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A b s t r a c t

F or a class o f  single-inpu t sin g le -ou tp u t non linear system s w ith  un know n co n ­

stant param eters , w e present a d irect m odel-re feren ce  a d ap tive  con tro l schem e, 

w h ich  requires on ly  o u tp u t, rather than  fu ll-sta te , m easurem ent. T h e  n on lin ­

earities are n ot requ ired  to  satisfy  any g row th  con d ition s . T h e  assum ptions on  

th e linear part o f  th e  non linear system  are the  sam e as in the stand ard  adap tive  

con tro l p rob lem  fo r  linear system s, w h ich  now  appears as a sp ecia l case o f  the  

non linear p rob lem  solved  in this paper.
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1 I n t r o d u c t i o n

U ntil a few  years ago , ad a p tive  linear [1,2] and g eom etric  non linear [3,4] m eth od s  b e lon ged  

to  tw o  separate areas o f  co n tro l theory. T h e y  w ere help fu l in th e  design  o f  controllers for 

p lants con ta in in g  either un k n ow n  param eters or  kn ow n nonlinearities , b u t  not b o th . In the 

last few  years th e  p rob le m  o f  adaptive nonlinear control was form u la ted  to  deal w ith  the 

con tro l o f  p lants  con ta in in g  b o th  un kn ow n param eters and kn ow n non linearities. A  realistic 

p lan  o f  a tta ck  to  th is ch allenging new p rob lem  led  th rou gh  a series o f  sim pler p rob lem s, each 

form u la ted  un der certa in  restrictive  assu m p tions. T h e  tw o  m ost co m m o n  assu m ption s are 

those  o f  linear p aram etriza tion  [5 -17] and  fu ll-s ta te  feed ba ck  [5 -15].

T h e  p u rp ose  o f  this p ap er  is to  avoid  the  fu ll-sta te feed ba ck  assum ption  and to  rem ove 

the  sp ecific  restr ictions  o f  prev ious  ou tp u t-feed b a ck  results [16,17].

In the linear case, th e  a d a p tive  ou tp u t-feed b a ck  designs fo llow  either a d irect m od e l- 

referen ce p a th  or an ind irect p ath  v ia  adap tive  observers. C urrent research  on  ada p tive  

ob servers fo r  non lin ear system s [18-20] indicates th at th e  in d irect path  m a y  b e co m e  p rom is ­

ing  for a d a p tiv e  non lin ear con tro l. H ow ever, the  m a jo r  stu m blin g  b lo ck  a lon g  this path  

contin ues to  b e  its linear-like p r o o f  o f  sta b ility  w hich  im poses restrictive  con ic  con d it ion s  on 

the  non linearities [16,17]. U nd er such  linear g row th  con stra in ts  the  a ctu a l non linear p rob lem  

is, in fa ct , n ot addressed .

In this p ap er w e form u la te  and solve  a tru ly  non linear o u tp u t-feed b a ck  p rob lem  b y  fo l ­

low in g  the d irect m od el-re feren ce  path  o f  Feuer and M orse  [21]. In contrast to  o th er m ore 

p op u la r  ad a p tive  linear con tro l m eth od s [1,2], the m eth od  o f  Feuer and M orse offers a p ossi ­

b ility  to  p rove  stab ility  w ith ou t any g row th  constraints. In a com p a n ion  p ap er [22] we have 

ex p lo ited  this p oss ib ility  to  so lve a fu ll-sta te -feedback  a d a p tive  non linear con tro l prob lem . 

In this pap er w e present an a d ap tive  ou tp u t-feed b a ck  result w ith ou t non lin earity  grow th  

constraints.

T h e  results o f  th is p ap er  ap p ly  to  non linear in p u t-ou tp u t m odels  con sistin g  o f  a linear 

transfer fu n ction  and ou tp u t-d ep en d en t non linearities. T h e  coeffic ients o f  the  transfer fu n c ­

t ion  and the  param eters  m u ltip ly in g  the  non linearities are un kn ow n. F or  the  linear part, the
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assum ption s o f  m in im u m  phase and kn ow n sign o f  th e  h igh -frequ en cy  gain  are the  sam e as 

in the  a d a p tiv e  linear con tro l theory, w h ich  now  appears as a sp ecia l case o f  th e  non linear 

th eory  presen ted  in this paper.

For easier un derstan d in g, the  new  a d a p tive  sch em e is first designed  for a p articu la r system  

o f  sufficient co m p le x ity  to  b e  illu strative o f  b o th  th e  design  p roced u re  and th e  stab ility  

prop erties o f  the  resu lting c lo sed -loop  ad a p tive  system . In S ection  2 w e design  th e  adaptive  

sch em e fo r  this system  and then  p rove  the  sta b ility  and tra ck in g  properties o f  th e  resu lting 

ad a p tive  system  in full detail. T h e  design  p roced u re  for  the general case is p resen ted  in 

S ection  3, an d  th e  p r o o f  o f  stab ility  and tra ck in g  is g iven  in Section  4.

N onlinear in p u t-ou tp u t m odels  are in tim ate ly  tied  to  sta te -space  equa tions  w h ich  orig ­

inate fro m  non linear ph ysica l laws expressed  in sp ecific  sta te  coord in a tes . In Section  5 we 

give a s ta te -sp a ce  fo rm  o f  the class o f  non linear p lants w h ich  have the desired  in p u t-ou tp u t 

rep resentation , an d  characterize this class o f  p lants v ia  a set o f  g eom etric  con d it ion s .

2  A d a p t i v e  S c h e m e  D e s i g n :  A n  E x a m p l e

T h e  p u rp ose  o f  this section  is to  m ake b o th  th e  p rop osed  a d ap tive  schem e and the m ain  

features o f  the F eu er-M orse m eth od  m ore  easily  accessib le to  the  reader w ith  the usual 

b a ck g rou n d  in con tro l th eory  and lim ited  fam ilia rity  w ith  ada p tive  linear con tro l.

2 . 1 .  N o n l i n e a r  s y s t e m  p r o p e r t i e s .  T h e  non linear system  is assum ed to  b e  m in im um - 

phase [3, C h ap . 4] and its non linearities d ep en d  o n ly  on  the  ou tp u t variable. T h is  im plies that 

the non lin ar sy stem  is linearizable b y  ou tp u t in jection  [23]. T h e  in p u t-ou tp u t d escrip tion  o f 

a ty p ica l non linear system  o f  this k ind  is g iven  by

D sy =  (D 2 +  2D  +  l ) u  +  0 D 2P ?(y) +  D p i(y ) +  p0(y)\ , (2.1)

w here u an d  y are the scalar con tro l and o u tp u t , respectively , D  =  and 0 is an un know n  

con sta n t param eter. T o  address a tru ly  non linear p rob lem , w e ch oose  the non linearities 

w h ich  d o  n ot satisfy  linear g row th  constraints:

Po{y) =  y3 , P i{y ) =  y2 +  2y3 , p2{y )  =  y ey +  2y2 +  y3 . (2 .2 )

3



It is im p orta n t to  n o tice  th at these non linearities are n ot in th e  span  o f  u , and , hen ce, the 

system  (2 .1 ) is n ot fu ll-s ta te  lin earizab le b y  sta tic ou tp u t feed ba ck , or even  b y  sta tic full- 

sta te feed ba ck , as show n in Sect. 5. H ow ever, it is in p u t-ou tp u t linearizable b y  fu ll-sta te  

feed ba ck  [3, C ha p. 4].

T h e  a b o v e  stru ctu ra l and g row th  p roperties  o f  (2 .1 ) and its re la tive  degree [3, C h ap. 4] 

show  that (2 .1 ) is a non linear system  o f  cons iderab le  co m p le x ity . H ow ever, this system  also 

satisfies a stru ctu ra l con stra in t under w h ich  the results o f  this p a p e r  are app lica b le : the 

nonlinearities do not enter the system  before the control input u.

2 . 2 .  A u g m e n t i n g  t h e  C E  c o n t r o l .  A s in m ost ad a p tive  designs, our first step  is to  

find  a d yn a m ic  o u tp u t-feed b a ck  con tro l that guarantees the  sp ecified  stab ility  and track ing 

properties when the param eter 9 is known. M ost ad a p tive  sch em es then  rep la ce  th e  unknow n 

9 w ith  its estim ate  9 and im plem en t the so form ed  “ certa in ty -eq u iv a len ce” con tro l. Such 

certa in ty -equ iv a len ce  designs have been  sa tis fa ctory  in ad a p tive  linear con tro l, b u t have fa iled  

to  p ro d u ce  tru ly  non linear resu lts because  o f  their inherent linear g row th  constraints [16,17]. 

T o  avoid  this d ifficu lty  w e m ust g o  b ey on d  the certa in ty -equ iva len ce  app roach . F ollow ing 

Feuer and  M orse  [21], w e w ill augment the certainty-equivalence control b y  an a d d it iv e  term  

ù w h ich  w ill cou n teract the  effects o f  rap id ly  grow in g non linearities. It w ill a lso p rov id e  us 

w ith  ad d it ion a l flex ib ility  in the  p r o o f  o f  stability.

T h e  certa in ty -equ iva len ce  part o f  our con tro l w ill b e  designed  to  m a tch  a referen ce m odel 

o f  the sam e re la tive  degree as that o f  the  non linear p lant (2 .1 ). A s this p la n t is inpu t- 

ou tp u t lin earizab le b y  fu ll-s ta te  feed back , w e w ill ch oose  the  sim plest linear reference m od el 

o f  re la tive  degree three:

(D  +  l f y r =  r .  (2 .3 )

T h e  first step  in m a tch in g  this reference m od e l is to  filter the p la n t eq u a tion  (2 .1 ) b y  the 

strict ly  p rop er stab le  filter F/ E 2, w here F  is a m on ic  p o ly n om ia l o f  degree 2 , and E 2 is a 

m on ic  H urw itz  p o ly n om ia l o f  degree 4. T h is  results in

F A  F B  
—— y — —=—u +  9
E 2 E 2

F D 2 F D  F
- p - p i ( y )  +  - p - M y )  +  j r P o {y )
£j2 Jh2 £j2

(2 .4 )
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w here A  =  D 5, B  =  D 2 +  2D  +  1 as in (2 .1 ). It is now  stra ightforw ard  to  verify  that the 

desired  m a tch in g  is ach ieved  b y  the con tro l

u =  — — y  +  r -  6 v ( y ) ---------- ------ u , (2 .5 )
JU 2 ■E'2

p rov id ed  that

F D 2 F D  F
v (y )  =  — - ^ ( y )  +  — p i(y )  +  j r P o ( y ) , (2 .6 )

Jh  2 x L>2 -£ 2̂

and that G , a p o ly n om ia l o f  degree 4, and F  sa tisfy  th e  p o ly n o m ia l equ ation

F D 5 +  G  =  {D  +  1 )3E 2 . (2 .7 )

N ote  th at the  p o ly n om ia l F B  — E 2 in (2 .5 ) is o f  degree 3, since F B  and  E 2 are b o th  m on ic  

p o ly n om ia ls  o f  degree 4. A s an illu stration , th e  ch o ice  F 2 =  (D  +  2 )4 yie lds th e  fo llow in g  

so lu tio n  o f  (2 .7 ):

F  =  D 2 +  11D  +  51 (2 .8 )

G  =  129D4 +  192jD3 4- 168.D2 +  8 0 D  +  1 6 . (2 .9 )

W h e n  th e  con tro l (2 .5 ) is app lied  to  th e  sy stem  (2 .1 ) and the  in itia l con d it io n s  o f  the 

filters used  in (2 .3 ), (2 .5 ) and (2 .6 ) are ex a ctly  m atch ed  w ith  th ose  o f  the sy stem  ( 2 .1), then  

(2 .5 ) achieves th e  ex a ct track in g  y (t )  — yT(t)  for all t >  0. H ow ever, the  in itia l con d ition s  o f  

(2 .1 ) are un k n ow n  and  th e  tra ck in g  can  b e  ach ieved  o n ly  asym ptotica lly , that is,

y (t)  =  yr(t )  +  e(t) -+  yT{t)  as t ->  00 , (2 .1 0 )

w here e(t) is the  ex p on en tia lly  deca ying  track ing error caused  b y  the m ism atch  o f  the initia l 

con d it io n s .

