 12, 18], are
fourfold:

(i) In the linear case (2), our assumptions on the data A = A(x), b = b(z), and
¢ = ¢(z) only ensure that the bilinear form b(-,-) of the weak formulation of (1)
is continuous and satisfies a Garding inequality on Hj ().

(ii) As for the symmetric case [11], we only rely on standard newest vertex bisection,
and the interior node property is avoided.

(iii) If b(-,-) is elliptic, we avoid any assumption on the initial mesh Ty. If b(-, )
satisfies a Garding inequality, we require the same assumption on the initial mesh
as |12, 19] to ensure well-posedness of the finite element formulations.

(iv) To the best of the authors’ knowledge and besides [5] for the particular p-Laplace
problem, this work provides the first quasi-optimality result for a class of non-
linear problems.

From a technical point of view, our analytical argument works as follows and is illustrated
for the linear operator £ from (2) with induced bilinear form b(-,-): First, the estimator
reduction

M1 < anj +C Ui — Uell? (4)

together with a Céa-type quasi-optimality already implies convergence U, — u as { — oo
(Proposition 4), see also [2| for this estimator reduction principle. Here, 0 < ¢ < 1 and
C' > 0 are generic constants, and || - || denotes the energy quasi-norm induced by b(, ).
Second, the novel contribution in our analysis is that this additional knowledge allows us
to prove a quasi-Pythagoras theorem

1
101 = Uell® + lllw = UealI” < 37— llu = Uell? (5)

for all € > 0 and ¢ > {y(e) sufficiently large (Proposition 7) which unlike [12, 19| avoids
any additional assumption on the mesh-size of 7,. With estimator reduction (4) and
quasi-orthogonality (5) at hand, we next observe R-linear convergence

Nerr < quT]g for all €7 ke N (6)

of the error estimator (Theorem 8) with further generic constants C' > 0 and 0 < ¢ < 1.
Finally, the R-linear convergence (6) suffices to follow the paths of [27, 11] to prove even
quasi-optimal convergence rates in the sense of

(u, [l ey, <= n < C(#Ti—#Ty)° foralll eN, (7)

i.e. each theoretically possible convergence order O(N~*) for the error estimator will
asymptotically be achieved by AFEM. The approximation class A involved in (7) is de-
fined in Section 5. By means of reliability and efficiency of the error estimator 7, used,
this quasi-optimality result can equivalently be stated in terms of error plus oscillations
as is done in |11, 12, 18, 27]. As has first been observed in [1], our approach and anal-
ysis, however, fully avoids the use of lower bounds for the error, i.e. all constants are
independent of the efficiency estimate.

For the nonlinear problem (1), we observe that estimator reduction (4), R-linear con-

vergence (6), as well as quasi-optimality (7) do not hinge on linearity of £. We thus
2



bootstrap the arguments developed for the linear case to prove a quasi-Pythagoras the-
orem (5) for nonlinear £ (Proposition 18), and may derive convergence of AFEM with
quasi-optimal algebraic rates.

The remainder of this paper is organized as follows: For the sake of a clear presenta-
tion, we first consider the linear case (2) with elliptic bilinear form b(-,-) corresponding
to the weak formulation of (1). This case already includes the main ideas of how to cope
with compact perturbations. In Section 2, we explicitly state the assumptions on the dif-
ferential operator £ from (2), recall the continuous and discrete variational formulation
of (1), and give the necessary details on the four modules of (3). Section 3 then provides
the estimator reduction (4), which follows as in [11], and the quasi-Galerkin orthogonal-
ity (5) which relies on the convergence of AFEM and compactness arguments. The short
Section 4 proves R-linear convergence (6) of the error estimator by use of (4)-(5). We
stress that, so far, the analysis does neither hinge on the precise mesh-refinement used,
nor on the adaptivity parameter chosen. By use of intrinsic properties of NVB, we then
prove quasi-optimal convergence rates (7) in Section 5. A final Section 6 is concerned
with extensions of our analysis. Amongst other topics, we discuss other boundary condi-
tions than (1b) as well as changes of our analysis if the bilinear form b(-, -) satisfies only
a Garding inequality. Subsection 6.5 bootstraps the arguments of the previous sections
and incorporates the non-linear case (1a) into the analysis.

In all statements, the constants involved and their dependencies are explicitly stated.
In proofs, however, we use the symbol < to abbreviate < up to a multiplicative constant.
Moreover, ~ abbreviates that both estimates < and 2 hold.

2. MODEL PROBLEM & ADAPTIVE ALGORITHM

This section is devoted to state the model problem (1) with linear differential opera-
tor (2) in weak form and to collect all the ingredients needed to formulate the adaptive
algorithm. The presented problem is not the most general case on which the developed
theory can be applied, but it allows for a rather simple presentation and illustrates the
main difficulties of the problem. We refer to Section 6 for possible extensions and gener-
alizations.

2.1. Variational formulation. For a given right-hand side f € L*(f2), we consider
the elliptic boundary value problem (1) with linear operator £ from (2). For the weak
formulation and to prove optimal convergence rates, we require some regularity assump-
tions on the coefficients. We assume that A = A(z) € R with A € L>®(Q) is a
symmetric matrix, b = b(r) € R? with b € L¥(@+2(Q) is a vector, and ¢ = c(x) € R
with ¢ € LY2(Q) is a scalar. This allows to write down the weak formulation of (1): Find
u e Hi () :={ve H Q) : v|r =0 in the sense of traces} such that

b(u,v) = / AVu-Vu+b-Vuv+ cuvdr = / fvodr forallve HJ(Q). (8)
Q Q
According to Sobolev’s embedding theorem, there holds H(Q) C L*¥@=2(Q)). The
bilinear form b(-, -) is therefore well-defined and bounded with
16(u, v)| < Coont | V|| 2200y [|VV| 22y for all u,v € Hy(€2), 9)

where the constant Ceont = [[Al|re(q) + [|bl Las@+2(q) + [lcl| pa2q) depends only on the
coefficients of £. Additionally, we assume that the coefficients ensure that b(-, -) is elliptic,
ie.
b(u,u) > Ce]]”qu%Q(Q) for all u € Hy(9) (10)
3



for some constant Cg > 0, see Section 6 if b(-,-) satisfies only a Garding inequality.

