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1 I n t r o d u c t i o n

T h e  p ro b le m  o f  d es ig n in g  a d a p tiv e  o u tp u t -fe e d b a ck  co n tro lle rs  fo r  n on lin ea r  system s w ith  

u n k n o w n  co n s ta n t  p a ra m eters  w as re ce n tly  a dd ressed  in  [1,2]. T h e s e  p ap ers  co n s id e red  th e  

class o f  n -d im e n s io n a l n on lin ea r  system s w h ich  h a ve  an  in p u t -o u tp u t  d es cr ip t io n  ex pressed  

g lo b a lly  b y  th e  n -th  o rd er  sca la r  d ifferen tia l e q u a tio n

n—1

Dny = B(D)<r(y)u+YDi
i = 0

¥>o i ( y )  +  j 2 ° W j i ( y )
j = 1

(1.1)

w h ere D  d en o te s  th e  d iffere n t ia tion  o p e ra to r , a nd

• th e  co e ffic ie n ts  60, . . . ,  6m (m  <  n  — 1) o f  th e  p o ly n o m ia l B ( D )  =  bmD m -1------- b b^D  +  b0

are u n k n o w n , b u t  B ( D )  is k n ow n  to  b e  H u rw itz  a n d  th e  sign  o f  bm is k n ow n ,

• 0 i , . . . ,  9P are  u n k n o w n  co n s ta n t  p a ra m eters , a n d

• < j(y ), y>ji(y)-> 0 <  j  <  n  — 1 , 0 <  i <  p , are s m o o th  n on lin ea rities  w ith  cr(y) ^  0 Wy €  IR, 

<¿>¿,(0 ) =  0 , 0 <  j  <  n  — 1 , 0 <  i <  p.

In th e  ca se  o f  k n o w n  p a ra m eters , system s in th is class a re  lin ea r iza b le  b y  o u tp u t  (a n d  in p u t) 

in je c t io n , a n d  in p u t -o u tp u t  lin ea riza b le  (b u t  n o t n ecessa rily  fu ll -s ta te  lin ea riza b le ) b y  fu ll- 

s ta te  fe e d b a ck .

In [1], K a n e lla k o p o u lo s , K o k o to v ic  a n d  M o rse  e x te n d e d  th e  d irect  m o d e l-r e fe re n ce  a d a p 

t iv e  d es ign  d e v e lo p e d  fo r  lin ear system s b y  F euer a n d  M o rse  [3] to  n on lin ea r  sy stem s o f  th e  

fo rm  ( 1 .1) ,  u n d e r  th e  a d d it io n a l re str ic tion  th a t  fo r  * =  m  + 1 , • • •, n  — 1 , th e  fu n ctio n s  < fji(y ) , 

0 <  j  <  p , are lin ea r, i.e ., th a t  th e  n on lin ea rities  d o  n o t  en ter  th e  sy ste m  b e fo re  th e  co n tro l 

d oes .

T h is  re str ic tio n  w as n o t p resen t in  th e  d es ig n  d e v e lo p e d  b y  M a rin o  and  T o m e i in [2], 

w h ich  c o m b in e d  th eir  “ filtered  tra n sfo rm a tio n s” , in tro d u ce d  in [4], w ith  th e  a d a p tiv e  design  

p ro ce d u re  in tro d u ce d  b y  K a n e lla k o p ou lo s , K o k o to v ic  a nd  M o rse  [5] in  th e  fu ll-s ta te -fe e d b a ck  

case.

In th is p a p er  w e co n s id e r  th e  sa m e class o f  n on lin ea r  sy stem s (1 .1 ) ,  a nd  d e v e lo p  a d irect 

ex te n s io n  o f  th e  a d a p tiv e  d esign  p ro ce d u re  o f  [5] to  th e  o u tp u t -fe e d b a ck  ca se . T h is  new

2



p ro ce d u re  a llow s us to  re m ov e  th e  a d d it io n a l re str ic tio n  o f  [1] w ith o u t  u s ing  th e  filtered  

tra n s fo rm a tio n s  o f  [2]. A s in  [1] a n d  [2], th e  o b ta in e d  sta b il ity  a n d  tra ck in g  resu lts are 

g lo b a l, d e sp ite  th e  fa ct  th a t th e  n on lin ea rities  are n o t re str ic te d  b y  a n y  g ro w th  co n s tra in ts .

