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Adaptive Fuzzy Controller for the Nonlinear System with
Unknown Sign of the Input Gain

Jang-Hyun Park, Seong-Hwan Kim, and Chae-Joo Moon

Abstract: We propose and analyze a robust adaptive fuzzy controller for nonlinear systems
without a priori knowledge of the sign of the input gain function. No assumptions are made
about the type of nonlinearities of the system, except that such nonlinearities are smooth. The
uncertain nonlinearities are captured by the fuzzy systems that have been proven to be universal
approximators. The proposed control scheme completely overcomes the singularity problem
that occurs in the indirect adaptive feedback linearizing control. Projection in the estimated
parameters and switching in the control input are both not required. The stability of the closed-
loop system is guaranteed in the Lyapunov viewpoint.

Keywords: Adaptive fuzzy control, nonlinear system, unknown input gain sign.

1. INTRODUCTION

The theory of explicitly linearizing the input-output
response of nonlinear systems to linear systems using
the state feedback has received great attention.
However, it relies on an exact cancellation of
nonlinear terms to obtain linear input-output behavior.
For many nonlinear dynamical systems, which are
highly nonlinear, it is generally difficult to develop
accurate mathematical models, i.e., there are
inevitable uncertainties in the constructed models.
Therefore, the design of a robust controller that can
deal with model uncertainties is very important.

Universal function approximators (UFAs) such as
fuzzy logic systems and artificial neural networks
have been successfully applied to many control
problems because they need no accurate mathematical
models of the system under control. It is a well-known
fact that they can approximate certain classes of
functions to a given accuracy and furthermore the
output of the system can be represented by a linear
combination of basis functions such as fuzzy basis
functions or radial basis functions [1-4]. Based on this
property many researchers have presented adaptive
control architecture for uncertain nonlinear systems
[5-15].

However, all the previous results need the
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assumptions that the input gain, which is the function
of the system states in general, is away from zero and
its sign is known a priori. The sign, called control
direction, represents motion direction of the system
under any control, and knowledge of this sign makes
adaptive control design much easier. In this paper, we
eliminate these assumptions. In addition, no
assumptions are made about the type of nonlinearities
of the system, except that such nonlinearities are
smooth.

In the area of adaptive control, by incorporating
Nussbaum gain technique [16] into backstepping
design, adaptive control schemes have been developed
for parametric-strict-feedback nonlinear systems [17,
18] and output-feedback nonlinear systems [19] with
unknown control direction. An alternative method, the
so-called correction vector approach [20] has been
applied to first-order nonlinear systems [21]. The
above mentioned papers consider nonlinear systems
whose nonlinearities are linear in the unknown
parameters and, as far as we know, no research results
have been presented on controlling general nonlinear
systems whose nonlinearities are functions of system
state variables.

We propose an indirect adaptive fuzzy controller
and new learning algorithms such that all the signals
involved are stable in the Lyapunov viewpoint. In the
indirect adaptive control of the feedback linearizable
system, the fuzzy systems are employed to estimate
the plant dynamics and these estimates are used to
generate the control input that achieves tracking of a
desired output. Since we have no information on the
input gain, its estimate may be zero at some instances.
Thus, the conventional adaptive input-output
linearizing control scheme where the control law’s
denominator is the estimate of the input gain cannot
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be employed in this situation. We also propose a new
singular-free control scheme. No projection as in [5-7]
and no switching in the control as in [8] are needed.
The stability of the closed-loop system is guaranteed
in the Lyapunov standpoint.

The outline of the paper is as follows. Section 2
presents a brief description of the fuzzy system and
universal approximation theorem. In Section 3, a new
control law and adaptive algorithms are proposed and
stability analysis is given. Simulation examples are
illustrated in Section 4. The conclusions are finally
given in Section 5.

2. DESCRIPTION OF FUZZY SYSTEMS

In this paper, the fuzzy systems are used to capture
the unknown nonlinearities of the system. In general,
the output of the multi-input single-output fuzzy
system with singleton fuzzifier, product inference,

centroid defuzzifier and Gaussian membership
functions is described by
h (x| 6h) = 6 &, (%)

, 1)

where xeR" is the input vector to the fuzzy system,
heR is the output, 6, ¢ RL is the adjustable
parameter vector with its elements being the point at
which membership function in the consequent part of
a fuzzy rule achieves its maximum, L denotes the
number of the fuzzy rules, fh(-):R”—>R" is a

nonlinear vector function with its element being the
normalized firing strength represented by

TT5 2, (%))
Gx) =

;H ?:1”A‘j (xj)

Ji=1-,L 2

in which H i (xj) are the Gaussian membership
]

functions of x; associated with the ith fuzzy rule.
Function (2) is called the fuzzy basis function (FBF)
in [1].

