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1 Introduction

Gauged supergravity has played an instrumental role in the development of holography by
facilitating the construction of asymptotically AdS solutions and the calculation of physical
observables in the dual CFT. To establish a relation to the UV complete string and M-
theory one typically needs to restrict this analysis to the gauged supergravity theories that
arise as consistent truncations on an appropriate compact internal manifold. While this has
been a very successful enterprise that has led to important results both in gravity and in
the dual QFT, it is clear that to probe the AdS/CFT correspondence in detail one needs to
study quantum corrections to the gauged supergravity theory. String and M-theory provide
a framework for calculating such quantum corrections to the type II and 11d supergravity
theories. In general one should expect an infinite series of higher-derivative terms that
modify the 10d and 11d supergravity Lagrangians, however it is notoriously hard to com-
pute the coefficients of these terms and to study their imprint on the classical solutions of
the supergravity theory and their compactifications to lower dimensions. One possible way
to bypass these technical difficulties is to study higher-derivative corrections directly in the
lower-dimensional gauged supergravity theory by employing the constraints of supersym-
metry. Studying this problem in full generality is still challenging especially for gauged
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supergravity theories coupled to matter multiplets. When the gauged supergravity theory
is restricted only to describing the gravity multiplet the constraints of supersymmetry are
strong enough, in favorable situations, to uniquely fix the higher-derivative supergravity
action up to a few constants. Recently, it was shown in [1–3] how this idea can be imple-
mented in detail for the 4d N = 2 minimal supergravity theory. Encouraged by the success
of these results and their fruitful dialog with the dual SCFT in this paper we pursue their
generalization to 5d N = 2 minimal gauged supergravity.1

We use conformal supergravity and follow a procedure similar to the one in [1–3]. Us-
ing the standard Weyl multiplet, there is a unique two-derivative conformal supergravity
action2 which upon appropriate gauge fixing leads to the well-known Poincaré action of
minimal 5d N = 2 gauged supergravity which admits asymptotically AdS5 solutions. In
order to add higher-derivative corrections to this theory we use the two supersymmetric
four-derivative invariants studied in [5] and [6] and their explicit actions. The result is a
conformal supergravity action parametrized by three independent coefficients - the dimen-
sionless ratio `3/G5 between the AdS5 length scale and the Newton constant, along with
two real parameters c1,2 that determine the four-derivative terms. After gauge-fixing the
conformal symmetry and eliminating all auxiliary fields using their equations of motion we
find a four-derivative bosonic action for the metric and the U(1) gauge field that comprise
the gravity multiplet. This action is well-suited for holographic applications and can be
used to study the corrections to physical observables in the dual 4d N = 1 SCFT beyond
the leading order in the large N approximation. In particular it can be argued, see [7], that
the four-derivative coefficients c1,2 are parametrically suppressed compared to the leading
`3/G5 terms by powers of the parameter that controls the gap between the operators in the
boundary CFT dual to KK states and those dual to higher-spin single trace operators. In a
string or M-theory embedding where the SCFT lives on the worldvolume of N branes this
gap is determined by a power of N . With this in mind we apply our results to derive the
first subleading corrections to the conformal anomaly coefficients a and c that are induced
by the four-derivative terms. As expected we find that if the coefficients ci do not vanish
the standard expressions for a and c are modified and in particular we have a 6= c.

A somewhat surprising feature of four-derivative 4d N = 2 minimal supergravity was
found in [1–3] where it was shown that all solutions of the two-derivative theory also
solve the equations of motion of the four-derivative one. We find that this property is
no longer true in the four-derivative 5d N = 2 minimal supergravity and in general the
two-derivative solutions receive corrections controlled by the coefficients ci. To illustrate
this point we study supersymmetric black string solutions of the supergravity theory and
derive the corrections induced by the four-derivative couplings. These corrections affect
the AdS3 × Σg near horizon geometry of the black string. There is also a modification of
the left and right central charges of the dual 2d N = (0, 2) SCFT. We calculate these
corrections and show that they are in perfect agreement with the central charges of the 2d

1In five dimensions, this is the gravity theory with the least possible amount of supersymmetry corre-
sponding to 8 real supercharges.

2Another formulation of the superconformal theory based on the dilaton-Weyl multiplet [4] exists, but
we will not discuss it here.
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N = (0, 2) SCFT obtained from a 4d N = 1 SCFT on R2 × Σg with the “universal twist”
described in [8, 9].

As shown in [10] and [11] the two-derivative 5d N = 2 minimal supergravity arises as a
consistent truncation for all supersymmetric AdS5 vacua of type IIB and 11d supergravity.
It is natural to conjecture that this consistent truncation remains valid in the presence of
the leading higher-derivative corrections. A similar conjecture was instrumental in the 4d
N = 2 minimal supergravity discussion of [1–3], where it was supported by ample evidence
from holography and the dual 3d SCFTs. Assuming the validity of this truncation we
proceed to discuss different embeddings of the gauged supergravity in IIB string theory
and M-theory and show how one can use the conformal anomaly coefficients of three distinct
classes of 4d N = 1 SCFTs to determine the values of the supergravity parameters `3/G5
and ci in terms of the microscopic parameters that specify the SCFT. More specifically,
we implement this for 4d N = 1 SCFTs arising from D3-branes probing a cone over a five-
dimensional Sasaki-Enstein space in IIB string theory, as well as 4d N = 2 SCFTs living
on the worldvolume of D3-branes in the presence of particular D7-brane configurations. In
M-theory we focus on the large set of class S theories obtained by wrapping M5-branes on
smooth Riemann surfaces. We note that similar results were discussed in previous work.
In [12] the authors studied the four-derivative action based on the supersymmetric invariant
in [5] and how it affects the solutions of the supergravity theory and the holographic
calculation of the conformal anomaly coefficients. In [13] the effects of both supersymmetric
invariants were studied for particular matter coupled supergravity theories that are relevant
for the holographic description of the 2d and 4d SCFTs described in [14, 15] and [16, 17],
respectively.

We proceed in the next section by describing how to use conformal supergravity to
derive the four-derivative action of 5d N = 2 minimal gauged supergravity and outline the
holographic derivation of the central charges in the dual 4d SCFT. In section 3 we study
how the higher-derivative action modifies black string solutions of the supergravity theory
and the conformal anomalies of the dual 2d SCFT. In section 4 we illustrate our general
calculations of the holographic central charges with explicit examples arising from D3- and
M5-branes in string and M-theory. The two appendices contain some of the technical details
used to derive the results in the main text, while section 5 is devoted to our conclusions.

2 Five-dimensional supergravity

In this section, we review the superconformal formulation of minimal 5d gauged supergrav-
ity as laid out in [18]. The field content consists of the standard Weyl multiplet, a single
compensating vector multiplet, and a compensating hypermultiplet. The latter two are
introduced so that the superconformal formulation of the theory is gauge-equivalent to 5d
gauged Poincaré supergravity.

The Weyl multiplet comprises 32 + 32 bosonic and fermionic off-shell degrees of free-
dom, and consists of the fünfbein eµa, a gauge field for the dilatations bµ, a gauge field for
the SU(2) R-symmetry V ij

µ , the gravitini ψiµ and auxiliary fields packaged in a rank-2 anti-
symmetric tensor Tab, a scalar field D, and a symplectic Majorana fermion χi. The SU(2)
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index i = 1, 2 is raised and lowered with the ε symbol in a NW-SE contraction. The
spin-connection ωµ

ab, the special conformal transformation gauge field fµ
a and the S-

supersymmetry gauge field φiµ are composite fields expressed in terms of the elementary
fields through the so-called conventional constraints [4]. We will not need their explicit
expressions in what follows.

The compensating vector multiplet comprises 8 + 8 off-shell degrees of freedom and
consists of a vector field Wµ, a real scalar field ρ, a symplectic Majorana gaugino λi

and an SU(2) triplet of auxiliary fields Y ij . An off-shell formulation of hypermultiplets
generically requires an infinite tower of auxiliary fields [19], but this will not be an issue
in what follows since we will eliminate the fields of the compensating multiplets by a
combination of gauge-fixing and equations of motion. As such, the four scalar fields qX

and their fermionic partners, the USp(2)-symplectic Majorana spinors ζA, do not enter the
action in the Poincaré frame. The scalars are however charged under the U(1) symmetry
of the vector multiplet, with coupling constant g. This will generate a potential in the
Poincaré theory, allowing for asymptotically AdS5 solutions.

In the following, we explain how the two-derivative theory can be gauge-fixed to yield
the usual gauged supergravity action for the physical fields. We then show how the proce-
dure can be carried out in a perturbative expansion for actions including higher-derivative
terms. A similar analysis for gauged supergravity coupled to matter multiplets was dis-
cussed in [13]. Here we focus on the minimal supergravity theory and will be able to write
out the gauge-fixed four-derivative bosonic action governing the dynamics of the metric
and U(1) gauge field very explicitly since all other fields can be eliminated order-by-order
when expanding in the coefficients of the higher-derivative terms.