2  T h e  S y s t e m a t i c  D e s i g n  P r o c e d u r e

C o n s id er  th e  class o f  n -d im e n sio n a l n on lin ea r  system s w ith  an  in p u t -o u tp u t  d es cr ip t io n  

g iv en  b y  th e  d ifferen tia l e q u a tio n  (1 ;1 ) . A n  eq u iv a len t m in im a l sta te  re p resen ta tion  fo r  

su ch  sy stem s is

C =  A Ç  +  b a (y )u  +  <p0( y )

i= l
(2 .1 )

w h ere

A  =
I

0

y  = m II

0

'  1 '

6 =
0

bm
, c  =

0

1
. o .

bo

» w ( y )  =

<pn ( y )

. <Pin{y) .

0 < i < p .  ( 2 .2 )

S u p p os e  n ow  th a t  th e  co n tro l o b je c t iv e  is t o  tra ck  a g iv en  re feren ce  s ig n a l yr ( t )  w ith  th e  

o u tp u t  y  o f  th e  sy ste m  ( 2 .2 ) ,  a nd  a ssum e th a t th e  first p  d eriv a tiv es  o f  y T are a lso  g iv en , 

w h ere  p  =  n  — m . T h e n , o u r  s te p -b y -s te p  d es ig n  p ro ce d u re  is as fo llo w s:

S tep  0: C h o o s e  K 0 su ch  th a t  Aq =  A  — K qct  is a  H u rw itz  m a tr ix , a n d  d e fin e  th e  filters

¿o =  A 0£o +  K qV +  V o {y )

Ît =  A o i i  +  < P i(y ) , 1 <  i <  p

Vj =  A 0Vj +  e n_ j< j(y )u  , 0 <  j  <  m ,

w h ere  et- is th e  ¿-th  co o rd in a te  v e c to r  in  lR n . It is n ow  ea sy  to  see th a t

(2 .3 )

£
dt

C — ( io  +  2̂ Oi£i - f  bjVj 

*=1 j - o

=  Aq c — ( io  +  YY j V j

1=1 3=0

(2 .4 )
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w h ich  im p lies , in  p a r tic u la r , th a t  th e  d e riv a tiv e  o f  th e  o u tp u t  y  is g iv en  b y

y

p

C2 +  <An (2/ ) +  E ^ . i  (y) '
i= l
p m

£02 +  (¿>01 ( y)  4 - (£*2 +  <i0 ;i ( y ) )  +  5 3  6 i v i2 +  e ,
t= l i= 0

(2 .5 )

w h ere e is an  e x p o n e n t ia lly  d e ca y in g  term . N ex t, d efin e

*1 =  Ci - »r =y-yr= cti(y,yT), (2 .6 )

and  d e n o te  b y  c i ,  C2, . . . ,  c p p o s it iv e  co e ffic ie n ts  a n d  b y  r l 5 . . . ,  T p p o s it iv e  d e fin ite  sy m m e tr ic  

m a trices  t o  b e  ch osen  later.

F or co n v e n ie n ce  o f  n o ta t io n , w e a lso  d e fin e  fo r  i =  0 , . . . ,  p

C , i  = [Co.li • •• 5 £o ,t+i > ^1,1 > • • • » £i,«+i5 • • • » £*>, 17 • • • » £p,*+i] ( 2 .7 )

Civ = K i , . . • ? • • • 1 V-m—1,15 • • • 1 Vm—l ,* + lj  Vmti ,  • • • > ^m,t] ? ( 2 .8 )

w ith  th e  u n d ersta n d in g  th a t  w h ere  C t£ o r  C{V  a p p e a r as a rg u m en ts  o f  a fu n c t io n , th a t 

fu n c t io n  m a y  d e p e n d  o n  a n y  o f  th e ir  e lem en ts .