Now, the Lax-Milgram lemma guarantees unique solvability of (9) for all f € L*(Q)
and proves continuous dependence ||Vul[z2) S || flla- 1(©) < | fllz2)- Here, H1(Q) =
H{(2)* denotes the dual space of H}(2), and duality is understood with respect to the
extended L?-scalar product, i.e.

fudz
[fllzr-1@) == sup g Juds
veHE (2)\{0} HVUHLQ(Q

Moreover, the bilinear form b(-, -) defines a quasi-norm ||-|| := b(-,-)*/2, i.e. || -|| is definite
and homogeneous, but satisfies the triangle inequality only up to some multiplicative
constant. Due to ellipticity and continuity of b(-, ), it holds

Cr;imHVvHLz(Q < vl € Coorm|| V|| 12y for all v € H3(Q) (11)

~1/2

1/2
for a constant Chopm = maX{CC({nt, Cy'"}>0.

2.2. Discrete formulation. For any regular triangulation 7, of Q (see Section 2.5
below) and p > 1, we consider the piecewise polynomials

PP(Ty) = {V}g € L*(Q) : for all T € Ty, V|7 is a polynomial of degree at most p}
as well as the conforming ansatz and test-space
S(Te) = PP(Te) N Hy(Q) € C(Q).
Now, the discrete formulation of (9) reads: Find U, € S(7;) such that

b(Up, Vi) = / fVidx for all V, € S§(T,). (12)
0

As in the continuous case (9), existence and uniqueness of U, follows from the Lax-
Milgram lemma. Moreover, there holds the Céa lemma

CYcont .
min ||V(u -V, . 13
Cell VieSH(To) H ( Z)HL%Q) ( )

[V (u— U2 <

2.3. Error estimator. We use the standard weighted-residual error estimator with
the local contributions

ne(T)? := T LIxUp — fl oy + IT1VNAVU - 0]||72opng) forall T € Te, £ € N.

Here, |T| is the d-dimensional volume of T € Ty, and [AVU, - n]|p = (AVU/|z) -
np + (AVUg|T2) - np, denotes the conormal jump over the facet £ := 77 N T}, for all
Ty, T, € Ty, where np,, np, denote the outward pointing normal units on the respective
element boundaries. Note that due to the regularity assumptions on the coefficients,
there holds L|7U, € L*(T) for all T € T;. The error estimator 7, is defined as the f5-sum
of the elementwise contributions

=Y m(T)?

TET,

As shown in e.g. [3, 29|, the error estimator is reliable, i.e. for all regular triangulations
7, and corresponding solutions U, of (12), it holds

IV(u—=U)|lz2@) < Creme (14)
for a constant Cl > 0. Moreover, 7, is also efficient, i.e.
Cog e < ||V (u = Up)|| o) + osce (15)
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for a constant Ceg > 0 and oscillation terms

oscf = > |TP/I(1 =T ) (LlrUe = f)l[Facrys
TeT,
where 177! : L2(Q) — PP~(7;) denotes the L*-orthogonal projection. The constants
Chrel, Cog > 0 depend only on v-shape regularity of 7, (see Section 2.5 below), the poly-
nomial degree p > 1, and on Q. We stress that unlike [11, 12, 18], efficiency (15) is not
used throughout our analysis.

2.4. Adaptive algorithm. Now, we are in the position to formulate the adaptive
algorithm (3) in detail.
Algorithm 1. INPUT: Initial triangulation Ty and adaptivity parameter 0 < 6 < 1.
Loop: For(=0,1,2,... do (i) — (iv)
(i) Compute discrete solution U, of (12).

(ii) Compute refinement indicators ny(T") for all T € Ty.
(iii) Determine set My C Ty of minimal cardinality such that

On(T) < Y ml(T). (16)
TeM,
(iv) Refine (at least) the marked elements T' € M, to obtain the triangulation Tpyq.
OutpPUT: Approzimate solutions U, and error estimators ny for all ¢ € N.

2.5. Mesh refinement. Given an initial mesh 7, which is regular in the sense of
Ciarlet, we construct the subsequent meshes 7; by local refinement with the newest
vertex bisection for simplicial meshes in R% d > 2, see e.g. [29, Chapter 4] resp. [28].
Consequently, the set of meshes which can be obtained reads

T :={T; : Ty is a refinement of 7y} (17)

The finite subset of meshes with at most N € N elements more than the initial mesh is
defined as

Ty:={Ti €T : #T; — #T5 < N}.
The meshes 7; € T are regular in the sense of Ciarlet and ~-shape regular in the sense of
AT < diam(T) < v T[4 (18)

for some v > 1 which depends only on 7. A refined element T' € 7, is split into at least
two sons, i.e. we have

H#(TN\Te) < #T. — #T (19)
for all refinements 7, € T of 7, € T. As a key property for the optimality proof, the
crucial closure estimate, for the meshes generated by Algorithm 1, is satisfied

-1

#HTo — #70 < Cest Y #M; forall £ € N (20)
7=0

with some constant Cleqn, > 0 which depends only on 7. For d > 3, 7, has to satisfy a
certain condition on the reference edges, cf. [6, 28|, while this assumption can be dropped
for d = 2, see the recent work [17]|. Finally, for two meshes T;, 7, € T there is a coarsest
common refinement 7, & 7T, € T which satisfies

#(Te®T.) < #T +#T' = #To, (21)

5



see [11, 27]. We stress that newest-vertex bisection is a binary refinement rule, and the
coarsest common refinement 7, & 7, is just the overlay of both meshes.

3. CONVERGENCE & QUASI-ORTHOGONALITY

The aim of this section is to prove convergence, without relying on symmetry properties
of £, which can be done by use of the concept of estimator reduction [2]. To that end, we
define the subspace S§(T.,) of H}(Q) which is theoretically affected by Algorithm 1 as

= |Jshm), (22)

leN

where the closure is taken with respect to the H'-norm. With convergence U, — u and
hence u € S§(T) at hand, we are then able to prove a novel quasi-Galerkin orthogonality
estimate (27), which is sufficient to prove linear convergence (30) as well as optimal
convergence rates (35).

