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Adaptive Maximunﬁ-Likelihood Receiver for Carrier-Modulated

Data- Transmission Systems

‘GOTTFRIED UNGERBOECK

Abstract—A new look is taken at maximum-likelihood sequence
estimation in the presence of intersymbol interference. A uniform
receiver structure for linear carrier-modulated data-transmission
systems is derived which for decision making uses a modified version
of the Viterbi algorithm. The algorithm operates directly on .the
output signal of a complex matched filter and, in contrast to the
original algorithm, requires no squaring operations; only multiplica-
tions by discrete pulse-amplitude values are needed. Decoding of
redundantly coded sequences is included in the consideration. The

reason and limits for the superior error performance of the receiver -

over a conventional receiver employing zero-forcing equalization and

symbol-by-symbol decision making are explained. An adjustment

algorithm for jointly approximating the matched filter by a trans-
versal filter, estimating intersymbol interference present at the
transversal filter output, and controlling the demodulating carrier
phase and the sample timing, is presented.

I. INTRODUCTION

HE design of an optimum receiver for synchronous
data-transmission systems that employ linear carrier-
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modulation techniques [17] is discussed. All forms of digita
amplitude modulation (AM), phase modulation (PM)
and combinations thereof, are covered in a unified manner
Without further mention in this paper, the results are alsc
applicable to baseband transmission. T
" In synchronous data-transmission systems intersymbo
interference (ISI) and noise, along with errors in th
demodulating carrier phase and the sample timing, ar
the primary impediments to reliable data reception [1]
The goal of this paper is to present a receiver structur
that deals with all these effects in an optimum way anc
an adaptive manner. In deriving the receiver the concep
of maximum-likelihood (ML) sequence estimation [2], [3.
will be applied. This assures that the receiver is optimun
in the sense of sequence-error probability, provided tha
data sequences have equal a priori probability.

The modulation schemes considered in this paper ca
be viewed in the framework of digital quadrature ampli
tude modulation (QAM) [1]. They can therefore be repre
sented by an equivalent linear baseband model that differ
from a real baseband system only by the fact that signal
and channel responses are complex functions [2], [4], [5]

Conventional receivers for synchronous data signal:
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comprise a linear receiver filter or equalizer, a symbol-rate
sampler, and a quantizer for establishing symbol-by-
symbol decisions. A decoder, possibly with error-detection
and/or error-correction capability, may follow. The pur-
pose of the receiver filter is to eliminate intersymbol inter-
ference while maintaining a high signal-tc-noise ratio
(SNR). It has been observed by several authors [17], [6]~
[97] that for various performance criteria the optimum
linear receiver filter can be factored as a matched filter
(MF) and a transversal filter with tap spacings equal to
the symbol interval. The MF establishes an optimum
SNR irrespective of the residual ISIT at its output. The
transversal filter then eliminates or at least reduces inter-
symbol interference at the expense of diminishing the
SNR.

If symbols of a data sequence are correlated by some
coding law, a better way than making symbol-by-symbol
decisions is to base decisions on the entire sequence
received. The same argument holds true if data sequences
are disturbed by ISI. The correlation introduced by ISI
between successive sample values is of discrete nature as
in the case of coding, in the sense that a data symbol can
be disturbcd by adjacent data symbols only in a finite

ISRy — e ——

form of partla_l responsc codlng [1] Recuvers that per-
form sequence decisions or in some other way exploit
the discreteness of IST exhibit highly nonlinear structures.
Decision feedback equalization [107], [11] represents the
earliest step in this direction. Later, several other nonlinear
receiver structures were described [12]-[17]. In view of
the present state of the art, many of thesc approaches can
be regarded as attempts to avoid, by nonlinear proccssing
methods, noise enhancement which would otherwise occur
if ISI were eliminated by lincar filtering,

A new nonlinear recciver structure was mtroduced | by
Torngy [18]. The receiver consists of a “w vhitened” MF
(i.e.,, an MT followed by a transversal filter that whitens
the noise), a symbol-rate sampler, and a recursive non-
linear processor that employs the Viterbi algorithm in
order to perform ML sequence decisions. The Viterbi

algorithm was originally invented for decoding of con- -

volutional codes [197. Soon thereafter the algorithm was
shown to yield ML sequence decisions and that it could
be regarded as a specific form of dynamic programming
[201-[22]. Tts applicability to receivers for channels with
intersymbol interference and corrclative level coding was
noticed by Omura [23] and Kobayashi [241-[26]. A
survey on the Viterbi algorithm is given by Iorney [27].
Very recently, adaptive versions of [forney’s receiver have
been proposed [28], [29], and its combination with
~decision-feedback equalization has been sa‘ggcét)e"d ['5—0:]
In Forney’s [18] receiver, Whltcnmg of the noise is
essential because the Viterbi algorithm requires that noise
components of successive samples be -statistically inde-
pendent. In this paper a receiver similar to that of Forney
will be described. The receiver employs a modified Viterbi
algorithm that operates directly on the MI® output without
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whitening the noise. In a different form the algorithm has "

already been used for estimating and subtracting ISI terms /
from dls’ourbed _binary data sequences [177]. Here ere the
algorlthm is restated and extended so that it performs ML
decisions for complex-valued multilevel sequences. Appar-
ently, Mackechnie [317] has independently found the same
algorithm.

In Section IT we define the modulation scheme. The
general structure of the maximum likelihood receiver
(MLR) is outlined in Section III. In Section IV we derive
the modified Viterbi algorithm. The error performance of
the MLR is discussed in Section V and compared with the
error performance of the conventional receiver. Finally, a
fully adaptive version of the MLR is presented in Sec-
tion VI.

II. MODULATION SCHEME

We consider a synchronous linear carrier-modulated
data-transmission system with coherent demodulation of
the general form shown in Fig. 1. By combining in-phase
and quadrature components into complex-valued signals

~

(indicated by heavy lines in Fig. 1), all linear carrier- '

modulation schemes can be treated in a concise and uni-
form manner [2], [4], [5]. Prior to modulation with
carrier frequency w, the receiver establishes a pulse-
amplitude modulated (PAM) signal of the form ’

2(t) = 2 anf(t — nT) (1)
where the sequence {a,} represents the data symbols, 7' is
the symbol spacing, and f(¢) denotes the transmitted base-
band signal element. Generally, {a,} and f(¢) may be
complex (but usually only one of them is; see Table I).! The

data symbols are selected from a finite alphabct and may

possibly succeed one another only in accordance with some

rcdundgnt coding rule.

