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Abstract: We study the adiabatic time evolution of quantum resonances over time scales
which are small compared to the lifetime of the resonances. We consider three typical
examples of resonances: The first one is that of shape resonances corresponding, for
example, to the state of a quantum-mechanical particle in a potential well whose shape
changes over time scales small compared to the escape time of the particle from the
well. Our approach to studying the adiabatic evolution of shape resonances is based on
a precise form of the time-energy uncertainty relation and the usual adiabatic theorem
in quantum mechanics. The second example concerns resonances that appear as isolated
complex eigenvalues of spectrally deformed Hamiltonians, such as those encountered
in the N-body Stark effect. Our approach to study such resonances is based on the
Balslev-Combes theory of dilatation-analytic Hamiltonians and an adiabatic theorem
for nonnormal generators of time evolution. Our third example concerns resonances
arising from eigenvalues embedded in the continuous spectrum when a perturbation is
turned on, such as those encountered when a small system is coupled to an infinitely
extended, dispersive medium. Our approach to this class of examples is based on an
extension of adiabatic theorems without a spectral gap condition. We finally comment
on resonance crossings, which can be studied using the last approach.

1. Introduction

There are many physically interesting examples of quantum resonances in atomic phys-
ics and quantum optics. To mention one, the state of a cold gas of atoms localized in a trap
may be metastable, since the trap may be not strictly confining. In typical Bose-Einstein
condensation experiments, the shape of the trap usually varies slowly over time scales
small compared to the lifetime of the metastable state, yet larger than a typical relaxation
time (see for example [1]). This is an example of an adiabatic evolution of shape reso-
nances. While there has been much progress in a time-independent theory of quantum
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652 W. K. Abou Salem, J. Frohlich

resonances (see [2—7]), there has been relatively little work on a time-dependent theory
of quantum resonances (see [8—11]). Surprisingly, and in spite of its relevance to the
interpretation of many experiments and phenomena in atomic physics, the problem of
adiabatic evolution of quantum resonances received very litte attention, so far (but see
[12]).

In this paper, we study the adiabatic evolution of three general types of quantum
resonances. This is a first step towards a rigorous understanding of resonance- and meta-
stability phenomena, such as hysteresis in magnets and Sisyphus cooling of atomic gases
(see for example [13—15]). We first consider the adiabatic evolution of so-called shape
resonances. More specifically, we consider a quantum-mechanical particle in a potential
well, say that of a quantum dot or a locally harmonic trap, with the property that the
shape of the potential well changes over time scales which are small compared to the
time needed for the particle to escape from the well. The analysis of this problem is
based on a precise form of the time-energy uncertainty relation, see [8], and the standard
adiabatic theorem in quantum mechanics, [16]. In our approach, we obtain an explicit
estimate on the distance between the true state of the system and an instantaneous meta-
stable state. Our approach can also be applied to study the time evolution of the state
of an electron in a He™ ion moving in a time-dependent magnetic field which changes
over time scales that are small compared to the ionization time of the ion; (see [8] for a
discussion of this example in the time-independent situation).

The second class of examples concerns quantum resonances that appear as isolated
complex eigenvalues of spectrally deformed Hamiltonians, such as the N-body Stark
effect (see for example [4, 6]).! Our analysis is based on Balslev-Combes theory for
dilatation analytic Hamiltonians, [17], and on an adiabatic theorem for generators of
evolution that are not necessarily normal or bounded, [18]. This approach, too, yields
explicit estimates on the distance between the true state of the system and an instanta-
neous metastable state.

The third class of examples concerns resonances that emerge from eigenvalues of an
unperturbed Hamiltonian embedded in the continuous spectrum after a perturbation has
been added to the Hamiltonian. Typical examples of such resonances arise when a small
quantum-mechanical system, say an impurity spin, is coupled to an infinite, dispersive
medium, such as magnons (see for example [22-24] for relevant physical models). Our
approach to such examples is based on an extension of adiabatic theorems without a
spectral gap condition, [25-29]. Our results also cover the case of resonance crossings.
Further details of applications where our assumptions are explicitly verified for various
physical models will appear in [30].

2. Adiabatic Evolution of Shape Resonances

In this section, we study the time evolution of the state of a quantum-mechanical particle
moving in R? under the influence of a potential well which is not strictly confining. The
potential well is described by a time-dependent function on R?,

VI (x, 1) = QZU(g,s), (1)

where 7 is the adiabatic time scale, ¢ is the time, s = % is rescaled time, 0 > 1is a
parameter characterizing the width and height of the well, and v(x, s) is a function on

1 For the sake of simplicity, we consider nondegenerate resonances. However, our analysis can be extended
to the case of degenerate resonances; (see [10, 11] for a discussion of the latter in the time-independent case).
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R? x R that is twice differentiable in s € R and smooth in x € RY; see below for
precise assumptions on the potential. We assume that 7 is small compared to the escape
time of the particle from the well.? By introducing an auxiliary adiabatic evolution, we
obtain precise estimates on the difference between the true state of the particle and an
instantaneous metastable state. Our analysis is based on the generalized time-energy
uncertainty relation, as derived in [8], and on the usual adiabatic theorem in quantum
mechanics, [16].

The Hilbert space of the system is H := L*(R?, d?x). Its dynamics is generated by
the time-dependent Hamiltonian

HT(t) == —A/2+ v (x, 1), )

where A is the d-dimensional Laplacian.> We make the following assumptions on the
potential vg (x, s), for s € I, where I is an arbitrary, but fixed compact interval of R.

(A1) The origin x = 0 is a local minimum of v(x, s), for all s € I, and, without loss
of generality, v(0, s) =0 fors € 1.

(A2) The Hessian of v(-, s) at x = 0 is positive-definite, with eigenvalues Q,.z(s) >
Q%, i=1,...,d, and Q¢ > 01is a constant independent of s.

(A3) Consider a smooth function g(x) with the properties that g(x) = 1 for |x| < %

and g(x) = O for x| > 1, where |x]| := ,/Z?zlxiz. For € > 0, we define the
rescaled function g ¢ by

geo(x) =g ( (69);1 /3) . 3)

We assume that, for all ¢ > 0,

1
max ge g (x)|va(x,s) — —xQz(s)x| < ce, 4)
xeR4 2

uniformly in s € I, where Q2(s) is the Hessian of v(-, s) at x = 0 and ¢ is a finite
constant independent of s € 1.

(A4) v(x,s) is smooth, polynomially bounded in x € R?, and bounded from below,
uniformly in s € I. Moreover, v(x, s) is twice differentiable in s € I. We also
assume that | H (s;) — H(s2)|| < C, Vsi, sy € I, where C is a finite constant.

