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Adaptive Nonlinear Design with
Controller-Identifier Separation and Swapping

Miroslav Krstié, Student Member, IEEE, and Petar V. Kokotovié, Fellow, IEEE

Abstract—We present a new adaptive nonlinear control design
which achieves a complete controller-identifier separation. This
modularity is made possible by a strong input-to-state stability
property of the new controller with respect to the parameter
estimation error and its derivative as inputs. These inputs are
independently guaranteed to be bounded by the identifier. The
new design is more flexible than the Lyapunov-based design
because the identifier can employ any standard update law
gradient and least-squares, normalized and unnormalized. A key
ingredient in the identifier design and convergence analysis is a
nonlinear extension of the well-known linear swapping lemma.

I. INTRODUCTION

HE estimation-based approach to adaptive control has

been extremely successful in linear systems. In con-
trast to the Lyapunov-based approach, which restricts the
choice of parameter update laws and controller structures,
the estimation-based designs are versatile. For linear systems,
any common update law and any stabilizing controller can
be employed as long as the boundedness properties of the
identifier are sufficient to allow a “certainty-equivalence”
design of the controller. This versatility is of conceptual
and practical importance. It is due to a modularity feature:
the identifier module achieves its boundedness properties
independently of the controller module.

Thanks to its versatility, the estimation-based approach
unifies many diverse adaptive schemes. For linear systems, this
unification, initiated by Egardt [S], was extended by Goodwin
and Mayne [6].

Attempts to apply estimation-based designs to nonlinear
systems have had only limited success. The nonlinearities
were either matched [24], [2], [3] or severely restricted [27],
[35], [9], [10], [39]. Otherwise the results were local, i.e.,
valid in regions which were not a priori verifiable. A cause
for this difficulty is a fundamental difference between the
instability phenomena in linear and nonlinear systems. The
states of an unstable linear system remain bounded over any
finite interval, so that there is enough time for the identifier
to “catch up.” The situation is fundamentally different in a
system with nonlinearities whose growth is faster than linear
(x?, 170, €%, etc.). Even a small parameter estimation error
may drive the state of such a nonlinear system to infinity in
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finite time. This explains why estimation-based designs have
been mostly for systems with linearly bounded nonlinearities.
Typically, linear growth constraints had to be imposed not only
on the plant nonlinearities, but also on those derived during
the design.

The only nonlinear estimation-based results which go be-
yond the linear growth constraints were obtained by Praly
et al. [29]-33]. In [32] a unified framework of control
Lyapunov functions was used to characterize relationships
between nonlinear growth constraints and controller stabilizing
properties. In the absence of matching conditions, all the
nonlinear estimation-based schemes presented in [32] involved
some growth restrictions.

In contrast to the difficulties experienced by the estimation-
based designs, the new recursive Lyapunov-based designs for
systems in the parametric-strict-feedback form [12], [8], [19],
[36] and the output-feedback form [21], [22], [14] were suc-
cessful in achieving global boundedness and tracking without
any restrictions on nonlinearities. However, these designs do
not allow any flexibility in the choice of the parameter update
law, excluding, for example, the least-squares update laws.

In spite of the previous difficulties with nonlinear
estimation-based approaches, their flexibility and modularity
motivate us to pursue their development. Since the indepen-
dence of the identifier is not sufficient for modularity, we
place the burden of the task of boundedness on the controller.
For parametric-strict-feedback systems we seek (and find!)
nonlinear controllers which guarantee boundedness in the
presence of bounded parameter uncertainty. More precisely,
we consider the parameter estimation error and its derivative
as two independent disturbance inputs and design controllers
which achieve input-to-state stability [37] (ISS) with respect
to those inputs. In addition to such ISS-controllers, we also
design weaker SG-controllers which only provide a small gain
property and are presented for comparison with linear designs.

These new controllers create a possibility for a complete
identifier-controller modularity. The remaining task is to de-
sign identifiers with guaranteed boundedness properties. A key
ingredient in the identifier design and convergence analysis in
this paper is our nonlinear extension of the well known linear
swapping lemma [25]. Various forms of swapping were also
used in most of the early nonlinear estimation-based results
[271, [24], [291, {301, [35], [2], [9], [10], [39]. The identifiers
in this paper are based on two different parametric models: the
plant model and the error system. They allow a wide variety
of update laws—gradient and least-squares, normalized and
unnormalized.
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The paper is organized as follows. After the problem
statement in Section II, in Section III we design the ISS con-
trollers and prove that the input-to-state stability is achieved.
Section IV presents the nonlinear swapping lemma. Parameter
identifiers with gradient and least-squares update laws are de-
veloped in Section V, and the stability proofs for the resulting
adaptive systems are given in Section VI. In Section VII we
analyze performance of the new adaptive systems. To reveal
the connection with linear estimation-based designs we present
in Section VIII the design of a weaker SG-controller. The new
controller designs and performance are illustrated by examples
in Section IX.

II. PROBLEM STATEMENT

The problem is to adaptively control nonlinear systems
transformable into the parametric-strict-feedback form

& = @1 + 0T pi(z1, -, 7), 1<i<n—1
En = Po(z)u + BTLpn(.'t)
y=1 (2.1)

where 6 € R? is the vector of unknown constant parameters,

fo, and the components of ¢ = [p1,---,pn] are smooth
nonlinear functions in R, and fFyg(z) # 0, Vz € R"™.
Necessary and sufficient conditions for a nonlinear system to
be transformable into the form (2.1) are given in [12]. It should
be noted that (2.1) is feedback linearizable for any bounded
0 € Re.

The control objective is to force the output y of the system
(2.1) to asymptotically track the output y, of a known linear
reference model while keeping all the closed-loop signals
bounded. The reference model has the form

0 0
Ty = 0 Iny Tm + 0 L
—Mo —Mn-1 K
Yr = Tm, 1 2.2)

where M(s) = s™ +mp_15" "1 +- - +mys+mg is Hurwitz,
kv > 0, and r(t) is bounded and piecewise continuous.
Another way of stating the same objective is to asymptotically
track a given reference signal y,.(t) with its first » derivatives
known, bounded and piecewise continuous.

The above problem was first posed and solved in [12]
using np estimates for p unknown parameters. This number
of estimates was subsequently reduced in half in [8]. The
over-parametrization was completely removed in [19] by the
use of “tuning functions.” In [40] the adaptive scheme of
[12] was extended and recast in the observer-based setting.
For the case when the nonlinearities in (2.1) are polynomial,
a solution employing growth conditions was given in [33].
Possibilities to enlarge the class of systems that can be
adaptively stabilized using the approach of [12] were explored
in [1] and [36].

The Lyapunov-based results [12], [8], [19], and [36] employ
only one type of parameter update laws. To increase the

flexibility in the update law selection we now develop an
estimation-based design which treats the controller and the
identifier as separate modules.

) A
Notation: For vectors we use |z|p = (T Pz)!/2 to denote

the weighted Euclidean norm of z. For matrices, |X|# =
(r{XTX})/2 = (r{XXT})}/? denote the Frobenius, and
| X |2 the induced 2-norm of X. The Lo, £2 and £ norms
for signals are denoted by || - ||oo, || - ]|2 and || - |1 respectively.
By referring to a matrix A(¢) as exponentially stable we
mean that the corresponding LTV system & = A(t)z is
exponentially stable. The spaces of all signals which are
globally bounded, locally bounded and square-integrable on
[0, ts), t; > 0, are denoted by Lo[0, t), Loce[0, t5) and
L0, t5), respectively. By saying that a signal belongs to
L0, t5) or to L5[0, ) we mean that the corresponding
bound is independent of ;.

