ADIABATIC LIMITS OF SEIFERT FIBRATIONS,
DEDEKIND SUMS, AND THE DIFFEOMORPHISM TYPE
OF CERTAIN 7-MANIFOLDS

SEBASTIAN GOETTE

ABSTRACT. We extend the adiabatic limit formula for n-invariants by
Bismut-Cheeger and Dai to Seifert fibrations. Our formula contains a new
contribution from the singular fibres that takes the form of a generalised
Dedekind sum.

As an application, we compute the Eells-Kuiper and ¢-invariants of cer-
tain cohomogeneity one manifolds that were studied by Dearricott, Grove,
Verdiani, Wilking, and Ziller. In particular, we determine the diffeomor-
phism type of a new manifold of positive sectional curvature.

Manifolds of positive sectional curvature are a rare phenomenon, and the
differential topological conditions for the existence of positive sectional curva-
ture metrics are not yet fully understood. For this reason, one is still inter-
ested in finding new examples of positive sectional curvature metrics. Most
known examples are quotients or biquotients of compact Lie groups. Coho-
mogeneity one manifolds constitute another potential source of examples. By
work of Grove, Wilking and Ziller [19], there are only two families (Fy), (Qk)
of seven-dimensional cohomogeneity one manifolds, which possibly allow met-
rics of positive sectional curvature and contain new examples. The space R
mentioned there does not admit a positive sectional curvature metric by [29].
Grove, Verdiani and Ziller have succeeded in [I8] to construct a positive sec-
tional curvature metric on P», the first nontrivial member of the family (Py).
This manifold is homeomorphic to the unit tangent bundle 77S* of the four-
dimensional sphere. In this paper, we will specify among other things an exotic
sphere ¥ such that P, is diffeomorphic to the connected sum of 715* and X.

The manifolds P, are highly connected with a finite cyclic cohomology
group H*(Py) = m3(Py) = Z/kZ. By Crowley’s work [7], it suffices to compute
the Eells-Kuiper invariant pu(P;) and a certain quadratic form g on H*(Py)
to determine their diffeomorphism types. These two invariants are classically
defined on oriented spin manifolds N bounding P, but it is not clear how to
construct such a manifold N directly. On the other hands, by results of Don-
nelly [12], Kreck and Stolz [25] and Crowley and the author [9], both invariants
can equivalently be expressed as linear combinations of n-invariants of certain
Dirac operators and Cheeger-Chern-Simons correction terms on Pj, itself. Hav-
ing computed these invariants, one can write the spaces Py as connected sums of
exotic spheres and S3-bundles over S* using the computations for these bundles
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in [8]. In order to determine the necessary n-invariants, we write the spaces Py
as Seifert fibrations as indicated in [I9]. That is, the spaces Py are fibered by
compact manifolds over some base orbifold B.

The process of blowing up the base space of a fibration M — B by a factor e !
is called the adiabatic limit. It has been shown by Bismut, Cheeger [3] and
Dai [I0] that the n-invariants of a family of compatible Dirac operators Djs .
converge in the adiabatic limit € — 0, if the kernels of the associated vertical
Dirac operators Dx form a vector bundle H — B. This result can be generalised
to Seifert fibrations M — B. Thus, we consider adiabatic families of Dirac
operators (Djse). as in Definition In particular, we assume that H =
ker(Dx) is a vector orbibundle on B. Let AB be the inertia orbifold of B and
let Ayg(TB,VTE) e Q’(AB;XE ® o(AB)) denote the orbifold A-form as in
Kawasaki’s index theorem [23], see section Let A denote Bismut’s Levi-
Civita superconnection associated with Djs.. In Definition we construct
orbifold 7-forms nag(A) € Q°(AB;AB) as in [3] and [I5]. In Definition
we define the effective horizontal operator DG’Bff of the family Dy, which acts
on sections of H — B. Let (A\,(¢)), denote the finite family of very small
eigenvalues of Djy ., see section In [28], Rochon proved a special case of
the following theorem where B is a very good orbifold and the fibrewise operator
is invertible.

0.1. Theorem (cf. [3], [10], [28]). Let p: M — B be a Seifert fibration
and (Dye)e an adiabatic family of Dirac operators over M as in Definition .
For g9 > 0 sufficiently small, we have

lim n(Dase) =/ App(TB,VTB) 2n55(A) +n(DE) + ZSlgH
e—0 AB

With this result, one can compute the Eells-Kuiper invariant and the qua-
dratic form ¢ and hence determine the diffeomorphism type of each space Pk.

0.2. Theorem. The Eells-Kuiper invariant of Py is given by

4k3 — Tk + 3
The quadratic form q on H*(Py) = Z/kZ is given by
00—k
a0="8 ¢ g 2

By comparing these values with the corresponding values for S3-bundles
over S* in [§] and [9], one can construct manifolds that are diffeomorphic to Pj.

0.3. Theorem. Let Eij — S4 denote the principal S®-bundle with Euler
class k € H*(S*) =2 Z, and let ¥ denote the evotic seven sphere with u(X7) =

55- Then there exists an orientation preserving diffeomorphism

kk3

Pk—Ekk#E7 o

In particular, Py and E},j are homeomorphic.
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More generally, let E,,, denote the unit sphere bundle of a fourdimensional
real spin vector bundle over S* with Euler class n and half Pontrijagin class p €
HY(S%) = 7.

0.4. Corollary. For the space Py, there exists an S-bundle Eok e — S% that is
(1) oriented diffeomorphic if and only if k is odd or 8|k, with

_ 3
a’k = w mod 2247 ;

(2) orientation reversing diffeomorphic if and only if
(a) k is not divisible by 7,
(b) k=1, mod 4 or k=2, 10 mod 32, and
(¢) —1 is a quadratic remainder mod k,
with
Tk — 4k3

a’k =2 — —5 mod 2247, .

Some of the P are discussed in greater detail in Example [3.12

The article is organised as follows. In section [I} we introduce Seifert fi-
brations and define all the ingredients of Theorem Its proof is given in
section In section |3 we introduce the family (Pj) as a subfamily of the
larger family (M,_ 4 ) (p,q.)) that was also considered in [19]. The quadratic
forms AMy 0 ) pysas) for some of those manifolds are given in Theorem and
their Eells-Kuiper invariants in Theorem For the spaces P, we obtain the
simplified formulas of Theorem and prove Theorem and Corollary
Finally, section [4] contains the computations of n-invariants needed to prove
Theorems [3.3] and
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1. AN ADIABATIC LIMIT THEOREM FOR 7)-INVARIANTS OF SEIBERT
FIBRATIONS

A Seifert fibration is a map from a smooth manifold to an orbifold that
becomes a proper fibration over the smooth covering of each orbifold chart.
Each Seifert fibration is thus a Riemannian foliation with compact leaves. The
leaves over singular points of the orbifolds are quotients of the generic leaf over
a regular point.

We extend the adiabatic limit theorem of Bismut-Cheeger and Dai to Seifert
fibrations. We have to take care of additional terms arising at the singular locus
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of the orbifold. In some special cases, these extra terms give rise to Dedekind
sums.

l.a. Orbifolds, Orbibundles and Seifert Fibrations. We recall the def-
inition of an orbifold. By Remark below, we may assume that the base
orbifold B is effective. This will be assumed for the rest of the paper and
makes some constructions a lot easier.

1.1. Definition. Let G be a compact Lie group together with an action on R™.
An n-dimensional smooth G-orbifold is a second countable Hausdorff space B
with the following additional structure.

(1) For each point b € B there exists a neighbourhood U C B of b, an
open subset V' C R" invariant under the action of a finite group I'
via p: I' = G — GL(n,R), and a homeomorphism

G p(D\V = U with  (0)=b.

We call ¢ an orbifold chart, and we call p the isotropy representation
and I" the isotropy group of b in B.

(2) If b € U C B and ¢: p()\V — U are as above, if V/ € U, and
if ' p/(T")\V' — U’ are choosen analogously for ', then there ex-
ists an open embedding ¢: /'~1(U) — V and a group homomor-
phism 9: IV — T, such that

@ o ply = po(yy 0P
for all v € I, and

P(p(T) (v")) = ¢ (p(T')) -
We call ¢ a coordinate change and ¥ an intertwining homomorphism.

An oriented orbifold is an SO(n)-orbifold where all coordinate changes are ori-
entation preserving. A spin orbifold is an oriented Spin(n)-orbifold.

We will say n-orbifold shortly for O(n)-orbifold, and we will drop p from the
notation when the action of I' is clear from the context. If ¢ is a coordinate
change with intertwining homomorphism ¥ as above, then p, 0y is another coor-
dinate change with intertwining homomorphism 7/ ++ v(7/)y~! for each y € T
We do not impose any further condition (like a cocycle condition) on the choices
of coordinate changes and intertwining homomorphisms.

1.2. Definition. Let B be a G-orbifold and let X be a smooth manifold. An
orbibundle with fibre X is a map p from a topological space M to B with the
following extra structure.

(1) For each b € B, there exists an orbifold chart ¢: p(I')\V — U C B
around b, a fibre-preserving action o of I' by diffeomorphisms on V' x X
covering p and a homeomorphism 9: o(I')\(V x X) — p~!(U) such that
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the diagram

Vx X —— oD\ x X) —— p- (1)

! ! 8

vV ——  pO\V s U

commutes.

(2) If : p(D)\V — U and ¢': p/(I")\V' — U’ are orbifold charts as in
Definition with coordinate change ¢ and intertwining homo-
morphism ¢, and o, ¢’ and v, v/ are as above, then there exists a
diffeomorphism @: ¢'~1(U) x X — V x X such that

P00l =0y 0

for all 4/ € I, and such that the diagram
YUY x X —— JNWHU) x X) —S p iU

d l l

VxX ——  o(D\(V x X) ——  p HU)
commutes.

If all actions o are free, then M carries the structure of a smooth manifold, and
we call p: M — B a Seifert fibration. If X is a vector space and all actions o
and all diffeomorphisms ¢ are fibrewise linear, then we call p: M — B a vector
orbibundle. If X = G is a Lie group and all o and all ¢ commute with the right
action of G on X, then G acts on M, and we call p: M — B a G-principal
orbibundle.

1.3. Remark. Alternatively, a Seifert fibration with compact fibres is a connected
manifold M with a Riemannian foliation F such that all leaves are compact. To
see this, we pick a holonomy invariant metric on M and let B = M /F denote
the space of leaves and p: M — B the quotient map.

Let L be a leaf with normal bundle N;, — L. By compactness, there ex-
ists » > 0 such that the normal exponential map exp; is an injective local
diffeomorphism from the disc bundle N, to M. We use exp;, to construct an
orbifold chart for B and an orbibundle chart for M around L. Fix £ € L
and let pr, ¢: m(L,£) = O(N;) denote the holonomy representation. Then py, ¢
induces a representation

PLe: Fng = Wl(L,E)/ker(ﬁL,g) — O(Ng) s

and D, Ny is a bundle chart for B around L with isotropy group I'r, , and isotropy
representation pr,¢. The transition maps and intertwining homomorphisms are
not hard to construct, either. .

Moreover, let L denote the universal covering space of L, so L = m (L, ¢)\L.
Then I'z, 4 acts on

Xpo=ker(pre)\L,
and because M is connected, all X, are diffeomorphic. This way, we can
construct orbibundle charts and transition maps as in Definition [1.2
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If B is an orbifold, then there is a natural tangent orbibundle T'B — B. There
is a natural notion of a Riemannian metric on B, and such metrics always exist.

If p: M — B is a Seifert fibration, then there exists a natural map dp: TM —
TB and a well-defined vertical subbundle TX = kerdp ¢ TM. If g™ is a
Riemannian metric on M, let THM = (TX)* — M denote the horizontal
subbundle. Then ¢™ is a submersion metric if there exists a Riemannian
metric g72 on B such that dp|pm,, is a fibrewise isometry.

1.4. Remark. Whitney sums, Whitney tensor products, dual bundles and ex-
terior powers can be defined for vector orbibundles over a base orbifold B.
However, because in general not all “fibres” of a vector orbibundle are vector
spaces, one cannot apply these constructions fibrewise. Instead, one has to
perform the respective constructions fibrewise with the bundle charts and tran-
sition maps of Definition By functoriality, the resulting collection of bundle
charts and transition maps define another vector orbibundle on B. Similarly,
there is a natural notion of a Dirac orbibundle over an orbifold.

If W — B is a vector orbibundle with fibre k", the space of sections is given
locally in a chart V' — I'\V 2 U as a space of I'-invariant maps

T(Wly) = (VK" .
After these preparations, we may now write
Q*(B;W)=T(A*T*"BeW).

If W is graded, the tensor product is understood in the graded sense.

Let M — B be a Seifert fibration with fibre X, let T M denote a horizontal
subbundle, and let V' — M be a vector bundle. Let Q*(M/B; W) — B denote
the infinite-dimensional vector orbibundle with fibre Q°®(X; W|x). Then

O (M; W) =2 Q* (B; Q*(M/B; W),

and this isomorphism depends explicitly on the choice of TH M. This follows
by regarding the pullback of the local situation to bundle charts.

In particular, all constructions of local family index theory such as adiabatic
limits and Getzler rescaling are still well-defined for Seifert fibrations.

1.b. The Inertia Bundle and Characteristic Classes. Kawasaki’s index
theorem for orbifolds has been formulated for general elliptic differential oper-
ators. The topological index is formulated in terms of characteristic classes of
symbols. For the task at hand, we need to specialise these classes to the case
of twisted Dirac operators.

We recall the definition of the inertia orbifold AB of B in [23]. Its points
are given as pairs (p, (7)), where p € B and () is the I'-conjugacy class of an
element of the isotropy group I' of p. If ¢»: I'\V — U is an orbifold chart for B
around p = 9(0), we obtain an orbifold chart

Uiyy: CrON\VT = o(V7) x{(7)} € AB (1.1)

by restriction, where V7 denotes the fixpoint set of v and Cr(7y) is the centraliser
of v in I'. In general, the inertia orbifold is no longer effective. Hence, let

m(y) = # { ¥ € Cr(y) ’ pylvy = idy~ } (1.2)
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denote the multiplicity of (p,(v)) € AB. Then m(y) defines a locally constant
function on AB.