Note that under these assumptions, vy is a potential well of diameter of order O () and
height O (6?). Let

Ho(s) := —A/2 + %xQz(s)x, (5)
and
Hi(s) := Hy(s) + we g (x, 5), (6)
where? |
We o (x, 5) = ge.o(X)[p(x, s) — zxﬂz(S)X]- (7

2 The escape time of the particle from the well, which is related to 6, will be estimated later in this section.
3 We work in units where the mass of the particle m = 1, and Planck’s constant /& = 1.
4 H 1(s) depends on the parameters 6 and €, but we drop the explicit dependence to simplify notation.
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Note that
H(s) = Hi(s) +0ve g(x, 5), ()

where |
Sve,p(x,8) := (1 — geg(x))[va(x,s) — ExQZ(S)X]- 9

It follows from Assumptions (A3) and (A4), and (9) that

0. x| < 5(e0)'/3

62P(x/0). x| = L(eo)!3 (10

max [8ve o (x, 5)| < {
sel

uniformly in s € /, for some polynomial P(x) of x.
Denote by Pj'(s), n € N, the projection onto the eigenstates of H|(s) corresponding

to the n'" eigenvalue of Hj(s). It follows from Assumptions (A3) and (A4) that, for €
small enough, P{'(s) is twice differentiable in s as a bounded operator for s € [0, 1].

Denote by U7 (s, s") the propagator generated by H (s), which solves the equation’
U (s, 8= —itH$)U (s,5"), U'(s,s) = 1. a1

Suppose that the initial state of the system is given by a density matrix pg, which is a
positive trace-class operator with unit trace. Then the state of the particle at time r = ts
is given by the density matrix ps, which satisfies the Liouville equation

ps = —it[H(s), ps] (12)
and pg=o = po. The solution of (12) is given by
ps = U"(s,0)00U (0, 5). (13)

Let P be an orthogonal projection onto a reference subspace PH, and let p; denote
the probability of finding the state of the particle in the reference subspace PH at time
t = ts. This probability is given by

ps = Tr(psP). (14)

We are interested in studying the adiabatic evolution of a state of a particle which
initially, at time # = 0, is localized inside the well. Such a state may be approximated by
a superposition of eigenstates of Hj(0) (defined in (6)). The initial state of the particle
is chosen to be given by

N
po =Y cnP(0), (15)

n=0
where P;'(0) are the eigenprojections onto the states corresponding to the eigenvalues
E, of H1(0), ¢, > 0, with Zfl\’:l cn = 1, for some finite integer N.
We let U be the propagator of the auxiliary evolution generated by Hj (s). Itis given
as the solution of the equation

sU1(s,s) = —itH (s)U1 (s, s"), Ui(s,s) = 1. (16)

5 Assumptions (A1)—(A4) are sufficient to show that U7 exists as a unique unitary operator with domain
D, a common dense core of H(s),s € I.
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Moreover, let
W(s, 0) := U (0, s)U" (s, 0). (17)

Then W (s, 0) solves the equation

o, W(s,0) = —irﬁ(s)W(s, 0), W(,0) =1, (18)
where _
H(s) = Ui (s,0)8ve,0(s)Ui (s, 0), (19)
as follows from (11), (6), (16) and (17). Then
ps =Tr(psP) =" cup}, (20)
where
py=Tr(PU(s,0)P{(0)UT(0, s)). 210
We define _
Pl'(s) :==Ui(s,0) P (0)U1(0, 5). (22)

We have the following proposition.

Proposition 2.1. Suppose Assumptions (Al)—(A4) hold. Then

p;fsinﬁ(arcsin Tr(PPI'(s)) £ 2t / ' ds' f(P'(0), H(s")), (23)
- 0

fors > 0, where p is defined in (21), ﬁ(s) in (19), ﬁl”(s) in (22),

0,x <0
sing(x) == 1sin(x),0 <x < %, (24)
1,x > %
and
F(P, A) := JTr(PA (I — P)A). (25)

The proof of Proposition 2.1 is given in the Appendix, and it is based on the gener-
alized time-energy uncertainty relation derived in [8].

Before stating an adiabatic theorem for shape resonances, we want to estimate the
time needed for the quantum-mechanical particle to escape from the potential well if its
initial state is given by (15). Note that, for each fixed value of s € I, the spectrum of
Hy(s), o (Ho(s)), is formed of the eigenvalues

d
1
Ef =2 Q)i +3), (26)

i=1

wherel = (I1,...,1y) € N4, with corresponding eigenfunctions

d
& 0 =[] ©h, V/Qie)x), @7
i=1
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where h, are Hermite functions normalized such that

/dxhz(X)hk (x) = 8.
Recall that the Hermite functions decay like a Gaussian away from the origin,

()] < c.ge (2O, (28)

for an arbitrary § > 0 and a finite constant ¢; 5; (see for example [36]). It follows from
analytic perturbation theory (Lemma A.1 in the Appendix) that the eigenstates of Hj(s)
decay like a Gaussian away from the origin. Moreover, it follows from Assumption (A3)
that Sve g is supported outside a ball of radius %(69)1/ 3,

Let 7y (x, y; 5) denote the kernel of U (s, 0) P (0)U; (0, s), whose modulus decays
like a Gaussian away from the origin for arbitrary finite 7; see Lemma A.1 in the Appen-
dix. For each fixed s € I, the following estimate follows from Lemma A.1, Assumptions
(A3)—(A4) and (19).

F(PIO0), H(s))* = |Tr(P(0)H(s)> — P (0)H (s) P (0)H (s))|
= |Tr([P0), H(s)]*)|
= |Tr([Ui(s, 0) P} (0)U1 (0, 5), 80 0 (5)1%)]

= / dxdy|m} (x, y; 5)*(Bve g (x, ) — Sve a(y, 5))°
= Ce,ne_ueez/3 , (29)

where 1t is proportional to €2/3, C, , is a finite constant independent of s € I (for finite
n appearing in (15) and fixed €). Let

7~ M0, (30)

which, by (29) and (15), is a lower bound for the time needed for the particle to escape
from the well.®

We now introduce the generator of the adiabatic time evolution for each eigenpro-
jection,

n i SN n
H; (s) :== Hi(s) + ;[Pl (), Py ()], (€2
and the corresponding propagator U/ (s, s") which satisfies
osUl (s, s")y = —itH) (s)U/! (s,s"); Ul(s,s) = 1. (32)

By Assumptions (A1)-(A4), it follows that (32) has a unique solution, U/ (s, s"), which
is a unitary operator. From the standard adiabatic theorem in quantum mechanics [16],

6 In other words, the particle spends an exponentially large time in 6 inside the well. Note that one may
also directly use time-dependent perturbation theory to estimate the time needed for the particle to escape
from the well, see [8].
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we know that

Ull(s, s Pl (sHUL (s, s) = P (s), (33)

sup |UJ (s, 0) — Ui (s,0)[| = Oz 1), (34)
s€[0,1]

forz > 1.7
For 1 <« 7 « 17, where 1; is given in (30), it follows from (23), (22), (33) and (34)
that
py =Tr(PP{'(s)) + O(max(1/7, /7). (35)

Let

N
ps = D cuP{(s), (36)

n=1

the instantaneous metastable state of the particle inside the well.
By (15), (35) and (36), we have that, for

l«1<1, 37)

sup |ps —Tr(Ppy)| < A/t + Bt/7, (38)
s€[0,1]

where A and B are finite constants. This proves the following theorem for the adiabatic
evolution of shape resonances.