Assuming a linear dispersive transmission medium with
impulse response ¢.(t) and additive noise w.({), the
receiver will observe the real signal

Ye(t) = go(t) * Re {V2z(t) exp (Juwd)} + we(t) (2)

where * denotes convolution. One side of the spectrum of
y.(t) is redundant and can therefore be eliminated without
loss of information; the remaining part must be transposed
back in the baschand. In Fig. 1 we adhere to the conven-
tional approach of demodulating by transposing first and
then climinating components around twice the carrier
frequency. The demodulated signal thus becomes

= 2 ah(t — nT) + w(t) (3)
where
h(t) = [g.(2) exp (—jwet — joo) ] * f(£)-
= g(t) »f(t) (4)

YA more general class of PAM signals is concelvable where“&

f(t) depends on n or a,.

| S
AW
7

e
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TRANSMISSION

TRANSMITTER _ MEDIUM RECEIVER
{on} xi1) JECE M yein) ymr;o-ge-ﬂ {8n}
o e e} e
' I | .
{E‘eiwc' weih) \E‘e—jwc'_i%
real signal = complex signal
Fig. 1. General linear carrier-modulated data-transmission system.
TABLE 1
Modulation Scheme fan} f@®
DSB-AM real real -
SSB, VSB-AM real complex?®
PM | complex | = real
AM-PM complex real

; aSBle f@) = f1t) &£ j{f1(¢)}, where 3C is the Hilbert trans-
orm [1]. .

and
w(t) = V2uw,(t) exp (—jwd — joo). (5)

In (5) the effect of low-pass filtering the transposed noise
1s neglected since it affects only noise components outside
the signal bandwidth of interest. Our channel model does
not include frequency offset and phase jitter. It is under-
stood that the demodulating carrier phase ¢, accounts for
these effects.

III. STRUCTURE OF THE MAXIMUM-
LIKELIHOOD RECEIVER

The objective of the receiver is to estimate {a,} from a
given signal y (). Let the receiver observe y(¢) within a
time interval I which is supposed to be long enough so
that the precise conditions at the boundaries of I are
insignificant for the total observation. Let {a.} be a
hypothetical sequence of pulse amplitudes transmitted
during I. The MLR by its definition 27, [3] determines
as the best estimate of {a,} the sequence {a,} = {@.}
that maximizes the likelihood function p{y(),t € I {a.}].

In the following paragraphs the shape of the signal
element A(t) and the exact timing of received signal ele-
ments are assumed to be known. The noise of the trans-
mission medium is supposed to be stationary Gaussian
noise with zero mean and autocorrelation function W.(7).
From (5) the autocorrelation function of w(t) is obtained
as

W(r) = Elw(t)w(t + )] = W(—1)

= 2W.(7) exp (—jw.). (6)

For example, if w.(¢) is white Gaussian noise (WGN) with
double-sided spectral density Ny, then W.(r) = N¢b(7)
and W(r) = 2N (r). In view of this important case it is
appropriate to introduce

W(r) = 2N.K(r), WGN:K(T) = 6(7).

@
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If {an] were the actual sequence of the pulse amplitudes
transmitted during 7, then

w(t| {an}) = y(t) — X ah(t —nT),

nTel

tel (8)

must be the realization of the noise signal w(t). Hence,
owing to the Gaussian-noise assumption, the likelihood
function becomes (apart from a constant of proportional-
ity) [32]

pLy(D),t € I|{aa} ] = pLw(t]|{em})]

Nexp{ 4V0/fw(t1 {an) KXty — 1)

-w(t2 I {Oln}) dtl dtz} (9)
where K—1(r) is the inverse of K(r)
K(r) «x K(7) = 6(7). (10)

The correctness of (9) for the complex-signal case is
proven in Appendix I. Substituting (8) into (9) and con-
sidering only terms that depend on {a,}, yields

p[y(t)7t € Il{an}]

4]\70[2 2Re (anzn) — Z > asl_kak]} (11)

nTel Tel kTel

~ exp {
where

Zn = /fh(tl — '77,T)K—I(t1 — tz)y(tz) (ltl (ltz

ae ] 50

= 5_; l =

(12)

- ’iT)K_l(t1 — tz)h(tz — le) dty dits

k— (13)

The quantities z, and s, can be interpreted as sample
values taken at the output of a complex MF with impulse
response function?

gur(t) = h(—t) * K71(1).

The derivation presented is mathematically weak in that
it assumes K~'(¢) exists. This is not the case if the spectral
power density of the noise becomes zero somewhere along
the frequency axis. The difficulty can be avoided by de-
fining. 2, and s; in terms of the reproducing-kernel Hilbert
space (RIKHS). approach [33], [34]. Here it is sufficient
to consider the frequency-domain equivalent of (14) given
by

(14)

Gur(f) = H(f)/K(f) (15)

where Gur(f), H(f), and K(f) are the Fourier trans-
forms of guw(t), A(f), and K (i), respectively. It follows
from (15) that gyr(¢) exists if the spectral power density

2 Here we are not concerned with realizability.
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of the noise does not vanish within the frequency band
where signal energy is received. Only in this case have we
a truly probabilistic (nonsingular) receiver problem. It
can easily be shown that

2 = gur(t) *Y() limar = X tasi + 7 (16)

s; = gur(t) * h(l) |mir = 5 (17)

and that the covariance of the noise samples 7, reads
Rl = E('I_',,T,H_l) = 2N081. (18)

Since the noise of the transmission medium does not
exhibit distinct properties relative to the demodulating
carrier phase, the following relations must hold:

E[Re (12) Re (ray1)] = E[Im (r,) Im (ra42) ]

= NoRe (s)) (19)

If

E[Re (1) Im (ray3)] = —E[Im (ra) Re (ray2) ]

= NoIm (s)). (20)