S tep  1 : U sin g  (2 .5 ) ,  w rite  ¿1 as

m — 1
¿1 =  {02 +  <pOl{y) -  ÿr +  53 0i (&2 +  ^ 1( 2/ ) )  +  E b3Vj2 +  hmVm2 +  ^

t=l j = 0

{
p Q. m—1

T [Î02 +  ( f o i ( y )  — ÿr] +  E  t ~ [£*2 +  ^*1( 2/)]  +  E  ~l ~v î2 Vm2 f + 6

Om t=i bm j =Q 0m J

=  -  ( c i  + 1 )  x i  +  bm { u m2 +  K ?«> i(y ,y r> s /r ,C i£ i C » }  +  e ,
(2 .9 )

w h ere

T/C, =
1 9\ 9P bo

b i : i

bm—1

i =  ( c i  +  - ) * !  +  io 2 +  <*»1(20 -  f c £ i 2 +  ^ i i ( y ) .

• • • > £p2 +  (fpl(y), VQ2i • • • > V m -1,2] •

(2 .1 0 )

(2.11)
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L et «1 b e  an e st im a te  o f  a n d  d efin e  th e  n ew  sta te  x 2 as

=  v m2 +  K i W i ( y ,y T, y r , C i t , C i v )

=  % 2  +  a 2( y ,y r ,y r , C i £ , C ' i t ; , « 1) .  (2 .1 2 )

S u b s titu te  (2 .1 2 ) in to  (2 .9 )  t o  o b ta in

¿1 =  -  ( c i  +  Xi +  6m^2 +   ̂ ,

w h ere  « !  =  « !  — « ! .  T h e n , let th e  u p d a te  law  fo r  kx b e

«1  =  sg n (bm )TiW xX x  =  w i ( y ,y r, yr , C i f ,  C i u ) .

T h e  tim e  d er iv a tiv e  o f  th e  n o n n e g a tiv e  fu n c tio n

V i =  1  ( x ?  +  j T  e2( r ) d r )  +  (2 .1 5 )

a lo n g  th e  so lu tio n s  o f  (2 .1 3 )—(2 .1 4 ) is

V i  =  - C i X ?  +  bmXiX2 -  1 ®Î  +  Xi«  -  l «2

=  - c , x 2 - 1 (® 1  -  e) 2 +  . (2 .1 6 )

(2 .1 3 )

(2 .1 4 )

S tep  2: U sin g  (2 .3 ) ,  (2 .5 ) a nd  th e  d e fin ition s  o f  x i ,  x 2, kx, w r ite  ¿ 2 as

dct2
¿2 =  u m3 — K o2 v ml +

dy

da.2 . da2 ..

% yr %  Vt +  d“ 1S ' ¿ > (C W

T  -

Î02 +  ¥>oi (y) +  H  t̂¥>ti(y) +  bi vj2 + e
t=l j —0

dci2 C x i  +  ^ xij +  I t -«^ (y , yr , ÿr , C i£ , C i f t

=  Um3 +  f t ( y ,  yr, ÿr, ÿr , C i i ,  C 2u , /c i) +  « T u/2(y , yr, yr , C i£ ,  C x v ,  um2, * i )  +  ,(2 .1 7 )

w h ere

/C — [ f t ,  • • • , f t ,  f t ,  • • • , ft i] (2 .1 8 )

a nd  f t ,  u/2 are d e fin ed  a p p ro p ria te ly , using th e  fa ct th a t  th e  p a r tia l d eriv a tiv es  o f  a 2 w ith  

resp ect  t o  its a rg u m en ts  are k n ow n  sm o o th  fu n ction s  o f  m ea su red  v a ria b les .
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L et k 2 b e  an es t im a te  o f  k  a n d  d e fin e  th e  n ew  sta te  x 3 as

£3 =  v m3 d-
1 ( d a 2 \

C2 +  2 V W )
X2 +  /?2 +  * 2 W2 +  bm2Xl

=  Vm3 +  a 3 ( y ,  2 /r, 2 /r, 2 /r, C i i ,  C 2 U , /C l , « 2)

S u b stitu te  (2 .1 9 ) in to  (2 .1 7 ) t o  o b ta in

x 2 =  -

w h ere  k 2 =  k  — k2, and

1 (d*2y
C2+nwJ

1 da2
X2 +  X3 +  k 2 w 2 -  bmxi  +  -3— e ,

o y

W2  = W 2  +  [0 , . . .  , 0 , X i ] .