2.1 Two-derivative conformal and Poincaré actions

The minimal two-derivative superconformally invariant Lagrangian density is completely
specified by a cubic polynomial in the real scalar of the compensating vector multiplet,

C = C ρ3 , (2.1)

where C is a constant. We will denote the derivatives of this polynomial with respect to the
scalar ρ with primes. In the vector multiplet sector, the bosonic terms of the Lagrangian
density are given by [18]

e−1LV = 1
4 C
′′F 2

ab + 1
2 C
′′ ∂µρ ∂

µρ− C′′ Y ijYij + 8 C
(
D + 26

3 T 2
ab + 1

32 R
)

− 8 C′ FabT ab + 1
24 C

′′′ e−1εµνρστ WµFνρFστ ,

(2.2)

where R is the Ricci scalar and Fµν = 2 ∂[µWν]. Throughout, (anti-)symmetrization is
done with weight one. In the hypermultiplet sector, there is a metric gXY with associated
vielbeine f i AX which defines a hyper-Kähler manifold parametrized by the scalars qX . The
dilatation and SU(2) symmetries are generated by kXD and kXij , and we introduce a vector
notation for the latter through εik kXkj = i~kX ·~σij , where ~σ are the Pauli matrices. There is
also a Killing vector kX (with respect to the gXY metric) that encodes the coupling of the
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scalars qX to the vector field Wµ. To write the bosonic terms of the Lagrangian density in
this sector, we split the scalars as qX = (z0, zα) with α = 1 . . . 3 and write the metric gXY
on the hyper-Kähler manifold as (see [13, 18] for more details)

g00 = −(z0)−1 , gαβ = −z0 hαβ . (2.3)

In addition, we can choose the dilatation and SU(2) symmetry generators to be of the form

kXD = (3 z0, 0) , kXij = (0, kαij) , (2.4)

and the Killing vector to be

kX = (0, 2 (z0)−1 ~kα · ~P ) , (2.5)

where the moment maps Pij are given in terms of the triplet of complex structure ~J as

~P = −1
6 k

X
D
~JX

Y kZ gY Z . (2.6)

With this data specified, the bosonic Lagrangian density in the hypermultiplet sector is

e−1LH = −1
2 gXY Dµq

XDµqY + z0
(3

8 R−
8
3 T

2
ab− 4D

)
+ 2 g Y ijPij −

1
2 g

2ρ2 kXkX , (2.7)

where the covariant derivatives are given explicitly by

Dµqα = ∂µz
α − 2~kα · ~Vµ + 2 g (z0)−1 (~kα · ~P )Wµ ,

Dµq0 = ∂µz
0 − 3 bµ z0 .

(2.8)

The complete bosonic two-derivative Lagrangian density L2∂ := LV + LH is then

e−1L2∂ = 1
4 C
′′ F 2

ab + 1
2 C
′′ ∂µρ ∂

µρ− C′′ Y ijYij

+ 8
(
C − 1

2 z
0
)
D + 8

3
(
26 C − z0

)
T 2
ab +

(1
4 C + 3

8 z
0
)
R

− 8 C′ FabT ab + 1
24 C

′′′ e−1εµνρστ WµFνρFστ

− 1
2 gXY Dµq

XDµqX + 2 g Y ijPij + 2 g2ρ2 (z0)−1 (~kα · ~P ) (~kβ · ~P )hαβ .

(2.9)

The Lagrangian (2.9) is given in the superconformal frame and includes all auxiliary fields
of the Weyl and vector multiplet. We will now go to the Poincaré frame by imposing some
gauge-fixing conditions and using equations of motion. The resulting Lagrangian density
will then only involve the metric and the graviphoton Wµ, together with a cosmological
constant set by the gauge coupling g. See [18] for more details on this procedure.

First, we gauge-fix the local special conformal transformations by imposing the K-
gauge bµ = 0. We then fix the local SU(2) symmetry by imposing the V-gauge zα = const,
where the constant is chosen such that

(~kα · ~P )(~kβ · ~P )hαβ = 1
2 P

ijPij . (2.10)

– 5 –



J
H
E
P
0
4
(
2
0
2
2
)
0
8
8

In this gauge, the Lagrangian (2.9) reads

e−1L2∂ = 1
4 C
′′ F 2

ab + 1
2 C
′′ ∂µρ ∂

µρ− C′′ Y ijYij

+ 8
(
C − 1

2 z
0
)
D + 8

3
(
26 C − z0)T 2

ab +
(1

4 C + 3
8 z

0
)
R

− 8 C′ FabT ab + 1
24 C

′′′ e−1εµνρστ WµFνρFστ

+ 1
2 (z0)−1 ∂µz

0 ∂µz0 + (z0)−1 g2 ρ2 P ijPij

+ z0 (V ij
µ − (z0)−1gWµ P

ij)2 + 2 g Y ijPij .

(2.11)

It remains to fix the local dilatation symmetry by imposing the D-gauge:

z0 = 2κ−2 , with κ2 = 16πG5 . (2.12)

With the local superconformal symmetries being fixed, the Lagrangian density is given by

e−1L2∂ = 1
4
(
C + 3κ−2)R+ 1

4 C
′′ F 2

ab + 16
3
(
13 C − κ−2)T 2

ab − 8 C′ FabT ab

+ 1
24 C

′′′ e−1εµνρστ WµFνρFστ

+ 8
(
C − κ−2)D + 2κ−2

(
V ij
µ −

1
2κ

2 gWµ P
ij
)2

+ 1
2 C
′′ ∂µρ ∂

µρ− C′′ Y ijYij + 1
2 κ

2 g2 ρ2 P ijPij + 2 g Y ijPij .

(2.13)

Clearly, in the two-derivative theory, the fields V ij
µ , Yij , D, Tab and ρ are all auxiliary (in

fact, the scalar D acts as a Lagrange multiplier). They can be eliminated from (2.13) using
their respective equations of motion:

0 = V ij
µ −

1
2 κ

2 gWµP
ij , (2.14)

0 = C′′ Yij − g Pij , (2.15)

0 = C − κ−2 , (2.16)

0 = 4
(
13 C − κ−2)Tab − 3 C′ Fab , (2.17)

0 = C′
(

8D + 1
4 R+ 208

3 T 2
ab

)
− 8 C′′ FabT ab + 1

4 C
′′′(F 2

ab − 2 ∂µρ ∂µρ− 4Y ijYij
)

− C′′�ρ+ κ2g2 ρP ijPij . (2.18)

Observe that because we are in minimal supergravity with a single compensating vector
multiplet, the D-EoM (2.16) completely fixes the scalar ρ to a constant,

ρ = C−1/3 κ−2/3 , (2.19)

where C is defined in (2.1). In turn, this fixes C′ = 3C1/3 κ−4/3, C′′ = 6C2/3 κ−2/3

and C′′′ = 6C. Then, the T -EoM (2.17) simplifies to

Tab = 3
16 C

1/3 κ2/3 Fab , (2.20)
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and using the above in the ρ-EoM (2.18) gives the relation

0 = C′
(

8D + 1
4 R

)
− 3

16 C F
2
ab + 5

6 C
−1/3 κ4/3 g2 P ijPij . (2.21)

This equation can be solved for the scalar field D,

D = − 1
32

(
R− 1

4 C
2/3 κ4/3 F 2

ab + 10
9 C−2/3 κ8/3 g2 P ijPij

)
. (2.22)

If we now use the trace of the Einstein equation,

R = 1
4 C

2/3 κ4/3 F 2
ab −

10
9 C−2/3 κ8/3 g2 P ijPij , (2.23)

in (2.22), we find that the D scalar simply vanishes on-shell. In addition, the on-shell value
of the SU(2) gauge field follows from (2.14),

V ij
µ = 1

2 κ
2 gWµ P

ij , (2.24)

while the triplet Yij is given by (2.15),

Yij = 1
6 C

−2/3 κ2/3 g Pij . (2.25)

This concludes the elimination of auxiliary fields from (2.13). The resulting Poincaré
frame Lagrangian density is now written in terms of the constant C entering (2.1) and the
moment maps as follows:

e−1LP
2∂ = 1

κ2 R−
3
4(Cκ−1)2/3F 2

ab + 1
4 C e

−1εµνρστWµFνρFστ + 2
3 (Cκ−1)−2/3g2P ijPij .

(2.26)
It remains to fix the constant C and the norm of the moment maps (corresponding to the
cosmological constant). This amounts to a choice of normalization for the gauge field and
the coupling constant g in the 5d supergravity action. We will use

C = κ−2

3
√

3
, and P ijPij = 6κ−4 . (2.27)

This choice leads to the familiar bosonic two-derivative action of 5d gauged supergravity

S2∂ = 1
16πG5

∫
d5x

[√
−g

(
R+ 12 g2 − 1

4FµνF
µν
)

+ 1
12
√

3
εµνρστ Wµ Fνρ Fστ

]
. (2.28)

This action admits asymptotically locally AdS5 solutions suitable for studying holo-
graphically dual four-dimensional N = 1 SCFTs and in particular the dynamics of the
energy-momentum multiplet in such theories. Importantly, one can use (2.28) to extract
the a and c central charges of the dual 4d SCFT. To do this one has to evaluate the on-shell
action on an asymptotically AdS5 solution and find the coefficients of the logarithmically
divergent terms, see e.g. [20]. First, to match conventions, we relate the gauge coupling g to
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the radius ` of the asymptotically locally AdS5 solution as ` = g−1 and we rescale the gauge
field as Wµ → (2`/

√
3)Wµ. With this notation, the holographic trace anomaly reads [20]

Tm
m
∣∣
hol = `3

128πG5

(
ĈmnpqĈ

mnpq − 8
3 F̂mnF̂

mn − Ê
)
, (2.29)

where m is a boundary space-time index, Ĉ is the boundary Weyl tensor, F̂ the boundary
gauge field strength, and Ê the boundary Euler density. Comparing to the anomaly relation

Tm
m = c

16π2 Ĉ
2 − a

16π2 Ê −
c

6π2 F̂
2 , (2.30)

we recover the well-known result
a = c = π`3

8G5
. (2.31)

For the holographic R-symmetry anomaly extracted from the Chern-Simons term in (2.28),
we have [20]

∇mJm
∣∣
hol = `3

108πG5

1
2 ε

mnpq F̂mn F̂pq . (2.32)

Comparing to the anomaly relation

∇mJm = c− a
24π2 P̂ + 5a− 3c

27π2
1
2 ε

mnpq F̂mn F̂pq , (2.33)

where P̂ is the boundary Pontryagin density, we find a = c and

2a
27π2 = `3

108πG5
, (2.34)

which is consistent with (2.31). This concludes our review of the derivation of the central
charges from the two-derivative 5d gauged supergravity action.