Theorem 2.2. (Adiabatic evolution of shape resonances). Suppose Assumptions
(Al)—(A4) hold for some t satisfying (37). Then

- 1 7
ps = Tr(Pp(s)) + O(maX(? r_z))' (39)

In other words, over time scales that are small compared to the escape time 1;, given
in (30), of the particle from the potential well, the true state of the particle which is
initially localized inside the well, as given by the choice (15), is approximately equal
to the instantaneous metastable state given in (36). We remark that a similar analysis
can be applied to study the adiabatic evolution of the metastable state of the electron of
an He* ion moving in a time-dependent magnetic field (see [8] for a discussion of this
model in the time-independent case).

3. Isolated Eigenvalues of Spectrally Deformed Hamiltonians

In this section, we discuss the adiabatic evolution of quantum resonances which appear
as isolated eigenvalues of spectrally deformed Hamiltonians. Examples of such reso-
nances include ones of the Stark effect and the N-body Stark effect (see for example
[4, 6, 2, 3, 12]). Our analysis is based on Balslev-Combes theory for dilatation analytic
Hamiltonians and on an adiabatic theorem for nonnormal and unbounded generators of
evolution. The main result of this section is Theorem 3.3, which gives an estimate on the
distance between the true state and an instantaneous metastable state when the adiabatic
time scale is much smaller than the lifetime of the metastable state.

7 We work in units where a microscopic relaxation time is of order unity.
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Ao(s)

2Im6
Ag(s)

Fig. 1.

3.1. Approximate metastable states. Consider a quantum mechanical system with
Hilbert space H and a family of selfadjoint Hamiltonians { H, (1)};er, which are given by

HE (1) = Hy(s), (40)
with fixed dense domain of definition, where
Hgy(s) = Ho(s) +gV(s), 41

and H(s) is the (generally time-dependent) unperturbed Hamiltonian, while gV (s) is a
perturbation bounded relative to Hy(s), unless specified otherwise; see the footnote after
assumption (B1) below. Here, s = ¢/t € [0, 1] is the rescaled time. Let U (9), 6 € R,
denote the one-parameter unitary group of dilatations. For fixed g, we assume that there
exists a positive B, independent of s € [0, 1], such that

H (s, 0) := U(8) Hy(5)U (=), (42)

extends from real values of 6 to an analytic family in a strip [Imf| < B, forall s €
[0, 1]. The spectrum of Hg(s, 8) is assumed to lie in the closed lower half-plane for
Im6 € (0, B). The relation

Hyg (s, 0)* = Hg(s,0) 43)

holds for real 6 and extends by analyticity to the strip | Im6| < B. We make the following
assumptions:

(B1) Ao(s) is an isolated or embedded simple eigenvalue of Hy(s) with eigenprojection
P()(s).8 We assume that, for each fixed s € [0, 1] and Im6 € (0, B), Lo(s) is
separated from the essential spectrum of Hy(s, 6). We also assume that the corre-
sponding eigenprojection Py(s, 6) is analytic in 6 for Im6 € (0, B) and strongly
continuous in 6 for Im6 € [0, B).

(B2) For 0 < Im6 < B, let Hy(s,0) = Py(s, 0)Hg(s, 0) Py (s, 6) denote the reduced
Hamiltonian acting on Ran(P,(s, 0)), and let A, (s) be its corresponding eigen-
value. Then

—0
e (5) 5 1o (s).
We assume that A (s) is differentiable in s € [0, 1].

8 The Stark effect for discrete eigenvalues of Coulumb systems is an example where isolated eigenvalues
of the unperturbed Hamiltonian become resonances once the unbounded perturbation is turned on [32, 33].
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(B3) For each fixed s € [0, 1] and fixed 8 with Im6 € (0, 8), there is an annulus

N (s, 0) C C centered at Ao (s) such that the resolvent,
Rq(s,0;2) == (z — Hy(s,0)) 7", (44)

exists for each z € N(s,0) and 0 < g < go(2).
(B4) Let y(s) be an arbitrary contour in A/ (s, 8) enclosing A¢(s) and Ag(s), for Im6 €
(0, B). Then, for 0 < g < g(y(s)), the spectral projection

dz
P,(s,0) := —R,(s,0; 45
(5. 6) é@zm £(5.6:2) (45)
satisfies
lirr}) | Pg(s,0) — Po(s, 0)]| = 0. (46)
g%

We assume that Py (s, ) is twice differentiable in s € [0, 1] as a bounded operator,
for fixed 6, Im6 € (0, B).

(B5) RS (Rayleigh-Schrodinger) Expansion. The perturbation V (s, 8), for [Im6]| < 8,
is densely defined and closed, and V (s, 6)* = V (s, 6). We define

Hgy(s,0) := Hy(s,0) +gV(s,0)

on a core of Hy (s, 0). For Im0 # 0, z € N (s, 6) and g small enough, the iterated
resolvent equation is

N—1
Rg(s,0; 2)Po(s, 0) = D g"Ro(s, 0; 2)An(s, 05 2) + g Ry (s, 0; ) AN s, 65 2),
n=0
47)
for N > 1 (depending on the model), where
Au(s,0;2) := (V(s,0)Ro(s, 0; 2)" Py(s, 9). (48)

We assume that the individual terms in (47) are well-defined, and that A, (s, 0; z)
defined in (48) are analytic in € in the strip Im6 € (0, ), forn =1,..., N, and
z € N (s, 0), and strongly continuous in Im6 € [0, 8). This assumption is satis-
fied for N = 1 in dilatation-analytic systems where V (s, 6) is bounded relative
to Ho(s, 0), Im6 € [0, B); see, e.g., [2, 3]. Moreover, this assumption holds for
arbitrary N > 1, if Ao(s) is an isolated eigenvalue of the unperturbed Hamiltonian
Hy(s), as in the case of discrete eigenvalues of Coulumb systems, with V (s, 8) a
perturbation describing the Stark effect, [32, 33].