W h e n  th e  param eter 0 is un know n , w e rep lace it in (2 .5 ) b y  its estim ate  9 , to  b e  ob ta in ed  

from  a p aram eter u p d a te  law . T o  this “ certa in ty -equ iv a len ce ” part o f  ou r con tro l we add  a 

term  u w h ich  w ill b e  a h a n d y  to o l later. So, our a d a p tiv e  con tro l w ill b e  o f  the  fo llow in g  

form :

G n / \ F B  — E 2 ( ^
u =  - — y +  r  -  0i/ (y)--------- --------u +  u . (2 .1 1 )

t/2 h/2
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W h en  ap p lied  to  the  non linear p lant (2 .1 ), this co n tro l y ie lds th e  fo llow in g  in p u t-ou tp u t 

descrip tion  o f  the resu lting feed ba ck  system :

y = ,D ^ ^ 3  [r +  (0 -  0) "(y) +  0] +  e (i) , (2.12)

w h ere, as in th e  case w hen  9 w as kn ow n , e(t) con ta ins all the  ex p on en tia lly  d eca y in g  term s 

caused  b y  the  m ism atch  o f  the  initia l con d it ion s . It shou ld  b e  ob serv ed  that w ith  an exact 

estim ate  9 — 9 th e  lin earization  o f  (2 .1 2 ) is ach ieved .

In trod u cin g  th e  error variables

e =  y - y r , 9 =  9 - 9 , (2 .13 )

and tak ing the  d ifference betw een  (2 .1 2 ) and the reference m od e l (2 .3 ) , w e ob ta in  the  track ing  

error equ ation :

e =  7 _  1 r r r  [ M y )  +  ixl +  e ( t ) . (2 .14 )
(D  +  l ) 3

2 . 3 .  E r r o r  a u g m e n t a t i o n  a n d  s w a p p i n g .  F ollow ing the  stand ard  p ra ctice  in a d ap tive  

con tro l, w e n ow  set ou t to  con stru ct an error equ ation  in w h ich  th e  param eter error is filtered  

on ly  b y  a s tr ic tly  p os itiv e  real (S P R ) transfer fu n ction . A s a first step , w e rew rite  (2 .1 4 ) in 

th e form

1
e =

(D  +  l )

1

1

[d (D  +  l ) 2
" (y ) +

1

(D  +  l ) 3
u

[My)] -
1

e-
1

A y ) + (2 .15 )
(D  +  l ) 3 (D  +  1) [ (£> +  l ) 2

T h e  first term  in (2 .1 5 ) is in the  desired S P R  form , w hile th e  secon d  term  is due to  the 

a dd ition a l co n tro l term  u. A s for  the  th ird  and fou rth  term s, these are the  fam ilia r swapping 

term s , w h ose presen ce is caused  b y  the tim e-varying  nature o f  9 :  i f  9 w ere con sta n t, these 

tw o term s w ou ld  ca n ce l o u t. L et us there fore define the  augmented error e as

e =  e +  7/0 ,

w here the term  t/0 represents all the  un desirable term s in (2 .1 4 ):

*?o =  -
1

■u +
1

(D  + 1 )3 (D  +  l ) 3
9v(y)\ -

1

( D  +  l )

1

L %  + i )2
" (y )

(2 .16)

(2 .17)
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T h e  signal m u ltip ly in g  6 in the  first brack ets is o f  p articu lar im p orta n ce  and is d en oted  b y

1
hi = Av)- (2 .1 8 )

(Z> +  1 ) 2

C on sid erin g  v (y )  as the input and hi as th e  o u tp u t , w e represent (2 .1 8 ) in the  sta te -space  

form

=  h =  Aoh  +  b v(y ) , (2 .1 9 )
hi

/&2

w here

Aq —

0

1 
_ 1 '

A —

o

- 1 1

1

, 0  —

1
(2.20)

It can  n ow  b e  verified  that r}0 is the  ou tp u t o f  the  th ird  ord er system

m

V2

Vo =  ~Vo +  Vi

=  rj =  A 0r) — bu — hO

( 2 .21)

(2.22)

T h e  variables hi and  t]i from  (2 .1 9 ) and (2 .2 2 ) a llow  us to  express the tra ck in g  error as

1
e = 9hi -  Vi +  e ( i ) .

D  +  1

T h e  an a logou s expression  for the au gm en ted  error is

1

(2 .2 3 )

e =
D  +  l

9hi +  e (t ) , (2 .2 4 )

and it has the  desired  S P R  form : th e  param eter error 0 m ultip lied  b y  th e  “ regressor” hi is 

the in put in to the  S P R  filter 1/{D  +  1 ) . .

2 . 4 .  U p d a t e  l a w .  F rom  this p o in t on , the  rou te  p rescribed  by  m ost o f  the ad a p tive  linear 

con tro l litera tu re is to  ch oose  a norm alized  gradient u p d a te  law  and to  set u =  0 (thus 

return ing to  a pure certa in ty  equ iva len ce co n tro l). In th e  case o f  adap tive  linear system s, 

bou n d ed n ess  o f  the  c lo sed -loop  signals can  then  b e  estab lished  using the G ronw all lem m a 

or som e ty p e  o f  sm all-gain  argum ent. A tte m p ts  to  a p p ly  this ty p e  o f  sta b ility  p r o o f  to  

non linear system s have so far been  successfu l on ly  w hen con ic  constraints are im p osed  on  

the non linearities . W ith o u t  such linear g row th  constraints, the term  ($ — 9) i/(y) can  cause

7



som e signals to  esca p e  to  in fin ity  in fin ite tim e if  the  param eter error 9 — 9 is not rap id ly  

decreased . T h e  d ifficu lty  w ith  norm aliza tion s o f  u p d a te  laws is that th ey  d o n ’t a llow  a 

rapid  en ou gh  decrease o f  th e  param eter error w hen this error is m ost harm fu l. A  sim u lation  

ex am p le  o f  in sta b ility  o f  a fu ll-s ta te -feed b a ck  schem e w ith  n orm aliza tion  [14] is g iven  in our 

com p an ion  p a p er  [22], w here it is also show n that an un n orm alized  u p d a te  law  preserves 

g loba l stability . W e  are, there fore , m otiv a ted  to  lo ok  for an u n norm alized  u p d a te  law.

T h e  S P R  fo rm  o f  (2 .2 4 ) suggests the  un norm alized  gradient u p d a te  law

9 =  h ie .  (2 .25 )

G iven  the  com p lex ity  o f  th e  non linear system  ( 2 .1), it is likely th a t such  a sim ple u p d a te  

law  w ill shift the d ifficu lties in th e  ad a p tive  design to  the p r o o f  o f  stability . Indeed , this is 

the  case. A  sim ple L yapu n ov -lik e  fu n ction  in volv in g  e2 and 92 has a n on p os it iv e  derivative, 

bu t fails to  p rov e  bou n d ed n ess  o f  y. It clearly  show s, how ever, that rj0 m ust b e  taken into 

a ccou n t. O u r next a ttem p t is w ith  the fu n ction

v ,  =  I  ( e 2 +  e 2 +  j T  c2( r ) d r )  +  i , T , (2 .2 6 )

w here P  is the  p os it iv e  defin ite so lu tion  o f  the  L y a p u n ov  equ ation

P A o +  A j P  =  - 2  I = > P  =
3 1

1 1
(2 .27 )

U sing (2 .2 2 ), (2 .2 4 ) and (2 .2 5 ), w e com p u te

Vrj =  — i  (e  — e (t ) )2 — i  e2 +  2rjTP h h ie  +  2r)TPbu
La La

(2 .28 )

and try  to  render it n on p osit iv e . T h e  t o o l  w e have prepared  for  this task is u. H ow ever, it 

turns ou t to  b e  im p ossib le  to  cou n teract the effects o f  the  tw o-d im en sion a l v ector  hh\e by  

u a lone. H ence, w e need  an add ition a l degree o f  freed om  in vo lv in g  h i . T h is p rom pts  us to 

rep lace  77 in (2 .2 6 ) b y  th e  new  v ector

Ci =  Vi

C2 =  6(M *7 i +  *72,
(2 .29 )
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w here th e non linear fu n ction  £i(/&i) is at ou r d isposal. W ith  the new  variables f ,  the n on ­

n eg ative  fu n ctio n  to  b e  used  in ou r p r o o f  is

v  =  \ (e- 2 +  92 +  j T  e2( r ) d r )  +  • (2 -30 )

T o  eva luate V  w e  need  C, w h ich  is ob ta in ed  b y  d ifferentiating (2 .29 ) and using (2 .1 9 )—(2 .2 2 ):

Ci — C2 — 9 — i(fe i)C i

(2 =  ~ C i  —  %  +  2 ^ i ( / i i ) C i  —  u  —  I12O

+  £ 1 ( ^ 1 ) C2 - M - £ i ( M C i
, %  h r  

+  d h lh2<l

In trod u cin g  th e  n ota tion

w —
- h i

— hih,2 — h\(i

w e co m p u te  th e  tim e derivative o f  V  as:

v  =  - i  (e -  e( i ) ) 2 -  CT C -  { ^ e 2 -

H  P

fiC i
%

—2C1C1 +  u — 6 C2 +  f iC i — ^ ^ C i
.