III. ISS-CONTROLLER DESIGN

Our modular estimation-based adaptive design for (2.1)
places the burden of achieving boundedness on the controller
module. We require that the controller guarantee input-to-state
stability (ISS) with respect to the parameter error § = ¢ — ¢

and its derivative § = —@ as disturbance inputs.

Using the backstepping procedure, which is well known
from [12], [19], and [18], the adaptive nonlinear controller
is recursively designed as follows

2 = Ti — Tm,i — Q-1

— o= AT
@i(Ti, 0, Tm, i) = —2im1 — Cizi — 0" w;
-1
< 311,'_.1 (90(,'_1
+ Z Sz, Tkl + O Tm, k1
k=1 Tk Tm, k

— (%, é, T, i-1)%

i-1
_ s oy
wiTi, 0, Tm,i-1) = @i

- Yk, i=L1--,n
=1 sz

1 ~
[a"(xv 0, xm) —MmMoTm,1 —

— Mp_1Tm,n + ka] 3.1
where T; = [z1,--, 2|7, Fm,i = [Tm, 1,7 1 %m, i) Ts € >
0, ¢ = 1,---,n, and, for notational convenience 2o 0,
g £ 0. In these expressions the nonlinear damping functions
$i(Ti, é, fmﬂ-_l) are yet to be designed. We will employ
these functions to achieve the desired ISS property of the
system obtained by the recursive design procedure (3.1). This
nonlinear system, called the error system, is readily shown to
be

Ci
a

2= Az, b, Hz + W(z, 8, t)T0~ + D(z, 4, t)Té, z €R™

(3.2)
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where 21 = £ — T, 1 = ¥y — Y- Tepresents the tracking error,
and A,, W, D are matrix-valued functions of z, 6 and ¢

—C1 — 81 1 0 0
Az, 0,8)=| o -1 0

—Cn — Sn

€ R™*?,

€ R™*?, (3.3)

dan_y

a6

The explicit dependence of w; and aai_l/aé (and hence s;)
on t is due to the reference model; for example, ¢1(z;) =
p1(21 + Tm, 1)) _

Except for the term D(z, §, t)T4, the error system
(3.2)~(3.3) is similar to the error system in [19] where the term
D(z, 9, t)Té was accounted for by using tuning functions.
Here we let both § and 6 appear as disturbance inputs. Their
boundedness will later be guaranteed by parameter identifiers.

To design the nonlinear damping functions s; we will em-
ploy the following lemma which evolved from [15] and [37].

Lemma 3.1 (Nonlinear Damping): Assume that for the sys-
tem
&= f(z,t) + g(z, t)lu+p(z, t)Td(t), zeR"ueR

(3.4)
a feedback control u = pu(z, t) guarantees

o @ )+ gla, Data, 0]+ 5 < ~Ula, 1),

Vz e R",Vt >0 (3.5)

where V, U : R™ x R} — Ry are positive definite and radially
unbounded and V' is decrescent and continuously differentiable
in z uniformly in ¢, f: R®* xRy — R*, g:R*" xRy —
R*, p: R* x R+ — R, p: R® x Ry — R are continuously
differentiable in = and piecewise continuous and bounded in ¢,
and d: Ry — RY is piecewise continuous. Then the feedback
control

Moz, 2L

o (@ Do@. 1) (36

w =z, t)
where A > 0, guarantees that:
i) If d € L then z € L
ii) If d € £ and U(z, t) > c|z|?, Yz € R*, ¥Vt > 0, ¢ >
0, then = € L. If, in addition, d € L, then z € L
and z(t) — 0 as t — oo.

Proof: i) Due to (3.5), the derivative of V along
(3.4)-(3.6) is

.V r OV T ov
= — — —_ d e
V= [f+gu+g( AP po g+ P )] + 35
v 1 I° 1
< —_|d|?
-U- A“”a 9=
<-U+ —|d|2 3.7
and, hence z € Lo
ii) Integrating (3.7) over [0, co), we obtain
1
cllzlif < U1l < 5 Mdl3 + V(0) (38)
which implies that z € L. If, in addition, d € L. then by

part i) of this lemma, z € L, and therefore, u € L.,. Hence
% € Loo. By Barbalat’s lemma, z(t) — 0 as t — oo. a
To apply this lemma to the error system (3.2)—(3.3) we
first note that the coefficients multiplying 6 and 8 are w; and
—da;—1/08, respectively. They play the role of the function
p in the lemma, while the part of (8V/9z)g in (3.6) is played
by z;. Therefore, our choice of nonlinear damping functions is
2
dair "
ab

s = wilwi> + g 3.9)

where ki, g;,t = 1,---,n are positive scalar constants.! The
usefulness of the first term for achieving boundedness was
stressed by Kanellakopoulos [16].

With this choice of s; we now prove input-to-state stability
of the error system (3.2), (3.3), (3.9), making use of the
following constants: co = miny<i<n ¢i, 1/ko = Yoo (1/63)
and 1/go = 3i_,(1/9:)-

Lemma 3.2 (ISS): In the error system (3.2), 3.3), (3.9), if
6, fe Lo[0, tf) then z, z € Loo[0, tf), and

1

( 2 A2 )1/2
l2(8)] < >—={ —1I6l% _”0“00 + |2(0)|e™".
2/ (3.10)

Proof: Differentiating |2|* along the solutions of (3.2)
we compute

7(3) - Zczz —; el + 0o 2L
+Zz,( 8041019>

S —Co|zl2 - Zﬁ,i W;z; — 2——5
i=1

i
n

2
8al—‘l T

96

2

2

6ai_ ~
iy —0
Gt o

<
(ZM)WIZ (qu)l@l2 (3.11)
i=1 7"

I'The constant coefficients g; are not components of the vector field g(x).
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and arrive at

d /1 1/1 . - 1
5 (§|z|2) < —colz* + Z(n_ﬂlelz + g—0|9|2). (3.12)
From Lemma A.1(z), it follows that
2(8)? < |2(0) 220"
1 t—2c(t—1‘) Vigeviz o L
+5 ] e —[0(T)|° + —16(7)[" ) dr
2Jo 90

Ko
1 1, - 1 s
— =g 2 @ 2)
= (1 + Ly,
(3.13)

< [2(0)%e" +

which proves z € L and (3.10), and by (3.1), z € Lo,. O
The quadratic form of the nonlinear damping functions is
only one out of many possible forms. Any power greater than
one would yield an ISS property, but the proof with quadratic
nonlinear damping is by far the simplest.
A consequence of Lemma 3.2 is that, even when the
adaptation is switched off, that is, when the parameter estimate

6 is constant (9 = 0) and the only disturbance input is f, the
state z of the error system (3.2), (3.3), (3.9) remain bounded
and converges exponentially to a positively invariant compact
set. (Note that since § = 0, the terms —g;|(dc;_1/80)T |2z
are not needed.) Moreover, when the adaptation is switched
off, this boundedness result holds even when the unknown
parameter is time varying.

Corollary 3.1 (Boundedness Without Adaptation): If 6: R,
— R? is piecewise continuous and bounded, and  is constant,
then 2,z € Lo, and

1 ) ) —cot
0] S 5z R 10r) = 0] + 10, (14)
Proof: Since 8(t) = 0, (3.12) holds with §(¢) = 6(t) — 6.
O

Thus, the controller module alone guarantees boundedness,
and the task of the adaptation is to achieve tracking.

