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 ✐♥ �②♠♠❡
	② ♣❧❛♥❡ ✭②❂✵ ✮ ❙❆❆❇ ✾✲✸ ❙♣♦�! ✇❛❣♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐
✼✼ Cp �✉	❢❛❝❡ 
	❛❝✐♥❣ ❛
 ✜① ❧♦❝❛
✐♦♥ ♦❢ ①❂✺✳✵ ♠✱ ❲❛❣♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐✐
✼✽ ❙
	❡❛♠❧✐♥❡� ✐♥❞✐❝❛
✐♥❣ 
❤❡ ✉♣✇❛�❤ ❢	♦♠ ❜❡❤✐♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐✐
✼✾ ,	❡��✉	❡ ❝♦❡✣❝✐❡♥
 ❞✐✛❡	❡♥❝❡ ❜❡
✇❡❡♥ ❙✶✷✲❙✺ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐✐
✽✵ ■#♦✲�✉	❢❛❝❡� ✇✐
❤♦✉
 
❤❡ ❝♦✈❡	 ♣❛♥❡❧�✱ ❥✉�
 
❤❡ ❞✐✛✉�❡	✱ ❲✶✺ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐✐✐
✽✶ ❱♦	
❡① ❣❡♥❡	❛
♦	� ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐✈
✽✷ ❉✐✛✉�❡	✱ 10◦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐✈

▲✐�� ♦❢ ❚❛❜❧❡�

✶ ❉✐♠❡♥�✐♦♥ ♦❢ 
❤❡ ❞♦♠❛✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
✷ ❋	♦♥
❛❧ ❛	❡❛ ✭Af ✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✸ ❈❋❉ ❚❡�
 ♠❛
	✐① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✹ ❇♦✉♥❞❛	② ❝♦♥❞✐
✐♦♥� ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✺ ❘♦
❛
✐♦♥❛❧ ❝♦♦	❞✐♥❛
❡� ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✻ ①✲❢♦	❝❡� ♦♥ �❡❧❡❝
❡❞ ♣❛	
� ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✼ ①✲❢♦	❝❡ ❝♦♠♣❛	✐�♦♥✱ ✇✐
❤ ❛♥❞ ✇✐
❤♦✉
 ❣✉✐❞✐♥❣ ✈❛♥❡� ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
✽ △①✲❢♦�❝❡# ✇✐
❤ ✈♦	
❡① ❣❡♥❡	❛
♦	� ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✾ ①✲❢♦�❝❡# ♦♥ 	❡❛	 ✇❤❡❡❧� ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
✶✵ ①✲❢♦	❝❡� ♦♥ 
❤❡ ❞✐✛✉�❡	 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
✶✶ ①✲❢♦	❝❡� ❝❛�❡ ❢♦	 ❙✺✱ ❙✶✷✱ ❲✾ ✫ ❲✶✺ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵
✶✷ ■♠♣	♦✈❡♠❡♥
 ✐♥ ❢✉❡❧ ❝♦♥�✉♠♣
✐♦♥ ❜❡
✇❡❡♥ 
❤❡ 	❡❢❡	❡♥❝❡� ❝❛�❡� ❛♥❞ 
❤❡ ❝❛�❡� ✇✐
❤ ❝♦✈✲

❡	❡❞ 	❡❛	 	✐♠� ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

❱■



❆❦♥♦✇❧❡❞❣❡♠❡♥��

❚❤✐� ♠❛��❡	 �❤❡�✐� ❤❛� ❜❡❡♥ ♣❡	❢♦	♠❡❞ ✐♥ ❝♦❧❧❛❜♦	❛�✐♦♥ ✇✐�❤ ❙❆❆❇ ❆✉�♦♠♦❜✐❧❡ ❆❇ ✇❤✐❝❤ ❣❛✈❡ ✉� �❤❡
♦♣♣♦	�✉♥✐�② �♦ ✇♦	❦ ✇✐�❤✐♥ �❤❡ ❛	❡❛ ♦❢ 	♦❛❞ ✈❡❤✐❝❧❡ ❛❡	♦❞②♥❛♠✐❝� ❛♥❞ ❈♦♠♣✉�❛�✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝�
✭❈❋❉✮✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ �♦ ❡①�❡♥❞ ❛ ❣	❡❛� �❤❛♥❦ ❛ ❧❛	❣❡ ♥✉♠❜❡	 ♦❢ ♣❡♦♣❧❡ �❤❛� ❤❛� ❜❡❡♥ �✉♣♣♦	�✐♥❣
✉� ❞✉	✐♥❣ �❤✐� ♣	♦❥❡❝�✳ ❋✐	�� ♦❢ ❛❧❧ ✇❡ ✇♦✉❧❞ ❧✐❦❡ �♦ ❡①♣	❡�� ♦✉	 ❣	❛�✐�✉❞❡ �♦ ♦✉	 �✉♣❡	✈✐�♦	 ❏❡�♣❡	
▼❛	❦❧✉♥❞ ❛� ❙❆❆❇ ❆✉�♦♠♦❜✐❧❡ ❆❇ ❢♦	 ❤✐� �✉♣♣♦	� ❛♥❞ ❡①♣❡	�✐�❡✳ ❲❡ ✇♦✉❧❞ ❛❧�♦ ❧✐❦❡ �♦ �❤❛♥❦
�❤❡ ✈❡❤✐❝❧❡ ❛❡	♦❞②♥❛♠✐❝ ❣	♦✉♣ ❛� ❈❤❛❧♠❡�� ❯♥✐✈❡��✐�② ♦❢ ❚❡❝❤♥♦❧♦❣② ❛ �♣❡❝✐❛❧ �❤❛♥❦� ❣♦❡� ♦✉� �♦
❈❤	✐��♦✛❡	 ▲❛♥❞��	#♠ ❛♥❞ ❉❛✈✐❞ ❙#❞❡	❜❧♦♠ ❢♦	 ✐❞❡❛�✱ �❤♦✇❡❞ ✐♥�❡	❡�� ❛♥❞ ❢♦	 �❤❡	❡ ❡①♣❡	�✐�❡ ❛♥❞
�✉♣♣♦	� ❞✉	✐♥❣ �❤✐� ��✉❞②✳ ❲❡ ❛	❡ ❛❧�♦ ❣	❛�❡❢✉❧ �♦ ❆❧❡①❡② ❱❞♦✈✐♥ ❢♦	 ❤✐� �✉♣♣♦	� ♦♥ ❤❛	❞✇❛	❡ ✐��✉❡�✳

❆ ❣	❡❛� �✉♣♣♦	� ❛♥❞ �♦✉	❝❡ ♦❢ ✐♥�♣✐	❛�✐♦♥ ❤❛� ❜❡❡♥ ♣	♦✈✐❞❡❞ ❜② ♦✉	 ❡①❛♠✐♥❡	 )	♦❢❡��♦	 ▲❡♥♥❛	�
▲#❢❞❛❤❧ ❛� ❈❤❛❧♠❡�� ❯♥✐✈❡��✐�② ♦❢ ❚❡❝❤♥♦❧♦❣② ✇❤✐❝❤ ❤❛� ♣	♦✈✐❞❡❞ ♥❡❝❡��❛	② 	❡�♦✉	❝❡� ❢♦	 ♣❡	❢♦	♠✐♥❣
�❤✐� ��✉❞②✳

❲❡ ❛❧�♦ �❛❦❡ �❤❡ ♦♣♣♦	�✉♥✐�② �♦ ❣✐✈❡ ♦✉� ❛ �❤❛♥❦� �❤❡ ❛❡	♦❞②♥❛♠✐❝✲ ❛♥❞ ❈❋❉✲❣	♦✉♣ ❛� ❙❆❆❇
❆✉�♦♠♦❜✐❧❡ ✇❤✐❝❤ ❤❛� ♣	♦✈✐❞❡ ❛ ❣	❡❛� ❞❡❛❧ ♦❢ �✉♣♣♦	�✳

●#�❡❜♦	❣ ❏✉♥❡ ✷✵✶✶
❏♦❤❛♥ ▲❡✈✐♥✱ ❘✐❦❛	❞ ❘✐❣❞❛❧

❱■■



◆♦�❛�✐♦♥�

Af ��♦❥❡❝�❡❞ ❢�♦♥�❛❧ ❛�❡❛ ♦❢ ✈❡❤✐❝❧❡
[

m2
]

Cd ❉�❛❣ ❝♦❡✣❝✐❡♥� ❬✲❪

Cl ▲✐❢� ❝♦❡✣❝✐❡♥� ❬✲❪

Cm ▼♦♠❡♥� ❝♦❡✣❝✐❡♥� ❬✲❪

Cp ��❡��✉�❡ ❝♦❡✣❝✐❡♥� ❬✲❪

cp ❙♣❡❝✐✜❝ ❤❡❛� ❝❛♣❛❝✐�② [J/kg ·K]