L et th e  u p d a te  la w  fo r  k 2 b e

«2 =  r 2 u;2^2 =  W 2( 2/ ,2/ r ,yr ,C 'i i ,C iU ,t ;m2,/ C l ) .

T h e  t im e  d er iv a tiv e  o f  th e  n o n n e g a tiv e  fu n c t io n

V2 =  Vi +  ^ ( x l  +  ^  e2( r ) d r ^  +  k l Y 2 x k 2

is th en  g iv en  b y

T> *  1 /  \2 2 1 / ' & * 2  A "
V2 =  - c i X j  -  —(a?i -  e) -  c2x 2 -  -  - r —  x 2 -  e +  ^ 2^3

2 \ d y

S tep  i (2  <  i <  p ) :  U sin g  (2 .3 ) , (2 .5 ) a nd  th e  d e fin ition s  o f  ® i , . . . ,  :c,-, &x, . . . ,  

as

X{ =  ^ m , t + l  d " /^ * ( i / » 3 /r ,  ••• 1 Vr \  ^ t ’£ ,  /Cx , . . . , /C,—l )

+  /CTW,-(y, 2/r, . . .  , 2/i‘ _ 1 ) , C . - l f ,  <?,•_!V , Um,n * ! ,• • • ,  * * - l )  +  .

L et b e  a n ew  e s tim a te  o f  /c a nd  d efin e  th e  n ew  sta te  x t+1 as

*^t+l — ^m,t+l d"
. 1 / « £ '  

"  +  2

x,- +  ft +  «?«>,• +  Xj_i

(2 .1 9 )

(2 .2 0 ) 

(2.21)

(2 .2 2 )

(2 .2 3 )

(2 .2 4 ) 

1, w r ite  f t

(2 .2 5 )

(2 .2 6 )
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S u b stitu te  (2 .2 5 )  in to  (2 .2 5 ) to  o b ta in

x% —
•+K v

»p  dot{
Xi 4* z ,+ i  4- «,• Wi -  1 +  - q— e ,

oy

w h ere  /ct- =  k  — k{. L et th e  u p d a te  la w  fo r  ki b e

K{ — r {W{X{ — OJi(y, 2 / r ?  • •  • > 2 / r  5̂ 1 £ ?  ^ l j • • • »  l )

T h e  t im e  d e riv a tiv e  o f  th e  n o n n e g a tiv e  fu n c t io n

(2 .2 7 )

(2 .2 8 )

is th e n  g iv en  b y

*  =  - £

j = 1

2 I  ̂ ( d<*j

xi +  2 l - £

+  *?r,. 1«< (2 .2 9 )

-f- . (2 .3 0 )

S tep  p: U sin g  (2 .3 ) ,  (2 .5 ) and  th e  d e fin ition s  o f  x i , . . . ,  x p, & i , . . . ,  /cp_ i ,  w r ite  ¿ p as

x p =  <7(y )tt  +  u m>p+ i +  /3p (y ,yn . . . , y i p), ^ p i JC 'p t ; , K i , . . . , /C p _ i )

(jji 2/r? • • • 5 2/r \  Cp— l £ ,  Um)P, ACi, . > < , /Cp_ l ^  “1“ —̂j’C . ( 2 .3 1 )

L et /cp b e  a  new  es t im a te  o f  «: and  d e fin e  th e  co n tro l u  as

u  =
°{y)

/ 1 / dap\ 2
\  Vm,p+1 4*

c" + 2 U J  j
x p +  (3P 4- k^Wp +  x p_ i  > . (2 .3 2 )

S u b s titu te  (2 .3 2 ) in to  (2 .3 1 ) t o  o b ta in

x n =  - c  + - ( ^  
'  2 d y

doip
Xp +  Kp Wp -  Xp .  1 +  - 7̂ e , (2 .3 3 )

w h ere  k p =  /c — k p. Let th e  u p d a te  law  fo r  k p b e

Kp =  r pWpXp — UJp |y , J/rj ••• 5 y i  \  Cp—i £ , Op—iU, Vm)P, /Cj, . . . , .

