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Perturbation to Noether symmetry and adiabatic invariants are investigated for the generalized fractional Birkho
an system
with the combined Riemann-Liouville fractional derivative and the combined Caputo fractional derivative, respectively. Firstly,
di�erential equations of motion for the generalized fractional Birkho
an system are established. Secondly, Noether symmetry
and conserved quantity are studied. 	irdly, perturbation to Noether symmetry and adiabatic invariants are presented for the
generalized fractional Birkho
an mechanics. And �nally, several applications are discussed to illustrate the results and methods.

1. Introduction

Compared with the integer order model, the fractional order
model can describe the mechanical and physical behavior
of the complex system more accurately. Miller and Ross [1]
once pointed out that almost every �eld of science and engi-
neering involves fractional calculus. Fractional calculus has
been widely used in mathematics, physics, chemistry, signal
processing, engineering, and so on [2]. Riemann-Liouville
fractional derivative and Caputo fractional derivative are
in common use. Cresson [3] presented two more general
fractional derivatives in 2006, i.e., the combined Riemann-
Liouville fractional derivative and the combined Caputo
fractional derivative.

	e study of the fractional calculus of variations was
started in 1996, when Riewe [4, 5] was considering how to
deal with the friction force and other forms of dissipative
force in the classical mechanics and the quantum mechanics.
Since then, Agrawal [6, 7], Atanacković [8], Almeida [9,
10], and some other scholars [11, 12] also studied fractional
variational problems. However, all of the results were related
to Lagrangian system or Hamiltonian system. As a matter of
fact, there is a more general system called Birkho
an system,
which was introduced in 1927 [13]. Birkho
an mechanics is a
generalization of Hamiltonian mechanics, which is described
in detail in [14]. Birkho
an dynamics has gained signi�cant

headways [15, 16]. Recently, in [17], Luo �rst established
Birkho
anmechanicswith the combinedRiemann-Liouville
fractional derivative and the combined Caputo fractional
derivative.

	ere is a set of unique integral theory in analytical
mechanics, which is useful in solving di�erential equations
of motion. Besides, symmetry and conserved quantity can
help to reveal the intrinsic physical properties of the dynamic
system. 	e commonly used symmetry methods [18] are
Noether symmetry method, Lie symmetry method, and
Mei symmetry method. Noether symmetry refers to the
invariance of the Hamilton action under the in�nitesimal
transformations [19]. Lie symmetry refers to the invariance of
the di�erential equations of motion under the in�nitesimal
transformations [20]. Mei symmetry means the invariance
of the forms of the di�erential equations of motion when
the dynamical functions, such as the kinetic energy, the
potential energy, the generalized forces, the Lagrangian, the
Hamiltonian, and the Birkho
an, are replaced by the trans-
formed functions under the in�nitesimal transformations.
Many important research results have been achieved in terms
of symmetry and conserved quantity of the constrained
mechanical systems [21].

	e fractional symmetry and conserved quantity were
�rst studied by Frederico and Torres [22]. Based on the
Riemann-Liouville fractional derivative, they established the
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fractional Noether theorem. Bourdin et al. [23] presented a
new expression of the fractional conserved quantity and took
the fractional harmonic oscillator as an example. Based on
the Caputo fractional derivative, Muslih [24] extended the
fractional Noether theorem of �nite degree of freedom to the
fractional �eld theory and presented the conserved quantity
of the fractional Dirac �eld. In recent years, Zhang [25, 26],
Jia [27], and Zhang [28] studied the Noether symmetry
and conserved quantity of the fractional Birkho
an system.
Fu [29] investigated the Lie symmetry of the fractional
nonholonomic Hamiltonian system and the corresponding
inverse problem. Luo [30] presented the Mei symmetry and
conserved quantity of the generalized fractional Hamiltonian
system.

When the system su�ers small disturbance, the original
conserved quantity will change. Perturbation to symmetry
and adiabatic invariants are closely related to the integrability
of the system, and they have been widely used in many �elds,
such as mathematics, physics, and mechanics. 	e classical
adiabatic invariant refers to a slower physical quantity [31]
when a parameter changes slowly in the system. In 1981,
Djukić [32] discussed the disturbed Hamiltonian system and
gave the corresponding adiabatic invariant. In 1996, Zhao and
Mei [33] pointed out that adiabatic invariant was not just the
product of the Hamiltonian system. 	erea�er, perturbation
to symmetry and adiabatic invariants were studied in many
constrained mechanical systems such as the Lagrangian
system [34], the Hamiltonian system [35], the nonholonomic
system [36], and the Birkho
an system [37], as well as
the fractional constrained mechanical system [38, 39]. It is
worth mentioning that [39] presented conserved quantity
and adiabatic invariant for the fractional generalized Birkhof-
�an system on the basis of Riemann-Liouville fractional
derivative, where Riemann-Liouville fractional derivative is
one of the special cases of the combined Riemann-Liouville
fractional derivative.

Because the generalized fractional Birkho
an system and
the combined fractional derivatives are general, generalized
fractional Birkho� equation, Noether symmetry and con-
served quantity, and perturbation to Noether symmetry and
adiabatic invariant with the combined Riemann-Liouville
fractional derivative and the combined Caputo fractional
derivative will be studied here. 	en several special cases
of this paper will be discussed. 	is paper is organized
as follows. In Section 2, fractional derivatives and their
properties are reviewed. In Section 3, generalized fractional
Birkho� equation is established through the generalized
fractional Pfa�-Birkho�-d’Alembert principle. Noether sym-
metry and conserved quantity for the generalized fractional
Birkho
an system are presented in Section 4. Perturbation
toNoether symmetry and adiabatic invariant are investigated
in Section 5. And in Section 6, several applications are dis-
cussed.

2. Some Preliminaries on
Fractional Derivatives

Some fractional derivatives and their properties are listed in
this section [17, 40].

Let �(�) be continuous and integrable, then the le� and
the right Riemann-Liouville fractional derivatives are

��
�1��� � (�) = 1

Γ (� − �) (
d

d�)
� ∫�
�1
(� − �)�−�−1 � (�) d�, (1)
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����2� (�)
= 1
Γ (� − ) (−

d

d�)
� ∫�2
�
(� − �)�−�−1 � (�) d�, (2)

the le� and the right Caputo fractional derivatives are
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and the Riesz-Riemann-Liouville fractional derivative and
the Riesz-Caputo fractional derivative are
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�1���2� (�)
= 1
2Γ (� − �) (

d

d�)
� ∫�2
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where � and  are the orders of the fractional derivatives with� − 1 ≤ �,  < �.
	e combined Riemann-Liouville fractional derivative

and the combined Caputo fractional derivative are de�ned as

����,�	 � (�) = � ���1��� � (�) + (−1)� (1 − �) ������2� (�) , (7)

���,�	 � (�) = � ��1��� � (�) + (−1)� (1 − �) �����2� (�) , (8)

where �1��� and ����2 can help deal with dynamical systems

exhibiting the arrow of time and � determines the di�erent
quantity of information from the past and the future to keep
track of the past and the future of the dynamics.

When  = �, � = 1/2, formulae (7) and (8) reduce to for-
mulae (5) and (6), respectively. 	at is, the Riesz-Riemann-
Liouville fractional derivative and the Riesz-Caputo frac-
tional derivative are the special cases of the combined
Riemann-Liouville fractional derivative and the combined
Caputo fractional derivative.

Besides, when �,  �→ 1, we have
�1�1� = d

d� ,

��1�2 = − d

d� ,
��,�	 = � �1�1� + (−1)� (1 − �) ��1�2 = d

d� .
(9)
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	e formulae for fractional integration by parts are
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3. Generalized Fractional Birkhoffian System

Generalized fractional Birkho� equations in terms of the
combined Riemann-Liouville fractional derivative and the
combined Caputo fractional derivative are established in this
section.