IV. NONLINEAR SWAPPING

The desired boundedness property having been achieved by
the controller module, we can now proceed to the identifier
module design. To make this design as close to linear designs
as possible, we derive a nonlinear counterpart of the ubiquitous
Swapping Lemma [25]. This lemma is an analytical device
which uses regressor filtering to account for the time-varying
nature of the parameter estimates. It was used in the early
nonlinear estimation-based results [27], [24], [29], [30], [35],
[21, [9], [10], [39]. For a class of nonlinear systems, including
our error system (3.2), we provide the following two nonlinear
swapping lemmas.

Lemma 4.1 (Nonlinear Swapping): Consider the nonlinear
time-varying system

.- z=A(z, )z + g(z, )W (z, t)TH:— D(z, t)Té~
Yoy = h(z Bz e, OW(z, £)TE
4.1

where §: Ry — RP? is differentiable, A: R" x Ry —
R*>" g:R® x Ry — R™*™, W:R"® x Ry — RP*™,
D:R*" x R, — RP**, [:R" x Ry — R™™ are locally
Lipschitz in z and continuous and bounded in ¢, and
h:R™ x Ry — R"™*™ is bounded in z and {. Along with
(4.1) consider the linear time-varying systems

xT = Az, t)xT + g(z, )W (z, T

B2 = bz OXT + Uz )Wz, £)T

4.2)

5, V=AY + X8+ D(z, )76
' ys = —h(z, t)y.

Assume that z(t) is continuous on [0, 0o) and there exists a

continuously differentiable function V : R® x Ry — R such
that

4.3)

a1l¢? < V(¢ t) < ol (4.4)
and for each z € C°
v v )
ac Al ¢ + - < —asl(] 4.5)

Yt > 0, V¢ € R™, a;, as, a3 > 0. Then for Vz(0), (0) €
R™, ¥x(0) € RP*™ ¥t > 0 the outputs of systems (4.1)—(4.3)
are related by

y1 =920+ ys + e (4.6)
where y. is bounded and exponentially decaying.

Proof: Due to the continuity of z(t), we see that
g(z(t), t), W(z(t), t) and D(z(t), t) are continuous in t.
Since gW € L. and ¥ is a linear time-varying system,
then X € Looe. Therefore (x + D)T8 € L., which implies
1 € L. because Y3 is a linear time-varying system.
Differentiating é = z + ¢ — x7#, we obtain

E=2+9¢—xT0—xT0= Az, t)é 4.7)

which together with .(4.4)—(4.5) yields

1%

, ov
V(E 1) = S A(z i+ 5 < —aafe® < —Z—zv. (4.8)

ot —

Therefore V (t) < V(0)e~(®s/22)t| and, hence

€] < | O3
1

Now, (4.1)—(4.3) imply that y. = y; — Yol — y3 = h(z, t)E.
Since h(z, t) is bounded then y. is bounded and decays to
zero exponentially.

Remark 4.1: When D(z, t) = 0, the result of Lemma 4.1
is reminiscent of Morse’s linear Swapping Lemma [25]. To
see this we rewrite (4.6) as

4.9)

T(WT6) = TIWT)8 + Th[T,[WT)0] + ve.  (4.10)
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In this notation T,: WT§ — y; is the nonlinear operator
defined by (4.1) with D(z, t) = 0, while the system

€= A(a(t), )€ + g(a(t), tu

y = h(z(t), € +1(2(t), t)u

is used to define the linear time-varying operators: T': u +
Yy Tg:u — yfor h = ITand | = 0,Th:u — y for
g=1TITand! = 0. When A, g, h and ! are constant, then the
operator T,(s) = T(s) = h(sI — A)~'g +1 is a proper stable
rational transfer function, Ty(s) = (sI — A)~1g, Th(s) =
—h(sI — A)™!, and Lemma 4.1 reduces to Lemma 3.6.5 from
[34]. ]

In some texts on adaptive linear control, an extended result
which guarantees that 6ely=> TZ[WTé] - T[WTlé € Ly
is also referred to as Swapping Lemma. Our next lemma is a
nonlinear time-varying generalization of this result.

Lemma 4.2: Consider systems (4.1)-(4.3) with the same set
of assumptions as in Lemma 4.1. Further, assume that z € L.
If § € L, then

(4.11)

y1 — Y28 € L. (4.12)
If § € L3N Loo, then
Jim [11(8) ~ 1 (0F(E)] = 0.

Proof: Since z € Lo, then gW7T, D € L. Due to the
exponential stability of A(z, t), it follows that x € L. By
Lemma 4.1, y. € L2. We need to prove that y3 € La. The
solution of (4.3) is

P(t) = ®.(t, 0)(0) ,
+ /0 &, (t, T)x(r) + D(z(r), IT6(r) dr (4.14)

(4.13)

where (4.4)-(4.5) guarantee that the state transition matrix
®,:R;y x Ry — R™™ is such that |®,(¢, 7). <
ke (t=7) k. o > 0. Since x and D are bounded then

()] < ket (0)| + kllx + Dlleo /0 e~ =)6(r)| dr

_ o 1/2
< ke p(0)] + Ellx + Dlloo ( [) et dT)
: N 1/2
. ( / e=o =) fi(r) 2 df)
0
1
< ke™|9%(0)] + kllx + D|Im—\/—a
‘ . 1/2
. (/ e~ =) dT) 4.15)
0

where the second inequality is obtained using the Schwartz
inequality. By squaring (4.15) and integrating over [0, ] we
obtain

‘ 2 K 2 K 2
[wepdr < wor+ i i

. /0 ' [ /0 " ematr=9)|5(s)|2 ds] dr. (4.16)

Changing the sequence of integration, (4.16) becomes

* 2 k2 2 k2 2
[ weiar < S OP + S+ DI

: /0 te‘”|§(s)|2( / e dr) ds

< B wor+ B o2
S % o X 00

t . 1

/ e |0(s)|>=e"** ds 4.17)

o «a
because f: e " dr = 1/a(e™®* —e ) < (1/a)e™**. Now,
the cancellation e**e~*° = 1 in (4.17) yields

k
V2o
which proves ¥ € L;. Due to the uniform boundedness of , it
follows that y3 € Ly. This proves (4.12). When 6 € £L2N Loo
then ¥ € L3N Lo, and 9 € Loo. Thus, by Barbalat’s lemma,
¥(t) — 0 and hence y3(t) — 0 as t — oo. This proves (4.13)
because y.(t) — 0 as ¢ — oo.

Remark 4.2: When D(z, t) = 0, we rewrite (4.12) as

Wlle < (@) + ~lix + Dllcllllo < 0 4.18)

T,[WT6) - TWT)h € L2 (4.19)
and (4.13) as
Jim {T.[WT6)(2) — (TWT1h)(1)} = 0 (4.20)

with T, and 7 as in Remark 4.1. For constant A, g, h and
I, the operator T, = T is a proper stable rational transfer
function, and Lemma 4.2 reduces to Lemma 2.11 from [28].

O

V. PARAMETER IDENTIFIERS

We are now in the position to design the identifier module
by applying the Nonlinear Swapping Lemma 4.1 to either z- or
z-system. Each of the two types of identifiers, with z-swapping
and with z-swapping, can be implemented with either gradient
or least-squares update laws. These parameter identifiers are
variants of the regressor filtering identifiers in [32].

