Deutsches
m Forschungszentrum ResearCh
' far Kanstliche
Intelligenz GmbH RI?IEQ%:E

Adding Homomorphisms to
Commutative/Monoidal Theories

or:

How Algebra Can Help in Equational Unification

Franz Baader Werner Nutt

December 1990

Deutsches Forschungszentrum fir Kinstliche Intelligenz

GmbH
Postfach 20 80 Stuhlsatzenhausweg 3
D-6750 Kaiserslautern, FRG D-6600 Saarbriicken 11, FRG
Tel.: (+49 631) 205-3211/13 Tel.: (+49 681) 302-5252

Fax: (+49 631) 205-3210 Fax: (+49 681) 302-5341



Deutsches Forschungszentrum
far
Kinstliche Intelligenz

The German Research Center for Artificial Intelligence (Deutsches Forschungszentrum fir
Kinstliche Intelligenz, DFKI) with sites in Kaiserslautern und Saarbrticken is a non-profit
organization which was founded in 1988 by the shareholder companies ADV/Orga, AEG, IBM,
Insiders, Fraunhofer Gesellschaft, GMD, Krupp-Atlas, Mannesmann-Kienzle, Nixdorf, Philips
and Siemens. Research projects conducted at the DFKI are funded by the German Ministry for
Research and Technology, by the shareholder companies, or by other industrial contracts.

The DFKI conducts application-oriented basic research in the field of artificial intelligence and
other related subfields of computer science. The overall goal is to construct systems with
technical knowledge and common sense which - by using Al methods - implement a problem
solution for a selected application area. Currently, there are the following research areas at the
DFKI:

Intelligent Engineering Systems
Intelligent User Interfaces

Intelligent Communication Networks
Intelligent Cooperative Systems.

o000

The DFKI strives at making its research results available to the scientific community. There exist
many contacts to domestic and foreign research institutions, both in academy and industry. The
DFKI hosts technology transfer workshops for shareholders and other interested groups in
order to inform about the current state of research.

From its beginning, the DFKI has provided an attractive working environment for Al researchers
from Germany and from all over the world. The goal is to have a staff of about 100 researchers at
the end of the building-up phase.

Prof. Dr. Gerhard Barth
Director



Adding Homomorphisms to Commutative/Monoidal Theories, or:
How Algebra Can Help in Equational Unification

Franz Baader, Werner Nutt

DFKI-RR-90-16



A short version of this paper will appear in the Proceedings of the 4th International
Conference on Rewriting Techniques and Applications, Springer Verlag, 1991.

© Deutsches Farschungszentrum fiir Kiinstliche Intelligenz 1990

This work may not be copied or reproduced in whole or in part for any commercial purpose. Permission to
copy in whole or in part without payment of fee is granted for nonprofit educational and research purposes
provided that all such whole or partial copies include the following: a notice that such copying is by
permission of Deutsches Forschungszentrum fiir Kiinstliche Intelligenz, Kaiserslautern, Federal Republic
of Germany; an acknowledgement of the authors and individual contributors to the work; all applicable
portions of this copyright notice. Copying, reproducing, or republishing for any other purpose shall require
a licence with payment of fee to Deutsches Forschungszentrum fir Kinstliche Intelligenz.



Adding Homomorphisms to

Commutative/Monoidal Theories
or
How Algebra Can Help in Equational Unification

Franz Baader Werner Nutt

German Research Center for Artificial Intelligence (DFKI)

Postfach 2080, D-6750 Kaiserslautern, Germany
e-mail: {baader, nutt}@dfki.uni-kl.de

Abstract

Two approaches to equational unification can be distinguished. The syn-
tactic approach relies heavily on the syntactic structure of the identities
that define the equational theory. The semantic approach exploits the
structure of the algebras that satisfy the theory. If little is known of the
algebras involved, the first approach is useful, whereas the second is ap-
plicable to theories that describe algebraic structures which have already
been investigated in mathematics.

With this paper we pursue the semantic approach to unification. We
consider the class of theories for which solving unification problems is equiv-
alent to solving systems of linear equations over a semiring. This class has
been introduced by the authors independently of each other as commu-
tative theories (Baader) and monoidal theories (Nutt). The class encom-
passes important examples like the theories of abelian monoids, idempotent
abelian monoids, and abelian groups.

We identify a large subclass of commutative/monoidal theories that
are of unification type zero by studying equations over the corresponding
semiring. As a second result, we show with methods from linear algebra
that unitary and finitary commutative/monoidal theories do not change
their unification type when they are augmented by a finite monoid of ho-
momorphisms, and how algorithms for the extended theory can be obtained
from algorithms for the basic theory. The two results illustrate how us-
ing algebraic machinery can lead to general results and elegant proofs in
unification theory.
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1 Introduction

Equational unification is concerned with solving term equations modulo an equa-
tional theory. The theory is called unitary (finitary) if the solutions of an equation
can always be represented by one (finitely many) “most general” solutions. Oth-
erwise the theory is of type infinitary or zero. Equational theories which are of
unification type unitary or finitary play an important role in automated theorem
provers with built in theories [PL72, Ne74, SI74, St85], in generalizations of the
Knuth-Bendix algorithm [Hu80, PS81, JK86, Bm87], and in logic programming
with equality [JL84, GR86].

For that reason, determining unification types of equational theories is not
only interesting for unification theory but has also consequences for automated
reasoning. Of course, for practical applications it is not enough to know that a
given theory & is of type finitary.

One also needs a finite £-unification algorithm which computes the finitely
many most general solutions. Unfortunately, but not at all surprisingly, there
cannot be a general method which determines the unification type of an equa-
tional theory [Nu89]; and even if a theory is finitary it is still not clear whether
a unification algorithm exists.

Consequently, general methods which try to derive such an algorithm from
a given set of axioms for the theory are doomed to fail. One solution proposed
for this problem is to restrict the attention to certain classes of theories which
are defined by syntactic properties of the set of axioms (see e.g., [KK90]). These
efforts mostly depend on transformations of terms; they usually do not take the
properties of the algebras defined by the theory into account. On the other hand,
special purpose algorithms designed for theories of practical importance—such
as the theory of abelian monoids (AM), idempotent abelian monoids (AIM), and
abelian groups (AG)—often depend on algebraic properties of these theories.

The theories AM, AIM, and AG belong to the class of commutative theories—
roughly speaking, theories where the finitely generated free algebras are direct
products of the free algebras in one generator [Ba89a, Ba89b, Ba90]. It turns
out (see Section 3 below) that the class of commutative theories is—modulo a
translation of the signature—the same as the class of monoidal theories [Nu88,
Nu90].