Let N, — V7 denote the normal bundle to V7 in V, and let RN+ be the
curvature of the connection on N, induced by the pullback of the Levi-Civita
connection. Let 7 denote a lift of the action of v on IV, to the spin group under
the natural projection Spin(N,) — SO(N). If B is a spin orbifold, such a lift is
part of the orbifold spin structure. Otherwise, the lift ¥ is determined uniquely
up to sign. Hence, the inertia orbifold has a natural double cover

AB={(p,(3) | 7 lifts v} — AB. (1.3)
As in , one constructs charts for AB by
Y Cr\VT = (V) x {(7)} C AB. (1.4)

The equivariant Chern character form of a Hermitian vector bundle (E, V)
with connected, equipped with a parallel fibrewise automorphism g, is classically

defined as

(VE)?
chy(E,VF) = tr <g e~ 2m ) : (1.5)
There exists a local spinor bundle SN, — V7 for N,. Given a local orientation
of N, there is a natural local splitting SN, = St N., ® S~N.,,. Using R™ and
a lift 5 of v as above, we can define the equivariant A-form on V7 by
tklVy ATV, VTV
chy(STN, — SN, VSNo)

A5 (TV, V1Y) = (-1) (1.6)
1.5. Remark. This construction of flﬁ(TV, VTV has the following properties.

(1) Because 1 is not an eigenvalue of 7|y, , the denominator is invertible
in Q°(V7). In fact, as explained in [2, section 6.4], one has

rk Ny (V)2 2
Ch:y(S—"N,Y—S_N%VSN»y)::I:i 2 dety, <id—’7€_ o7 > .

(2) The form /13 (TV,VTV) only depends on the conjugacy class of 7.

(3) Replacing the lift 4 of y by the lift —4 changes the sign of A@(T V,vTV).

(4) If one changes the orientation on V7 but keeps the orientation of the
total tangent space T'V|y~, then the orientation of N, changes as
well, and the subbundles STN, and S™N, are swapped. Hence the
form As(TV,V™V) changes its sign. On the other hand, its integral
over the corresponding stratum of AB then does not depend on the
orientation chosen on V7, only on the orientation of V.

Let us introduce the notation
Q*(AB;AB) = {a € Q*(AB) | alp(—5) = —lp) | -

and let us denote by Q° (AB; AB® O(AV)) the space of forms that change sign
depending on the choice of a local orientation of AB. We assume that B is an
oriented orbifold. By (2)-()), the forms A5 (TV,VT") in local coordinates can
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be used to construct a well-defined form A (T B, V') € Q*(AB:; XE@O(AV))
with

L
m(7)

where m(7) is the multiplicity of . With the choice of 4 given by a spin
structure, this is the integrand in Kawasaki’s orbifold index theorem [23] when
specialised to untwisted Dirac operators.

Let (E, VE ¢F, ¢) denote a Dirac orbibundle over V', and let v be a com-
patible action of v on E. Then #%/5 = ~F . 571 commutes with Clifford mul-
tiplication and has the same sign ambiguity as 4. If we write £ = SM @ W
locally, then W carries a natural connection VY with curvature RV = RE/S,
and SIE/ S acts on W, and we can define the equivariant twist Chern character
form

Y5 Arp(TB,VP) = Ay(TV, VTV, (1.7)

chs(E/S,VP) = chye/s (W, V7).

Then A:,(TV, VIV chs(E/S, VE) is the integrand in the local Atiyah-Segal-
Singer equivariant index theorem. Berline, Getzler and Vergne propose a par-
ticular choice of the lift 4 in [2] section 6.4].

Because chs(E/S, VE) only depends on the conjugacy class and the sign of
the lift 7, there exists a well-defined class chyp(E/S, V) € Q°(AB; AB) such
that

by chap(E/S,VF) = chy(E/S, V7).

Then App(TB,VTE) chap(E/S,VF) € Q*(AB;0o(AB)) is the integrand in
Kawasaki’s index theorem for orbifolds when specialised to twisted Dirac op-
erators. In particular, the integral over AB does not depend on the choices
above. In the special case of an untwisted Dirac operator, we have E = S,
and v¥ is itself a lift of . In this case, we simply have chs(E/S, V¥) = 1 if we
take 7 = vF, and ch5(E/S, VF) = —1 otherwise.

l.c. Adiabatic Limits. If M — B is a Seifert fibration and g’ is a submer-
sion metric as in Section we obtain a family of submersion metrics (g7™).~
with the same horizontal bundle T M — M such that gETM lrx = ¢"M|rx
and g!M|uyy = 72" | . The limit € — 0 is called the adiabatic limit.

Let e1, ...ep and fi, ..., frn—n be local orthonormal frames of T'X and T'B.
The horizontal lift of a vector field v on B will be denoted by #. Then a local
orthonormal frame of T'M for g. is given by

)

— £
€1 = €1, ey (&

¢ =en, eZH:ef_l, ey € =Efmn . (1.8)
1.6. Definition. An adiabatic family of Dirac bundles for p: M — B consists of
a Hermitian vector bundle (E, g%¥), a Clifford multiplication c¢: TM — EndE,
and a family of connections (VE<).>, such that
(1) The quadruple (E,VF# g% ¢*) is a Dirac bundle on (M,gI™) for
all € > 0, where the Clifford multiplication ¢ is given by ¢ (e3) = c(el).
(2) The connection V¢ is analytic in £ around & = 0.



ADIABATIC LIMITS OF SEIFERT FIBRATIONS 9

(3) The kernels of the fibrewise Dirac operators
n
Dx = Zc(ei)vg’o
i=1
acting on E|,-1( form a vector orbibundle H — B.
We will call the associated family (Dpsc)e>0 with

m
Dy = ch(eﬁ)vg’g
I=1

an adiabatic family of Dirac operators for p.
We consider the infinite dimensional vector orbibundle p,F — B with
pxEly = T(E]p-11))

for all regular points b € By. It carries a fibrewise L2-metric gIL)’;E that is
independent of ¢.
Associated to (F, VEO ¢F c) is Bismut’s Levi-Civita superconnection

1 1
Ay =t2Ag+A1+1t72 Ay, (19)

on p,E — B for t > 0, see [2], [3]. Here, Ag = Dx is the fibrewise Dirac
operator of above. The part A; = VP+E0 ig the unitary connection on p,E
that is induced by

1
VE’O—ih, (1.10)

where h: THM — EndT X is the mean curvature of the fibres of p, and A, is
an endomorphism of E — M with coefficients in A?T*B.

Let v € I" be an element of the isotropy group of b € B, then v acts on p,[E.
If SB — V7 denotes a local spinor bundle on B, then there exists a fibrewise
Dirac bundle W — M such that as vector bundles, locally

E=p*SBoW — p (V) and pE=SBep W — V7. (1.11)

After choosing a lift ¥ € Spin(lV,) of the action of v on N as in (1.3, we can
split v = 3" 07, see (2.20)) below. Over V7, we consider the equivariant n-form

)= [T L oY w OBt a2 gy e oo (v 1.12
777()—0 ﬁ(m) WA\ T T © € ( ) (1.12)
as in [I5, Remark 3.12], where NV denotes the number operator on Q®(V7).
Again, the sign of 75(A) depends on the choice of ¥; if B is a spin orbifold,
then this choice is natural. Note that in contrast to [I5], we already eliminate
2mi-factors inside the differential form 7,(A) and not after integration. By
assumption above, the integral converges uniformly near ¢t = oo because the
operators Dx have a uniform spectral gap around the possible eigenvalue 0.
If ¥ = e is the neutral element, then n5(A) = n(A) is the n-form of Bismut and
Cheeger, and the integral in also converges near ¢t = 0 by [3]. Otherwise,
~ acts freely on the fibres, and small time convergence is not an issue.
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1.7. Definition. The orbifold n-form nap(A) € Q‘(AB;KE) is defined such
that in the orbifold charts of ([1.4]),

bipnas(A) = n5(A) . (1.13)

This is well-defined because 7,(A) only depends on the conjugacy class
and the sign of 4. Moreover, the integrand Apg (TB, VTB) 2na(A) €
Q°*(AB;0(AB)) in the first term on the right hand side of Theorem [0.1] depends
only on the orientation of the fibres of p: M — B; in particular, the inte-
gral over AB only depends on the global orientation of M by Remark .
Note the different normalisation of n-forms and n-invariants. The component
of 21, (A) of degree 0 in Q°*(AB) is the equivariant n-invariant of the fibre. This
explains the additional factor 2 in the integrand in Theorem

Locally, there exists a unique family of spinor bundles (SM, VM= g5M )
on (M, gI™), and the Dirac bundle E splits as E = SM ® W. There exists a
locally uniquely defined family of connections VZ/5¢ = YW such that VZ< is
the tensor product connection induced by V¢ and VW, Note that for the
family of odd signature operators B)s ., we cannot assume that VE/S2 is inde-
pendent of . We obtain globally well-defined endomorphism-valued differential
forms

VE/Se P50 c QY(M;EndE)  and  RP/%° ¢ Q*(M;EndE) (1.14)

that commute with Clifford multiplication. The curvature RE/9¢ of VE/5€ ig
called the twisting curvature in [2]. By assumption above, both V#/8¢ —
VE/SO and RE/Se depend analytically on e around e = 0.

Let Px: p.E — H denote the L2-orthogonal projection onto H = ker Dy.

1.8. Definition. The effective horizontal operator of an adiabatic family of
Dirac bundles (E, V<, g% ¢) is defined as

men n d
eff — E P*E,O 1) T E/SVa
D - PX © <Oé_1 C(fOé) vfoé + ; 6(62) dE E:OVEi ) ° PX '

The operator Derf is selfadjoint. Its m-invariant is further investigated in
Proposition [2.4] If the fibres are odd-dimensional, we will see in section [I.d| that
in important special cases, the n-invariant of the effective horizontal operator
vanishes.

Again by assumption above, there exists ¢y > 0 such that the kernel
of Dy has constant dimension for all € € (0,ep). By [10] and sectionbelow,
there are finitely many eigenvalues A\, (¢) of Dy (counted with multiplicity),
called the “very small eigenvalues”, such that

A (e) = O(?) and 0# M\ (e) forallee (0,e). (1.15)

We have now defined all ingredients of Theorem Its proof is deferred to
section [2

1.d. Special cases of the adiabatic limit theorem. We consider fibres of
positive scalar curvature, and the signature operator.
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We assume first that M and B are spin, then the vertical tangent bun-
dle of p: M — B also carries a spin structure. By abuse of notation, we
write nap(Dyyp) instead of nap(A) for the orbifold n-form associated to the
untwisted Dirac operator.

If the fibres of M — B have positive scalar curvature, then for the untwisted
Dirac operator D)., the fibrewise operator is invertible, hence H = 0 and
there is neither a effective horizontal operator nor are there very small eigen-
values. In particular, Dy, satisfies the conditions of Dai’s theorem. The same

still holds for the Dirac operator Dp that is twisted by the pullback of an
orbibundle W — B with connection VW.

1.9. Corollary. If the fibration M — B and B are spin, the fibres of M — B
have positive scalar curvature, and if W — B is an orbibundle, then

e—0

lim (D2, = /A Ann(TB.V") i (W.V") 2005 (Dyijn) -

Proof. If W is trivial, then the corollary follows from Theorem [0.1] by the con-
siderations above. If W — B is an orbibundle, then the result follows from
remark 2.3 O

The odd signature operator Bys. on M also satisfies the conditions of Dai’s
theorem. Here, the bundle H — B corresponds to the fibrewise cohomology,
regarded as a Zs-graded vector bundle. In contrast to [10], we regard By as
an operator on QV*(M), not on all forms. Note that the twisting curvature
depends on €.

There is a natural notion of a differentiable Leray-Serre spectral sequence
of M — B, and by Mazzeo and Melrose [27], the very small eigenvalues (A, (¢)),
of By are related to its higher differentials. The effective horizontal opera-
tor Berf is related to the Fj-term of this sequence by results of Dai [10), sec-
tion 4.1]. Dai also constructs a signature 7,, € Z on the r-th term E, of this
spectral sequence for all r > 2.

Let NB denote the number operator on Q°(B), then the rescaled L-class

B

. . dim B—N
L(TB, V") = A(TB,V"?) ch(SB,V*?) =2 2z L(TB,V'P)
has a natural general equivariant generalisation leading to Lap (TB, vTB ) €

Q°*(AB). Finally, let us write nap(Bys/p) instead of nyp(A) in this setting.

1.10. Corollary (cf. Dai [10], Theorem 0.3). If the fibration M — B is oriented,
then

;g%n(BM,s) :/ABﬁAB(TRVT ) 2naB(Buys) +n( B +Z7_r'

Moreover, if dim B is even, then n(B$) = 0.

Proof. This follows from Theorem as in Dai’s paper [10]. The first term
again arises because of Remark The vanishing of n(B%') for even dimen-
sional base orbifolds follows from Proposition O
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l.e. Seifert fibrations with compact structure group. We assume that
the fibres of the map p: M — B are totally geodesic submanifolds of M.

Assume for the moment that B is a connected Riemannian manifold and
that p: M — B is an ordinary Riemannian submersion. Each path in B in-
duces a parallel transport between the fibres over its endpoints. By a result
of Hermann [21], all these parallel translations are isometries if and only if the
fibres of p are totally geodesic. In this case, let X be isometric to a fibre of p
and let GG denote the isometry group of X acting from the left. Then there is a
natural fibre G-principal bundle

P:{f:X—>M‘fis anisometryontoaﬁbreofp}

with a natural right G-action, and we have M = P xg X.

If we are given an adiabatic family (E, V¢ ¢g¥ ¢) of Dirac bundles as in
Definition [I.6], then we assume further that the parallel transport between fibres
lifts to isomorphisms between the restrictions of (F, vEe gF ,c) to the fibres
of p. In this case, let G denote the automorphism group of

(B, V<, ¢, 0)x) — (X,g%) .

then the family p: M — B is still associated to a G-principal bundle P — B. In
this case, we say that the adiabatic family (£, VF¢, g% ¢) has compact structure
group G.

Let b € B and identify p~!(b) with X and E,-1) with E|x — X, then for v,
w € TpB, the fibre bundle curvature [v,w] — [U,w] together with its natural
action on E is described by an element Q(v,w) € g. Different identifications
of B — X with EJ,-1(; give elements of g in the same Adg-orbit.

By [15, Lemma 1.14], there exists an Adg-invariant formal power se-
ries ng(Dx) € Clg], the infinitesimally equivariant n-invariant, such that

2(4) =n.a (Dx) (1.16)

Here, Dx is the component of A of degree 0, regarded as an operator on a
bundle W — X such that locally, £ = W ® p*SB. This invariant has been
computed for the untwisted Dirac operator and the signature operator on S3
in [I5, Theorem 3.9]. A more general formula for quotients of compact Lie
groups with normal metrics can be found in [I6], section 2.4].