The RS-expansion for Pg (s, ) implies that, for Im6 € (0, ),
Py(s, 0) = P (s,0) + 0(g"), (49)

where P;V (s, 0) is analytic in the strip /Im6 € (0, B), and strongly continuous in /m6 €
[0, B).

In other words, the spectral projection onto the resonance state is only defined up to a
certain order N in the coupling constant g. This is to be expected since resonance states
decay with time. We now show that, for each fixed s € [0, 1], the projections Péfv (s) can
be re}garded as projections onto approximate metastable states, up to an error of order
o).
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Denote by ¥ (s) the eigenstate of Hy(s) with corresponding eigenvector Ao(s), and
let

Yo (s) = P (s)v0(s). (50)

I1PY ()90 ()l
We have the following proposition for approximate metastable states, for each fixed

s € [0, 1]; see [4].

Proposition 3.1. (Approximate metastable states). Assume that (B1)—(B5) hold, and
fixs € [0,1]. Let &€ € CSO(R) be supported close to Lo(s) with & = 1 in some open
interval containing ,o(s). Then

(W (), e S E(Hy ()9 () = al (9)e "+ bY (1), (51)
for small g, where
ay () = (Y (s.0), Pe(s, )9 (5,0)) = 1+ 0(¢*), Imb € (0, B),
and
by () < g Cu(1+0)7",

form > 0, where Cy, is a finite constant, independent of s € [0, 1].

Although the proof of Proposition 3.1 is a straightforward extension of the results in [4],
it is sketched in the Appendix to make the presentation self-contained.
Choosing t = 0 in (51) gives

(Y (), (1 = E(Hg (NP () = 0(g*™). (52)

In particular, for0 < & <1,
(W (), e Oty N (5)) = e 1 0(g?N). (53)

This motivates considering wév (s) as approximate instantaneous metastable states, up
to an error term of order O (g?V).

In the next subsection, we recall a general adiabatic theorem proven in [18].

3.2. A general adiabatic theorem. Consider a family of closed operators {A(?)};cRr act-
ing on a Hilbert space H, with common dense domain of definition D. Let U () be the
propagator given by

QUMY =—ADOU@DY , Ut=0)=1, (54)

fort > 0; ¢ € D. We make the following assumptions, which will be verified in the
application we consider later in this section.

(C1) U(r) is a bounded semigroup, for t € R*, i.e., ||U(¢)|| < M, where M is a finite
constant.

(C2) For z € p(A(t)), the resolvent set of A(t), let R(z,t) := (z — A@)~. Assume
that R(—1,1) is bounded and differentiable as a bounded operator on H, and that
A(t)R(—1, t) is bounded, where the (") stands for differentiation with respect to ¢.
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Assume that A(t) = A(0) for ¢ < 0, and that it is perturbed slowly over a time scale
7 such that A (r) = A(s), where s := % € [0, 1] is the rescaled time. The following
two assumptions are needed to prove an adiabatic theorem.

(C3) The eigenvalue A(s) € o(A(s)) is isolated and simple, with
dist(A(s), o (A(s)\{A(s)}) > 6,

where § > 0 is a constant independent of s € [0, 1], and A(s) is continuously
differentiable in s € [0, 1].
(C4) The projection onto A(s),

1
Pols) = —— ]{ R(z, 9)dz, (55)
271 Jy, (s)

where y, (s) is a contour enclosing A(s) only, is twice differentiable as a bounded
operator.

Note that, since A(s) is simple, the resolvent of A(s) in a neighborhood N of A(s),
contained in a ball B(A(s), r) centered at A(s) with radius r < §, is

Py.(s)

ke =730

+ Ranalytic(z’ ), (56)

where Ranaiyiic(z, §) is analytic in V.
We now discuss our general adiabatic theorem. Let U (s, s”) be the propagator given
by
U (s,5) = —TA(s)Us (5, 5") , Ur(s,5) = 1, (57

for s > s’. Moreover, define the generator of the adiabatic time evolution,

1 .
Aa(s) := Als) = —=[Pa(s), Pr(s)], (58)

with the corresponding propagator U, (s, s”), which is given by
9 Ua(s,s) = —TAa(5)Uq(s,5") s Uals, s) = 1, (59)
for s > s’. It follows from Assumption (C4) that

sup [I[Pi(s), Pr(s)]ll < C,
s€[0,1]

for some finite constant C, and hence by perturbation theory for semigroups, [35]
Chap. IX, and Assumption (C1), U, defined on the domain D exists and is unique,
and ||U, (s, s")|| < M’ fors > s, where M’ = Me€. We are in a position to state our
adiabatic theorem.

Theorem 3.2. (A general adiabatic theorem). Assume (C1)—(C4). Then the following
holds:

(i)
Pi.(s)Ua(s, 0) = Ua(s, 0) P,(0) , (60)

for s > 0 (the intertwining property).
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(ii)
C
sup [[Uz(s,0) — Uy(s,0)|| < ——,
s€[0,1] l+7
for v > 0 and C a finite constant. In particular,

sup [|Uz(s,0) — Uy(s,0)|| = O(x ™),
s€[0,1]

forT > 1.
We refer the reader to [18] for a proof of Theorem 3.2.

Remark. Assumption (C1) can be relaxed, but the result of Theorem 3.2 will be weak-
ened. Suppose A(t) generates a quasi-bounded semigroup, i.e., there exist finite positive
constants M and y such that | U (¢)|| < Me¥',t € R*, then (ii) in Theorem 3.2 becomes
et
sup [[Uz(s,0) — Ua(s, 0)|| = C—,
5€(0,1] T
forl « v <y~ L.

3.3. Adiabatic evolution of resonances that appear as isolated eigenvalues of spectrally
deformed Hamiltonians. We consider a quantum mechanical system satisfying Assump-
tions (B1)—~(B5), Subsect. 3.1. Denote by U, (s, s’, §) the propagator corresponding to
the deformed time evolution, which is given by

BSUT(sv S/, 9) = —iTHg(S, Q)UT(S’ S/’ 0)7 U'L'(sv s, 0) = 17 (61)

for0 <s' <s < 1and Im@ € [0, 8). We make the following assumption on the exis-
tence of the deformed time evolution, which can be shown to hold in specific physical
models; see [30, 4, 32] and [35], Chap. IX.