(2 .3 1 )

(2 .32 )

(2 .33 )

2 . 5 .  D e s i g n  e q u a t i o n .  W e now  have tw o too ls  to  m ake V  n on p osit iv e : the  fu n ction  £ i ( / i i )  

and  th e  co n tro l term  u. W ith  these too ls  w e w ill a ttem p t to  represent th e  q u an tity  enclosed  

in braces in (2 .3 3 ) as the  sum  o f  tw o squares. It turns ou t that this is p ossib le  to  ach ieve by  

d ecom p os in g  P  as P  =  P\ +  P2 such  that the  fo llow in g  design equation hold s:

PiWWTP i (  - f  P2wwTP2(  =  P

T h e  su b stitu tio n  o f  (2 .3 4 ) in to  (2 .3 3 ) y ields the  desired  form  for V :

v  =  -1 (e -  e( i ) ) 2 -  CT C -  ( §  -  C M ™ ) 2 -  ( I  -  CT f t u . ) 2 <  0 . (2.35)

f i C i
%

•2£iCi  +  u -  6C2 +  CiCi —
(2 .34 )

O ur task is n ow  to  find  P l5 P2, £ i ( / i i )  and  u w h ich  satisfy  the design eq u a tion  (2 .3 4 ). For

th e ex a m p le  cons idered  here, the  sy stem atic  p roced u re  o f  Sect. 3 g ives the  fo llow in g  solu tion

for  Pi and  P2:

Pi =
2 0 

0 0
A  =

1 1 

1 1
(2 .36 )
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S u bstitu tion  o f  (2 .3 6 ) in to (2 .3 4 ) results in

2 * } C i

[( /¿ i /¿2 4- h\ 4* C i^ i) 2 ~  2h*] Ci 4- [(^ 1^2 +  4- C i^ i)2] C2

6  Ci

( —2f i  +  £? — Ci — Î 1C2 +  w

w h ich  d irectly  y ields the fo llow in g  so lu tions for  Ci and ü :

Cl =  2h\

ü — ^Sh\h2 d- 2h\ — 4 /ij 4~ {h\h<2 -j- h\ +  2 /i|)2 Ci 

4- 2̂h\ 4- (h ih 2 +  hl +  2 h\)2 C2 •

U sing (2 .2 9 ) and th e  n ota tion

</?i =  8 / i j / i2 4" 2 /ij 4" (1 4" 2h\)(hxh2 -\- h\ 4* 2 / i j ) 2 

<¿>2 ==: 2 /ij 4" {h\h,2 4- 4- 2 / i j ) 2 ,

û can  b e  defin ed  in term s o f  available signals as

w =  Vim  4- V2I 2 •

T o  sum m arize, th e  com p le te  c lo sed -loop  adap tive  system  is 

Plant:

D5y =  (jD2 4- 2D 4- l ) u  4- 0 D2p2(y) 4- Dpi(y) 4- Po{y)\ 

Control:

G  * , v P B  — E 2
u =  -  — y 4- r -  Ov(y)-------------- u +  ^7/ 1 4- ^2̂ 2

-C/2 -C/2

Update law:

0 =  /ixe , e =  e 4- 770 =  2/ — 2/r H- 770

F ilters:

h =  A 0/i 4- 6i/(y )  

y =  Aorç -  è(c/?i77i 4- V2V2) -  hhxë 

rjo =  —  »70 +  »7 i ,

(2 .37)

(2 .38 )

(2 .39)

(2 .40 )

(2 .41)

(2 .42 )

(2 .43 )
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w here yT is th e  ou tp u t o f  th e  referen ce m o d e l (2 .3 ) and v (y )  is defin ed  in (2 .6 ).

2 . 6 .  S t a b i l i t y  a n d  t r a c k i n g .  T h e  stab ility  and tra ck in g  p rop ertie s  o f  (2 .4 3 ) are now  

estab lished  using th e  n on n eg ative fu n ction  V  fro m  (2 .3 0 ), w h ose  d erivative, g iv en  in (2 .3 5 ), is 

n on p ositiv e . B eca use  o f  th e  p iecew ise  con tin u ity  o f  r (t )  and  th e  sm ooth n ess  o f  th e  non linear 

fu n ction s P o,P i,p 2, the  so lu tion  o f  (2 .4 3 ) has a m a x im u m  interval o f  defin it ion , w hich  we 

d en ote  b y  [0 ,t f) . W e  w ill now  show  th at t{ — oo .

F rom  (2 .3 0 ) and (2 .3 5 ) w e con c lu d e  th at e, £, and 9 are b ou n d ed  on  [0, tf). Solv in g  (2 .2 9 ) 

fo r  77 and using (2 .3 8 ) w e ob ta in

m =  Ci
^2 =  ( 2 —  2 / i ^ f i .

(2 .4 4 )

T h u s , th e bou n d ed n ess  o f  f  im plies th at rji is b ou n d ed , w h ich , in tu rn , im plies that 770 is 

b ou n d ed : 7)0 =  —ijo +  771. S ince e and tj0 are b ou n d ed , e is b ou n d ed : e =  e — 770. B y  the 

bou n d ed n ess  o f  7/r, this im plies that y is b ou n d ed : y =  e +  7/r. H ence, v (y )  is b o u n d e d , w h ich  

m eans th at h is b ou n d ed : h =  Aoh +  bv(y). (2 .4 4 ), T h e  bou n d ed n ess  o f  h and  (  im plies that 

77 and u are b o u n d e d  (c f. (2 .4 4 ) and (2 .3 9 )).

T h is  does  not yet p rove  th at u is b ou n d ed . F rom  (2 .1 1 ), to  p rove  the  bou n d ed n ess  o f  u 

3 show  th<

F B - E 2

F B  — E 2 . F B  — E 2
w e on ly  need  to  show  that ----- —------u is b ou n d ed . S ince ------—-----  is o f  re la tiv e degree 1,

w e can  express

F B - E 2

1S*

E ,

E 2

■u in the fo rm

En

E i
■u =

(D  +  l )* (D  +  \ !)

E *
:u  +

1 £4
u(D +  l )3 D + X-iiD + iy J

+  e { t )  5 (2 .45)

w here Ai is a p os itiv e  con sta n t and E 3, E4 are po ly n om ia ls  o f  degree 2. N ow  (2 .4 5 ) clearly

D i
show s th a t u is b ou n d ed  if  ---- t t ^u  is b ou n d ed  for i =  0 ,1 ,2 .  S ince y is b ou n d ed  and

1

(D +  l )3

th e  p lant is m in im u m  phase and o f  re la tive  degree 3, it fo llow s that ^  

D ifferentia tin g  (2 .1 4 ) and su bstitu tin g  —9u(y) +  u from  (2 .1 1 ), w e o b ta in  for  i — 1 ,2 :

u is b ou n d ed .

e (’ ) =
D 1

(D  +  l )3 

D {

( D A I ) 3

[0v(y) +  u +  ¿(t)

rn , F B  G
\9v(y) +  - p r u  +  — y -  r

E ,
+  e(t) • (2 .46 )
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U sing hi =
D i- 1

(D  +  l ) 2
i /(y ) , ¿ =  1 ,2 , from  (2 .19 ) and rearranging term s in (2 .4 6 ) w e get

D ' \FB  1
-  #»(•* D '

\G  1

(D  +  l )3
_  11 

- E 2 -
— 0

(D  4- l )3 w  1

D

D  +  1
e [t ) . (2 .4 7 )

F rom  (2 .2 4 ) w e have

é =  e — 770 =  - e  +  9 hi 4- rj0 -  771 +  e(t) 

e =  —é +  6*/&i 4~ ¿* 1̂ 4~ ?7o — f?i +  c(¿)

=  é — ¿ /i !  — h\e +  9h2 -  r)0 4- r]\ — t}2 4- 4- c (t)

(2 .4 8 )

(2 .49 )

Since e, h, r;, 6* are b ou n d ed , (2 .4 8 ) and (2 .4 9 ) im p ly  th at e, e are b ou n d ed . H ence, b y  (2 .4 7 ),

u for i =  1 ,2  then
D'

(D + iy
F B  

. E 2

follow s fro m  the  b ou n d ed n ess o f  

D {

is b ou n d ed  fo r  i =  1 ,2 . T h e  bou n d ed n ess  o f

1

D l

(.D  4 - 1)3 

D ' F B

{D  4 -1 )3 

u and  the  recu rsive  expression

■u = ■u —
D (F B  -  E 2) D 1-1

■u 4- e(t) . (2 .5 0 )
(£> +  l ) 3 ~ (D  4 - 1)3 E 2 E 2 (D  + 1)3

N ext, w e p rov e  th at the  sta te  o f  the p lant is b ou n d ed . F rom  (2 .1 2 ) it fo llow s that D ly , 

0 <  i <  3 are b ou n d ed . C om b in in g  this w ith  the fa ct th at the  p lant is m in im u m  phase, we 

con c lu d e  th at th e  sta te  o f  any m in im al rea lization  o f  ( 2 .1) is b ou n d ed  on  [0 , i f ) .

T h u s , w e have show n th at the  sta te o f  the  c lo se d -lo o p  a d a p tive  sy stem  (2 .4 3 ) is b ou n d ed  

on  its m a x im u m  interval o f  ex istence  [0, if) . T here fore , U — 0 0 .

F inally , w e p rov e  convergen ce  o f  the  track ing error to  zero. F rom  tf =  00 and  (2 .3 5 ) we 

con c lu d e  th at V  is b ou n d ed  and in tegrable on  [0 ,o o ) .  F urtherm ore , the  bou n d ed n ess o f  e 

(c f. (2 .2 4 )) , (  (c f . (2 .3 1 )) , and h (cf. (2 .1 9 )) , im plies that V  is b ou n d ed . H ence, V  —> 0 as 

t —> 0 0 , w h ich  im plies (cf. (2 .3 5 )) th at e —► 0, C —> 0 (s in ce  h is b o u n d e d ). T h is , in turn , 

im plies th a t 770 —► 0 as t —► 00 b y  (2 .2 1 ). W e  con clu d e  th at

y - y T =  e =  e - r ) 0 0 as t —> 00 . (2 .51 )

□
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3  T h e  S y s t e m a t i c  D e s i g n  P r o c e d u r e

E ven  th ou g h  th e  expressions in the  general case b e co m e  m ore  co m p lica te d  th an  in the  

p reced in g  sectio n , the  m ain  steps o f  the design p roced u re  rem ain essentia lly  the  sam e.