2.2 Higher-derivative theory

We now turn on higher-derivative (HD) corrections in the 5d gauged supergravity theory
and study how they affect the action in (2.28) and the central charges (2.31). At the four-
derivative level, two superconformal invariants have been studied in the literature.3 The
first is the supersymmetric completion of the square of the Weyl tensor, which contains
a mixed gauge-gravitational anomaly [5]. We give the explicit expression in (A.1). The
second is the supersymmetric completion of the square of the Ricci scalar constructed
in [6]. The explicit expression is given in (A.2). Both invariants can be added to the
superconformal two-derivative action (2.9) with arbitrary (real) constants which we will
denote by c1 and c2.

3In [21], a third superconformal invariant (involving the square of the Ricci tensor) was obtained in
superspace using the standard Weyl multiplet. We will however not consider it in what follows since it
can be removed by metric field redefinitions [13] and is therefore not independent from the other two
superconformal invariants. While it would be worthwhile to check this explicitly, the lack of a component
formulation for this third invariant means that this check falls outside of the scope of our paper.
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Importantly, the four-derivative terms involve the fields of the Weyl and compensating
vector multiplets, so their elimination from the superconformal action to go to the Poincaré
frame is modified4 as compared to section 2.1. To carry out the procedure, we will work
at linear order in the constants c1 and c2. This will give us access to the first subleading
corrections to (2.31) while keeping the elimination of “auxiliary” fields5 manageable. In
particular, it means that we can think of the fields Φ = {ρ, Tab, D, V ij

µ , Yij} as being
expanded around their two-derivative values (2.19), (2.20), (2.22), (2.24), and (2.25):

Φ = Φ0 + ci φi +O(c2
i ) . (2.35)

To find the corrections, we consider the higher-derivative EoM for the D field. At the full
non-linear level, it is given by

0 = C − κ−2 + c1

(128
9 ρ T 2

ab −
4
3 TabF

ab + 16
3 ρD

)
(2.36)

+ c2 ρ

(
g κ2 P ijYij −

3
4 g

2 κ4 ρ2 P ijPij −
3
8 R+ 8

3 T
2
ab + 4 ρD − 1

8 Υ2
µ − (V ′µij)2

)
,

where V ′µij denotes the traceless part of V ij
µ and Υµ is defined in appendix A. We note that

the four-derivative terms of the gauged supergravity theory affect the equations of motion
and their solutions in a non-trivial way. This is in contrast to the situation in 4d minimal
gauged supergravity where it was shown in [1, 3] that the solutions of the EoMs of the
two-derivative theory also solve the EoMs of the four-derivative one. At linear order in ci,
we can ignore the corrections φi in (2.35) and solve (2.36) for the quantity C,

C = κ−2
[
1− c1 κ

2

4
√

3
(F 2

ab+64D0)−
√

3 c2 κ
2

32
(
F 2
ab+128

√
3D0−12(R+28g2)

)]
+O(c2

i ) , (2.37)

where we have used the values (2.27) for the constant C and the square of the moment
map. Here, D0 denotes the two-derivative value of the scalar field D given in (2.22),

D0 = − 1
32

(
R− 1

12 F
2
ab + 20 g2

)
. (2.38)

Importantly, we do not impose the two-derivative Einstein equation (2.23) and thus we do
not set the right-hand side of the above to zero. The reason is that, in the following, we will
be interested in deriving observables in the boundary theory dual to our higher-derivative
setup. To do so, it will be important to have an off-shell Lagrangian for the propagating
modes of the metric and the gauge field, and we should therefore keep track of all the terms
involving D0 when eliminating “auxiliary” fields.6

Using (2.1), we obtain the first order correction to the compensating scalar from (2.37),

ρ =
√

3
[
1− c1 κ

2

12
√

3
(F 2

ab + 64D0)− c2 κ
2

32
√

3
(
F 2
ab + 128

√
3D0− 12(R+ 28g2)

)]
+O(c2

i ) , (2.39)

4We do however impose the same K-, V- and D-gauges as in the two-derivative theory.
5Here auxiliary is in quotes since the fields acquire kinetic terms in the four-derivative theory, see

appendix A.
6We would like to thank the anonymous referee for helping us clarify the implementation of this

procedure.
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which in turn gives the first-order corrections to the very special geometry quantities,

C′ =
√

3κ−2
[
1− c1 κ

2

6
√

3
(F 2

ab + 64D0)− c2 κ
2

16
√

3
(
F 2
ab + 128

√
3D0 − 12(R+ 28g2)

)]
+O(c2

i ) ,

C′′ = 2κ−2
[
1− c1 κ

2

12
√

3
(F 2

ab + 64D0)− c2 κ
2

32
√

3
(
F 2
ab + 128

√
3D0 − 12(R+ 28g2)

)]
+O(c2

i ) .

(2.40)

We now expand the fields Tab, D, V ij
µ and Yij according to (2.35) and use the corrected ρ

and the associated very special geometry quantities in the two-derivative Lagrangian (2.13).
It can be checked explicitly that, at linear order in the ci coefficients, all terms containing
the corrections φi for the fields T , D, V and Y drop out. Moreover, the terms containing D0
cancel against the remaining first-order corrections upon using (2.38), and we are left with

e−1L0 = κ−2
(
R+ 12 g2 − 1

4FµνF
µν + 1

12
√

3
e−1εµνρστWµFνρFστ

)
+O(c2

i ) . (2.41)

Note that in obtaining (2.41) we have not made use of the Einstein equation, and have
therefore kept the metric and gauge field off-shell.7

Additional first-order corrections to this result now arise from evaluating (A.1)
and (A.2) with all the auxiliary fields set to their two-derivative values. From (A.1),
we find

e−1LC2 =
√

3 c1

[ 1
8 (Cabcd)2 + 1

16 Cabcd F
abF cd + 1

24 RF
2
ab −

1
3 R

νρFµνF
µ
ρ

+ 1
16
√

3
e−1εµνρστWµCνρ

λεCστλε −
1

8
√

3
g2 e−1εµνρστWµFνρFστ

+ 5
64 F

abFa
cFb

dFcd −
5

256 F
2
ab F

2
cd + 2

3 D0 (F 2
ab + 32D0) (2.42)

− 1
2 (∇aFbc)(∇[aF b]c)− 1

2 Fab∇
b∇cF ac +

√
3

32 e−1εµνρστFµνFρσ∇λFλτ

+ 1
8
√

3
e−1εµνρστFµ

λ Fστ

(3
2 ∇νFλρ −∇λFνρ

)]
,

where Cabcd is the 5d Weyl tensor and ∇a is the covariant derivative. Turning to (A.2), we
pick up the following terms:

e−1LR2 =
√

3 c2

[ 9
64 R

2 − 9
8 g

2R− 3
128 RF

2
ab −

27
4 g4 + 51

32 g
2 F 2

ab

−
√

3
4 g2 e−1εµνρστWµFνρFστ + 1

1024 F
2
ab F

2
cd

+ 1
4 D0

(
F 2
ab + 64D0 − 12 (R+ 28 g2)

) ]
.

(2.43)

7We note here that in [12], a first order correction to L0 was obtained. However, it can be seen to vanish
upon using the two-derivative EoMs.
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We can now use the 5d curvature relations

Cabcd = Rabcd −
1
3
(
ηacRbd − ηbcRad − ηadRbc + ηbdRac

)
+ 1

12
(
ηacηbd − ηadηbc

)
R ,

(Cabcd)2 = (Rabcd)2 − 4
3 (Rab)2 + 1

6 R
2 , (2.44)

together with (2.38) to write the four-derivative Poincaré frame Lagrangian density as:

e−1LP
4∂ =

( 1
κ2 + 1

2
√

3
(5 c1 + 24 c2) g2

)
R− 1

4

( 1
κ2 + 7

6
√

3
(5 c1 − 12 c2) g2

)
F 2
ab

+ 12
( 1
κ2 + 1

12
√

3
(25 c1 + 156 c2) g2

)
g2

+ 1
12
√

3

( 1
κ2 −

3
√

3
2 (c1 + 6 c2) g2

)
e−1εµνρστWµFνρFστ

+ 1
24
√

3
(2 c1 − 3 c2)RF 2

ab −
5

4
√

3
c1R

abFacFb
c +
√

3
16 c1RabcdF

abF cd

+ 1
16 c1 e

−1εµνρστWµRνρ
λεRστλε

+ 1
8
√

3
(c1 + 6 c2)R2 − 1

2
√

3
c1R

2
ab +

√
3

8 c1 (Rabcd)2 (2.45)

+ 5
√

3
64 c1 F

abFa
cFb

dFcd −
1

1152
√

3
(61 c1 − 6 c2)F 2

ab F
2
cd

−
√

3
2 c1 (∇aFbc)(∇[aF b]c)−

√
3

2 c1 Fab∇b∇cF ac

+ 1
8 c1 e

−1εµνρστFµ
λFστ

(3
2 ∇νFλρ −∇λFνρ

)
+ 3

32 c1 e
−1εµνρστFµνFρσ∇λFλτ +O(c2

i ) .