T h e n , th e  t im e  d e riv a tiv e  o f  th e  n o n n e g a tiv e  fu n c tio n

v, = V , - i + \ ( xl  + l  + k^ T-xk„

=  5 £ I i  +  lt "* | « ? 'r r 1Ki +  £ « J r - 1Kj +  ^  i 2( r ) dT

(2 .3 4 )

(2 .3 5 )

j  = l 3= 2
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is ren d ere d  n o n p o s it iv e  (s in ce  Cj >  0 , j  =  1 , . . . , / > ) :

CiX • +  -
J ^  9

<  0 .

3  S t a b i l i t y  a n d  T r a c k in g

(2 .3 6 )

W e  are n o w  re a d y  t o  sta te  a n d  p ro v e  o u r  m a in  resu lt:

T h e o r e m  3 .1 .  A s s u m e  th a t  yT, yT, . . ' . ,  axe u n ifo rm ly  b o u n d e d , a n d  th a t y [p  ̂ is p ie c e -  

w ise  co n tin u ou s . T h e n , i f  th e  d es ign  p r o c e d u r e  o f  S e c tio n  2  is a p p lied  to  th e  n on lin ea r  

s y s t e m  (1 .1 ) , all th e  sign a ls in  th e  r e s u lt in g  c lo s e d -lo o p  a d a p tiv e  s y s t e m  a re  w e ll-d e fin ed  and  

u n ifo rm ly  b o u n d e d  on  [0 , o o ) ,  and , in a d d ition ,

lim  [y ( i )  - 2 /r ( * ) ]  =  0 .  (3 .1 )
t—*00

P r o o f .  D u e  to  th e  p iece w ise  co n tin u ity  o f  y ^  and  th e  sm oo th n e ss  o f  th e  n on lin ea rities , 

th e  so lu tio n  o f  th e  c lo s e d -lo o p  sy stem  has a  m a x im u m  in terv a l o f  d e fin ition  [0, tf). O n  this 

in terv a l, th e  tim e  d e riv a tiv e  o f  th e  n o n n e g a tiv e  fu n c tio n  Vp d e fin ed  in (2 .3 5 ) is n o n p o s it iv e , 

as sh ow n  in (2 .3 6 ) . W e  co n c lu d e  th a t X i , . . . , x p a nd  k i , . . . , k p are b o u n d e d  o n  [ 0 , tf) b y  

co n s ta n ts  d e p e n d in g  o n ly  on  in itia l co n d it io n s . In pa r ticu la r , s in ce  Xi a n d  yT are b o u n d e d , 

w e h av e  th a t  y  is b o u n d e d , w h ich , b y  (2 .3 ) , im plies  th a t £0, £ i , . . . , £ p are b o u n d e d  and  

cr(y) is b o u n d e d  aw a y fro m  zero . F u r th erm ore , fro m  th e  d iffe ren tia l e q u a tio n  (1 .1 ) , the  

b o u n d e d n e ss  o f  y ,  to g e th e r  w ith  th e  fa ct  th a t  B ( D ) is H u rw itz , im p ly  th a t H p(D )c r (y )u  is 

b o u n d e d , w h ere  H { ( s ) d en otes  a n y  a s y m p to t ic a lly  sta b le  tra n sfer fu n c t io n  o f  re la t iv e  d egree 

g rea ter  th a n  or  eq u a l to  i. T h is  in  tu rn  im plies  th a t F jV m- j ,  0 <  j  <  m , are b o u n d e d , 

w h ere F ,v * =  [ u ^ i , . . . ,  In par ticu la r , it  im plies  th a t C\V  is b o u n d e d . B y  (2 .1 2 ) ,

th e  b o u n d e d n e ss  o f  y , y r , yT, k\, C \£, C\V  a n d  x 2 im p lies  th a t  v m2 is b o u n d e d . H en ce, 

H p_ i ( D ) c r ( y ) u  is b o u n d e d , w h ich  m eans th a t F j+ iU m_ j ,  0 <  j  <  m ,  are b o u n d e d . T h is  

a gain  im plies  th a t  C 2v  is b o u n d e d , w h ich , to g e th e r  w ith  th e  b o u n d e d n e ss  o f  x$ , im p lies  b y  