The key advantage of the fuzzy system described
above is that it has the capability to approximate
nonlinear mappings to any degree of accuracy, which
is summarized in the following theorem.

Theorem 1 (Universal Approximation Theorem):
For any given real continuous function h on a compact

set Q, eR" and an arbitrary &, >0, there exists a
fuzzy system h in the form of (1) and optimal
parameter vector 9; such that

sup |h(x)-h(x]6)|< &. ©)

XeQy

A proof of this theorem is given in [1,2]. Note that
the reconstruction error arises as a result of the
inadequacy of the fuzzy systems to match exactly an
uncertain nonlinear function even if optimal weights
are selected. However, we can make &, arbitrarily

small by highly increasing the number of fuzzy rules.

3. CONTROLLER DESIGN AND
STABILITY ANALYSIS

3.1. Problem formulation
In this section, we first set up control objectives,
and then show how to design an adaptive controller
based on the fuzzy system to achieve the objectives.
Consider the nth-order nonlinear systems of the
form

X" = £ (x)+ g (XU,
y=X,

(4)

where f,and g are unknown smooth functions, ueR
and yeR are the input and output of the system,

respectively, and  xX=[x;, Xp,-*", xn]T =[x, X,---,

x(”_l)]T e R" is the state vector of the system that is
assumed to be measurable. Note that the previous
research results [5-8,22] require conditions on g(x) in
which its sign and lower bound are known. These
conditions are required not only for affine systems but
nonaffine systems [11,23]. Such conditions on g (x)
are not needed in this paper. The control objective is
to force the output y(t) to track a given bounded
reference signal yq(t), under the constraint that all
signals involved must be bounded.
Before preceding, let us rewrite (4) as

Xn:f(x)+g(x)u—ka, (5)
where
f(x)=f(x)+k x

and k=[k;---k,]" is determined such that the
polynomial h(s)=s" +k,s" ! +---+k; is Hurwitz.
We estimate the functions f(x) and g(x) using two

fuzzy systems and denote them as f (x) and §(x)
respectively.

3.2. Controller design and stability proof
Typical adaptive input-output linearizing controllers
are of the form [5,6,22]:

1 ~
u:m(—f(x)+a+ﬂ),

a= y((jn) +kTXd,

(6)
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Fig. 1. Plots of gAz and
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where xg =[yq. Vg~ y\" VT . B is an additional
robustness term. However, since the numerator of the
control input (6) is §(x), it must not be zero. In the
situation that the sign of g(x) is unknown, its
estimate, §(x), may cross the zero line to search for

its correct sign, which causes a singularity problem.
Thus, a new control law that is free form input-
singularity is proposed as

_ 6 (¢
u 5+Q(x)2( (x)+a+ﬁ), -
azygn)+kTXd,

where &£>0 is a design constant and £ is a

robustness term defined later. It can easily be
observed that if & approaches zero or if §(x)

becomes much larger than &, the modified term
g/ (¢+G%) approaches 1§ . See Fig. 1.

Let e=y—y,, €= [e,é,---.e(”_l)] Substituting (7)

into (5) can yield the following error dynamics.

&+ Q(x)2
§(x)

u-— ygn) —k"x 8)

=f(x)—g(X)u+ u

_e+§(x)°
G (x)
:—kTe+(f(x)— f(x))

+(g(x)-g(x))u —%u + .

The above equation can be rewritten as

6= Ae+b[—(f(x)— ()
+HF00-F709)=(609-6"C))u

9)
AK &
#9008 (W)u—Zu+s]
= Ae+b[—6’?§f (X)+ 8¢ =05 &y (Xu
g ~
+ 04U — —f+a+p)+ 4]
g 8+Q2( ﬂ) ﬂ]
where
0 1 0 0
0 0 1 -0 0
A= : o=\ 1(10)
_kn _knfl _kn72 _kl 1

and G; =0; —6;,0, =0, -0, ", §" are shortened
denotations of f (x,07),§ (x,6;), respectively. 6}

and 0; are optimal approximation parameters and
they are assumed to exist according to the universal
approximation theorem such that f , § can

approximate f, g as best as possible. &; =f - fr

and 5y =g— g~ denote the corresponding minimum
approximation errors.