3 . 1 .  N o n l i n e a r  s y s t e m  p r o p e r t i e s .  W e con sider the  class o f  n -d im en sion a l non linear 

system s w h ich  have an in p u t-ou tp u t d escrip tion  expressed  g lob a lly  b y  th e  n -th  ord er scalar 

d ifferentia l equ ation

w here

m

A (D )y  =  B (D ) [q{y)u] +  ^ D l [pi0(y ) +  p j {y )0 1] ,
»= o

(3 .1 )

• th e coeffic ients a0, . . . ,  CLn-\ o f  the d en om in a tor p o ly n om ia l A (D )  =  D n +  an_ iD n 1 +  

• • • d- clq are un kn ow n,

• th e coeffic ients 60, . . . ,  bm(m  <  n — 1) o f  the  n u m erator p o ly n o m ia l B (D )  — bmD m +  

----- h 6o are un kn ow n , b u t B (D )  is kn ow n to  b e  H urw itz, and the  sign o f  bm is kn ow n,

• 91 is an ^ -d im ensional v e cto r  o f  un know n param eters,

• Pij{y)i 0 <  i <  m , 0 <  j  <  £, are sm ooth  non linearities w ith  q(y) ^  0 Vy G JR, 

Pij(O) =  0 ,  0  <  i <  m , 0  <  j  <  i .

System s in this class are lin earizab le b y  ou tp u t in jection , and in p u t-ou tp u t linearizab le by 

fu ll-s ta te  feed ba ck , bu t not necessarily  fu ll-s ta te  lin earizable, even  b y  fu ll-s ta te  feed ba ck , as 

w ill b e  sh ow n in Sect. 5.

3 . 2 .  A u g m e n t i n g  t h e  C E  c o n t r o l .  T h e  design  o b je c t iv e  o f  the  certa in ty -equ iva len ce  

part o f  ou r co n tro l is to  m atch  a reference m od e l o f  th e  sam e re la tive  degree as th at o f  

the  non lin ea r p lant (3 .1 ). A s this p lant is in p u t-ou tp u t linearizable b y  ou tp u t feed b a ck , we 

ch oose  th e  linear reference m od el:

E 1(D )E 2(D )y r =  R r  , E2(D ) =  E 21(D )E 22(D ) , (3 .2 )
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w here E i (D ), E2(D), E2i (D), E22(D) are m on ic  H urw itz  p o ly n om ia ls  o f  d e g r e e n  — m , n — 1, 

n — m — 1 , and m , resp ective ly , and R (D )  is a p o ly n om ia l o f  degree h <  n — 1 . F ilterin g (3 .1 ) 

b y  the strict ly  p rop er  stab le  filter F/ E 2, w here F  is a m on ic  p o ly n om ia l o f  degree n — m  — 1, 

w e ob ta in

^¡=ry =  b (y )w ] +  D  ~~y~ [fto(y) +  pJivW
F D '

E* E E ,
(3 .3 )

'2 ^2  t=o ^2  L

It is n ow  stra ightforw ard  to  verify  th at in the  case w hen  the coeffic ients o f  A (D )  and B (D )  

and  the  param eters  9i are k n ow n , the desired  m a tch in g  is ach ieved  b y  the  con tro l 

1
u =

? (y )

G  M
- p - y  +  - E r r ~ X ,

£j2 rj2 j —0

rp. m nt

j r -  E  j r - P i M  
-&21 , = 0 ^22

-  4 r  [ « ( » ) « * ]
x!/ 2

(3 .4 )

p rov id ed  that G , a p o ly n om ia l o f  degree n  — 1, F , M ,  7 } and L0 sa tisfy  the  p o ly n om ia l 

equation s

F A  +  bmG  — E\E2 

M  =  2 - R
Om

Tj =  ^ - 0 UF ,  0 < j  <  £ , 0io  =  1
0m

L 0 =  ^ - F B - E 2 .
Vm

(3 .5 )

(3 .6 )

(3 .7 )  '

(3 .8 )

N ote  that Lo is a p o ly n om ia l o f  degree n —2, since b o th  —- F B  and  E 2 are m on ic  po ly n om ia ls
Om

o f  degree n — 1. W h en  the  co n tro l (3 .4 ) is app lied  to  the  system  (3 .1 ), a sy m p to tic  track ing 

is ach ieved :

y {t )  =  yr{t)  +  e (0  yr{t) as t -*  o o ,  (3 .9 )

w here e(t) is th e  ex p on en tia lly  d eca y in g  track ing error caused  b y  the m ism atch  o f  the initial 

con d ition s .

W e  now  rew rite the  con tro l (3 .4 ) as

u* =  ~ q£y)  ’ ( 3 -10)

w here the  n^-d im ension al vectors  9 and  (j) (w ith  uq =  2n +  ( l  +  \)(n — m ))  are defined as

9T [ ^ 0 ?  • • • 5 Q n  — 1 ? ^0 0 ? • • • j ^ 0 n  — m — 1 > ^ 1 0 » • • • j  i \ n —m  — \  •>

• • • 5 ¿̂0 j • • • > to£n—m — l » ^00? • • • ? ^0n—2] (3 .11)
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(f)T(y ,u * ,r )  =
Dn - 1 R  D n_m_i  ^  D l D x

~ Ë T y  ’ ’ "  E 21 ’ ------ ----- P ii(y )  »^ 2 1  , = 0  ̂ 2 2

Z)_ „  i _HL D ' D „  9
■2L,p ” J W )  » ^  I W ) W

^ 2 1  £"22 ^ 2

(3 .1 2 )

w ith  Dk defin ed  as th e  ( k +  l)-d im e n s io n a l row  o p e ra to r  Dk =  [1, D , . . . ,  D k], T h e  form  

(3 .1 0 ) is p articu la rly  useful in the  case w here th e  coefficients o f  A (D )  and  B (D )  and  the 

com p on en ts  o f  th e  v e cto r  0\ are un know n . S ince in th at case the  param eter v e cto r  6 defined  

in (3 .1 1 ) and  used  in (3 .1 0 ) ca n n ot b e  com p u ted , it is rep laced  b y  an estim ate  9. T h e  so 

form ed  “ certa in ty -equ iv a len ce” con tro l is then  augmented by an additive term  u w h ich  is yet 

to  b e  designed . H ence , the  ad a p tive  con tro l w ill b e  o f  the  form :

1
u =

? ( » )

—<f>T(y ,u ,r )0  +  u

F ilterin g the  sy stem  equ ation  (3 .1 ) b y  the  strict ly  p rop er stab le filter 

(3 .5 )- (3 .8 )  and (3 .1 1 )-(3 .1 2 ), w e ob ta in :

E\ E 2

F A

E \ E 2
■y =

y =

B F  . . .  . ™ D {F
[ « ( y ) “ ] +  £  ■ p - j r  

¿=0  E l &2E \  E 2 

k

E\ j E 2

b.

L  . , x , G

—  w (y)w ] +  y 2v  +  2 ^

[pio(y) +  pj(y)oi\

z

j = 0 

M

m  n .

F  ¿ p - p . -  
^ 2 1  1 =0  ^ 2 2

+

y =  ■jjr{<l{y)u +  <l>T{ y , u , r ) 0 + — r^ +  e (t ) ,

(3 .1 3 ) 

and using

(3 .1 4 )

(3 .1 5 )

(3 .1 6 )

w here, as in th e  case w hen 0 is kn ow n, e(t) den otes a linear com b in a tion  o f  ex p on en tia lly  

d eca y in g  term s caused  by  the m ism atch  o f  the initia l con d ition s . S u bstitu tion  o f  (3 .1 3 ) in to  

(3 .1 6 ) y ields th e  fo llow in g  d escrip tion  o f  th e  resu lting feed back  system :

br

y =

R

E\ lbmE 2

In trod u cin g  th e  error variables

r +  <£T (y , u ,r )  (O -  0 +  u j  +  e ( i ) .

e  =  2 / - P r .  0  =  0 -  0 ,

(3 .1 7 )

(3 .1 8 )

and tak ing th e  d ifference  b etw een  (3 .1 7 ) and the  reference m od e l (3 .2 ), we o b ta in  th e  tracking 

error equation:

e =
E i

y>T(y ,u ,r )0  +  u +  e ( i) . (3 .19 )
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In the  sp ecia l case o f  re la tive degree on e (n — m  =  1), the  design  is ex trem ely  sim ple. 

S ince the transfer fu n ction  |6m | jE\  is S P R , the  param eter u p d a te  law

6 =  sg n (6m) I > ( y , u , r ) e ,  (3 .2 0 )

w here T =  Tt  >  0 is the adaptive gain , guarantees bou n d ed n ess  o f  all the  c lo sed -loop  signals 

and con vergen ce  o f  th e  tra ck in g  error e to  zero  [1, C h ap. 5], and th e  con tro l au gm en tation  is 

not n eeded : u =  0 .

3 . 3 .  E r r o r  a u g m e n t a t i o n  a n d  s w a p p i n g .  For relative degree h igher th an  on e  (n —m  >  1 ) ,

the  design b ecom es  con sid erab ly  m ore  com p lica ted , since \bm\/Ei is no lon ger S P R . W e first 

rew rite (3 .1 9 ) in th e  form

1
e =

D  -\- Aq L 

bm

D  +  Aq

bmdT-^<j>(y,u ,r)
Eo

, bm _
H------ u

E 1

l_

Eq
+  e ( t )  , (3 .21)

w here

E 0(D ) (D  +  \0) =  E ^ D ) . (3 .2 2 )

In contrast to  th e  exam p le  o f  Sect. 2, w here the  h igh -frequ en cy  gain bm w as kn ow n, here 

it is un know n . T h ere fore , using an estim ate  bm and  d en otin g  bm =  bm — bm, w e rew rite (3 .21 ) 

in th e fo rm

1
e =

D  +  Aq L 

1
+

M t 4 - 0  +  bm ( - i r “  -  +  I T  [^T <t>
Hjq \ -C/  0 & o

bm ( i - f l  -  F - L t  +  -1  [S*i
H / q  r j Q  £ j q

+  £ ( 0  •
(3 .2 3 )

D  +  Aq

Since the first su m m and  in (3 .2 3 ) is in the desired S P R  form , w e define the  augm ented  error

e =  e +  T]0  ,

w here th e  term  t]0 represents all th e  undesirab le term s in (3 .2 3 ):

1

(3 .24)

rjo =
D  - f  Aq

bm ( T «  -  ¿ T - i  +  4 -  \f <i>
Eo Eo Eq

(3 .25)
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T h e  v e c to r  m u lt ip ly in g  9 in th e  first term  is d en oted  b y

=  4 -< K y ,u ,r ) . (3 .2 6 )

C on sid erin g  </>(y, u , r )  as the  inp ut and ^  as the  ou tp u t, w e represent (3 .2 6 ) in the  m atrix  

s ta te -sp a ce  form :

H  =  A 0H  +  b<f>T{y ,u ,r )

(3 .2 7 )

=  ct H ,

w here (c , A o, 6) is a m in im al rea lization  o f  1 / E 0 :

cT(s I  — A 0) - 1 6 =
1

N ow  rj0 is th e  ou tp u t o f  the (n — m )-d im en s ion a l system

rjo — Aot/o d” bmc t j  

77 =  A qT] — bu — HO .