The similarity of s; and R, expressed by (18) implies that
so > | 81| and that the Fourier transform of the sampled
signal element {s;} is a real nonnegative function

S*(f) = X siexp (—72xfIT) 2 0 (21)
[4

with period 1/7. Clearly, the MF performs a complete

phase equalization, but does not necessarily eliminate ISI

(ISI: s; 5= 0 for I % 0). The main effect of the MF is that

it maximizes the SNR, which we define as

instantaneous peak power of a single signal element

average power of the real part of the noise
S0° S0
"~ E{Re (n0)?} No (22)
The part of the receiver which in Fig. 1 wasleft open can
now be specified, as indicated in Fig. 2. From (16) it com-
prises a MF and a symbol-rate sampling device sampling at
times nT. It follows a processor, called maximum-likelihood
sequence estimator (MLSE), that determines as the most
likely sequence transmitted the sequence {a.} = {@.} that
maximizes the likelihood function given by (11), or equiva-
lently, that assigns the maximum value to the metric

Jr(lar}) = X 2Re (@n2a) — 2 2 &iSi—k0ti.

nTel iTel kTel

(23)

The values of s; are assumed to be known. The sequence
{2,} contains all relevant information available about {a.}
and hence forms a so-called set of sufficient statistics [2],
[3]. The main difficulty in finding {&.} lies in the fact
that {d@.] must only be sought among discrete sequences
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y{t) [Matched| 2(1) {zn} {Maximum -likelinood {Gn}
filter sequence estimator ——=
(MF) n? (MLSE)

aue (D =R-n1 ek (M Max [37 ({an})) = 3r¢{da}

fan}

Fig. 2. MLR structure.

{a,} which comply with the coding rule. The exact solution
to this discrete maximization problem is presented in
Section IV, :

Solving the problem approximately by first determining
the nondiscrete sequence {e,} = {z1,} that maximizes
(23) and then quantizing the elements of {z.,} in inde-
pendent symbol-by-symbol fashion, leads to the optimum

conventional receiver [57. Applying the familiar calculus
{z.} by alinear transversal filter which, having the transfer
function 1/8*( f), eliminates ISI. The series arrangement
of the MF and the transversal filter is known as the
optimum linear equalizer, which for zero ISI yields maxi-
mum SNR [67], [8]. Calculating the SNR at the trans-
versal filter output in a manner equivalent to (22), gives

S/N, = S/Nuy

S S/NMF-

17

yr
v [ s pa [ st @
0

0

(24)

This reflects the obvious fact that, since the MF provides
the absolutely largest SNR, elimination of ISI by a subse-
quent filter must diminish the SNR. Equation (24) indi-
cates, however, that a significant loss will occur only if
somewhere along the frequency axis S*( f) dips consider-
ably below the average value.

For systems that transmit only real pulse amplitudes,
1.e., double-sideband amplitude modulation (DSB-AM),
vestigial-sideband amplitude modulation (VSB-AM), and
single-sideband amplitude modulation (SSB-AM), it fol-
lows from (23) that only the real output of the MF is
relevant. In those cases S*(f) should be replaced by
1[8*(—f) 4+ S*( f)] without further mention throughout
the paper.

IV. MAXIMUM-LIKELIHOOD SEQUENCE
ESTIMATION

In this section the exact solution to the discrete maxi-
mization problem of (23) is presented. The MLSE
algorithm that will be derived determines the most likely
sequence {d.} among sequences |a.} that satisfy the
coding rule. Clearly, the straightforward approach of com-
puting Jr({a,}) for all sequences allowed, and selecting
the sequence that yields the maximum value, is impractic-
able in view of the length and number of possible messages.
Instead, by applying the principles of dynamic program-



628

ing [227, we shall be able to conceive a nonlinear recursive
algorithm that performs the same selection with greatly
reduced computational effort. The MLSE algorithm thus
obtained represents a modified version of the well-known
Viterbi algorithm [187-[217, [237-[30].

The algorithm is obtained, observing s, = §_, by first
realizing from (23) that J;({a.}) can iteratively be com-
puted by the recursive relation

Jn( .. ';an—lyan) = Jn—l( b ‘yan—l)
+ Re[@. (22, — sotn — 2 2., Supat) ]
k<n—1

(25)

Conditions concerning the boundaries of I are not needed
since once we have a recursive relationship, the length of I
beconies unimportant. We now assume that at the MF
output ISI from a particular signal element is limited to
L preceding and L following sampling instants:

=0, |l|>L (26)

Changing indices we obtain from (25) and (26)

Jn(' . ';an—laan) = Jn—l( . 'Jan—l)

L
+ Re [@n (22, — soan — 2 2 Siotn—y) .

(27)

We recall that sequences may be coded. For most trans-
mission codes a state representation is appropriate. Let
u; be the state of the coder after ; has been transmitted.
The coding state w; determines which sequences can be
further transmitted. Given u; and an allowable sequence

Qjy1,0542,° * * Otk the state w;x is uniquely determined as
(28)

Ujl0G41,02,* * O ™ [tk
The sequence of states {g;} is Markovian, in the sense that
Pr (u; | pinpis, ) = Pr(u; | pa).
Let us now consider the metric
jn(ll-n——L . Cp—L41,°° " ;an)

= jn(Un)

= .max
{+ an—L—1,0n—L) »pn—L

{J"( e :dn—L;an-—L-i-l; b ';an) }

(29)

where the maximum is taken over all allowable sequences
{+++,@n_r 10,1} that put the coder into the state pp—r.
In accordance with the VA literature, J, is called survivor
metric. There exist as many survivor metrics as there are
survivor states

(30)

Tn & Mn—LsOn—L41,** " qn.

Clearly, the succession of states {c.} is again Markovian.
Associated with each ¢, is a unique path history, namely,
the sequence |- -+ ,an—r-1,0n—r}, which in (29) yields the
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maximum. With respect to ¢, this sequence is credited
ML among all other sequences. It is not difficult to see
that the further one looks back from time n — L, the less
will a path history depend on the specific o, to which it
belongs. One can therefore expect that all ¢, will have a
common path history up to some timen — L — m;m being
a nonnegative random variable. Obviously, the common
portion of the path histories concurs with the most likely
sequence {4d,} for which we are looking.