Now, let p: M — B be a Seifert fibration with generic fibre X and assume
again that all fibres are totally geodesic. Then the construction above still
applies to bundle charts as in Definition If we trivialise p over V' by parallel
translation along radial geodesics in V', then the isotropy group I' acts on V' x X
by

UV(”) l‘) = (,O'y('U), O-’Y(m))
with o, € G for all v € I'. Thus, we obtain a G-principal orbibundle

P:{f:X—>M‘fisalocalisometryontoaﬁbreofp},

and again, we have M = P xg X — B. Moreover, for v € I', the restricted
curvature Q|ry~ takes values in the Ad,-invariant part of g. Thus, if (p, (7)) €
AB\ B, let ¢,y Cr(y)\V? — AB be an orbifold chart for AB around (p, (7))
as in . We regard the pullback of M — B restricted to V7 and identify ~
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with ., € G acting on X and E. Then |y~ takes values in the Lie algebra ¢(c.,)
of the centraliser Cg(o,) of 0 in G.

1.11. Theorem. Let p: M — B be a Seifert fibration, and let (E, V< g c)
be an adiabatic family with compact structure group G. For each (p, (7)) € AB
there exists a formal power series

Ng.e(or)(Dx) € Rle(oy)]

such that the orbifold n-form is given in an orbifold chart 15y around (p, (7))
as

UisymB(A) =n, o (Dx) .

If v = id, then ny o) (Dx) = ng(Dx) is the infinitesimally equivariant -
invariant. If v acts freely on the typical fibre X, then n%c(av)(DX) is the for-
mal power series expansion of the classical equivariant n-invariant 1, —=(Dx)
atZ2=0¢€ c(oy).

0'»\”2

Proof. If -y = id, this is just [I5, Lemma 1.14]. If y # id, then v acts freely on
the fibre X because p: M — B is a Seifert fibration, and the result is explained
and proved in [I5], Remark 3.12. O

Note that over each singular stratum of B, the fibres of p are finite quotients
of X, so that we are in a situation similar to Lemma 3.11 in [15].

2. A PROOF OF THE ADIABATIC LIMIT THEOREM

In this section, we sketch a proof of Theorem We will omit most of
the details, in particular those explained by Bismut, Cheeger in [3] and by Dai
n [10]. The proof is based on the well-known formula

0w = [ (Dt

We define a spectral projection P, onto the sum of the eigenspaces for the very
small eigenvalues in section 2.f, which commutes with Dy for each ¢ > 0. We
also find a small constant a > 0 and write

a—2

N(Dme) = /06 \/T (DME f) dt

/ —tr — P)Dyee D?As)dt
€a2

]. 7tD2
+ — tr(P Dyree va) dt .
/ga—2 /—ﬂt e M

The three terms on the right hand side give rise to the three expressions on the
right hand side of Theorem [0.1] by Propositions[2.12}, .10 and [2.11], respectively,
which will be stated and proved below. Thus, Theorem follows from the
results of this section.
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2.a. Local Computations. We will use small roman indices in {1,...,n} re-
ferring to coordinates of the fibres, small greek indices in {n+1,...,m} referring
to coordinates of the base, and capital indices in {1,...,m}. Let VIMe de-

note the Levi-Civita connection with respect to the bundle-like metric g. =

gTX ey 572 p*gTB_

Let VB denote the Levi-Civita connection on the orbibundle TB — B.
By [3], there exists a connection VX on TX — M, a symmetric ten-
sor S: TX ® TX — THM and an antisymmetric tensor T: THM @ THM —
TX, with coefficients s;;, and t,g;, such that

TMe = _ ~oTX . .. o€
Vei ej—Vei ej+¢ g Sijy €5 5

ol
TMe TX § . A€
VE@ e.] - VEa e.] € taﬁ] 6,3 )
B

TMe_ e _ 2 €
Ve, eg=—¢ E SikaCk — € E tBvi €y s
k v

and VZ;M’%% = (p*VTB)eQe% +e Z tagk €k -
k
We identify the tangent bundles (T'M, g.) orthogonally for different £ > 0 by
sending (ey, . .., €n) at € = 1 to the g.-orthonormal frame of (1.8]). With respect
to this identification, we obtain the limit connection
vTM,O — hm vTM,E — VTX @p*vTB . (21)

e—0

Note that this differs from the geometric limit of Levi-Civita connections de-
scribed for example in 2] section 10.1].

Let us assume for the moment that the base B and the map p are spin, which
is always true locally on M, and let SX — M be a spinor bundle for TX — M.
Then we have an isomorphism of vector bundles

SM = SX @ p*SB

vSM,O VTM,O

independent of e, and the connection induced by is the ten-
sor product connection. To define Clifford multiplication ¢; by e7 on SM for
all I =1, ..., m, the tensor product is understood in a Zy-graded sense. The
connections VT induce connections V5™ on the spinor bundle SM — M
for all e > 0. We have

2
5 5
vt = vt 4 o > sipcicy — 1 > tapicacs
] Vil B (2.2)
SM SM,0
Vo e =V — 3 Ztaﬁicicg :
2%

Let (E,VE# g¥ ¢).~0 be an adiabatic family of Dirac bundles on M as in
Definition We can now define a vertical and a horizontal Dirac operator by

1
Dx=>» ¢VE®, and Dp.= - (Dy,e — Dx) (2.3)

]
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Let VE/Se — vE/SO denote the one-form of (T.14)). Then

1 €
DB,E = Z Cqo (VSEQ’O + 5 Z Sijo CiCj — 1 Z taﬁi Cﬂg)
] ii/B

«

+ Z vE/SE vE/S,O) = Z Cor (vE/S,E o vE/S,O)
1 £
= za:ca (vf;;o -3 ha> Zc (VE/5e - wFIS0)
1
+e€ Z Ca< VE/SE VE/S’O)ea 1 Zﬁ:ta/ji cic/3> ,

where h € TH M denotes the mean curvature vector of the fibres in (M, g),
and h, denotes its component in the direction of «. Note that the connec-
tion VF0 — £ (h, ) for £ = 0 in the above expression for Dp is not unitary
on E — M in general, but it induces a unitary connection V?<9 on the infinite
dimensional vector orbibundle p,F — B.

2.1. Lemma. Let (E,VE< gE)._q be family of Dirac bundles on the family of
Riemannian manifolds (M, gI"™).~o. Decompose the associated family of Dirac
operators Dy = Dx + e Dp. as above. Then the anticommutator of Dx
and Dp. is the sum of a fibrewise differential operator of order one and an
endomorphism of E.

(e7eY

(2.4)

We write supercommutators as |-, - |.

Proof. Because Dy is of order one and involves only fibrewise differentiation,
supercommutators of Dx with a zero order operator satisfy the assertion above.
Hence, it suffices to consider

> [, VEY| = 3 (cie(VIMPeq) VEO

7,
+ cicy (VE 0) . T cica Vi;?ea] + CQC(VBTQM,Oei)VZ:0> .

Because e, is the horizontal lift of a vector field on B, we have VTMOea =

(p*VTB),.eq = 0, and [e;, e4] is a vertical vector field. Our claim follows. [

2.b. The effective horizontal operator. We regard the infinite-dimensional
bundle p,E — B. Together with the connection V?*#:0 of , it becomes
an infinite-dimensional Dirac orbibundle on B.

Let Px € End(p«E) denote the fibrewise L2-projection on ker Dx. By as-
sumption in Definition , H = ker Dx = im Px is a finite rank vector
bundle over B. Note that Px does not necessarily commute with the connec-
tion VP*E:0 We define a connection V¥ on H by

1
VH:PXOVP*E’OOPXZPXO(vSM’O—2<h">)OPX.

2.2. Proposition. Let Px and H be as above.
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(1) The operator Px is a fibrewise smoothing operator of finite rank that
commutes with Dx and with Clifford multiplication with horizontal vec-
tors.

(2) The orbibundle H — B, equipped with the restriction of the fibrewise
L?-metric and the connection VH | becomes a finite-dimensional Dirac
orbibundle on B.

Proof. The projection Py commutes with Px by construction, and with ¢,
because Dx anticommutes with c,.

The connection VPP respects the L%-scalar product, so its contraction V#
onto H respects the induced scalar product. Because Px commutes with cq,
we obtain a Dirac orbibundle. O

2.3. Remark. By Definition [I.8] the effective horizontal operator is a Dirac
operator if the family of local twist connections V"¢ considered in the previous
section is constant in €. This is not the case for the odd signature operator By .
on (M, gI'™), as explained in [I0, section 4.1]. The local twist bundle W is now
given by (SM, VSMe). Hence, by equation ([2-2), we have

vei/ £ = 5 Z SijyCjCy -
I

% e=0
This term only depends on the second fundamental form of the fibres, in partic-
ular, for totally geodesic fibrations the effective horizontal operator is in fact the
Dirac operator on the Dirac bundle (H, g, vH ) of Proposition above.

2.4. Proposition. The n-invariant of D%ﬁ s given by a convergent integral,

eff\ _ > L eff —t(DT)?
n(DB)—/O \/Htr(DBe B )dt.

Proof. Convergence for t — oo is clear because we assumed that B is compact,
and hence D%ﬁ has discrete spectrum.
For small-time convergence, we adapt the proof of [4, section II]. We put

d
A=D4d — DH = Z Px o <Ci dsLovGEf/S’E) oPx .

Because ¢, commutes with Px, we find that A anticommutes with Clifford
multiplication,

d
[Ca, A] =Pxo Z |:Com cid*6

]

€

OVE/SvE] oPy=0.
e=l

In particular,
(DE)? = (DE)* + ) cal V., Al + A%

We introduce an exterior variable z that anticommutes with the Clifford
multiplication ¢, and is parallel with respect to V. Consider the connection
z

vz — v _ 7<) (2.5)
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on the Dirac bundle H of Proposition Then instead of the usual Bochner-
Lichnerowicz-Weitzenbock formula, one has

T F ko1 H/S
(DF)? + 2D = VHh=vhe 4 24 23 cacs YL
«

+) ca[VE LAl + A%+ 24 (26)

If P, @ are endomorphisms of a vector space, define tr,(P 4 2Q) = tr(Q), then
tr (Derf e_t(DeBH)Q) = % tr, (e_t((DeBH)Q_ZDeBH)> . (2.7)

We want to compute the heat kernel of e~ *(P 5)?—=Dg") using Getzler rescal-
ing. To see that this is possible, we have to distinguish two cases.

If dim B is even, only even elements of the Clifford algebra contribute to
the trace. Hence, in the asymptotic expansion of the heat kernel, only terms
involving the operator A an odd number of times will contribute. But A acts
as 7 ® A’, where 7 denotes the Clifford volume element and A’ commutes with
Clifford multiplication. Hence, we may replace A formally by A’ and the trace
by a supertrace, so Getzler rescaling is appropriate.

On the other hand, let dim B be odd. Then dim X is even, and the bundle H
splits as H™ @ H~. The splitting is preserved by Dg , but A exchanges the
summands. Hence, in the asymptotic expansion of the heat kernel, only terms
involving the operator A an even number of times will contribute, so we have
to take the trace on the odd part of the Clifford algebra, and Getzler rescaling
is again appropriate.

Either way, we perform Getzler rescaling of the Clifford variables ¢,, and A
is not affected. Then the additional terms in the second line of cause no
trouble because A and [Vﬁ ,A} do not involve Clifford multiplication at all.
Hence, small time convergence follows as in [4]. O

2.5. Proposition. Ifdim B is even, the effective horizontal operator of the adia-
batic family of odd signature operators (B e)e on M has vanishing n-invariant.

Proof. The effective horizontal operator B! acts on Q®(B; H) and exchanges

even and odd forms by [0}, section 4.1]. Thus, the odd heat kernel B$ e~ UBE)?
also exchanges even and odd forms, and hence, its trace is zero. Hence, the
integrand in Proposition [2.4] vanishes. O

2.c. The Dirac operator as a matrix. The following sections are inspired
by work of Bismut and Lebeau [5], chapter 9] and Ma [26, chapter 5]. We will
write operators acting on p,F = ker Dx & im Dx as matrices of the form

v PxY Px PxY (1- Px) (1 ¥
C\(1-Px)YPx (1-Px)Y(1-Px)) \¥V3 Vi
in particular

1 Dyp. =1 Duyen Duye2\  (DBen Dpco
~ € - 1 .
€ Dpres Dyea Dpes € " Dx+ Dpea
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2.6. Proposition. Ase¢ — 0,
(1) the operator Dp .1 — DBBH is an endomorphism of H — B of magni-
tude O(e), and
(2) the operators Dp .2 and Dp . 3 are uniformly bounded fibrewise smooth-
ing operators of finite rank.

Proof. The first claim follows from the Definition of the effective horizontal
operator and equation .

The projection Px is a fibrewise smoothing operator of finite rank. It
commutes with Clifford multiplication ¢, by horizontal vectors. We conclude
from that the commutator [Dp ., Px] is again a fibrewise smoothing op-
erator of finite rank. Now follows because

Dpe2=PxoDp.o(l—Px)=—[Dpg, Px]o(1— Px)
and Dp.3=(1—Px)oDp.oPx =(1-Px)o[Dp., Px]
are uniformly bounded fibrewise smoothing operators of finite rank. 0
2.d. A resolvent estimate. Let A\g denote the smallest absolute value of a
nonzero eigenvalue of the effective horizontal operator Derf’ and let 0 < ¢ < ATB.
Let ' =T, UTyUT_ denote a contour in C, where I'y goes around +[\g, +0o0]
with distance ¢, and I'y is a circle around 0 with radius ¢. We choose €5 > 0

such that Proposition is satisfied and such that all eigenvalues of e~ 1D M,e
lie inside the area enclosed by I" for all € > 0.

Iy

(1
NG

B = = hus

i)

We regard the family of Schatten norms on operators acting on L?(E), given
by
1
N
2

_ * p
lAll, = tr((a"4)2)
for 1 <p < o0, and let ||Al|,, denote the operator norm.

2.7. Proposition. There exist constants C and €9 > 0, such that for all p >
dim M, all € € (0,e0) and all X € T, one has

RNl = C, (1)
IRVl oo = Ce Al (2)
[R(MIl, < C Al (3)
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Proof. For o € im(1 — Px), we have

|G — e Dyrca)ol];
= <(1 +e 2D + 5_1[DX>DB,5,4] + D%7E74)0,0> . (2.8)

The operator D% . 4 is selfadjoint with nonnegative spectrum.