(3 .2 8 )

(3 .2 9 )

(3 .3 0 )

T h e  variables ip and  ct t; from  (3 .2 7 ) and (3 .3 0 ) a llow  us to  express th e  track ing error as (cf. 

(3 .2 1 ))

(3 .3 1 )=  t -  [bm0Tip -  bmc t̂j +  e(t)
s +  Ao

T h e  an a logou s expression  for the aug m ented  error is

1
e =

s +  Ao
bm0 Tp -  bmc Lrj +  e ( t ) , (3 .3 2 )

and it has the  desired  S P R  form : the  param eter errors 9 and  bm are filtered  on ly  b y  the S P R  

filter l / ( s - l -  A0).

3 . 4 .  U p d a t e  l a w .  A s in Sect. 2 , w e ch oose  the  un norm alized  gradient u p d a te  laws su ggested  

b y  the S P R  form  o f  (3 .3 2 ):

9 =  sg n (6m)rV>e 

bm =  —~fcTrje ,

(3 .3 3 )

(3 .34 )

w here T =  Tt  > 0 and 7  >  0 are the a d a p tive  gains.
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F rom  Sect. 2 w e kn ow  th at in the  p r o o f  o f  sta b ility  there w ill b e  a need to  ba lance the 

in teraction  betw een  77 and H . T h ere fore , w e in trod u ce  the  new  variables £ :

C =  5 - 1t7 , S  =  C ' - 1 5 C a , (3 .35 )

w here n =  n — m — 1 ,

(A$y 1 c

n T

, *  =  . , n

l—1 —  ^ n x n  “H

0

il-S'l.n 

& E 2, n

^n-lFn-l,n

Ej,i — [Ijxj-> 0]jxt ’ 0 <  3 — z >

(3 .36 )

(3 .37 )

(3 .3 8 )

and / , Xl is the i x  i id en tity  m atrix . T h e  com p on en ts  o f  the ¿-d im en siona l row  vectors £,• 

are non linear fu n ction s o f  th e  elem ents o f  H  w h ich  represent the  a forem en tion ed  add ition a l 

degrees o f  design  freed om . In ord er  to  show  th at th e  m atr ix  S  defin ed  in (3 .3 5 ) is invertib le, 

w e n ote  th a t, beca u se  o f  th e  stru ctu re o f  the m atrices defin ed  b y  (3 .3 8 ), the  m atrix  H 

is low er triangular w ith  ones on  its d iagonal. F rom  this and the  a forem en tion ed  fu n ction a l 

d ep en d en ce  o f  £,• on  77, it follow s that H-1  alw ays exists and that th e  elem ents o f  b o th  E 

and E -1  are p o ly n om ia l fu n ction s o f  the elem ents o f  H . F urth erm ore, C ^ 1 exists because  

(c t , A 0) is assum ed to  b e  an observab le  pair.

T h e  n on n eg ativ e  fu n ction  to  be used in our stab ility  p r o o f  is

V  =  l  ( e 2+  I bm I F t - 1»  +  - b l  +  2 -  r  62( r ) d r )  +  ^ TPC ■ (3 .3 9 )
2  y  'y Aq J t J  n

T h e  fo rm  o f  (3 .3 9 ) is the sam e as that o f  (2 .3 0 ), w here P  is th e  p os it iv e  defin ite so lu tion  o f  

th e L y a p u n ov  equ ation

P A o +  A S P  =  - Q o .  (3 .40)

T o  evaluate V  w e  need  £, w h ich  is ob ta in ed  by  d ifferen tia ting  (3 .3 5 ) and using (3 .3 0 ), (3 .33) 

and (3 .3 6 )—(3 .3 8 ):
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C =  5  1 (AqT) -  bu - s g n ( b m )H r t /> e )  +  ^  ' )  1/

=  5 - M 05 C +  S- b̂u +  s g n (6m )iTrV > e ) -

A A ____ /  L \ C - 1

In trod u cin g  th e  n ota tio n

u ; =  — sj

W  =  S~

we rew rite (3 .4 1 ) as

C  =  ^ o C  +

and com p u te  th e  tim e derivative o f  V  as 

„ /   ̂ \  2 x

r 1( / l o 5  -  SAo  -  5 )C  -  S - 'b u . (3 .4 1 )

S ~1HTrf> (3 .4 2 )

i — AqS +  £ )  , (3 .4 3 )

W ( - S - ' b u , (3 .4 4 )

| ^ e 2 -  CTP  (toe - W ( -  5 _1 6 u )| . (3 .4 5 )

3 . 5 .  D e s i g n  e q u a t i o n .  T h e  too ls  w e have at our d isp osa l to  m ake V  n o n p o s it iv e  are the 

fu n ction s £i(H ) an d  the con tro l term  u. W ith  these too ls  w e w ill a ttem p t to  represent the 

qu an tity  en closed  in braces in (3 .4 5 ) as the  sum  o f  n squares. It turns out th a t this is p ossib le  

to  ach ieve b y  d ecom p osin g  P  as P  =  Pi such th at the  fo llow in g  design equation  holds:

PiWwTPiC =  P { W (  +  S - 'b u ) . (3 .4 6 )
i = i

T h e  su b stitu tio n  o f  (3 .46 ) in to  (3 .4 5 ) y ields the desired  fo rm  for V:

^  (I - ^ 5 0 ■
O ur task  n ow  is to  find  P ,, £ , ( P )  and u w h ich  satisfy  the  design equ ation  (3 .4 6 ). F ollow ing 

the  d eve lop m en t in [21], w e define

Pi =  C jM iC i , (3 .48 )
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w here

M x

M i [ C i P - ' C j y 1 ( / , * ,  -  ’' £ C i P - 1C jM j E j,i i =  2 , n

In [21, L em m a 1] it is p roved  that (3 .4 8 ) - (3 .4 9 )  result in

n

T , P i  =  p

C j P - 1C jM iC i =  0 , 1 <  j  <  i <  n .

(3 .4 9 )

(3 .5 0 )

(3 .5 1 )

T his p r o o f  is now  given  for  com pleten ess . F rom  (3 .4 9 ) w e have

/ ,x .  =  C ;P - l C jM , +  £  C iP -x C jM jE j j

j=  1

=  C , P - ' j ^ C j M kE k,x . (3 .5 2 )
fc= 1

P rem u lt ip ly in g  b o th  sides o f  (3 .5 2 ) b y  Ci and  using the id en tity

Ck =  E ktiCi , k < i ,  (3 .5 3 )

w e ob ta in

C i =  CiP - 1 j 2 C ^ M kC k . (3 .5 4 )
k=l

E valu atin g (3 .5 4 ) at i =  n and  using the non sin gularity  o f  C n w e ob ta in  (3 .5 0 ). F urtherm ore, 

p rem u ltip ly in g  (3 .5 4 ) b y  w here j  <  and using (3 .5 3 ) again , w e o b ta in

Cj =  Cj p - 1 Y , C j M kC k , i > j .  (3 .5 5 )
k= 1

B ut from  (3 .5 4 ) w e have

C] =  £  C j M kC k ,
k=l

w h ich , com b in ed  w ith  (3 .5 5 ), results in (3 .5 1 ).

H aving estab lished  (3 .5 0 ) and (3 .5 1 ), we now  set ou t to  find  £i(H ) and  u w h ich , a long 

w ith  P{ defin ed  b y  (3 .4 8 ) - (3 .4 9 ) , satisfy  the design equa tion  (3 .4 6 ). S u bstitu tin g  (3 .4 8 ) in to 

(3 .4 6 ) w e ob ta in

W (  +  5 _1 6u =  p - 1 J 2  . (3 .5 6 )
1=1
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U sing (3 .4 3 ) w e rew rite  the  design  eq u a tion  (3 .5 6 ) as

(S A , -  AoS +  S )C  +  b u =  SP- 1 ¿ 2  C jM iC iW w ^ C jM jC i i . 
t = l

P rem u lt ip ly in g  b o th  sides o f  (3 .5 7 ) b y  cT A l0 1 for i =  1 , . . . ,  n , w e ob ta in

c t Aq 1(A 05C — bu) =  c l Aq
.T  A i - l S \A 0 -  P - 1 J 2  C j  M j CjW wT C j  M j Cj J +  5

+ c T A ^ b ù  , l <  i <  n .

F rom  (3 .3 5 ), (3 .3 7 ) and (3 .5 3 ) w e have

CfiS — aCfi — C fi +

0

i l  C l  

6 ^ 2

i n —l ^ n —1

w h ich  gives

cTS  =

c T A i 1- 1 S' =  c 1  A ^ 1 +  l < i < n

F u rtherm ore, from  (3 .35 ) and (3 .3 7 ) w e have

c t 4 - 1s , =  ct 4 - 1c - 1é c b =  c ^ i r ' c - 1

o

ÌiCi

.  Ì n ~ l f -O i —1 

ii-iCi-i, l < J < n ,

(3 .5 8 )

(3 .59 )

(3 .6 0 )

(3 .6 1 )

(3 .6 2 )

w here w e have used  the d e fin ition  o f  C\ to  o b ta in  th e  last equality. F inally , fro m  the 

d e fin ition  (3 .2 8 ) o f  th e  trip le  (c , ,40, 6) w e have:

cT4 , - '6  =  0 , l < * < n - l

¿ A Z - ' b  =  1 .

(3 .63 )

(3 .64)
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Su bstitu tin g  (3 .6 0 )- (3 .6 4 )  in to  (3 .5 8 ) results in

+  =  i j_ 1C ,j_ i  +  cT 4  +  i j_ 1C i_ 1y 4 o - ( c T i4 i - l + f j_ 1C i. , )
.T  A  1 — 1

U  =

x  P - '^ C j M j C j W w TC j M j C j , 1 <  i <  n -  1 (3 .6 5 )

j=i

CT A q S  —  i n - l C n - l  ~  CT A nQ —  £ n - \ C f i - \ A o  +  ( c T A q ~ 1 +  ^ - l ^ n - l )

x  p - ^ C j M j C j W w TC jM / C j  

j= i
C- (3 .6 6 )

A t  this p o in t , w e have a lm ost a ch ieved  our g oa l o f  find ing  £,• and u w hich  satisfy  the design 

equ ation  and  thus render V  n on p os it iv e . Still, (3 .6 5 ) - (3 .6 6 )  are in a rather com p lica ted  fo rm  

and, m oreover, th ey  involve  the tim e derivatives o f  the fu n ction s T here fore , we now  set 

out to  sim p lify  (3 .6 5 ) - (3 .6 6 )  and to  express £ ,_ i as exp lic it  fu n ction s o f  available signals.