Unification in these theories can always be reduced to solving linear equations
in certain semirings [Nu88]. On the one hand, this fact can be used to derive
general results on unification in commutative/monoidal theories. For example,
it can be shown that constant free unification problems are either unitary or
of type zero, and the unification type of a theory can be characterized by al-
gebraic properties of the corresponding semiring. These characterizations were
used in [Nu88, Ba89b, Nu90] to determine the unification types of several com-
mutative/monoidal theories. On the other hand, unification algorithms for cer-



tain commutative/monoidal theories—for example, the theory of abelian groups
with n commuting homomorphisms—can be derived with the help of well-known
algebraic methods for the corresponding semiring—for instance, Buchberger’s al-
gorithm for the ring Z[Xj,..., X,] of integer polynomials in n indeterminates
[Ba90].

Let us now reconsider two of the examples in [Ba89b, Ba90]. Using algebraic
properties of the semiring of polynomials with nonnegative integer coefficients,
N[X], it was shown in [Ba90] that the corresponding theory, i.e., the theory of
abelian monoids with a homomorphism, is of unification type zero. In contrast,
the theory of abelian monoids with an involution! is unitary (finitary w.r.t. uni-
fication with constants). In both cases, the corresponding semiring has a specific
structure: it is a monoid semiring S(H), i.e., a semiring & with an adjoint monoid
H. In the first example, the monoid H is the free monoid in one generator, which
is an infinite monoid, while in the second example, we have the cyclic group of
order two, which is finite. In both examples, the semiring S is the semiring N
of all nonnegative integers. This semiring corresponds to the theory AM of all
commutative monoids, which is a finitary commutative/monoidal theory.

In the present paper we shall consider commutative/monoidal theories where
the corresponding semiring is a monoid semiring S{H) more closely. The result
for the theory of abelian monoids with a homomorphism can now be generalized
to a whole class of theories as follows. If S is a strict semiring—i.e., a semiring
which is not a ring—and H is a free monoid then the corresponding commuta-
tive/monoidal theory is of unification type zero. On the other hand, assume that
S is a semiring such that unification in the corresponding commutative/monoidal
theory is unitary (finitary w.r.t. unification with constants), and let H be a finite
monoid. In that case, the theory corresponding to the semiring S{(H) is also of
unification type unitary (finitary w.r.t. unification with constants). This gener-
alizes the result for the theory of abelian monoids with an involution. Moreover,
a finite unification algorithm for the theory corresponding to & can be used to
derive a finite unification algorithm for the theory corresponding to S(H). These
two general results demonstrate the usefulness of the algebraic approach to uni-
fication. With this approach one can determine the unification types of whole
classes of theories. It is not at all clear how this could be achieved with a purely
syntactical approach.

The paper is organized as follows. After recalling some basic definitions con-
cerning equational theories, unification theory, and semirings in Section 2, we
shall introduce commutative theories and monoidal theories in Section 3. This
section will also contain a proof of the equivalence between commutative and
monoidal theories. In Section 4 we shall recall the algebraic characterizations of
the unification types for these theories, and give some examples for the results
which can be obtained using these characterizations. The next two sections con-

'An involution is a homomorphism h satisfying h?(z) = z.



tain the exact formulations and the proofs of the two general results mentioned
above. In the conclusion we shall state some interesting open problems in this
area.

2 Basic Definitions

In the following we assume that the reader is familiar with the basic notions of
universal algebra [Co65, Gr68]. For more information on unification theory see
[Si89]. The notions from category theory used below are for instance defined
in [Ba89a), or in any introductory textbook on categories. The composition of
mappings is written from left to right, that is, ¢ o ¥ or simply ¢1) means first
¢ and then 3. Consequently, we use suffix notation for mappings (but not for
function symbols in terms).

2.1 Equational Theories

We assume that two disjoint infinite sets of symbols are given, a set of function
symbols and a set of variables. A signature ¥ is a finite set of function symbols
each of which is associated with its arity. Every signature ¥ determines a class
of ¥-algebras and Y-homomorphisms. We define X-terms and X-substitutions
as usual. By [z1/t1,...,2,/t,] we denote the substitution which replaces the
variables z; by the terms ¢;.

An equational theory € = (X, E) is a pair consisting of a signature ¥ and a
set of identities E. The equality of ¥-terms induced by £ will be denoted by
=¢. Every equational theory £ determines a variety V(E£), the class of all X-
algebras satisfying each identity of E. For any set of generators X, the variety
V(&) contains a free algebra over V(&) with generators X, which will be denoted
by Fe(X). Thus any mapping of X into a X-algebra A can be uniquely extended
to a £-homomorphism of F¢(X) into A.

The following category C(£) is associated with each equational theory £ =
(X, E): the objects of C(£) are the free algebras F¢(X) for finite sets of variables
X, the morphisms of C(£) are the ¥-homomorphisms between free algebras, and
the composition of morphisms is the usual composition of mappings. The set of
all objects of C(€) will be denoted by F(£), and the set of all morphisms from
an object Fg(X) to an object Fg(Y) by hom(Fe(X),Fe(Y)). The coproduct
of Fe(X) and F¢(Y) in C(€) is given by the free algebra Fe(X WY'), where ¥
denotes disjoint union. If |X| = |Y|, then Fg¢(X) and Fg(Y) are isomorphic.
Thus F¢(X) is the coproduct of the isomorphic objects Fg(z) for z € X, where
z is used as abbreviation for the singleton {z}.



2.2 Unification

Let £ = (X, E) be an equational theory. An E-unification problem is a finite
sequence of equations I' = (s; =¢; | 1 <1 < n), where s; and ¢; are E-terms. A
substitution # is called an E-unifier of I' if s;0 =¢ t;0 for each i. The set of
all £-unifiers of I' is denoted by Ug(I'). In general one does not need the set of
all £-unifiers. A complete set of £-unifiers, i.e., a set of £-unifiers from which all
unifiers may be generated by £-instantiation, is usually sufficient. More precisely,
for every set of variables V' we extend =¢ to a relation =¢ vy between substitutions,
and introduce the £-instantiation quasi-ordering <gy as follows:

e o=¢vl iff zo=gzbforallzeV
o 0 <gv 0 iff there exists a substitution A such that @ =gy oo A.

A set C C Ug(I') is a complete set of E-unifiers of I' if for every unifier 0 of I’
there exists o € C such that o <¢y 6, where V is the set of variables occurring
in I'. For reasons of efficiency, this set should be as small as possible. Thus one is
interested in minimal complete sets of £-unifiers. In minimal complete sets two
different elements are not comparable w.r.t. £-instantiation.