Case 1. Based on the combined Riemann-Liouville fractional
derivative, the fractional Pfa� action and the generalized
fractional Pfa�-Birkho� principle have their forms as follows:

��� (�] (⋅))
= ∫�2
�1
(�� (�, �] (�)) ����,�	 �� (�) − � (�, �] (�))) d�,

(16)

∫�2
�1
[� (�� ����,�	 �� − �) + �� ] d� = 0,

��
�1��� ��� = � ���1��� ��,
��
����2��� = � ������2��,
��������=�1 = ��������=�2 = 0,

(17)

where �� = ��(�) is the Birkho� ’s variable, � = �(�, �]) is the
Birkho
an, �� = ��(�, �]) is the Birkho� ’s function, �� =Λ �(�, �])���, #, ] = 1, 2, ⋅ ⋅ ⋅ , 2�, � is the isochronous varia-
tion, � − 1 ≤ �,  < �, and Einstein summation convention
is used in this text.

When 0 < �,  < 1, it follows from
∫�2
�1
��� ⋅ � ���1��� �� d� = ∫
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(19)

that
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= ∫�2
�1
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= ∫�2
�1
[(*�]*�� ����,�	 �] − ���,�1−	�� −

*�
*�� + Λ �)

⋅ ���] d� = 0.
(20)

From the arbitrariness of the integration interval [�1, �2],
we have

(*�]*�� ����,�	 �] − ���,�1−	�� −
*�
*�� + Λ �)��� = 0. (21)

Formula (21) is called generalized fractional Pfa�-Birkho�-
d’Alembert principle with the combined Riemann-Liouville
fractional derivative.

Due to the independence of ���, we get
*�

]*�� ����,�	 �] − ���,�1−	�� −
*�
*�� + Λ � = 0. (22)

Equation (22) is called generalized fractional Birkho� equa-
tion with the combined Riemann-Liouville fractional deriva-
tive.

Case 2. Based on the combined Caputo fractional derivative,
the fractional Pfa� action and the generalized fractional Pfa�-
Birkho� principle have their forms as follows:

�� (�] (⋅))
= ∫�2
�1
(�� (�, �] (�)) ���,�	 �� (�) − � (�, �] (�))) d�,

(23)

∫�2
�1
[� (�� ���,�	 �� − �) + �� ] d� = 0,

�
�1��� ��� = � ��1��� ��,
�
����2��� = � �����2��,
��������=�1 = ��������=�2 = 0.

(24)

Similarly, when 0 < �,  < 1, we get
*�

]*�� ���,�	 �] − ����,�1−	�� −
*�
*�� + Λ � = 0. (25)

Equation (25) is called generalized fractional Birkho� equa-
tion with the combined Caputo fractional derivative.

Remark 1. When  = �, � = 1/2, from (22) and (25), we have

*�
]*�� ��1���2�] − ���1���2�� −

*�
*�� + Λ � = 0 (26)

and

*�
]*�� ���1���2�] − ��1���2�� −

*�
*�� + Λ � = 0. (27)

Equations (26) and (27) are called generalized fractional
Birkho� equations with the Riesz-Riemann-Liouville frac-
tional derivative and the Riesz-Caputo fractional derivative,
respectively.

Remark 2. When Λ � = 0, # = 1, 2, ⋅ ⋅ ⋅ , 2�, from (22), (25),
(26), and (27), we have

*�
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*�
*�� = 0, (28)

*�
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*�
]*�� ���1���2�] − ��1���2�� −

*�
*�� = 0. (31)

Equations (28)-(31) are consistent with the results in [17].

Remark 3. When 0 < �,  < 1, the relationships between
the Riemann-Liouville fractional derivative and the Caputo
fractional derivative can be deduced from their de�nitions

��
�1��� � (�) = 1
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d
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1
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⋅ ∫�
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d
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1

Γ (1 − �) ∫
�
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= 1
Γ (1 − �) ∫

�
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d
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+ 1
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�
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(� − �)−� d

d�� (�) d� = ��1��� � (�)

− 1
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	at is,

��
�1��� � (�) = ��1��� � (�) − 1

Γ (1 − �)
� (�1)
(� − �1)� . (33)

Similarly, we have

��
����2� (�) = �����2� (�) + 1

Γ (1 − )
� (�2)
(�2 − �)� . (34)
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Substituting formulae (33) and (34) into formulae (18) and
(19), we get

∫�2
�1
��� ⋅ � ���1��� �� d� = ∫

�2

�1
��� ⋅ ���1��� ��� d�

= ∫�2
�1
��� ⋅ [��1��� ��� − 1

Γ (1 − �)
��� (�1)
(� − �1)�] d�

= ∫�2
�1
��� ⋅ ��1��� ��� d� = ∫

�2

�1
���� ⋅ ������2�� d�

(35)

and

∫�2
�1
(1 − �)�� ⋅ � ������2�� d�

= ∫�2
�1
(1 − �) ��� ���1��� �� d�.

(36)

Using formulae (35) and (36), another form of the generalized
fractional Birkho� equation with the combined Riemann-
Liouville fractional derivative can be achieved

*�
]*�� ����,�	 �] − ����,�1−	�� −

*�
*�� + Λ � = 0. (37)

Similarly, another form of the generalized fractional
Birkho� equation with the combined Caputo fractional
derivative can be achieved

*�
]*�� ���,�	 �] − ���,�1−	�� −

*�
*�� + Λ � = 0. (38)

Remark 4. When  = �, � = 1/2, from (37) and (38), we can
get other forms of the generalized fractional Birkho� equa-
tions with the Riesz-Riemann-Liouville fractional derivative
and the Riesz-Caputo fractional derivative

*�
]*�� ��1���2�] − ��1���2�� −

*�
*�� + Λ � = 0, (39)

*�
]*�� ���1���2�] − ���1���2�� −

*�
*�� + Λ � = 0. (40)

Remark 5. When � = 1, it follows from (37) that

*�
]*�� ���1��� �] + ������2�� −

*�
*�� + Λ � = 0. (41)

Equation (41) is the generalized fractional Birkho� equation
with the Riemann-Liouville fractional derivative [39].

Remark 6. When � = 1, Λ � = 0, # = 1, 2, ⋅ ⋅ ⋅ , 2�, it follows
from (37) that

*�
]*�� ���1��� �] + ������2�� −

*�
*�� = 0. (42)

Equation (42) is the fractional Birkho� equation with the
Riemann-Liouville fractional derivative [41].

Remark 7. When �,  �→ 1, (22), (25), (26), and (27) all
reduce to the classical generalized Birkho� equation [21]

(*�]*�� −
*��
*�] ) ̇�] −

*�
*�� −

*��
*� + Λ � = 0. (43)

	e following discussions are all carried out under the
condition 0 < �,  < 1.
4. Noether Symmetry and Conserved Quantity

Assuming the in�nitesimal transformations are

� = � + Δ�,
�] (�) = �] (�) + Δ�], (44)

and their expansions are

� = � + :�00 (�, ��) + ; (:) ,
�] (�) = �] (�) + :�0

]
(�, ��) + ; (:) , (45)

where : is an in�nitesimal parameter and �00 and �0] are
in�nitesimal generators, ;(:) will be ignored in the following
calculation.

	e fractional Pfa� actions (16) and (23) will change
under the in�nitesimal transformations (44); we denote them
as Δ��� = ���(�](�)) − ���(�](�)) and Δ�� = ��(�](�)) −��(�](�)), respectively.
De�nition 8. 	e in�nitesimal transformations (44) are
called Noether symmetric transformations if and only if

Δ��� = −∫
�2

�1
[ d
d� (Δ>) + Λ ����] d�

(resp. Δ�� = −∫
�2

�1
[ d
d� (Δ>) + Λ ����] d�)

(46)

holds, where Δ> = :>0(�, �]), >0 is called a gauge function.
Noether symmetry can be veri�ed from Noether sym-

metric transformations.
It follows from formula (46) and

Δ��� = ��� (�] (�)) − ��� (�] (�)) = ∫
�2

�1
(�� (�, �] (�))