This somewhat lengthy expression gives the first-order corrections to the bosonic action
of 5d minimal gauged supergravity. We note that the coefficient of the mixed gauge-
gravitational Chern-Simons term in the fifth line is entirely controlled by the coefficient c1
of the Weyl-squared invariant given in (A.1). As such, we expect the difference of central
charges c − a in the boundary field theory to be proportional to c1 according to (2.33).
Moreover, since the coefficient of the mixed Chern-Simons term in (2.45) does not de-
pend on the elimination of “auxiliary” fields present in the conformal frame, it cannot
receive O(c2

i ) corrections even when keeping track of higher order contributions when go-
ing to the Poincaré frame. Thus, the difference c − a should be linear in c1 and must be
independent of c2. An additional observation is that c1 also controls the coefficient of the
Gauss-Bonnet density present in (2.45), since the sixth line can be rewritten as

√
3

8 c1 e
−1LGB + 1√

3
c1R

2
ab −

1
4
√

3
(c1 − 3 c2)R2 , (2.46)

where e−1LGB = (Rabcd)2 − 4R2
ab + R2. Therefore, we must find that the difference c− a

is proportional to λGB = (
√

3/8) c1. We will see that this is borne out of our explicit
computation of the corrected central charges, to which we turn now.
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To compute the corrected a and c from (2.45), we follow [12, 13], see also the earlier
work in [22, 23], and identify the gravitational sector of the above Lagrangian with an
effective theory

e−1Leff = 1
16πGeff

5

(
R+ 12 g2

eff + αR2 + β R2
ab + γ R2

abcd

)
. (2.47)

Comparing with (2.45) upon setting Fµν = 0, we obtain the effective Newton constant

1
Geff

5
= 1
G5

(
1 + 1

2
√

3
(5 c1 + 24 c2)κ2g2

)
+O(c2

i ) , (2.48)

and the effective gauge coupling

geff = g

(
1− 1

24
√

3
(5 c1 − 12 c2)κ2g2

)
+O(c2

i ) . (2.49)

The coefficients (α, β, γ) in (2.47) are directly read off from (2.45):

α = κ2

8
√

3
(c1 + 6 c2) , β = − κ2

2
√

3
c1 , γ = κ2√3

8 c1 . (2.50)

The effective theory (2.47) allows for asymptotically locally AdS5 solutions, where the
length scale ` is related to the effective gauge coupling as [13]

geff = 1
`

(
1− 1

3`2
(
10α+ 2β + γ

))
. (2.51)

This yields the following relation between the gauge coupling and the AdS5 radius,

` = 1
g

(
1−
√

3 c2 g
2κ2
)

+O(c2
i ) ⇐⇒ g = 1

`

(
1−
√

3
`2

c2 κ
2
)

+O(c2
i ) . (2.52)

In the effective theory, the a and c central charges of the holographic dual four-dimensional
CFT are obtained from [13]

a = π`3

8Geff
5

(
1− 4

`2
(
10α+ 2β + γ

))
,

c = π`3

8Geff
5

(
1− 4

`2
(
10α+ 2β − γ

))
.

(2.53)

Using the relations derived above, we find

a = π`3

8G5

(
1− 96

√
3πG5
`2

c2

)
+O(c2

i ) ,

c = π`3

8G5

(
1 + 16

√
3πG5
`2

(c1 − 6 c2)
)

+O(c2
i ) .

(2.54)

Observe that when c1 = c2 = 0, we recover the two-derivative result (2.31). At linear order,
the result (2.54) allows us to express the four-derivative coefficients of the bulk supergravity
theory c1 and c2 purely in terms of CFT data. We also immediately find that

c− a = 2
√

3π2` c1 = 16π2` λGB , (2.55)
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in agreement with the discussion following (2.45). As explained there, we do not ex-
pect O(c2

i ) corrections to the above relation.
A nice cross-check of the corrected central charges (2.54) can be made using the results

of [24]. In this reference, the authors consider a purely gravitational higher-derivative
theory with the following Lagrangian:

e−1LSS = R

[
d1 + 20

`2
d4 + 4

`2
d5 + 2

`2
d6

]
+ d4

2 R2 + d5
2 R2

ab + d6
2 R2

abcd + Λ , (2.56)

where the di are constant coefficients, Λ is the cosmological constant, and ` is the radius
of the AdS solution. Comparing with the gravitational sector of (2.45), we identify

d4 = 1
4
√

3
(c1 + 6 c2) , d5 = − 1√

3
c1 , d6 =

√
3

4 c1 , (2.57)

from the higher-derivative terms. Comparing the Ricci scalar term, we further find

d1 = κ−2 − 6
√

3
`2

c2 . (2.58)

The boundary a and c central charges are given in terms of the di coefficients as [24]8

a = 2π2 `3 d1 , c = 2π2 `3
(
d1 + 4

`2
d6

)
. (2.59)

Using the above dictionary, we find precisely (2.54). Note that this is also a cross-check on
the general relation (2.53). Thus, we conclude that (2.54) are the correct boundary central
charges for any bulk AdS solution of the minimal gauged four-derivative action (2.45).

The results of [24] allow access to other boundary observables. The first is the coeffi-
cient CT in the boundary stress tensor two-point function,

〈Tab(x)Tcd(y)〉 = CT
|x− y|8

Iab,cd(x− y) , (2.60)

where

Iab,cd(x) = 1
2
(
Iab(x)Icd(x) + Iad(x)Ibc(x)

)
− 1

4 ηabηcd , Iab(x) = ηab − 2 xaxb
x2 . (2.61)

The coefficient CT encodes the dynamic of this two-point function and for holographic
CFTs receives corrections from the presence of HD terms in the bulk. For generic 4d CFTs
CT is proportional to the c conformal anomaly, and indeed, using the holographic results
in [24], we obtain

CT = 40
π2 c , (2.62)

where c is the corrected central charge (2.54). The stress tensor three-point function is
controlled by CT together with two other coefficients, usually denoted t2 and t4 [25, 26, 60].
The effect of bulk HD terms on these coefficients for holographic CFTs was analyzed in [24]

8We have reinstated a factor of `−2 in the formula for c on dimensional grounds.
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where it was shown that, generically, t4 receives contributions from terms cubic in the
curvature tensors while t2 receives contributions from both cubic and quadratic terms.
Since we have not considered six-derivative terms in the supergravity action, it would seem
that we cannot proceed further. However, as discussed in [7] supersymmetry forbids the
presence of certain curvature-cube terms in the supergravity theory which in turn implies
that t4 must vanish in theories dual to our 5d N = 2 bulk gauged supergravity. Using
this and the results in [24] we find that precisely in five bulk dimensions, the subleading
curvature-cube corrections to t2 are proportional to t4. This allows us to conclude that
our four-derivative setup is sufficient to capture the leading corrections to the three-point
function coefficients, and that they will not receive R3-corrections. In our notation, the
result of [24] reads

t2 = 6 c− a
c

, t4 = 0 , (2.63)

where a and c are the corrected central charges (2.54). In the next section, we will use
our expression for the corrected central charges to study the static black string solution
of [27, 28] and its rotating dyonic generalizations.

3 Black string solutions

The remarkable property of 4d N = 2 minimal gauged supergravity that all solutions of
the two-derivative theory also solve the four-derivative equations of motion, as described
in [1–3], is not true in the 5d N = 2 theory described above. It is therefore important
and technically challenging to understand how the four-derivative terms in (2.45) affect
solutions of the two-derivative theory. Here we will focus on some of the simplest so-
lutions in the 5d supergravity theory, namely the AdS3 × Σg near-horizon region of the
supersymmetric black string studied in [27, 28], see also [9, 15].

To find the higher-derivative corrections to the AdS3 × Σg solution of minimal 5d
gauged supergravity, it is convenient to analyze the off-shell BPS variations of the fermions
as in [13]. The reason is that such variations are not affected by the inclusion of HD terms
and their form only relies on the local superconformal algebra of the 5d N = 2 theory. We
take the following Ansatz for the metric and gauge field:

ds2 = e2f0

r2
(
−dt2 + dz2 + dr2)+ e2g0

y2
(
dx2 + dy2) , F = − p

y2 dx ∧ dy , (3.1)

where f0 and g0 are constant and p is the magnetic charge of the black string. Since we are
in minimal supergravity, we consider only hyperbolic Riemann surfaces, i.e. g > 1, and we
use the constant curvature metric on H2 which we then mod out by an appropriate discrete
group to obtain a compact Riemann surface [15]. Then, the off-shell BPS variations yield
the following constraints [13]:

κ2g ρ tr(P ) = 4 e−f0 ,

Tx̂ŷ = − 1
8 e
−f0 ,

tr(Y ) = − Fx̂ŷ ,
tr[R(V )x̂ŷ] = − e−2g0 ,

(3.2)
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where the hatted indices x̂ and ŷ are tangent space indices and the trace is taken over SU(2)
indices. Together with the EoMs of the various superconformal fields, this is enough to
completely fix the values of ρ, f0 and g0, as follows. First, from the last BPS condition
above combined with the V -EoM (2.24), we can determine the magnetic flux as9

gp = 1√
3
. (3.3)

Using this, we can analyze the Y -sector and write the consequences of BPS and Y -EoM as

e−2g0 = 3 g2
(

1 + 1
2
√

3
κ2g2 (c1 − 6 c2

))
+O(c2

i ) . (3.4)

From the T -sector, we find

e−f0 = 3
2 g

(
1 + 3

√
3

8 κ2g2 (c1 − 6 c2
))

+O(c2
i ) . (3.5)

Lastly, the first relation in (3.2) fixes the value of the scalar field to

ρ =
√

3
(

1 + 3
√

3
8 κ2g2 (c1 − 6 c2

))
+O(c2

i ) , (3.6)

in the near-horizon region of the black string.
With this at hand, we can compute the left and right two-dimensional central

charges, cL and cR, including the first-order corrections to the Brown-Henneaux result.
In particular, we have [29–31]

1
2 (cL + cR) = −6π e2g0+3f0Vol(Σg) e−1L , (3.7)

where L is the Lagrangian (2.45) evaluated on the AdS3 × Σg solution. Performing this
calculation we find

1
2 (cL + cR) = 4π(g− 1)

[
`3

3G5
− 4
√

3π ` (c1 + 8 c2)
]

+O(c2
i ) , (3.8)

where we also used Vol(Σg) = 4π(g − 1) for a Riemann surface of genus g > 1. We
emphasize that this is a non-trivial calculation in which most of the terms in the four-
derivative Lagrangian (2.45) contribute.