The unification type of a theory £ is defined with reference to the existence
and cardinality of minimal complete sets. The theory £ is unitary (finitary,
infinttary, respectively) if minimal complete sets of £-unifiers always exist, and
their cardinality is at most one (always finite, at least once infinite, respectively).
The theory £ is of unification type zero if there exists an £-unification problem
without a minimal complete set of £-unifiers.

If the terms in the unification problems may contain free constants, we talk
about wunification with constants, otherwise we talk about unification without
constants. If nothing else is specified, “unification” will mean “unification without
constants.”

An E-unification problem I' = (s; = ¢,...,s, =) can be reformulated as a
problem for morphisms in the category C(£). Let Y be the finite set of variables
occurring in some s; or t;. Evidently, we can consider s; and t; as elements of
Fe(Y). Since we do not distinguish between =g¢-equivalent unifiers, any £-unifier
can be regarded as a ¥-homomorphism from F¢(Y) into F¢(Z) for some finite
set of variables Z. Let X = {zy,...,z,} be a set of cardinality n. We define
Y-homomorphisms o, 7: Fg(X) — Fe(Y) by zi0 := s; and z;7 := t;. Now,
8:Fe(Y) — Fe(Z) is an E-unifier of T if and only if 2,06 = 8,6 = t;6 = z;76
for all ¢z, that is, if and only if 06 = 76. This observation justifies to conceive
E-unification as a problem involving only morphisms of the category C(£): given

o, T:Fe(X) = Fe(Y), find a 6: Fe(Y) — Fe(Z) such that 06 = 76.



2.3 Semirings

A semiring S is a tuple (S§,+,0, -,1) such that (§,4,0) is an abelian monoid,
(S,+,1) is a monoid, and all ¢, r, s € S satisfy the equalities

l. (¢g+r)-s=q-s+r-s 3. 0:8=8:0=0.
2. q-(r+8)=q-r+q-s

The elements 0 and 1 are called zero and unit. Semirings are different from
rings in that they need not be groups w.r.t. addition. Obviously, any ring is a

semiring. A prominent example for a semiring which is not a ring is the semiring
N of nonnegative integers.

Similar to the construction of polynomial rings over a given ring, one can use
a semiring & and a monoid H to construct a new semiring, namely the monoid
semiring S(H). As for polynomials, the elements of the monoid semiring may
be represented as sums of the form Y ,¢y sip-h where only finitely many of the
coefficients s, € § are nonzero. The zero element of S(H) is the sum where all
the coefficients are zero, and the unit element is the sum where only the unit of
H has a coefficient different from zero and this coefficient is the unit element of
S. Addition and multiplication in S{(H) are defined as follows:

Zsh-h+ thh = Z(sh‘l'th)‘h

heH heH heH

2spf 2 teg = (2 stk

feH g€H h€eH h=fg

Il

Polynomial semirings are special cases of monoid semirings. For example, the ring
Z[X,,...,X,] of integer polynomials in n indeterminates is the monoid semiring
Z(FAM,) where FAM, denotes the free abelian monoid in n generators.

As mentioned in the introduction, unification in commutative/monoidal the-
ories can be reduced to solving systems of linear equations in certain semirings.
Similar to unification in abelian monoids [LS75], problems without constants will
correspond to systems of homogeneous equations. For problems with constants
oné has to solve in addition systems of inhomogeneous equations.

Modules over semirings are a generalization of vector spaces over fields. Since
(S,:,1) need not be commutative, we have to distinguish between left and right
S-modules. Solutions of homogeneous systems form right S-modules. The uni-
fication type of a theory will depend on whether these modules are finitely gen-
erated or not. A subset M of the n-fold cartesian product 8™ is a finitely gen-
erated right S-module if there exist finitely many z,,...,2x € 8™ such that
M = {2181 + -+ +z8% | 81,...,8: € S}.

Solutions of inhomogeneous systems do not form right modules, but unions
cosets of right modules. For the unification type it will be crucial how many
cosets are needed to represent all solutions. If M C 8™ is a right S-module, and



N is a subset of 8™, then NV is a coset of M if there exists some y € S™ such that
N = {y+z | z € M}. Consequently, the set N is a finite union of cosets of M
if there exist finitely many y;,...,yx € 8™ such that N = Ule{yf +z|z€ M}.

3 Commutative and Monoidal Theories

In this section we shall give the definitions of commutative and monoidal theories,
and show in what sense these two notions are equivalent.

3.1 Definitions and Examples

Motivated by the categorical reformulation of £-unification (see Subsection 2.2),
the class of commutative theories is defined by properties of the category C(£) of
finitely generated £-free algebras as follows: an equational theory £ is commuta-
tive if the corresponding category C(&) is semiadditive (see [HS73, Ba89a] for the
definition and for properties of semiadditive categories). In order to give a more
algebraic definition we need some additional notation from universal algebra.

Let £ = (X, F) be an equational theory. A constant symbol e of the signature
¥ is called idempotent in £ if for all symbols f € £ we have f(e,...,e) =¢ e.
Note that for nullary f this means f =¢ e.

Let K be a class of X-algebras. An n-ary implicit operation in K is a fam-
ily o = {oa | A € K} of mappings o4: A — A which is compatible with all
homomorphisms, i.e., for all homomorphisms w: A — B with A, B € K and all
ai,...,a, € A, we have (04(a,...,a,))w = og(ajw,...,a,w). In the sequel we
shall omit the index and just write o in place of 04. X-terms induce implicit
operations on any class of ¥-algebras in the following way: let ¢ be a -term and

let zy,...,z, be a sequence of variables such that all the variables occurring in
t are contained in this sequence. The n-ary implicit operation (¢;zy,...,2,) is
defined by

(@1y...,8,) — t[z1/ay,...,T0/as).
For example, assume that the signature consists of a binary symbol “-” and a

1»

unary symbol “~'” and let K be the class of all groups. Then the binary implicit
operation (z - y~';x,y) expresses division in a group. If we apply this operation
to a pair of group elements a, b, we obtain the quotient @ - b='. For the classes
V(€) and F (&) all implicit operations can be defined by X-terms [La63].

We are now ready to give an algebraic definition of commutative theories. An
equational theory £ = (X, E) is called commutative if the following holds:

1. the signature X contains a constant symbol e which is idempotent in £

2. there is a binary implicit operation “*” in F(€) such that



(a) the constant e is a neutral element for “+” in any algebra Fg¢(X) €
F(€)

(b) for any n-ary function symbol f € X, any algebra F¢(X) € F(€),
and any $i,...,8n, t1,...,tn € F(E) we have f(s; *11,...,8, *t,) =
Fldss o0y 80) % Tty sta):

Though it is not explicitly required by the definition, the implicit operation
turns out to be associative and commutative (see [Ba89a], Corollary 5.4). This
justifies the name “commutative theory.”