A. z-Swapping
For the error system (3.2) we introduce the filters

%o = A.(z, 6, t)xo + W(z, 6, )78 - D(z, g, t)fé, .
xo € R™ (GRY)

X = Az, 8, 0T +W(z 6, )T, xeRP™(52)

and define the estimation error as

e=z+x0—x19, € € R". 5.3)
Along with € we define
E=z+x0—x0, éeR™ (5.4)
Then we obtain
e=xT0+¢ (5.5)
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and, by differentiating (5.4) and substituting (3.2), (5.1) and
(5.2), recognize that € is governed by
€= A.(z, b, t)e. (5.6)

The update laws for 0 employ the estimation error € and the
filtered regressor x. The gradient update law is

A X€ T
0 =T—F"——, I'=T">0,v>0 6.7
1+ v|x|%
and the least-squares law is
~ XE
§=T———-—+
1+ v|x[%
- XXT T
'=-r———r I'(0)=T"(0 > 0. .
1+V1X|_27: () ()>0;'/_0 (5.8)

By allowing v = 0 we encompass unnormalized update laws.

Since the regressor x is a matrix, we use the Frobenius
norm |x|z to avoid the need for on-line matrix ‘inversion, as
well as unnecessary algebraic complications in the stability
arguments that would arise from applying update laws 6 =
I'x(I, + vxTTx)~'e with T fixed or updated with I' =
~Ix(Ip + vxTTx)'x"T.

The boundedness properties of the z-swapping identifiers
are as follows.

Lemma 5.1: Suppose the solution z(t) is defined on [0, ¢).
The update laws (5.7) and (5.8) guarantee that

1) if v = 0 then § € L]0, ¢f) and € € L2[0, t5),

2) if v > 0 then § € L]0, t5) and

b, ———
V1+v|x|%

Proof: (Sketch) Noting from (5.6) and (3.3) that d/dt

(S £2[O, tf) n [,m[o, tf).

(31€%) = = Xio; ci€? < —colé|? it is clear that the positive
definite function V = 2|8]|2_, + 1/2co|é|? can be used as in
[6], [34], [7] to prove the lemma. ) O

As explained in [6], various modifications of the least-
squares algorithm (covariance resetting, exponential data
weighting, etc.,) do not affect the properties established by
Lemma 5.1. A priori knowledge of parameter bounds can also
be incorporated via projection.

B. z-Swapping

A different identifier results if instead of the error system
(3.2) we consider the plant (2.1) rewritten in the form

& = Ex + exfo(z)u + ¢(z)70 (5.9
where
0 .
E=|: In—l
0 --- 0

We employ the following filters

o = A(t)(Q — z) + Ez + exfo(z)u,
O = A7 + ¢(z)7,

Qo € R (5.10)
Q e RP*™ (5.11)

where A(t) is an exponentially stable matrix. We define the
estimation error vector

e=z—-Q-0%0, ecR™ (5.12)
and along with it
E=z—-Q-0%9, EeR™ (5.13)
Then we obtain
e=0T0+¢ (5.14)

and, by differentiating (5.13) and substituting (5.9), (5.10) and
(5.11), recognize that € is governed by

é = A(t)e. (5.15)

The update laws for 6 employ the estimation error € and the
filtered regressor 2. The gradient update law is

é Qe

=T— r=r’>0,v>0 5.16
1+ Q% V= (5.16)
and the least-squares law is
A Qe

= F—

6 1+ v|Q%
I'= —F—QLI‘ ro)=r70)>0,r>0. (5.17)

- 1+ v|0% - s

Again, by allowing v = 0 we encompass unnormalized
gradient and least-squares. Concerning the update law mod-
ifications, the same comments from the preceding subsection
are also in order here.

Lemma 5.2: Suppose z(t) is defined on [0, t5), and A(t)
is continuous and bounded on [0, ¢;) and exponentially stable.
The update laws (5.16) and (5.17) guarantee that

1) if v = 0 then § € L£[0, t5) and € € L0, ty),

2) if v > 0 then § € Loo[0, t;) and

5 €

’ VI+v[Qf

Proof: (Sketch) There exists a continuously differen-
tiable, bounded, positive definite, symmetric P: Ry — R™»*"
such that P+PZ+ZTP = —1,Vt € [0, ¢5), and the positive
definite function V = 1||8[2_, + |¢|% can be used as in [6],
[34], [7] to prove the lemma. a

€ Ez[O, tf) n [,00[0, tf).

VL. STABILITY AND TRACKING

Either of the identifiers from the preceding sections can
now be connected with the ISS-controller (3.1), (3.9). We give
stability proofs for the resulting adaptive systems. These proofs
encompass both normalized and unnormalized update laws.

Theorem 6.1 (z-Swapping Scheme): All the signals in the
adaptive system consisting of the plant (2.1), controller (3.1),
(3.9), filters (5.1), (5.2), and either the gradient (5.7) or
the least-squares (5.8) update law, are globally uniformly
bounded for all ¢ > 0, and lim;_, 2(t) = 0. This means,
in particular, that global asymptotic tracking is achieved:
lims— oo [y(t) — yr(£)] = 0. Furthermore, if lim¢_,o 7(t) = 0
and ¢(0) = 0 then lim¢—,0 z(t) = 0.
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Proof: Due to the continuity of z,, and the smoothness

of the nonlinear terms appearing in (2.1), (3.1), (3.9), (5.1),

(5.2), (5.7), (5.8), the solution of the closed-loop adaptive

system exists and is unique. Let its maximum interval of
existence be [0, ¢f).

For the normalized update laws, from Lemma 5.1 we obtain

€
8,0 ——
V14 v|x|}-7

When the update laws are unnormalized, Lemma 5.1 gives
only § € L0, t7) and we have to establish boundedness of

6. To this end, we treat (5.2) in a fashion similar to (3.11)
df1 .,
G (5n2)

d(1 o
—tr%(ixx )

< —cotr{xxT} — tr {xdiag (k1 |w1|?," -, Kalwa|*)xT}
+r{Whx}

€ EOO[O, tf).

n
= —colx|% + Z(—ﬂz‘|wi|2|Xi|2 +w] x:)
=1

, 1
< —colx|F + pr 6.1)

This proves that x € Lu[0, tf). Therefore, by (5.5) and
because of the boundedness of € we conclude that ¢ €
Loo[0, t5). Now by (5.7) or (5.8), 6 € Loo[0, t5). Therefore,
by Lemma 3.2, z, £ € L[0, t7). Finally, by (5.3), xo €
Lo [0, t f).

We have thus shown that all of the signals of the closed-loop
adaptive system are bounded on [0, t5) by constants depending
only on the initial conditions, design gains, the external signals
Z., and r, and not depending on ty. The independence of
the bounds of ¢; proves that £y = oo. Hence, all signals are
globally uniformly bounded on [0, o).

Now we set out to prove that z € Ly, and eventually
that z(t) — 0 as ¢ — oo. For the normalized update laws,

from Lemma 5.1 we obtain 5, € //1+v|x|% € Ls. Since
X € L then € € L2. When the update laws are unnormalized
Lemma 5.1 gives € € L3, and since x € L then by (5.7)

or (58), § € L,. Consequently in both the normalized and
the unnormalized cases T € Ly because é € L,. With
V = 1{¢|%, all the conditions of Lemmas 4.1 and 4.2 are
satisfied. Thus, by Lemma 4.2, z — 7§ € £,. Hence z € L.
To prove the convergence of z to zero, we note that (3.2),
(3.3) implies that z € L. Therefore, by Barbalat’s lemma
2(t) — 0 as t — oo. When r(¢) — 0 then z,,(t) — 0 as
t — 00, and from the definitions in (3.1) we conclude that, if
¢(0) = 0, then z(t) — 0 as t — oc. a

Now we proceed to prove stability of the z-swapping
scheme. With normalized update laws, the proof is similar
to the proof of Theorem 6.1. With the unnormalized update
laws, it is not clear how to prove boundedness of all signals for

——— T

an arbitrary exponentially stable A(¢). We avoid this difficulty
by designing

At) = Ag — M7 (z)p(z)P (6.2)

where A > 0 and A, is an arbitrary constant matrix that
satisfies PAo + AP = —I,P = PT > 0. With this design
the matrix A(t) is exponentially stable because

PAR) + A ()P = —1 - 2\P¢T¢P < —I.  (6.3)

Theorem 6.2 (z-Swapping Scheme): All the signals in the
adaptive system consisting of the plant (2.1), controller (3.1),
(3.9), filters (5.10), (5.11), and either the gradient (5.16) or
the least-squares (5.17) update law are globally uniformly
bounded for all ¢ > 0, and lim;—,, 2(¢) = 0. This means,
in particular, that global asymptotic tracking is achieved:
limy—, o0 [y(t) — y-(¢)] = 0. Furthermore, if lim;_,o 7(t) = 0
and ¢(0) = 0 then lim;, z(t) = 0.