The operator Dg(]im(l, py) is a fibrewise differential operator of order 2,
hence its spectrum is contained in [Ag,00) for some Ao > 0. Let Ax de-
note the fibrewise connection Laplacian acting on E — M, and let RX de-
note the curvature term in the classical Bochner-Lichnerowicz-Weitzenb” ock
formula for Dy. Write A > B if A — B is a nonnegative selfadjoint operator.
Because Dg( > )\(2) > 0, we find a parameter s > 0 such that

D%—SAX:(I—S)D§(+5(K—X+RX>

4
1— 1— )2
> 3D§<+@—3HR—X+RXH (2.9)
2 2 4 -
_ _ 2
> 1 3D§(2(123)A0>0'

By Lemma [2.T] the anticommutator
[Dx,Dpeca] = (1 —Px)(DxDpe+ Dp:Dx) (1 — Px)

is the projection of a fibrewise differential operator of order 1. Write

[Dx, Dl =Y a, Vv, +b,

where the V,, are vertical vector fields and b and the a, are endomorphisms
of E — M depending on €. Note that V,, a, and b are uniformly bounded
as € = 0. Because [Dx, Dp .| is selfadjoint,

Savy = (3 ayvvy)* = 3 (@Y, + [V, al] + (divV,)a}) .

v

Regard the nonnegative generalised fibrewise Laplace operator

1 * 1
-1 * -1 *
0§$<€ V+ZSZV:<VV’>GV> <€ V+2(S;<Vy,>al/>

1
-2 *
= 8¢ AX + Zs HEV <VN’ Vy> aual,

1
-5 Y@ - ) Vi @@+ )
_ _ 1 .
=se 2Ax +e ' ([Dx,Dp.] —b) + P ;(V#,Vy) a,ay, .

Because b acts as a fibrewise endomorphism on £ — M, we conclude that

se2Ax + 5_1[DX,DB£] > 710 (2.10)
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A similar conclusion still holds if we replace Dp . by Dp . 4 because
[Dx,Dpc| — [Dx,Dpea) = DxDpe3+ Dpe2Dx

is a fibrewise smoothing operator of finite rank by Proposition .

If we put (2.8)—(2.10) together, we see that

1- Moo
1+g_2D]2\“421+2—2SD§(+—0——+D%64 (2.11)
) E E ">
We immediately find that
[R:(i)]| oo < Ce .

Hence there exists g > 0 such that for all ¢ € (0,g0), the spectrum
of e 1Djc4 is contained in R\ e71(—c,¢’) for some constant ¢ > 0. The
first estimate follows from our choice of T'.

We obtain from and

IR-(M| < [[Re (i) — Re(d) (A = 9) R (M)
<Ce(l+ A= O).

Moreover, (2.11)) implies that there exists an 9 > 0 such that for all ¢ €

(0,e9), the operator 1+ (6_1DX +DB,5,4)2 differs from a fixed selfadjoint second
order elliptic operator by some selfadjoint operator with nonnegative eigenval-
ues. By the variational characterisation of eigenvalues and the definition of the
p-norm, we conclude that

||R5(7J)Hp = H(’L — (6_1DX + DB’€’4))_1Hp < Ce

for all e € (0,g9) and all p > dim M. By a similar argument as above, the
proposition follows for all A € T". O

In particular, the resolvent R.()\) is uniformly bounded and of order O(e |A|)
for all A € " as € — 0. We write R.(\) = O(1,¢|A|). In particular, we may
extend this operator by 0 for ¢ = 0.

2.e. The Schur complement. To compute the full resolvent of 5_1DM7€, we
consider the Schur complement M.(X) of A—e 1Dy 4 in the matrix represen-
tation of section The Schur complement is given by

M:(A) =A=Dpe1—Dpe2oR(N)oDpeg3.

2.8. Proposition. There exists eg > 0 small such that for all ¢ € (0,e0) and
all X € T, the operator M.(\) is invertible. Moreover, there exists C > 0 such

that for all p > dim M,
M <O (1)

|07 = (A= D) 7Y| < € min(Le ) 2)

3)

(4)

[MN)7H, < C A 3

| o <o 4
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Proof. By Propositions and
M.(\) =X— DS +0(1,¢|\]) .
As Dpe1 + Dpe2 o R.(\) o Dp.3 is a selfadjoint operator, its spectrum is
contained in R, and M.()) is invertible with [[M.(A)| < L for all A € T
with Im A = Fic.
The remaining A € I satisfy || < 2A, so the remainder term M. (\)—A—D%t

is a bounded endomorphism of H with operator norm uniformly of order O(¢).
Then in particular, the series

-1 _ 1 . _ peffy 1 ‘
M) = 3 2\ (O = D) = M) T (212)
k=0

converges if € > 0 is small enough. This proves invertibility of M.()\). Together
with the above, we obtain .
We deduce from and our choice of I' in section because

M-(\) "' = (A= D)~
= (A= DF) ™ (A= D) = M(N)) Mc(\) ™! = 01,2 |A]) .
For (3)), we use that H(z - DeBH)_al < C. Moreover

IM) 7, = (|6 = D) — (= DEY T (M) — ¢~ DY) M|

< - os71,

S Gz it I (ETACVECE ] (1 ACVal
<C(1+(A=i+0@1,elA)C) .
The last estimate is similar. O
We can now write the resolvent of e 1D M,e s

1
A — E_ll)]\m,S
— ( Mz—:()‘)_l Mz—:()\)_l Dp.2 R-()) >
Re()\) DB,€,3 ME()\)il Re()\) + RE()‘) DB,&,?) Me()‘)il DB,&?,Q Rs()\)

oy O
= ( OB RE()\)> —|—O(1,€|)\D .

The remainder terms consist of the resolvent of DeBH and one or more of the
following finite-rank endomorphisms of p,F,
1
F
(00 = D) = Me) 5~ -
DB,E,Q RE(A) ’

Rs()‘) DB,€,3 .
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the behaviour of which is described in Propositions [2.6) We summarize the
results of this section.

2.9. Proposition. There exist constants C and g9 > 0 such that for all p >
dim M, all € € (0,e9), and all X € T, one has

6= Dua <00 |o-ph_<c, &)
0= Dua) M, <o oD <en. @
|a=eDya ™ =D Y| <ce (3)

In particular, the resolvent of 5_1DM75 converges to the resolvent of the
effective horizontal operator Derf in a certain precise sense.

2.f. Long time convergence. Define a spectral projection P. on I'(p.E) by

1 dz

2w Jp, 2 —e 'Dye

Then P; obviously commutes with Dy .. By Proposition and our choice
of ¢ and I'g, we find that Py = lim._,g P- is the projection onto the kernel of

the effective horizontal operator DQBH. In particular, im P; is of constant finite
dimension for all € > 0 sufficiently small.

£

2.10. Proposition. There exists a > 0 such that

o1 e
lim Ewﬁtr(u—g)o (Dase e Phre) o(1—P€)) dt = (D) .

Proof. By Proposition we may write

T <1
DG = / — tr
77( B ) 0 \/H
because Py projects onto the kernel of D%ﬁ.
We rewrite the integral on the left hand side in the Proposition as

((1 ~ Ry)o D et PEN? o (1 - PO)) dt ,

S
—tr
ea—2 \/ﬂ't
/oo ! t((l P)o (e Dyee ™ Pie) 0 (1 P))dt
= —= I — o (& (& € ) O — .
i \/E € M,e €

Using dominated convergence, we will show that this integral converges
to n(D) as e — 0.

For ¢t > 0 and each integer k > 0, we define two holomorphic functions F lj' 0
E ot C — C with

((1 — P)o (DyeePire) o (1 - PE)> dt

dk a2 .
ﬂFit(z) =ze ™ and Zgrfoo F,;tt(z) =0.

Then obviously

FE(2) = 5 Fh(Viz). (2.13)

)
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By holomorphic functional calculus,

(1-P)o (6_1DM75 e_tf?DJQw,s) o(l1—P)

1 2 e t?

= ——dz
2mi Jr,or. 2 — e 1 Dy

! -1 —k-1
T omik! /F+ Fiy(2) (z =& Dare) dz (2.14)

1 B . _
+27‘(@k'/1—\ Fk7t(z) (2—5 DM,E)
A similar expression holds for

DS e 1PE)* = (1 - Py)o (Dgf e_t(D%H)2> o(1-Py).

k—1
dz .

By the Hélder inequality, [|X?||, < | X|[P. We choose k& > dim M + 1. By
Proposition and , there exist constants C' varying from line to line
such that

1 _ —k—1 off\ —k—1
27”,]€!/Fi F,;tt(z) ((z —¢ 1DM75) — (z — DBH) >dz

1

k :
<C F,;tt(z)ZH(z—afl DMﬁ)_lH]
| ’ =0 k

. H (z—e ' Do) - (% - D%ﬂ)_le (2.15)
N

< C’e/ FE(2) |2/ dz .
Iy ’

A similar estimate also holds for the integral over I'_. Equation ([2.15)) clearly
implies that

lim tr((l —P.)o (<€_1DM7‘E et

e—0

Dire) o (1— pg))
- tr(Derf e*t(D%f‘)?) . (2.16)
Let p denote the arc length measure on I'. Using (2.13) and (2.15), we

estimate

B te—2D2 off  —t(Deff)2
(1—P.)o (5 "Dypee DM,E> o(1—P)— (DBffe HDE) )H1
< Ce /Fi )F,jft(z)zku‘ du(z)

< Ceth! /F |FE V) (B duce) (2.17)

<certd |
Vir




24 SEBASTIAN GOETTE

Choose 0 < a < %H For ¢* < t, (2.17) implies
L Po (£ pueem P o 1 ) (o )|

<:(jta —k—2 —Ct

Because t occurs with positive exponent in the last line, the integral of the
right hand side above over (0,00) converges, and we may apply dominated
convergence and ([2.16)) to complete the proof. O

2.g. The very small eigenvalues. We now want to estimate the contribution
of the finite dimensional vector space im P.. The operator P.oe~'D M0 P- de-
pends holomorphically on €, so its eigenvalues are given by analytic functions A,
in . In particular, we may choose ¢ in section such that

dim ker(PE o s_lDM7€ ) PE) = dimker Dy .

is constant for all € € (0,e0]. By Proposition (1), we have A, (g) = O(e),
and by the above, the sign of A, (g) does not change on (0, gg.

2.11. Proposition. For 0 < e < gy, we have

o 1 dim ker D$ff
2
lim — tr(P o (D, e Pue) o P ) dt = sign(A,(€)) .
tim [ = we(Po (Dugee™ ) o, > .

Proof. We have

o0 1 7tD2
—tr(P o(Dpyee M oP)dt
/€a2 Trt € ( M,e ) €
/ L tr (6_1DM,€ 6—ts—2Dﬁ4,s) o Pg) dt

T
dim ker DeB

CA(E) a2
- o gt

: F
dim ker D%

= Z sign(A,(e)) + O<5%> . O

v=1

2.h. Short time convergence. Let o > 0 denote the constant introduced in
Proposition and consider

[ L a(oue i ar

We treat the limit of this 1ntegral as € — 0 as in [3] and [10]. Over the singular
strata of B, we get additional contributions involving equivariant n-forms, see

Definition [T.7] of the orbifold n-forms.

2.12. Proposition. For a > 0 sufficiently small, we have

5&72

. 1 i TB
- Als
lim v~ tr (DM,E ) dt = /AB Arg(TB,V'7) 2npp(A) .
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Proof. We introduce an exterior variable z that anticommutes with the Clif-
ford multiplication ¢ and is parallel with respect to VZ¢ for all . In analogy
with (2.5]), consider the connection

vEer = yke _ ze(-).

We will use the gZ™-orthonormal frame e5 of (I.8). Then as in (2.6)), the
Bochner-Lichnerowicz- Weitzenbock formula implies

K 1
DJQM?‘E +22Dpe = vEesrygEez 4 4 + 4 Z crcy Fe?/e% )
1,7

Define tr, as in the proof of Proposition then as in (2.7)),
1
tr<DM75 e‘“’%«s) =t (e‘t(Dﬁae‘zDMva)) . (2.18)

From now on, we assume that ¢ < £*~2 for some small a > 0. We fix q€ B
and choose an orbifold chart ¢: p(I')\V — U C B with ¢ = ¢(0) and a local
trivialisation : T'\(V x X) — p~(U) as in Definition We assume that
defines geodesic coordinates, and that v is the trivialisation by horizontal lifts
of radial geodesics. By parallel transport along these geodesics with respect
to VE#, we also identify E|,-1(y) with E|x x V.

As explained in [10], section 3.1, to compute the z-trace of the heat kernel
over ¢, we may assume that V = R™™" and that outside a suitably large
compact subset, the metric on V is flat and the geometry of the fibration is of
product type. It is possible to perform all these modifications in a I'-invariant
way.

Let v denote the V-coordinates of a point in V' x X. As in [3], we consider
the operator

H., = (1 + ;?2) (tD3;. + 22V Das.) (1 = ;j\%) .

In the trivialisations above, let

ket((v, ), (W, 2")): By — E,

denote the heat kernel of the operator e <t on V' x X. The corresponding
heat kernel k. ; on I'\(V x X)) then lifts to

kea([v,2], [V, 2']) =) key((v,2),9(v,27) 0y By — B, .
~yel’

Thus, we have

tr, (kat([v, x], [v,a:])) = Ztrz (l}avt((v,x),’y(v,x)) ° ’Y) .

vyel



26 SEBASTIAN GOETTE

We will consider the contribution of each v € T" over V to the overall trace

_t(DIQVI,E+Z D]M,E)

of e separately in the limit € — 0. Moreover,

/ . (ke ([0, 2], [0, 2)) d(v, 2)
N\ (VxX)

= o7 )

because each point [v, ] € I'\(V x X) has #I" different preimages in V' x X.

For a fixed v € I, let V, C V denote the fixpoint set of v, which is a linear
subspace of V. Let N, denote its orthogonal complement. Because we have
assumed that B is orientable, dim N, is even. Put

1 -
lﬁméﬁu%ﬂm@wwwwwau@<mm

m, =m —dim N, .
The action of v on E|x can be decomposed as

~ = F/SB o 55B (2.20)

such that 4P is an element in the Clifford algebra of N, and commutes
with Clifford multiplication with horizontal vectors, and this decomposition is
unique up to sign.

As ¢ — 0, we will rescale v € V by a factor ev/t. We will apply Getzler
rescaling by ev/t only to Clifford multiplication with elements of V,, whereas
Clifford multiplication with elements of N, and T'X will not be rescaled. Let us
denote the complete rescaling by G .. In particular, the action of v commutes
with G ..

We choose the basis in section such that fn41, ..., fim, are tangent to V.