Well-known examples of commutative theories are the theory AM of abelian
monoids, the theory AIM of idempotent abelian monoids (sometimes called AC1
in the literature), and the theory AG of abelian groups (see [Ba89al]). In these
theories, the implicit operation “x” is given by the explicit binary operation in
the signature. An example for a commutative theory where “x” i

Wy n
*

is really implicit
can also be found in [Ba89a] (Example 5.1). We shall now consider examples
of commutative theories where the signature contains some additional function
symbols (see [Ba90, Nu90] for more examples).

Examples 3.1 We consider the following signatures: ¥ := {+,0,k}, where “+”
is binary, 0 is nullary, and h is unary; A := {+,0, f}, where “+” is binary, 0 is
nullary, and f is binary; and Q := {+,0,—,¢}, where “+” is binary, 0 is nullary,
and — and z are unary.

AMH = (X, Eamu ), the theory of abelian monoids with a homomorphism. Eavy
consists of the identities which state that “4” is associative, commutative
with neutral element “0”, and the identities which state that A is a homo-
morphism, i.e., the identities k(z + y) = h(z) + h(y), h(0) = 0.

AMIn = (X, Eamm), the theory of abelian monoids with an involution. Eamin
consists of the identities of Exmu, and the additional identity h(h(z)) = z,
which states that A is an involution.

COM = (A, Ecom). Ecom consists of the identities which state that “+” is
associative, commutative with neutral element 0, and the identities f(z +
'y +y') = f(z,y) + f(2',y') and f(0,0) = 0 which ensure that COM is

really commutative.

GAUSS = (2, Egauss). Ecauss consists of the identities which state that “+” is
the binary operation of an abelian group with neutral element 0 and inverse
—, and the additional identity = + i(¢(z)) = 0.

With the exception of the third example, the additional function symbols—
i.e., the function symbols apart from the binary symbol yielding the implicit
operation, and the idempotent constant symbol—are all unary symbols. This



motivates the definition of monoidal theories. An equational theory £ = (X, F)
is monoidal if

1. ¥ contains a constant symbol 0, a binary function symbol “+”, and all the
other symbols in ¥ are unary

2. “4” is associative and commutative
3. 0 is the neutral element for “+7, that is, 0+ z =g 2+ 0=¢ 2z

4. every unary symbol h is a homomorphism for “+” and 0, that is, h(z+y) =¢
h(z) + h(y) and h(0) =¢ 0.

It is easy to see that monoidal theories are always commutative theories. Obvi-
ously, the theories AM, AIM, AG, AMH, AMIn, and GAUSS are monoidal. The
theory COM is not monoidal, since its signature contains an additional binary
function symbol. However, we shall see in the next subsection that COM may
also be regarded as monoidal theory if the signature is translated appropriately.

3.2 Adding Monoids of Homomorphisms

There is an interesting difference between the theory GAUSS on the one hand,
and the theories AMH and AMIn on the other hand. The additional identity
z +1(2(z)) = 0 in the theory GAUSS establishes a closer connection between the
unary symbol ¢ and the binary symbol “+” than just the fact that i is a homo-
morphism for “+”. This is not the case for the additional identity h(h(z)) = h(z)
in AMIn which says something about h alone. This observation will now be put
into a more general setting.

Let £ = (X, E) be a monoidal theory, and let H be a monoid generated by
the finitely many elements hy, ..., h,. We define the augmented theory £(H) =
(X', E') as follows: the signature ¥’ extends ¥ by the unary function sym-
bols hi,...,h,; the set of identities E’ extends E with the identities which
state that hy,...,h, are homomorphisms, and the identities {h; (... h; (z)...) =
hjy(...hj(x)...) | hiy...hiy = hj,...hj, holds in H}. In Sections 5 and 6 we
shall study unification in theories of the form £(H).

The theory AMH is AM(h*) where h* stands for the free monoid in one gen-
erator, and AMIn is AM(Z,) where Z, stands for the cyclic group of order 2,
i.e., Z, consists of two elements e and h, and the multiplication in Z; is defined
as ece = €, h-e = e-h = h, and h-h = e. On the other hand, one can prove
that GAUSS cannot be represented in the form AG(H) because of the interaction
between ¢ and “+” stated by z + i(i(z)) = 0.

10



3.3 Commutative and Monoidal Theories are Equivalent

Next we show that by means of a signature transformation every commutative
theory can be turned into a monoidal theory that, from the viewpoint of unifica-
tion, is equivalent.

Let ¥ and X' be signatures. A signature transformation from L' to ¥ is a
mapping 6 that associates to every ¥'-term a £-term such that

1. 20 = z for every variable z

2. f(tiy.- s t2)0 = (f(z1,...,22)0)[z1/110,. .. ,x,/t,0) if f is an n-ary symbol
and z,,...,z, are n distinct variables.

It follows from the definition that @ is completely defined by the images of the
flat terms f(z1,...,2,) where f ranges over ¥’. Intuitively, 0 interprets every X'
symbol by a ¥-term, and then extends this interpretation consistently to arbitrary
¥'-terms.

To every commutative theory & = (X, E') we associate a theory £= (Af], E) and
a signature transformation @ from ¥ to ¥ as follows. The signature ¥ consists
of a constant 0, a binary symbol “+”, and unary symbols fi,..., f, for every
n-ary symbol f € ¥, where n > 1. To define the set of identities E we need
the transformation 6. Let e be the idempotent constant in € and let (.;z,y)
be the pair corresponding to the implicit operation “*” in £. We define 6 by
00 :=e, (x +y)0 :=t., and fi(z)0 := f(e,...,z,...,€e), where f(e,...,z,...,€)
has the variable z in the :-th argument position and the constant e in the other
positions. Now, with the help of this signature transformation we define E as
E:={3=1|50 =¢ i0}. That is, E is the preimage of =¢ under 6.

Proposition 3.2 Let £ = (%, E) be a commutative theory with associated theory
£ = (X, E) and signature transformation 6. Then:

1. € is a monoidal theory
2 & =§f implies 30 =¢ 10 for all S-terms 3, f.

Proof. 1. Since the implicit operation “x” is associative and commutative, the

same is true for “4+”. From part (2.b) of the definition of commutative theories
we conclude that every f; is a homomorphism for “+”. Finally, since e is neutral
for “x”, we have that 0 is a zero for “+”, and since e is idempotent, we conclude
that 0 is a zero for the homomorphisms f;.