(B6) For fixed 6 with Im6 € (0, B), U.(s,s’,0),0 <s’ <s <1, exists and is unique
as a bounded semigroup with some dense domain of definition D.° In particular,
there exists a finite constant M such that

U (s,s",0)| <M,0<s" <s<1.

The generator of the deformed adiabatic time evolution is given by
i .
H(l(sﬂe) = Hg(s79)+;[Pg(sa0)an(S’ 9)]7 (62)

and it generates the propagator
35Ua(s,s",0) = —itHy(s,0)Ua(s, s, 0), Ua(s,s,0) =1, (63)
for0 <s’ <s < 1 and fixed 8 with Im@ € (0, B).

9 We remark later how this assumption can be relaxed.



Adiabatic Theorems for Quantum Resonances 663

For fixed 8 with Im6 € (0, B), Assumptions (B4) and (B6) and perturbation theory
for semigroups, [35], imply that U, (s, s’, 0), s > s’, exists and
I[Py (s, 0), Py(s, ]Il < 00, Imb € (0, B) (64)
|Ua(s, s, 0) < M, (65)
where M’ is a finite constant independent of s, s” € [0, 1].

Assumptions (B1)—(B6) in Subsect. 3.1 imply Assumptions (C1)—(C4) in Subsect. 3.2,
with the identification

H,(s,0) < —iA(s),

Ag(s) < —iA(s),
Py (s,0) < i Py(s),

for fixed 6 with Im6 € (0, B).

We consider a reference subspace corresponding to a projection P which is dilatation
analytic, i.e., P(6) = U (8)PU (—0) extends from real values of 6 to a family in a strip
[Im@| < B, B > 0. Moreover, we assume that the initial state of the quantum mechanical
system is

po = ¥y )Y ), (66)

where 1//9’ (s) has been defined in (50).

We are interested in estimating the difference between the true state of the system
and the instantaneous metastable state defined in (50) when H,, varies over a time scale
smaller than the lifetime of the metastable state,

7 = min (Imhy(s)) ' ~ g2
I se[O,l]( ¢(8)) g

More precisely, we are interested in comparing

pes i= Tr(PU (s, 0)poU7 (s, 0))
= Tr(PU:(s, O)[y Y () (0)|U (5. 0)) 67)

to
Prs == TrPIYY () () (). (68)

This is given in the following theorem.

Theorem 3.3. (Adiabatic evolution of isolated resonances). Suppose Assumptions
(B1)~(B6) hold. Then, for g small enough and for | < v < 1 ~ g2,

|Pes — Pes| = O(max(1/7, gz, t/7(2))). (69)

Proof. Thisresultis a consequence of Theorem 3.2. Since Assumptions (B1)—(B6) hold,
we know that, for fixed 6 with Im6 € (0, B),

Ua(s,0,0) P} (0,0) = P (s.0)Ua(s,0.0) + 0(g" 1), (70)

C
Sup ||Ua(s107 0) - U'L'(s» 01 9)” S ) (71)
s€l0,1] T
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for T > 1, where C is a finite constant. For | <« 7 <« g2, and Im#@ € (0, ), we have

Prs = (Ur (s, 0)¥ 2 (0), PU (s, 0)y,) (0))
= (U:(5,0,0)9 (0.6), P(O)U+ (5, 0,0)y. (0, 0))
= (Ua(s.0,0)¥) (0.6), PO)U,(s.0,0)y) (0.6)) + O(1/7)
= (Y2 (s.0), POy (s.0)) + O(max(t/7(g), 1/7, g"'1))
= prs + O(max(1/7, gV, 7/1 ().

O

Remarks. (1) To estimate the survival probability of the true state of the system, choose
= ¥ () (W) (0)], where v (s) is defined in (50).

(2) One may also estimate the difference between the true expectation value of a
bounded operator A and its expectation value in the instantaneous metastable state,
provided the operator A is dilatation analytic. Similar to the proof of Theorem 3.3,
one can show that

(Y2 (0), Ur (s, 0)* AU (s, 0)y (0))
= (Y3 (5), Ayry (5)) + O(max(1/7, gz, T/T(2))),

forl €« 7Kg >

(3) The results of this section can be extended to study the quasi-static evolution of
equilibrium and nonequilibrium steady states of quantum mechanical systems at
positive temperatures, e.g., when one or more thermal reservoirs are coupled to a
small system with a finite dimensional Hilbert space; see [18, 29] for further details.
In these applications, the generator of time evolution is deformed using complex
translations instead of complex dilatations.

(4) Assumption (B6) can be relaxed. Fix 6 with Im6 € (0, B). Suppose that H,(s, 0)
generates a quasi-bounded semigroup,

Uz (s, 5", 0)|| < MeST6—s), (72)

where M and « are positive constants and g is the coupling constant. It follows from
Assumption (B4) that

1 C
— sup [[Pg(s, 0)Py(s, ]Il < —
T 5€[0,1]

for finite C. Together with (72), this implies that
|Ua(s, s, 0)|| < M'e8476=S),

where M’ is a finite constant. Then, under Assumptions (B1)—~(B6), the result of
Theorem 3.3 becomes
|Pes — Prs| = O(max(e?*™ /7, g7, T/7(9))),

forl € 7 < g2
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(5) The results of this section can be extended to study “superadiabatic” evolution of
quantum resonances. '” In the last decade, there has been a lot of progress in studying
superadiabatic processes (see for example [19] and references therein). Depending
on the smoothness of the generator of the time evolution, superadiabatic theorems
give improved estimates of the difference between the true time evolution and the
adiabatic one. Very recently, and after the submission of this paper, superadiabat-
ic theorems with a gap condition have been extended to evolutions generated by
nonselfadjoint operators [20]. Using superadiabatic theorems and methods devel-
oped in [21], the results of this section can be extended to longer time scales under
additional regularity assumptions on the Hamiltonian. Further details will appear in
[30].

4. General Resonances

In this section, we study the case of resonances which emerge from eigenvalues of an
unperturbed Hamiltonian embedded in the continuous spectrum after a perturbation has
been added to the Hamiltonian. Such resonances arise, for example, when a small sys-
tem, say a toy atom or impurity spin, is coupled to a quantized field, e.g. to magnons or
the electromagnetic field. The main result of this section is Theorem 4.1, which is based
on an extension of the adiabatic theorem without a spectral gap; see for example [25,
27, 29]. The results of this section are more general than Sect. 3, since the perturbation
is not restricted to be dilatation analytic.

Consider a quantum mechanical system with a Hilbert space H and a family of
time-dependent selfadjoint Hamiltonians { H,(7)};<Rr such that

Hg (1) = Ho(t) + gV (1),

where H(t) is the unperturbed Hamiltonian with fixed common dense domain of defi-
nition D, V¢ € R, and V (¢) is a perturbation which is bounded relative to Hy(¢) in the
sense of Kato[35]. We assume that the variation of the true Hamiltonian, H gf (1), in time
is given by H Sf (t) = H,y(s), where s € [0, 1]is the rescaled time. We make the following
assumptions on the model.