Since A is a stable matrix, there exists the positive
symmetric matrix P and positive constant q satisfying

ATP+PA=ql. (11)

Remark: The term su/§ in (9) is generated
because of the &-term in the denominator of the
control law, i.e., if ¢=0, the term also becomes zero.
This newly-introduced disturbance will later be
compensated by additional conditions on the design
constants.

According to Theorem 1, there exist unknown
constants &¢, &g >0 such that

|6: (X)|< e
f f (12)
EAIEE
for all xeQ,. For the stability proof, we need the

following assumption.
Assumption 1: There exists a constant y such

that

£
0<—L <y<1 (13)
2Je
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forall xeQ,.
Assumption 1 is reasonable since, as already

mentioned in Section 2, &; can be made arbitrarily

small according to the universal approximation
theorem and, moreover, ¢ is the positive design
constant. That is, there are two ways to make y as

small as desired: highly increasing the structure (e.g.,
number of the membership functions and rules) of the
fuzzy system and choosing ¢ sufficiently large.

Before presenting the main theorem, we define the
following constants:

¢ = Pb|,
Cy = sup |&¢ (X)],
XeQy
Ca =sup la(t)], (14)
» & TyC3
Ve

Note that y/* is a lumped uncertain constant related

to ¢¢ and &y, which are assumed to be unknown.

g L
We adopt the estimation scheme for y/* and denote
its estimate as .

Theorem 2: Consider system (4) with the control
input (7). If we choose the update laws for fuzzy

parameters ¢, 6; and estimate of bounding
parameter y as
Ot =7 (eTbef_Ufef)’ (15)
6, =7, (e" Pbé&,u
9 g( 9 (16)

-0y (6’9 —h(§)6exp(—c|§ |))),
V=7, {T Pb-tanh(eT;b]—o,/,v/J, (17)

where y¢, 74, 7, are adaptation rates, h(-) is a

hysteresis switching function defined as

A d .
1 if g(t):—,ulandag(t)>0
1 if Q(t):yzand%gj(tbo

h(§(®) = q (18)
-1 if g(t)=y4and a@(t) <0

-1 if §(t) =—u, and %Q(t) <0

ot,04,0,,C, L,y are positive design constants

oy H v4h |

LQ)V

Fig. 2. The hysteresis function h(§).
and @eR" isa constant vector determined such that

0TE(x)>0 for all xeQ,. The robustifying term
S is chosen as

T
,B:—y/tanh[e Pb} (19)
&

with &£'>0 being a design constant. Then, we can

guarantee that all the signals e, 6;, 6;, w are

uniformly ultimately bounded.
Note that the update law (17) guarantees t//(t) >0

forall t>0 if y(0)>0 since >0 at y=0.

The definition of the function h(-) can easily be
understood by looking at Fig. 2.

Before the proof process, we briefly explain why
the hysteresis function is introduced in the update law
for 6y (16). If we set h(§)=0 forall g, ie., we
do not perform any modification for ég , the adaptive
system cannot escape 6y =0 point. This is because
ég =0 at ¢;=0 since u=0. The hysteresis
functions are employed to go around the ¢, =0

point. Moreover, the exponential term has its
maximum value at § =0, which means it has its

maximum effect at 6; =0 and has less effect if g

goes away from 0. The modification of the gain of
control input (7) and employing hysteresis function in
the adaptive law for 6y (16) are the key ideas for

controlling without control direction.
Proof: Consider the Lyapunov function

1

_1l 1 515 5T5 17 -2
V—Ee Pe + 0](0]( + gggg +2—l// (20)

s 7’g 7;1/

Differentiating V along the solution of (9), we obtain
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V =—%q|e|2 +e"Pb[-07 & — 0y EQu+ 5y

+5gu—
£+4

+L5I6'f +i0~g€'g +1_—71/71//.
Vi Yq Yy

Substituting (15) and (16) into (21), we have that

. 1 ~
V=—"alef -o;0{0;

o0 (05 —n(§)0exp(—c|d])) (22)

—eTPb(ﬁ(—f +a+ﬂ)]+A,

where

AzeTPb(éf+5gu)+eTPbﬂ+1_—7y7y‘/. (23)

Ty

Using (12), (13) and (14), and determining the

robustifying term £ as (19) yields

0, ~
A:eTPb(5f+ gAz(—f+a)]
e+§
T 1- }/~.
+e Pbj1+ 5|8+
c+§° Yy
T ‘g
<|e'Pb|| & +—=(c, |05 | +C
| |[f 2\/;(2|f| 3)}
+eTPb(1—y)ﬂ+l_—7W