2. The claim follows from the definition of E and the fact that E is a stable
congruence. a

Let £ = (X, E) and £ = (X', E’) be equational theories. We say that £ and
&' are equivalent if there exist signature transformations ¢ from ¥ to ¥’ and 6
from ¥’ to ¥ such that

11



1. s =¢ t implies s0' =g t0' for all L-terms s and ¢ and s’ =g t' implies
s'0 =¢ t'6 for all ¥'-terms s’ and ¢’

2. 86’0 =¢ s for all X-terms s, and s'00' = s’ for all X'-terms s'.

The first condition means that # and #' can be seen as mappings on equivalence
classes of terms. The second says that @ and ¢’ are inverses of each other modulo
the equational theories.

One of the most prominent examples of equivalent theories are boolean rings
and boolean algebras. If two theories are equivalent they describe essentially the
same structures. More precisely, if £ and £ are equivalent, then the categories
C(€) and C(E&’) are isomorphic, and so are the varieties of £ and &' [TaT9]. Since
unification properties of a theory £ depend on the category C(£), it follows that
equivalent theories share the same unification properties.

Theorem 3.3 Let £ = (X, E) be a commutative theory with associated theory
E=(X,F). Then £ and £ are equivalent.

Proof. Let 6 be the signature transformation from £ to £. To show the
equivalence of £ and £ we exhibit a signature transformation 0 from ¥ to £ and
show that 6 and @ have the required properties. We define 8 by ef = 0, and
f(z1y. .. 2n)0 = fi(z1) + -+ + falzn) for every n-ary symbol f in X.

By Proposztlon 3.2 we already know that § =z i implies 30 =¢ 10 for all
$-terms 8, 3

Next we prove that s00 =¢ s for every E-term s. For this purpose it suffices

to show the claim for flat terms of the form f(z;,...,z,). For such terms we
have
f(Z1ye.,22)00 = (filz1) 4+ fu(zn))0
= (@180 i ® . .oq8yity)
= f(zr*ex---*e,...;ex - - xe*xx,)
=£ f(x'l\'--axn)t

where the first two equalities follow from the definition of 6 and 6, and the last
two equalities follow from parts (2.b) and (2.a) of the definition of commutative
theories.

To show that 360 =z § for every $-term §, it suffices by the definition of £ to
show that 3000 =¢ 30, which is a consequence of the fact that s00 =¢ s for every
Y-term s.

Finally, we show that for all £-terms s, t we have that s =¢ ¢ implies s =z 0.
But this follows again from the definition of E, since s00 =¢ s =¢ t =¢ t00 then
yields s0 =z 6. O

From this result it follows that from the viewpoint of unification there is no
difference between commutative and monoidal theories.
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4 Unification in Commutative/Monoidal The-
ories

First we shall show the connection between unification modulo commutative/mo-
noidal theories and solving linear equations in semirings. In [Ba89a] the following
properties for a commutative theory £ are shown within the categorical frame-
work, using well-known results for semiadditive theories.

1. The implicit operation “#” required in the definition of commutative the-
ories induces a binary operation “+” on any morphism set hom(Fg(X),Fe(Y))
as follows: for o, 7: F¢(X) — Fe(Y) we define o + 7 by t(o + 7) := (to) * (tr) for
all t € F¢(X). This operation is associative and commutative, and it distributes
with the composition of morphisms. The morphism 0: F¢(X) — F¢(Y') defined by
z +— e for all z € X, where e is the idempotent constant required in the definition
of commutative theories, is a neutral element for “4+” on hom(Fg(X), Fe(Y)).

2. The cartesian product of F¢(X) and Fg(Y) is also a product in the cate-
gorical sense. Furthermore, the product is isomorphic to the coproduct, that is
Fe(XWY) ~ Fe(X) x Fe(Y).

3. Consider o: Feg(X) — Fe(Y). Let u, for € X be the injections of the
coproduct Fg(X) = @,ex Fe(z) and p, for y € Y be the projections of the
product F¢(Y) = ®,ey Fe(y)- Then o is uniquely determined by the matrix
M, = (uz0py),ex ey For o, 11 Fe(X) — Fe(Y) and 8: Fe(Y) — Fe(Z), we
have M., = M, + M,, and M,s = M, M;.

As an example, consider the morphism o = [z1/h(y1),z2/y1 + h*(y2)] from
Famu(z1,z2) to Famu(vi,y2). Then o is determined by the matrix

M. = ( o1 012 ) o ( [z1/h(y1)] [21/0] )
i O 022 [z2/v:1] [z2/h*(y2)] )

Let 1 be an arbitrary set of cardinality one. Property 1 from above yields that
the set hom(Fg(1),Fe(1)) with addition “4+” and composition as multiplication
is a semiring, which will be denoted by Sg. Any F¢(z) is isomorphic to F¢(1), and
thus, for | X| = n, F¢(X) is the n-th power and copower of F¢(1). Consequently,
for o: Fe(X) — Fe(Y), the entries uzop, of the |X|x|Y|-matrix M, may all
be considered as elements of Sg. That means that all morphisms in C(£) can be
written as matrices over the semiring Sg. Addition and multiplication of matrices
correspond to addition and composition of morphisms, as stated in Property 3
above.

As an example, consider an arbitrary morphism v: Famu(y) — Famu(y).
Then there exist ao, . ..,ar € N such that yy =amu aoy + a1kh(y) +. .. + ach*(y).
We associate with the morphism 7 the polynomial ag 4+ a; X + ... + ax X*, which
is an element of the semiring N[X] of polynomials in one indeterminate X with
nonnegative integer coefficients.
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The morphism o = [z1/h(y1), z2/y1 + h*(y2)] from above and the morphism
8 = [y1/h(2),y2/22] can be expressed by the matrices

X 0 X
Ma:(l Xz) and M.;=(2)

over N[X]. An easy calculation shows that the morphism o6 = [z;/h%(2),
T2/h(z) + 2h*(z)] corresponds to the matrix M, M;.

Examples 4.1 The theories of Example 3.1 yield the following semirings (see
[Nu90, Ba90]).

SamH, the semiring corresponding to the theory AMH of abelian monoids with
a homomorphism, is isomorphic to N[X], the semiring of polynomials in
one indeterminate X with nonnegative integer coefficients.

Sammm, which corresponds to the theory of abelian monoids with an involution,
is the monoid semiring N(Z;), where Z; denotes the cyclic group of order
2,

Scowm, the semiring corresponding to the theory COM, is isomorphic to N(X,Y),
the semiring of polynomials in two noncommuting indeterminates X, ¥ with
nonnegative integer coefficients. Note that N(X,Y’) is the monoid semir-
ing N({X,Y}"), where {X,Y}* denotes the free monoid in two generators
> ik 2

Sgauss is isomorphic to the ring of Gaussian numbers Z & iZ, consisting of the
complex numbers m + in, where m,n € Z.