⋅ [� ���1��� − (1 − �) ������2] ����,�	 �� (�)
− � (�, �] (�))) d� − ∫�2

�1
(�� (�, �] (�))

⋅ ����,�	 �� (�) − � (�, �] (�))) d�
= ∫�2
�1
{�

]

RL��,�	 ��]

+ (�
]

d

d� RL��,�	 �] +
*�

]*� RL��,�	 �] − *�*� )Δ�
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+ (*�]*�� RL��,�	 �] − *�*��)Δ��

− � [�
]

1
Γ (1 − �)

d

d� (� − �1)
−� �] (�1) Δ�1]

+ (�
]

RL��,�	 �] − �) d

d�Δ� + (1 − �)

⋅ [�
]

1
Γ (1 − )

d

d� (�2 − �)
−� �] (�2) Δ�2]} d�

(47)

that

�
]

RL��,�	 (�0] − ̇�]�00)
+ (�

]

d

d� RL��,�	 �] +
*�

]*� RL��,�	 �] − *�*� ) �00

+ (*�]*�� RL��,�	 �] − *�*��) �0� − �
�
]Γ (1 − �)

⋅ d
d� (� − �1)

−� �] (�1) �00 (�1, �� (�1))

+ (�
]

RL��,�	 �] − �) ̇�00 + (1 − �) �
]Γ (1 − )

⋅ d
d� (�2 − �)

−� �] (�2) �00 (�2, �� (�2)) + >̇0

+ Λ � (�0� − ̇���00) = 0.

(48)

Formula (48) is called Noether identity with the combined
Riemann-Liouville fractional derivative.

Similarly, we have

�
]

C��,�	 (�0] − ̇�]�00)
+ (�

]

d

d� C��,�	 �] +
*�

]*� C��,�	 �] − *�*� ) �00

+ (*�]*�� C��,�	 �] − *�*��) �0�
− �

]

�
Γ (1 − �) (� − �1)

−� ̇�] (�1) �00 (�1, �� (�1))
+ (�

]

C��,�	 �] − �) ̇�00
+ (1 − �) �

]Γ (1 − ) (�2 − �)
−� ̇�] (�2) �00 (�2, �� (�2))

+ >̇0 + Λ � (�0� − ̇���00) = 0.

(49)

Formula (49) is called Noether identity with the combined
Caputo fractional derivative.

Remark 9. When  = �, � = 1/2, from formulae (48) and
(49), we get

�
]
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+ (�

]
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]*� ��1���2�] −
*�
*� ) �00

+ (*�]*�� ��1���2�] −
*�
*��) �0�

+ �
]2Γ (1 − �)

d

d� ����� − �2����
−� �] (�2) �00 (�2, �� (�2))

+ (�
]

�
�1���2�] − �) ̇�00

− �
]2Γ (1 − �)

d

d� ����� − �1����
−� �] (�1) �00 (�1, �� (�1))

+ >̇0 + Λ � (�0� − ̇���00) = 0

(50)

and

�
]

RC

�1���2 (�0] − ̇�]�00) + (�] dd� RC�1���2�]

+ *�]*� RC

�1���2�] − *�*� ) �00
+ �

]2Γ (1 − �) [����� − �2����
−� ̇�] (�2) �00 (�2, �� (�2))

− ����� − �1����−� ̇�] (�1) �00 (�1, �� (�1))] + (*�]*�� ���1���2�]

− *�*��) �0� + (�] ���1���2�] − �) ̇�00 + >̇0 + Λ � (�0�
− ̇���00) = 0.

(51)

Formula (50) and formula (51) are called Noether identities
with the Riesz-Riemann-Liouville fractional derivative and
the Riesz-Caputo fractional derivative, respectively.

De�nition 10. A quantity E is called a conserved quantity if
and only if (d/d�)E = 0.

	erefore, we have the following.

�eorem 11. If there exists a gauge function >0 such that �00
and �0

]
satisfy the Noether identity (48) for the generalized

fractional Birkhoan system (22), then this system has a
conserved quantity

ERL0 = (�] RL��,�	 �] − �) �00 + ∫
�

�1
[�

]

RL��,�	 (�0]
− ̇�]�00) + (�0] − ̇�]�00) C��,�1−	�]] dF
− ∫�
�1
[ �

]Γ (1 − �)�
d

dF (F − �1)
−� �] (�1)
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⋅ �00 (�1, �� (�1)) − �
]Γ (1 − ) (1

− �) d

dF (�2 − F)
−� �] (�2) �00 (�2, �� (�2))] dF

+ >0 = const..
(52)

�eorem 12. If there exists a gauge function >0 such that �00
and �0

]
satisfy the Noether identity (49) for the generalized

fractional Birkhoan system (25), then this system has a
conserved quantity

EC0 = (�] C��,�	 �] − �) �00
+ ∫�
�1
[�

]

C��,�	 (�0] − ̇�]�00) + (�0] − ̇�]�00)

⋅ RL��,�1−	�]] dF − ∫
�

�1
[ �

]Γ (1 − �)� (F − �1)
−�

⋅ ̇�] (�1) �00 (�1, �� (�1)) − �
]Γ (1 − ) (1 − �)

⋅ (�2 − F)−� ̇�] (�2) �00 (�2, �� (�2))] dF + >0

= const..

(53)

�eorem 13. If there exists a gauge function >0 such that �00
and �0

]
satisfy the Noether identity (50) for the generalized

fractional Birkhoan system (26), then this system has a
conserved quantity

ER0 = (�] R

�1���2�] − �) �00 + ∫
�

�1
[�

]

R

�1���2 (�0] − ̇�]�00)
+ (�0

]
− ̇�]�00) RC�1���2�]] dF

+ ∫�
�1

�
]2Γ (1 − �)

d

dF [����F − �2����
−� �] (�2)

⋅ �00 (�2, �� (�2)) − ����F − �1����−� �] (�1)
⋅ �00 (�1, �� (�1))] dF + >0 = const..

(54)

�eorem 14. If there exists a gauge function >0 such that�00 and �0] satisfy the Noether identity (51) for the generalized
fractional Birkhoan system (27), then this system has a
conserved quantity

ERC0 = (�] RC

�1���2�] − �) �00
+ ∫�
�1
[�

]

RC

�1���2 (�0] − ̇�]�00) + (�0] − ̇�]�00)

⋅ R�1���2�]] dF + ∫
�

�1

�
]2Γ (1 − �) [����F − �2����

−�

⋅ ̇�] (�2) �00 (�2, �� (�2)) − ����F − �1����−� ̇�] (�1)
⋅ �00 (�1, �� (�1))] dF + >0 = const..

(55)

When �,  �→ 1, we can get the classical conserved
quantity [21].

�eorem 15. If there exists a gauge function >0 such that �00
and �0

]
satisfy the Noether identity

�
]

̇�0
]
− � ̇�00 + (*�]*� ̇�] −

*�
*� ) �00

+ (*�]*�� ̇�] −
*�
*��) �0� + >̇0 + Λ � (�0� − ̇���00)

= 0
(56)

for the classical generalized Birkhoan system

(*�]*�� −
*��
*�] ) ̇�] −

*�
*�� −

*��
*� + Λ � = 0, (57)

then this system has a conserved quantity

E = �
]
�0
]
− ��00 + >0. (58)

Remark 16. Let>0 = 0, Λ � = 0, # = 1, 2, ⋅ ⋅ ⋅ , 2� in	eorems
11–14; then we can get the conserved quantity for the
fractional Birkho
an system with the combined Riemann-
Liouville fractional derivative, the combined Caputo
fractional derivative, the Riesz-Riemann-Liouville fractional
derivative, and the Riesz-Caputo fractional derivative,
respectively. And these results are consistent with the results
in [26].

5. Perturbation to Noether Symmetry and
Adiabatic Invariants

If a small disturbance is imposed on a mechanical system,
then the conserved quantity for the original mechanical
system may also change. In this section, we discuss the per-
turbation to Noether symmetry for the generalized fractional
Birkho
an system.