(D1) Hg(s)is a generator of a contraction semigroup for s € [0, 1] with fixed dense core.
Let Ry(z,5) := (z — H (s))"!forz e p(Hg(s)), the resolvent set of Hg(s). We
assume that R, (7, s) is differentiable in s as a bounded operator, and H, (s)R g (i, 5)
is bounded uniformly in s € [0, 1]. This assumption is sufficient to show that the
unitary propagator generated by H (s) exists and is unique.

(D2) Ao(s) is a simple eigenvalue of Hy(s) which is embedded in the continuous spec-
trum of Hy(s), with corresponding eigenvector ¢ (s),

Ho(s)p(s) = Ao(s)p(s).
Furthermore, the eigenprojection Py(s) corresponding to Ao(s) is twice differen-
tiable in s as a bounded operator for almost all s € [0, 1], and is continuous in

s, s € [0, 1], as a bounded operator.

10 We are grateful to an anonymous referee for indicating this possibility to us.
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(D3) Let Po(s) = 1 — Py(s), and, for a given operator A on H, denote by AS its

restriction to the range of Pq(s),
Ay := Po(s)APo(s).

Let
F(z,5) == ($(s), V(s)Po(s)(z — Ho(s)s) " Po(s)V ()9 (s)). (73)

For each s € [0, 1], we have
ImF (Ao(s) +i0,5) <0, (Fermi's Golden Rule). (74)
We note that

Po(s)Hg(s) = do(s) Po(s) + O(g),
Hgy(s)Po(s) = Ao(s) Po(s) + O(g).

(D4) Instantaneous metastable states. Let & € Cgo (R) be supported in a neighborhood

of Ao(s). For each fixed s € [0, 1], we have
(@(s), e O E(H ()9 (9)) = ag(s)e ™D +by(r), t=0,  (75)
where
hg(8) = 2o(s) + g((s), V() (s)) + g7 F (ho(s) — i0. s) + 0(g").
and

lag(s) — 1] < Cg?,
be ()] < Cg>(1+1)7",
C is a finite constant independent of s € [0, 1], for some n > 1. Note that

ImAg(s) < 0. Equation (75) uniquely defines the instantaneous resonance state,
up to an error O(g“).ll

11 The latter assumption is satisfied if the following holds, for each fixed s € [0, 1]; see [7] for a proof of
this claim in the s-independent case:
(1) There exists a selfadjoint operator A such that

)

eMASD D,

for each fixed s € [0, 1] and 7 € R. This implies that D N D(Ay) is a core of Hy(s).

Denote by adix () = [Ag, ad‘{;:l], ad}h (-) := [Ag, -]. For some integer m > n + 6, where n appears
in (D4), the multiple commutators aa’fd‘“r (Hp(s)) and adfg_Y (V(s)),i=1,...,m,exist as Hy(s)-bounded
operators in the sense of Kato. [35]

(3) Mourre’s inequality holds for some open interval Ag > Ag(s),

En, (Ho($)i[Ho(s), As1EA; (Hp(s)) = 0 EA  (Ho(s)) + K,

where E A (Ho(s)) is the spectral projection of Hy(s) onto Ay, 6 is a positive constant, and K is a compact
operator.
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A physical example where Assumptions (D1)—-(D4) may be satisfied is a small system
interacting with a field of noninteracting bosons or fermions, for example, a spin system
coupled to a time-dependent magnetic field; see [22-24, 30] for further details on the
relevant model of a toy atom interacting with the electromagnetic radiation field.

We are interested in the adiabatic evolution of the quantum resonance over time scales
which are much smaller than the lifetime of the resonance. We will prove an adiabatic
theorem without a spectral gap condition for quantum resonances for weak coupling g
(see [25, 27-29]).

Let U, (s, s") be the propagator given by

05Uz (s,s") = —itHy(s)Uc (s, 8"), Uc(s,s) =1, (76)

with some dense domain of definition D. Existence of U; as a unique unitary operator
follows from Assumption (D1) and Theorem X.70 in [36]. Moreover, we introduce the
generator of the adiabatic time evolution

i .
Hy () = Hy(s) + ~[Po(s), Po(s)]. (77)
The propagator corresponding to the approximate adiabatic evolution is given by

a5 U(s,s") = —itHY()U(s, s"), U(s,s) =1, (78)

with domain of definition D. Note that U, exists as a unique unitary operator due to
Assumptions (D1) and (D2). We have the following theorem, which is an extension of
the results in [25, 27, 29].

Theorem 4.1. (Adiabatic theorem for embedded resonances). Suppose Assumptions
(D1)—(D4) hold. Then, for small enough coupling g and large enough t,

U(s, 0) Po(0)UY(0, 5) = Po(s) + O(zg), (79)

and

A -
sup [|Uz(s,0) = Ug (s, 0| < —p5 + Bgr' /M + C(x™1/%, (80)
5€[0,1] T

where A and B are finite constants, and C(x) is a positive function of x € R such that
lim,_.o C(x) = 0. In particular, choosing T ~ g~/ gives

sup [|Uz (s, 0) Po(0) — Po(s)|| < Ag'/3 + C(g!/%). (81)
s€[0,1]

Proof. Let
h(s,s") == U(s, s")Po(sHUL(s', 0). (82)

Then
dyh(s,s') =itU(s, s {HO(s") Po(s") — Po(s"HO (s }U(s', 0)
= iTUg(S, s {ho(s") Po(s) + %po(s/)PO(S/) — Mo (s") Po(s)
+ Z;Po(s/)f’o(s') + 0()UY(s', 0)
= 0(gr1),
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where we have used the definition of the generator of the adiabatic evolution and the
property that ) )
Po(s) Po(s) + Po(s) Po(s) = 0.