E/SB

Let e denote exterior multiplication with dv®. For I € {1,...,m}, define
cr if1<I<norm,<I<m,and
pr=9q 1 .
t2¢" ifn<I<m,.

Bismut’s Levi-Civita superconnection can be defined as the operator

Vit
Ay =Vt Dx + VP EO T Ztaﬁi Hifba g -
iaf
Then as in [3], we can compute the limit of the rescaled operator H, ; as
1 My 1 2
lim Gmg(Hgi) = —t (Vei + = Z SiJK MUy — tchi)

e—0 4
JK=1

o 1 2
- (a5 o))

My
E/S,0 KX
+ 2 et + 10

dA 8 1 2
2 t B
= <At + iz —t > — <a + 78 <R \Vwea,v>> .

(2.21)
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Both operators on the right hand side have coefficients in A®*(V7)*. The oper-
ator AZ +tz dAt actson I'(E — X ) and commutes with Clifford multiplication
by horizontal Vectors, while (I + £ (RB|v, eq, v>)2 acts on Q*(V).

Let SB be a local spinor bundle on V, then there exists a fibrewise Dirac
bundle W — M as in (L.11)). We continue as in [3], using the heat kernel proof
of the equivariant index theorem in order to conclude that on V' x X,

lim trz(/%at((v,x),fy(v,x)) ov)d(v,z)

e—0 VxX

SB —LW dAt A? ~E/SB
:/trgg(kzv(v,'yv)o& ) (2mi)” 2 trp*W(Qtdte i 5/ >dv
Vv

= [ Ass(TV,VTV) (2 R t o At u2 558

= :YSB( , )( i) Tp, W i ety .
Vv

From (2.19)) and the above, we obtain

lim tr. (ke ([v, 2], [v, 2])) d(v, z)
e—0 F\(V><X)

A TV '—NTW dAy A2 E/SB
#F Z se(TV,V'") (2mi) trp,w | 26 — o

A TV il dA¢ p2 -m/sB
:Z#T Asse (TV,VTV) (2mi)™ 2 trpw 2t —r et

3 NV dA; o
= E / Uiy Ans(TB,VTP) (2mi) " 2 try,w (2t — - bt 37/5P
Cr \V’Y K dt

in analogy with the index computations in [23]. By (2.18]) and the above, we
have the global formula

lim tr (\/f Dyse e_tD?W’E)
e—0 ’

A TB LN dA¢ p2 ~FE/SB
= AAB(TB,V )2(271'2) 2 trpw ¢ iy .
AB

By Theorem 3.1 of [10], we have uniform convergence as ¢ — 0. By ((1.12) and
Definition

80472
1 ) A
lim —tr(D et )dt: / Axp(TB,VTE) 2pap(A) . O
/ i Me 0 - AB( ) 2nAB(A)

e—0 0

2.13. Remark. We replace the vector bundle E by E ® p*W, where W — B is
a vector orbibundle. We also assume that the twist connection V(E®P"W)/5.0
splits as the tensor product connection of VE/50 and p*VW in the limit € — 0.
A relevant special case is the case of the signature operator on M, where the
(local) spinor bundle of B plays the role of W. In this case, equation
becomes

dA o 1 2,
it = (41 51) - (5§ @enn) +rR"
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This implies that now,

im [T Ly (D —~tD}; )dt
e50 Sy me\TMeC T

— / Anp(TB,VTB) 2955 (A) chap(W, V).
AB

3. THE SPACES Py AND M(,_ 4 ) (psas)

We consider the family Mq,_, ) (. q.) ©of manifolds with a cohomogene-
ity one action of G = Sp(1) x Sp(1) that are described in [19, chapter 13].
This family contains the spaces Py = My 1) 2k—1,2k+1) as well as the Berger
space SO(5)/SO(3) = M31),1,3- The manifolds Mg,y (p, q.) are two-
connected with finite cyclic third homotopy group, so by [7] and [9], it suffices
to compute the Eells-Kuiper invariants and the modified Kreck-Stolz invariants
for quaternionic line bundles of [9] to determine the diffeomorphism type.

3.a. Construction as Manifolds of Cohomogeneity One. Let (py,qy)
and (p—,q—) be two pairs of relative prime positive odd integers. We regard
the subgroup

H= {i(l,l),i(i,(—l) 2 71'),1(]', (—1)(”5”;'),
+ (k. (—1)(”‘”#1@)} C G =Sp(1) x Sp(1), (3.1)

which is isomorphic (in fact conjugate) to the diagonal subgroup AQ, with
Q = {&1, +i, £, £k} C Sp(1) .

If @ € S? C H is an imaginary unit quaternion and p, ¢ are relative prime
odd integers as above, we consider the subgroup

Ce o =1{(e™, e ) |9 eR} C G=S8p(1) x Sp(1),

(pa) —
which is isomorphic to S!. For an odd integer 21+ 1, we have e (-1a.
This implies that
{j:(a, (—1)1)2;[1@) : 1(1,1)} cCl -
We put
K. =Cf, ,y-H and K.=C]  -H C G. (3.2)

Then in particular H = K_ N K, and we have isomorphisms
K- =Cly gy U (3.1

. q——p— .
— Y ; N\ ~ P
and Ky =Cp, U (2, (1) 2 z) Cloran) = Pin(2) .

9+ —P+

j) Ci )= Pin(2)

(p—,q-

The actions of K+ on S' < K, /H = K_/H are R-linear.
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We now consider the cohomogeneity one manifolds M with

group diagram

p—,q-),(P+,9+)

G
S N
K_ = Pin(2) = Ky (3.3)
N /
H

Thus, the generic G-orbit takes the form G/H = S3 x RP?/(Z/27)?, and the
two singular orbits are of the form My = G/Ky. We will study the geometry

of M(p—,q—),(p+,q+) in section

3.1. Theorem ([I9], Theorem 13.1). The manifolds M = My, 4 (p, q.)
are two-connected. If p_q, = +piq_, then H3(M) = H*(M) = Z, other-

. 3 _ 4 _ : e
wise H*>(M) =0 and H*(M) = Z/KZ with k = —5—+—.

3.b. The t-invariant. In this section, we want to determine the homeomor-
phism type of the spaces P.

In [7], Crowley has constructed a quadratic form gy : H*(M) — Q/Z for all
two-connected closed topological seven-manifolds with finite H*(M) satisfieing

lkpr(a,b) = gu(a +b) — qu(a) — qur(b)
and  lky <a, %(TM)) = gur(a) — qar(—a)

for all a, b € H*(M), where Bl denotes the natural refinement of the first
Pontrijagin class p; for spin manifolds. Note that two quadratic forms with
the properties above differ by the pairing with an element of Hy(M;Z/27Z).
Crowley has then proved that two such manifolds My, M7 are homeomorphic
(in fact almost diffeomorphic) if and only if (H*(Mo), qr,) and (H*(M), qur,)
are isomorphic.

In analogy with the Kreck-Stolz invariants sy and sz of [25], Crowley and
the author have defined an invariant ¢, (F) € Q/Z for a two-connected smooth

closed seven-manifolds M and a quaternionic line bundle £ — M, such that
qM(CQ(E)) = 12tM(E) .

For each cohomology class a € H*(M) of such a manifold M, there exist quater-
nionic line bundles £ — M with ca(E). We will thus compute ¢y (E) for suf-
ficiently many quaternionic line bundles £ — M in order to determine the
diffeomorphism type of the spaces M = Pj.

Let us recall the intrinsic definition of ¢j/(E) in [9]. We assume that F
carries a quaternionic Hermitian metric gE and a quaternionic Hermitian con-
nection VE. Then there is a natural representative co(E,V¥) € Q4(M)
of the class cp(E). If H3z(M) = Hiz(M) = 0, there exists a differential
form éo(E, VE) € Q3(M) such that

dér(E,VF) = eo(E,VF) € QY (M) ,
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and é(F, V¥) is unique up to an exact form. Let D and D¥ denote the un-
twisted Dirac operator on M and the Dirac operator twisted with (E, gE, V¥ ),
and let h(D) = dimker D.

3.2. Definition ([9]). For a quaternionic line bundle £ — M on a compact
oriented seven-dimensional spin manifold M with Hig (M) = 0, put

_77+h
4

()~ " (D)

1 A~
% M(%(TM,VTM)+cz(E,VE))02(E,VE) e Q/Z.

3.3. Theorem. Assume that p— and ps are relatively prime. Then there exists
an isomorphism H* (Mg, 4\ (o, .q0)) = Z/KZ such that Crowley’s quadratic
form qp(€) for £ € Z/KZ is given by

2 _ 2 4 g2 2

This theorem will be proved in section

tym(E)

l

3.4. Remark. More generally, suppose that a = (p2_,p§r) and b = (qz,qi) are
the greatest common divisors. Because p_ and ¢_ are relatively prime, so are a
and b. Moreover, clearly a|k and b|k.

The proof of Theorem gives a formula for qp(¢) if al¢ € H*(M) by
identifying the class ¢ with a class pulled back from the base of the Seifert
fibration p: M — B considered in Proposition Swapping the roles of the
ps and gs gives an analogous formula for gy (¢) if b|¢ € H*(M).

To see that these two formulas determine ¢as uniquely, for each £ € H*(M) =
Z/nZ we find z, y € Z such that

0= za® + yb® .
Because ¢ refines the linking form, we have
an(€) = aur(xa® +yb*) = qur(za®) + qui(yb®) + a®b? Ie(z, y)
= qui(za®) + qur(yb®) + anr(ab(z + y)) — qu(aba) — qur(aby) ,

and each of the terms on the right hand side is computable. The main difficulty
consists in determining the respective classes in the two base orbifolds.

3.5. Ezample. We consider the special case P, = M(y 1) (2x—1,2k+1) and obtain

AR =R+ E(Rk—1)* L U+ E)
au(l) =+¢ ok to= "o mod Z . (3.4)

We compute
1k(i, ) = a1 (i + ) = ane(§) = an () = & (3.5)

which proves that the linking form on H*(P) is standard and that the class
represented by ¢ = 1 is a generator. We also see that B (T'P,) = 0 because

lk<%(TM),€) — (=0 —qu()==0 mod Z . (3.6)
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3.c. The Eells-Kuiper invariant. The Eells-Kuiper invariant x4 has first been
defined in [14] for certain manifolds using zero bordisms. It distinguishes all
exotic spheres in dimension 7. Crowley has shown in [7] that two homeomorphic
two-connected closed smooth seven-manifolds with finite H* are diffeomorphic
if and only if their Eells-Kuiper invariants agree.

We will use the intrinsic description of p(A) by Donnelly [12] and Kreck
and Stolz [25]. Let M be an oriented spin Riemannian seven-manifold
with H3z(M) = Hiz(M) = 0, and let Dy denote he untwisted Dirac op-
erator on M. Let Bjs denote the odd signature operator, acting on Q"M
Let py(TM,VTM) denote the first Pontrijagin form of M, then there exists a
form p1(TM,VTM) € Q3(M) such that

dpr (TM, V™) = py (T M, VM) |

and p1(TM,VTM) is uniquely determined up to an exact form. Following [25],
the Eells-Kuiper invariant of M can be computed as

_n+h
2

(Dar) + o= (Bu)

(M) o5 7

- [ eam@n ) gz @

We will use Theorem to compute the n-invariants in equation .
Again, we make use of the Seifert fibration M — B discussed in Proposi-
tion [4.] below. In analogy with the classical Dedekind sums occurring in the
study of quadratic forms, we consider a particular family of sums over rational
functions in sines and cosines. These sums represent the contribution of the

twisted sectors of B to u(M,_ ¢ ) (ps.q4))-

3.6. Definition. If p, ¢ € N are odd and relatively prime, define the generalised
Dedekind sums

D(p,q) = E £
4 . 2 «in2 4ma ;.2 gma 5. 2 i 4ma 03 gTa
pat 2% .7 p?sin p Sin® = 2° .7 p?sin p Sin”

p—1 4ma 2 gma qra 4ma
( 14 cos , T cos qcos = (14—|—cos » ))

We will give explicit formulas for some of these sums in the next subsection.

3.7. Theorem. We have

sign(¢” p3 — ¢ip?)

(M gy, p100)) = 2% .7 + D(p-.q-) — D(p+,q+)
B (% —p2)? C2Yph %)+ (é2ph - ahpP)
22 7p? % (2P — ¢3p?) 28 Tp?pt

This theorem will be proved in section

3.8. Corollary. Assume that p and q are odd and relatively prime. Then there
is a duality of generalised Dedekind sums

204222+ )+ (p*+4¢*) 7

28 . 7 p2¢? ""f € Z.

D(p,q) + D(q,p) —
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Proof. Swapping the ps and gs in both pairs (p4,q+) corresponds to chang-
ing the orientation on M, hence the Eells-Kuiper invariant changes its sign.
Let A(p, q) denote the expression in the Corollary, then by Theorem (3.7]),

Alp—,q-) = Algr,p1) = (M4 v ora) T (Mg p )geps)) EZ

Because we can choose the pairs (p_, ¢—) and (p4, ¢+ ) independent of each other,
subject only to the relation ’;—: Z—i, it is enough to check that A(1,1) =0 €

Z. g

3.d. Some Examples. Some of the manifolds M,_ ;) (p, q.) are diffeomor-
phic to well-known spaces by Grove, Wilking and Ziller [19]. In this subsection,
we make sure that our computations above agree with other computations of
the invariants.

Let us denote by E,, the unit sphere bundle of a fourdimensional real
vector bundle V' — S* with Euler class n = ¢(V) and half Pontrijagin
class p = BL(V) € Z = H*(S*). Such a bundle exists if and only if n and p are
of the same parity, and is unique up to isomorphism in this case. It is known
that B(TE,,) = p € Z/nZ = H*(E,,). The bundles E,, and E_,, are
oriented diffeomorphic, and E4,, and E4, _, are orientation reversing diffeo-
morphic. By [9, Proposition 2.6] and [8], we know that

{(p+1) p*—k
Ep) =2 —" .
2k and - p(Epi) = 557
p—k

Note that Crowley and Escher in [§] use the parameters n = k and m = 5=,

qE,,(l) = (3.8)

3.9. Example. If p, = p_ = 1, then the base B is the manifold S*, represented
as the unit sphere in the space of real trace-free symmetric endomorphisms of R3
with its natural SO(3)-action by conjugation. The manifold M is a principal
S3-bundle over S*, and the induced R*-bundle V' — B has Euler number

¢ —q}

e(V)[B) = k = T

€z
by (4.21)) below.