(2 .1 9 ) th a t  um3 is b o u n d e d . C on tin u in g  in  th e  sa m e fa sh io n , w e ca n  p ro v e  th a t H i(D )c r ( y )u  

is b o u n d e d , w h ich  im plies  th a t v  is b o u n d e d . S in ce  cr (y ) is b o u n d e d  aw ay fro m  zero , w e
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co n c lu d e  n ow  fr o m  (2 .3 2 ) th a t  u  is b o u n d e d . F ro m  (1 .1 ) ,  th is im p lies  th a t  y , y i , . . .  , y (n_m) 

are b o u n d e d . S in ce  th e  m -d im e n s io n a l zero  d y n a m ics  o f  (1 .1 )  are lin ear  a n d  e x p o n e n tia lly  

sta b le , a s ta n d a rd  a rg u m en t p rov es  th a t  th e  sta te  o f  a n y  m in im a l rea liz a tio n  o f  ( 1 .1 ) is 

b o u n d e d , a n d , h e n ce , f  is b o u n d e d .

W e  h av e  th u s  sh ow n  th a t  th e  sta te  o f  th e  c lo s e d -lo o p  a d a p tiv e  sy s te m  is b o u n d e d  on  

[0 ,*f ) . H en ce , t{ — o o . T o  p ro v e  th e  con v e rg e n ce  o f  th e  tra ck in g  erro r  t o  zero , w e first n o te  

th a t (2 .3 5 ) a n d  (2 .3 6 ) im p ly  th a t Vp is b o u n d e d  a n d  in te g ra b le  o n  [0 ,o o ) .  F u r th erm ore , 

th e  b ou n d ed n e ss  o f  all th e  c lo s e d -lo o p  signals im plies  th a t  Vp is b o u n d e d . H en ce , Vp —► 0 

as t  —► o o , w h ich  p rov es  th a t  x \ , . . . , x p —► 0 as t  —► o o . T h is , in  p a r ticu la r , im plies  th a t 

y  — yT —* 0 as t  —► o o . n

4  T h e  C la s s  o f  N o n l i n e a r  S y s t e m s

M os t m o d e ls  o f  n on lin ea r  system s are ex pressed  in  sp e cific  s ta te  c o o rd in a te s . F ro m  th a t 

sta te -sp a ce  fo r m  it  m a y  n o t  a lw a ys b e  o b v io u s  w h eth er  o r  n o t  th e  n o n lin e a r  sy stem  at 

h a n d  has a n  in p u t -o u tp u t  d e scr ip t io n  o f  th e  fo rm  (1 .1 ) . T h e re fo re , w e  n o w  g iv e  co o rd in a te -  

free  g e o m e tr ic  co n d it io n s  w h ich  are n ecessa ry  and  su ffic ien t fo r  a s in g le -in p u t s in g le -o u tp u t  

n on lin ea r  sy ste m  o f  th e  fo r m

z  =  / ( z ;  # )  +  g(z\  t?)u

y  =
(4 .1 )

to  h a v e  an  in p u t-o u tp u t  d e s cr ip t io n  o f  th e  fo rm  ( 1 .1) , w h ich  is re p e a te d  h ere  fo r  con v en ien ce :

n—1

D " y  =  B { D ) c { y ) u + Y . D i
» =0

<poi (y) + j20j<pji{y)
3- 1

(4 .2 )

In (4 .1 ) , z  6  IRn is th e  sta te , u  G 1R is th e  in p u t , y €  IR is th e  o u tp u t , i? is a v e c to r  o f  u n k n ow n  

co n s ta n t  p a ra m eters , a nd  / ,  <7, h are s m o o th  v e c to r  fie lds w ith  / ( 0 ; t9) =  0 a n d  y (z ;t ? )  ^  0 