The final step in deriving the MILSE algorithm is to
apply the maximum operation defined. by (29) to (27).
Introducing the notation of a survivor metric also on the
right-hand side, we obtain
Ju(on) = 2Re (@nzn) + max {Ja1(oas) — F(on_1,60)}

fon—1} »on
(31)

where the maximum is taken over all states {o,_1} that
have o, as a possible successor state, and

L
F(O’,l_l,crn) = QnSo0tn + 2 Re (5(” Z Slan_l). (32)
I=1
Verifying (31), the reader will observe that L is just the
minimum number of pulse amplitudes that must be
associated with o,,. Thus, L takes on the role of a constraint
length inherent to ISI. Equation (31) enables us to calcu-
late survivor metrics and path histories in recursive fash-
ion. The path history of a particular o, is obtained by
extending the path history of the o,_;, which in (31) yields
the maximum by the a,_;, associated with the selected o,—1.
At each sampling instant #n, survivor metrics and path
histories must be calculated for all possible states o.,.
Instead of expressing path histories in terms of pulse
amplitudes a,_r, they could also be represented in any
other one-to-one related terms.

This concludes the essential part in the derivation of the
MLSE algorithm. The algorithm can be extended to pro-
vide maximum a posteriorz probability (MAP) decisions,
as-1s shown in Appendix II. However, for reasons given
there, the performance improvement which thereby can be
attairied will usually be insignificant.

The. algorithm is identical to the original Viterbi algo-
rithm if there is no ISI at the MF output, i.e., F{c,_1,0n) =
@nSoc». In the presence of ISI the algorithm differs from
the original Viterbi algorithm in that it operates directly
on the MI output where noise samples are correlated
according to (18). For the original Viterbi .algorithm
statistical independence of the noise samples is essential.
Forney [18] proposed to decorrelate the MF output noise
by a transversal filter which thereby reduces the number
of nonzero sample values of the signal element from 2L + 1
to L + 1. The constraint length inherent to ISI is therefore
the same, namely, L, for both the Viterbi algorithm as
used by Forney and its modified version presented in this
section.$ Clearly, this indicates some fundamental lower

3 G. D. Forney, private communication.
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limit to the complexity of MLSE. Yet the modified Viterbi
algorithm offers computational advantages in that the
large number of squaring operations needed for the original
Viterbi algorithm [297] are no longer required. Only the

simple multiplications by discrete pulse amplitude values _

oceurring in Re (@.z.) must be executed in real time. It

was observed by Price [35] that Forney’s whitened MF &~

is identical to the optimum linear input section of a
decision-feedback receiver. In Section VI we shall see that
basically the same principle can be applied in order to
realize the MF and the whitened MF in adaptive form.
Hence in this respect the two algorithms are about equal.

We shall now illustrate the algorithm' by a specific
example.
limited code with a, € {0,1} and runs no longer than
Two of the same symbol. The state-transition diagram of
this code is shown in Fig. 3(a). According to (30), with
L =1 the following survivor states and allowed transi-
tions between them are obtained:

{0,1}) 2 {a*c*}
1) &4

1{0,1}) 2 {o%0%}
ot & (p:0) = ({01 & {o
o & (ph1) — (p*:0) 4o
(1:0) = (w:{0,1}) £ {o*0%}.

The corresponding state-transition diagram is depicted in
Fig. 3(b). By introducing the time parameter explicitly,
we obtain Fig. 4, in which allowed transitions are indicated
by dashed lines (the so-called trellis picture [20]). The
solid lines, as an example, represent the path histories of
the six possible states o, and demonstrate their tendency
to merge at some time n» — . — m into a common path.
As the algorithm is used to compute the path histories of
the states onyi, ¢ = 1,2,-+, new path-history branches
appear on the right, whereas certain existing branches are
not continued further and disappear. In this way, with
some random time lag L 4+ m, m > 0, a common path
history develops from left to right.

In order to obtain the output sequence {@.} only the
last, say, M, pulse amplitudes of each path history have
o be stored. M should be chosen such that the probability
for m > M is negligible compared with the projected error
probability of the ideal system (infinite M). Then, at
time 7, the o,_r_ of all path histories will with high
probability be identical; hence any one of them can be
taken as @.—r—u. The path histories can now be shortened
by the a,_;_u. Thus the path histories are kept at length
M, and a constant delay through the MLSE of L + M
symbol intervals results. FFor decoding of convolutional

ol & (p:l) — (ub:

o & (p2:0) — (u':
ot & (pril) = (4
2 g3}

JAN

codes the value of M has been discussed in the literature-

[20], [367, [37]. At the present time no such results are
available for the ISI case.

A refined way of selecting &,..._s, which allows for a

Let us consider a simple binary run-length-_
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(a)
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(b)
Fig. 3. (a) State-transition diagram of binary (. = {0,1}) run-

length-limited code with runs <2. (b) Sta’ce-transmlon diagram
of corresponding survivor states for L =

] o o o <

-
\ed
[s\N [¢] [}

\\ 4’ Common path husvory
X o]

X MY
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4
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Stored path histories L.T
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Fig. 4. Time-explicit representation of Fig. 3(b) (dashed lines)
and illustration of path histories at time n (solid lines).

reduction of M, is to take a,_;_a for the path history
corresponding to the largest survivor metric. From (31)
it is clear that without countermeasures the'survivor
metrics would steadily increase in value. A suitable method
of confining the survivor metrics to a finite range is to
subtract the largest J,_; from all J, after each iteration.

V. ERROR PERFORMANCE

Since the receiver of this paper realizes the same decision

rule as Forney’s receiver [187, it is not surprising that
identical error performance will be found. In this section,
following closely Forney’s approach, we present a short
derivation of the error-event probability for the modified
Viterbi-algorithm case. The influence of ISI ‘present at
the MF output on the error performance of the MLR is
discussed, and bounds for essentially no influence are given
in explicit form. The results are compared with the error
performance of the optimum conventional receiver.