Because M is a principal bundle, we also have B- = £k. By [9], the ¢-
invariant is given by
ok + 0)

2k 7

qm(l) =

which agrees with Theorem [3.3
The formula for the Eells-Kuiper invariant reduces to
M B sign(¢2 —¢%) & — ¢ _ signe(V)[B] —e(V)[B]
MM e) = — 55 7~ 87 = % 7 )

which agrees with the computations by Crowley and Escher in [§].

3.10. Ezample. By [19], the space M(3 1) (1,3) is diffeomorphic to the Berger
space B” = SO(5)/SO(3). Kitchloo, Shankar and the author computed the
Eells-Kuiper invariant of this space in [I7] and obtained

27
BTy =
w(B") 190 °
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which agrees with Theorem
In [I7], we concluded that M with reversed orientation is diffeomorphic to
an S3-bundle over S* with Euler number 10 and half Pontrijagin number 8. By
Theorem [3.3] we find
’ 02490) _ L2+9) LL+1 LB+
M0 = 55 20 2 20
which agrees with [9], see (3.8)) above.

3.e. The Spaces P;. It is shown in [19] that among the M,
the Berger space M3 1) (1,3) and the spaces

mod Z ,

p—q-),(pyoat)> ODLY

Py = M1 1),(2k-1,2k+1)
can carry a metric of positive sectional curvature. So far, such metrics have
been found on P; = S7, the manifold P», and the Berger space. In this sec-
tion, we determine the diffeomorphism type of the Pg. In particular, we prove
Theorems and Corollary
We start by evaluating the Dedekind sums of Definition For ¢ = p + 2,
these sums simplify as follows.

p1 14cos4”—a + cos? 2m@ (p+2) COSQ’T—“(14+COS dma)
D(p,p+z>—z< : =)

+
4 . 2 4ma 2 2ma 5. 4ma 3 2ma
pat 24 . 7p?sin > sin N 25 . 7p?sin 274 » sin® #C2

p

14
T2 7p2 Z<4sm4 27”’  sin? 42“)

1
25 7p? 2sm4 2”“ 2sin? 2“7“
_15(p+3)Z 1 p+30 22 1
- 26.7p2 g sin? 27};“ 25, 7102 sm2 2;“ ’

As Zagier pointed out to us, the sums above can be computed by substi-

4ma

tuting z for e » . Because the resulting rational function in z vanishes to
sufficiently high order at z = oo, we obtain

= (—4z) D 1
Res . - —

Z 202 Z z= C< 20 _ >

“ sin g“ &5 —1)2¢ -1 2

A1

—4)¢ 2z -1
:—Reszl<(z(_1))2e+1 = zp(—l ))'

For ¢ =1 and 2, we obtain

4 2
and Z T oma 15
= p
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We combine the above and find that
15(p+3) p*+10p>—11 p+30 p>—-1

D(p,p+2) =

26 .7 p2 45 C2B.7p2 3
(PP =) +3p*+9p—27)
- 26.3.7p2 :

Proof of Theorem [0.2. With Theorem and the above, we compute
sign(p” — (p +2)°)

(M1, ppr2)) = 5.7 +D(1,1) = D(p,p+2)
B (p? —1)2 2P -1+ (0P - (pt2)?)
22.7p2(p? — (p+2)?) 28 7p?
1 @ =D)E*+3p* +9p - 27)
25T 26.3.7p2
N P -Dp-1) 4@°-1)—-(p+1)
24 .7 p? 26.7p2
3 2
p°+3p”—4p
= Z .
w37 Y

With p = 2k — 1, we have
4k3 —Tk+3

1(Pr) = (M), (2k—1,26+1)) = — o5 3.7 €Q/Z.
We also compute gp, using Theorem [3.3] as
2k +1)2=14+02k+1)%) ¢ lk+1
ap, () = (( ) ( ) kA1) cQ/z. O

2k 2 2k

Having computed the Eells-Kuiper invariant and Crowley’s quadratic form ¢,
we can now compare the spaces P, with the principal S3-bundles E}, i over S,

Proof of Theorem [0.3. By [7], highly connected seven-manifolds are classified
up to oriented diffeomorphism by their Eells-Kuiper invariants and the qua-
dratic function ¢ on H*. These invariants have been computed for Ej in [§]

and [9], see (3.8).

By Theor and equation , the quadratic forms gp, and qg, ,
are isomorphic. Hence, the spaces P, and E}; are homeomorphic, and even
almost diffeomorphic.

Comparing the value of u(Py) from Theorem with (3.8]), we find

WTh L p—1 4R g3

25.7 20.7 2.7 6 28
with ""ng € Z. Because both ¢ and p are additive under connected sums
and ¢y is trivial whereas pu(X7) = 2—18, we conclude again by [7] that Py

k—k3

and Ey i # Zf 5 are oriented diffeomorphic. O

w(Pr) — p(Erp) = —

3.11. Remark. Grove, Verdiani and Ziller have already observed in [18] that P»
is homeomorphic to the unit tangent bundle 7T7.5* of S*. The group Sp(1)
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acts with isolated fixpoints on S*, so this action induces a free action on 7754,
hence T15% is diffeomorphic to Es3 5. Of course, this fits with our result above.

Proof of Corollary[0.f] We start with case . We already know that Crowley’s
form ¢ for Py is the quadratic form of the principal sphere bundle Ej,; — S4.
This implies that the Pontrijagin number of a sphere bundle £, ;, homeomorphic
to P, must be of the form p = ak with a odd if k is even, see equation (3.8]).

It thus remains to solve u(Py) = pu(Eqrk) € Q/Z depending on p = ak.
By [8], we know that

A3 _ A3
2E2 o TR=AK® | 2 Th—dk

E — u(Py) = -3 = 3 d7Z.
In other words,
— 43
a’k = y mod 2247, .

It suffices to solve this equation modulo 7 and 32.
Modulo 7, the equation is trivial if 7|k. Otherwise, we can clearly solve
— 42
a2573k = k? mod 7Z .
Modulo 32, we start with the case that k is odd. Because 3 x 11 = 1, we

have to solve

— 4k2
a257 3’“ =77 — 44k* = 13 — 12k? mod 327 .

The right hand side equals 1 mod 8 and hence is a quadratic remainder mod-
ulo 32. Next, if £ is even but not divisible by 8, then we would have at least
a=77=5 mod 8Z ,
but 5 is not a quadratic remainder mod 8. Finally, if 8|k, we can clearly solve
a? = mod 47 .

In particular, if £ is even then a will be odd, so the quadratic forms ¢ agree as
well. This settles (|1)).
In case , let n = k be as above. Then p = ak because we still have
Ikp, (b,p) = qp,(b) — qp,(=b) =0 €Q/Z
by Theorem [0.2] (1). We will first try to solve u(Py) 4 p(Eqarx) = 0 € Q/Z. We
find that
Tk — 4k3

224(p(Eapo ) + p(Pr)) = a’k + —3 2 mod224Z.

Modulo 7, there is no solution if 7|k. On the other hand, a case-by-case check
reveals that

Z L =22 mod 7Z
is a quadratic remainder for k£ € {1,...,6} mod 7. Thus, a solution mod 7

exists if and only if is satisfied.
Modulo 32, if k is odd, we have k3 = k modulo 8. Hence we have to solve

a’k=2—-13k+12k>=2—%k  mod 32.
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The inverse of £k = 4¢ + 1 mod 16 is —4¢ 4+ 1, hence we obtain
a?=-84+2—-1 mod 32,

which is a quadratic remainder if and only if k =4/ +1=1mod 4. If £ = 2/
is even, then 12 k% = 0 mod 32, and we are left with

a2=1-13/=1+3¢ mod 16,
and ¢ has to be odd. The inverse of £ = +1 4+ 4m is £1 — 4m, and
a® =41 —4m+3

is a square if and only if £ = 1 + 4m € {1,5} modulo 16, hence k € {2,10}
modulo 32. This gives .
Finally, we have
- lkEak,k = lkp, (b-,b-)

for some b € Z/kZ if and only if b> = —1 mod k. Because the half Pontrija-
gin forms vanish and the topological Eells-Kuiper invariants satisfy 28(Py) +
281(Eqk,k) € Z by the above, it follows from [7] that then the quadratic forms ¢

are isomorphic as well. Thus by [7], there exists an orientation reversing diffeo-
morphism E,j  — Py if and only if the conditions hold. ]

3.12. Ezxample. (1) We have Py = S7, which of course fibres over S*, inde-
pendent of the orientation. More precisely, P; is diffeomorphic to E, 1
if and only if

a?—1 —0 7
294 - € Q/ )
that is, if and only if a € {£1,£15} mod 112.
(2) There is an orientation reversing diffeomorphism from P to Es3. In-
deed,

3 1
ap(1) = = —qri2(1) and  p(P) = —o5 = —u(Ea2) € Q/Z.
More generally, P, is orientation reversing diffeomorphic to Fa, 2 if and
only if a = £2 mod 28.
(3) There is an orientation preserving diffeomorphism of P3 with Es; 3 be-

cause 15 133
WPs) = =75 = 175 = H(Bs13) € Q/Z.

More generally, Ps is oriented diffeomorphic to 3, 3 if and only if a =
+17, +£31 mod 112.

(4) For k = 4, there exists no diffeomorphic sphere bundle, regardless of
the orientation.

(5) For k = 5, we have oriented diffeomorphisms with Es, 5 if and only if a =
433, £47 mod 112. We also have orientation reversing diffeomorphisms

with Fs, 5 if and only if @ = £11, £53 mod 112. For example,

156 5444
P = - =22k
p(Ps) 294 = 291 1(E1e5,5)
604

= T4 —p(Es55) mod Z .
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Because —1 = 22 is a quadratic remainder mod 5, we can compare the
quadratic forms in the latter case and find that
20(2¢ —5) 0(¢ — 55)

qps (20) = 10 =_ 10 = *QE55,5(£) mod Z .

4. COMPUTATION OF THE INVARIANTS

We write the spaces M(,_ 4 ) (4_,q,) as Seifert fibrations so that we can apply
Theorem [0.1] to compute their Eells-Kuiper invariants and t-invariants.

4.a. Description as a Seifert Fibration. Recall the construction of the
spaces M = M,_ 4 ) (ps.q.) @ manifolds of cohomogeneity one with group
diagram (3.3), with the groups H and K+ C G = Sp(1) x Sp(1) described

in (B.1) and (32).
The subgroups Sp(1) x {e} and {e} x Sp(1) C G act freely from the left on

the generic orbit G/H. We focus on the group L = {e} x Sp(1) and consider
the quotient map
M — B=L\M .
The group L acts on the singular orbits G/K 4 with finite stabilizer
Lok, =LNgKig™' =glig™' C L,

at the point K1 € G/K4, where

-
I_=(y.)2Z/p_-7 with y_ = <1,ez’”p> cK_
e (4.1)
and F+: <’Y+>gZ/p+Z with Y+ = <1,€ jp+> €K+ .
The quotient L\M has a cohomogeneity one action by the group SO(3) =
Sp(1)/ £ 1. It is induced by the action of Sp(1) x {e} C G on M, with group

diagram

SO(3)

/" N
mK_ = 002) = pK, . (4.2)

N a

mH
Here p; denotes the projection
G =Sp(1) x Sp(1) — (Sp(1)/{=£1}) x {e} = SO(3) .

In particular, p1 H = Q/{#1} = (Z/27)? is the subgroup of diagonal matrices
in SO(3).

If @ is an imaginary unit quaternion, let S} C Sp(1) denote the one-parameter
subgroup generated by a. Because

P = (!4 jSHHF1Y 2 0@2) and piky = (S} +iSh/{£1} 2 0(2),
the singular orbits of B are given by
By = L\My = 50(3)/0(2) =2 RP? .
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We want to understand the geometry of p: M — B near the singular orbits.
The action of K_ on S' = K_/H extends to C D S! by

. . . . q9——p— . .
(elp_ﬂ’ ezq_ﬁ)z — MYy and (elp—ﬁj’ (-1)" 2 elq—ﬁj>z = etz , (4.3)

and there is a similar action of K on C. Thus, the singular orbits My = G/K+
have neighbourhoods M \ M+ diffeomorphic to the normal bundles

Ni:GXKi(C—>G/Ki. (4.4)

For the generator v4 € I'y of (4.1]), we have the angle 9 = 2—1 in (4.3). So v+

8mi

acts on the fibre of Ny by multiplication with e?+ € p, , where u,, denotes
the group of pLth roots of unity.
Projecting down to B, neighbourhoods of By are given by

B\ Bx = 50(3) xo2) C/pps (4.5)

where the action of O(2) = (S} UjS})/{£1} on C/u,, is given by
+ e 2 ety and +ej: 2 etz (4.6)
We fix an origin o = (p; K_) in B_ and consider a path g; from gy = e to g1 =
{+j} € O(2), then gro describes a nontrivial loop in B_ = RP?. The stabiliser
of gro € B_ is given by gI'_g~!, and a get a path of generators y_; = gt'y_gt_l

from y_ =~vy_g to
Yo = (1,4 TP (=) =7 -

We conclude that the twisted sectors of B are diffeomorphic to the universal
covering spaces B4 = S? of B1. Let us summarize our results so far.

4.1. Proposition. The map p: M — B = L\M s a Seifert fibration and a left
Sp(1)-principal orbibundle.
The inertia orbifold AB of the base orbifold B is diffeomorphic to

wo-m0 (5 {2 (o {1

Elements (p, (v%)) € AB\ B are represented by (p,f) € By x {£} with +k = ¢
mod p+ and £ € {1, el pi{l}. The components By x {k} have multiplicity

m(yk) = #T+ = ps . (2)

In a suitable orbifold chart around p, the element %kt acts by

1 0
p(o) = (0 8k> €U, 3)

and the fibrewise action on S° is conjugate to

It

7+ ¢ Sp(1) . (4)

2mik
e
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Proof. From the discussion above, it is clear that p is both a Seifert fibration
and an Sp(1)-principal bundle, where the group L = Sp(1) acts from the left.
Assertion follows from the considerations above, and ([2) follows from the
definition of multiplicity in ([1.2)).

We construct an orbifold chart by taking a neighbourhood of p in By = RP?
that is diffeomorphic to C with trivial action of 'yfé. The normal bundle of By
in B is represented by another copy of C on which y:kt acts as in (4.6). This
proves . Finally, the action of 7§ on S3 follows from and is conjugate
to the expression in . ]

4.b. The geometry of the Seifert Fibration. We want to study the met-
ric structure on M and B. In particular, we want to derive formulas for the
curvature of the horizontal and vertical tangent bundles of the Seifert fibra-
tion M — B. By integration over B, we can determine the Pontrijagin num-
bers and the Cheeger-Simons numbers that are necessary to compute the Eells-
Kuiper invariant.