Ty
:
<|e"Pb|(ef +7 | 0f |+7C3)

T p—
—eTPb(l—y)y/tanh € P|b +1—71/71//
& Yy

=(1-7)le"Pbly”

.

e'Pb)| .
_(1—;/)eTPbtanh( v

24

+70C €] 65 | 4

.

e'Pb
—(1—y)eTPbtanh£ = y/+1}/—7/:/71//

v

e'PbB<0 which leads to
eTPb(1+5fQ/(g+@2))ﬂ§eTPb(l—7)ﬂ in the

second line of (24). Choosing the update law for
adjusting v as (17) and using 0<|»|-ntanh(n/s")

We have used

A2(—f+a+ﬂ)+ﬂ] 1)

<ke' with x=0.2785, we have that

A<(l-y)|ke'y ~(1-y)o,uv

(25)
+rgcy el |

Combining this result with (22) and using the
following relations

I T RPN I,
0.0, ==16: P+=10; P =10
£ O 2|f| 2|f| 2|f|

0, (99 —h(§)0exp(-c|§ |))2

1.~ 0 1% . ., (26)
105 F =510 =h(§)oexp(-cI )
O T R N N
l//l//—2|V/| +2|1//| 2Il//l
yields

i L o2 T & e
V<-alef —e Pb[ A2(—f+a+ﬂ)j

E+0Q
1~ 0 1. o 1, x5
—oe | 210, P20 2 =210
Uf[2| £ 2| £l 2| flj
1é21|9*h‘9 §1)[?
-0y El g | —510 - (§)0exp(-clgl)
1 .5 1, o 1, x,
_1_ — + = I
( 7)0y,(2|'//| U4 2I',//IJ
+(1-y)xe'y" +yecy el 6y |

S_%q|e|2+cl|e|(| fl+lal+| )
o (%|éf 2 +%|9f & —%Iﬁ? Izj
-0y (%mg |2
_(1—y)a,,@|w|2 -2y’ Izj

+(1-y)ke'y +yoc, el 65 |

1 1 2 Of ~ o Og ~ »
<-—=lgq-=|le|*—|6+ " —=|6
Z(Q 2j|| 2|f| 2|g|

_%|g;‘ —h(g)0exp(—c|§ |)|2)

1-y)o, .

—%le +(1+y)ccy el 6 |

o 1-y)o
—7f|ef|2+q|e||w|—%|w|2 (27)

Ot 1 2.%0 0% o
+—10¢ | +—|64 +h6
5 10117 +—"10 |

l1-y)o * *
Moy 2) Cly P+ (-r) ety + o,



Adaptive Fuzzy Controller for the Nonlinear System with Unknown Sign of the Input Gain 183

where h =sgn(g(x)). We have also used the facts

— <1
&+g . (28)
lelecs < lef +efcf.

Choose the design constant q>q where

(29)

Then V becomes
i 1 2 %t 52 % 5 2
V<-2(a-a)lel -—-10¢ =16,

(1—;/)0 N Ot «
— =g +—16; [
2 2 (30)
og o 0 (1=7)o, .
+—|0, +h@|" +——
> |64 | 5 ly |
+(1-y)Kke'y” +clck.
Let

. qg-q
C=MiNs———=—,710¢,7404YuwCu (-
{A’max(P) g~-g9' 'y ‘/’}
Ot 1 2.%0 0%  mop
A=—160; | +—=|6, +h8 31
> |05 | > |64 | (31)

1-y)o *
L_%quﬁ+

+ (1-y)Kke'y” +clck.

Then (30) can be written as
V <—cV + A (32)

From (32), we have V <0 provided that V > i/c.
Thus we can prove the uniform ultimate boundedness
of V with respect to the set

v:{v(t):v s%} (33)
This completes the proof. 0

Remark 1: Letting &'=0 makes g as

B=-ysgn (eTP b) (34)
and the constant A is defined by

z:%w’; 2 +J—;|9; +hoP

1-y)o *
+£—7;—ﬂ|w|2+q%§

(35)

In this case, although we can acquire better
performance, the chattering phenomenon may occur
in the control input due to the sign function in (34).
Remark 2: In our previous work [10], the designer
must determine the constant » in order to determine

control input, which is not required in this paper. This
is due to a slight modification of the Lyapunov
function (20).

4. SIMULATION EXAMPLE

To illustrate the control procedure and the
performance we apply the proposed robust adaptive
controller to control the mass-spring-damper system
described by [24]:

X1 =%, (36)
.~ (X)) - fg(X)+u+d
X2:

v ) 37)

where y =X, represents the deviation of the mass,
X, represents its velocity, fx (x) is the spring force
due to spring constant K, fg(x) is the friction
force due to friction constant B, M is the body
mass, and u is the applied force (control). The
overall block diagram is illustrated in Fig. 3.