We recall that {a.} represents the data sequence trans-
mitted, whereas {d@,} denotes the sequence estimated by
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the receiver. Then

fend = {du} — {an} (33)

is the error sequence. Since consecutive symbol errors are
generally not independent of each other, the concept of
sequence error events must be used. Hence, as error events
we consider short sequences of symbol errors that intui-
tively are short compared with-the mean time between
them and that occur independently of each other. Pre-
suming stationarity, the beginning of a specific error event
& can arbitrarily be aligned with time O:

leol, [en | 2 8,

H >0 (34)

&: {6"} = ',0,0,60,61,° * ',811,0,0,° tcy

Here §, denotes the minimum symbol error distance

8 = min {] a®® — a® |},
ik

(35)

We are not concerned with the meaning of error events in
terms of erroneous bits of information.

Let E be the set of events & permitted by the trans-
mission code. For a distinct event & to happen, two sub-
events must occur:

&1: {a.} is such that {a,}] + {e.} is an allowable data
sequence;

&:: the noise terms are such that {a,} 4+ {e.}
(within the observation interval).

has ML

It is useful to define beyond that the subevent

&' the noise terms are such that {a,} + {e.} has greater
likelihood than {a,}, but not necessarily ML.

Then we have

Pr (&) = Pr (&) Pr (&18&) < Pr (&) Pr(&'[&) (36)

where Pr (&) depends only on the coding scheme.
Events & are generally not mutually exclusive. Note that
in (36) conditioning of & and &’ on &, tightens the given
bound, since prescribing & reduces the number of other
events that could, when &' occurs, still have greater likeli-
hood, so that & would not be satisfied. From (23) we
conclude that Pr (&' | &) is the probability that

Jr(la.}) <Ji(laa} + fea}). (37)

By substituting (16) into (23), and observing (33) and
s; = 55, (37) becomes

1 A H ) ) H
8(8) &— Z Z g;siaer < —Re [Z éﬂ‘i].
S0 =0 k=0 So =0
We call 6(8) the distance of & The right-hand side of (38)
is a normally distributed random variable with zero mean
and, from (18), (19), and (20), variance

}=ﬂw@.
So

(38)

var {j— Re [i e (39)

=0

Hence, observing (22), the probability of (37) being
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satisfied is given by’

Pr (&' ] &) = QL(S/Nur)"*%(8)/2] (40)
where
1 ®
Qz) = W«/x exp (—4*/2) dy
exp (—12%/2), x> 3.5 (41)

z(2w)12

We continue as indicated by Forney [18]. Let E(8) be
the subset of E containing all events & with distance
8(8) = 8. Let A be the set of the possible values of 8.
From (36) and (40) the probability that any error event
& oceurs becomes and is upper bounded by

Pr(E) = X Pr(8) < ¥ Q((S/Nur)8/2) T Pr(&).

&eE feA - EeE(5)
(42)

Owing to the sfeep decrease of Q(z), the right-hand side
of (42) will already at moderate SNR be dominated by
the term involving the smallest value in A, denoted by
dmin. Likewise, the bound given by (36) becomes tight for
all & € E(8min), as then &’ very likely implies &,. Conse-
quently, as the SNR is increased, Pr (£) approaches
asymptotically

Pr (E) ~ Q( (S/NMF) 1/Zamin/2) Z Pr (81) (43)
8¢E(bmin)
where
. 1 H 0
Bmin2 = min {“ Z Z éisi._kek} . (44)
g S0 j—0 k=0

Equations (43) and (44) differ only in notation from
Forney’s original finding.

In the following this result should be discussed in more
detail. Specifically, we are interested in the influence of ISI
on the value of 8min. Using Parseval’s theorem, from (21)
and (38), 82(&) can be rewritten in the form

T 1/T )
#e) = [ SHE A (45)
0
where E*( f) is the energy density spectrum of the error
sequence {e,},

. 0o
E*(f) =X X & exp [ f2nf(i — k)TJer 2 0. (46)
=0 k=0 .
If S*( f) were constant (no ISI at the MF output), (45)
becomes

/7 H
2(8) = T/ B df = 3 | e |2 > wa(8)?  (47)

0 =0
where wy > 1 denotes the number of nonzero symbol
errors of €. In this case 8,in would simply be the smallest
Euclidian distance between any two allowed data se-
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quences. In a noncoded system, where pulse amplitudes
of a given alphabet may occur in arbitrary succession,
single error events (wy = 1) with minimum distance
dmin = & would be the dominating error events. The value
~of dmin can be increased by redundant sequence coding,

’ e g., by convolutlonal oncodlng [367. If S*( f) is not con-

“stant, IST at the MF output distorts the space in which - E
error-event distances are measured. Depending on the

weighting of E*(f) by S*(f), error-event distances can
become smaller or larger. By sequence coding one can

prevent that error sequences are allowed which have®

spectral peaks where S*( f) is small. This is precisely what

is accomplished by correlative-level (partial-response) .
~coding [257. Clearly, if S*(f) vanishes on one side of”

i f =0, as in SSB or VSB systems, only (real) data se-
i quences with symmetric error-sequence spectra E*( f) =
LE*( —f) can be transmitted.

We now limit our attention to noncoded systems. As
long as ISI does not exceed limits discussed further in the
following paragraphs, we have 8uin = 8. From (43) the
probability of occurrence of the then dominating single
error events becomes

Pr (B) >~ Q((S/Nxr)V?/2)
- > Pr (e allowed),

legl==80

Bmi_n = 60. (48)
For comparison, the error performance of the optimum
conventional receiver is given by

Pr(E) >~ Q((S/N.)"8,/2) 3. Pr (e allowed),

Jeol=d0

S/Np < S8/Nyr. (49)

We note that in (48) ISI at the MF output has essentially
no influence on the error performance of the MLR, whereas
n (49) ISI affects the error performance of the conven-
tional receiver through the loss of SNR exprcssed by (24).
The evaluation of Pr (E) is shown by Fig. 5 for a specific
octal AM-PM scheme.

"In order to determine the degree of ISI up to which (48)
holds, we must look for multlple error events (wn > 2)
with distance smaller than &, Such error events would
then be more probable than the minimum single error
events. A first condition for the nonexistence of such events
can be derived from (45) and the inequality expressed in
(47). Noting that

1
82(8) > s—min IS*( ) wn (8) 8y (50)
0
it follows that if
T
min {8*( f) jwr (&) = so éT/ S*(f) df (51)
0
is satisfied, no event & can have smaller distance than &.