Recall that as a cohomogeneity one manifold, we may write

M= ([-1,1]xG/H) [~ .

Let 7: M — [—1,1] denote the natural projection, and define a curve c: [—1,1]
— M joining G/K_ to G/K by

c(t) = [t,eH] .

We define G-invariant vector fields e, ..., es and fi, fa, fs on M\ (M;UM_) =
77Y(—=1,1) by specifying them along c. Therefore put eg(c(t)) = ¢(t) and

ale) = ol (@0eEn), A = 2| e,
d d

ea(e(t) = | (¢ 1)(c(t)) fale(®) = | (Le)(e®), @7

t=0 =0
_d kt _d Kt
es(elt) = S (@), o) = S| (L))
We regard the vector fields e, ..., es as horizontal and fi, fo, f3 as vertical

fields with respect to the Seifert fibration M — B. All Lie brackets between
these vector fields vanish except

[e1, e2] = 2e3, [e2, €3] = 2e1 , [e3, e1] = 2e2 ,
[f1, fa] = 2f3, [f2, f3] =2f1, [f3, fi] = 2f2.
Let ¢: [0,1] denote a cutoff function with @[, = 0 and ¢|q_.;) = 1

for some small ¢ > 0. For z € M, let t = 7(x), and define functions f,
g: 7 1((~1,0]) = R by

(4.8)

4447 - p(—71)
A+ (p-—4)-o(=7) 4

f=
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These functions satisfy

4
f’(*l,sfl) - 7(1 +7—) 5 f|(7€,0] =1 ,

" (4.10)
g|(—1,8—1) == ZT s a,nd g|(—€,0] — 0 .

Let ¢"™ be a G-invariant metric such that for ¢t < 0, the vectors e, €2, €3,
fo and f3 are orthonormal and perpendicular to the subspace spanned by ey,
f1, and such that on this subspace, 7™ is given by the matrix

fP4+9¢* —yg
gTM‘Span{a’fl} — < g 1 . (4.11)

This metric extends to a smooth metric around G/K_ = 77(—1) by Theo-
rem 6.1 in [I8]. The orbits of L = {e} x Sp(1) are all quotients of round spheres
with the standard metric.

A g™ _orthonormal frame on 771(—1,0] is given by (&, ..., f3), where f; =
fi and &; = e; except

1 g
er=—-e1+=f1 4.12
7 7 (4.12)
By (4.8)), the Lie brackets between the vector fields &, ..., f3 vanish except
o ffod s 2 29 ; _ 29 &
€o, € :_761+7f15 €7f2:7f3) eaf?):_ian
[eo, €1] 7 7 e1, f2] 7 e1, f3] 7
2 - 2
[e1, 2] = —e3, e2,83] =2fe1—2gf1, [es,e1] = —éa,
[f1, fa] = 2f3 (2, fa] = 21, and  [f3, 1] = 2f2 .
(4.13)
For t > 1, we can proceed similarly. We extend f and g to 771[0,1) by
4— 47 - (1) At
f= and g=——f, 4.14
T 1) 20 1 ()
such that
4
floe =1, fla—eny=—@0Q =71),
P+ (4.15)
9lio,e) =0, and 9la—c1) = I
’ ’ D+
We then modify the metric similarly, such that we obtain a g"™ _orthonormal
frame éq, ..., f3 that differs from eg, ..., f3 only by
1 g
e2=—e+ = f2.
f S

Again, this metric extends smoothly over 7710, 1], and it is also compatible
along 771(0) with the metric chosen above on 77 1[—1,0].
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4.c. Orbifold Characteristic Numbers of the Base Space. The base orb-
ifold B = L\M has a principal cohomogeneity one action by SO(3), see .
We define 7: B — [—1,1] similar as above. Then we can describe 7-1(—1,1)
as a product (—1,1) x Sp(1)/Q. The projection M — B becomes a Rie-
mannian submersion with respect to an invariant Riemannian metric g7?
on (—1,1) x Sp(1)/Q that degenerates over {—1,1}.

By abuse of notation, let ég, ..., é3 also denote the projection of the vector
fields above to B, then these vector fields form a g7 B-orthonormal frame every-
where, and their nonzero Lie brackets on 771[—1,0] are completely described
by

e, €1] = ——e1, [€1, 2] =

I
2, e3] =2feér, and  [e3,é1] =

The Christoffel symbols of the Levi-Civita connection on B with respect to
these fields over 771((—1,0]) C B are given by

1 0 f/ 3 2 2
FIOZ_F11:77 F12:_F13:?_f:
F%L’; = _Pgl = f ) and F?’)l = _I%Z = f )

those Ffj not listed above vanish. The Riemannian curvature tensor as a 4 x 4-
matrix is given by

0 _fT” &0l 27 623 7 e13 _fret?
R — fTH 701_2f/ 623 0 _f/ 603+f2 512 f/ 602+f2 é13
*f/ 513 f/ 5037](‘2 512 0 2f/ éOl+(473‘f2) 523
f/ él2 _f/ 502—f2 513 _2f/ 501—(4—3f2)é23 0

(4.16)
with &7 shorthand for & A&’. Over 7710, 1), the matrix looks similar, but with
the matrix indices and the form indices 1, 2, 3 permuted cyclically.

The Euler and Pontrijagin forms are thus given by

(B V') = ) = 5 (P g oap) e, -
1 1 / " 4 " | ‘
and  e(TB,V'P) = mPf(R) == <6f2 +3f"f — ;) g1

The fibre RP3/(Z/27)?* over t has volume %2 f(t). By (4.10)), (4.15), and (4.17]),
we get the orbifold characteristic numbers

_ @+ 2f() —4f () 2
/B p(TB,V'F) = g L}l s
Ty _ 30 f(#)* —4f'(t) 1 1 1
/BG(TB’V )= 16 ‘t:—l p_ py
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4.d. Characteristic Numbers of the Seifert S3-Fibration. The Seifert
Fibration M — B is a principal bundle with structure group Sp(1). Let TX =
ker p, denote the vertical tangent bundle.

A connection w € Hom(T'M,TX) acts as the identity on T'X and is Sp(1)-
invariant. It is uniquely described by its horizontal bundle 7" M = kerw. We
define w such that

THM = span{ég, €1, e, ég} ,
then by , its curvature 2 is given by

( 97' —1—29623) fi forte[-1,0], and
Q) =
g

( Te _29613>f2 for t € [0,1].

The Seifert fibration M — B is the unit sphere orbibundle of the vector
orbibundle

(4.19)

~

V:stp(l)H—)B.

The vectors f1, fo correspond to the elements i, j € sp(1) € H. These act
on H = R* with Pfaffian Pf(i) = Pf(j) = 1, hence the Euler form of the
connection VY on V induced by w is given by

e(V,VV) = g‘(} efnetneine. (4.20)
As in (4.18)), integration over B gives the characteristic number
1 2 2 2
t)g(t t)“ |1
/6(V,VV)=/ Mdt:f& :%f%_ (4_21)
B 1 4 8 lt=—1 8p= 8pi

With these computations, we can now compute the first term in the adiabatic
limit of formula (3.7) for the Eells-Kuiper invariant. Recall that B = B x {e} C
AB.

4.2. Proposition. For the Seifert fibration p: M,_ 4_) (p,.q.) — B, we have

1 A 1 R
2/ Axp(TB, VTB) 2nag(Dgs) + 257/ Las(TB, VTB) 2naB(Bgs)
B -7 JB

1 1 (3 &
= —— V v + - .
27.7 /B ( v ) 210 7( p2_)

Proof. Let V — B be the induced vector bundle with connection V" as above.
The n-form of the untwisted fibrewise Dirac operator and the fibrewise signature
operator are given by

2115 (Dss) 5 =02 (Dgs) = —% e(V,VY)

and 255 (Bgs)|p =ne (Bss) = —5- e(V vY) e QY(B)

30
by Theorem and [I5, Theorem 3.9].
Because both n-forms are homogeneous of degree 4, we only need the degree
zero components of A and L, which are given by

ATB V™) =1 and  E(TBVTR)Y =™ — 4



ADIABATIC LIMITS OF SEIFERT FIBRATIONS 43

From the above and (4.21]), we obtain our result because

1 . 1 > P
g o (5

27 p%'_ p_
1 . 1 > P

d — [ L(TB.VTE Bg)= —— [+ - 1) . 0
an 25‘7/3 ( ’ )77%( 53) 27-3-5-7<pi p

4.e. The Contributions from the Twisted Sectors. To compute the con-
tribution from the twisted sectors, we need some equivariant characteristic num-
bers and the equivariant 7-forms of the pullback of M to By. Let (p, (7%)) €
AB\ B, let Nx — By the normal bundle of By = RP? in B, and let N. denote
its pullback to By = S2.

In an orbifold chart, the elements 7§ for a = 1, ..., 2 i;l act on Ny

L
by multiplication with &M e S SO(2), see Proposition [@3). Be-
cause 'y = Z/piZ is an odd cyclic group, this action has a unique lift
to Spin(2), represented by

1

7% = ¢ ™ € §1 = Spin(2) .
This lift provides us with a unique section of the bundle AB — AB of (11.3)).
All forms in Q*(AB; AB) and in Q*(AB; AB ® o(AB)) will be computed with
respect to this lift and with respect to the orientation of By =2 S? with volume
form €23 or e3!, respectively.

The curvature RV~ can be computed as the limit of (Rég, &;) |span{ez,es} @St —
—1, so by (4.16|) and (4.10|) we have

N_ _ 0 2f'e®\ _ 8i o3

with é; = iey. The induced curvature of the spinor bundle at the origin is

~ 4
RSEN- _ ¢7Z 523

and similarly for No. By (L.5)-(1.7), the orbifold A-form on B_ x {a} C AB
is represented by

R A(TB_,vTE-
App(TB,V™P) = - T5 ) %
m(:yﬁ) Chig(S'FN_ —S—N_,V B*)
1

- ;o —23 e* B_ (4.22)
- -2251n(i(wa+%)) ( )

A similar computation gives the orbifold L-form

Lap(TB,VTB) = A\p(TB,V"P) chap(STB_ + S~ B_,V95-)

_ 2z Cot<4 <m+ 623>> €Q*(B.). (4.23)
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We also need the equivariant n-forms of G|p, — B+. We know by Proposi-
tion that ¢ act on the fibres S as

. aq_
a 21 >

v =e - and 74 =

aqy
P+

21y
€ )

and the curvatures at By are given by (4.10)) and (4.19)) as

2 o - 9 _
0 = TBF  and o =-TEy,
- b+

We note that both the curvature and the action of I'y are L-invariant, so both
act from the same side on the generic fibre $3 2 Sp(1).

We compute the mixed equivariant n-invariant, from which we derive the
orbifold n-form of Definition [1.7] using Theorem We use the formulas for
the equivariant n-invariants of the untwisted Dirac operator Dgs in [20] and
of the odd signature operator Bgs in [I]. On B_ x {a} C AB, we obtain in
particular

1
2na(Dgs) = o (Dg3) = — —
nap(Dss) naie‘m( 52) 2sin2(q—’(ﬂ'a+$))
p— i
" (4.24)
and 2naB(Bgs) = 77:/i = (Bgs) = — cot? (Z: (7‘(& + 2m>>

We can now compute the contribution from the singular orbits My to the
adiabatic limit of the n-invariants and the Eells-Kuiper invariant and relate it
to the generalised Dedekind sums D(p, q) of Definition

4.3. Proposition. The singular orbits ML contribute to the Eells-Kuiper in-
varitant by the generalised Dedekind sums

1 -
—Apg(TB, V"B 2na5(D
o ey (ftrnsm o

2

1

+ 55 7f1AB (TB,Vv'P) 277AB(BS3)> =D(p—,q-),

i TB
/B+X{17.'.7p+1}<2AAB(TB,V ) 2na5(Dgs)

2

1

+25-7

f/AB (TB,VTB) 277AB(B53)> = —D(p+,(_[+) .

Proof. The twisted sectors Bi x {a} are spheres of sectional curvature 4

by (4.16)), in particular, their volume is m. We combine (1.7) and (1.13))
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with (7.22)~([@-24) and find that

1. 1 -
[ —Arg(TB,V"P) 2nap(Dgs) + =——=Las(TB,V"") 2nap(Bgs)
B_x{a} 2 227

1
_/ <p_-8i~sin(,p4(7ra+§j:;))-sin2(z (wa—k;j:;))

i 4 723 q 23
— ——— - cot ma+ — ) ) - cot? ra+ —
24.Tp_ [ 271 jo 27

d 1 1 dr ,q-w e
= 7 - - dr .24z ok cot — cot® — o
A | ;o \8ip-— sin J* sin® &= 2% Tp_ P P B 2mi
14 cos ‘;’m + cos? % g cos =2 o UL (14 + cos 4““)
3. 2 4ma 2 q-7ma 4 4ma 3 g-ma *
T2 7p% . sin o 24.7p2 p_ 2 sin o

To obtain the first equation above, we note that the summands for a and p_ —
in Definition are identical. The second equation is proved similarly. (|

4.f. Cheeger-Simons terms. For the computation of (M, 4 ) (p,.qs)) US
ing formula , it remains to compute the Cheeger-Simons correction term
in the adiabatic limit.

If we regard the limit of the Levi-Civita connections on (M, g.) as in (2.1,
we find that

. TMe\ _ TX * TB
lim py (TM, VIM5) = py (TX, VIY) + p'pa (TB, V'P)

The form p; (T'B, VT?) has already been determined in (4.17)). By the variation
formula for Cheeger-Simons classes, it is clear that

lim [ (p1Ap1)(TM,VIMe)

e=0 o
_ /M (b1 (TX,VTY) + p*p1 (TB, V')
A (ﬁl (TX,V7X) + jy (p*TB,VP*TB)) . (4.25)
where again

dpr (TX, V') = pi (TX, V)
and  dp1 (p*TB, VP TB) = p*pi (TB,VTP) .

Note that since Hjp(B) # 0, we cannot expect to construct p1(TB, V1) €
O3(B).

We start by computing p;(7T'X, AR ). The connection is defined as
the compression of the Levi-Civita connection V'™ on M to TX. Hence, we
can compute it with respect to the basis f!, f2, f3 of TX using . Its

VTX



46 SEBASTIAN GOETTE

connection one-form is given by

0 _Jt_‘3 f2
o P 0 maop
2 2921, f1
f 7€ +f 0

The corresponding curvature is then given by

QTX — dwTX +wTX AwTX

q f12 , f13 )
_JF13 gT’é(n —2g 823 _ ]?23 0

Note that since the group G = SO(3) x SO(3) does not act freely
on 771{—1,1}, the basis (fi, f2, f3) does not extend over M. Hence, the
form wTX and its curvature Q7X are not necessarily smooth at t = +1. Never-
theless, the Pontrijagin form p1(TX, VT¥) will be smooth. It is given by

1 (TX,V7%) = L r(@7%)?)