Proof: We first consider the normalized update laws.
As in the proof of Theorem 6.1, we show that 0,0,z 2 €
L]0, t5) and hence u € Loo[0, t5). From (5.10) and (5.11)
it follows that g, €2, and therefore € are in L.[0, ¢f). Now,
by the same argument as in the proof of Theorem 6.1 we
conclude that ¢y = oo.

Second, we consider the unnormalized update laws (5.16)
and (5.17) with A(t) given by (6.2). Along the solutions of
(5.11) we have

%(QPQT) = —00T - 220P¢T pPOT + QP¢T + oPQT

T
=-0af - 2)\(¢PQT 1y )

277
. (qSPQT - %Ip) + %Ip (6.4)
which implies
%(U{QPQT}) <+ L 69)

Hence Q € L0, t£). Lemma 5.2 gives? § € Loo[0, t5), and
from (5.14) and (5.15) we conclude that € € L[0, t). Now

by (5.16) or (5.17), § € Loo[0, t). Therefore, by Lemma 3.2,
2,7 € L[0, t5). Finally, by (5.12), Qo € L0, t5). As
before, ty = oo.

Now we set out to prove that 2 € L. For normalized update
laws, from Lemma 5.2, we have that 6, ¢/1/1 + V[QZ € Lo.
Since @ € L. then ¢ € L,. Wheén the update laws are
unnormalized, Lemma 5.2 gives € € £, and since Q € Lo
then by (5.16) or (5.17), § € £,. Consequently for both the
normalized and the unnormalized cases, Q76 € L2 because
€ € L. Now, as in Theorem 6.1, we invoke Lemma 4.2 to
deduce that z — xT60 € L,. To show that z € L5, we need to
prove that QT8 € L, implies xT6 € L2, or, in the notation of
Lemma A.2 from the Appendix, that T[¢7]6 '€ L, implies

2Since A(t) depends on x(t) whose boundedness is yet to be proven, in
invoking Lemma 5.2 we violate the boundedness condition for A(t). This,
however, causes no difficulty because the boundedness condition is required
only in order to establish the existence of P, and we know P in (6.2) a priori.
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T, [WT]6~? € L,. To apply this lemma to our adaptive system
we note from (3.3) and (3.1) that

1 0 0

R _g_a:. 1 o 0
WT(z, 6, t) = “ ¢* (z)

B Batn— C

e e 1

>

M(z, 8, )¢™ (). (6.6)
Since M(z(t), 4(t), t) satisfies the conditions of Lemma A.2
then xT6 € £, and hence z € L. The rest of the proof is the
same as for Theorem 6.1. O

Remark 6.1: All the above results are presented for the
parametric-strict-feedback form (2.1) without zero dynamics.
As in [12], they can be readily modified for the strict-feedback
systems with zero-dynamics

&= Tip1 + 0T 0i(z1, -2, 287),  1<i<n-1
dn = Po(2)u + 67 pu(z)
3" = By, 2) + ®(y, z7)0

Y= 6.7)

where the 2”-subsystem has a bounded-input bounded-state
(BIBS) property with respect to y as its input. The procedure
can also be modified, as in [12], to obtain a local result
for the parametric-pure-feedback systems, i.e., the systems in
which ¢, also depends on z;+;. As in [40], the subset of
pure-feedback systems that can be controlled globally can be
enlarged using an appropriate filter and parameter estimate
initialization. O

VIL. L., MEAN-SQUARE AND L, PERFORMANCE

For linear systems the issue of transient performance has
recently received considerable attention (see [4], [20] and
references therein). For the adaptive schemes presented in the
preceding sections we now derive L., mean-square, and Lq
bounds for the error state z, which incorporate the bounds for
the tracking error y — y,.

First we give performance bounds for parameter identifiers
and use them to establish L., and mean-square bounds for
z that are valid for both the z-swapping and the z-swapping
schemes. Then we derive an £ norm bound on z for the z-
swapping scheme. For the z-swapping scheme a similar £,
bound is not yet available.

We analyze in detail the scheme with the normalized gra-
dient update laws and suggest in Remarks 7.1 and 7.4 how to
modify the derivations for other update laws.

Without loss of generality we assume in our analysis, and
recommend for implementation, that €(0), x(0) (in the 2-
swapping scheme), and Q(0) (in the z-swapping scheme),
be set to zero. This can be achieved by initializing xo(0) =
~2(0), x(0) = 0, in the z-swapping scheme, and £24(0) =
z(0), 2(0) = 0, in the z-swapping scheme. For simplicity,
we also let I' = ~J. We explain in Remark 7.3 how the
performance bounds differ in the absence of initialization.

Lemma 7.1: For both the z-swapping (5.7) and the z-
swapping (5.16) normalized (v > 0) gradient update laws,
the following bounds hold

i) 1Bllec = 16(0)] (7.1)
i) 18llec < Y16(0)] (7.2)
i sy [LEOL

Proof: The proof is given for the z-swapping identifier
(5.1), (5.2), (5.7). The proof for the z-swapping identifier
(5.10), (5.11), (5.16) is identical. ~

Consider the positive definite function V; = 1/2+|0|%.Its
derivative along the solutions of (5.5), (5.7) is

|ef®

Viz=——"\tl — <0.
6 L+v|xl% ~

(1.4)
i) Due to the nonpositivity of V; we have V;(¢) < V;(0)

which implies (7.1).
13) From (5.7) we can write

IXIX o 1P
(1+vxl3)? ~ ° Q+vix%)?
le[?
L+vxl%

19]% < +*

7
v

< (1.5)

By using (5.5) we get

8Txx"b
1+ v|x|%

2 1412 2
QPP

. 2 2
g1z < L e a.
161" < v vi1t+v|xlz (y) o1 (7.6)

which, in view of (7.1), proves (7.2).
iii) By integrating (7.4) over [0, co) we obtain

€ 1 .«
iz I L

Integration of (7.5) over [0, 0o) and substitution of (7.7) yields
(7.3).
Remark 7.1: The only difference in the case of the normal-

ized least-squares is that (7.3) becomes ||6]l2 < Vv16(0)).
O

Theorem 7.1: In the adaptive system (2.1), (3.1) using
either the identifier (5.1), (5.2), (5.7) or (5.10), (5.11), (5.16)
with normalized update laws, the following inequalities hold

5 2 1/2
i) lz(t)] < I;\(/OE); (nio + gZV2> + |2(0)]e™*?,
(7.8
y Lt N1 1 2\
11) (;/0 [2(T)] d’r) < NG (K—0+Z2g0’/2)

+ 73=l2(0)]. (7.9
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Proof: i) This bound follows by substituting (7.1) and
(7.2) into (3.10).
1) By integrating the first line of (3.13) we get

[l dr < a0 + 101

t
L ( / e"2°°(T‘s)|é(s)]2ds> dr. (1.10)
290 Jo \Jo

Now, to arrive at (7.9), the sequence of integration in (7.10)
is interchanged as in the proof of Lemma A.1.(z).