The first two examples suggest that there is a close connection between aug-
menting a commutative/monoidal theory by a monoid (as defined at the end of
Subsection 3.1) and adjoining a monoid to the corresponding semiring (as de-
fined in Subsection 2.3). For AMIn = AM(Z,), for instance, one verifies that the
semirings Sam(z,) and Sam(Zz) are isomorphic. It is easy to see that this kind of
connection holds in general.

Theorem 4.2 Let £ be a commutative/monoidal theory, and let H be a finitely
generated monoid. Then Sg(py, the semiring corresponding to € augmented by
H, and the monoid semiring S¢(H) are isomorphic.

Proof. Let & = (L, E') be a commutative/monoidal theory and H be a monoid

generated by the finitely many elements hy,..., h,. Then E(H) has the signature
E’ = E U {h],-. v ,hn}.
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We shall construct a semiring isomorphism that maps every element v € Sg(p)
to an element 4 € Sg(H). Recall that the elements of Sg(yy are the ¥'-homomor-
phisms from Fg(y(1) to Fe(sy(1) where 1 = {z} is a singleton. Let 4 be such a
Y'-homomorphism. Then 7 is uniquely determined by the element zy. Without
loss of generality we can assume that zy =gy 0% hia(. .. (hin,(2:)) . ..) where
the t;’s are L-terms. For every i = 1,...,m let 4; be the ¥-homomorphism from
Fe(1) to Fe(1) defined by z7v; := t;. Then we have v; € Sg. We define 4 as
§im T, % + b+ hing € Se(H).

One can verify that the definition of 4 does not depend on the particular
presentation of 4 and that the mapping “*” is bijective. Exploiting the fact that
hi, ..., h, are homomorphisms in £(H) one shows that “°” is compatible with
the semiring operations and hence is a semiring isomorphism. a

The isomorphism of Sy and Sg(H) will be used in the next two sections to
study the unification problem for £(H) in an algebraic setting.

In Subsection 2.2 we have seen that &£-unification can be reformulated as
unification in the category C(€). A unification problem in C(£) is given by a
pair of morphisms o, 7, and unifier is morphism é such that o6 = 76. If we
translate the morphisms into matrices over Sg, this means that an E-unifier cor-
responds to a matrix M over 8¢ such that M, M = M, M. This correspondence
is used in [Nu88, Nu90, Ba90] to characterize the unification types of commuta-
tive/monoidal theories by algebraic properties of the corresponding semirings.

Theorem 4.3 A commutative/monoidal theory £ is unitary w.r.t. unification
without constants if and only if Sg satisfies the following condition: for any pair
M,, M, of mxn-matrices over Sg the set

UM, M,) :={z € S" | M,z = M,z}
is a finitely generated right Sg-module.

If U(M,, M) is generated by z;,...,zx € S¢", then the matrix which has
Ty,...,T, as columns corresponds to a most general £-unifier of o and 7.

"Since constant-free unification problems in commutative/monoidal theories
are either unitary or of type zero [Nu88, Ba89a, Nu90], the theorem yields that the
theory £ is of type zero iff there exist matrices M, , M, over S¢ such that the right
Se-module U (M, , M, ) is not finitely generated. Using this characterization, it can
be shown that the theories AMH and COM are of type zero (see [Ba89a, Ba90]).
The theories AMIn and GAUSS are unitary w.r.t. unification without constants
(see [Ba89a] for the first, and [Nu90] for the second result).

For unification with constants, we have to solve—in addition to homogeneous
systems M,z = M,z of linear equations over Sg—inhomogeneous systems of the
form M,z +a = M,z + b, where a,b € S¢™. The solutions of the inhomogeneous
equations together with the generators of U(M,, M;) can then be translated into
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unifiers in a way that is similar to the unification method for AM described in

[LST75].

Theorem 4.4 Let £ be a commutative/monoidal theory which is unitary w.r.t.
unification without constants. Then &£ is unitary (finitary) w.r.t. unification with
constants if and only if S¢ satisfies the following condition: for any pair M,, M,
of mxn-matrices over Sg, and any pair a, b € Sg™ the set

{z € 8" | Myz+a= M,z + b}
is a coset (finite union of cosets) of the right Sg-module U(M,, M.).

This characterization can be used to show that AMIn is finitary w.r.t. unifi-
cation with constants. The theory GAUSS is even unitary w.r.t. unification with
constants. This is due to the fact that Sgauss =~ Z & 1Z is a ring, and not only
a semiring. In fact, let Sg be a ring, and let zy be an arbitrary solution of the
equation M,z + a = M,z + b. Then any solution y of this inhomogeneous equa-
tion is of the form y = z¢ + 2z, where z := y — z; is a solution of the homogeneous
equation M,z = M,z. This shows that any solution y of the inhomogeneous
equation is an element of the coset {zo + z | 2 € U(M,, M,)}. Conversely, any
element of this coset is a solution of the inhomogeneous equation.

5 A Sufficient Condition for Unification Type
Zero

In this section we shall generalize the “type zero” result for the theory AMH to
a whole class of commutative/monoidal theories. This class will be defined by
properties of the corresponding semiring. Before we can do that, we need one
more notation.

Let § be a semiring which is not a ring. That means that the abelian monoid
(8,+,0) is not a group, i.e., there exists an element p € S such that, for all ¢ € S,
we have p+¢ # 0. We shall call such an element p of § non-invertible. An element
s € § which has an inverse w.r.t. “+” is called invertible. For the semiring N,
all elements different from 0 are non-invertible. For the direct product N x Z, an
element (n, z) is invertible iff n = 0. Here are some trivial facts about invertible
and non-invertible elements.

1. The elements s,,..., s of S are invertible if and only if their sum s;+- - - 454
is invertible.

2. The element 3",y si-h of the monoid semiring S{H) is non-invertible if
and only if there exists h € H such that s, is non-invertible in §. Thus, if
S is not a ring, then S{(H) is not a ring for any monoid H.
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Recall that the theory AMH corresponds to the semiring N[X] of polynomials
in one indeterminate X with nonnegative integer coefficients. That means that
we have a monoid semiring S(H) where all the nonzero elements of S are non-
invertible, and where the monoid H is the free monoid X* in one generator. The
“type zero” result for AMH can now be generalized to the case where & contains
at least one non-invertible element.

Theorem 5.1 Let £ be a commutative/monoidal theory such that the correspond-
ing semiring Sg is isomorphic to a monoid semiring S(X*). If § is not a ring,
i.e., if § contains at least one non-invertible element, then £ is of unification type
zero.