3.1. Convergence. The following result is proved in [11] for symmetric £ and shows
that the error estimator 7, is contractive up to a certain perturbation.

Lemma 2. There exist constants 0 < gest < 1 and Ce; > 0, such that there holds
i < et + Cost|V(Ueyr = Up) |32y for all € € N, (23)

The constants qesy and Cosy depend only on 6, ~v-shape regularity of Toi1, the polynomial
degree p € N, and on ).

Proof. The proof follows verbatim the proof of [11, Corollary 3.4]. Therefore, we give
a rough sketch only. The application of Young’s inequality 2ab < a? + b* and standard
inverse inequalities prove for 6 > 0

B <146 3 (ITPHILT — Flay + TP NAYT - )Baorre)
T'€n+1 (24)

+ (1401 Caab IV (Urpr = Un)l 720
The constant C., > 0 depends only on ~-shape regularity of 7,,; and on p € N. Next,
the sum is split into two sums over 7" € T;NTpy1 and 77 € Ty \ To. We use the reduction

of the element size |T"| < |T'|/2 for T" C T being a son of a refined element 7" € Ty \ Tp41.
Since My C Ty \ Tos1, one ends up with

n§+1_ 1+5< —1/d Z ne(T +Z ne(T ) + (144671 StabHv(Uf-i-l_Uf)H%?(Q)

TeT\Tos1 TETNTo41
<A+ (27N w0+ DD D)) + (1407 Cuanl IV (Ve = U0 [y
TeM, TeT\ M,
<A+ =1) Dm0 +02) + (1467 Coa |V (U1 = Un) 320y
TeM,

Finally, Dorfler marking (16) proves (23) with
st = (1= 0(1 =27 (146) € (0,1) and Cest = (1+ 3 ")Citan
for & > 0 sufficiently small. O



Adaptive algorithms of the type of Algorithm 1 with nested ansatz spaces S (7T;) C
S (Te41) have in common that there holds a priori convergence. This has already been
observed in the early work [10] and has later also been used in [22] to prove a general
plain convergence result for AFEM.

Lemma 3. The sequence of Galerkin approrimations U, of Algorithm 1 is convergent in
H} (), i.e. there exists uy € S5(Ts) with

U= s as { — o0. (25)
Proof. The space S§(T5,) is a closed subspace of Hj(2) and therefore the Lax-Milgram
lemma guarantees existence and uniqueness of a solution u., € S} (7) of (12) with
test space Sh(T) instead of S§(7Ty). The Galerkin approximations U, are also Galerkin

approximations of ., since S§(7T;) C SH(Ts) for all £ € N. Therefore, the Céa lemma
shows

V(e — U, < min [|V(usx —V; — 0
1V ( 2@ S o 1V ( D2 @)

as ¢ — oo. O

The combination of estimator reduction (23) and a priori convergence (25) yields con-
vergence of Algorithm 1.

Proposition 4. Algorithm 1 is convergent in H}(Q), i.e.

U —u€ Hy(Q) asl— oo. (26)
In particular, this implies u = U € S§(Tao)-
Proof. According to Lemma 3, the estimator reduction (23) of Lemma 2 takes the form

2 2
M1 < Qest?y + Qi

with apy > 0 and limy ., ay = 0. From this, elementary calculus proves limy ., 1, = 0,
see e.g. [2|. Finally, reliability (14) of 7, concludes the proof. O

3.2. Quasi-Galerkin orthogonality. The standard proof of the Pythagoras theorem
llw— Upsr|II* + [|Uesr — Ue||* = ||Ju — U||* relies on Galerkin orthogonality and symmetry
of b(+,-). The following lemmata provide a workaround for our case of a non-symmetric
bilinear form b(-,-). We stress that the quasi-orthogonality proof makes explicit use of
the fact that we already have convergence U, — u in H}(Q) and u € SJ(T%)-

Lemma 5. The operators A, K : H}(Q) — H1(Q) are bounded. Moreover, A is sym-
metric and IC is compact.

Proof. The symmetry of A is obvious, and both operators A and K are also bounded, i.e.
AVl z-1@) < 1Az @ VOl 2 (@),
1KColl-1) < IKv][L2@) < (0] sy + [l Larz@) VIl 2@,

for all v € H}(Q). It remains to prove that K is compact. The Rellich compactness
theorem shows that the embedding ¢ : H3 () — L*() is a compact operator. Therefore,
according to Schauder’s theorem, see e.g. [30, Theorem 4.19|, the adjoint operator /* :

L*(Q2) — H'(Q) is also compact. Obviously, «* : L*(2) — H () coincides with the
natural embedding, and we may write
K=00oK:H;j(Q)— L*(Q) — H Q).
7



Therefore, K is the composition of a bounded operator and a compact operator and hence
compact. This concludes the proof. O

Lemma 6. The sequences (ep)en and (Ey)en defined by

u—Uy f U5+1_U5
—u—e oru # U, for Uppr # Uy
ey = { IV(u=Up)llp2(q)’ 7 Ue, and B, = { IV(@w=Ud)ll2(q)’ w7 U

0, else, 0, else,

converge to zero, weakly in Hj(£2).

Proof. We prove weak convergence of e, to zero. The weak convergence of F;, follows
with the same arguments. Let (e;,) be a subsequence of (). Due to boundedness
IVeq |2 < 1for all j € N, we may extract a weakly convergent subsequence (e, ) of
(e¢;) with
€, —w € H&(Q)
First, note that u, U, € S§(75) implies e, € S§(Ts) and hence w € Sf(7Ts,). Second, for
all £, > ¢ with e,, # 0 and all V; € SH(Te), it holds
ble,, , Vi) = ||V (u — Ugjk)||z21(mb(u ~ Uy, s Vi) = 0.

For any ¢ € N, V;, € §)(T;), and ¢ > 0, there exists ky € N such that for all & > ko, it
holds

[b(w, Ve)| = [{w, LV < & +[(eq;, s L7Vi)| = € +[bleg,,, Vi) =,
since Ky is chosen large enough such that ¢; > ¢. Therefore

b(w,Vy) =0 for all V; € S§(7;) and ¢ € N.