Remark 7.2: Although the initial states 22(0),---,2,(0)
may depend on ¢;, k;, g;, this dependence can be removed
by setting 2(0) = 0 with the following initialization of the
reference model

T, (0) = z;(0) — ai_1(Fi_1(0), H(0), Fpm,s_1(0)). (7.11)

It can also be proven that in this initialization z,,(0) does not
depend on ¢;, %;, g;. Therefore, the bounds (7.8), (7.9) can be
made as small as desired by increasing cg, andfor kg, go. A
practical limit to the increase of these gain coefficients is that,
in the presence of an error in the initial state measurement,
they increase 2(0) and the performance deteriorates. As for
the pure-feedback systems mentioned in Remark 6.1, the fea-
sibility region may, in general, decrease as ¢;, K;, g; increase.
O

Remark 7.3: The above bounds are readily modified to also
cover the case when €(0) # 0. For example, the L., bound
(7.8) is augmented by the term

1 1 292\ 24212
=+ )+ o).
2,/co [4co \ ko ~ gov gov
If we set both filter initial conditions to zero, namely, x(0) = 0
and x0(0) = 0, we get ¢(0) = z(0). (This initialization is
always exact because it does not depend on the measured

state.) In this case, (7.12) shows that, for 2(0) # O the
performance bound (7.8) is

I (1 22\
(01 < 5O (- + 22

/2

1 v (1 272 292 !

3 e et ) o] O

+ |2(0)]e™ " (7.13)

(7.12)

O
Lemma 7.2: For the adaptive system (2.1), (3.1), (5.1),
(5.2), (5.7), the following inequalities hold

) Al < g @14
i) lelloo < 2'\/% (7.15)
1 T -
iif) llell2 < 2”7 T BOL @16

Proof: i) By Lemma A.1-i), and since x(0)
inequality (6.1) is rewritten as

‘2c0(t Ty~ 1 dr <
2!’-20 - 4Coﬁ()
(7.17)

Ix(#)[F < |x(0)[Fe2" +/0

and (7.14) follows. B

ii) Now (5.5) implies [lfoo < [lxlFllocllfllec <
(1/2+/cok0)|0(0)| which proves (7.15).

111) The bound on the £, norm of € is obtained using

/ )P dr < / I "|2< ol IR dr

€

< (1 +vlHxlFNI%) NETTE
Fll2

. (7.18)

By substituting (7.7) and (7.14) into (7.18) we prove (7.16). O
Remark 7.4: With the bounds (7.14)-(7.16) for the z2-

swapping scheme we can tighten the bounds on |4]l2 and

(16]loo in Lemma 7.1 and make them valid for the unnormalized
update laws with v = 0. It is straightforward to show that 1/v
in (7.2)~(7.3) can be replaced by min{1/v, 1/4coro}. The
same is true for (7.8)—(7.9). We can also show that for the
x-swapping scheme 1/ can be replaced by min {1/v, (p/2])
[)‘maX(PO)/’\min (PU)]}- a

Theorem 7.2: In the adaptive system (2.1), (3.1) with the z-
swapping identification scheme (5.1), (5.2), (5.7) the £ norm
of z is bounded by

\/ gov | 2¢Ekov | 2k

19(0)1 1
m e

Proof: We will calculate the £, norm bound for z as
lizliz < llellz + llll2, where

¥ 2 xo—x70.

—=lz(0)I. (7.19)

(7.20)

A bound on ||¢| is given by (7.16). To obtain a bound on
l|1¥)l2, we examine
¥ = Az, 0, t)p — D(z, 8, )76 — xT4. (7.21)

By using (3.3) and repeating the sequence of inequalities
(3.11), we derive

d (1
E(gw) < —colyl? +
2 17
|¢I ox?

_éz L Té‘?
+4goll +200lx |

—TXT0

.12

1 =
—10f?
490

CO

(7.22)
which gives

dfl . co 2y L1 42
S (32) < -+ 5 (508 +

l|XT5|2). (7.23)
Co
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By applying Lemma A.1.(i%) to (7.23), we arrive at

1 “ 1 “

lls + —|IxT8 ) 7.24

llll2 < \/_(Iiﬂ( )+ \/2‘9‘0” ll2 \/EHX ll2 ). (7.24)
By substituting (7.3) and (7.14) into (7.24) we get

1 W i °
llll2 < \/_(Itb( )+ ﬁ;}allffllﬁ\/—c—olilxlflloollé’llz)

bl A, 1\, 1
Sm V(\/ga+\/§%>+\/c_ol (0)] (7.25)

where we have assumed that xo(0) = z(0). Combining this
and (7.16), and rearranging the terms, we obtain (7.19). O

The form of the bound (7.19) is favorable because it is
linear in |6(0)]. It may not be possible to make the L,
norm of z as small as desired by ¢y alone because of the
term [6(0)|/+/27. With the standard initialization z(0) = 0,
however, a possibility to improve the £, performance is by
simultaneously increasing cg, go and .

VIHI. RAPPROCHEMENT WITH LINEAR DESIGNS

A connection of the adaptive nonlinear ISS-design presented
in this paper with linear estimation-based designs will become
clearer when the ISS-controller of Section III is replaced by
the weaker SG-controller developed in this section. The only
difference between the two controllers is that the SG-controller
employs weaker nonlinear damping functions s;. For example,
for an uncertain term 8¢ (1) in the first equation of the plant,
the ISS and SG nonlinear damping functions are respectively

5358(z1) = p(z1)* and

2
st(xl) — [‘p(zl) — 90(0):| é w(.’L‘1)2.
x1

In this way the growth of s$C is reduced by a factor of
z?. In the process of backstepping this reduction is even
more pronounced. However, the SG-controller can no longer

guarantee the ISS property with respect to 6 and 4. Instead,
we reveal a small gain property and prove boundedness with
a linear-like Gronwall lemma argument. The main interest
in the SG-controller is that for linear systems it becomes
linear in x and in that sense is similar to linear estimation-
based designs. In contrast, the ISS-controller for linear systems
remains nonlinear.

To derive the nonlinear damping expressions for the SG-
controller we rewrite the regressor vectors w; as follows

8.1

wi(Zi, 6, t) = wi(0, 6, t) + wi(z, 6, )7z (8.2)
where 7; 2 [21, -+, 2T, and w;: RE x RP xR, —» R**? isa
matrix-valued function smooth in the first two arguments and
continuous and bounded in the third argument (with a slight
abuse of notanon relative to (3.1) we now express w; as a
function of Z;, 0 t). Thus we have :

W =W+ [wz, -, (8.3)

“’:{ Zn)

where W), denotes W (0, é, t). Likewise, we rewrite D from
(3.3)

D=Dy+[0,68z1,--,67%,1] (8.4)

where 8;: R™1 x RP x Ry — RG-DXP are matrix-valued
functions smooth in the first two arguments and continuous
and bounded in the third argument, and Dy denotes D(0, 8, t).

The SG-controller has the same form (3.1) as the ISS-
controller, but its nonlinear damping functions are defined
as

8 = mlw,—l} + gz|51|‘2¢ (8.5)
As in linear estimation-based adaptive control, the SG-
controller employs an identifier with normalized update
laws.

Theorem 8.1: All the signals in the adaptive system con-
sisting of the plant (2.1), SG-controller (3.1) with (8.5),
z-swapping filters (5.1), (5.2), and either the gradient (5.7)
or the least-squares (5.8) normalized update law (v > 0), are
globally uniformly bounded for all ¢ > 0, and lim;_,, 2(t) =
0. This means, in particular, that global asymptotic tracking
is achieved: lim; [y(t) — y-(t)] = 0. Furthermore, if
lim;_, oo 7(t) = 0 and ¢(0) = 0 then lim;_, o, z(t) = 0.