As mentioned before the monoid semiring §(X™) is just the polynomial semir-
ing S[X]. The theorem is proved if we can find matrices M,, M, over S§[X] such
that the right S[X]-module U(M,, M,) is not finitely generated.

In the following we shall show that the 1x3-matrices M, := (X, X,0) and
M. := (0,1, X?) have the required property. Thus we consider the homogeneous
linear equation

X z+X -z = z294X% 25 (1)

which has to be solved by a vector L € S[X]°. If L is such a vector, we denote
its components by L(1) L(2) L)

Let p be a non-invertible element in §. Obviously, for any n > 1, the vector L,
which consists of the components L{) := p, L?) := pX 4.4 pX"+! LB .= px©
is a solution of (1).

Now assume that U(M,, M,) is finitely generated, i.e., there exist finitely
many solutions G, - - -, Gy, of (1) which generate all the solutions of (1). Let n > 1
be arbitrary but fixed. Since L, is a solution of (1) there exist Iy, -, I, € S[X]
such that

L. =Y Gil. (2)
==l

If we consider (2) in the first component, we get p = 37| GM. Fori=1,...,m,

let p; € S be the constant coefficient of the polynomial GEI), and h; € § be the
constant coefficient of /;. The last equation implies that p = 7, p;h;. Since
p is non-invertible, there exists some j with 1 < j < m such that p;h; is non-
invertible.

Lemma 5.2 The polynomial Ggs} is of degree at least n.

17



Proof. Assume that the degree of G}B'} is less than n. Since Gj is a solution of
(1), we know that Gh; is also a solution, that is,

X -Gk + X -GPhi = GV + X2 - GV (3)
The components of the solution G;h; satisfy the following properties:

e The constant coefficient of the polynomial Gg-l)hj is e; := p;h;. Thus we
know by the choice of j that e, is non-invertible.

e The polynomial G}z}h_,- has constant coefficient 0.  This is an immediate
consequence of the equation (3).

o All the coefficients of G_E—s)hj are invertible. This can be seen by considering
equation (2) in the third component, which yields pX™ = Y7, G®1;. Since
G}g'}h,- contains only monomials of degree less than n, all these monomials
vanish during the summation. Consequently, all the coefficients of these
monomials have to be invertible.

From the fact that the coefficient of X in X - Gg”h,— is e; and in X - G'?}hj- is 0
we get by (3) that the coefficient of X in G¥h; + X?- Gk, is also e;. Hence,
the coefficient of X in G}zl h; is e;.

Starting with the fact the coefficient e; of X in G?}h_,‘ is non-invertible, we

shall now deduce that the coefficient of X? in G\”h; is also non-invertible. Since

the coefficient of X in G.[.l?}hj is ey, the coefficient of X? in X - ng)hj is also
e1. Thus the coefficient of X? on the left hand side of (3) is €’ := e; + € for
some e. The coefficient e’ is non-invertible because otherwise e; could not be
non-invertible. By (3), the coefficient of X? in ng)h_,- + X?. G?Jh_,- is also €.
Since all the coefficients of X? - Ggs)hj are invertible, this finally shows that the
coefficient e; of X? in G'g-?)hj is non-invertible.

This argument can be iterated to show that, for all £ > 1, the coefficient e;
of X* in Gﬁz}h}- is non-invertible. This is a contradiction to the fact that the

polynomial ng)hj has only finitely many nonzero coeflicients. a

We have just shown that, for any n > 1, there exists a j such that GES) is
of degree at least n. This is a contradiction to our assumption that there are
finitely many generators G; of all solutions of (1). This completes the proof of

the theorem.

6 Adding Finite Monoids of Homomorphisms

In this section we investigate commutative/monoidal theories that are augmented
with finite monoids of homomorphisms. In contrast to the case of free monoids,

18



that was treated in the previous section, we can derive the positive result that
adding finite monoids doesn’t change the unification type and that algorithms for
the original theory can be used to solve problems in the augmented theory.

An example for such a theory is AMIn, the theory of abelian monoids with
an involution. Recall that AMIn can be written as AM(Z,), and that the corre-
sponding semiring is IN(Z5). .

General Assumption. [In this section £ is a commutative/monoidal theory
and H 1is a finite monoid.

Since unification problems in £(H) are equivalent to systems of linear equa-
tions over Sg(H), our basic technique will be to reduce such systems to systems
of linear equations over Sg. As a first step we shall establish a one-to-one corre-
spondence between vectors.

Every vector € S¢(H)" has a unique representation as ¢ = ¥ ,c 5 zi-h where
ap € S¢™. As an example the vector

9
_ ( 1+h~h) € N(Z)
can be written as

[ le+2h) (1 2
x_(0-6+1-h)_(0)'e+(1)'h'

We can formally justify this notation if we consider 8¢ and H as subsets of Sg(H).
This can be done by identifying every element s € S¢ with s-e € Sg(H), where €
is the unit in H, and every element h € H with 1-h € Sg(H).

Suppose the elements of H are numbered as hy,..., Ay If z € S¢(H)" has
a representation as * = xy,-hy + -+ + Thy +hin|, we define

Tk,

€ SgﬂIHI

=)
I

Thym)

as the vector obtained from z by writing the vectors z; one below another. Con-
tinuing our example from above we have

g =

1
0
2
1
We thus obtain a bijection between Sg(H)" and S¢™¥!. In particular, every vector

in S¢™¥ has a representation as Z for some z € Sg(H)". Obviously, for all z,
y € Se™H and all s € S¢ we have

rT+y=%+79 and Fa= T (4)
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In algebraic terms we can rephrase these equalities by saying that the mapping
“” is a right Sg-module isomorphism.

Next we will associate to every mxn-matrix M with entries in Sg(H) an
m|H|xn|H |-matrix M with entries in Sg, such that ‘ﬁzf‘;c = M7 holds for every
z € Se(H)". To derive an appropriate definition of M, observe that, similar to
a vector, the matrix M has a unique representation M = 3,y My-h, where the
M, are matrices with entries in Sg. Applying M to a vector = yields

Mz = (Y Mp-f)(D zo9) = ), Mzyfog

feH g€H f.geH
= D (3 Myzp)-h = 3 (3( 3 Mp)zy)-h.
heH h=fg heH geH h=f-g

This series of equalities says that the component of the vector Mz corresponding
to the element h is obtained by summing over all g the products (s, My)z,.
This shows that we have to define M as the m|H|xn|H|-matrix consisting of the
submatrices Lif

M= Y, M,

heH
hi=h-h,

where a sum over an empty set of indices is to be understood as the zero matrix.
With this definition we obtain

Ma = Ma. (5)

Returning to our example theory AMIn, consider a matrix M over N(Z,). If
M = M.-e + My -h, then the associated matrix is

— (M. M,
e (e )

Thus, our general approach gives us the same representation of unification prob-
lems in AMIn as the one derived in [Ba89a].