Hence, a sufficient but not necessary condition for the
nonexistence of multiple error events with distance smaller
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+3

80122
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Re{ao} Re {eo)

e &/ -4
‘

-3

(a) ’ (b)

Fig. 5. (a) Minimum symbol error distance in a specific octal
pulse-amplitude alphabet. (b) Minimum_ symbol errors and
probabilities that they may occur (assuming that pulse ampli-
tudes are transmitted with equal probability).

2 Pr (e allowed) = 2(3 + %) = §, Pr (B) >~ {Q((2-8/N)3).

0] =30

than §, is that S*(f) dips nowhere more than 6 dB
[20log (wu = 2)] below average value.
A second generally less restrictive condition is that

Z‘SZ|SSO
150

(52)

which is the familiar condition for peak distortion at the
MF output being smaller than unity. In order to prove
this sufficient but again not necessary condition for the
nonexistence of error events & with distance smaller than
8, one should first realize from (34) and the Schwarz
inequality that '
H H
[ 2 e | < 20 e |2 — 8 l#0. (53)
k=0 k=0
Condition (52) can then be verified by transformmg and
bounding §%(&) as follows:

1 H
82(8) = — 2081 2 Gy

So k=0

H
ZZ[ek“—_Z|Sl|[261+wkl
S k=0 80 1520

2502+(Z}ekl“—502)(1—’2|8t[>

k=0 So l#o

> 62  [holds, if (52) is true]. (54)

Comparing (52) with the definition of S*(f) in (21)
reveals that at distinet frequencies, S*( f) may approach
zero level without this significantly affecting the error
performance of the MLR. This was first observed by
Kobayashi [25] for ML decoding of (2m — 1)-ary cor-

;Ealjtive-level encoded signals. A signal of this kind can
just as well be interpreted as a noncoded m-ary signal with
intentionally introduced ISI, which causes S*( f) to be—

come zero (usually)_gt f =0 and/or 1/2T. For the MLR
the two concepts are equivalent. A conventional receiver,
however, can interpret such signals only as (2m — 1)-ary

coded sequences and thereby loses in the limit 3 dB, unless

(=

\~ ,..w«.k

I

6 "’(;(\CO VV\"' )

\ e
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error correcting schemes are used. But even then the loss )
can only partly be compensated, since the hard decisions |
made by the symbol-by-symbol decision circuit of thej
conventional receiver cause an irreversible loss of infor- "\
mation, -

VI. AUTOMATIC RECEIVER ADAPTATION

So far the exact signal and timing characteristics have
been assumed to be known. However, in a realistic case
the M LR must at least be able to extract the carrier phase
and sample timing from the signal received. Beyond that,
automatic adjustment of the MF will often be desirable
or necessary. In this section we present an algorithm that
simultaneously adjusts the demodulating carrier phase
and the sample timing, approximates the MI by a trans-
versal filter, and estimates ISI present at the approximated
MF output. The algorithm works in decision-directed
mode in much the same way as described by Kobayashi [5]
and Qureshi and Newhall [297.

In the proposed fully adaptive MLR the MF is approx-
imated by a transversal filter, similar to the familiar
adaptive equalizers described by Lucky et al. [1], [38],
[397] and others [5], [40]-[45]. An analog implementation
will be assumed. Assuming N -+ 1 taps equally spaced by
7, seconds with tap gains ¢;, 0 < ¢ < N, the output signal
of the transversal filter at the nth sampling instant n7T 4 7,
where 7, denotes the sampling phase, becomes

N N
= Z gly(nT + Ts = ipr‘Pc) AN Z giyni<7'sy<,9¢). (55)
=0 =0

Note that according to (4) and (5) we have y({,¢.) 2
y(t,o. = 0) exp (—je,), where ¢, is the demodulating
carrier phase. The ideal MF characteristic can be accom-
plished if 1/2r, exceeds or at least is equal to the band-
width of y(t), and N, corresponds to the duration of the
signal element A(Z).

For the derivation of the adjustment algorithm we make
the usual assumption that the transmitted data sequence
{a.} 1s known. The decision delay of the Viterbi algorithm
will be taken into account later when we devise the final
adaptive MLR structure. In Section ITI we have seen that
the MF is rigorously defined by the fact that it minimizes
the noise power relative to the instantaneous peak power
of the signal element. Let §;, | [ |. < L, be estimated values
of the sample values of the signal element at the trans—
versal filter output. Then

L
Tn = 27; - Z S1Qn—1
=L

(56)

represents the estimated noise component of 4,. In order
to adjust the parameters gi, 81, 75, and ¢,, the variance of 7,

var (7,)

Z Z GiELGni (Ter00) Y (Tor00) ]gk

=0 k=0

N L

— 2Re {Z Z giEI:yni(Ts;@c>an—l]'§t}

=0 I=—L

L

L
+ Z z giEI:dn—ian—k]§k

t=—L k=—L

(57)
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must be minimized as a function of these parameters, with
S held constant. Differentiating (57) and applying the
Robbins-Monro stochastic approximation method [46]
leads to the stochastic steepest-descent algorithm com-
prising the following recursive relations:

gty = g — g WF g 0<¢<N (58)
§OHD = §0 4 0, g, 1<[I <L (59)
r D = 7. — o Re (7,;:7"), (60)
P = o 4 g T (7.Es). (61)

The step-size gains «,, a, a,, and a, must be positive and
may depend on n. In (60) Z, denotes the time derivative
of the transversal filter output at the nth sampling instant.
As the algorithm adjusts the transversal filter as MT, the
values §; approach the values s; required by the MLSE
algorithm. :

Equations (58) and (59) d1ffer from the correspondmg
equations of an adaptive decision-feedback equalizer, or
whitened MF, only by the fact that here at the transversal
filter output L preceding and L trailing ISI terms are
considered. The algorithm ‘will force ISI outside this
interval to zero. The true MI characteristic may often
require a large value of L. However, since the complexity
of the MLSE algorithm increases exponentially with L,
for the choice of L a compromise suggests itself [29]. In
many practical cases already with values L = 1 or L = 2,
a good approximation of the ideal MF characteristic will
be obtained. The potential advantages of MLSE can thus
be exploited to a commensurate degree at a still manage-
able receiver complexity.