De�nition 17. If E is a quantity with a small parameter :
whose highest power is G for a mechanical system, and dE/d�
is in direct proportion to :+1, then E is called a G-th order
adiabatic invariant for this system.

For the generalized fractional Birkho
an system, assume
it is disturbed by the small force of :H� (# = 1, 2, ⋅ ⋅ ⋅ , 2�).
Under the small disturbance, suppose the gauge function >
and the in�nitesimal generators �0 and �� for the disturbed
system are expressed as

> = >0 + :>1 + :2>2 + ⋅ ⋅ ⋅ ,
�0 = �00 + :�10 + :2�20 + ⋅ ⋅ ⋅ ,
�� = �0� + :�1� + :2�2� + ⋅ ⋅ ⋅ .

(59)

	en we have the following.
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�eorem 18. For the disturbed generalized fractional Birkhof-
�an system with the combined Riemann-Liouville fractional
derivative

*�
]*�� ����,�	 �] − ���,�1−	�� −

*�
*�� + Λ � = :H�
(#, ] = 1, 2, ⋅ ⋅ ⋅ , 2�) ,

(60)

if there exists a gauge function >
 (I = 0, 1, 2, ⋅ ⋅ ⋅ , G, G is an
integer) such that the in�nitesimal generators �
0 and �
] satisfy

�
]

RL��,�	 (�
] − ̇�]�
0)
+ (�

]

d

d� RL��,�	 �] +
*�

]*� RL��,�	 �] − *�*� ) �
0

+ (*�]*�� RL��,�	 �] − *�*��) �
� − �
�
]Γ (1 − �)

⋅ d
d� (� − �1)

−� �] (�1) �
0 (�1, �� (�1))
+ (�

]

RL��,�	 �] − �) ̇�
0 + (1 − �) �
]Γ (1 − )

⋅ d
d� (�2 − �)

−� �] (�2) �
0 (�2, �� (�2)) + >̇

+ Λ � (�
� − ̇���
0) − H� (�
−1� − ̇���
−10 ) = 0,

(61)

where �
−1� = �
−10 = 0 when I = 0, then a G-th order adiabatic

invariant exists as follows:

ERLz =
∑

=0
:
 {(�

]

RL��,�	 �] − �) �
0 + ∫
�

�1
[�

]

RL��,�	 (�
] − ̇�]�
0) + (�
] − ̇�]�
0) C��,�1−	�]] dF

− ∫�
�1
[ �

]Γ (1 − �)�
d

dF (F − �1)
−� �] (�1) �
0 (�1, �� (�1)) − �

]Γ (1 − ) (1 − �)
d

dF (�2 − F)
−� �] (�2) �
0 (�2, �� (�2))] dF

+ >
} .

(62)

Proof. From formulae (60) and (61), we have

d

d� ERLz =
∑

=0
:
 [(�

]

RL��,�	 �] − �) ̇�
0 + (*�]*�� ̇�� +
*�

]*� )

⋅ �
0 RL��,�	 �] + �]�
0 dd� RL��,�	 �] − (
*�
*�� ̇�� +

*�
*� ) �
0

+ �
]

RL��,�	 (�
] − ̇�]�
0) + (�
] − ̇�]�
0) C��,�1−	�]
− �

]Γ (1 − �)�
d

d� (� − �1)
−� �] (�1) �
0 (�1, �� (�1))

+ �
]Γ (1 − ) (1 − �)

d

d� (�2 − �)
−� �] (�2) �
0 (�2, �� (�2))

+ >̇
]

= ∑

=0
:
 [−(*�]*�� RL��,�	 �] − C��,�1−	�� − *�*�� + Λ �) (�
�

− ̇���
0) + H� (�
−1� − ̇���
−10 )] =
∑

=0
:
 [−:H� (�
�

− ̇���
0) + H� (�
−1� − ̇���
−10 )] = −:+1H� (�� − ̇���0) .

(63)

	is proof is completed.

Because the generalized fractional Birkho
an system
with the combined Riemann-Liouville fractional derivative

has another form (37), we can present another form of the
adiabatic invariant when the system is disturbed.

�eorem 19. For the disturbed generalized fractional Birkhof-
�an system with the combined Riemann-Liouville fractional
derivative

*�
]*�� ����,�	 �] − ����,�1−	�� −

*�
*�� + Λ � = :H�
(#, ] = 1, 2, ⋅ ⋅ ⋅ , 2�) ,

(64)

if there exists a gauge function >
 (I = 0, 1, 2, ⋅ ⋅ ⋅ , G, G is

an integer) such that the in�nitesimal generators �
0 and �
]
satisfy

�
]

RL��,�	 (�
] − ̇�]�
0)
+ (�

]

d

d� RL��,�	 �] +
*�

]*� RL��,�	 �] − *�*� ) �
0
+ (*�]*�� RL��,�	 �] − *�*��) �
� − �

�
]Γ (1 − �)

⋅ d
d� (� − �1)

−� �] (�1) �
0 (�1, �� (�1))

+ (�
]

RL��,�	 �] − �) ̇�
0 + (1 − �) �
]Γ (1 − )
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⋅ d
d� (�2 − �)

−� �] (�2) �
0 (�2, �� (�2)) + >̇

+ Λ � (�
� − ̇���
0) − H� (�
−1� − ̇���
−10 ) = 0,

(65)

where �
−1� = �
−10 = 0 when I = 0, then a G-th order adiabatic
invariant exists as follows:

ERLz1 =
∑

=0
:
 {(�

]

RL��,�	 �] − �) �
0 + ∫
�

�1
[�

]

RL��,�	 (�
] − ̇�]�
0)

+ (�

]
− ̇�]�
0) ����,�1−	�]] dF − ∫

�

�1
[ �

]Γ (1 − �)
⋅ � d

dF (F − �1)
−� �] (�1) �
0 (�1, �� (�1))

− �
]Γ (1 − ) (1 − �)

d

dF (�2 − F)
−� �] (�2) �
0 (�2, �� (�2))] dF

+ >
} .

(66)

When � = 1, we can get special theorem from	eorem 19
as follows.

�eorem20. For the disturbed generalized fractional Birkhof-
�an system

*�
]*�� ���1��� �] + ������2�� −

*�
*�� + Λ � = :H�

(#, ] = 1, 2, ⋅ ⋅ ⋅ , 2�) ,
(67)

if there exists a gauge function >
 (I = 0, 1, 2, ⋅ ⋅ ⋅ , G, G is an
integer) such that the in�nitesimal generators �
0 and �
] satisfy
�
]

��
�1��� (�
] − ̇�]�
0)
+ (�

]

d

d� ���1��� �] +
*�

]*� ���1��� �] −
*�
*� ) �
0

+ (*�]*�� ���1��� �] −
*�
*��) �
�

− �
]Γ (1 − �)

d

d� (� − �1)
−� �] (�1) �
0 (�1, �� (�1))

+ (�
]

��
�1��� �] − �) ̇�
0 + >̇
 + Λ � (�
� − ̇���
0)

− H� (�
−1� − ̇���
−10 ) = 0,

(68)

where �
−1� = �
−10 = 0 when I = 0, then a G-th order adiabatic
invariant exists as follows:

ERLz11 =
∑

=0
:
 {(�

]

��
�1��� �] − �) �
0

+ ∫�
�1
[�

]

��
�1��� (�
] − ̇�]�
0)

+ (�

]
− ̇�]�
0) ������2�]] dF

− ∫�
�1

�
]Γ (1 − �)

d

dF (F − �1)
−� �] (�1)

⋅ �
0 (�1, �� (�1)) dF + >
} .
(69)

Remark 21. When �](�1) = 0 (] = 1, 2, ⋅ ⋅ ⋅ , 2�), 	eorem 20
is consistent with the results in [39].