ρ ❉❡♥�✐�②
[

kg/m3
]

FA ❆❝❝❡❧❡�❛�✐♦♥ �❡�✐��❛♥❝❡ [N ]

FD ❉�❛❣ ❢♦�❝❡ [N ]

FG ●�❛✈✐�❛�✐♦♥ ❢♦�❝❡ [N ]

FL ▲✐❢� ❢♦�❝❡ [N ]

FR ❘♦❧❧✐♥❣ �❡�✐��❛♥❝❡ [N ]

g ●�❛✈✐�②
[

m/s2
]

k ❈♦❡✣❝✐❡♥� ♦❢ �❤❡�♠❛❧ ❝♦♥❞✉❝�✐✈✐�② [W/K ·m]

p ❙�❛�✐❝ ��❡��✉�❡ [Pa]

T ❚❡♠♣❡�❛�✉�❡ [K]

U ❋�❡❡���❡❛♠ ✈❡❧♦❝✐�② [m/s]

V ❱❡❧♦❝✐�② [m/s]

µ ❙�❛�✐❝ ✈✐�❝♦�✐�② [kg/m · s]

Φ ❱✐�❝♦✉� ❞✐��✐♣❛�✐♦♥ ❢✉♥❝�✐♦♥ ❬✲❪

y+ ❉✐♠❡♥�✐♦♥❧❡�� ✇❛❧❧ ❞✐��❛♥❝❡ ❬✲❪

❆❜❜❡�✐✈❛�✐♦♥�

❈❆❉ ❈♦♠♣✉�❡� ❆✐❞❡❞ ❉❡�✐❣♥

❈❋❉ ❈♦♠♣✉�❛�✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝�

�■❉ ��♦♣❡��② ■❞❡♥�✐✜❝❛�✐♦♥

❘❆◆❙ ❘❡②♥♦❧❞� ❆✈❡�❛❣❡❞ ◆❛✈✐❡�✲❙�♦❦❡

❙❆❆❇ ❙✈❡♥�❦❛ ❆❡�♦♣❧❛♥ ❆❦�✐❡❜♦❧❛❣❡�

❱■■■



✶ ■◆❚❘❖❉❯❈❚■❖◆

✶ ■♥��♦❞✉❝�✐♦♥

■♥ �❤✐� �❡❝�✐♦♥ �❤❡ ❜❛❝❦❣♦✉♥❞✱ ♦❜❥❡❝�✐✈❡�✱ ❝❤❛❧❧❡♥❣❡�✱ �❝♦♣❡� ❛♥❞ �❤❡ ♠❡�❤♦❞ ❝❛♥ ❜❡ ❢♦✉♥❞✳

✶✳✶ ❇❛❝❦❣�♦✉♥❞

■♥ ♦❞❡ �♦ ❜❡ ❛ ❝♦♠♣❡�✐�✐✈❡ ♣❛��❡♥❣❡ ❝❛ ♠❛♥✉❢❛❝�✉❡ ❛ ❧❛❣❡ ❡✛♦� ♠✉�� ❜❡ ♣✉� ✐♥�♦ ❡❞✉❝✐♥❣
❢✉❡❧ ❝♦♥�✉♠♣�✐♦♥ ❛♥❞ ✐♥❝❡❛�❡ �❤❡ ♦✈❡❛❧❧ ❡✣❝✐❡♥❝② �♦ ♠❡❡� �❤❡ ❢✉�✉❡ ❞❡♠❛♥❞ ❢♦ ♠♦❡ ❢✉❡❧ ❡✣❝✐❡♥�
✈❡❤✐❝❧❡�✳
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♠❛❞❡ ✐♥ ❆◆❙❆ ❛♥❞ ❚●�✐❞✱ 	♦❢�✇❛�❡	 ✇❤✐❝❤ ❛�❡ ❝♦♠♠♦♥❧② ✉	❡❞ ✐♥ �❤❡ ❛✉�♦♠♦�✐✈❡ ✐♥❞✉	��② ❢♦� ❈❋❉✲

	✐♠✉❧❛�✐♦♥✳ ❚♦ ❜❡ ❛❜❧❡ �♦ ❞❡	❝�✐❜❡ �❤❡ ✢♦✇ ✐♥ �❤❡ ❞✐✛✉	❡� �❤❡ ❣♦✈❡�♥✐♥❣ ❡$✉❛�✐♦♥	 ❤❛	 �♦ ❜❡ 	♦❧✈❡❞✱ �❤✐	
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■♥ �❤✐� �❡❝�✐♦♥ �❤❡ �❤❡♦	② �❤❛� �❤✐� ✐♥✈❡��✐❣❛�✐♦♥ ✐� ❜❛�❡❞ ♦♥ ✇✐❧❧ ❜❡ ♣	❡�❡♥�❡❞✳ ❋✐	�� ❛ �❡❝�✐♦♥ ✇✐�❤ �♦♠❡
❣❡♥❡	❛❧ ✢✉✐❞ ♠❡❝❤❛♥✐❝� �❤❡♦	②✱ ❛� ✇❡❧❧ ❛� ♠♦	❡ �♣❡❝✐✜❝ �❤❡♦	② ❢♦	 ✢♦✇ ❛	♦✉♥❞ ✈❡❤✐❝❧❡�✳ ❋✉	�❤❡	♠♦	❡
�❤❡ ❞✐✛✉�❡	 ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞✱ ❜♦�❤ ❛� ❛ ❞	❛❣ 	❡❞✉❝�✐♦♥ ❞❡✈✐❝❡ ❛♥❞ ❛� ❛ ❞♦✇♥❢♦	❝❡ ❣❡♥❡	❛�♦	✳ ❚❤❡	❡
✇✐❧❧ ❛❧�♦ ❜❡ ❛ �❡❝�✐♦♥ ❛❜♦✉� ❈❋❉ �❤❡♦	②✳

✷✳✶ ❋❧✉✐❞ ♠❡❝❤❛♥✐❝�

❋❧✉✐❞ ❞②♥❛♠✐❝� ❞❡�❝	✐❜❡� �❤❡ ♠♦�✐♦♥ ♦❢ ✢✉✐❞ ✭❣❛� ✫ ❧✐"✉✐❞✮ ✐♥ �❡	♠� ♦❢ ❡♥❡�❣②✱ ♠♦♠❡♥�✉♠ ❛♥❞ ♠❛��✳
❚❤✐� ��✉❞② ❝♦♥�✐��� ♦❢ �♦❧✈✐♥❣ �❤❡ ✢♦✇ ✜❡❧❞ ❛	♦✉♥❞ ❛ ✈❡❤✐❝❧❡ ❜② ✉�✐♥❣ ❛ ❝♦♠♠❡	❝✐❛❧ ❈❋❉ ✭❈♦♠♣✉❛✲

✐♦♥❛❧ ✢✉✐❞ ❞②♥❛♠✐❝�✮ ✲�♦♦❧✳ ❚❤❡ �♦❢�✇❛	❡ �♦❧✈❡� �❤❡ ❣♦✈❡	♥✐♥❣ ❡"✉❛�✐♦♥� ❢♦	 ✢✉✐❞ ✢♦✇ ❢♦	 ❛♥ ✜♥✐�❡
♥✉♠❜❡	 ♦❢ ❝❡❧❧� ✐♥ ❛ ❣❡♥❡	❛�❡❞ ❣	✐❞ ❞♦♠❛✐♥✳

❆ ✜	�� ❛♣♣	♦❛❝❤ ❢♦	 ❞❡�❝	✐❜✐♥❣ �❤❡ ✢♦✇ ✜❡❧❞ ✐� �♦ ��❛�❡ �❤❡ �❤	❡❡ ❧❛✇� ♦❢ ❝♦♥�❡	✈❛�✐♦♥ ❛♥❞ ❛��✉♠✐♥❣
✐♥❝♦♠♣	❡��✐❜❧❡ ❛♥❞ ✐�♦�❤❡	♠❛❧ ✢♦✇✳ ❇② ❞♦✐♥❣ �❤✐� ❛��✉♠♣�✐♦♥ �❤❡ ❞❡♥�✐�② ❛♥❞ ✈✐�❝♦�✐�② ❝❛♥ ❜❡ �❡❡♥
❛� ❝♦♥��❛♥� ❞✉❡ �♦ ❝♦♥❞✐�✐♦♥� ✇❤❡	❡ �❤❡ ✈❡❧♦❝✐�② ✐� ❜❡❧♦✇ ▼❛❝❤ ♥✉♠❜❡	 ✵✳✸ ✭Ma = 0.3 ≈ 100 [m/s]✮
❛♥❞ �❤❡ �❡♠♣❡	❛�✉	❡ ✐� 	❡❧❛�✐✈❡❧② ❧♦✇ ❞✉	✐♥❣ �❤❡ �✐♠✉❧❛�✐♦♥ ♦❢ �❤❡ ✢♦✇ ✜❡❧❞✳