M otiv a ted  b y  the  app eara n ce  o f  the term s CjW  in (3.65)—(3.66) , we in trod u ce  the i- 

d im en sion a l co lu m n  vectors wi,. . . ,  wn w h ich  are defined as

W{ — C {W , 1 <  i <  n . (3 .6 7 )

C om b in in g  (3 .6 7 ) w ith  (3 .5 3 ) w e see that these vectors  sa tisfy  the  recursive expressions

w n =  c nw  (3 .6 8 )

W{ — Ei^+iW i+i, 1 <  i <  n — 1 . (3 .6 9 )

U sing (3 .3 8 ) w e can  rew rite (3 .6 9 ) as

WJ =  [w J-n W*A » 1 <  « <  n  -  1 . (3 .70 )

W e now  set ou t to  ob ta in  exp lic it  expressions for  w\, . . . ,  w n in term s o f  Su bstitutin g  

(3 .4 2 ) in to  (3 .6 8 ) results in

Eu;n =  —sgn(bm)CnHTip  (3 .71)

W e then  use (3 .2 7 ), (3 .3 7 ) and (3 .7 0 ) to  rew rite (3 .7 1 ) as

/ 0 \
r T  1C

-fnxn T
£l E\ (n w n -l

=  —sg n (6m)

o

^
 

.

* 2̂ n,n *

V . £n—1-^n—l,n . ) . c ? A 2 - '  .

HTH t c . (3 .72)
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B y  (3 .3 8 ), (3 .7 2 ) is equ ivalent to

/ 0

£l-^l, n—1

\

\ . £n—2-^n—2,n—1 . /

w n-1  =  - s g n (b m)C n -iH T H Tc

Wn,n +  f n - i ^ n -1  =  - s g n ( 6m)c T A 5" 1Jc/T i / 'Tc .

S tarting fro m  (3 .7 3 ) - (3 .7 4 ) , on e  can  repeat the  a b o v e  p roced u re  to  show  that 

equivalent to
r  i  r  T  ~\Wi c x

7/)o o -4- A  1IU r. An m
HVH t c

Wl

^ 2,2 +  6 ^ 1
=  —sg n (6m)

r cT ]

cTA 0

. ^n,n T  £n—l^ n —1 . . .

H ence, th e ex p lic it  expressions for  the  vectors w i , . . . ,  are 

wj =  - s g n ( 6m) (ct HTHt c)

T
W .  = >J-i, - s g n (bm) ( c t Aq 1HTH t c ) -  

C om b in in g  (3 .5 1 ) and (3 .6 7 ) we ob ta in

, i =  2 , . . . ,  n

C . p - 1 Y , C ]  M jC jw w ^ C ] M j c ,  =
j= 1 i = l

=  Ci
j= i

Ci

=  C iN iC i ,

w here

iVt- =  P - 1 £  , * =  1 , . . . ,  n .

i= i

T h u s , the last term  in (3 .6 5 ) and (3 .6 6 ) can  b e  rew ritten  as

(cT 4 _1 + ti-iCi-1)P-1'tcjMiCjwwTC]MjCj =
J=1

=  ( [ 0 . . .  0 1] +  t i - 1Ei- 1,i)C iP - 1'£ C j M j Cj w w TC jM / C j
j = i

=  ([0 . . . 0 1 ] + i i. 1£:i . 1,i )C i iVi C,

=  (cT ^ - 1 + i i. 1C i. 1)iViC i .

(3 .7 3 )

(3 .7 4 ) 

(3 .7 2 ) is

(3 .7 5 )

(3 .7 6 )

(3 .7 7 )

(3 .7 8 )

(3 .7 9 )

(3 .80 )
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9

In trod u cin g  the i x  (i + 1 )  m atrix  Ri+\ =  [0? lixi] and  S u bstitu tin g  (3 .8 0 ) in to  (3 .6 5 ) - (3 .6 6 )  

we ob ta in

t i C i

u

i i - iC i - i  4- — (cT Aq 1 +  ii-iC i~ i)N {C i

[ 6 - Æ - 1 ,  +  i i -1  Ri-  (cT4 - *  +  i,-iCU)N,} 1 , . . . , n -  1 (3 .8 1 )

[ cTAq S -  cr Ag -  [ i n - A - l . n  +  in -lR n

+  Î n - l C , _ 1) j V n ] C „ }C (3 .8 2 )

T h is  fo rm  m akes it app arent that th e  design equ ation  (3 .5 6 ) is satisfied  b y  the  recursive 

expressions

i l  = (3 .8 3 )

i ,  = t i - i E i - i j  +  i , _ i Ri — ( c 1 1 4- i i . i C i . i )  N i, i =  2 , . . . , n , (3 .8 4 )

XL = c M ?  -  ( ct .4S +  Î nC a)  S _1] i] . (3 .8 5 )

T o  finally  so lve the  design equ ation , w e need to  express £,-_i in (3 .8 4 ) as an ex p lic it  fu n ction  

o f  available signals. W e first show  v ia  an in d u ctio n  argum ent that (3 .7 6 ), (3 .7 7 ), (3 .7 9 ), 

(3 .8 3 ) and (3 .8 4 ) im p ly  th at the  elem ents o f  u;t-, Ni and  are p o ly n o m ia l fu n ction s o f  the 

elem ents o f  C {H :

• For i =  l ,  this fa ct  is ob v iou s  from  the  defin itions:

Wl  =

JVj =  P - 1C? M ?

6  =

• For i =  k <  n — 1, su ppose  th e elem ents o f  Wk, Nk and (k are p o ly n o m ia l fu n ction s o f  

th e elem ents o f  CkH. T h en , the  d eriva tive o f  can  b e  expressed  as

i* =  X > b  - (3-86)
j - l  u u k,J

w here hkj is the j - th colu m n o f  CkH  and  d^k/dhkj is the k x  j  m atrix  o f  partia l 

derivatives o f  ^(CfcjEf) w ith  resp ect  to  the elem ents o f  hkj. B ut fro m  (3 .2 7 ), (3 .6 3 ),
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(3 .6 4 ), and th e  defin ition  o f  R k+i, w e o b ta in

C kH  =  C kA 0H  =  R k+1C k+lH , 1 <  *  <  n  -  1 . (3 .8 7 )

C om b in in g  (3 .8 6 ) and (3 .8 7 ) we can  express ( k as

6  =  E ^ +1, X +1 # - -  (3-88)
j - l  u l i k ,j

• For i =  k +  1 , w e have

w L  - s g n ( 6 m) [ 0 . . .  0 \)CM H Y {C iH )T -  ( kwk]

N k+i =  N kE kjk+i +  P  1 C k+1M k+iw k+iw k+lM k+1 

6 + i =  X  hM , j R I + i ' ^ ~ E k,k+i +  (kRk+i -  (c t Aq +  £kC k)N k+1 .
j = i  o n k j

H ence , th e  elem ents o f  wk+i, N k+1 and £k+i are p o ly n om ia l fu n ction s o f  the  elem ents 

o f  C k+iH .

T h u s, the  term  £ ,_ i in (3 .8 4 ) can b e  ca lcu la ted  ex p lic itly  fro m  (3 .8 8 ).

T h e  design  p roced u re  is now  com p le te . T h e  expressions for  £,• and u, w h ich  guarantee 

that the n on n eg ativ e  fu n ction  V  in (3 .3 9 ) has th e  n on p osit iv e  derivative  (3 .4 7 ), are

6  =  - c T i V i

i ,  =  £  u  +  ZM Ri -  ( c T A i- 1 +  £ ,- !< ? ,_ ! )  N ,, i =  2 , . . . ,
j - \  O t l i - l ^ j

»T„

n

u =  iprj

=  ct A J -  ( c T A j  +  i BC a)  ( C ^ E C * ) ’ 1 .

(3 .8 9 )

T h e  designed  c lo sed -loop  a d ap tive  system  is:
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Plant:
m

x  =  A x x  +  b^q(y)u +  ^ 2 e n- i  [pio{y) +  p j{y)9 i\
i=o

y II

Control:

u =  ^  x <f>T{y ,u ,r )ö  +  ^Tt?]

Update law: (3 .9 0 )

9  =  s g n ( 6 m ) r ^ e  

i m  =  -~ f c T T]e  

e =  e +  770 =  y -  yT +  770

Filters:

H  =  A 0H +  b<t>'T{y,u

t/ >T  =  c t H

Vo =  -A oifo  +  ¿mCTi;

V =  A o V  -  b i p ^v  -

w here yT is the ou tp u t o f  the referen ce m od e l (3 .2 ), <^>(y,u,r) is defined  in (3 .1 2 ), and 

( c s ,  A s , &s) is a m in im al sta te representation  o f  th e  p lant equ ation  (3 .1 ):

0

0*71— 1
i

'  1  ‘

A y , =
: I

f b n  =

0

b-m
j  c £  =

0

— a 0  0  . . .  0  .
1

.  0  .

bo

w ith  e n- i  the  (n  — ¿)-th  coord in a te  v ector  in M n.

T h e  stab ility  and tracking p roperties o f  (3 .9 0 ) are estab lished  in the next section .
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4  S t a b i l i t y  a n d  T r a c k i n g

W e are now  ready  to  state and p rov e  our m ain result:

T h e o r e m  4 .1 .  For any uniformly bounded and piecew ise continuous reference input r, all 

the signals in the closed-loop adap tive system  (3.90) are well-defined and uniformly bounded  

on [0 , o o ) ,  and, in addition,

lim  e(t)  =  0 , lim  r](t) —* 0 , lim  r)0(t)  =  0 . (4 -1)
t— ► O O  t— > 0 0  t— > 0 0

P r o o f .  D u e to  the  p iecew ise con tin u ity  o f  r (t)  and  the  sm ooth ness o f  the  non linear fun ctions  

app ea rin g  in the  defin itions o f  various term s in the  c lo se d -lo o p  system  (3 .9 0 ), th e  solution  

o f  (3 .9 0 ) has a m a x im u m  interval o f  ex istence [0, t f ) . O n this in terval, th e  tim e derivative  o f  

the  n on n egativ e  fu n ction  V  defined in (3 .3 9 )

v  =  J  ( W  I bm I F r - ' e  +  -b 2m +  ( -  r  e2( r ) d r )  +  ,
. Z \ Aq Jt J 71

co m p u te d  a long th e  solutions o f  (3 .9 0 ), is g iven b y  (3 .4 7 ):