For the difference of cL and cR, we can use the fact that it is related to the gravitational
anomaly of the 2d field theory and thus to the coefficient of the gravitational Chern-Simons
term in three dimensions. The latter comes in turn from the mixed gauge-gravitational
CS term in 5d. The dimensional reduction for the above black string configuration then
gives [32–34]

1
96π

(
cL − cR

)
= π(g− 1) c1 p = π(g− 1) c1

g
√

3
+O(c2

i ) , (3.9)

9The magnetic flux needs to be properly quantized since Σg is compact. The precise quantization
condition depends on the embedding of the 5d supergravity theory in string or M-theory.
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where we used (3.3). We can now relate the 2d central charges to the 4d ones by making
use of our result (2.54). We find, at linear order in the ci,

cR + cL = 16
3 (g− 1) (7a− 3c) ,

cR − cL = 16 (g− 1) (a− c) .
(3.10)

This black string solution is dual to a holographic RG flow across dimensions which is
universal for all 4d N = 1 SCFTs [9]. One can find the central charges of the 2d N = (0, 2)
SCFT by integrating the anomaly polynomial of the 4d theory on Σg. One can then invoke
anomaly matching and supersymmetric Ward identities to find a general relation between
the 2d and 4d central charges derived in [8, 9],(

cR
cL

)
= 16

3 (g− 1)
(

5 −3
2 0

)(
a

c

)
. (3.11)

This field theory calculation precisely agrees with the holographic result in (3.10). We
consider this to be a non-trivial test of our results and in particular of the form of the four-
derivative action in (2.45). We note that the universal field theory relation (3.11) is valid
for 4d N = 1 SCFTs which either have no Abelian flavor symmetries or the linear anomaly
kF for all Abelian flavor symmetries vanish. If kF 6= 0 then one should determine the 2d
central charges by using c-extremization [14, 15]. In our minimal supergravity setup we do
not have dynamical vector multiplets in the supergravity theory which in turn immediately
leads to the absence of a mixed gauge-gravitational CS term, whose coefficient is related
to kF in the dual SCFT.

3.1 A rotating generalization

A natural generalization of the results derived above is to add rotation and electric charges
to the black string solution [35, 36]. To do so, we start by coupling nV additional matter
multiplets to the minimal supergravity theory presented in section 2 to allow for a horizon
with spherical topology [15]. In addition, we change the global structure of the static black
string near-horizon geometry from AdS3 × S2 to BTZ ×S2, thereby introducing a non-
trivial circle in the first factor. The strategy is then to dimensionally reduce the 5d theory
down to four dimensions and consider black holes with runaway hvLif asymptotics whose
Bekenstein-Hawking entropy obeys the charged Cardy formula [37]

SCardy = 2π
√
cL
6

(
E0 −

J2

2k

)
, (3.12)

which holds for vanishing flavor electric charges. Here, E0 is the vacuum energy and k is
the level of the U(1) current J present in the boundary CFT2 due to the non-trivial circle
in the BTZ factor. After performing equivariant integration of the anomaly polynomial of
the 4d SCFT on S2, this level can be expressed in terms of the 4d central charges via [37]

k = 8
27 (3c− 2a) , (3.13)
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just like the left-moving central charge cL is expressed in terms of a and c using (3.11). As
we have shown in section 2.2, in holography both a and c receive corrections upon including
higher-derivative terms, so that (3.12) can be interpreted as a field theory prediction for the
corrections to the Bekenstein-Hawking entropy of the dyonic rotating black string solutions.

We can compare this entropy to an extremized entropy function obtained from grav-
itational blocks and gluing rules [38]. Using the recent results of [39], the latter can be
generalized to include higher-derivative corrections. One limitation of this approach is
that the reduction from five to four dimensions for the Ricci-squared invariant (A.2) is not
known. The dimensional reduction of the Weyl-squared invariant (A.1), on the other hand,
was worked out in [40, 41]. So to illustrate the above strategy in a simple case, we will
set c2 = 0 in what follows. The main steps of the dimensional reduction in non-minimal
supergravity are presented in appendix B. Upon taking the minimal supergravity limit, i.e.
nV = 0, the result for the extremized entropy function is given in (B.18) and reads

I∗ = 4π2

G5

√
c

6

(
−q0 −

J 2

2k

)
, (3.14)

where the quantities c and k are given in (B.20),

c = −2`3

3 , k = 2`3

27

(
1 + 48

√
3πG5
`2

c1

)
, (3.15)

and q0 is the electric charge. Observe that, using (2.54), (3.10) and (3.13), we can relate
field theory and bulk quantities as

cL = 2π
G5

c , and k = π

2G5
k . (3.16)

Note that cL is not corrected by HD terms since we study the c2 = 0 case, while the level k
receives corrections. If we now identify

E0 = − 2π
G5

q0 , and J = π

G5
J , (3.17)

it is straightforward to check that the quantity I∗ reproduces the field theory result for the
charged Cardy formula (3.12) upon using (3.16). Therefore, in the case where c2 = 0, our
results together with the generalized entropy function introduced in [39] correctly account
for the first sub-leading correction to the entropy of charged rotating black strings. It would
be interesting to generalize this analysis to c2 6= 0 by working out the dimensional reduction
to 4d of the Ricci-squared invariant (A.2). We note that the black string results above
are somewhat formal since in minimal supergravity the rotating dyonic black string with
S2 topology is not regular. One can remedy that by studying non-minimal supergravity
as we discuss in appendix B. Alternatively one can stay in minimal supergravity and
work with black strings with hyperbolic horizons. In this case however, due to the non-
vanishing angular momentum, the horizon cannot be made compact which is problematic
for interpreting the solution as a holographic dual to a 2d CFT state.

– 17 –



J
H
E
P
0
4
(
2
0
2
2
)
0
8
8

4 Examples

Our discussion so far was mostly based on 5d supergravity and all relations to the dual
4d or 2d SCFTs were made abstractly at the level of anomalies without specifying the
details of the SCFT or the embedding of the 5d supergravity theory in string or M-theory.
Here we remedy this by considering three distinct classes of 4d N = 1 and N = 2 SCFTs
that arise from D3- and M5-branes and have AdS5 holographic dual descriptions. The
rationale for using 5d gauged supergravity to study these models is based on the fact that,
as shown in [10] and [11], the minimal 5d N = 2 gauged supergravity theory is a consistent
truncation of 11d or type IIB supergravity. This consistent truncation was established
rigorously at the two-derivative level and we will assume that it is still valid for the full
four-derivative action in (2.45).

4.1 4d SCFTs from D3-branes

We start with theories arising on the worldvolume of N D3-branes in type IIB string theory.
In this case we expect that the parameters determining the four-derivative supergravity
action (2.45) have the following scaling with N

π`3

8G5
= p2N

2 + p1N +O(1) ,

2
√

3π2`c1 = q1N +O(1) ,

12
√

3π2`c2 = r1N +O(1) .

(4.1)

Our goal is therefore to compute the coefficients (p2, p1, q1, r1).
We start with the central charges of N = 4 SYM with gauge group G of dimension dG

which read
aN=4 = cN=4 = 1

4dG . (4.2)

The Leigh-Strassler N = 1 SCFT can be obtained from the N = 4 SYM theory by adding
a superpotential mass term for one of the chiral superfields. The central charges of this
theory are

aLS = cLS = 27
128dG . (4.3)

When the gauge group is G = SU(N) one has dG = N2 − 1 and therefore there are no
order N contributions to the conformal anomalies. We can use this in (4.1) to find

pN=4
2 = 32

27p
LS
2 = 1

4 , qN=4
1 = qLS

1 = 0 , pN=4
1 = rN=4

1 , pLS
1 = rLS

1 . (4.4)

These theories can be generalized to an infinite class of 4d N = 1 SCFTs obtained by
D3-branes probing non-compact CY3 manifolds. A particular class of models of this type
are the Y p,q quiver gauge theories [42]. These SCFTs are holographically dual to AdS5×Y p,q

solutions of IIB supergravity where Y p,q are Sasaki-Einstein manifolds labelled by the
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G H0 H1 H2 D4 E6 E7 E8

n7 2 3 4 6 8 9 10
∆ 6

5
4
3

3
2 2 3 4 6

Table 1. Data for F-theory singularities leading to 4d N = 2 SCFT.

integers p and q [43]. The central charges for these models are, see [8] for a summary,10

aY p,q = 3p2(3q2 − 2p2 + pw)
4q2(2p+ w) N2 − 3p

8 , cY p,q = aY p,q + p

8 , (4.5)

where
w =

√
4p2 − 3q2 . (4.6)

Note that in these quiver gauge theories the gauge groups are SU(N). For p = q the theory
is a quiver gauge theory which is obtained as a Zp orbifold of a two-node quiver N = 2
SCFT which is itself a Z2 orbifold of N = 4 SYM. For q = 0 the SCFT is an orbifold of
the Klebanov-Witten theory.