❼ ❈♦♥�❡�✈❛	✐♦♥ ♦❢ ♠❛�� ✲ ❡"✉❛❧ ❛♠♦✉♥� ♦❢ ♠❛�� ❡♥�❡	� ❛♥❞ ❧❡❛✈❡� �❤❡ ❝♦♥�	♦❧ ✈♦❧✉♠❡✳

Continuity equation :
∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0 ✭✶✮

❼ ❈♦♥�❡�✈❛	✐♦♥ ♦❢ ❧✐♥❡❛� ♠♦♠❡♥	✉♠ ✭◆❡✇�♦♥✬� 2nd ❧❛✇ ♦❢ ♠♦�✐♦♥✮ ✲ 	❡❧❛�✐♦♥ ❜❡�✇❡❡♥ ♣	❡��✉	❡✱
♠♦♠❡♥�✉♠ ❛♥❞ ✈✐�❝♦✉� ❢♦	❝❡�✳ ❚❤✐� �❡� ♦❢ ❢♦	♠✉❧❛� ❛	❡ 	❡❢❡		❡❞ ❛� �❤❡ ✐♥❝♦♠♣	❡��✐❜❧❡ ◆❛✈✐❡�✲

❙♦❦❡� ❡"✉❛�✐♦♥� ✇❤✐❝❤ ❛	❡ ♥♦♥✲❧✐♥❡❛	 ♣❛	�✐❛❧ ❞✐✛❡	❡♥�✐❛❧ ❡"✉❛�✐♦♥�✳

ρgx −
∂p
∂x + µ

(

∂2u
∂x2 + ∂2u

∂y2 + ∂2u
∂z2

)

= ρdu
dt

ρgy −
∂p
∂y + µ

(

∂2v
∂x2 + ∂2v

∂y2 + ∂2v
∂z2

)

= ρdv
dt

ρgz −
∂p
∂z + µ

(

∂2w
∂x2 + ∂2w

∂y2 + ∂2w
∂z2

)

= ρdw
dt

✭✷✮

❼ ❈♦♥�❡�✈❛	✐♦♥ ♦❢ ❡♥❡�❣② ✭1st ❧❛✇ ♦❢ �❤❡	♠♦❞②♥❛♠✐❝�✮ ✲ �❤❡ �♦�❛❧ ❛♠♦✉♥� ♦❢ ❡♥❡	❣② ✇✐�❤✐♥ �❤❡
�②��❡♠ ��❛②� ❝♦♥��❛♥�✳

ρcp
dT

dt
= k∇2T +Φ ✭✸✮

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

ρ = density
t = time

p = pressure
µ = static viscosity
g = gravity constant

cp = specific heat capacity
T = temperature

k = coefficient of thermal conductivity
Φ = viscous dissipation function

✭✹✮
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FX = FA + FR + FG + FD = ma+ fR mg cosα+mg sinα+
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Aerodynamic drag vs. Rolling resistance

Aerodynamic drag

Rolling resistance

❋✐❣✉�❡ ✷✿ ❆❡�♦❞②♥❛♠✐❝ ❞�❛❣ ❛♥❞ �♦❧❧✐♥❣ �❡�✐��❛♥❝❡ ✈❡��✉� ✈❡❧♦❝✐�②

❚❤❡ ❛❡�♦❞②♥❛♠✐❝ ❞�❛❣ ❢♦�❝❡ (FD) ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥�♦ �✇♦ ❝♦♠♣♦♥❡♥��✱ ❢♦�♠✲ ❛♥❞ ❢�✐❝�✐♦♥ ❢♦�❝❡✳
❚❤❡ ❢♦�♠ ✭♣�❡��✉�❡✮ ❞�❛❣ ❛❝�� ✐♥ �❤❡ ❞✐�❡❝�✐♦♥ ♥♦�♠❛❧ �♦ �❤❡ �✉�❢❛❝❡�✱ ♠❡❛♥✇❤✐❧❡ �❤❡ ❢�✐❝�✐♦♥ ❢♦�❝❡
✐� ❛❝�✐♥❣ �❛♥❣❡♥�✐❛❧ �♦ �❤❡ �✉�❢❛❝❡✳ ❉✉❡ �♦ �❤❡ �❝❛❧❡ ❛♥❞ �❤❛♣❡ ♦❢ ❛ ♣❛��❡♥❣❡� ❝❛� �❤❡ ❢♦�♠ ❞�❛❣ ✐�
❞♦♠✐♥❛�✐♥❣ ❛♥❞ �❤❡ ✈❡❤✐❝❧❡ ❝❛♥ ❜❡ ❛��✉♠❡❞ �♦ ❜❡ ❛ ❜❧✉✛ ❜♦❞②✳ ❚❤✐� ♠❡❛♥� �❤❛� ❛ ❜✐❣ ✇❛❦❡ ❛♥❞ ✈♦��✐❝❡�

✇✐❧❧ ❜❡ ♣�❡�❡♥� ✐♥ �❤❡ ✢♦✇ ✜❡❧❞✳❬✶✵❪ ❚❤❡ ❢♦�♠ ❞�❛❣ ✐� ❝�❡❛�❡❞ ❜② �❤❡ ♣�❡��✉�❡ ❞✐✛❡�❡♥❝❡ ❜❡�✇❡❡♥ �❤❡
❢�♦♥� ❛♥❞ �❡❛� ♣❛�� ♦❢ �❤❡ ✈❡❤✐❝❧❡✳ ❚❤❡ ❢�✐❝�✐♦♥ ♦♥ �❤❡ �✉�❢❛❝❡ ✐� ❛ �♦✉�❝❡ ♦❢ ❡♥❡�❣② ❧♦�� �✐♥❝❡ �❤❡
❛✐� ✢♦✇ �❧♦✇� ❞♦✇♥ ♥❡❛� �❤❡ �✉�❢❛❝❡ ❛♥❞ ✇✐❧❧ ❡✈❡♥�✉❛❧❧② �❡♣❛�❛�❡ ❢�♦♠ �❤❡ ❜♦❞②✳ ❙✐♥❝❡ �❤❡ ♣�❡��✉�❡
❞✐���✐❜✉�✐♦♥ ♦✈❡� �❤❡ ❜♦❞② ✐� ♥♦� �②♠♠❡��✐❝ ❛♥❞ �❤❡ ♣�❡��✉�❡ ♦♥ �❤❡ �❡❛� ✇✐❧❧ ❜❡ ❧♦✇❡� �❤❡♥ ✐♥ �❤❡
❢�♦♥�✱ �❤❡�❡ ✇✐❧❧ ❜❡ ❛ �❡❛�✇❛�❞ ❞✐�❡❝�❡❞ ❞�❛❣ ❢♦�❝❡✳ ❉✉❡ �♦ ❇❡�♥♦✉❧❧✐✬� ❊�✉❛�✐♦♥✱ ❊*✳ ✭✻✮✱ ✐� ❝❛♥ ❜❡❡♥
�❡❡♥ �❤❛� �❤❡ ❤✐❣❤ ♣�❡��✉�❡ ♣❡❛❦ ✐♥ �❤❡ ❢�♦♥� ✐♥❞✐❝❛�❡� �❤❛� �❤❡ ✈❡❧♦❝✐�② ✇✐❧❧ ❜❡ ❧♦✇ ❛� �❤❛� ♣♦✐♥�✱
��❛❣♥❛�✐♦♥ ♣♦✐♥�✳ ❋✉��❤❡� ❞♦✇♥���❡❛♠✱ ✭✐✳❡✳ ✇✐♥❞♦✇✲�♦♦❢ ��❛♥�✐�✐♦♥✮ �❤❡ ♣�❡��✉�❡ ✐� ❞❡❝�❡❛�❡❞ ❛� �❤❡
�❛♠❡ �✐♠❡ ❛� �❤❡ ✈❡❧♦❝✐�② �✐�❡�✱ �❤✐� ❝♦��❡�♣♦♥❞ �♦ �♦ �❤❡ ❇❡�♥♦✉❧❧✐✬� ❊�✉❛�✐♦♥✳