Due to definiteness of b(-,-) and w € S(7Ts) = Uyen Sp(Te), this implies w = 0. Alto-
gether, we have now shown that each subsequence of e, has a subsequence which converges
weakly to zero. This immediately implies weak convergence e, — 0 as £ — oo. O

The previous lemma shows that although (Fy)sen is no orthonormal sequence, it shares
the property of weak convergence to zero with orthonormal systems. Note that our proof
already used convergence U, — u as £ — oo in the sense that we required u—U, € S} (7).
This suffices to prove the following quasi-Pythagoras theorem.

Proposition 7. For any 0 < € < 1, there exists {y € N such that
1
Ve = Uell® < 3= llu = Uell® = e = Uesal? (27)

for all £ > 1.

Proof. Lemma 6 shows that e;,, F, — 0 as { — oo. Due to Lemma 5, K is compact.
Therefore, we have strong convergence Ke;, KE; — 0 in H1(Q) as £ — oo . This shows

(K(u = Ups1), Upr — Us) = (Keeyr, Upyr — U |V (u — Upgr) || 220
< [[Keerallm-1(0)[[V(u = Uspi) |2V (U1 = Ue) | 220
as well as
(K(Uepr = Us), u = Upyr) = (KEg, w — Upy1) [|[V(Upir — Up) || 220

< NEE gl V(u = Ussr) || 220 |V (Uesr — Up) | 2
8



For any 6 > 0, this may be employed to obtain some ¢, € N such that for all £ > £, it
holds

[(K(Uet1 = Ue), w = Upp1)| + {K(u = Ut1) , Urrr — Up)|
< 81V (1 = Ut @y |9 Wit — Ul
Together with Galerkin orthogonality
0=>0b(u—Up1,Vig1) = (L(u—Upy1), Viyr) forall Vo, € S (Tesa), (28)
we estimate
(LUer = Up) , w = Upsr)| = [(A(w = Ups1) , Uprr = Ue) + (KU1 = Ue) , u — Upya)|
< [{L(w—=U1), U1 = Ug)| + (KU1 = Ur) , uw = Upa)|
+ |(K(w = Ups1) , Uesr — Uy))|
< O0[IV(u = Upet) |2 IV (Uerr = Ul 20
(29)
The definition of || - || and Galerkin orthogonality (28) yield
llw = Ul + N Uer = Uell* + (L(Uesr = Up) s w = Upsr) = [lu = U,
whence

IUesr = Uell* < llw = Uell* = llw = Ugsall* + 6C3 ol — Uesa [l Ue1 — Ul

The application of Young’s inequality 2ab < a*+0? and the choice ¢ = §C? /2 conclude
the proof. 0

4. CONTRACTION

The quasi-Pythagoras theorem (27) from Proposition 7 allows to prove R-linear conver-
gence of the error estimator 7,. Compared with the analysis of the symmetric case [11],
this is a weaker result. However, R-linear convergence is still sufficient to prove quasi-
optimal convergence rates in Section 5.

Theorem 8. There exist constants 0 < Geony < 1 and Ceony > 0 such that for all 0,k € N,
there holds

773% < CCOHquonV 7752 . (30)
The constants Qeony and Ceony depend only on Gest, Cest, Chorm, and Cie.

Proof. We employ the estimator reduction (23) and reliability (14) to obtain for N > /+1
and o < 1 — Qest
N N
Z Tli < Z (Qestnl?—l + Cest [V (Ur — Uk—l)H%Q(Q))
k=t+1 k=0+1
N

< > (e + @)y + Cea (I (U = Ul — @CiiCat IV (4 = Un) ey ).
k=0+1

Rearranging the terms in the above estimate, we end up with

N N
(1= Gest — ) > 0 < (14 Gest + )} + CesiCrpm > (1Us = Ut 1 = 6lllu — U [I7).
k=(+1 k=0+1

where § = aC_2CtC-% . Next, we aim at proving that the sum on the right-hand side

rel ~est ~norm*
is bounded above by n? for all N € N. To that end, we employ Lemma 7 with £ > 0 such
9



that 1/(1 —¢) < 1+4. This gives a number ¢, € N such that for all N > ¢ > ¢, we may
estimate

N N
1
> (Vs = Ul = 6llu = U 1?) < > ((1—_E —0)lu = Uall* = llu = Uell?)
k=0+1 k=041
N
< Y (e = Ukall® = lllw — TeI?) (31)
k=0+1

< |||u - U£|||2 < Cgormcrelné

For all ¢ < ¢y, we first observe that ||u—U,|| = 0 implies ||Uy —Ug_1]| = 0 for all & > ¢+1,
since U, = u = Ui_1. Therefore, we obtain with the convention oo -0 = 0

Cop = s (JJu— Uyl S - v ) < oo
e{1,....00}

..... Syl
In combination with (31), we thus see

N
Y (NUx = Umall? = 6l = UpalI?) < (1 + Coap) CropmnCiaarii for all £ € N, N > ¢.
k=0+1

Plugging everything together, we have so far shown

S <O forall €N, (32)
k=0+1

for some constant C' > 0 which depends only on gest, Cest, Crorm, and Cie. Therefore, we
get

NI <> i =>_m,
k=041 k=0+1 P,

and hence by induction

My < Y m<A+C TN <1+ C)A+C) R forall £,k € N.
k=t+j k=t

This concludes the proof with geony = 1/(1+ C™!) and Crony = (1 + C). O

Remark. Note that the R-linear convergence of Theorem 8 holds for arbitrary adaptivity
parameters 0 < 6 < 1. Moreover, the result is independent of NVB in the sense that the
proof only requires that |T'| < q|T| for some 0 < q¢ < 1 and all sons T" C T of refined
elements T € Ty \ Tor1. This property holds for each feasible mesh-refinement strategy
and for NVB with ¢ = 2=Y¢. Finally, the minimal cardinality of the set M, of marked
elements has not been used, yet. Instead, Theorem 8 holds as long as the set M, C 7T,
satisfies the Dorfler marking (16) and, in particular, for My = Ty. O

Remark. Note that the proof of Theorem &8 does neither use linearity nor uniform
ellipticity of L. Instead, we only require reliability (14), estimator reduction (23), quasi-
Galerkin orthogonality (27) as well as equivalence (11) of the norm ||V (- )||12(q) and the
energy quasi-norm || - || on HY(Q). With these ingredients, our analysis is thus also
capable to cover certain nonlinear problems as discussed in Section 6.5. 0