For all these models we find that the central charges have an order N2 and order 1
term. We therefore conclude that

pY
p,q

2 = 3p2(3q2 − 2p2 + pw)
4q2(2p+ w) , qY

p,q

1 = 0 , pY
p,q

1 = rY
p,q

1 . (4.7)

It is expected that the order 1 contribution to the central charges in (4.5) is realized
holographically not by higher-derivative corrections but by summing the contributions
from certain KK modes of the 10d supergravity solution, see [44–49].

Now we turn to a class of 4d N = 2 SCFT arising from N D3-branes probing singu-
larities in F-theory, see [50]. There are seven classes of such singularities discussed in [50]
which can be labelled by the corresponding flavor group in the 4d gauge theory. Alter-
natively, one can label the singularity by the number n7 of D7-branes used to construct
it. To write the conformal anomalies it is convenient also to introduce a label ∆ which
determines the deficit angle of the angular coordinate around the D7-branes and changes
its periodicity from 2π to 2π/∆. The relation between ∆ and n7 is

∆ = 12
12− n7

. (4.8)

The 7 types of singularities that result in 4d N = 2 conformal theories are presented in
table 1.

The conformal anomalies for these SCFTs were computed in [50] and read

a = ∆
4 N

2 + ∆− 1
2 N − 1

24 , c = ∆
4 N

2 + 3(∆− 1)
4 N − 1

12 . (4.9)

10For p = q = 1 some of the matter fields are in the adjoint of the SU(N) gauge group and the central
charges cannot be obtained as a limit of the general formula. They read aY 1,1 = N2

2 −
5
12 and cY 1,1 = N2

2 −
1
3 .

– 19 –



J
H
E
P
0
4
(
2
0
2
2
)
0
8
8

Using these results in (4.1) we find that

p2 = ∆
4 , q1 = (∆− 1)

4 , p1 − r1 = ∆− 1
2 . (4.10)

Notice that now we have a non-vanishing linear term in N and thus the four-derivative
coefficient c1 in (2.45) does not vanish. Note also that recently this class of models has
been generalized to include the so-called S-folds. The conformal anomalies for these 4d
N = 2 S-fold SCFTs were computed in [51–53] and can be directly used to derive the
corresponding four-derivative supergravity couplings as we did above.

4.2 4d SCFTs from M5-branes

A large class of 4d N = 1 SCFTs with a weakly coupled holographic dual arise from
M5-branes wrapped on Riemann surfaces, see [17, 28, 54–56]. To describe these models
we employ the notation of [17] where a large class of models for M5-branes wrapping a
smooth Riemann surfaces of genus g and normalized curvature κ = 1, 0,−1 were studied.11

The resulting 4d SCFTs are also labelled by a rational number12 z which determines the
geometry of the normal bundle to the M5-branes. The central charges for κ 6= 0 are

a = (g− 1)ζ
3 + κη3 − κ(1 + η)(9 + 21η + 9η2)z2

48(1 + η)2z2 rG ,

c = (g− 1)ζ
3 + κη3 − κ(1 + η)(6 + 17η + 9η2 − κζ)z2

48(1 + η)2z2 rG .

(4.11)

For κ = 0, i.e. the torus with g = 1, the central charges cannot be obtained from the
expressions above and have to be derived separately13 to find, see [17],

a = |z|48
rG(1 + 3η)3/2
√

1 + η
, c = |z|48

rG(2 + 3η)
√

1 + 3η√
1 + η

. (4.12)

Here we have used the short hand notation

η = hG(1 + hG) , ζ =
√
η2 + (1 + 4η + 3η2)z2 . (4.13)

The dimension, dG, rank, rG , and Coxeter number, hG, of the simply laced Lie algebra
that define the parent N = (2, 0) SCFT are given in table 2.

From now on we focus on the theories with G = AN−1 which are the most relevant from
a holographic perspective. For generic values of z the theories discussed in [17] preserve
4d N = 1 supersymmetry. For |z| = 1 there is supersymmetry enhancement to N = 2 and
one recovers the models of [28, 54]. To connect these results for the four-derivative gauged
supergravity discussion we should find the leading and subleading terms in the large N

11There is a slight clash of notation in this section with the previously used κ2 = 16πG5 from the bulk
analysis, we apologize and trust it will not be confusing to the reader.

12For g 6= 1, this number is quantized as z = n/(g− 1) with n ∈ Z, while for g = 1 we have z ∈ Z.
13Yet another standalone case is g = 1 and z = 0, where we recover N = 4 SYM. The central charges in

this case cannot be obtained from the general formula, but are instead simply given in (4.2).
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G rG dG hG

AN−1 N − 1 N2 − 1 N

DN N N(2N − 1) 2N − 2
E6 6 78 12
E7 7 133 18
E8 8 248 30

Table 2. Simply laced Lie algebras.

expansion of the central charges. Focusing on hyperbolic Riemann surfaces with κ = −1
for concreteness we find

a ≈ (g− 1)
48z2

[
(9z2 − 1 + (1 + 3z2)3/2)N3 − 3(1 + z2)(

√
1 + 3z2 − 1)N

]
+ . . . ,

c ≈ (g− 1)
48z2

[
(9z2 − 1 + (1 + 3z2)3/2)N3 − ((2z2 + 3)

√
1 + 3z2 + z2 − 3)N

]
+ . . . .

(4.14)

One can easily find analogous expressions for g = 0, 1 and for G = DN using the explicit
expressions above. We also find that the difference of the two central charges scales with
N and takes the form

a− c ≈ (g− 1)
48

(
4−

√
1 + 3z2

)
N + . . . . (4.15)

On general grounds it is expected that for theories arising from N M5-branes the parameters
in the four-derivative supergravity action (2.45) have the following scaling with N

π`3

8G5
= p3N

3 + p2N
2 + p1N +O(1) ,

2
√

3π2`c1 = q2N
2 + q1N +O(1) ,

12
√

3π2`c2 = r2N
2 + r1N +O(1) ,

(4.16)

In the class of models studied above there are no punctures on the Riemann surface and
one finds that the order N2 contribution to the conformal anomalies vanishes. We thus
conclude that p2 = q2 = r2 = 0. To find SCFTs for which these parameters do not vanish
one should study class S models with punctures and the corresponding AdS5 solutions of
11d supergravity discussed in [55]. For the other parameters in (4.16) we find the relations

p3 = (g− 1)9z2 − 1 + (1 + 3z2)3/2

48z2 ,

q1 = (g− 1)
√

1 + 3z2 − 4
48 ,

p1 − r1 = −(g− 1)(1 + z2)(
√

1 + 3z2 − 1)
16z2 .

(4.17)

From the results in (4.7), (4.10), (4.17) it is clear that we cannot independently deter-
mine the value of the c2 coefficient in the four-derivative supergravity Lagrangian. Only a
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certain linear combination of the `3/G5 and `c2 can be uniquely fixed by the central charges
of the dual SCFT. One way to determine c2 unambiguously is to perform an explicit di-
mensional reduction, or rather consistent truncation, from type IIB or 11d supergravity
with higher-derivative corrections and derive the four-derivative 5d action in (2.45) from
first principle. Alternatively one could use a strategy similar to the one in [1–3] and study
more general solutions of the 5d minimal gauged supergravity theory or more general mat-
ter coupled supergravity theories. The dependence of the on-shell action of such solutions
on the supergravity couplings can then be compared with exact calculations in the large N
limit of the dual SCFT. Needless, to say it will be most interesting to pursue one of these
approaches and find c2 for the top-down examples discussed above.

For any 4d N = 2 SCFT with an exactly marginal deformation that preserves the
N = 2 superconformal symmetry it was shown in [57] that there is a universal RG flow to
an N = 1 SCFT triggered by a scalar operator in the marginal multiplet. The conformal
anomalies of the UV and IR theories are related and read

aIR = 9
32(4aUV − cUV) , cIR = 1

32(39cUV − 12aUV) . (4.18)

If the “parent” 4d N = 2 SCFT theory has a weakly coupled supergravity dual this RG flow
can be studied in 5d two-derivative gauged supergravity [58]. Three well-known examples
of such theories are the N = 4 SYM theory, the Y 1,1 two-node quiver, and the N = 2
class S models with |z| = 1 discussed above. The IR N = 1 SCFTs in these cases are the
Leigh-Strassler SCFT, the Y 1,0 Klebanov-Witten SCFT, and the N = 1 class S models
with z = 0, respectively. As shown in [58] the relation between the central charges (4.18) is
reproduced to leading order in the large N limit by using the two-derivative supergravity
description. Our 5d higher-derivative supergravity treatment and the holographic central
charges in (2.54) agree with the exact result in (4.18). We stress that this agreement is
obtained by using the holographic central charges of the IR and UV SCFT. To derive
the full holographic RG flow we need to go beyond the minimal supergravity theory and
include the contributions from vector and hyper multiplets.