p1 +
ρV 2

1

2
= p2 +

ρV 2
2

2
✭✻✮

p = static pressure

ρV 2

2
= dynamic pressure

❚❤❡ ❢�✐❝�✐♦♥ ❢♦�❝❡ ✐� ❝�❡❛�❡❞ ❞✉❡ �♦ �❤❡❛� ���❡��❡� ❜❡�✇❡❡♥ �❤❡ ✢✉✐❞ ❛♥❞ �❤❡ �✉�❢❛❝❡ ♦❢ �❤❡ ❜♦❞②
❛♥❞ ✇✐❧❧ ❜❡ �❤❡ �✉♠ ♦❢ ❛❧❧ �❤❡ �❤❡❛� ❢♦�❝❡� ✐♥ �❤❡ ✢✉✐❞✳ ❚❤❡ ❣�❡❛�❡�� ❝♦♥��✐❜✉�✐♦♥ �♦ �❤❡ ❢�✐❝�✐♦♥ ❞�❛❣
❝♦♠❡� ❢�♦♠ �❤❡ ❛�❡❛� ✇✐�❤ ❛��❛❝❤❡❞ ✢♦✇✳❬✶✹❪
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❚❤❡ ❞�❛❣ ❝♦❡✣❝✐❡♥� ✐� ❛ ❞✐♠❡♥�✐♦♥❧❡�� *✉❛♥�✐�② �❤❛� ❞❡�❝�✐❜❡� ❛ ✈❡❤✐❝❧❡� ❛❡�♦❞②♥❛♠✐❝ �❡�✐��❛♥❝❡ ❛♥❞ ✐�
❛ ✉�❡❢✉❧ �♦♦❧ ✇❤❡♥ ❝♦♠♣❛�✐♥❣ ❞✐✛❡�❡♥� ✈❡❤✐❝❧❡ �❤❛♣❡� �❡❣❛�❞❧❡�� ♦❢ �✐③❡ ❛♥❞ �♣❡❡❞✳ ❚❤❡ ❞�❛❣ ❝♦❡✣❝✐❡♥�
❝❛♥ ❜❡ ❡①♣�❡��❡❞ ❛� ✐♥ ❊*✳ ✭✼✮✳ ❚❤❡ ❞�❛❣ ❝♦❡✣❝✐❡♥� ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥�♦ �✇♦ ❝♦♠♣♦♥❡♥��✱ ❛ ❢�✐❝�✐♦♥
❛♥❞ ❛ ❢♦�♠ ❝♦♠♣♦♥❡♥�✱ ❛� ❞❡�❝�✐❜❡❞ ✐♥ �❡❝�✐♦♥ ✷✳✶✳✶✳
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Cd =
FD

1

2
ρU2A

✭✼✮

✇❤❡�❡ ρ = air density✱ U = freestream velocity✱ FD = drag force ❛♥❞ A = frontal area
❲❤❡♥ ❛✐� ���❡❛♠� ❛�♦✉♥❞ ❛ ❜♦❞② �❤❡�❡ ✇✐❧❧ ❜❡ ❛ ♣�❡��✉�❡ ❞✐✛❡�❡♥❝❡ ❜❡�✇❡❡♥ �❤❡ ✉♣♣❡� ❛♥❞ ❧♦✇❡�

♣❛��✱ ✐❢ ♥♦ �❡♣❛�❛�✐♦♥ ♦❝❝✉�� ✐♥ �❤❡ ✢♦✇ ✜❡❧❞ �❤❡ ❛✐� ♦♥ �❤❡ ✉♣♣❡� �✉�❢❛❝❡ ✇✐❧❧ ��❛✈❡❧ ❛ ❧♦♥❣❡� ♣❛�❤ �♦
�❡❛❝❤ �❤❡ ❡♥❞ ♦❢ �❤❡ ✈❡❤✐❝❧❡✳ ❚❤✐� ❞✐✛❡�❡♥❝❡ ✐♥ ��❛✈❡❧ ❧❡♥❣�❤ ✇✐❧❧ ❝�❡❛�❡ ❛ ❞✐✛❡�❡♥❝❡ ✐♥ �❤❡ �♣❡❡❞ ♦❢
�❤❡ ✢✉✐❞✱ ❧♦♥❣❡� ✇❛② �♦ ��❛✈❡❧ ✇✐❧❧ ❣✐✈❡ ❛ ❤✐❣❤❡� �♣❡❡❞✱ ❛♥❞ ❧♦✇❡� ♣�❡��✉�❡✳ ❖♥ ❛ ✈❡❤✐❝❧❡ �❤❡ ♣�❡��✉�❡
✇✐❧❧ ❜❡ ❧♦✇❡� ♦♥ �♦♣ ♦❢ �❤❡ ✈❡❤✐❝❧❡ ❛♥❞ ❤✐❣❤❡� ✉♥❞❡�♥❡❛�❤ ✐�✱ �❤✐� ❣✐✈❡� �❤❡ ❧✐❢�✐♥❣ ❢♦�❝❡ (FL)✳ ❚❤❡ ❧✐❢�
❝♦❡✣❝✐❡♥� ✐� ❛ ❞✐♠❡♥�✐♦♥❧❡�� ❝♦❡✣❝✐❡♥� �❤❛� ❞❡�❝�✐❜❡� �❤❡ ❧✐❢� ❣❡♥❡�❛�❡ ♦♥ �❤❡ ❜♦❞② ❛♥❞ ✐� ❡①♣�❡��❡❞
✐♥ ❊$✳ ✭✽✮✳

Cl =
FL

1

2
ρU2A

✭✽✮

✷✳✶✳✸ ��❡��✉�❡ ❝♦❡✣❝✐❡♥�

❆ ✉�❡❢✉❧ ♣❛�❛♠❡�❡� �♦ ❝♦♠♣❛�❡ ✐♥❝♦♠♣�❡��✐❜❧❡ ✢♦✇� ✐� �❤❡ ♣�❡��✉�❡ ❝♦❡✣❝✐❡♥� ✭Cp✮✱ �❡❡ ❊$✳ ✭✾✮✳ ❚❤❡
♣�❡��✉�❡ ❝♦❡✣❝✐❡♥� ✭Cp✮ ❞❡�❝✐❜❡� ❤♦✇ �❤❡ ♣�❡��✉�❡ ♦♥ ❛ �✉�❢❛❝❡ ❞❡✈✐❛�❡ ❢�♦♠ �❤❡ ❢�❡❡���❡❛♠ ♣�❡��✉�❡✳
❊✈❡�② �✐♥❣❧❡ ♣♦✐♥� ✐♥ �❤❡ ✢♦✇ ✜❡❧❞ ♦� ♦♥ �❤❡ �❤❡ �✉�❢❛❝❡ ❤❛� ❛♥ ✉♥✐$✉❡ Cp✳ ❚♦ ✜♥❞ �❤❡ ��❛❣♥❛�✐♦♥
♣�❡��✉�❡ ♦♥ ❛ �✉�❢❛❝❡ Cp �❤♦✉❧❞ ❜❡ ❡$✉❛❧ �♦ ♦♥❡✳ ■❢ Cp ✐♥��❡❛❞ ✐� ❡$✉❛❧ �♦ ③❡�♦ �❤✐� ✐♥❞✐❝❛�❡� ❛ ❧♦✇
♣�❡��✉�❡ �❡❣✐♦♥ ✇❤❡�❡ �❤❡ �✐�❦ ❢♦� �❡♣❛�❛�✐♦♥ ✐� ❤✐❣❤✳ ■♥ ❊$✳ ✭✾✮ �❤❡ ♣�❡��✉�❡ ❝♦❡✣❝✐❡♥� ✐� ❡①♣�❡��❡❞
✐♥ �❡�♠� ♦❢ ♣�❡��✉�❡✳

Cp =
p− p∞
1

2
ρV 2

=
p− p∞

dynamic pressure
✭✾✮

✇❤❡�❡ p∞ ✐� �❤❡ ��❛�✐❝ ♣�❡��✉�❡ ✐♥ �❤❡ ❢�❡❡���❡❛♠ ❛♥❞ p ✐� �❤❡ ♣�❡��✉�❡ ✐♥ �❤❡ �♣❡❝✐✜❝ ♣♦✐♥�✳