*■- ~ Turi ~ «cT<3,< - x  i  G -  ■ s

W e con c lu d e  that V ,  e ,  0 ,  b m  and (  are b ou n d ed  on  [0, t { )  b y  con sta n ts d epen d in g  on ly  on  the 

in itia l con d it ion s  o f  (3 .9 0 ). T h is  im plies that 9 ,  b m  are b ou n d ed  on  [0 ,i f ) . T h e  bou n d ed n ess  

o f  (  tog eth er w ith  (3 .60 ) im plies that cT7y is b ou n d ed ; from  th e  defin ition  o f  t/0 in (3 .9 0 ) and 

th e  bou n d ed n ess  o f  b m  and cT7/ it fo llow s that r)0 is b ou n d ed . B ut since e =  e — r]0, and  e, rj0 

are b o u n d e d , w e have th at e is b ou n d ed . N ow  from  the bou n d ed n ess  o f  r we have that yT 

is b ou n d ed , and, hence, y  is b ou n d ed , since y =  e +  yr. T h e  bou n d ed n ess  o f  y im plies that 

all th e  non linearities appearing  are b ou n d ed , and, fu rtherm ore , th at q(y)  is b ou n d ed  away 

fro m  zero. F ilterin g the system  equ ation  (3 .1 ) w ith  the  strict ly  p rop er  stab le  filter 1 /B E i 

and  rearranging term s, w e ob ta in

A 171 n*
- - - - - - - - y q . y  - - - - - - - -

B E 1y ^  t o  B E l
[pio{y) + pj(y)0i\ , (4 .2 )
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w h ich , b y  th e  b ou n d ed n ess o f  y , im plies th at - i - q(y)u  is b ou n d ed . T h e  bou n d ed n ess  o f  H  is
E i

now  estab lished  b y  p rov in g  th at the  row  vectors  cT A l0H , 0 <  z <  n  — 1 are b ou n d ed . T h is , 

in turn , is p roved  as fo llow s: F irst, from  [21, L em m a 5] w e have that the first n derivatives 

o f  e can  b e  expressed  as

 ̂ ^ c, 9 , 6m , 770, C t- i / , CxC, )  5 2 — 1, . . . ,  71, (4 .3 )

w here the  /z,-’ s are con tin u ou s fu n ction s o f  their argum ents and the  et-’ s are ex p on en tia lly  

d eca yin g  term s. T h is  is straightforw ard  to  show  (c f. (2 .4 8 ) - (2 .4 9 )  in the exam p le  o f  Sect. 2 ), 

starting fro m  e =  ë — 7]0 and  using (3 .9 0 ) and the  fa cts th a t the  derivative  o f  f  is g iven b y

C =  M  +  w ê - P - 1 ' £ C j M iCiw w TC ? M ? C i<;, (4 .4 )
1=1

and that th e  elem ents o f  tu,-, N{ and  £,• are p o ly n om ia l fu n ction s o f  the elem ents o f  C iH . 

S econ d , fro m  (3 .2 7 ) we have

ct A'qH =  -=r<f>T( y ,u ,r )  +  ti(t), 0 <  z <  n — 1 , 
^0

(4 .5 )

w here e ,( i)  are rz^-dim ensional row  vectors  o f  ex p on en tia lly  d ecayin g  term s. T h en , we use 

(3 .1 2 ) to  express (f> as

( ^ ( y ,u ,r )  = v ( y , r ) ,  ^ p [ ? ( y ) “ l

w ith

z / ( y , r )  =
E  n —1 E  D n_ m_

E , - y ' E ?

m TV / - )  m  n *

1 -Ls /  \  J S n - m - 1 -L/  /  \

jp - Z ^ T r - P i o ( y ) , •. •, — ^----- ¿ ^ T T - M y )
^21 ,=q -^22 -&21 ,= o ^22

(4 .6 )

(4 .7 )

bein g  b ou n d ed , since 7/ and r  are b ou n d ed . C om b in in g  (3 .1 3 ), (3 .1 9 ) and (4 .5 ) w e ob ta in  

the fo llow in g  expressions for the first n derivatives o f  the track ing error e:

bmD le (0 = E  [<t>T{y ,u ,r )9  +  u] +  e(*)

[?(</)w +  ^ T ( 2/5 « ,  r ) 6>] +  eW

bmD
[q{y)u\ +

»-IbmEoD  D  

E\ Eq
■0 T ( y , u , r )0 +  e(t)

Ei

^ ^  [q{y)v] +  — cT Aq~ 1H  9 +  e ( £ ) , 1 <  z <  n — 1 .
Ei Ei

(4 .8 )
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It is im p orta n t to  n ote  that bmE 0D  ¡E\  is stab le and p roper. T h e  bou n d ed n ess  o f  cT A l0H  is 

now  estab lished  fo r  i =  0 , . . . ,  n — 1 b y  the fo llow in g  in d u ction  argu m ent:

• For z =  0, (4 .5 ) - (4 .6 )  g ive

ct H =
-&0 &0-Ü2

1 _ /  \ E iD n_ 2 1 r / n i
Tt K z/ ^ ) ,  [q{y)u}

£jqH/2
(4 .9 )

1 -Ë l^ n -2
S ince */(?/, r ) ,  —  [q(y)u] are b ou n d ed  and

Ei E0E 2
is a row  o f  stab le  p rop er  filters, (4 .9 )

im plies th at cTH  is b ou n d ed . F urtherm ore , w e have a lread y sh ow n that e is b ou n d ed .

For 1 <  2 <  n — 1, assum e th at c t AqH  and  e^  are b ou n d ed  for  0 <  k <  i — 1. H ence, 

C {H  is b o u n d e d , and , b y  (4 .3 ), is b ou n d ed . T h en , rew riting  (4 .8 ) as

?  b ( » H  =  r e{i) ~  +  « W  -hj\ om ihi

D '
w e con c lu d e  th at —  [q(y)u] is b ou n d ed . F inally , using (4 .5 ) - (4 .7 ) ,  w e ob ta in  

E\

(4 .1 0 )

ct A\,H = •D '-e \ D ’ D n_ 2 , , N ,
T r n y , r ) ,  0  p  [ « ( » ) « ]
jC/q -&0-&2

■D‘ _ x EiDn~2 D‘
Tt KJ/.’") . p  r. TT  W (» )“ ] +

£j qEj2
(4 .1 1 )

H ence , c^AqH  is b ou n d ed .

T h is  p roves th at H  is b ou n d ed , w h ich , b y  (4 .3 ), m eans that e ^ ,  1 <  i <  n, are b ou n d ed .

N ex t, w e p rov e  the bou n d ed n ess  o f  u. F rom  (3 .1 3 ), the  bou n d ed n ess  o f  9 and the fa ct  that 

q(y) is b ou n d ed  aw ay fro m  zero , it fo llow s that u is b ou n d ed  if  u and  (f)(y ,u ,r ) are b ou n d ed . 

T h e  bou n d ed n ess  o f  H  im plies the  boun dedness  o f  (¿>, E  and E - 1 . S ince 77 =  S (  =  (C 'n)- 1H C fi, 

and E an d  (  are b ou n d ed , 77 is b ou n d ed  as well. H ence, u is_bou n ded . F rom  (4 .6 ) - (4 .7 ) ,  

to  p rove  bou n d ed n ess  o f  <f>(y,u,r) w e on ly  need  to  show  th at — [<7( 77) 12]. W e  first rew ite 

(4 .8 ) as

E ,

TT [<l{y)u] =  T “ e ( , )  ~  ■% — cT^ o  XH 0  +  e (t ) , 1 <  i <  n -  1 ,
Om t,i

(4 .12)
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D'
w h ich  im plies that —  [q(y)u] is b o u n d e d  for  i =  1 , . . . ,  n — 1. C om b in in g  this w ith  the fa ct 

E i

1 D*
that —  [q(y)u] it fo llow s that —  [q(y)u] is b ou n d ed  for i =  — 3. D ifferentiatin g

E i  E2
(4 .1 2 ) w ith  i — tl — 1 and using (3 .2 7 ) and (3 .6 4 ) w e ob ta in

E -[ , ( * ) « ]  =  -  M .  +  r )]  6 +  e (t ) .(4 .1 3 )
Ei bm Ei

_jt»
S u bstitu tin g  cf)T(y ,u ,r )  fro m  (4 .6 ) and rew riting (3 .11 ) as 9T =  [6  , ^on-2]? w e express (4 .13 ) 

as

L  r / N 1 D nE 2 +  £on- 2D n~l E 0 r ( \ i 
j l é ) «  1 =  -------------------r T -B --------------------m y ) U  ]
£j 2 -E'l-E'2

_ L e (n) _  E°D
bm Ei

c t A q H  6 + v ( y , r ) j

D
1- 3

E i
[q(y)U +  e W  5 ( 4 . 1 4 )

L D i
w h ich  im plies th at —  [q(y)u] is b o u n d e d . S ince L is o f  degree n — 2 and —  [q(y)u\ is

E2 e 2
j ^ n - 2  JJ

b ou n d ed  for i =  1 , . . .  , n  — 3, it fo llow s that — - —  [q(y)u] is b o u n d e d . H ence , — ^—  [q(y)u]
E * E k

is b o u n d e d , w h ich  proves th at u is b ou n d ed .

In ord er to  sh ow  the bou n d ed n ess  o f  the sta te o f  the p lant, we n o te  th at the boun ded ness 

o f  u and  (3 .16 ) im p ly  that D ly, 0 <  ¿ <  n — m , are b ou n d ed . F rom  this and the  fa ct that 

B (D )  is H urw itz, we con c lu d e  that th e  sta te x  in (3 .90 ) is b ou n d ed .

W e have thus proved  th a t the  sta te  o f  the c lo se d -lo o p  a d ap tive  system  (3 .9 0 ) is b ou n d ed  

on  [0, t{). H ence, tf =  0 0 .

T o  p rov e  th e  con verg en ce  o f  the tra ck in g  error e to  zero, w e first n o te  that (3 .3 9 ) and (3 .47 ) 

im p ly  th at V  is b ou n d ed  and integrable on  [0, 00 ). F u rtherm ore, th e  b ou n d ed n ess  o f  e (cf. 

(3 .3 2 )) , f  (c f. (4 .4 ))  and H  (c f . (3 .9 0 )) im plies that V  is b ou n d ed . H ence , V  —> 0 as t —► 00 , 

w h ich , in v iew  o f  (3 .4 7 ), proves th at e —> 0 ,  f  —> 0 as f  - > 0 0 . S ince q =  S (  and S is 

b o u n d e d , 77 —► 0 as t —> 0 0 . C om b in ed  w ith  (3 .9 0 ) and the  b ou n d ed n ess  o f  6m, this also 

proves th a t rjo —> 0 as t —► 0 0 . T hu s,

lim  [y(t) -  yr(f)]  =  l im [e(t) -  rj0(t)] =  0
I —too t —►oo

(4 .15 )

□
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5  T h e  C l a s s  o f  N o n l i n e a r  S y s t e m s

M ost m od e ls  o f  non linear system s are expressed  in sp ecific  sta te co ord in a tes . F rom  that 

s ta te -space  form  it m ay  not a lw ays b e  ob v iou s  w h eth er or n ot the  non linear system  at hand 

has the in p u t-ou tp u t d escrip tion  assum ed in Sect. 3. T h ere fore , we n ow  give  coord in a te - 

free g eom etric  con d it io n s  w h ich  are necessary and sufficient for a single-inpu t s in g le -ou tp u t 

non linear sy stem  o f  the fo rm

z  =  f(z\  a )  +  g (z ; a )u  (5 .1 )

y =  h (z ;a )

to  have  an in p u t-ou tp u t d escrip tion  o f  the  fo rm  (3 .1 ), w h ich  is repeated  here for conven ience :

A (D )y  =  B (D )  [ * ( » ) « ]  +  £ 2 7  [Pio (y ) +  p j(y W i ■
1=0

In (5 .1 ) 2 G M n is the state, u €  JR is the  in put, y €  M  is the o u tp u t , a  =  [oci..