Proof: Using (8.3) we write (5.2) as

T = AT + WE + Wz, -, 0lz,)7. (8.6)
In a fashion similar to (6.1) we compute
d 2 $ . 12 12
7 |X[f < —colxlF - Z’%|wt|f|X1|
i=1
n
+ ) zZlwixi + i {Wx}
i=1
2 1 2
< __|X|7-'+Z |Zz| +5- 20 |Wolx
< ——l %+ —l 2+ —|W0|}' 8.7

On the other hand, using (8.4) we write (7.21) as
%= A — (x+ Do)T6 -

and compute

d /(1
Ef(§|¢|2)

[0, 6771, -, 6T7._1]T8 (8.8)

< —colyp* = ) _ilbil5y7

i=1

- T (x + Do)T

n

0-3 7

< -—W)I2 + —\(X + Do) 2

16 1/)1

+Z Izz 12 I6’|2
< ——I1/)I2 lezflél2
i n
+ ~|z|2|9|2 + —|Dol}161*. (89
Jo Co
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The system (8.7), (8.9) is summarized as
d 2 1,0 1 2
EUX‘}') < —alxlF + ——2no|2| + 5|W0|f (8.10)
d 2 2, 2 521 2 L 50 10
- < - fl -
1) < ~coldl? + =10 + 510

2 o
+ =|Do|%10]*. @.11)

Co
From Lemma 5.1 we have § € L0, tf), so [Wol%: < k
and |Do|% < k, where k denotes a generic positive finite
constant. From Lemma 5.1 we also have 8, ¢//T + v[x|% €
L2]0, t£) N L]0, tf). Let us denote by I; a generic function
in £4[0, tf) N Lo[0, ts). Since € = z + 9, then we have

|f|2 2 2
—(1+ +2
1 V‘Xl,zr( vix|F) |4

<20 (1 +vixlF) + 2lv

|2 < 2
(8.12)

Thus (8.10)—(8.11) become
d 1
(%) < —(eo —W)xlx + —lWPP+k - B.13)
Ko
d
T < —(co =)W +hlxlF+k @14)

This is a loop with small gain because |x|% appears multiplied
by [; in (8.14). To finish the proof we define the “superstate”

2
X2 x%+ pov i1 (8.15)

Co
differentiate it and substitute (8.13)—(8.14). After straightfor-
ward rearrangements and majorizations, we get

X<—(3-u)X+k (8.16)
By applying the Gronwall lemma we conclude that X is
uniformly bounded on [0, tf). In view of (5.5), € is bounded,
which along with the boundedness of ), proves that z is
bounded. Thus t; = oo. The rest of the proof is the same
as for Theorem 6.1, and again uses Lemma 4.2 for proving
convergence. a

In contrast to the ISS design, the global result has been
established only with normalized update laws. The issue of
normalization in adaptive nonlinear design was discussed
in [26].

Performance bounds similar to those in Section VII for the
ISS design are not available for the SG design, nor is it clear
how to develop its z-swapping version.

In Section IX we compare the linear SG design with the
new ISS design for a linear plant.

IX. EXAMPLES AND DISCUSSION

The first example in this section illustrates the performance
properties of the ISS design on the relative-degree two plant

T = Zg + 9(,0(11)
:l":z =Uu

0.1

with the objective to regulate z to zero (without a reference
model). The second example makes a comparison between the
ISS design and the SG design.
We define the error variables
21 =1T1

72 = Ta — a1(21, 0). 9.2)

The two-step ISS-controller design

a1 = —C121 —M&azzl —950
CaZ K (aa1>2tp2z g <8a1>2z
U=—-21- - a 2 — 92\ 2
1 222 2 o7, Y

Bal A
— g 3
+ Bz, (x2 +0p) (9.3)

results in the error system

R ~ 0 .
z’:Az(z,9)2+[ o ]H[_a_ak]a 9.4
0, ¥ EX]
where
2
—c1 — K19 1
A, = o 2 2
T )l
Q.

The z-swapping identifier is designed with the following filters

. . . 0 1
%o = Ax(z, O)xo0 + [_ﬁw]o ~ [_%]a (9.6)
a8

Bz

KT = Az, 0)xT + {_ o ] ©.7)
oz,
which are used to implement the augmented error
e=z+x0—xT (9.8)
and the gradient update law
g = yﬁ%xf. 9.9)

The z-swapping identifier is designed with the following filters

Qo =—~@+2?)(Qo—z1) +22, Qo €R (9.10)
Q=~@+ 23>+ o, QeR (9.11)

which are used to implement the equation error

e=x1— Qo — 00 9.12)
and the gradient update law
Py Qe
=y ——. .1
b=n 14002 (©-13)

This reveals that the z-swapping approach is uncertainty
specific in the sense that only the terms ¢; multiplying
the unknown parameter § need to be filtered. This opens
a possibility for a reduction in the dynamic order of the
identifier.

In simulations, the only difference between the z-swapping
and the z-swapping approach was in the value of 7 needed
to achieve the same speed of adaptation—higher value was
needed in the z-swapping case. Since the responses were
similar we show them only for the z-swapping scheme.
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Fig. 1. Dependence of the transients on cp with kg = go = 1. (Note an

expanded time scale for control u.) (a) v = 10;(b) vy = 0. 1: co = 1; 2:
cop = 3; 3 ¢g = 15.

Example 8.1 (ISS-Performance): We consider system (9.1)
with nonlinearity ¢(z1) = z2. The simulations were carried
out with nominal values c; = c2 = co = K1 = K3 = Ko = g2
=go = 1,7 =10, 8 = 5, 6(0) = 0 which were judged to give
representative responses. All simulations are with following
initial conditions: z(0) = —xo (0) = [0, 10]T, x(0) = 0 (to
set €(0) = 0).

Fig. 1(a) illustrates Theorems 7.1 and 7.2. The design
parameter ¢y can be used for systematically improving the
transient performance. Up to a certain point the error transients
and the control effort in Fig. 1(a) are simultaneously decreas-
ing as cp increases. Beyond that point the control effort starts
increasing. The control  is given in an expanded time scale in
order to clearly display the main qualitative differences among
the three cases. Fig. 1(b) illustrates Corollary 3.1. When
adaptation is switched off, the states are uniformly bounded
and converge to (or remain inside) a compact residual set.
Corollary 3.1 does not describe the behavior inside the residual
set, which may contain multiple equilibria, limit cycles, etc.
For this example (but not in general), there is an asymptotically
stable equilibrium at the origin for any value of the parameter
error. For small values of ¢, this equilibrium has a basin of
attraction which is strictly inside the residual set. For higher
values of ¢ the global asymptotic stability is achieved.

Fig. 2 shows the influence of k¢ on transients. According to
Theorem 7.1 and Remark 7.4, the peak values can be decreased
by increasing ko, which is confirmed by the plot. The L,
performance may not be improved, however, by increasing g
because the x-terms slow down the adaptation and make the
transients longer. The effect of the g-terms was shown to be
significant only for very small ¢y and k¢ or for very large «.

Fig. 3 demonstrates the influence of the adaptation gain
on transients. Due to the slow initial adaptation, which should
be attributed not only to the normalized gradient update law
but also to the fact that the regressor is filtered, there is a
clear separation of action of the nonadaptive controller, which

3}

;

Y

Fig. 2. Dependence of the transients on kg with co = go = 1, v = 10. I:
co =1;2: ¢ = 5; 3: o = 15.