✷✳✶✳✹ ■♥❞✉❝❡❞ ❞�❛❣

❆♥♦�❤❡� ✐♠♣♦��❛♥� ❞�❛❣ �♦✉�❝❡ ✐� �❤❡ ✐♥❞✉❝❡❞ ❞�❛❣✭✈♦��❡① ❞�❛❣✮✱ �♦♠❡ �✐♠❡� �❡❢❡��❡❞ ❛� ��❛✐❧✐♥❣ ✈♦�✲
�✐❝❡�✱ �❤❛� ✐� ❝�❡❛�❡❞ ❢�♦♠ ❧✐❢� ✐♥❞✉❝❡❞ ❣❡♦♠❡��② �✉❝❤ ❛� ❛ ✇✐♥❣ ♣�♦✜❧❡✳ ■♥❞✉❝❡❞ ❞�❛❣ ❝❛♥ ❡✈❡♥ ❜❡
❣❡♥❡�❛�❡❞ ❢�♦♠ �❤❡ ♣�❡��✉�❡ ❞✐✛❡�❡♥❝❡ ❜❡�✇❡❡♥ �❤❡ ✉♥❞❡�❜♦❞② ❛♥❞ �♦♦❢ ♦❢ �❤❡ ✈❡❤✐❝❧❡✳ ■♥❞✉❝❡❞ ❞�❛❣
❝♦♥�✐��� ♦❢ ❞�❛❣ ❝�❡❛�❡❞ ❢�♦♠ ❛♥ ✐♥❝�❡❛�❡❞ ❦✐♥❡�✐❝ ❡♥❡�❣② ✐♥ ❢♦�♠ ♦❢ ✐♥❝�❡❛�❡❞ ✈♦��❡① ♠♦�✐♦♥ ❛♥❞
❛❞❞✐�✐♦♥❛❧ ✈✐�❝♦✉� ❞�❛❣✳❬✷❪

✷✳✷ ❋❧♦✇ �❡♣❛�❛�✐♦♥

❆� ❛ ❜♦❞② ✐� ♠♦✈✐♥❣ �❤�♦✉❣❤ ❛ ✢✉✐❞ ❛ ❜♦✉♥❞❛�② ❧❛②❡� ✐� ❢♦�♠❡❞ ♥❡❛� �❤❡ �✉�❢❛❝❡ ✇❤❡�❡ ✈✐�❝♦✉� ❢♦�❝❡�
♦❝❝✉�✳ ❚❤✐� ❜♦✉♥❞❛�② ❧❛②❡� ❝❛♥ ❡✐�❤❡� ❜❡ ♦❢ ❧❛♠✐♥❛� ♥❛�✉�❡ ♦� �✉�❜✉❧❡♥�✳ ❚♦ ❡��❛❜❧✐�❤ �❤❡ �②♣❡ ♦❢
❜♦✉♥❞❛�② ❧❛②❡� �❤❡ ❘❡②♥♦❧❞� ♥✉♠❜❡� ❝❛♥ ❜❡ ❝❛❧❝✉❧❛�❡❞✱ �❡❡ ❊$✳ ✭✶✵✮✳ ❚❤❡ ✢♦✇ ❜❡❝♦♠❡ �✉�❜✉❧❡♥� ❢♦�
❤✐❣❤ ❘❡②♥♦❧❞� ♥✉♠❜❡��✳

Re =
ρUl

µ
✭✶✵✮

❆� �❤❡ ❛✐� ��❛✈❡❧� ❛❧♦♥❣ �❤❡ �✉�❢❛❝❡ ♦❢ ❛♥ ✐♠♠❡��❡❞ ❜♦❞② ✭�❡❡ ❋✐❣✉�❡ ✸✮ �❤❡ ♣�❡��✉�❡ ❣�❛❞✐❡♥� ♦❢
�❤❡ ❜♦✉♥❞❛�② ❧❛②❡� ❞�♦♣�✳ ❲❤❡♥ �❤❡ ❣�❛❞✐❡♥� ♦❢ �❤❡ ✈❡❧♦❝✐�② ♣�♦✜❧❡ ✭❜♦✉♥❞❛�② ❧❛②❡�✮ �❡❛❝❤❡� ❛ ✈❛❧✉❡

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✽
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♦❢ ③❡�♦ ❛ �❡♣❛�❛	✐♦♥ ♦❢ 	❤❡ ✢♦✇ ✇✐❧❧ ♦❝❝✉�✳ ❆� 	❤❡ ✢♦✇ �❡♣❛�❛	❡� 	❤❡ ❛✐� ❜❡❝♦♠❡� ❞❡✲❛		❛❝❤❡❞ ❢�♦♠ 	❤❡
�✉�❢❛❝❡ ❛♥❞ ✇✐❧❧ ✐♥�	❡❛❞ ❢♦�♠ ❡❞❞②✳ ❚❤✐� ✇✐❧❧ �❡�✉❧	 ✐♥ ✐♥❝�❡❛�❡❞ ❞�❛❣ ♦� ♠♦�❡ �♣❡❝✐✜❝❛❧❧② ♣�❡��✉�❡ ❞�❛❣
✇❤✐❝❤ ♠❡❛♥� 	❤❛	 ❛ ❞❡❧❛② ✐♥ ✢♦✇ �❡♣❛�❛	✐♦♥ ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ♠♦�❡ ❢❛✈♦�❛❜❧❡ ✐♥ 	❡�♠� ♦❢ 	♦	❛❧ ❞�❛❣✳

▲✳ ��❛♥❞	❧ �❤♦✇❡❞ 	❤❛	 ✢♦✇ �❡♣❛�❛	✐♦♥ ✐� ❝❛✉�❡❞ ❜② ❡①❝❡��✐✈❡ ♠♦♠❡♥	✉♠ ❧♦�� ♥❡❛� 	❤❡ �✉�❢❛❝❡ ✐♥
❛ ❜♦✉♥❞❛�② ❧❛②❡� ♠♦✈✐♥❣ ❛❣❛✐♥�	 ❛♥ ✐♥❝�❡❛�❡❞ ♣�❡��✉�❡ ❣�❛❞✐❡♥	 ✭ dp

dx < 0✱ ❛❞✈❡�❡ ♣�❡✉�❡ ❣�❛❞✐❡♥�✮✳
❚❤❡ ❡#✉❛	✐♦♥ ♦❢ ♠♦	✐♦♥ ❝❛♥ ❜❡ �❡❞✉❝❡❞ 	♦ ��❛♥❞	❧✬� ❜♦✉♥❞❛�② ❧❛②❡� ❡#✉❛	✐♦♥� ❢♦� ✷❉ ✐♥❝♦♠♣�❡��✐❜❧❡

✢♦✇ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉�❡❞ 	♦ ❞❡�❝�✐❜❡ 	❤❡ ✈❡❧♦❝✐	② ♣�♦✜❧❡ ♦❢ 	❤❡ ❜♦✉♥❞❛�② ❧❛②❡� ❛♥❞ ❝❛❧❝✉❧❛	❡ 	❤❡ ❛❞✈❡��❡
♣�❡��✉�❡ ❣�❛❞✐❡♥	✳❬✶✹❪

Continuity :
∂u

∂x
+

∂v

∂y
= 0 ✭✶✶✮

Momentum along wall :
∂u

∂x
+ v

∂u

∂y
≈ U

dU

dx
+

1

ρ

∂τ

∂y
✭✶✷✮

❋�♦♠ 	❤❡�❡ ❡#✉❛	✐♦♥ ♦♥❡ ❝❛♥ ❡①♣❧❛✐♥ 	❤❡ ✢♦✇ �❡♣❛�❛	✐♦♥ ❜② ✉�✐♥❣ 	❤❡ �❡❝♦♥❞ ❞❡�✐✈❛	✐✈❡ ♦❢ 	❤❡
✈❡❧♦❝✐	② ❬✉❪ ❛	 	❤❡ ✇❛❧❧✳ ❇② �❡		✐♥❣ 	❤❡ u = v = 0 ❛	 	❤❡ ✇❛❧❧ 	❤❡ ❊#✳ ✭✶✶✮ ❛♥❞ ✭✶✷✮ 	❤❡ ❛❞✈❡��❡
❣�❛❞✐❡♥	 ❝❛♥ ❜❡ ❝❛❧❝✉❧❛	❡❞✱ �❡❡ ❊#✳ ✭✶✸✮✳

∂τ

∂y

∣

∣

∣

∣

wall

= µ
∂2u

∂y2

∣

∣

∣

∣

wall

= −ρU
dU

dx
=

dp

dx
✭✶✸✮

❋✐❣✉�❡ ✸✿ ❇♦✉♥❞❛�② ❧❛②❡� �❡♣❛�❛	✐♦♥

❚❤❡ ♣�✐♠❛�② �❡❛�♦♥ ❢♦� ❜♦✉♥❞❛�② ❧❛②❡� �❡♣❛�❛	✐♦♥ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ❋✐❣✉�❡ ✸ 	❤❛	 �❤♦✇ ❤♦✇ 	❤❡
✈❡❧♦❝✐	② ❣�❛❞✐❡♥	 ❛❧♦♥❣ 	❤❡ �✉�❢❛❝❡ ❝❤❛♥❣❡� ❞✐�❡❝	✐♦♥✳ ❚❤❡ ♣♦✐♥	 ♦❢ �❡♣❛�❛	✐♦♥ ✭xs✮ ✐� ❞❡✜♥❡❞ ✇❤❡♥ 	❤❡
♣�❡��✉�❡ ❣�❛❞✐❡♥	 ♦❢ 	❤❡ �❧♦♣❡ ✐� ③❡�♦ ✭τw = 0✮✳❬✽❪ ❘❡�✉❧	� ❢�♦♠ 	❤❡ �✐♠✉❧❛	✐♦♥� ♦❢ ❡❛❝❤ ❝❛�❡ ✇✐❧❧ ❣✐✈❡
	❤❡ �❤❡❛� �	�❡�� ❛	 	❤❡ ✇❛❧❧ ❛♥❞ ✇✐❧❧ �❤♦✇ ❛	 ✇❤❛	 ❧♦❝❛	✐♦♥ 	❤❡ ✢♦✇ ✇✐❧❧ �❡♣❛�❛	❡ ❢�♦♠ 	❤❡ �✉�❢❛❝❡✳