We chose the nominal parameters as Mg =1kg,
Ko=2, By=2 and the perturbations of system
parameters as AM =0.1sin(x;), AK =0.5, AB=0.5

in the following simulations. Furthermore, the
nonlinear spring and friction forces are assumed to be
fe (X) = Koxg + AKxf and fg(X)=ByX, + ABx§ . The
disturbance is assumed to be d =0.2sin(2t)e .
We chose the reference signal yg (t)=7sin(t)/30.
The compact set Q, is chosen to be |x;|<0.2 for

both j=1,2. The membership functions for x, and

y
- >
- 1
VWi |
M >
—
el I3
fB

Fig. 3. A mass-spring-damper system.
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Table 1. Controller parameters.

Parameter(s) Value(s)
ki, Kk, 2,1
q 100
0,04,0y 0.1,0.1,0.1
Vi Vg ¥y 1000, 10, 1
& 10
&' 0.001
0.1
Ko 0.1,0.11
6,i=1---,25 1

X, chosen as a Gaussian-shaped form are described
by

J. (x; - piy)°
Aij(xjvpiijij):eXp T (38)
i.
J
with p;; =-3+i; and 2qi2j =0.0425 for ij=12,
""Nj and Nj =5, j=12 .
parameters are given in Table 1.
First, we select the initial values as Hoi =0and

The controller

0gi =05 for all i=1-25 and y°=0 where
0f and 6 denote the ith element of the initial
vector of &; and ¢, respectively. In this case,
4(0)>0, ie., the designer has guessed the correct

sign of g(x). The initial state is x(0)=[0.1 o .
The system output, control input and trajectories of
d(x), g(x) areillustrated in Fig. 4 through Fig. 6.

From the results, it can be inferred that the system
output tracks the desired output well by the proposed
controller.

Second, we set the simulation parameters as the

same values as before except egi =-05, i=1---,25.

Note that §(0)<0, which means the designer has

guessed wrongly the sign of g(x) since it is always
positive. The system output, control input and

trajectories of §(x) and g(x) are illustrated in Fig.

7 through Fig. 9. From the results, it can be inferred
that the system output tracks the desired output well
by the proposed controller although the control
direction is incorrectly guessed. Moreover, as
illustrated in Fig. 9, we can observe that even if the
trajectory of § crosses the zero line, input singularity

does not occur.

0.15

— system output
1+ desired output

0.1

005

[m]

-0.05

-0.15

I I I I I I I I I
1 2 3 4 5 6 7 8 9 10
time [sec]

Fig. 4. Reference signal (dotted line) and output of the
system (solid line).

0.3

trol input [N]

time [sec]

Fig. 5. Control input.

11

0.9

08

0.7

0.6

0.5

0.4

03

— estimate of g(x)
0.2 : : : gk
0.1 Il Il Il Il Il Il Il Il Il
0 1 2 3 4 5 6 7 8 9 10

time [sec]

Fig. 6. Trajectory of g(x) (dotted line) and §(x)
(solid line).
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0.15

T T
— system output
1+ desired output

005F

[m]

-0.05

=011

-0.151

-0.2
0

I I I I I I I I I
1 2 3 4 5 6 7 8 9 10
time [sec]

Fig. 7. Reference signal (dotted line) and output of the
system (solid line).

0.3

control input [N]
I

-05 L L L L L L I I I
0

time [sec]

Fig. 8. Control input.

12

0.8

0.6

04

0.2

o+

-0.2

= estimate of g(x)

-0.4
g

-0.6 L L L L L L I I I
0 1 2 3 4 5 6 7 8 9 10

time [sec]

Fig. 9. Trajectory of g(x) (dotted line) and §(x)
(solid line).

5. CONCLUSION

We have proposed the robust adaptive fuzzy
controller for wuncertain nonlinear systems with
unknown input gain sign. In other words, even though
we have no information on the control direction, we
can robustly control the system using the proposed
scheme. Moreover, it completely overcomes the
singularity problem that occurs in the indirect
adaptive feedback linearizing control scheme.
Projection in the estimated parameters and switching
in the control input are not needed in order to avoid
the input singularity. The stability of the closed-loop
system is guaranteed in the Lyapunov viewpoint, and
all the signals involved are shown to be uniformly
ultimately bounded.
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