D

0 f————p—
0 1 2 3

Fig. 3. Dependence of the transients on v with co = go = ko = 1. L
cg =1;2:¢co = 5;3:co = 15.

at the beginning brings the state z quickly to the residual
set, and the adaptive controller which takes over to drive
the state to the origin. The property that the L., bounds are
increasing functions of ~y, to be expected from Theorem 7.1,
was exhibited in simulations only with extremely high values
of . This indicates that some of the bounds derived are not
very tight over the entire range of design parameter values.

Finally, an explanation is in order about the initial condition
z(0) in our simulations. We used z(0) = [0, 10]7, and hence
2(0) = [0, 10]T which is independent of the design gains
co, Ko, go- This is why the peak of z; decreases monotonically
as any of these gains increases. If, instead, we used z1(0) # 0,
then, according to Remark 7.2, we would have added an
appropriately initialized reference model (with r(t) = 0). In
this way, bad transients would be eliminated by following a
less aggressive path to the origin. a

Example 8.2 (ISS vs. SG): Let us consider system (9.1)
with ¢(21) = z1. For this linear system we make a comparison
between the ISS and SG designs. The only difference is that
the terms K192, ky(Day/811)% 9%, g2(B1 /38)? in the ISS
design are, respectively, replaced by ki, ka2(da1/0z1)%, g2
in the SG design. The same design coefficients and initial
conditions are used as in Example 8.1, except for § = 3.
The adaptation gains, v = 5 for the ISS design, and v = 1.5
for the SG design, are chosen so that the rate of parameter
convergence is the same for both designs. The control law of
the SG design is linear in = and nonlinear in 6.

Fig. 4 shows the difference in performance between the two
designs. The ISS design uses larger control effort and achieves
better attenuation of the z;-transient. The dashed responses
illustrate the underlying nonadaptive behavior (7 = 0). While
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Fig. 4. 1SS design vs. SG design. The dashed lines show zi(t)-when
7 = 0.(Note an expanded time scale for control u.)

the response of the SG design exhibits linear exponential
instability, the response of the ISS design, according to Corol-
lary 3.1, is bounded. Hence, there is a clear trade-off of
performance improvement versus control effort between the
new ISS design and the linear adaptive designs such as the
SG design. O

X. CONCLUSIONS

Recent Lyapunov-based recursive designs of adaptive
controllers for nonlinear systems transformable into the
parametric-strict-feedback form [12], [8], [19], [36] achieve
global stability and tracking, but do not allow a choice
of parameter update laws. In these designs the wealth of
knowledge about standard identifiers is not utilized because
the identifier does not appear as a separate module of the
adaptive system.

A complete separation of the controller and identifier mod-
ules is one of the main accomplishments of this paper. It has
been achieved by a new nonlinear controller with an input-to-
state stability property with respect to the parameter estimation
error and its derivative as disturbance inputs. This strong ISS-
controller remains nonlinear even when the plant is linear.
For comparison with linear estimation-based designs, a weaker
SG-controiler is introduced, resulting in a small-gain rather
than the ISS property. For linear plants this controller is linear.

As a separate module, the ISS-controller can be connected
with the standard unnormalized or normalized gradient or
least-squares identifiers, while the SG-controller requires nor-
malization. The connection of the controller and identifier
modules is made possible by a nonlinear extension of the well
known swapping lemma.

In addition to the global boundedness and tracking, the new
design also provides explicit bounds on the transient perfor-
mance, which can be utilized for its systematic improvement.

The results of this paper assume that the full state is
available for feedback. Relying on the experience gained with
recent recursive output-feedback designs, such as [22], [14], it

is expected that the estimation-based design of this paper will
be extended to nonlinear systems in the output-feedback form.

The applicability of various designs, Lyapunov-based or
estimation-based, will ultimately depend on their robustness
with respect to unmodeled phenomena. This is another impor-
tant topic of current research.

APPENDIX
Lemma A.l: Letv, p: Ry — R, ¢, b> 0. If

¥ < —cv + bp?, v(0) >0 (A1
i) then
o(t) < v(0)e™ +b /0 te“c(t—f)p(r)z dr. (A2)
i1) If, in addition, p € Lo, then v € L N £; and
Il < = (w(0) + blol) (A3

Proof: ) Upon multiplication of (A.1) by e**, it becomes

%(u(t)e“) < bp(t)%e. (A.4)

Integrating (A.4) over [0, ], we arrive at (A.2).
i1) Noting that (A.2) implies that

t
v(t) < v(0)e™ + b sup {e_c(t_r)}/ p(r)2dr  (AS)
T€[0, t] 0

we conclude that v € L. By integrating (A.2) over [0, ],
we get

A ‘w(r)dr < /0 o0)e dr + b /Ot [ /OTC_C(T_S)” (o)" ds] a

t t
< lv(O) + b/ e p(s)? (/ e " d’T) ds
C 0 s
1 ¢ 1
< =v(0) + b/ e p(s)2=e " ds
C 0 [
1 Lo,
< - v(0)+b /] p(r)°dr (A.6)
0
which proves (A.3). a

LemmaA2: Let T;:u — (;, % = 1,2 be linear time-
varying operators defined by

G=AG +u (A7)

where A;: R, — R"*™ are continuous, bounded and ex-
ponentially stable. Suppose f: Ry — RP? is differentiable,
¢: Ry — RPX™ is piecewise continuous and bounded, and
M : Ry — R™™™ is bounded and has a bounded derivative on

Ry. If § € £y then

Ti[¢7)0 € Lo = To[M$T)8 € L. (A.8)

If moreover, M(t) is nonsingualr V¢, and M~! is bounded
and has a bounded derivative on R then (A.8) holds in both
directions.




KRSTIC AND KOKOTOVIC: CONTROLLER-IDENTIFIER SEPARATION AND SWAPPING

Proof: Suppose that T1{¢T]# € L,. By Lemma 4.2,
T1[¢T8) — T1[¢7]0 € L2 and therefore ¢ £ Ty[¢76] € L.
We will show first that (, 2 To[M ¢T§] € L7. By substituting
T8 = { — A;(t)¢; into the variation of constants formula
and applying partial integration we calculate

G2(t) = Da(t, 0)(2(0) + /Dt%(t, T)M(1)¢T (r)6(r) dr

= B,(t, 0)¢2(0) + /0 t@z(t, T)M(r)

[G(r) — Ar(T)Gu ()] dr
= Dy(t, 0)C2(0) + M(£)¢1(t) — Pa(t, 0)M(0)¢1(0)

+A%mﬂWm+@mMm—Mmmm1
. Cl(r) dr (A.9)

where ®,(t, 7) is the state transition matrix of As(t) that
satisfies |®2(t, 7)]2 < ke~ (=7 k. o > 0. It is clear that
(2, 0)(2(0)+M(t)¢1(£)—Pa(t, 0)M(0)¢1(0) € L3 because
®,(t, 0) is exponentially decaying, M(t) is bounded and
¢1 € Ly. Since

t 2
[A%mﬂWm+MMMm—Mmmmmmw

1
< ||M+A2M—MA1||§ok2/ e~ 2| (1) dr (A10)
0
then similarly to (4.16)—(4.17) from the proof of Lemma 4.2,
we can show that the expression (A.10) is in £y. Thus {3 =
T2[M¢T8] € L,. By Lemma 4.2, To[M¢T6] — To[M¢T]d €
L and therefore To[M$T8) € L. The proof of the other
direction of (A.8) when M(t) is nonsingular V¢, and M1 is
bounded and has a bounded derivative on R, is identical. [J
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