V z 6  lR n. A cco rd in g ly , in  (4 .2 ) ,  a ( y )  and  y ? j,(y ), 0 <  i <  n  — 1 , 0 <  j  <  p  are sm o o th  

n on lin ea rities  w ith  =  0 , cr(y) ^  0 Vy G E .  T h e  co e ffic ie n ts  60, . . . ,  bm (m  <  n  — 1 ) o f

th e  p o ly n o m ia l B ( D ) ,  as w ell as 0 i , . . . ,  9P, are u n k n o w n  p a ra m eters  resu ltin g  fr o m  a p oss ib le  

re p a ra m etriza tion  in  w h ich  fu n c tion s  o f  th e  orig in a l u n k n ow n  p a ra m eters  d are trea ted  as 

n ew  p a ra m eters .
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T h e  fo llo w in g  p r o p o s it io n  is a  co ro lla ry  o f  [1, P r o p o s it io n  5 .2 ].

P r o p o s i t i o n  4 .1 .  T h e  s y s t e m  (4 .1 )  h as an in p u t -o u tp u t  d e s c r ip t io n  o f  th e  fo rm  (4 .2 )  i f  

an d  o n ly  i f  th e  fo llow in g  co n d itio n s  a r e  sa tis fied  fo r  all z  6  IRn and  fo r  th e  tr u e  v a lu e  o f  th e  

p a r a m e te r  v e c t o r  d :

( i )  t h e  o n e - fo r m s  dh , d L f h , . . . ,  d L ”  1h a re  lin e a r ly  in d e p e n d e n t,

( i i )  [ad '¡g , ad ^g] =  0 , i , j  =  0 , . . . ,  n  — 1, w h ere  g  is u n iq u ely  d e fin ed  b y

LsL'fh =  [  !  =

y J I I ,  i =  n  — 1 ,
(4 .3 )

( i i i )  a d " g  =  £

t= 0

V o i ( y )  +  t l  0w 'n (y )
J= 1

( - l j ’- 'a d * ^ ,

ry
w ith  =  /  p ' j i ^ d s ,  0 < i  < n  — 1, 0 <  j  <  p ,

Jo

( i v )  g  =  (J(y)  X ^ t (~ l ) * a d y < 7 ,  an d

i=0

( v )  th e  v e c t o r  field s f  a n d  g  a re  c o m p le te .

□

E x a m p le  4 .2  (S in g l e - l i n k  f l e x i b l e - j o i n t  m a n ip u l a t o r ) .  In o rd er  to  d em on stra te  w h y  a 

rep a ram etr iza tion  m ay  b e  req u ired  to  w r ite  a  sy ste m  o f  th e  fo r m  (4 .1 )  in to  th e  in p u t-o u tp u t  

fo rm  (4 .2 ) , w e co n s id e r  a s in g le -lin k  r o b o t ic  m a n ip u la to r  w h ose  r o ta ry  m o t io n  is c o n tro lle d  

b y  m ea ns o f  an  e la st ica lly  co u p le d  a ctu a to r . If th e  e ffect o f  e la st ic  cou p lin g  is m o d e le d  as a 

linear to rs io n a l sp rin g , th en  th e  d y n a m ic  eq u a t ion s  o f  th e  sy stem  are (c f . [6 , p . 2 3 1 ]):

J iq i  +  +  K  U i  -  J m g d cos  q1 =  0

L  (4 .4 )
K  (  q2 \

h h  +  F 2q2 — —  \ qi — J j )  — u  »

w h ere qi a nd  q-2 are the  a n g u lar  p o s it io n s  o f  th e  link a n d  th e  a c tu a to r , a nd  u  is th e  to rq u e  

p ro d u ce d  at th e  a ctu a to r  ax is. T h e  inertia s J \ ,J 2 , th e  v iscou s  fr ic t io n  co n s ta n ts  F \ ,F 2 , th e
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e la s t ic ity  c o n s ta n t  K , th e  lin k  m ass M , th e  p o s it io n  o f  th e  lin k ’s ce n ter  o f  g ra v ity  d, th e  

tra n sm iss ion  g ea r  ra tio  N  a n d  th e  a cce le ra tio n  o f  g ra v ity  g  ca n  all b e  u n k n ow n .