�eorem22. For the disturbed generalized fractional Birkhof-
�an system with the combined Caputo fractional derivative

*�
]*�� ���,�	 �] − ����,�1−	�� −

*�
*�� + Λ � = :H�
(#, ] = 1, 2, ⋅ ⋅ ⋅ , 2�) ,

(70)

if there exists a gauge function >
 (I = 0, 1, 2, ⋅ ⋅ ⋅ , G, G is an
integer) such that the in�nitesimal generators �
0 and �
] satisfy
�
]

���,�	 (�
] − ̇�]�
0)
+ (�

]

d

d� ���,�	 �] +
*�

]*� ���,�	 �] −
*�
*� ) �
0

+ (*�]*�� ���,�	 �] −
*�
*��) �
�

− � �
]Γ (1 − �) (� − �1)

−� ̇�] (�1) �
0 (�1, �� (�1))
+ (�

]

���,�	 �] − �) ̇�
0
+ (1 − �) �

]Γ (1 − ) (�2 − �)
−� ̇�] (�2) �
0 (�2, �� (�2))

+ >̇
 + Λ � (�
� − ̇���
0) − H� (�
−1� − ̇���
−10 ) = 0,

(71)

where �
−1� = �
−10 = 0 when I = 0, then a G-th order adiabatic

invariant exists as follows:

E�z =
∑

=0
:
 {(�

]

���,�	 �] − �) �
0

+ ∫�
�1
[�

]

���,�	 (�
] − ̇�]�
0) + (�
] − ̇�]�
0)

⋅ ����,�1−	�]] dF − ∫
�

�1
[ �

]Γ (1 − �)� (F − �1)
−�

⋅ ̇�] (�1) �
0 (�1, �� (�1)) − �
]Γ (1 − ) (1 − �)

⋅ (�2 − F)−� ̇�] (�2) �
0 (�2, �� (�2))] dF + >
} .

(72)

Remark 23. 	e generalized fractional Birkho
an system
with the combined Caputo fractional derivative has another
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form (38), so we can also present another form of the
adiabatic invariant when the system is disturbed just like
	eorem 19.

When  = �, � = 1/2, we can get the adiabatic invariants
for the disturbed generalized fractional Birkho
an system
with the Riesz-Riemann-Liouville fractional derivative and
the Riesz-Caputo fractional derivative from	eorems 18 and
22, respectively.

�eorem 24. For the disturbed generalized fractional
Birkhoan systemwith the Riesz-Riemann-Liouville fractional
derivative

*�
]*�� ��1���2�] − ���1���2�� −

*�
*�� + Λ � = :H�

(#, ] = 1, 2, ⋅ ⋅ ⋅ , 2�) ,
(73)

if there exists a gauge function >
 (I = 0, 1, 2, ⋅ ⋅ ⋅ , G, G is

an integer) such that the in�nitesimal generators �
0 and �
]
satisfy

�
]

R

�1���2 (�
] − ̇�]�
0)
+ (�

]

d

d� R

�1���2�] + *�]*� R

�1���2�] − *�*� ) �
0

+ (*�]*�� R

�1���2�] − *�*��) �
�
+ �

]2Γ (1 − �)
d

d� ����� − �2����
−� �] (�2) �
0 (�2, �� (�2))

+ (�
]

R

�1���2�] − �) ̇�
0 + Λ � (�
� − ̇���
0)
− �

]2Γ (1 − �)
d

d� ����� − �1����
−� �] (�1) �
0 (�1, �� (�1))

+ >̇
 − H� (�
−1� − ̇���
−10 ) = 0,

(74)

where �
−1� = �
−10 = 0 when I = 0, then a G-th order adiabatic

invariant exists as follows:

ERz =
∑

=0
:
 {(�

]

R

�1���2�] − �) �
0 + ∫
�

�1
[�

]

R

�1���2 (�
] − ̇�]�
0) + (�
] − ̇�]�
0) RC�1���2�]] dF + >


+ ∫�
�1

�
]2Γ (1 − �)

d

dF [����F − �2����
−� �] (�2) �
0 (�2, �� (�2)) − ����F − �1����−� �] (�1) �
0 (�1, �� (�1))] dF} .

(75)

�eorem25. For the disturbed generalized fractional Birkhof-
�an system with the Riesz-Caputo fractional derivative

*�
]*�� ���1���2�] − ��1���2�� −

*�
*�� + Λ � = :H�

(#, ] = 1, 2, ⋅ ⋅ ⋅ , 2�) ,
(76)

if there exists a gauge function >
 (I = 0, 1, 2, ⋅ ⋅ ⋅ , G, G is an
integer) such that the in�nitesimal generators �
0 and �
] satisfy

�
]

RC

�1���2 (�
] − ̇�]�
0) + (�] dd� RC�1���2�]

+ *�]*� RC

�1���2�] − *�*� ) �
0 + (�] RC

�1���2�] − �) ̇�
0

+ �
]2Γ (1 − �) [����� − �2����

−� ̇�] (�2) �
0 (�2, �� (�2))

− ����� − �1����−� ̇�] (�1) �
0 (�1, �� (�1))]

+ (*�]*�� RC

�1���2�] − *�*��) �
� + Λ � (�
� − ̇���
0)

− H� (�
−1� − ̇���
−10 ) + >̇
 = 0,
(77)

where �
−1� = �
−10 = 0 when I = 0, then a G-th order adiabatic

invariant exists as follows:

ERCz =
∑

=0
:
 {(�

]

RC

�1���2�] − �) �
0 + ∫
�

�1
[�

]

RC

�1���2 (�
] − ̇�]�
0) + (�
] − ̇�]�
0) R

�1���2�]] dF

+ ∫�
�1

�
]2Γ (1 − �) [����F − �2����

−� ̇�] (�2) �
0 (�2, �� (�2)) − ����F − �1����−� ̇�] (�1) �
0 (�1, �� (�1))] dF + >
} .
(78)
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Remark 26. When �,  �→ 1, since Γ(0) = ∞, we can get
the classical adiabatic invariant for the classical generalized
Birkho
an system [42].

6. Applications

Application 1. 	e fractional Lotka biochemical oscillator
model in terms of combined Riemann-Liouville fractional
derivative has the form [17]

1
2 RL��,�	 �2 + 12 C��,�1−	�2 − �2 − 2 exp �1 = 0,
1
2 RL��,�	 �1 + 12 C��,�1−	�2 − �2 − 2 exp �1 = 0,

(79)

where the Birkho
an and Birkho� functions are

� = �2�1 − �1�2 − 1 exp �2 + 2 exp �1,
�1 = −12�2,
�2 = 12�1.

(80)

Formula (48) gives

− 12�2 RL��,�	 (�01 − ̇�1�00) +
1
2�1 RL��,�	 (�02 − ̇�2�00)

+ (−12�2
d

d� RL��,�	 �1 +
1
2�1 ×

d

d� RL��,�	 �2) �00
− � [−12�2

1
Γ (1 − �)

d

d� (� − �1)
−� �1 (�1)

⋅ �00 (�1, �� (�1))] − � [12�1 ×
1

Γ (1 − �)
⋅ d
d� (� − �1)

−� �2 (�1) �00 (�1, �� (�1))] + (1 − �)

⋅ [−12�2
1

Γ (1 − )
d

d� (�2 − �)
−� × �1 (�2)

⋅ �00 (�2, �� (�2))] + (1 − �) [12�1
1

Γ (1 − )
⋅ d
d� (�2 − �)

−� �2 (�2) �00 (�2, �� (�2))] + (−12
⋅ �2 RL��,�	 �1 + 12�1 RL��,�	 �2 − �2�1 + �1�2 + 1
⋅ exp �2 − 2 exp �1) ̇�00 + �01 (12 RL��,�	 �2 − �2
− 2 exp �1) + �02 (−12 RL��,�	 �1 + �1 + 1 exp �2)
+ >̇0 = 0,

(81)

where

d

d� RL�1��� �] = RL

�1��� ̇�]

+ 1
Γ (1 − �)

d

d� (� − �1)
−� �] (�1) ,

(82)

d

d� RL����2�] = RL

����2 ̇�]

+ 1
Γ (1 − )

d

d� (�2 − �)
−� �] (�2) .