10



5. OPTIMAL CONVERGENCE RATES

With Theorem 8 at hand, we are in the position to prove quasi-optimal convergence
rates for the sequence of Galerkin solutions obtained from Algorithm 1. First, however,
we have to clarify what is the best possible convergence rate that can be aimed at. To
that end, we follow e.g. [11] and define the approximation class A, by

(u, f) € A PN [(w, F)lla, == ]svlé%Nscr(N;u, f) < oo (33)

for all s > 0, where

. . 2 2\ 1/2
i )= o 1=Vl o)
and osc, is the oscillation term from (15) corresponding to the mesh 7,. We refer to [7, 16]
for a characterization of approximation classes in terms of Besov regularity. However, in
this work, we follow [1] and use an equivalent definition of Ay, which involves the error
estimator 7, only. Due to reliability (14), efficiency (15), osc, < 14, and the Céa lemma,
the total error is equivalent to the error estimator, i.e.

: 2 2 B 2 2,2
V(= Vg + o562 & [V = U + 05 = o

Hence, A, from (33) can equivalently be characterized as

(u, f) e hs = |[[(u f)|

A, = ]svlg\)]ﬁg]v N°n, < o0 (34)
for all s > 0. In our opinion, this characterization allows for a clearer presentation of
the proof of the following quasi-optimality theorem and, in particular, we shall see that
unlike the analysis of [11, 12, 18, 27|, the upper bound for optimal adaptivity parameters
0 < # < 1 does not depend on the efficiency constant C.g. The following result is the
main theorem of this section.

Theorem 9. Define 0, := (1+ CiapCarel) ~+ with the constants Care > 0 from Lemma 10
and Cgap, > 0 from the proof of Lemma 2. Then, for all adaptivity parameters 0 < 6 < 6,
and all s > 0, there exists a constant Copy > 0 such that

(u, f)e Ay <= e < Conll(u, [)||la,(#Te — #T5)™° foralll eN.  (35)

The constant Copy depends only on 0, s, qeonv, Ceonv, @nd Cesn, and the proof relies on
the properties (18)~(21) of NVB.

For the proof of the quasi-optimality theorem, we need a refined reliability property of
the error estimator 7.

Lemma 10 (discrete reliability). There exists a constant Cqrer > 0 such that for all
refinements T, € T of a triangulation T, € T, it holds

IV (U, = U320y < Cara », mel(T)% (36)
TeT\ T«
The constant Cqrel depends only on the y-shape reqularity of To, the polynomial degree
p €N, and on €.

Proof. The statement is proven for b = 0 and ¢ > 0 in [11, Lemma 3.6]. The proof for
the present case follows verbatim. 0

So far, we have observed that Dorfler marking (16) implies contraction of 7, (Proposi-
tion 8). Now, we prove, in some sense, the converse. We follow the concept of proof of [1]

and stress that unlike e.g. [11, 12, 18, 27| our proof does not use efficiency (15) of 7.
11



Lemma 11 (Optimality of Dorfler marking). Let 0 < 0 < 0, := (14 CqapCareal) L. Then,
there exists 0 < qp < 1 such that for all refinements T, € T of a triangulation T, € T the
following statement is true

M <aqom = i< Y (D) (37)
TeT\Tx

Proof. Analogously to (24), we estimate for § > 0

=Y (@)’ + Y n(T)

TeT\T: TETNT:
< D @+ (146 D 0D+ (14 0)Caan IV (Ue = Up)ll720y (38)
TeT\Tx TeTNTx

< > T+ (L4 0 )gon; + (14 6)Caan | V(Us = Ud) 1320
TeT\T«

Rearranging the terms and employing the discrete reliability (14), we end up with

1— (1 + (5—1)qD 9 9
< T)=.
1 4 (14 6)CstabClaral = TeTZg\T ne)

According to 0 < (1 + CyapCaral) !, we may finally choose § > 0 and 0 < ¢p < 1
sufficiently small to ensure

6 < 1—(1+9)gp - 1 .
L+ (146 CaabCaret 1+ CstabCarel

This concludes the proof. O

Now, we are in the position to prove Theorem 9. We stress that the concept of proof
goes back to [27] and has been adopted by [11] and all succeeding works. We put emphasis
on the fact that, first, efficiency (15) of 7, is not needed and that, second, R-linear
convergence (30) instead of plain contraction in each step of the adaptive loop is sufficient.

Proof of Theorem 9. Let A > 0 denote a free parameter, which is fixed later on. The

definition of the approximation class A, allows for given € := Ap? > 0 to choose a mesh
7. € T such that

ne<e and #T —#T S ll(u, NI
Now, consider the overlay T, := 7. @ 7, and argue similarly to (24) to see
m S0+ VU= Uo) |20y S 02 < Mg,

where we used the definition of ¢ > 0. We choose A > 0 sufficiently small such that
Lemma 11 is applicable and conclude that 7T, \ 7, satisfies the Dorfler marking (16). By
definition of step (iii) of Algorithm 1, the set M, of marked elements is a set of minimal
cardinality which satisfies the Dorfler marking. Therefore, we obtain by use of (19)
and (21)

11%/58871/3

HM < H(TN\To) <H#T — #To < #Te — #T0 < ||(u, f)
<, P10,

(39)
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for all £ € N. Finally, the closure estimate (20) and the contraction (30) of Proposition 8
yield

1/s —1/s Vi
A/S 77@ / quon\z

Exploiting the convergence of the geometric series, we end up with

ne <\, F)lla,(#Te — #To)~* forall £ € N.

Altogether, this proves that each theoretically possible convergence rate for the estimator
is, in fact, asymptotically achieved by the adaptive algorithm. The converse implication
in (35) is obvious. This concludes the proof. O

#Te—#To < Z#Me ”SZn‘”S < I, £

Remark. We stress that the proof of Theorem 9 depends only on properties (18)—(21)
of NVB, R-linear convergence (30) of the estimator used and the discrete reliability (36).
In particular, there is no explicit use of the properties of the differential operator L, i.e.
neither linearity nor uniform ellipticity is required. U

6. EXTENSIONS

In this section, we want to discuss some possible extensions of our analysis.