Introducing the symmetry condltlon 5_, = §,into (56),
we obtain instead of (59)

8t = § + @, (Fulnyr + Tuln-t), 1<I<L

(62)

This modification has the desirable effect of forcing the
transversal filter to produce at its output a symmetric
signal element even if I, and the transversal filter param-
eters are not fully adequate to achieve therewith the ideal
MT characteristie.

Equations (60) and (61) have been reported by
Kobayashi [5]. They describe the operation of two first-
order phase-locked loops. Theoretically, if by (58) the
(complex) tap gains are adapted, the adjustment of 7,
and ¢, appears to be not really necessary. In practice,
however, these phases must be controlled in order to com-
pensate carrier and sampling frequency offsets. In case of
considerable offset one might even add second-order terms
to (60) and (61).

The structure of the proposed MLR is seen in Fig. 6.
It is basically a combination of the approaches of Kobay-
ashi [5] and Qureshi and Newhall [297], except that here
the transversal filter approximates a true MI" with ISI at

- the transversal filter not being predefined. The receiver

operates in decision-directed mode with the MLSE ex-
hibiting a decision delay of M + L symbol intervals (see
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(M+L)-T
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N ——— Lot
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decisions

On-Ma+iLr

Pe 909N Yn-M,0
Yn-M,N
Eq.(61) Eq. (58}
A ) A

Fig. 6. Adaptive MLR.

e U

" Section IV). In order to shorten the feedback delay, tenta-
tive decisions taken from the path history with largest
survivor metric are employed in the feedback paths as sug-
gested by Qureshi [307]. With this approach, delays of M
symbol intervals must be used in the forward paths. Not
shown in Fig. 6 is the possibility of incorporating decision-
feedback cancellation of further trailing ISI in the re-
ceiver [30].

In the remainder of this scetion we discuss topies related
to convergence and convexity of the adjustment algorithm.
It must be assumed that already safe enough decisions are
available. To begin with, 7, and ¢, are considered as given
constant values. With sufficiently small step-size gains «,
and a,, convergence from arbitrary initial settings ¢,©
and §,® towards globally optimum settings ¢.*(7s,¢.) and
§*(7,) is assured by the quadratic positive-definite nature
of var (7,) in ¢, and §,. For adaptive zero-foreing equalizers
(equivalent to L = 0) it has been shown [457] that fastest
convergence takes place if «, corresponds to 1/[N X
average power of y(¢)]. The additional variability intro-
duced by (59) and eventually (60) and (61), and the
delay of M symbol intervals necessary for decision-
directed operation, suggest that a, must here be somewhat
smaller than the preceding value.

In Appendix III we calculate ¢*(rs¢.) and §*(7),
thus showing that with adequate values of N, L, 7, and r,
the transversal filter indeed assumes the desired MF
characteristic. We further evaluate the minimum value of
var (7,) as a function of 7. On the whole, convexity is
found within an interval comparable to the length of the
transversal filter delay line; yet, depending on the value
of 7,, there can be some small ripple. If 1/2r, does not
exceed the bandwidth of y(¢) this ripple can even become
quite pronounced. In any case, the form of var (7,) will
guarantee that 7, does not drift away when all quantities
gi, 81, 75, and ¢, are adjusted simultaneously.

Another case of interest relates to carrier and timing
synchronization in an otherwise already optimized and
fixed receiver. In Appendix III var (7,) is calculated as a
function of 7, and ¢, for fixed values ¢.*(7.*e¢.*) and
§i*(r.*), .* and .* being the timing phase and carrier
phase to which the optimum receiver settings correspond.
It is shown that var (7,) is convex in a region around
7* and ¢.* which depends mainly on the form of the
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signal element at the MF output. With the receiver work-
ing in decision-directed mode and disregarding phase
ambiguity, 7, and ¢. must in principle be close to the
optimum settings. Convergence towards 7,* and ¢.* should
therefore generally not be a problem.

VII. SUMMARY AND CONCLUSIONS

A uniform fully adaptive receiver structure has been
derived for synchronous data-transmission systems that
employ linear carrier-modulation techniques. The strue-
ture realizes the ML sequence rule. In the receiver, first
an information reduction to a set of sufficient statistics
takes place by the demodulation, matched filtering, and
symbol-rate sampling process. Sequence estimation is per-
formed by a modified Viterbi algorithm that exhibits the
same performance characteristics as the original scheme.
The algorithm represents an attractive design alternative
due to the fact that squaring operations are no longer

needed. Besides add and compare operations, only a few
s1mplc multiplications by discrete pulse-amplitude values
must be performed in real time. In addition to performance
gains realized by the MLSHE principle, one may expect that
the approximation of the MI' will generally require fewer
filter taps than are needed for the zero-forcing equalizer
of a conventional receiver. The proposed adaptation

scheme permits compromise Solutlons bet\\cen the con-

ventlonal receiver and the ideal ML recuver

The choice of the decoding delay of MLSE in the
presence of ISI and the dynamics of the presented adjust-
ment algorithm have not been discussed in detail. Also
the issues of effective QAM ansmltteﬁ

receiver doslgn have not been addressed. These could be
fruitful areas for further research. For example, how should
the transmitter filter be designed for a given channel
characteristic in order to attain with (52) as secondary
condition maximum SNR at the matched filter output?
The specific implementation of ML receivers will be
another interesting topic. Recent progress in circuit tech-
nology will allow here for much more complex designs than
we are still used to.

APPENDIX I

PROOLK OF (9)

Owing to the one-to-once relation between w,(f) and
w(t) expressed by (5) we have [32]

plw.(t),t € 1]
= plw(t),t € I]

| Ne‘(p{ ;/I/;fw (ty W,

It follows from (6), (7), and (10) that

(tl —_ tg)lvc(tz) dtl dtg} .