✷✳✷✳✶ ❙❡♣❛�❛	✐♦♥ ❖♥ ❛ ❈❛� ❛♥❞ ❲❛❦❡ ❈�❡❛	✐♦♥

❚❤❡ ✢♦✇ ❛�♦✉♥❞ ❛ ♣❛��❡♥❣❡� ❝❛� ✐� ❛�②♠♠❡	�✐❝✱ 	❤❡ ✈❡❤✐❝❧❡ ❜♦❞② ❝♦♥�✐�	� ♦❢ ✉♥❡✈❡♥♥❡�� ✇❤✐❝❤ ✇✐❧❧
❧❡❛❞ 	♦ �❡♣❛�❛	✐♦♥ ♦❢ 	❤❡ ✢♦✇✳ ❚✇♦ ❞✐✛❡�❡♥	 	②♣❡� ♦❢ �❡♣❛�❛	✐♦♥� ❝❛♥ ♦❝❝✉�✱ �✉❛�✐✲�✇♦ ❞✐♠❡♥�✐♦♥❛❧

❛♥❞ �❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ �❡♣❛�❛�✐♦♥✳ ◗✉❛�✐✲	✇♦✲❞✐♠❡♥�✐♦♥❛❧ ♦❝❝✉�� ♦♥ ❡❞❣❡� ♣❡�♣❡♥❞✐❝✉❧❛� 	♦ 	❤❡ ✢♦✇✱
�✉❝❤ ❛� 	❤❡ ❡❞❣❡ ❜❡	✇❡❡♥ 	❤❡ ❣�✐❧❧ ❛♥❞ ❤♦♦❞✳ ❚❤✐� ❦✐♥❞ ♦❢ �❡♣❛�❛	✐♦♥ ✐� ❝❤❛�❛❝	❡�✐③❡❞ ❜② ❤✐❣❤ ❞❡❣�❡❡
♦❢ 	✉�❜✉❧❡♥❝❡✳ ❆❢	❡� �❡♣❛�❛	✐♦♥ 	❤❡ ✢♦✇ ✐� ❛❜❧❡ 	♦ �❡❛		❛❝❤ ❢✉�	❤❡� ❞♦✇♥�	�❡❛♠✱ ✐❢ 	❤❡�❡ ✐� ❛ �✉�❢❛❝❡

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✾
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�♦ �❡❛��❛❝❤ �♦✳ ❚❤✐� �②♣❡ ♦❢ �❡♣❛�❛�✐♦♥ ♦❝❝✉�� ❛� �❤❡ �❡❛� ♣❛�� ♦❢ �❤❡ ✈❡❤✐❝❧❡ ❛♥❞ ❝�❡❛�❡� ❛ ❜✐❣ ✇❛❦❡
❜❡❤✐♥❞ �❤❡ ❝❛�✳

❚❤❡ ♦�❤❡� ❦✐♥❞ ♦❢ �❡♣❛�❛�✐♦♥ ✐� �❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ �②♣❡ ❛♥❞ ♦❝❝✉�� ❛�♦✉♥❞ ❡❞❣❡� ✇❤❡�❡ �❤❡ ❛✐� ✢♦✇�
✇✐�❤ ❛♥ ❛♥❣❧❡✱ ✐✳❡✳ ❛� �❤❡ ❆✲ ❛♥❞ ❈✲♣✐❧❧❛��✳ ❱♦��✐❝❡� ❛�❡ ❝�❡❛�❡❞ ❛♥❞ ❞❡✈❡❧♦♣❡❞ ✐♥ �❤❡ ���❡❛♠✇✐�❡
❞✐�❡❝�✐♦♥✳ ❚❤✐� ❦✐♥❞ ♦❢ ��❛✐❧✐♥❣ ✈♦��✐❝❡� ❛�❡ �❡❢❡�❡❡❞ ❛� �❤❡ ✐♥❞✉❝❡❞ ❞�❛❣✱ �❡❡ ❙❡❝�✐♦♥ ✷✳✶✳✹ ❛♥❞ ❋✐❣✉�❡
✹✳ ❚❤❡ ❝✐�❝✉❧❛�✐♦♥ ❞❡♣❡♥❞� ♦♥ �❤❡ �❤❛♣❡ ♦❢ �❤❡ ❡❞❣❡ ✇❤❡�❡ �❡♣❛�❛�✐♦♥ ♦❝❝✉� ❛♥❞ �❤❡ ❞✐�❡❝�✐♦♥ ♦❢ �❤❡
❛✐� �❤❛� ♠♦✈❡� ❢�♦♠ �❤❡ ❤✐❣❤ ♣�❡��✉�❡ �❡❣✐♦♥ �♦ ❧♦✇ ♣�❡��✉�❡ �❡❣✐♦♥✳

❋✐❣✉�❡ ✹✿ ■♥❞✉❝❡❞ ❞�❛❣ ♦♥ ❛ ♣❛��❡♥❣❡� ❝❛�

❲❤❡♥ ❛ ✢✉✐❞ ✢♦✇� ❛❧♦♥❣ ❛ ❜♦❞② ✐� ✇✐❧❧ �❧♦✇ ❞♦✇♥ ♥❡❛�❡�� �❤❡ ❜♦❞② ❞✉❡ �♦ �❤❡ ❢�✐❝�✐♦♥ ❢�♦♠ �❤❡
�✉�❢❛❝❡✳ ❚❤❡ ❞❡❝�❡❛�❡❞ ✈❡❧♦❝✐�② �❡�✉❧� ✐♥ ❛♥ ✐♥❝�❡❛�❡❞ ♣�❡��✉�❡ ✇❤✐❝❤ ✐♥ �✉�♥ ♠❡❛♥� �❤❛� �❤❡ ❢♦�❝❡
�♦ �❧♦✇ ❞♦✇♥ �❤❡ ✢✉✐❞ ❡①❝❡❡❞� �❤❡ ❢♦�❝❡ �♦ ❝❛��② ✐� ❢♦�✇❛�❞✳ ❲❤❡♥ �❤✐� ❛♣♣❡❛�� �❤❡ ✢✉✐❞ ♥❡❛�❡��
�❤❡ �✉�❢❛❝❡ ❝❤❛♥❣❡� ❞✐�❡❝�✐♦♥ ❛♥❞ �❡♣❛�❛�✐♦♥ ♦❝❝✉��✳ ❆ ✇❛❦❡ ✐� ❝�❡❛�❡❞ ✇❤❡�❡ �❤❡ �❡♣❛�❛�✐♦♥ �❛❦❡�
♣❧❛❝❡✱ �❤❡ ✇❛❦❡ ❤❛� ❧♦✇❡� ♣�❡��✉�❡ �❤❡♥ �❤❡ �✉��♦✉♥❞✐♥❣�✳ ❚❤❡ ❧♦✇❡� ♣�❡��✉�❡ ❜❡❤✐♥❞ �❤❡ ❜♦❞② ✐♥
❝♦♠❜✐♥❛�✐♦♥ ✇✐�❤ �❤❡ ❤✐❣❤❡� ♣�❡��✉�❡ ✐♥ ❢�♦♥� ♦❢ ✐� ❧❡❛❞� �♦ ❛♥ ✐♥❝�❡❛�❡ ✐♥ ❞�❛❣ �❡�✐��❛♥❝❡✳ ❇② ❞❡❧❛②✐♥❣
�❤❡ �❡♣❛�❛�✐♦♥ �❤❡ �✐③❡ ♦❢ �❤❡ ✇❛❦❡ ✇✐❧❧ ❞❡❝�❡❛�❡ ❛♥❞ ❛❧�♦ �❤❡ ❞�❛❣✳❬✶✹❪