Next we apply our transformation technique to unification problems without
constants.

Proposition 6.1 Let M,, M, be mxn-matrices over S¢(H), and x € Sc(H)".
Then:

1. z € U(M,, M,) if and only if 7 € U(M,, M,)
2. U(M,,M,) is generated by z1, . . ., z} ifU(ﬁ?,, ﬂ,) is generated by ,, . .., Tk.
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Proof. 1. Let z € Sg(H)". Then we have z € U(M,,M,) if and only if
M:J:—M.’rlfandonly1fM:r—_M:r:1fandonly1fMz—Mxlfa.ndonlylf
TE L((M,, M, )«

2. It suffices to show that every z € U(MaLMTLis a linear combination
of z1,...,z¢. If z € U(M,, M), then T € U(M,,M,) by part (1). Hence,
T = Z1:81+- - -+ Tpsk. Using equalities (4), we conclude that z = zy-s1+- - -+ 28k
Thus, z i1s a linear combination of z,, ..., zs. O

If £ is unitary w.r.t. unification without constants, then for all matrices M,,
M, with entries from Sg(H) the right Sg-module U(M,, M,) is finitely generated,
and by the preceding proposition, U(M,, M) is finitely generated. Together with
Theorem 4.3 this proves our next theorem.

Theorem 6.2 If £ is unitary w.r.t. unification without constants, then E(H) is
unitary w.r.t. unification without constants.

The approach to unification problems with constants again consists in reduc-
ing a problem for £(H) to a problem for £. Speaking in terms of semirings, we
shall reduce inhomogeneous linear equations over Sg(H) to inhomogeneous linear
equations over Sg.

For a set S C Sg(H)" let S := {Z |z € S}.

Proposition 6.3 Let M,, M, be mxn-matrices with entries in Sg(H) and a,
be Se(H)™. Let N := {z € Se(H)" | Moz + a = M,z + b}. Then:

1. N={y e 8" | M,y +a= M,uy+b)

2. N is a coset (finite union of cosets) of U(M,, M), tfﬁ is a coset (finite
union of cosets) of U(M,, M, ).

Proof. 1. By equalities (4) and (5) it follows that for all z € S¢(H)" we have
M,z +a = M,z +bif and only if M,z +a = M,z +b. Since for every y € Se"|
there is a unique = € Sg(H)" such that y = Z, this yields the claim.

2. If N is a coset of U(MO,M ), then there exists a vector ¢ € Sg(H)" such
that N = {Z+y | y € U(M,,M,)}. Using equality (4) and Proposition 6.1 we
conclude that N = {z + z | 2 € U(M,, M,)}.

For the case that N is a finite union of cosets, the argument has to be slightly
generalized. a

By Theorem 4.4, the preceding result gives us a condition for £(H) to be
unitary or finitary.

Theorem 6.4 Suppose € is unitary w.r.t. unification without constants. If £ is
unitary (finitary) w.r.t. unification with constants, then E(H) is unitary (finitary)
w.r.t. unification with constants, if £ is unitary (finitary) w.r.t. unification with
constants.
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Propositions 6.1 and 6.3 tell us how we can use an algorithm for £ to solve
problems in £(H). An E£(H)-unification problem without constants is given by
mxn-matrices M,, M, with entries in Sg(py =~ Se(H). We compute the trans-
forms Ha and ﬂf and solve the equation ﬂ?,y = A?,y over Sg, which we can
do with the algorithm for £. If the set of solutions of the matrix equation over

S¢ is generated by vectors yy,...,yx € Se"H e compute z1,...,z; € Se(H)"
such that Z; = y;. Then the set of solutions of the original equation is generated
by z1,...,z; and the matrix M; that has z;,...,z as colums represents a most

general unifier of the given problem.

Since inhomogeneous linear equations over Sg(iy =~ Sg(H) can be transformed
into inhomogeneous equations over Sg, an algorithm for £ can be used in a similar
way as in the constant free case to solve unification problems with constants in

£(H).

7 Conclusion

Two approaches to solving unification problems can be distinguished. The first,
which might be called the “syntactic approach,” relies heavily on the syntactic
structure of the identities that define the equational theory (see for instance
[GS89, NR89, KK90]). The second, which we may characterize as the “semantic
approach,” exploits the structure of the algebras that satisfy the theory. If little
or nothing is known of the algebras involved, the first approach is useful, whereas
the second is applicable to theories that describe algebraic structures which have
been investigated in mathematics.

With this paper we pursue the semantic approach to unification. We have
combined techniques for commutative and monoidal theories that had been de-
veloped independently. We have shown that both classes of theories are essentially
the same in that every monoidal theory is commutative, and every commutative
theory can be turned into a monoidal theory by a signature transformation.

One of the major topics of research in unification in recent years was to con-
struct algorithms for the combination of equational theories. This problem has
been solved—at least in principle—for theories with disjoint signatures [SS89].
Of course, the case where signatures are not disjoint is too difficult to be treated
in full generality. We concentrated on a special case, namely the combination of a
commutative/monoidal theory with a monoid of homomorphisms. By exploiting
the algebraic structure of the canonical semiring associated to such a theory, we
have found combinations that are of unification type zero, and others that are of
type unitary or finitary. For the latter case we have pointed out how a unification
algorithm can be derived.

There still remain open questions for this kind of combination. We have
augmented a given theory either by free monoids or by finite monoids, but we do

22



not know what happens with infinite monoids that are not free.

The only commutative/monoidal theories of unification type zero that we
know are those described in this paper. They all have canonical semirings that
are not rings. It would be interesting to know whether there exist theories of
unification type zero for which the canonical semiring is a ring. Since every
semiring can be obtained from a commutative/monoidal theory this question can
be posed in purely algebraic terms: is there a ring such that the set of solutions
for some system of homogeneous linear equations is not finitely generated?

It is not known whether there exists a unitary or finitary equational theory
that is infinitary or of type zero for unification w.r.t. constants. This question has
been raised in the context of combining theories with disjoint signatures. A com-
bination algorithm requires that problems with free constants can be solved in
the single theories. We can reformulate the corresponding question for commuta-
tive/monoidal theories as an algebraic problem: does there exist a semiring such
that for every system of homogeneous equations the set of solutions is a finitely
generated right module, but there is a system of inhomogeneous equations such
that the corresponding set of solutions is not a finite union of cosets? Given the
substantial body of results in linear algebra, it is conceivable to find a semiring
satisfying this condition. Such a semiring would then give us an example of an
equational theory with the above property.
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