6.1. Minimal cardinality of marked elements. The choice of the set of marked
elements M, in step (iii) of Algorithm 1 to be a set of minimal cardinality which satisfies
the Dorfler marking (16), requires to sort the set {n,(T) : T € T;}, which takes at least
(9(#7} log(#%)) operations. In comparison to O(#7;) operations for iterative solvers
on sparse matrices, marking becomes the bottleneck of Algorithm 1. To overcome this
problem, we may allow the set M, to be of almost minimal cardinality in the sense of

#M, < C#M, foralll €N, (40)

where M, is a set of minimal cardinality which satisfies Dorfler marking and C' > 0 is an
arbitrary but fixed constant. All the proofs hold true up to an the additional factor C,
which is involved in (39). The relaxation (40) allows to apply an inexact sorting algorithm
based on binning of the data (see e.g. [20]) which performs in O(#7;) operations.

6.2. Other mesh-refinement strategies. Instead of simple newest-vertex bisection,
one can consider other mesh-refinement strategies which satisfy (19)—(21), since no other
property of the mesh refinement strategy is used throughout this paper. In particular,
one could use up to m newest vertex bisections per marked element, where m € N is
a fixed number, cf. e.g. [18]. This includes the strategy proposed in [12] which uses
additional bisections every n-th step to ensure the interior node property and hence to
obtain a discrete lower bound on the error. Moreover, one can relax the regularity of the
triangulations used and allow a fixed number of hanging nodes in each triangle T' € T, [§].

6.3. Inhomogeneous Dirichlet data. Let SP(7;) := PP(T;) N H'(Q) with discrete
trace space SP(Ti|r) = {Vilr : Vi € SP(T¢)}. We consider inhomogeneous Dirichlet
data g € HY/%(T') and an H'/?-stable projection P, : HY?(T') — SP(Ty|r), for instance
the Scott-Zhang projection [26] for p > 1 or the L2-projection for p = 1 (see [17] for

13



H'-stability on NVB refined meshes). The continuous problem we want to solve, now
reads: Find v € H'(Q) with u|sq = g such that

(Lu, v) =blu,v) = /va dr for all v € Hj(Q). (41)

The corresponding discrete formulation reads: Find U, € SP(7;) with Uy|r = P,g such
that

b(Up, Vi) = / fVidz  for all V;, € S{(Ty). (42)
Q

Well-posedness of (41)—(42) is well-known and discussed, e.g., in [1, 4, 24]. The approxi-
mation error which is introduced via g ~ P,g results in an additional error quantity. We
assume regularity g € H'(T') and define the Dirichlet data oscillations

08Cy ¢ 1= Z diam(E)||Vr(1 — Pg)g||%z(E),

E€Tr

where V() denotes the surface gradient on I' = 0f).

Since the ansatz spaces are no longer nested, i.e. Uy — U, & S§(Te), we have to rely
on a modified marking strategy proposed in [27]|. We replace the Dorfler marking (16)
by the following separate marking strategy with adaptivity parameters 0 < 6,9 < 1:

o If osc? , < U7, determine M, C Ty as a set of minimal cardinality which satis-

fies (16).
e If osc , > Un;, determine M, C T as a set of minimal cardinality which satisfies
fosc? , < Z oscy o(T)?. (43)
TeM,

Now, the analysis of [1] can easily be transfered to the present problem as well, where 7,
in (23), (30), and (34)-(35) is replaced by p; := n + osc, . For usual choices of P, as
above, one obtains convergence of AFEM by means of the estimator reduction principle |1,
Theorem 4]. Moreover, for arbitrary P, and sufficiently small marking parameters 0 <
9,60 < 1, we obtain the optimality result of Theorem 9, cf. [1, Theorem 6].

For d = 2, one may even use nodal interpolation to discretize the inhomogeneous
Dirichlet data. Then, the combined Dérfler marking (16) for p, := 1, + osc,, instead of
7¢ yields the contraction result of Theorem 8. Moreover, for sufficiently small 0 < 6 < 1,
Theorem 9 remains valid. We refer to [15] in case of symmetric £ = —A and stress that
the analysis can easily be transfered to the present setting.

6.4. Coercive but not uniformly elliptic bilinear forms. Assume that instead
of ellipticity (10), there holds a Garding inequality

b(ut,u) + Cyra[ul3) > Py [Vl for all uw € () (44

with constants 0 < pgara < 1 and Cyarq > 0 We have to assume that b(-,-) is definite on
the continuous level, i.e. for all v € H}(Q), it holds

blv,w)=0 forallwe H)(Q) = v=0, (45a)
b(Voos Woo) =0 for all we € S§(Te) = o = 0. (45Db)

This together with Fredholm’s alternative already guarantees the unique solvability of (9)

and (12) with test and ansatz space S{(7s) instead of S (7y).
14



Remark. Usually, the conditions (45) are guaranteed under the assumption that the
mesh-size of the initial mesh Ty is sufficiently small and that the solution w € H}(Q) of
the dual problem

b(v,w) = /va dr  for allv € Hy(Q)

satisfies some reqularity estimate
1wl sy S| fll2@)  for some s >0,
see e.g. |9, Theorem 5.7.6]. O
Now, we may apply [25, Theorem 4.2.9] to obtain the following result.

Lemma 12. There exists an index ly € N such that for all { > {4 the discrete formula-
tion (12) is uniquely solvable, and it holds

VUOO—U 2 < Cry¢ min VUOO—V 2 , 46
IV( )l z20) < Ccea yin 1V ( 2 (46)

where Uy € S§(Ts) denotes the unique solution of (12) with Sf(Tx) instead of S§(Te).

Proof. Since (44) states that b(u, v)+Cgara(u , v) 2(q) is elliptic and (-, -) 2(q) is a compact
perturbation, we apply [25, Theorem 4.2.9] on the Hilbert space S{(75) and the dense
sequence of subspaces S;(7T;) for £ — oo. O

The above lemma allows to prove a priori convergence from Lemma 3 and consequently
convergence Uy — u in H} () as well as u € S§(75). Moreover, Lemma 6 still holds
true, since we assumed definiteness of b(-, ) on S (75.) in (45b).