Our results shed some light on the properties of the Gauss-Bonnet coupling in four-
derivative gravitational theories. It was argued in [59] that the coupling λGB defined
in (2.55) has a definite sign. Our results are at odds with this claim. For the models
arising from D3-branes we find that either λGB = 0 or 16π2`λGB = c−a = (∆−1)N/4 > 0,
see (4.7) and (4.10). These results are compatible with the bound on the Gauss-Bonnet
coupling discussed in [59]. For the theories arising from M5-branes with g > 1 to leading
order in the large N limit we however find that (4.15)

16π2`λGB = c− a = (g− 1)
48

(√
1 + 3z2 − 4

)
N . (4.19)

As one varies the rational parameter z this expression can be either positive or negative
and is therefore incompatible with the bound of [59]. In particular for the well-known
Maldacena-Nuñez theories with z = 0 or |z| = 1 we find that λGB < 0. It is clearly very
interesting to understand why these examples violate the bound proposed in [59].
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Finally we note that all our results are compatible with the Hofman-Maldacena bound
for 4d N = 1 SCFTs [60, 61]

1
2 ≤

a

c
≤ 3

2 , (4.20)

as well as the stronger bound 3
5 ≤

a
c proposed in [9] which should be valid for inter-

acting theories, i.e. SCFTs without conserved higher spin currents. The validity of these
bounds is guaranteed by the fact the supergravity coefficients c1,2 are parametrically smaller
than `3/G5 and thus the ratio a/c is close to 1.

5 Discussion

In this paper we studied how conformal supergravity can be used to fully determine the
four-derivative action of 5d N = 2 minimal gauged supergravity up to three unknown real
coefficients. We also showed how the four-derivative terms affect the holographic calcula-
tions of conformal anomalies and the supersymmetric black strings solutions of the theory.
We then used string and M-theory embeddings of the supergravity model to determine the
unknown coefficients in terms of the parameters specifying the dual 4d N = 1 SCFT.

Our work points to several important problems that should be studied further. First,
it is important to rigorously investigate whether our assumption that the 5d four-derivative
action in (2.45) can be obtained as a consistent truncation by studying explicit compacti-
fications of 10d and 11d supergravity in the presence of higher-derivative terms. This can
be pursued by generalizing the two-derivative results in [10] and [11] after including the
leading higher-derivative string or M-theory corrections to supergravity. Such an explicit
reduction from 10d or 11d will also provide a first principle derivation of the four-derivative
coefficients c1 and c2 in terms of microscopic string theory quantities. There may be a tech-
nically simpler way to determine c1 and c2 by focusing on the Chern-Simons terms in the
5d supergravity action and relating them explicitly to the corresponding higher-derivative
topological terms in 10d and 11d.

As we emphasized in section 3 the general two-derivative solution of 5d N = 2 minimal
gauged supergravity will be corrected by the four-derivative terms. This prompts the
natural question to determine these corrections explicitly for some well-known 5d two-
derivative solution. A particularly important class of solutions are the asymptotically
AdS5 stationary black holes found in [62, 63]. Understanding how the four-derivative terms
in (2.45) modify these solutions and how they affect their entropy is bound to shed light
on the properties of AdS black holes. For supersymmetric black holes we suspect that the
leading corrections to the black hole entropy will be determined by the conformal anomaly
coefficients and can be related to the recent results on the 4d N = 1 superconformal index
in [64, 65]. It is clearly very important to study this further and we plan to do so in future
work [66]. A similar question was recently pursued in type IIB supergravity where it was
shown that the higher-derivative corrections in 10d supergravity do not modify the entropy
of the Gutowski-Reall black hole solution with an S5 internal manifold [67].

To apply the four-derivative action for holographic calculations of observables in the
dual QFT one should not only study how a given two-derivative solution is modified but also
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carefully apply holographic renormalization. In the context of supersymmetric solutions
of the two-derivative 5d N = 2 minimal gauged supergravity holographic renormaliza-
tion involves several subtleties as discussed in [68, 69]. It is important to understand how
to properly extend these results to the four-derivative setup studied in this work and ulti-
mately arrive at a general holographic renormalization prescription for the action in (2.45).
These results should find a number of holographic applications that include corrections to
thermal correlations functions, like the famous η/s ratio, as well as problems related to
black hole physics and the Weak Gravity Conjecture.

As discussed in section 4 the four-derivative coefficients c1 and c2 control the leading
corrections to the conformal central charges. For the examples arising from D3-branes in
section 4.1 these results capture the order N2 and N terms in the conformal anomalies.
The order N0 contribution should arise from loop corrections due to the KK modes around
the AdS5 vacuum. The situation is more involved for the M5-brane setup in section 4.2,
where for general values of z (quantized according to Footnote 12) the conformal anomalies
are given by an infinite series in the large N expansion beyond the N3, N and N0 orders.
It will be most interesting to understand how to account for the full expressions for the
conformal anomaly coefficients in (4.11) by using supergravity. To do that one will perhaps
need to include terms in the 5d supergravity action that have six or more derivatives.

Finally, we note that it is important to study the coupling of 5d N = 2 vector and
hyper multiplets to the minimal supergravity theory and the applications of such general
higher-derivative models to holography. The results in [13] are an important first foray
into this problem but it is clear that there is much more to understand. Recently it was
shown that there is a finite number of possible 5d N = 2 matter coupled two-derivative
gauged supergravity theories that can arise as consistent truncations of 10d or 11d super-
gravity [70]. It will be very interesting to introduce higher-derivative corrections to these
models and study their holographic implications.
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A Four-derivative terms in 5d superconformal gravity

We consider two superconformally invariant Lagrangian density containing four-derivative
terms in five dimensions. The first is the supersymmetric completion of the square of the
Weyl tensor and contains a mixed gauge-gravitational Chern-Simons term [5]. In minimal
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supergravity, this density reads

e−1LC2 = 1
8 ρ (Cabcd)2 + 64

3 ρD2 + 1024
9 ρ T 2

abD −
32
3 TabF

abD

− 16
3 ρCabcd Tab Tcd + 2Cabcd Tab Fcd −

256
9 ρRab Tac Tb

c + 32
9 ρRT 2

ab

+ 1
16 e

−1εµνρστ WµCνρ
λκCστλκ −

1
12 e

−1εµνρστ WµR(V )ijνρR(V )στij

+ 16
3 Yij R(V )ijab T

ab − 1
3 ρ (R(V )ijab)

2 (A.1)

+ 1024 ρ T abTacTbdTcd −
2816
27 ρ T 2

abT
2
cd −

64
9 T 2

abT
cdFcd −

256
3 T abTa

cTb
dFcd

− 64
3 ρ (∇aTbc)2 + 64

3 ρ (∇aTbc)(∇bT ac)−
128
3 ρ Tab∇b∇cT ac

− 32
3 e−1εµνρστTµ

λ(∇λTνρ)Fστ − 16 e−1εµνρστTµ
λ(∇νTρλ)Fστ

− 128
3 ρ e−1εµνρστTµνTρσ∇λTτλ ,

where Cabcd is the Weyl tensor and R(V )ijµν denotes the field strength of V ij
µ . We emphasize

that we have written the above in the K-gauge bµ = 0 used in the main text.
The second Lagrangian density we consider is the supersymmetric completion of an R2-

term [6]. In minimal supergravity, it is given by

e−1LR2 = ρ (Y ij)2 + 2 ρ Y ijYij −
1
8 ρ ρ

2R− 1
4 ρF

2
ab −

1
2 ρF ab F

ab

+ 1
2 ρ ∂

µρ ∂µρ+ ρ ρ�ρ− 4 ρ ρ2
(
D + 26

3 T 2
ab

)
+ 4 ρ2 FabT

ab (A.2)

+ 8 ρ ρF abT ab −
1
8 e
−1εµνρστ Wµ F νρ F στ ,

where the underlined fields are composited fields defined as

ρ =
√

2 (z0)−1 g ρ tr(P ) ,

Y ij = 1√
2
δij
[
−3

8 R−
1
2 (z0)−2 g2ρ2 tr(P )2 − 1

8 Υ2
a

+ 8
3 T

2
ab + 4D −

(
V ij
µ −

1
2 δ

ij tr(Vµ)
)2 ]

+ 1√
2

Υµ
(
V ij
µ −

1
2 δ

ij tr(Vµ)
)
−
√

2∇µ
(
V ij
µ −

1
2 δ

ij tr(Vµ)
)

(A.3)

Fµν = 2
√

2 ∂[µ

(
tr(Vν]) + 1

2 Υν]

)
,

and Υµ = tr(Vµ)−(z0)−1 gWµ tr(P ). In these expressions, the trace is taken over the SU(2)
R-symmetry indices, i.e. tr(P ) = δijP

ij .
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B Non-minimal supergravity and the rotating charged black string

In this appendix we go beyond minimal supergravity and study a 5d abelian gauged su-
pergravity in the presence of nV on-shell vector multiplets. As we did in the main text for
minimal supergravity, we use the superconformal formalism and follow the notation and
conventions of [6, 13, 18]. This means we start from the Weyl multiplet coupled to one
auxiliary hypermultiplet and to (nV + 1) vector multiplets, where the extra multiplet is
the conformal compensator. After gauge-fixing and eliminating the extra superconformal
fields (see section 2), the theory then reduces to Poincaré gauged supergravity including the
standard gravity multiplet coupled to nV vector multiplets. The Lagrangian is specified by
the choice of a vector multiplet moduli space, encoded in the triple intersection numbers

cIJK , I = 1, . . . , nV + 1 , (B.1)

and the choice of Fayet-Iliopoulos (FI) gauging parameters (the moment maps),

P ijI = PI ε
ik(σ3)kj (B.2)

where i, j are SU(2)-indices and we are gauging a U(1) subgroup of the R-symmetry group.