It follows that i (s, 0) = h(s, s), which is claim (79).
Moreover, we are interested in estimating the difference between the true evolution
and the adiabatic time evolution. For iy € D, we have that

N
(Ue(s,0) — U (5, 0) Y = — / ds'dy (U (s, sHU(s', 0) v
0
N
= —it / ds'Ux (s, s [Hg(s") — H)(sHIUL (s, O)yr
0
S .
= —/ ds' Uz (s, s")[Po(s"), Po(s)1UL(s', 0)¢.
0
Since the domain of definition D is dense in H, it follows that
S
U (s,0) — U(s, 0)]| = II/O ds' Uz (s, s")[ Po(s), Po(s)IUY(s", 0)]. (83)

We will now use a variant of Kato’s commutator method to express the integrand as
a total derivative plus a remainder term, see [25]. Let

Xe(s) := Rg(Ao(s) + i€, s)Po(s)Po(s) + Po(s)Po(s)Rg(Ao(s) — 1€, 5). (84)
Note that
[Hy(s), Xe(5)] = [Hg(s) — ho(s) — i€, Rg(ho(s) +i€, ) Py(s) Po(s)]
+[Hy(s) — ho(s) +i€, Po(s) Po(s)Rg(ho(s) — i€, 5)]
= [Py(s), Po(s)] +ieXc(s) + O(g/e).
Furthermore,
3y (U (s, SN Xe(sHUJ(s', 0) = itUs (s, ") [ Hy (), Xe(sHIU(s', 0)
+ Uy (s, 8") Xe (s [ Po(s)). Po(sHIUJ(s', 0)
+U. (5,5 X(sHUY(s', 0).

Therefore,

s . 1 .
II/O ds'Uq (s, s") [ Po(s"), Po(s"UL (s, 0)]| < 'S[L(l)pll{;[”Xe(S)”(l+2||P0(5)P0(s)“)

+[ X+ €l Xe ()} + Cg /e, (85)

where C is a finite constant independent of s € [0, 1]. We claim that the following
estimates are true for small enough € and g:

(@) 1Xe@)I < C/e, (86)
(i) IXc()] < C/é?, (87)
(iii) €| X(s)|| < B(e) + Cg/e, (88)

where lim._,o B(¢) = 0, and C is a finite constant, uniformly in s € [0, 1].
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Estimates (i) and (ii) follow from our knowledge of the spectrum of H,(s) and the
resolvent identity. To prove estimate (iii), we compare the LHS of (88) to the case when
g =0. Let

Xe(s) := Ro(ho(s) + i€, ) Po(s) Po(s) + Po(s) Po(s)Ro(ho(s) —ie,s).  (89)
Then, by the second resolvent identity,
IXe@) < [ Xe(s)]| +Cg/e?,
uniformly in s, for some finite constant C. We claim that

lim 21X (s)]I> = 0. (90)
€—>

Consider ¢ € D, then ¥ (s) = Po(s)Po(s)p € Ker(Py(s)). Using the spectral theorem
for Hy(s), we have the following result:

2%62IIR0(XO(S)+i6,S)150(S)Po(S)¢|I = 11m6 (¥ (s), Ro(ro(s) — i€, s)Ro(Ao(s)
+l€,S)I/f(S)>
1

=1 2l d AD)———

o€ / MM R e
= u(¥(s) € Ran(Py(s))) =0,

and hence claim (90). Therefore,

C C
sup Uz (s, 0) — Us, 0)]| < Tl+%g+0(e), 1)

s€[0,1]

where Cj 7 are finite constants, and lim¢_,o C(¢) = 0. Choosing € = /4 gives (80).
By choosing T ~ g~2/3, (81) follows from Assumption (D4), (79) and (80). O

Remarks. (1) We note that, using an argument due to Kato, [16], the case of finitely
many resonance crossings is already covered by Theorem 4.1, since the latter holds
for Py(s) twice differentiable as a bounded operator for almost all s € [0, 1] and
continuous as a bounded operator for s € [0, 1]. Suppose that at time s € [0, 1], a
crossing of Ag(s) with an eigenvalue of Hy(s) happens. It follows from continuity
of Py(s) that, for small € > 0, Ran(Py(so — €)) and Ran(Py(so + €)) are close up
to an error which is arbitrarily small in €, and hence our claim follows.

(2) Further knowledge of the spectrum of Hy(s) will yleld a better estimate of the con-
vergence of € || X¢|| to zero as € — 0. For example, it is shown in [25-27] that if the
spectral measure g (s), ¢ (s) € Ran(Py(s)), is a-Holder continuous, fora € [0, 1],
uniformly in s € [0, 1], then!?

sup €l|Ro(ro(s) +ie, s)Po(s) Po(s)| < Ae®/?, (92)
s€[0,1]

for € small enough, where A is a finite constant, and hence estimate (81) becomes

sup U+ (s,0) Py(0) — Po(s)|| = O(g*/'?) (93)

for g small enough.

Acknowledgements. WAS is grateful to an anonymous referee for pointing out references [12, 19-21].

12° A measure 1 is a-Holder continuous, « € [0, 1], if there exists a finite constant C such that, for every
set € with Lebesgue measure |e| < 1, u(e) < Cle|%, see, e.g., [35].
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5. Appendix
Proof of Proposition 2.1, Sect. 2.

Proof of Proposition 2.1 . This proposition effectively follows by integrating the
Liouville equation and applying the Cauchy-Schwarz inequality. It is a special case
of the generalized time-energy uncertainty relations derived in [8]. Consider an orthog-
onal projection P and selfadjoint operators A and B acting on a Hilbert space . Then
it follows from a direct application of the Cauchy-Schwarz inequality that

Tr(P[A, B])> <4Tr(PA*> — PAPA)Tr(PB> — PBPB), (94)
with equality when there exist a, b € R\{0} such that
[aA+ibB, P]P = 0. 95)
We use inequality (94) to derive upper and lower bounds for p?. Let
p?gs/ = Tr(PU.(s,s")P]'(0)U (s, 5)). (96)
Then

|9y P | = litTr(PU (s, sH[H(s"), P{'"(0)]U<(s", 5))]
= [tTr(P}(O)[U: (5", s)PU (s, "), H(s)])|
< 2tTrU (s, s ) Pl OYU (s, 5)P?
— U, (s, s") PLO)U, (s, $)PU (s, s") P (O) U, (s, 5)P) /2
x Tr(P!"(0)H (s")> — P/"(0)H (s") P} (0)H (s"))/?