In  o rd er  to  fin d  th e  in p u t-o u tp u t  d e sc r ip t io n  o f  th e  sy stem  (4 .4 ) , w h ere  u  is th e  in p u t 

a n d  y  — q\ is th e  m ea su red  o u tp u t , w e  u se  th e  fo llo w in g  m in im a l sta te  re p re se n ta tio n  o f

(4 .4 ) ,  w h ere  x 4 =  qu  x 2 =  f t ,  x 3 =  q2, x 4 =  q2:

Xi = x 2

m g d K ( x 3
x 2

Ji
COS X i ---- —

Jl
X2

~  J i
( x i  -

N .

¿3 = x 4

K  ( x 3 \ f 2
x 4 +

1
¿4 —

J2N  Vx ' - n ) ~ J 2

— u
h

y = Xi .

w e o b ta in  x 2 ==  D y  a n d

D 2y =
m g d

Ji

F ' nco s  y  -  — D y  ■ 
J 1

K  

"  Ji
( y -

X3\

n )

(4 .5 )

(4 .6 )

w h ich  im p lies  th a t

x 3 =
m g d  i*! i f  N
— -  co s  y  -1- — D y  +  — y  

J1 *>1 ,

£4 =  Dx 3 =
JiN

D 3y  +  co s  y  +  ^ - D 2y  +  ^ - D y

(4 .7 )

(4 .8 )
K  \ * J\ J\ J\

D iffer e n t ia tin g  (4 .8 )  and  su b st itu t in g  x 3 and  x 4 fr o m  (4 .7 ) a n d  (4 .8 ) , w e  a rrive  at th e  in p u t- 

o u tp u t  d e scr ip t io n  o f  (4 .4 ):

D 4y  =
K

J XJ2N  

- D

K  , K  , FiF2N \  , m</d 
+  - r - r r r  +  T „  ] 2/  +  — r -  c o s  V

F XK  F 2N \  m g d F 2N
+  ——  ) y +  — — 7— cos y

j 2n 2 j 2k

m g d K

Ji

j xj 2n 2 j 2 j 2i f

w h ich  is in  th e  fo r m  (4 .2 ) ,  i f  w e  de fine

K

JxJ2N 2
cos  y (4 .9 )

, _  -  .  n „  _  E i  _  =  £  , J L _  +  g
60 j Ĵi N  1 j 2 ’ 2 J! +  j 2ì v 2 +  j 2i r  ’ 3 J i

„  F XK  , F 2N  „  m g d F 2N  n m g d K
V4 =  T T" Af 0~ i ------ ; — , t/5 =  — —  , ^6  =

(4 .1 0 )

J i J 2 i V 2 J 2 J o i f J i J 2 i V 2 *

□
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5  C o n c lu d in g  R e m a r k s

F or th e  class o f  n on lin ea r  sy stem s con sid e re d  in  [2], w e h av e  d e v e lo p e d  a n ew  sy s te m a tic  

d es ign  p r o c e d u r e  fo r  a d a p tiv e  o u tp u t-fe e d b a ck  co n tro l. T h e  a d a p tiv e  co n tro lle r  resu ltin g  

fro m  th is n ew  p ro ce d u re  has d im e n s ion  n (m  +  p  +  2 ) 4- p (m  +  p  +  1). C o m p a r in g  th is t o  th e  

con tro lle r  o f  [2], w h ich  has d im en sio n  (n  — 1) |n +  p  4- p  +  p p  +  2p  +  n  +  1 , w e  see th a t , 

d e p e n d in g  o n  th e  v a lues o f  n , m ,p  (r e ca ll th a t  p  =  n  — m ) ,  e ith e r  o u r  n ew  p r o ce d u re  o r  th e  

p ro ce d u re  o f  [2] m a y  y ie ld  th e  co n tro lle r  o f  low er d im en sion . F in a lly , w e sh ou ld  n o te  th a t  in 

b o th  cases th e  co n tro lle r  d im en sion s  ca n  b e  re d u ce d  if, in stea d  o f  u s ing  th e  d es ig n  p ro ce d u re  

o f  [5], o n e  e m p lo y s  th e  im p ro v e d  v ers ion  o f  th a t p ro ce d u re  d e v e lo p e d  b y  J ia n g  a n d  P ra ly  [7].
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