82
1 (499" o123 | 29’ o1 723 23 723

The forms py(TX,VTX) and p*pi(TB,V'B) are clearly G-invariant. We
will now construct G-invariant forms p; (TX, VIX) and p(p*TB, VP TB). The
complex of smooth G-invariant forms on M can be described as

Q*(M)Y = (C=([-1,1]) ® A*RT) N Q*(M) ,

where R is spanned by the dual basis €°, ..., f2 to the basis &g, ..., f3 of

section Smoothness at the singular orbits gives boundary conditions. In
particular, functions on [—1, 1] extend to smooth G-invariant functions if and
only if they are even at +1, and among others, the monomials fe°, fe', e, &23,
fL, f?3 are smooth at M_, and fé, fe?, &%, &3, f2, f3! are smooth at M, .

From and Cartan’s formula for the exterior derivative, we deduce that
on 7 1(~1,0],

dh =n'é°, de’ =0,
/ /
dé1:Léo1_2féz3’ dflz—g?601+2g623—2f23,
2 2 _
déQ:?él?’, dfzz<fgel+2f1>f3,
ded — 2 12 and iff = (2 fot) P
e f 7 e

for functions h of 7. Similar formulas with the indices 1, 2, 3 rotated hold
over 771[0,1).
From this we conclude that

1 /
d<f 6123> =0 and dftP= (—ip el 4 2¢ 623> %, (4.27)
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We also find that over [—1, 0],

d(gf/ é01 29 523 f23> _ d( dfl .](723) — 0’

d<<i:ém—2gé%—2f23> ]ﬂ) _ <ifl 1—2g623—2f23>

, (4.28)
<géo1 1 9g&% 2]?23)
f
_ 499" o123
o f
Similarly over [0, 1], we have
d((i: &2 _ 9 — 2f31) fz) _ 4i09,60123 . (4.29)

Thus, if we put

b (T, 97Xy = L {§e°1f1—29623f1—4f123 on [~1,0], and

472 97/602f2 2g &3l f2 — 4f123 on [0, 1],

then the form p1(TX,V?¥) is smooth on M because near 7~'(0), only the
term —4f'23 is present. From (4.26)(4.29), we immediately find that

dp1 (TX, VY)Y = pi (TX, V) . (4.30)

For the next step, we assume that ¢, p_ # ¢_py, because H*(M;R) = 0 in
this case by Theorem 13.1 in [I9]. Recall that by (4.9) and (4.14), we have

Lo B g(t)g(t) ifte[-1,0], and
Forn = ifg(t)g’(t) if t € [0, 1].

9+

We now consider the form

~ * * 4 p2 _p% g/ ~ ~

(P TB, V' TP) = 5 s (&% —2ge® — 277 ) J!

¢=p3 —qip= \f
1 2 _ 2 2 _
T53 (f'2 16— g 16q—q+2+2f4 Af ) 5123
2m 9=pP} — 43 P- i —qip? 7€

(4.31)

over 1 0 and similarly over [0,1] using (4.29)). Usm (4.9), (4.10), (4.14]
[ y g g (4.9), :

and , we can check that the coefﬁment Of €'?% vanishes to first order
near :l:l, so the form above is indeed smooth. By (4.17) and (4.27)—(4.29)), we
conclude that

f

We can now compute the Cheeger-Simons correction term in the Eells-Kuiper
invariant.

dﬁl (p*TB, Vp*TB) ; (f f// —|—4f f 4f > 50123 — p*pl (TB, VTB) ) (432)
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4.4. Proposition. The adiabatic limit of the Cheeger-Simons term is given by

1 : ~ TM,e
57 7 im M(pl A pr)(TM, VIHF)

_ (P} —p?)° 2°(p} —p?) +3(2p7 — ¢4p?)
22 7p2 i (¢2p — 43p?) 210 7p2 p?

Proof. The forms pl(TX, VTX)\TA[_LO] and p*p; (TB,VTB) do not con-
tain the exterior variable f! by (#.17) and (4.26). Hence only the terms
in Py (p*T B,vP'TE ) containing the exterior variable f! contribute to the in-

tegral over 7-1[—1,0] C M. Using (4.25)), we find that

. TMe\ A TM,e
il_r% T—l[fl,o]pl(TM7v )pl(TM,V )

_ / (p*pl (TB, V75 + p, (TX, vTXvO))
7-1-1,0]

A (51 (0" TB, V7 TE) 4y (TX, TE0) )

:/ 471T2<<4f}f//+16f2f/_16f/> 50123
T—1-1,0]

4qgq’ 2g
i 99 60123+9601f23—49623f23>

f f

1 16 p% — 16 p* > (9’ 01 _23 73> 1 7123
(TP ) (L0 996 —of®3) fl o of123 )
4r? ((qui —qip? f

and a similar formula gives the integral over 7-1[0,1]. Recall that the generic
fibres of p have volume vol(S3) = 272, and that the slices 771(t) C B have

volume f(t) vol(RP3/(Z/27)?) = f(t) %2. Hence we have

at

vol(r71(8)) = f() 5 - (4.33)

Combining this with the above, we obtain

lim [ pi(TM, VM) h,
e—0 M

/1 p%._PQ_ 1 ) on 3 o , ,
) (qui—qipz+8> (4f'f" +16f°f" = 16£ ' + 499') (1)

2 2
o 1 > ,
(2l ) (4g9) () ) at
<q2pi —q¢ip> 16 (499') ()

Ly (R P 8 8 3¢ 3¢ -
- 2,2 22_22+2_2+82_82'
ppi(e°pt —qip>) p>  pil 8pc  8pL
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4.g. The Leray-Serre Spectral Sequence. The adiabatic limit of the #-
invariant of the odd signature operator consists of terms that correspond to the
various terms in the Leray spectral sequence. The Ey-term gives the integral of
the n-form of the fibre against a characteristic form on the base. The Ei-term
contributes by an n-invariant of the base orbifold. This invariant vanishes here
because the base is even-dimensional. The higher terms contribute by the signs
of the corresponding eigenvalues. There are no similar contributions for n(D)
because the fibres have positive scalar curvature and hence the fibrewise oper-
ator does not admit harmonic spinors.

To see that the Leray spectral sequence does not degenerate at 5, we note
that the fibrewise cohomology forms a trivial bundle over B with generators 1
and 123, so we have

R if p € {0,4} and ¢q € {0,3}, and

EPY = EBY = pP '
0 otherwise,

whereas Eg’?’ = E%’O = 0 for n > 5 if the Euler class of (4.20]) does not vanish.

4.5. Proposition. In the adiabatic limit, we have

1 . sign(¢2pt — ¢2p%)
95 .731_]% Z sign Ae = 25 .7 :
Ao=A1=0

Proof. From Theorem 0.3 in [10], we know that it is sufficient to study the
signature of the quadratic form

(o, B) = (N dafB)[M]

on Eg’g. Since dim Eg’g = 1, we only have to compute the sign of (o A dya)[M]
for one o € E2’3 \ {0}. As a representative of «, we may choose

_ %601f1—2g623f1—2f_123 on [—1,0], and
- 97/602]?2—29631]?2—2?23 on [0, 1].

By (4.28]), we know that

4 /
doy = 299 0123
f

is of horizontal degree 4 as required. Moreover, integration over the generic
fibre of p: M — B shows that « represents a nontrivial class in Eg 3 o E2’3.
The proof is completed by the computation of the sign of

8 / _ 1
/ ada=— [ HL gl123 f123 — —/ 4t g(t) g (t) dt
M M f —1
1 ¢ ¢
=—2ntg(t)?|,__, =2n" <2 - ;) . 0O (4.34)
- p= Py
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4.h. The Eells-Kuiper Invariant. We combine Propositions and
prove Theorem [3.7] by computing the Eells-Kuiper invariants of the spaces M =
M,_

Proof of Theorem[3.7. Using Donnelly’s formula for the Eells-Kuiper invari-
ant and the formulas of Bismut-Cheeger and Dai for the adiabatic limit of
n-invariants, we find that

=) (P+,q+)"

(M- g )0sas))

n(B)+7]+hD 1

= — A ) (TM, VM0
_ U (¢ | sign(@p] —dtp?)
210.7\p7 P2 2.7
B v} —1r2)° C 208 - %) +3(e2pt —dipt)
22 Tp2 A (2 P3 — ¢3p2) 210 7p2
4.i. Quaternionic Line Bundles. In this subsection, we will prove Theo-
rem We will compute the t-invariant of [9] for sufficiently many vector
bundles on M to determine Crowley’s quadratic form q: H*(M) — Q/Z. To
keep computations simple, we only consider bundle p*E — M where E is a
honest vector bundle over the base orbifold B, which becomes trivial after re-
striction to B_ and By. This will turn out to be sufficient if p_ and p, are
relatively prime.

To construct F, we regard a map B — S* of degree one, where the coordi-
nate 7 introduced in section is mapped to the hight function R®> O §* — R,
and where By = S3/Q is mapped to the equator S* C S* by a map of degree
one. In particular, for each £ € Z, there is a quaternionic bundle £ — B, pulled
back from S* by the map above, such that

c2(E)[B] = £

We choose a connection V¥ on E that is flat near the singular strata of B.
To compute class ca(p*E), we have to study the map

p*:Z= HYB) - HY (M) = Z/kZ .

+ D(p-,q-) — D(p+,q+)

We consider the following commutative diagram.

H3(S x §%) « L — H3(Mp) —>— HY(M)

(id,oﬁ Tpe; Tp*

H3(S%) T H3(By) —— HA(B),

where 7: S% x §% — (53 x §%)/H = My and 7j: 5% — 5°/Q = B are quotient
maps, and ¢ and § are the connecting homomorphisms from the Mayer-Vietoris
sequences for the decompositions

M= (M\M)UMM\M.)  with  (M\ M) U(M\ M)~ My,
B=(B\By)U(B\B.)  with  (B\By)U(B\B.)~By.
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From [19] section 13], we know that n* is injective with
imn* = {(a,b) |a+b=0mod 8} C Z* = H*(S* x §%).
Similarly,
7" =8-:Z=H*By) — H*(S*)=17.

It follows that #* maps im pf; to ((8,0)). By [19], we also know that ¢ is surjective
with

n kerd = ((—¢*,p2), (—q},ph)) C Z* 2 H*(S® x S%) .
Similarly, 6 is an isomorphism.

Let us determine the subset imp* € H*(M). All our computations will be
done in the standard coordinates on H?(S?® x S%) = Z x Z. Then p* maps a
generator of H*(B) to the image of (8,0), and §(8¢,0) = 0 € H*(M) if and
only if

If ¢ denote the greatest common divisor of p_ and py, then (8¢,0) € kerd if

2
and only if we can choosea:ni% and b= —n i—g, SO
2 2 2 2
9y —piqc nk
P S e L
8c? c?

Note that ¢? divides k. In particular, the image of p* has index ¢? in H*(M) =
Z/kZ. 1If p_ and py are relatively prime, then p* is the isomorphism referred
to in Theorem [3.3

By [9], see Definition

t(p*E) = nT (Dﬁ/[E) — 77? (DM)
1 [ /p o .
~ o1 (5 (P29 oo B9V E) ) a7 B VE)

Because the fibres are of positive scalar curvature, we can apply Corollary
Hence,

-3 / Anp(TB,VTB) nap(A) (ch(B,VE) —2) =0.
AB

Here, the singular strata do not contribute because ch (E ,VE ) — 2 vanishes near
the singular strata. Over the regular stratum, the degree 0 part of the n-form
is the np-invariant of the untwisted Dirac operator on the fibre, which vanishes
because the fibre is a spin symmetric space. Hence both n(A) and ch (E ,VE ) -2
are of degree 4, so the whole integrand vanishes for degree reasons.
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In order to determine é; (p*E, vrE ), we first check that
W P 2 2p2
/ 53 f p+2 2 99 0128 — ¢ 3 2p p+2 3 / 29(t)g'(t) dt
BT p2qi —piqc f p2qi —piqs J

R = R - -
=1 2 2 2.2\ .2 2 =t
pP—qy —pP349- \P} P-

because vol(771(t)) = f(t) %2. Because we have chosen V¥ flat near the singular
strata, we conclude that

4/ p2 p> 299
E, vE _ + ~0123 d
ez )= e - 5o "

for some form y € Q3(B) that is supported away from the singular set B_UB,.

By (4.28), we may put

. « 20 p2pi J o1 23 723\ 7l
G (p*E, VP E) o= = 50—t [ Z &% — 292 — 2/ ) f1 +p*y,
( ) [-1,0] ﬂngqi_piqg ¥

and similarly on 771[0, 1].

As in the proof of Proposition [£.4] we compute the Cheeger-Simons term in
the adiabatic limit ¢ — 0. We have computed the Pontrijagin forms of T'B

and TX in (4.17) and (4.26). Over 7=1(—1,0), we have

2
_ L (2 e g 0128
= 1z (( 7 +8f°f 8f>e

(B0, 97%) 4 p 2 (B,972) 4 prealB,V5)) - ea o, V)

299" o193 | 9 o123
+——e +=e f
/ f

2 .2 /

p-py 299" o123 2 x

+ 16/ € + 47 p*dry
Pt -l f

20 pip? q _ _ a1 .
.<7r2pzq?k—1+ﬁq2 7601_29623_2]?23 e

20 p%pi (f/f” 2 gt / 299/
== : +Af2f —Af 22
7 p2q? —zp?g? f f

g &2 2

2,2 /

p=p1 99 \ _o0123 2 x 7123

+16€>e +2rpdy | f
P —-pidd f

Over 771(0,1), we obtain the same right hand side. By partial integration
and (4.27)), we see that there is no contribution from p*y and p*d~.
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By (4.33]), we compute

t(p*E) = — lim 1 / (@(TM, VIME) 4 pres(E, vE)) e (p*E, VP E)
M

(1]

e—0 24

4 p2—p3— ! Y ! r3 ! /
:ﬂp2q2 _p2q2 . ff +4ff _4ff+2.qg

2

2.2

p—p+ /

+16£gg>tdt

prqi —pig? Q

14 pip? 8 8 & &

=oaT2 2\ oty Ty 8l
24 pZqt —pie= \py P> Py Po

_ e —pi+epip i -

3 piqi—-pied 24
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