<2t /p} = (Pl D2 (PIO), H(s),

where f(P, A) := /Tr(PA*(1 — P)A). It follows that

Py
|/ ds' —————— s 528" —_ | = |arcsin( /p?,o) — arcsin( /P?,s) |

—(py)?
<20 / s FPIO), H(s),
0

and hence

n n S ) . n ' !/ n /
Dy = pS’Ozsmi (arcszn (,/Tr(F’P1 0)) £ 21/0 ds f(P(0)), H(s ))) .9

‘We note that

Py =Tr(PU.(s,0)P{'(0)U. (0, 5)) = Tr(U;(0, s)PU (s, 0)W (s, 0) P{'(0)W (0, 5)).
(98)

Together with (97), and the identification

P < U, (0, s)PU (s, 0)
H(s) < H(s),
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where H (s) is the generator of the auxiliary propagator W, as defined in (19), we have

pfisini(urcsin\/Tr(PUl (5,00 P"(0)U1(0, 5)) £ 27 /s ds’ f(P!(0), ﬁ(s’))).
- 0
99)

Proof that the eigenstates of H|, Sect. 2, decay like a Gaussian in space. It follows
from Assumption (A3) that ||we g (x, s)| defined in (7) is uniformly bounded by ce, for
s € 1. Therefore, the spectrum of Hj(s), for each fixed s € I, can be computed by
applying analytic perturbation theory (see, e.g., [35, 36]). Also using analytic perturba-
tion theory, one can show that the eigenstates of Hj(s), for each fixed s, decay like a
Gaussian away from the origin (see [31, 32]). To prove the last claim, choose E > 0.

There exist finitely many sequences 1V, ... 1%E) | such that
Ej, <E, j=1,... kg, (100)
where
ke < A(=)
E _— QO b
A is a finite geometrical constant, 2 appears in Assumption (A2), and Ef(./) is given in
(26). Let |I| := max/;. Then |[V)] < Q% for j =1, ..., kg. Choose a contour y in the
complex plane surrounding o (Hy(s)) N [0, E), such that
. I .
di = mindistlyg, o (Ho(s)] = 5 min(Eji, = Eyyyy) > 0. (10D
For each fixed time s € I, we define the spectral projection of Hj(s),
0,€ 1 —1
Pp(s) == =— dz(z — Hi(s))™ . (102)
27i Jy,
Let PE0 (s) be the orthogonal projection of Hy(s) onto the subspace H g (s) spanned by
the eigenfunctions {¢), ..., ¢«x }, and choose € such that
2
di,
€Cc < —————, (103)
3(E + Q)

where c is a finite constant appearing in Assumption (A3). It follows from analytic
perturbation theory, with € satisfying (103), that

Tr(PEe(s)) = Tr(PR(s)) = kg, (104)
and
IPE<(s) — PR(s)]l < 1. (105)
We have the following lemma.
Lemma A.1. Suppose Assumptions (A2) and (A3) hold. Choose € satisfying (103), and
fixs € I. Furthermore, suppose that y* € Ran PZ’6 (s). Then there exist finite constants
C > 1 and o > 0 (depending on €) such that, for sufficiently small «,
2
eyl < Clly ). (106)
Furthermore, )
le* U (s, Y Il < Clly I, (107)
for T < oo and a small enough.
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Proof. Tt follows from (105) that there exists ¢* € Hg(s), the subspace spanned by the
eigenfunctions {¢y), ..., Pj«p }, such that

Y= Pregt, (108)
and hence
v < Cllo*|l. (109)
for some finite constant C. Moreover, it follows from (102) and (108) that
2 dz 2 12 2
e(x\xl ws — _ealxl (Z _ Hl(s)) 1e x| ealx\ qu. (110)
2mi

YE(s)
For o small enough, we know from (27) and (28) that
le*™F gl < C'llg I, (111)

for some finite constant C’. Moreover, for z € y, it follows from analytic perturbation
theory, [35], that

le“P (@ — Hy(s) e M = 1 = Hi(s) Il < oo, (112)
for o small enough (depending on €), where
Hi(s) := Hy(s) +2ad — 4a?|x|* + dax - V.
The claim (106) follows from (110), (111) and (112). Now,
U s = Tis,sHe ™y,

where U = el Ui (s, s’)e_‘”)“2 is the propagator generated by H(s). By applying
analytic perturbation theory, it follows that

_— 2 ’ 2 ’
[T 1 (s, )y || < M @7 mysy

where M () is a positive constant such that M («) — 0 as @ — 0. Together with (106),
this implies (107) for & small enough. O

Proof of Proposition 3.1, Sect. 3.

Proof of Proposition 3.1 . Fix 6, with 0 < Im6 < f. By Assumptions (B1) and (B3),
there exists an open interval I C N'(s,#) N R, with Ag(s) € I. Choose & € Coo ().
Then

F(s, 1) := (Y (5), e e E(Hy ()9 ()

. dz _;, )
= lim ]ﬁ.e 1@ (WY (5). (Ry(s.z —i€)
— Ry(s.z+ie)yY) (s)). (113)

L
“ 1 —izt Ni. g N
fO,s,1) = — /dze YE@(Yg (5,0), Rg(s, 05 )Y, (s,0)), (114)
2mi J;
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where Y (s, 0) := U(0)¥2 (5). Then

F(s.t)=f@.5.0) = f(0.5.1).
The resolvent in A/ (s, §) can be decomposed into a singular and regular part,

Pg(S, 0) i Ranalylic

R,(s,0;2) = ——— s,0;2)), 115
5 ) T TR ( ) (115)

where Rg"alytic(s, 6 z) is analytic in z. Note that
RY"P1(5,05 2) Py(5,0) = Py(s. )R (5,6 2) = 0. (116)

Using (116), the contribution of the regular part to f (6, s, t) defined in (114) is

— 1 . i
N — Iyt . N
fug (5,0), 5— /Idze FERRG (s, 05 uyg (5, 0)),

where

uy (s, 0) = [P (5,6) — Pg(s, 0)Iyho(s, 6),

1
1P () Yo ()l

is of order gV . Since £ € Cg° (1), the last integral is bounded by C,,t =™ for any m > 0,

and hence the contribution of the regular part is bounded by g?V C,,,t =" The contribution
of the singular part of the resolvent to F (s, t) is

al (s)ﬁ /I e HE@D) (2 = hg() T —af (s)ﬁ /1 dze " E(2)(z — hg(s) 7.
(117)

Using the fact that £ = 1 in some open interval Iy > ¢, one may deform the path I into
two contours, Cp and C1, in the lower complex half-plane, as shown in Fig. 2.

The term in (117) corresponding to the path Co picks the residue a} (s)e™"*¢®)" It
follows from the identity

P (s,0)Py(s. 0) P (s.6)
= (P, (5,0)) + [P (5,60) = Py(s, )1 Pg(s,6) — 1P, (5, 6) — Py(s,0)],
and from the fact that
IPY (5,0) — Py(s, )l = O(g"),
that

a) (s) =1+ 0(g™"). (118)

Iy

@
&)
Fig. 2.
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Using (118), one may write the remainder term in (117) due to the path C; as

Im)\g(S)/ 92 izt () o — gD @ = agsn) ™!
c T
+0(g™N) [ dze ¥ (z —ag(s) ' +
Ci

+0@@N) | dze7 (2 — ag(s) 7,
Cy

which is of order O(g2N ). O
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