Lemma 13. There exists an index {1 € N such that for all £ > {1 there holds
IV(u = U2 < Cromlllu = Ul and [V (Usiz = Up)l[r2(@) < Crorml[Uerr — Uell-
Proof. With (44) and b(-,-) = || - [|?, we may estimate
IV (w = Un)l72) S lllw = Ul + [lu = Uell7o
= llu = Uell* + lleell 720 IV (w = Uo)lI720-

Lemma 6 shows weak convergence e, — 0 in H}(€). The Rellich compactness theorem
thus implies strong convergence ¢, — 0 in L?*(§2). Therefore, there exists an index ¢; € N
such that there holds

|V (u— Ug)H%Q(Q) < lu—Ug|* for all £ > ¢;.
The statement for U,,; — U, follows analogously. O

Lemma 6 together with Lemma 13 allows to prove the quasi-Galerkin orthogonality of
Proposition 7 and consequently also the R-linear convergence of Theorem 8. Therefore,
all the results from Section 5 hold and, in particular, we obtain the optimality result of
Theorem 9.

6.5. Non-linear operators £. We consider the following non-linear operator
Lu(z) = —divA(z, Vu(z)) + g(x, u(x), Vu(z)),

for functions A : OxR? — R?and g : QxRxR? — R. We assume that A(-, Vu), g(-,u, Vu) €
L3(Q) for all w € H}(Q2). Then, the weak formulation of (1) reads: Find v € H}(2) such
that

(Lu,v) = /QA(SL’, Vu(z)) - Vo(z) + g(z, u(x), Vu(x))v(z) de = /va dx (47)
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for all v € H}(Q2). We define two auxiliary operators A, K : H}(Q) — H1(Q) as
Av = —divA(-,Vv) and Kv:=g(-,v,Vov) forall v € Hy(Q).
The solvability and uniqueness of (47) is part of the next section.

6.5.1. Regularity assumptions. We consider the frame of strongly monotone op-
erators and require the following regularity assumptions on L:

|A(-, Vw) — A(-, V)| 22 < Clipl|V(w — v)]| 20,

48
ot . ) — gL, V)l < Cpll ¥~ )20 .

for all w,v € Hj(Q2) and some constant Cyi, > 0 as well as
(Lw— Lo, u—v) > Chonl|V(w — v)||%2(9) (49)

for all w,v € H}() and some constant Cpon, > 0. These assumptions allow to apply
the main theorem on strongly monotone operators [31, Theorem 26.A| and to obtain the
unique solvability of (47) as well as of (12). Additionally, (48)—(49) guarantee that the
norms of the residual and the error are equivalent, i.e.

HEU — LU@HH—l(Q) ~ HV(U — Ug)”LQ(Q) for all £ € N. (50)

We also obtain the Céa lemma (13) with the constant 2Cip,/Con-

Moreover, we require A : Q x RY — RY to be Lipschitz continuous and £ : H}(Q) —
H71(Q) as well as A : H}(Q) — H () to be twice Fréchet differentiable, i.e. there
exist

DL, DA:HNQ) — L(HLQ), H(Q)),

B (51)
DL, D* A Hy () — L(Hy(Q), L(Hy (), HH(Q))).

The second derivative should be bounded locally around the solution w of (47) i.e., there
exists €/, > 0 with

Cfoc = sup ”D2£<U)

IV (=0 2 gy < toe HL(Hé(va(Hé(Q)vH‘l(Q”)

(52)
< 0.

+ID2AW),

H3 (). L(HY (), H~1(2))) )
Finally, we assume that DA(v) : HJ(Q2) — H~1(Q) is symmetric for all v € Hj ().

Remark. Note thatif A: QxR = R% and g : QxRxR? — R are twice differentiable,
and if V,A(x,y) € R™ additionally is a symmetric matriz, then L and A satisfy (51)
as well as (52). Moreover, DA(v) is symmetric for all v € Hg(S). O

Example. We stress that the assumptions on A and L posed, cover for instance non-
linear material laws in magnetostatics , where e.g. A(-,-) takes the form

1
1+ |Vu(:p)|2)vu(x)

We refer to e.g. |23] for further examples. O

Az, Vu(z)) = (1 +

6.5.2. Auxiliary results. This section provides some technical lemmata, which are

used to transfer the results from the linear case to the present non-linear case.
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Lemma 14. The residual error estimator
=Y (ITPLIUe = fllzeery + I TIVNTAC, VU - 0l F2orn0) (53)
TeT,
is well-defined and satisfies reliability (14), discrete reliability (36), and estimator reduc-
tion (23). Moreover, there holds convergence

IV(u—Up)|l 2@ =0 asl — oo. (54)

Proof. The Lipschitz continuity of A : Q x R? — R? implies divA(-,-) € L*(Q2). There-
fore, the residual error estimator 7, is well-defined. With the equivalence (50), the stan-
dard arguments apply to prove reliability (14) and also the proof of discrete reliability (36)
follows analogously to [11]. Finally, with Lipschitz continuity of A : Q x R? — R?
and (48), the proof of estimator reduction in Lemma 2 remains valid. Therefore, Propo-
sition 4 holds true and proves convergence (54). u

Lemma 15. The operator (DL)|spiryu: Sp(Too) — Sp(Too)* is injective.

Proof. With (49) and the definition of the Fréchet derivative, there holds for all v €

(DL sgereyu) (v) , 0) = lmn 6 (L(u + 60) = Lu, u+ 6 — )
—
> 62|V (u+ dv — “)”%Q(ﬂ) = 1.

Hence, we have ((DL)|sr(7..)u)(v) # 0 in S (To)* for all v € Sj(To.)\{0}. This concludes
the proof. O

Lemma 16 (Taylor). For allv,w € Hy(Q) with [|[V(u—v)|| 2@ +[|V(u—w)|| 2 < €roc,
there holds

|Lw — Ly — DL(w —v)||g-1(0) < Croel| V(w0 — v)||%2(9), (55a)
[ Aw — Av — DA(w = v)[|5-1(0) < Crocl| V(w0 = 0)[|Z2(0y- (55b)
Proof. The local boundedness (52) together with [13, Theorem 6.5| applied to the oper-
ators £ and A proves the statement. d

6.5.3. Quasi-orthogonality. Following the steps of Section 3.2, we derive a similar
result for the present, non-linear case.