B.1 The 4d/5d connection with higher-derivative terms

Using the 4d/5d off-shell connection of [71], one can dimensionally reduce the supercon-
formal 5d theory without relying on field equations with the simple assumption that there
exists a U(1) isometry of the five-dimensional metric. The resulting 4d theory is also writ-
ten in the superconformal formalism, and contains (nV + 2) off-shell vector multiplets and
one auxiliary hypermultiplet, where the additional vector comes from the Kaluza-Klein
vector mode of the metric. The vector multiplet sector of the 4d theory is described in
terms of the so-called holomorphic prepotential F .

In the situation where the 5d supergravity theory only contains two-derivative terms,
the prepotential F is a function of the scalars in the 4d off-shell vector multiplets XΛ,
with Λ = 0, 1, . . . , nV + 1. In terms of the five-dimensional data (B.1), it reads

F (XΛ) = −1
6 cIJK

XIXJXK

X0 . (B.3)

The four-dimensional FI terms gΛ are directly proportional to the five-dimensional ones,

g0 = 0 , gI = PI . (B.4)

This data is sufficient to completely fix the Lagrangian of the superconformal (and
Poincaré) supergravity theory resulting from the dimensional reduction.

In the presence of higher-derivative terms, one has to study the dimensional reduc-
tion of additional supersymmetric invariants. At the four-derivative level, the relevant 5d
invariants are the ones of [5] and [6] (whose minimal supergravity versions were given in
appendix A). While the dimensional reduction of the former is known (we review it below),
the reduction of the latter has not been worked out explicitly in the literature so far. Since
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such a dimensional reduction falls outside of the scope of this paper, we will focus on the
invariant of [5] and discard the one of [6] in the rest of this appendix.

The invariant of [5] is the supersymmetrization of the mixed gauge-gravitational Chern-
Simons term in five dimensions. In non-minimal supergravity, it contains a term

dIW
I ∧R ∧R , (B.5)

where we introduced a set of (nV +1) arbitrary constants dI specifying the coupling of each
off-shell vector multiplets in the gauge-gravitational Chern-Simons term. Upon dimensional
reduction to four dimensions, this HD invariant yields a particular linear combination of
two 4d HD invariants. The first is the supersymmetrization of the square of the Weyl
tensor in four dimensions [72], and the second is the so-called T-log invariant presented
in [73]. The details of the dimensional reduction have been worked out in [40, 41]. The
resulting 4d theory, including both the two- and four-derivative terms, is specified by the
following prepotential that generalizes (B.3):

F (XΛ;AW, AT) = −1
6 cIJK

XIXJXK

X0 − π(3AW +AT)
3 dI

XI

X0 , (B.6)

where AW and AT denote the lowest components of the Weyl-squared and T-log multi-
plets.14 Note that we do not consider higher-derivative corrections to the compensating
hypermultiplet sector, and so the FI parameters in the higher-derivative 4d theory are still
given in terms of the 5d data by (B.4).

B.2 Rotating black strings from gluing gravitational blocks

We now focus on the black string solutions of the five-dimensional theory with S2 hori-
zon topology. For the consistent truncation of IIB supergravity on S5 known as the STU
model, the magnetically charged solution was written down in [15], and later generalized
to include electric charges [35] and angular momentum [36] using similar dimensional re-
duction techniques as those presented above [74]. Changing the global structure of the
black string near-horizon geometry from AdS3 × S2 to BTZ ×S2 introduces a non-trivial
circle in the 3d geometry and a corresponding KK charge q0. In the reduced 4d theory,
one can then consider black hole solutions with runaway hvLif asymptotics and with a
non-vanishing electric charge q0. The latter ensures that the Bekenstein-Hawking entropy
of the black hole is non-vanishing and obeys the Cardy formula [74]. In addition, one
can include electric charges and rotation using the general class of twisted solutions pre-
sented in [75], whose Bekenstein-Hawking entropy obeys a charged version of the Cardy
formula [37]. When uplifted back to five dimensions, we obtain a rotating dyonic black
string with near-horizon geometry a fibration of S2 over BTZ.

Upon reduction from BTZ down to AdS2, the 2π periodicity of the compactification
direction15 leads to a relation between the 4d and 5d Newton constants

1
G4

= 2π
G5

. (B.7)

14Here we follow the conventions of [39] to minimize the appearance of additional numerical factors.
Comparing to the notation in e.g. [41], this means AW = 1

64 A|W2 and AT = − 1
2 A|T(log gI X̄I ).

15Note that we have already taken this specific periodicity into account for the constants dI in (B.6).
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Because the compactification circle is part of the BTZ factor in the geometry, we further
require that

p0 = 0 , (B.8)

and from the twisting condition we find

gIp
I = −1 . (B.9)

This is the non-minimal supergravity version of the relation in (3.3).

In the two-derivative theory, the on-shell action F of the dyonic rotating black strings
and the corresponding entropy function I were shown to follow from a simple summation
of the so-called gravitational blocks over the south and north pole of the sphere using the
A-twist gluing [38]. This procedure yields the following result:

F(pΛ, χΛ, ω) = iπ

2ωG4

(
F (χΛ − ω pΛ)− F (χΛ + ω pΛ)

)
,

I(pΛ, χΛ, ω, qΛ,J ) = −F(pΛ, χΛ, ω)− iπ

G4
(χΛqΛ − ωJ ) ,

(B.10)

and the additional condition gΛχ
Λ = 1. In the above, F is the holomorphic prepoten-

tial (B.3) and (χΛ, ω) are a set of (nV + 3) chemical potentials conjugate to the electric
charges qΛ and angular momentum J . The Bekenstein-Hawking entropy of the black string
in the two-derivative theory is then obtain as the extremum of the entropy function,

SBH(pΛ, qΛ,J ) = I∗(pΛ, χΛ
∗ , ω∗, qΛ,J ) , (B.11)

where the extremization is done under the constraint gΛχ
Λ = 1. To illustrate this proce-

dure, let us consider a situation where only the electric charge q0 and the angular momen-
tum J are non-zero. Then, the value of the chemical potential ω at the critical point is
given by

ω∗ = 3Jχ0

cIJK pIpJpK
, (B.12)

which leads to

χ0
∗ = i

√√√√1
2 cIJK p

IχJχK
(
−q0 + 3J 2

2 cIJK pIpJpK
)−1

, (B.13)

and

I∗(pΛ, χ0
∗, χ

I , ω∗,J ) = 2π
G4

√
1
6
(
3 cIJK pIχJχK

)(
−q0 + 3J 2

2cIJKpIpJpK
)
, (B.14)

Interpreting −q0/G4 as the vacuum energy, this result precisely takes the form of the
charged Cardy formula [37] and we can read off the trial central charge c and the level k of
the U(1) corresponding to rotations as

c = 3 cIJK pIχJχK , k = −1
3 cIJK p

IpJpK . (B.15)
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The interpretation of c as a trial central charge follows from the fact that, upon extremizing
with respect to the remaining chemical potentials χI under the constraint gIχI = 1, one
recovers the exact central charge of the holographically dual CFT2 as in [15].

After this illustrative two-derivative example, we turn to higher-derivative corrections.
In principle, we would need to first obtain the corrected solution in the presence of the
Weyl-squared invariant and then evaluate the corrected Lagrangian on-shell to obtain the
higher-derivative version of (B.10). However, we will be able to sidestep this a priori
difficult computation by leveraging the recent conjecture in [39], which gives a higher-
derivative analogue of the gravitational blocks and gluing rules of [38]. Concretely, [39]
conjectures that the on-shell action F in our four-derivative theory is obtained from the
A-gluing of gravitational blocks and takes the form

F(pΛ, χΛ, ω) = 4iπ2

ω

[
F

(
χΛ − ω pΛ

2
√

2πG4
; (1− ω)2, (1 + ω)2

)
− F

(
χΛ + ω pΛ

2
√

2πG4
; (1 + ω)2, (1− ω)2

)]
,

(B.16)

where F is the generalized prepotential (B.6) which includes higher-derivative terms. The
functional form of the entropy function to be extremized remains the same as in (B.10).
The constraint gΛχ

Λ = 1 also remains the same as in the two-derivative theory.
With the conjecture (B.16), we can go through the extremization procedure and de-

termine the four-derivative corrections to the trial central charge and U(1) level. We find

c = 3 cIJK pIχJχK + 64π2G4 dI(χI + pI) ,

k = − 1
3

(
cIJK p

IpJpK + 64π2G4 dIp
I
)
,

(B.17)

where we have used that p0 = 0. With this result, the entropy function at the extremum
takes the form of the charged Cardy formula,

I∗ = 2π
G4

√
c

6

(
−q0 −

J 2

2k

)
, (B.18)

where we have only kept a non-vanishing q0 for simplicity.
We can now formally set the number of physical vector multiplets nV to zero and

derive the first order corrections to the rotating dyonic black string entropy in the minimal
supergravity theory. To do so, we set

p1 = − 1
g1
, χ1 = 1

g1
, g1 =

√
3 g , (B.19)

where g is the gauge coupling in minimal supergravity introduced in section 2. Then, the
minimal limit of (B.17) is given by

c = − 2
3g3 , k = 2

27g3

(
1 + 96

√
3π2G4 g

2 c1

)
, (B.20)

where we have set c111 = 2/
√

3 and renamed d1 = c1 to bring the notation in line with the
main text, and in particular with section 3.1.
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