✷✳✷✳✷ ❯♥❞❡�❜♦❞②

❆ �♠♦♦�❤ ✉♥❞❡�❜♦❞② ✐� ♥❡❝❡��❛�② ❢♦� ❛ ❡✛❡❝�✐✈❡ ❞✐✛✉�❡�✳ ❆ ❧♦♥❣❡� ❞✐✛✉�❡� ✐� ♠♦�❡ ❡✛❡❝�✐✈❡ ❞✉❡ �♦ ❛
♠♦�❡ �♠♦♦�❤ ✐♥❝�❡❛�❡ ✐♥ ♣�❡��✉�❡ ❛♥❞ �♦ ❛✈♦✐❞ �❡♣❛�❛�✐♦♥✳ ✭❚❤❡ �❛♠❡ ❞�❛❣ �❡❞✉❝�✐♦♥ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞
❢♦� ❛ ❧♦♥❣ ❞✐✛✉�❡� ❛� ❛ �❤♦�� ��❡❡♣✳✮❬✺❪

❚♦ ❛❝❤✐❡✈❡ ❛ ❡✛❡❝�✐✈❡ ❞✐✛✉�❡� ❛� ♣♦��✐❜❧❡ �❤❡ ✢♦✇ �❤♦✉❧❞ ❜❡ ❛��❛❝❤❡❞ ❛❧♦♥❣ �❤❡ ✇❤♦❧❡ ❞✐✛✉�❡�✳
❆��❛❝❤❡❞ ✢♦✇ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❤❛✈✐♥❣ ❛ ❧♦♥❣ ✢❛� ✉♥❞❡�❜♦❞② �♦ �❤❡ ✢♦✇ �❡♣❛�❛�❡� ❡❛�❧② ✉♥❞❡� �❤❡
✈❡❤✐❝❧❡ ❛♥❞ �❤❡♥ �❡❛��❛❝❤ ❜❡❢♦�❡ �❤❡ ❞✐✛✉�❡� ��❛���✳ ❆ �♦ ❤✐❣❤ ❞✐✛✉�❡� ❛♥❣❧❡ ❝❛♥ ❤♦✇❡✈❡� ♠❛❦❡ �❤❡
✢♦✇ �♦ �❡♣❛�❛�❡ ❛� �❤❡ ❡❞❣❡✳

❆ �♠♦♦�❤ ✉♥❞❡�❜♦❞② ✇✐❧❧ ♥♦� ♦♥❧② ❛✛❡❝� �❤❡ ❡✛❡❝� ♦❢ �❤❡ ❞✐✛✉�❡�✳ ❆❝❝♦�❞✐♥❣ �♦ ❘✳❍✳ ❇❛�♥❛�❞

�❤❡ ✉♥❞❡�❜♦❞② ❝♦♥��✐❜✉�❡� �♦ �❤❡ �♦�❛❧ ❞�❛❣ ✇✐�❤ ❛�♦✉♥❞ ✷✵ ♣❡�❝❡♥�✱ ❞✉❡ �♦ �❤❡ �♦✉❣❤♥❡�� ♦❢ �❤❡
✉♥❞❡�❜♦❞②✳❬✷❪

✷✳✷✳✸ ❘❡❛�✲❡♥❞

✽✺ ♣❡�❝❡♥� ♦❢ �❤❡ �♦�❛❧ ❞�❛❣ ✐� ❣❡♥❡�❛�❡❞ ❢�♦♠ �❤❡ ❢♦�♠ ❞�❛❣ ❛❧�♦ ❝❛❧❧❡❞ ♣�❡��✉�❡ ❞�❛❣✳❬✶✵❪ ❇② ❧♦✇❡�
�❤❡ ♣�❡��✉�❡ ❞✐✛❡�❡♥❝❡ ❜❡�✇❡❡♥ �❤❡ ❢�♦♥� ❛♥❞ �❡❛�✱ ✐✳❡✳ ✐♥❝�❡❛�❡ �❤❡ ❜❛�❡ ♣�❡��✉�❡✱ �❤❡ ❞�❛❣ ❝♦❡✣❝✐❡♥�
�❤♦✉❧❞ �❛♣✐❞❧② ❞❡❝�❡❛�❡✳ ❆ ❤✐❣❤❡� ❜❛�❡ ♣�❡��✉�❡ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❞❡❝�❡❛�❡ �❤❡ ❛�❡❛ ♦❢ �❤❡ �❡❛�
❡♥❞✱ �❤✐� ♠❡❛♥� �❤❛� �❤❡ ✈❡❤✐❝❧❡ ❤❛� �♦ ❜❡ ❡①�❡♥❞❡❞ ❛♥❞ ❤❛✈❡ ❛ ♠♦�❡ �❡❛�❞�♦♣❡❞ �❤❛♣❡✳ ❉✉❡ �♦

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✶✵



✷ ❚❍❊❖❘❨ ✷✳✷ ❋❧♦✇ ❡♣❛�❛�✐♦♥

❡♥✈✐�♦♥♠❡♥�❛❧ ❝✐�❝✉♠�❛♥❝❡ ❛ ✈❡❤✐❝❧❡ ❧❡♥❣�❤ ✐ �❡��✐❝�❡❞✱ ♦ �♦♦ ✐♥❝�❡❛❡ �❤❡ ❜❛❡ ♣�❡✉�❡ ♦�❤❡�

♠❡�❤♦❞ ❤❛✈❡ �♦ ❜❡ ✐♠♣❧❡♠❡♥�❡❞✱ ❢♦� ❡①❛♠♣❧❡ ✐♥��♦❞✉❝✐♥❣ ❛ ❞✐✛✉❡�✳ ❚❤❡ �❡❛�✲❡♥❞ ♦❢ �❤❡ ✈❡❤✐❝❧❡ ♣❧❛②�
❛♥ ✐♠♣♦��❛♥� �♦❧❡ �✐♥❝❡ �❤❡ ❡✛❡❝� ♦❢ �❤❡ ❞✐✛✉�❡� ✐� ❞❡♣❡♥❞✐♥❣ ♦♥ �❤❡ �❤❛♣❡ ♦❢ �❤❡ �❡❛�✲❡♥❞✱ ❛� ✇❡❧❧ ❛�
�❤❡ �❡♣❛�❛�✐♦♥ ✐� ❞❡♣❡♥❞❡♥� ♦♥ �❤❡ �❤❛♣❡✳❬✻❪

❚❤❡�❡ ❛�❡ �❤�❡❡ ❦✐♥❞� ♦❢ ❝♦♠♠♦♥ �❡❛�✲❡♥❞� ❢♦� ♣❛��❡♥❣❡� ❝❛��✱ ♥♦�❝❤❜❛❝❦ ✭�❡❞❛♥✮✱ ❤❛�❝❤❜❛❝❦ ❛♥❞
	
✉❛�❡❜❛❝❦ ✭✇❛❣♦♥✮✳ ❚❤❡ ❞❡�✐❣♥ ♦❢ �❤❡ �❡❛�✲❡♥❞ ❤❛� ❛ ❜✐❣ ✐♥✢✉❡♥❝❡ ♦♥ �❤❡ ❜❡❤❛✈✐♦� ❛♥❞ �❤❛♣❡ ♦❢ �❤❡
✇❛❦❡✳ ❲❤❡♥ ❞❡�✐❣♥✐♥❣ �❤❡ �❡❛�✲❡♥❞ �❤❡ ❛✐♠ ✐� �♦ ♠❛❦❡ �❤❡ ❜❛�❡ ♣�❡��✉�❡ ❛� ❤✐❣❤ ❛� ♣♦��✐❜❧❡ ❛♥❞ ❣❡� ❛
❧♦✇ ♣�❡��✉�❡ ❞✐✛❡�❡♥❝❡ ❜❡�✇❡❡♥ �❤❡ ��❛❣♥❛�✐♦♥ ♣�❡��✉�❡ ✐♥ �❤❡ ❢�♦♥� ❛♥❞ �❤❡ ❜❛�❡✲♣�❡��✉�❡ ✐♥ �❤❡ �❡❛�✳
❆ �$✉❛�❡❜❛❝❦ ❤❛� ❛ �❡❧❛�✐✈❡ ❤✐❣❤ �❛❦❡ ❛♥❣❧❡ ✭φ✮✱ �❡❡ ❋✐❣✉�❡ ✺❛✳ ❚❤✐� ❤✐❣❤ �❛❦❡ ❛♥❣❧❡ ♠❛❦❡� �❤❡ ✢♦✇
�❡♣❛�❛�❡ ❡❛�❧② ❛♥❞ ♥♦� ��❛② ❛��❛❝❤❡❞ ♦✈❡� �❤❡ �❡❛� ✇✐♥❞�❝�❡❡♥✳ ■❢ �❤❡ ✢♦✇ ✇♦✉❧❞ �❡♠❛✐♥ ❛��❛❝❤❡❞ ✐�
❝♦✉❧❞ ❝�❡❛�❡ ❛ ���♦♥❣ ❞♦✇♥✇❛�❤ ♦❢ �❤❡ ✢♦✇ ✜❡❧❞ ✇❤✐❝❤ ❝❛✉�❡ ❛ ❤✐❣❤ ❞❡❣�❡❡ ♦❢ �✉�❜✉❧❡♥❝❡ ✐♥ �❤❡ ✇❛❦❡✱
�❤✐� ✇♦✉❧❞ ✐♥❝�❡❛�❡ �❤❡ ❞�❛❣✳ ❚❤✐� �②♣❡ ♦❢ ❜❡❤❛✈✐♦� ✐� ❝♦♠♠♦♥ ♦♥ ❤❛�❝❤❜❛❝❦� ✇✐�❤ ❛ �❛❦❡ ❛♥❣❧❡ ♥❡❛�
30◦❛♥❞ ��❛✐❧✐♥❣ ✈♦��✐❝❡� ✇♦✉❧❞ ❜❡ ❝�❡❛�❡❞ �♦ �♦♠❡ ❡①�❡♥❞ ❛♥❞ �❤❡ ✐♥❞✉❝❡❞ ❞�❛❣ ✇✐❧❧ ❜❡ ✐♥❝�❡❛�❡❞✳ ❆
❤✐❣❤ �❛❦❡ ❛♥❣❧❡ ❞❡❝�❡❛�❡� �❤❡ ❞♦✇♥✇❛�❤ ❛♥❞ �❤❡ ✐♥❞✉❝❡❞ ❞�❛❣ ❜✉� ✇✐❧❧ ♦♥ �❤❡ ♦�❤❡� ❤❛♥❞ ❤❛✈❡ ❛♥
♥❡❣❛�✐✈❡ ✐♠♣❛❝� ♦♥ �❤❡ ♣�❡��✉�❡ ❞�❛❣✳❬✷❪