(A1)

W) = NLOK—‘(T) exp (Fjw.r). (A2)
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Substituting (A2) into (Al) and observing (5) we obtain
plw(®)t € I]

~ exp {— 4]1\/,0 [ ./I U_)(tl)K—l(h —_ tg)@l)(tg) dtl dtz} .
(A3)

APPENDIX II
EXTENSION OF THE MLSE ALGORITHM
TO THE MAP RULE

We proceed as indicated by Forney [27]. To satisfy
the MAP rule the algorithm has to determine the sequence
{a,} which maximizes

Pr[lan) | 4(0) 4 € 11~ ply(D),t € T {an}1Pr [an)].
(A4)

Since there is a one-to-one correspondence between {a,}
and the sequence of survivor states {s,}, and since {o,} is
Markovian, we have

Pr[{a,}] = Prl{oa}]~ II Pr(ou|ounn). (A5)
It follows from (30) that ’
Pr (o4 | 0n1) = Pr (pn| ttn—1). (A6)

Taking the logarithm of (A4) and observing (Aj), it is
seen that transitions (o,-1,0.) are to be weighted by
In [Pr (0. | 6,_1) J. In this way the MAP version of (31)
becomes

Ju(on) = 2 Re (@nzn) + max  (Jeoi(oni) — F(oas,on)

lon—1} »on
+ 4N0 ln [PI‘ (O'n 1 G'n—l)]}-

The factor 4N, follows from (11) and, according to (22),
is inversely proportional to the SNR at the MF output.
The ML rule and the MAP rule are therefore equivalent
for infinite SNR. The MAP rule can offer a significant
advantage only at very low SNR’s and when a code is
used that leads to considerable differences among the
conditional probabilities Pr (oy.| on1).

(AT)

APPENDIX III

First, we show that minimizing var (7.) with § held
constant indeed adjusts the transversal filter as MF, and
that thereby the values of s; are provided to a sufficient
degree of approximation. Second, we study the convexity
of var (7,) relative to the sampling phase 7,. Assuming
sampling instant n = 0, we drop the index 7 in the follow-
ing calculations.

To begin with, the sampling phase 7, and the demodulat-
ing carrier phase ¢, are considered as given constant values.
It follows from (57) that the optimum tap gains ¢g* and
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values §;* which minimize var (7) must satisfy

. N I
2 E@Gyar — X E(ga)§* =0, 0<i<N
¥=0 =1
(A8)
and
N L
> E(aw:)g* — 2 E(a-a)&*
=0 k=—L
0o, 1<l <L
= (A9
-, =0

where \ acts as Lagrangian multiplier. Substitution o
(A8) and (A9) into (57) yields

var [7| {9*(ro00) },{8%(r:) } ] = var (7] 1;8) = (Al0
From (3) and (55) we have
Yi(r) = X aph(re — irp — kT) + w(r, — irp). (A1l

With power series notations

h(t,D) = X h(t + kT) D¢ (A12

A(D) = 3 E(aoax)D* (A13,
L

(D) = 3 8*D (Al4

(A8) and (A9) can be rewritten in the form

N
{h(ry — drp,, D7) X A(D)h(rs — k15, D) g™} 5o
k=0

y :
+ 2 WLE = b)7pJge™

= {h(re — irp, DV A(D)F*(D)},0, 0SSN (AlS

and

A(D)h(re — krp,D)gi*} o1

™ =

{

k

0

= {A(D)&*(D) — N}, - |1} < L. (A16

Here {-},; indicates the coefficient belonging to D' Witl
L not being too restricted, and wy = W[ (7 — k)7p_
substitution of (A16) into (A15) yields in good approx
imation

N
Z wikgk* i‘-")\ﬁ(?’s bt ’iTp), 0 S 7 S N. (A17
k=0

Let w. ! be the elements of the inverse of the (N + 1)
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(N 4+ 1) matrix with elements w . Then from (A17),

N
pFN Y R(rs — iTp) Whi Y,

=0

0<k<N. (A18)

Substituting (A1S) into (A16), and observing (Al12) and
(Al14), we obtain

N
Z h(rs — irp)wiih(ry — krp + IT)

{2
i[v]z

+NATYD) 0 [1] < L. (A19)

TFor moderate SNR we can neglect the last term in (A19)
which involves minor approximation. Comparison of
(A18) with (14) and of (A19) with (17) exhibits that
with adequate values of N, 7,, L, and 7, the desired
adjustment of the adaptive MLR will be achieved.

We investigate now the convexity of var (7) relative
to 7,. Considering (A10) and determining A from (A19)
with | = 0, we find

So

var (7| ;) o~ (A20)

ﬁ( — rp) W Ty — krp)

0

™ =
iM=

%

The denominator of (A20) expresses the weighted energy
of the values of A(f) seen at time ¢ = 7, at the transversal
filter taps. We assume that the length of the transversal
filter delay line Nt, exceeds or at least corresponds to the
duration of h(t). Var (7| r,) will then, on the whole, be
convex within an interval comparable to N7,. Unless the
tap spacing 7, i1s very small, however, there will be some
ripple within this region.

Suppose now that for some =.* and ¢,* the optimum
values ¢.* and §;* are given. In attempting to resynchronize
the receiver, only 7, and ¢. should be readjusted. Let
and Ae¢, = ¢, — ¢.*. In (57) only the
second term depends noticeably on Ar, and Ag.. Using
(A11) and

Aty = 7, — 7.*

~

N
2 9*

=0

(Ts*;‘qpc*)h("'s - 7'.7'11 + lT}‘F’C)

~ s(Ar, + IT) exp (—jAe)  (A21)

where s(¢) denotes the time-continuous signal element at
the MF output [s({T") = s;], (57) becomes

var (7] Ar,,A¢.) = first term + third term
L

l=—L &

«s{Ars + kT) exp (—jAe¢.) }.

Minimizing (A22) with respect to Ae, yields

(A22) -
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var (7| Ar,) =~ first term + third term

— 2] i > 5UT)E(awa) s(Ars + KT |.

l=——L &k
(A23)

The form of (A23) permits local minima to occur within
short distance from 7,*. However, with the receiver work-
ing in decision-directed mode, | Ar,| < T/2 can be
assumed; and hence convergence towards 7,* and ¢.* can
hardly be a problem.
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