(83)

Taking calculation, we have

�00 = 1,
�01 = �02 = 0,
>0 = 0.

(84)

It follows from	eorem 11 that

ERL0 = −12�2 RL��,�	 �1 +
1
2�1 RL��,�	 �2 − �2�1 + �1�2

+ 1 exp �2 − 2 exp �1 + ∫
�

�1
(12�2

d

dF RL��,�	 �1

− 12�1
d

dF RL��,�	 �2 + 12 ̇�1 C��,�1−	�2

− 12 ̇�2 C��,�1−	�1) dF.

(85)

Assume this system is disturbed by :H1 = :�2, :H2 = :�1;
then from formula (61), we have

− 12�2 RL��,�	 (�11 − ̇�1�10) +
1
2�1 RL��,�	 (�12 − ̇�2�10)

+ (−12�2
d

d� RL��,�	 �1 +
1
2�1 ×

d

d� RL��,�	 �2) �10
− � [−12�2

1
Γ (1 − �)

d

d� (� − �1)
−� �1 (�1)

⋅ �10 (�1, �� (�1))] − � [12�1 ×
1

Γ (1 − �)
⋅ d
d� (� − �1)

−� �2 (�1) �10 (�1, �� (�1))] + (1 − �)

⋅ [−12�2
1

Γ (1 − )
d

d� (�2 − �)
−� × �1 (�2)

⋅ �10 (�2, �� (�2))] + (1 − �) [12�1
1

Γ (1 − )
⋅ d
d� (�2 − �)

−� �2 (�2) �10 (�2, �� (�2))] + (−12
⋅ �2 RL��,�	 �1 + 12�1 RL��,�	 �2 − �2�1 + �1�2 + 1
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⋅ exp �2 − 2 exp �1) ̇�10 + �11 (12 RL��,�	 �2 − �2
− 2 exp �1) + �12 (−12 RL��,�	 �1 + �1 + 1
⋅ exp �2) ,

+ �2 ̇�1 + �1 ̇�2 + >̇1 = 0.
(86)

Solving formula (86), we get

�10 = 1,
�11 = �12 = 0,
>1 = −�1�2.

(87)

From	eorem 18, we obtain

ERL1 = −12�2 RL��,�	 �1 +
1
2�1 RL��,�	 �2 − �2�1 + �1�2

+ 1 exp �2 − 2 exp �1 + ∫
�

�1
(12�2

d

dF RL��,�	 �1

− 12�1
d

dF RL��,�	 �2 + 12 ̇�1 C��,�1−	�2 −
1
2

⋅ ̇�2 C��,�1−	�1) dF + : [−12�2 RL��,�	 �1 +
1
2

⋅ �1 RL��,�	 �2 − �2�1 + �1�2 + 1 exp �2 − 2
⋅ exp �1 − �1�2 + ∫�

�1
(12�2

d

dF RL��,�	 �1

− 12�1
d

dF RL��,�	 �2 + 12 ̇�1 C��,�1−	�2

− 12 ̇�2 C��,�1−	�1) dF] .

(88)

When �,  �→ 1, we obtain the classical adiabatic invariant

E11
= �2�1 − �1�2 − 1 exp �2 + 2 exp �1
+ : (�2�1 − �1�2 − 1 exp �2 + 2 exp �1 − �1�2) .

(89)

Application 2. 	e fractional Whittaker model in terms of
Riesz-Riemann-Liouville fractional derivative has the form [17]

− 12 R

�1���2�1 + 12 R

�1���2�4 − 12 RC

�1���2 (�1 − �4) = 0,
− 12 R

�1���2�2 + 12 R

�1���2�3 − 12 RC

�1���2�2 + 12 RC

�1���2�3
− �1 + �4 = 0,

1
2 R

�1���2�2 + 12 RC

�1���2�2 − �4 = 0,
− 12 R

�1���2�4 − 12 RC

�1���2�4 + �3 = 0,

(90)

where the Birkho
an and Birkho� functions are

� = 12 [2�1�4 − (�3)
2 − (�4)2] ,

�1 = −12�2,
�2 = 12 (�1 − �4) ,
�3 = 12�4,
�4 = 12 (�2 − �3) .

(91)

From formula (50), we have

− 12�2 R�1���2 (�01 − ̇�1�00) +
1
2 (�1 − �4) R

�1���2 (�02
− ̇�2�00) + 12�4 R�1���2 (�03 − ̇�3�00) +

1
2 (�2 − �3)

⋅ R�1���2 (�04 − ̇�4�00) + [−12�2
d

d� R

�1���2�1

+ 12 (�1 − �4)
d

d� R

�1���2�2 + 12�4
d

d� R

�1���2�3

+ 12 (�2 − �3)
d

d� R

�1���2�4] �00 + �01 (12 R

�1���2�2

− �4) + �02 (−12 R

�1���2�1 + 12 R

�1���2�4)
+ �03 (−12 R

�1���2�4 + �3) + �04 (−12 R

�1���2�2

+ 12 R

�1���2�3 − �1 + �4) − 12�2
1

2Γ (1 − �) ×
d

d� �����
− �2����−� �1 (�2) �00 (�2, �� (�2)) + 12 (�1 − �4)
⋅ 1
2Γ (1 − �)

d

d� ����� − �2����
−� �2 (�2) × �00 (�2, �� (�2))

+ 12�4
1

2Γ (1 − �)
d

d� ����� − �2����
−� �3 (�2) �00 (�2, �� (�2))

+ 12 (�2 − �3) ×
1

2Γ (1 − �)
d

d� ����� − �2����
−� �4 (�2)

⋅ �00 (�2, �� (�2)) + [−12�2 R�1���2�1

+ 12 (�1 − �4) R

�1���2�2 + 12�4 R�1���2�3

+ 12 (�2 − �3) R

�1���2�4 − �1�4 + 12 (�3)
2

+ 12 (�4)
2] ̇�00 + 12�2

1
2Γ (1 − �) ×

d

d� ����� − �1����
−�
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⋅ �1 (�1) �00 (�1, �� (�1)) − 12 (�1 − �4)
1

2Γ (1 − �)
⋅ d
d� ����� − �1����

−� �2 (�1) × �00 (�1, �� (�1)) − 12�4

⋅ 1
2Γ (1 − �)

d

d� ����� − �1����
−� �] (�1) �00 (�1, �� (�1))

− 12 (�2 − �3) ×
1

2Γ (1 − �)
d

d� ����� − �1����
−� �] (�1)

⋅ �00 (�1, �� (�1)) + >̇0 = 0,
(92)

where

d

d� R

�1���2�] = R

�1���2 ̇�] + 1
2Γ (1 − �)

⋅ d
d� [����� − �1����

−� �] (�1) − ����� − �2����−� �] (�2)] .
(93)

Taking calculation, we have

�00 = 1,
�01 = �02 = �03 = �04 = 0,
>0 = 0.

(94)

	eorem 13 gives

ER0 = −12�2 R�1���2�1 +
1
2 (�1 − �4) R

�1���2�2 + 12
⋅ �4 R�1���2�3 + 12 (�2 − �3) R

�1���2�4 − 12 [2�1�4

− (�3)2 − (�4)2] + ∫�
�1
[12�2

d

dF R

�1���2�1

− 12 (�1 − �4)
d

dF R

�1���2�2 − 12�4
d

dF R

�1���2�3

− 12 (�2 − �3)
d

dF R

�1���2�4 + 12 ̇�1 RC�1���2�2

− 12 ̇�2 RC�1���2 (�1 − �4) −
1
2 ̇�3 RC�1���2�4

− 12 ̇�4 RC�1���2 (�2 − �3)] dF.