Lemma 17. The sequence (e;)pen defined by

u—Uy

et or u # U,

o) i | W@l or 7 Ue
0, else

converges to zero, weakly in HJ ().

Proof. With Galerkin-orthogonality and the convention oo - 0 = 0, we obtain
. <£u — EU@ s Vk>
lim
l—00 HV(u — UZ)”LQ(Q)
By continuity of the duality brackets, this results in convergence for all v € S§(7T,)
<£u — CU@ s U>
1V (u— UZ)HL?(Q)
17
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By use of (55a), we observe for all v € 8 (T)
[{(Lu = LU, )| _ [(DLuw)(u—Us), v)
IV(u = Uz —  [[V(u=Ulllzq
With convergence Uy — u in Hj(2) from (54), this implies immediately
[{u = Us, (DL)|sp(7oe)w) )|
IV (u = Ul 20
According to Lemma 15, (DL)|sp(7.yu is injective. Therefore, its adjoint ((DL)|sr (7. u)*

is surjective onto Sf (7 )*. Hence, (56) is equivalent to e, — 0 as £ — oco. This concludes
the proof. O

— Croc||V(u = Uo) || 20 [ VY| L2 () -

—0 asl— oo forallveSH(TL). (56)

To abbreviate notation, we define the quasi-metric
d(w,v)? = (Lw — Lv, w—v) forall w,v € H(S).

Note that due to (48)—(49), there holds

Croml V(w0 = v) | 220) < d(w,v) < Cooem||V(w — )| 120y for all w,v € Hy(Q) (57)
with Chorm = max{2C%,, Ciil 1 > 0.
Proposition 18. For any € > 0, there exists {y € N such that

AUr1, U < 72— A, U = A, Uy (58)

for all £ > 1.

Proof. Due to convergence U, — u in H}(Q2) (54), there exists ¢; € N such that for all
¢ > ¢, we may apply (55b), to obtain

(AU — AUr s u = Uppr)| < UDA(Ups1)(Uesr — Us) , uw— Ustr)|
+ Crocl V(U1 = U172 IV (1 = Uy [l 220
Using the symmetry of DA(U,44), we conclude
(AU — AUe, u — Upi1)| < (DAUr11)(w = Upr) , Upyr — Us)|
+ Crocl |V (Ui = U172 IV (1 = Uyl 220
< [(Au — AUpy1, U — Uy)|
+ Clocl [V (Urpr = U) 1220 IV (u = Ui1) |20y
§ ol V(U1 — U9 — V) By

Analogously to the estimate above, we obtain a lower estimate. For any § > 0, we may
thus use convergence Uy — u as £ — oo to find an index ¢y € N such that

(AU — AUp, u — Upyr)| — [(Au — AUpsr , Upgr — U
<OV (Urrr = U2 IV (v = Upga) | 220
for all £ > £y. Since e, converges to zero weakly in H} (), we have strong convergence

ee — 0 as £ — oo in L*(2). This together with Lipschitz continuity (48) allows to
estimate

|[(KUps1 — KUp, u — Up1)| S IV(Uesr — Up)l 2@ lleesr |2 [V (u — Upyr) || 2
and hence

[(KUps1 = KUr, w = Upir)| < 0[|V (U1 = Uo)[l 220 [V (w0 = Uesr) | 220
18



for all £ > ¢,. The adjoint term follows analogously, since
‘<ICU — ICU@+1 y U — Ug>‘ < \(ICu — ICU@+1 , Uprr — u)| —+ ‘<ICU — ICU@+1 , U — Ug>‘
So far, we end up with

|(KUr1 = KUp, w = Upsr)| + |(Ku — KUpy1, Upr — Up)
<S(IV(Uetr = Ul 2@ IV (u = Uegr) |20
+ IV (u = Ury)l 720
+ IV (u— U 2|V (w = U) | 20)
< 6/2||V (U1 — U720y + 2011V (w = U1 720
+0/2[|V(u— U720

by use of Young’s inequality. Putting everything together, we obtain

[(A+K) e = (A+ K)Ur, u— Upa)]
< |{Au— AUper, Uper — U+ 819 (Uess — Ul IV (= U)o
(KUt — KUy, 1= Upas)|
< A+ Ku = (A+ K)Urir, Upsa = Up)|
4819 st — U2l V(0 — Ve 2o
+ [((KUp1 = KU, u = Upyr)| + [(Ku — KUpyy, U — Uy)|
<35([V(Uesr — U122y + IV (= Ueri) 1220y + IV (w = U) [ 720)

where we used Galerkin orthogonality ((A+K)u— (A+K)Ups1, Uppr —Up) = 0 to obtain
the last estimate. With that at hand, we obtain similarly to (29)

dl(Ug+1, Ug)2 S dl(u, Ug)2 — dl(u, Ug+1)2 -+ ‘<(.A + IC)Ungl - (A -+ IC)U@, u — Ug+1>|
< dl(u, Up)* = di(u, Up1)* + 36 (| V(Uer = Up) 1720
+[[V(u— Ué+l)”%2(ﬂ) +[[V(u— Ué)”%?(ﬂ))-

With the equivalence (57), we conclude
(1 - 3Cnorm5>dl<UZ+l7 UZ)Q S (1 + 3Cnorm5)d1(u7 UZ>2 - (1 - 3Cnorm5)d1(u7 UZ+1>2

for all £ > ¢y. Finally, we choose § > 0 sufficiently small such that (1 + 3Cyom6)/(1 —
3Chormd) < 1/(1 — ¢) and conclude the proof. O

Together with estimator reduction from Lemma 14, the quasi-Galerkin orthogonal-
ity (58) of Proposition 18 allows to prove the R-linear convergence of Theorem 8, if one
exchanges |[|u — Upy|| and [|Uppr — Upl|| with dl(w, Upyr) and d(Upyq, Up), respectively.
Therefore, all the results from Section 5 hold (cf. the remarks after Theorem 8 and the
proof of Theorem 9) and, in particular, we obtain the optimality result of Theorem 9.
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