(5 .2 ) 

G  J R r

is a v e c to r  o f  unknow n con sta n t param eters, and / ,  g , h , are sm ooth  v ecto r  fields w ith  

/ ( 0 ;  a )  =  0, /i(0 ; a )  =  0, for all ct G JR7*, g (z )  ^  0 for all z  G iR 71. In (5 .2 )

• the coeffic ients a0, . . . ,  an_ i  o f  the  d en om in a tor p o ly n om ia l A (D )  =  D n +  an_ iD n 1 +

• • • +  a0 are un know n ,

• the  coeffic ients 60, . . . ,  bm(m  <  n — 1) o f  the nu m erator p o ly n om ia l B ( D )  =  bmD m +

• • • +  60 are un know n ,

• 61 is an ^ -d im ensional v e cto r  o f  un kn ow n param eters, resu lting from  a possib le  ov erp a ­

ram eter iza tion  in w hich  p rod u cts  and pow ers o f  the orig inal un kn ow n param eters a,- 

are trea ted  as new  param eters (so  that i  >  r ) ,

• Q{y)i Pij(y)i  0 <  z <  m , 0 <  j  <  t  are sm ooth  non linearities w ith  q(y) ^  0 Vy G iR, 

Pij(0) =  0 , 0 <  2 <  772 , 0 <  j  <  l.

W e first n o te  th at a m in im al sta te  representation  o f  (5 .2 ) is g iven  by

m

x =  A ^x  +  bzq{y)u  +  [p*o(y) +  pJ {vW i} ^

y =  c ^ x ,
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w ith  A s ,  &e , c s ,  £n-t’ as defined  in (3 .9 1 ). H ence, th e  fo llow in g  sta tem en t b ecom es  ob v iou s :

F a c t  5 . 1 .  T he nonlinear system  (5.1 ) has an inpu t-ou tpu t description o f  the form (5.2) i f  and 

only i f  there exists a global in z, possib ly param eter-dependent, diffeomorphism  transforming 

(5.1 )  in to (5.3).

U sing this fa ct , w e now  state the  fo llow in g  result:

P r o p o s i t i o n  5 . 2 .  The system  (5.1) has an inpu t-ou tpu t description o f  the form  (5.2) if  

and only i f  the following conditions are satisfied for all z E JRn and for the true value o f  the  

param eter vector a :

(C l )  the one-form s dh , d L fh , . . . ,  dLT)  l h are linearly independent 

(C 2)  [ady<7, ady^j =  0 , i , j  == 0 , . . . ,  n — 1, where g is uniquely defined by

L-gL )h
0 , i =  0 , . . . ,  n — 2

1, i =  n — 1

(C 3)

n — 1 m

a d / £  =  Y ,  d i ( ° 0 a d /<7 +  Y  [pjo(y)  +  p'jT{y)oi]  a d / £

j=0 j=0

[g, ad3f g\ =  0 , j  =  0 , . . . ,  n -  2

• _ ■*
9 -  ?(y)2]c;(a)ad/o0,

j=o

with dj(a),Cj(a) polynomial functions of a ,  the n e w  unknown parameter vector, 

f y
and pi(y) = Pi(v)dv, i = 0,... ,£

Jo

(C 4) the vec tor fields f  and g are com plete.

P r o o f .  U sing P rop os it ion  3 o f  [23], it is straightforw ard  to  shew  that con d it ion s  (C 1 ) - (C 3 )  

are necessary and sufficient fo r  the ex istence o f  a lo ca l d iffeom orp h ism  such  that in the new

32



coord in ates  th e  system  (5 .1 ) is expressed  as

x

( - l ) d n_ i ( a )

: I

( - l ) nd0{a )  0 . . .  0

+

y =

o

o

(  i ) n —m  [pm0(y)  +  p l ( y ) 61

( - l ) n [p00{y) +  Po(y)0i 

x 1 ,

0

( - 1  )n~mcr
q(y)u

(5 .4 )

w h ich  is ex a ctly  in th e  fo rm  (5 .3 ), w here the coefficients a o , . . . ,  an- i ,  • • •, bm d ep en d  on 

the  p h ysica l param eters  a. F rom  [24], con d ition  (C 4 ) is necessary and sufficient fo r  the a bove  

d iffeom orp h ism  to  be  g loba l. □

R e m a r k  5 . 3 .  T h e  a b ov e  p rop os ition  gives a set o f  g eom etric  con d it io n s  cha ra cterizing  

th e class o f  non linear system s to  w h ich  our adap tive  sch em e can  b e  ap p lied . W h en ever 

th e  con d ition s  ( C l ) - ( C 4 )  can  b e  verified  a priori, th e  in p u t-ou tp u t d escrip tion  (5 .2 ) o f  the 

non linear sy stem  at hand is determ in ed  d irectly  from  (C 3 ), w ith ou t the need to  com p u te  the 

d iffeom orp h ism  o f  P ro p o s it io n  5.2. U nfortunately , the verifica tion  o f  ( C l ) - ( C 4 )  m ay  require 

som e a priori in form ation  a b ou t the un know n  param eter v ecto r  a .

R e m a r k  5 . 4 .  T h e  con d it io n s  o f  P rop os it ion  5.2 are satisfied b y  non linear system s that 

are linearizable  b y  ou tp u t in jection  and in p u t-ou tp u t linearizable b y  fu ll-s ta te  feed ba ck . 

H ow ever, th ey  need  not b e  fu ll-s ta te  feed back  linearizable.

W e  illustra te these tw o  rem arks w ith  an exam p le.
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E x a m p l e  5 .6 . It m ay n ot b e  ob v iou s  th at (2 .1 ) is the  in p u t-ou tp u t d escr ip tion  o f  the 

non linear system

¿1 =  22 +  a  (S yey +  2y 2)

¿2 =  23 -  a  (2 yey +  y2)

¿3 =  24 -1- a y e y

¿4 =  z5 +  a y 2

¿5 =  u 4- a y 3

y =  Z\ -f- 222 +  Z3 .

H ow ever, this can  be  estab lished  b y  ch eck in g  the con d ition s ( C l ) - ( C 4 ) .  S tra ightforw ard  

ca lcu la tion s show  that fo r  (5 .5 ) w e have

d d d n d d
g =  5 —------ 4 - ------ f- 3 —------ 2 —----- h ——

OZ\ OZ2 OZ3 OZ4 C/Z5

ad )g  

9

=  a - Z y 2g +  (2i/ +  6 y 2)ad/</ -  (ye* ev +  +  3 y2)a d jy ]

- g  +  2 a d /s  -  a d 2y .

(5 .6 )

(5 .7 )

(5 .8 )

H ence, the  con d it ion s  ( C l ) - ( C 4 )  are satisfied for all a  and  the in p u t-ou tp u t d escr ip tion  o f  

(5 .5 ) is

D sy =  (D 2 +  2D  +  1) «  +  9[D 2(y ey +  2 y 2 +  y3) +  D (y 2 +  2y3) +  y 3], (5 .9 )

w here 9 =  a . It is im p orta n t to  n ote  that to  determ ine  this in p u t-ou tp u t d escrip tion  no 

ex p lic it  ch an ge o f  coord in a tes  was requ ired . In this sim ple exam p le , how ever, on e can  find  

the corresp on d in g  ch an ge o f  coord in a tes  b y  in spection :

=  z\ +  2 z2 +  23

X2 — z2 “t" 2£3 +  Z4

X3 =  *3 +  2^4 +  ZS

X4 =  24 -f- 2Z5

X5 =  25 .

(5 .1 0 )
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In these coord in a tes , (5 .5 ) b ecom es

*1 = X2

¿2 = *3

¿3 = x4 -f- u +  a (:ye" +

¿4 = x5 +  a  (y2 +  2y3)

¿5 = u +  ay3

y = X\ .

(5 .1 1 )

W e im m ed ia te ly  see that (5 .1 1 ) has the  in p u t-ou tp u t d escr ip tion  (5 .9 ).

H ow ever, it sh ou ld  a lso b e  p o in ted  out th at (5 .5 ) is not fu ll-s ta te  feedba ck  linearizable, 

since the  d is tr ib u tion

Q3 =  span {# ,  ad f g, ad2f g, ad3g }  (5 .1 2 )

is n ot in volu ti ve [3,4]. □

6  C o n c l u s i o n s

T h is  pap er  has ex ten d ed  the  th eory  o f  a d ap tive  con tro l for linear system s to  a class o f  system s 

w h ich  are essentia lly  non linear in the sense th at their non linearities are not restricted  by  any 

g row th  con strain ts. In sp ite o f  this absence o f  g row th  con stra in ts , all the  stab ility  and 

tra ck in g  results are g loba l.

T h e  assu m ption s on  the linear part o f  the  system  are the  sam e as in the  stand ard  a d ap tive  

th eory  for  linear system s. H ow ever, to  guarantee the a forem en tion ed  g loba l p roperties , the 

system atic  design p roced u re  has depa rted  from  the tw o m ain ingredients o f  m ost adap tive  

schem es fo r  linear system s: the certa in ty -equ iva lence  con tro l and the n orm aliza tion  o f  the 

u p d a te  law . In a dd ition  to  the  certa in ty -equ iva lence  p art, the  con tro l conta in s a term  w hich  

cou n teracts  the effects o f  ra p id ly  grow in g  non linearities. T h ank s to  the  presence o f  this 

term , th e n orm aliza tion  o f  the  u p d a te  law is a v o id ed , w h ich  a llow s the rap id  decrease o f  

the param eter error. T h is p roved  to  b e  cru cia l in p reventing fin ite esca p e  tim es com m on  in 

system s w ith  rap id ly  grow in g  non linearities.
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T h e  class o f  non linear system s has been  restricted  b y  coord in a te -free  g eom etric  con d ition s  

w h ich  are equ ivalent to  the  stru ctu ra l requ irem ents th at the  non linearities d ep en d  on ly  on  

the ou tp u t and d o  n o t  enter the system  be fore  th e  con tro l does , and that the  zero dyn am ics 

are linear and  ex p on en tia lly  stable. R elaxing  these restrictions , and thus en larging the class 

o f  system s that ca n  b e  a d a p tiv e ly  con tro lled  using on ly  ou tp u t m easurem ent, is a to p ic  o f  

further research.
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