(95)

Assuming this system is disturbed by :H1 = 0, :H2 = 0,:H3 = :�4, :H4 = :�3, then formula (74) gives

− 12�2 R�1���2 (�11 − ̇�1�10) +
1
2 (�1 − �4) R

�1���2 (�12
− ̇�2�10) + 12�4 R�1���2 (�13 − ̇�3�10) +

1
2 (�2 − �3)

⋅ R�1���2 (�14 − ̇�4�10) + [−12�2
d

d� R

�1���2�1

+ 12 (�1 − �4)
d

d� R

�1���2�2 + 12�4
d

d� R

�1���2�3

+ 12 (�2 − �3)
d

d� R

�1���2�4] �10 + �11 (12 R

�1���2�2

− �4) + �12 (−12 R

�1���2�1 + 12 R

�1���2�4)
+ �13 (−12 R

�1���2�4 + �3) + �14 (−12 R

�1���2�2

+ 12 R

�1���2�3 − �1 + �4) − 12�2
1

2Γ (1 − �) ×
d

d� �����
− �2����−� �1 (�2) �10 (�2, �� (�2)) + 12 (�1 − �4)
⋅ 1
2Γ (1 − �)

d

d� ����� − �2����
−� �2 (�2) × �10 (�2, �� (�2))

+ 12�4
1

2Γ (1 − �)
d

d� ����� − �2����
−� �3 (�2) �10 (�2, �� (�2))

+ 12 (�2 − �3) ×
1

2Γ (1 − �)
d

d� ����� − �2����
−� �4 (�2)

⋅ �10 (�2, �� (�2)) + [−12�2 R�1���2�1

+ 12 (�1 − �4) R

�1���2�2 + 12�4 R�1���2�3

+ 12 (�2 − �3) R

�1���2�4 − �1�4 + 12 (�3)
2

+ 12 (�4)
2] ̇�10 + 12�2

1
2Γ (1 − �) ×

d

d� ����� − �1����
−�

⋅ �1 (�1) �10 (�1, �� (�1)) − 12 (�1 − �4)
1

2Γ (1 − �)
⋅ d
d� ����� − �1����

−� �2 (�1) × �10 (�1, �� (�1)) − 12�4

⋅ 1
2Γ (1 − �)

d

d� ����� − �1����
−� �] (�1) �10 (�1, �� (�1))

− 12 (�2 − �3) ×
1

2Γ (1 − �)
d

d� ����� − �1����
−� �] (�1)

⋅ �10 (�1, �� (�1)) + �4 ̇�3 + �3 ̇�4 + >̇1 = 0.
(96)

Taking calculation, we have

�10 = 1,
�11 = �12 = �13 = �14 = 0,
>1 = −�3�4.

(97)

From	eorem 24, we get

ER1 = −12�2 R�1���2�1 +
1
2 (�1 − �4) R

�1 ���2�2 + 12
⋅ �4 R�1���2�3 + 12 (�2 − �3) R

�1���2�4 − 12 [2�1�4
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− (�3)2 − (�4)2] + ∫�
�1
[12�2

d

dF R

�1���2�1 − 12 (�1

− �4) d

dF R

�1���2�2 − 12�4
d

dF R

�1���2�3 − 12
× (�2 − �3) d

dF R

�1���2�4 + 12 ̇�1 RC�1���2�2 −
1
2

⋅ ̇�2 RC�1���2 (�1 − �4) − 12 ̇�3 RC�1���2�4 −
1
2 ̇�4

× RC

�1���2 (�2 − �3)]dF + : {−12�2 R�1���2�1

+ 12 (�1 − �4) R

�1���2�2 + 12�4 R�1���2�3 +
1
2 (�2 − �3)

⋅ R�1���2�4 − 12 [2�1�4 − (�3)
2 − (�4)2]

+ ∫�
�1
[12�2

d

dF R

�1���2�1 − 12 (�1 − �4)
d

dF R

�1���2�2

− 12�4
d

dF R

�1���2�3 − 12 (�2 − �3)
d

dF R

�1���2�4

+ 12 ̇�1 RC�1���2�2 −
1
2 ̇�2 RC�1���2 (�1 − �4)

− 12 ̇�3 RC�1���2�4 −
1
2 ̇�4 RC�1���2 (�2 − �3)] dF

− �3�4} .
(98)

When � �→ 1, we obtain the classical adiabatic invariant

E21 = 2�1�4 − (�3)2 − (�4)2

+ : [2�1�4 − (�3)2 − (�4)2 − �3�4] .
(99)

Application 3. 	e fractional Hojman–Urrutia model in
terms of combined Caputo derivative has the form [17]

RL��,�1−	�2 + RL��,�1−	�3 = 0,
C��,�	 �1 − �3 = 0,

C��,�	 �1 − RL��,�1−	�4 − (�3 + �2) = 0,
C��,�	 �3 + �4 = 0,

(100)

where the Birkho
an and Birkho� functions are

� = 12 [(�3)
2 + 2�2�3 − (�4)2] ,

�1 = �2 + �3,
�2 = 0,

�3 = �4,
�4 = 0.

(101)

From formula (49), we have

(�2 + �3) C��,�	 (�01 − ̇�1�00) + �4 C��,�	 (�03 − ̇�3�00)
+ [(�2 + �3) d

d� C��,�	 �1 + �4
d

d� C��,�	 �3] �00
+ �02 (C��,�	 �1 − �3) + �03 (C��,�	 �1 − �3 − �2)
+ �04 × (C��,�	 �3 + �4) − (�2 + �3) �

Γ (1 − �) (�
− �1)−� ̇�1 (�1) �00 (�1, �� (�1)) − �4 × �

Γ (1 − �) (�
− �1)−� ̇�3 (�1) �00 (�1, �� (�1))
+ [(�2 + �3) C��,�	 �1 + �4 C��,�	 �3 − 12 (�3)

2

− �2�3 + 12 (�4)
2] ̇�00 + (�2 + �3) 1 − �

Γ (1 − ) (�2
− �)−� ̇�1 (�2) × �00 (�2, �� (�2)) + �4 1 − �Γ (1 − ) (�2
− �)−� ̇�3 (�2) �00 (�2, �� (�2)) + >̇0 = 0,

(102)

where

d

d� C

�1��� �] = C

�1��� ̇�] + 1
Γ (1 − �) (� − �1)

−� ̇�] (�1) , (103)

d

d� C����2�] = C

����2 ̇�] + 1
Γ (1 − ) (�2 − �)

−� ̇�] (�2) . (104)

Taking calculation, we have

�00 = 1,
�01 = 0,
�02 = 1,
�03 = 0,
�04 = 1,
>0 = 0.

(105)

It follows from	eorem 12 that

EC0 = (�2 + �3) C��,�	 �1 + �4 C��,�	 �3 − 12 (�3)
2

− �2�3 + 12 (�4)
2 − ∫�
�1
[(�2 + �3) × d

dF C��,�	 �1

+ �4 d
dF C��,�	 �3 + ̇�1 RL��,�1−	 (�2 + �3)

+ ̇�3 RL��,�1−	�4] dF.

(106)
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Assume this system is disturbed by :H1 = :�3, , :H2 = 0,:H3 = :�1, :H4 = 0.
From formula (71), we have

(�2 + �3) C��,�	 (�11 − ̇�1�10) + �4 C��,�	 (�13 − ̇�3�10)
+ [(�2 + �3) d

d� C��,�	 �1 + �4 ×
d

d� C��,�	 �3] �10
+ �12 (C��,�	 �1 − �3) + �13 (C��,�	 �1 − �3 − �2)
+ �14 (C��,�	 �3 + �4) − (�2 + �3) �

Γ (1 − �) (�
− �1)−� ̇�1 (�1) �10 (�1, �� (�1)) − �4 �

Γ (1 − �) (�
− �1)−� ̇�3 (�1) × �10 (�1, �� (�1))
+ [(�2 + �3) C��,�	 �1 + �4 C��,�	 �3 − 12 (�3)

2

− �2�3 + 12 (�4)
2] ̇�10 + (�2 + �3) 1 − �

Γ (1 − ) (�2
− �)−� ̇�1 (�2) �10 (�2, �� (�2)) + �4 1 − �Γ (1 − ) (�2
− �)−� ̇�3 (�2) × �10 (�2, �� (�2)) + �3 ̇�1 + �1 ̇�3 + >̇1
= 0.

(107)

From formula (107), we obtain

�10 = 1,
�11 = �12 = �13 = �14 = 0,
>1 = −�1�3.

(108)

From	eorem 22, we achieve

EC1 = (�2 + �3) C��,�	 �1 + �4 C��,�	 �3 − 12 (�3)
2

− �2�3 + 12 (�4)
2 − ∫�
�1
[(�2 + �3) × d

dF C��,�	 �1

+ �4 d
dF C��,�	 �3 + ̇�1 RL��,�1−	 (�2 + �3)

+ ̇�3 RL��,�1−	�4] dF + : {(�2 + �3) C��,�	 �1

+ �4 C��,�	 �3 − 12 (�3)
2 − �2�3 + 12 (�4)

2

− ∫�
�1
[(�2 + �3) d

dF C��,�	 �1 + �4 ddF C��,�	 �3

+ ̇�1 RL��,�1−	 (�2 + �3) + ̇�3 RL��,�1−	�4]dF

− �1�3} .

(109)

When �,  �→ 1, we obtain the classical adiabatic
invariant

E31 = 12 (�3)
2 + �2�3 − 12 (�4)

2

+ : [12 (�3)
2 + �2�3 − 12 (�4)

2 − �1�3] .
(110)

Application 4. 	e fractional Hénon–Heiles model in terms
of Riesz-Caputo derivative has the form [17]

RC

�1���2�3 + �1 + 2�1�2 = 0,
RC

�1���2�4 + �2 − (�2)2 + (�1)2 = 0,
R

�1���2�1 − �3 = 0,
R

�1���2�2 − �4 = 0,

(111)

where the Birkho
an and Birkho� functions are

� = 12 [(�1)
2 + (�2)2 + (�3)2 + (�4)2 + 2�2 (�1)2

− 23 (�2)
3] ,

�1 = �2 = 0,
�3 = −�1,
�4 = −�2.

(112)

Formula (51) gives

− �1 RC�1���2 (�03 − ̇�3�00) − �2 RC�1���2 (�04 − ̇�4�00)
+ [−�1 d

d� RC�1���2�3 − �2
d

d� RC�1���2�4] �00 − �1

× 1
2Γ (1 − �) [����� − �2����

−� ̇�3 (�2) �00 (�2, �� (�2)) − �����
− �1����−� ̇�3 (�1) �00 (�1, �� (�1))] − 1

2Γ (1 − �) × �2 [�����
− �2����−� ̇�4 (�2) �00 (�2, �� (�2)) − ����� − �1����−� ̇�4 (�1)
⋅ �00 (�1, �� (�1))] − �01 (RC�1���2�3 + �1 + 2�1�2)
− �02 [RC�1���2�4 + �2 + (�1)2 − (�2)2] − �03�3

− �04�4 + {−�1 RC�1���2�3 − �2 RC�1���2�4 − 12 [(�1)
2

+ (�2)2 + (�3)2 + (�4)2 + 2�2 (�1)2 − 23 (�2)
3]}

⋅ ̇�00 + >̇0 = 0,

(113)

where

d

d� RC�1���2�] = RC

�1���2 ̇�]

+ 1
2Γ (1 − �) [����� − �1����

−� ̇�] (�1) − ����� − �2����−� ̇�] (�2)] .
(114)
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From formula (113), we have

�00 = �01 = �02 = 1,
�03 = �04 = 0,
>0 = 0.

(115)

From	eorem 14, we obtain

ERC0 = −�1 RC�1���2�3 − �2 RC�1���2�4 − 12 [(�1)
2

+ (�2)2 + (�3)2 + (�4)2 + 2�2 (�1)2 − 23 (�2)
3]

+ ∫�
�1
(�1 d

dF RC

�1���2�3 + �2 ddF RC

�1���2�4

+ ̇�3 R�1���2�1 + ̇�4 R�1���2�2) dF.

(116)

Assume this system is disturbed by :H1 = :H2 = 0, :H3 =:�4, :H4 = :�3.
From formula (77), we have

− �1 RC�1���2 (�13 − ̇�3�10) − �2 RC�1���2 (�14 − ̇�4�10)
+ [−�1 d

d� RC�1���2�3 − �2
d

d� RC�1���2�4] �10 − �1

× 1
2Γ (1 − �) [����� − �2����

−� ̇�3 (�2) �10 (�2, �� (�2)) − �����
− �1����−� ̇�3 (�1) �10 (�1, �� (�1))] − 1

2Γ (1 − �) × �2 [�����
− �2����−� ̇�4 (�2) �10 (�2, �� (�2)) − ����� − �1����−� ̇�4 (�1)
⋅ �10 (�1, �� (�1))] − �11 (RC�1���2�3 + �1 + 2�1�2)
− �12 [RC�1���2�4 + �2 + (�1)2 − (�2)2] − �13�3

− �14�4 + {−�1 RC�1���2�3 − �2 RC�1���2�4 − 12 [(�1)
2

+ (�2)2 + (�3)2 + (�4)2 + 2�2 (�1)2 − 23 (�2)
3]}

⋅ ̇�10 + �4 ̇�3 + �3 ̇�4 + >̇1 = 0.

(117)

Calculating formula (117), we obtain

�10 = 1,
�11 = �12 = �13 = �14 = 0,
>1 = −�3�4.

(118)

From	eorem 25, we get

ERC1 = −�1 RC�1���2�3 − �2 RC�1���2�4 − 12 [(�1)
2

+ (�2)2 + (�3)2 + (�4)2 + 2�2 (�1)2 − 23 (�2)
3]

+ ∫�
�1
(�1 d

dF RC

�1���2�3 + �2 ddF RC

�1���2�4

+ ̇�3 R�1���2�1 + ̇�4 R�1���2�2) dF

+ : {−�1 RC�1���2�3 − �2 × RC

�1���2�4 − 12 [(�1)
2

+ (�2)2 + (�3)2 + (�4)2 + 2�2 (�1)2 − 23 (�2)
3]

+ ∫�
�1
(�1 d

dF RC

�1���2�3 + �2 ddF RC

�1���2�4

+ ̇�3 R�1���2�1 + ̇�4 R�1���2�2) dF − �3�4} .
(119)

When � �→ 1, we obtain the classical adiabatic invariant

E41 = (�1)2 + (�2)2 + (�3)2 + (�4)2 + 2�2 (�1)2

− 23 (�2)
3 + : [(�1)2 + (�2)2 + (�3)2 + (�4)2

+ 2�2 (�1)2 − 23 (�2)
3 − �3�4] .

(120)

7. Conclusions

Di�erential equations of motion, Noether symmetry, con-
served quantity, perturbation toNoether symmetry, and adia-
batic invariants are investigated for the generalized fractional
Birkho
an system with the combined Riemann-Liouville
fractional derivative, the combined Caputo fractional deriva-
tive, the Riesz-Riemann-Liouville fractional derivative, and
the Riesz-Caputo fractional derivative, respectively. 	e clas-
sical conserved quantity and the classical adiabatic invariant
are all discussed as special cases.

	e fractional Lotka biochemical oscillator model
with the combined Riemann-Liouville fractional
derivative, the fractional Whittaker model with the Riesz-
Riemann-Liouville fractional derivative, the fractional
Hojman–Urrutia model with the combined Caputo
fractional derivative, and the fractional Hénon–Heiles
model with the Riesz-Caputo fractional derivative are
discussed, and their �rst order adiabatic invariants are
obtained.

	e main results obtained in this paper can help under-
stand the internal properties and dynamical behaviors of the
systems. Since generalized fractional Birkho
an mechanics
plays an important role in many �elds of modern science and
engineering, more research is worth doing.
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