❖♥❡ ♦❢ �❤❡ ♠♦�� ❡✣❝✐❡♥� ✇❛②� �♦ �❡❞✉❝❡ �❤❡ ❞�❛❣ �❡�✐��❛♥❝❡ ✐� �♦ ❜❛❧❛♥❝❡ �❤❡ ✇❛❦❡✱ ✐♥ ♦�❞❡� �♦ ❞♦ �♦
�❤❡ ❞❡�✐❣♥ ♦❢ �❤❡ ✉♥❞❡�❜♦❞② �❤♦✉❧❞ ❛♣♣�♦①✐♠❛�❡❧② ❜❡ �❤❡ �❛♠❡ ❛� �❤❡ ✉♣♣❡� ♣❛�� ♦❢ �❤❡ �❡❛�✲❡♥❞✳ ❋♦� ❛
�$✉❛�❡❜❛❝❦✱ ✇❤❡�❡ �❤❡ �❡♣❛�❛�❡❞ �❡❣✐♦♥ ♦�✐❣✐♥❛�❡� ❞✐�❡❝�❧② ❢�♦♠ �❤❡ �♦♦❢ ❡❞❣❡✱ �❤❡ ✉♥❞❡�❜♦❞②✴❞✐✛✉�❡�
�❤♦✉❧❞ ❜❡ $✉✐�❡ ✢❛� ✐♥ ♦�❞❡� �♦ ♠❛�❝❤ �❤❡ �♦♦❢✳❬✺❪

❖♥ �❤❡ �❡❛� ♦❢ �❤❡ ♥♦�❝❤❜❛❝❦ ✐�✬� ♣♦��✐❜❧❡ �♦ �❡❝♦❣♥✐③❡ ❜♦�❤ $✉❛�✐✲�✇♦✲❞✐♠❡♥�✐♦♥❛❧ ❛♥❞ �❤�❡❡✲
❞✐♠❡♥�✐♦♥❛❧ �❡♣❛�❛�✐♦♥✳ ❖♥ ❛ ♥♦�❝❤❜❛❝❦ �❤❡�❡ ❛�❡ �❤�❡❡ ♣❛�❛♠❡�❡�� ♦♥ �❤❡ �❡❛� �❤❛� ❛✛❡❝�� �❤❡ ❞�❛❣✿
�❤❡ ❤❡✐❣❤�✱ ③✱ ❛♥❞ ❧❡♥❣�❤✱ ①✱ ♦❢ �❤❡ ♥♦�❝❤ ❛♥❞ �❤❡ ✐♥❝❧✐♥❛�✐♦♥✱ γ, ♦❢ �❤❡ �❡❛� ✇✐♥❞♦✇✱ �❡❡ ❋✐❣✉�❡ ✺❜✳
●❡♥❡�❛❧❧② ❛ ❤✐❣❤❡� ❜♦♦� ✇✐❧❧ ❣❡♥❡�❛�❡ ❛ ❧♦✇❡� ❞�❛❣✱ ❛� ✇❡❧❧ ❛� ❛ ❣�❡❛�❡� ✐♥❝❧✐♥❛�✐♦♥ ♦❢ �❤❡ �❡❛� ✇✐♥❞♦✇✳❬✺❪

■♥ �❤❡ �❡❣✐♦♥ ❜❡�✇❡❡♥ �❤❡ ❜♦♦� ❛♥❞ �❤❡ ✇✐♥❞♦✇ ❛ �♦ ❝❛❧❧❡❞ ❞❡❛❞ ✇❛�❡� �❡❣✐♦♥ ✐� ❝�❡❛�❡❞ ❞✉❡
�♦ �❡♣❛�❛�❡❞ ✢♦✇ ♦♥ �❤❡ �❡❛� ✇✐♥❞♦✇✳ ■♥ �❤❡ ❞❡❛❞ ✇❛�❡� �❡❣✐♦♥ �❤❡ ✢♦✇ ✐� �❡❝✐�❝✉❧❛�✐♥❣✱ ❢✉��❤❡�
❞♦✇♥���❡❛♠ �❤❡ ✢♦✇ ✐� �❡✲❛��❛❝❤❡❞✳ ■♥ �♦♠❡ ❝❛�❡� �❤❡ ��❛✐❧✐♥❣ ✈♦��✐❝❡� ❝�❡❛�❡❞ ❛�♦✉♥❞ �❤❡ ❈✲♣✐❧❧❛��
❛�❡ ❛✛❡❝�✐♥❣ �❤❡ ✢♦✇ ♦✈❡� �❤❡ ��✉♥❦ ✇❤✐❝❤ �❡�✉❧�� ✐♥ ♥♦ �❡✲❛��❛❝❤♠❡♥� ❛♥❞ ❛ ���♦♥❣ ❞♦✇♥✇❛�❤✳ ■❢ �❤❡
✢♦✇ ✐� �❡✲❛��❛❝❤❡❞ ✐� ✇✐❧❧ ❝❛✉�❡ ❛ ♣�❡��✉�❡ �✐�❡ ♦♥ �❤❡ ❜♦♦� ❛♥❞ �❤❡ ❞�❛❣ ✇✐❧❧ �❤❡♥ ❜❡ �❡❞✉❝❡❞✳ ■♥ �❤❡
❝❛�❡ ✇✐�❤ �❤❡ ❙❆❆❇ ✾✲✸ ❙❡❞❛♥ �❤❡ ✐♥❝❧✐♥❛�✐♦♥✱ γ, ✐� ♥♦� �❤❛� ��❡❡♣ ❛♥❞ �❤❡ ✢♦✇ ✇✐❧❧ �❡❛��❛❝❤ ♦♥ �❤❡
♥♦�❝❤✳

❚❤❡ ✇❛❦❡ ♦♥ �❤❡ ❙❆❆❇ ✾✲✸ ❙❡❞❛♥ ✇✐❧❧ ❤♦✇❡✈❡� ❜❡ ❞✐�❡❝�❡❞ ❞♦✇♥✇❛�❞� ❛❣❛✐♥�� �❤❡ ❣�♦✉♥❞✱ ❜②
✐♥��♦❞✉❝✐♥❣ ❛ ❞✐✛✉�❡� ❛� �❤❡ ✉♥❞❡�❜♦❞② �❤❡ ❜❛❧❛♥❝❡ ♦❢ �❤❡ ✇❛❦❡ ✇✐❧❧ ❜❡ ✐♠♣�♦✈❡❞ ❛♥❞ ♠♦�❡ �②♠♠❡��✐❝✳
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❉✐✛✉�❡�� ❤❛✈❡ ❜❡❡♥ ✉�❡❞ ♦♥ �❛❝✐♥❣ ❝❛�� ✐♥ ❞❡❝❛❞❡�✱ ❤♦✇❡✈❡� ✐♥ �❤❡ ❧❛�� ❢❡✇ ②❡❛�� ✇❤❡♥ ❢✉❡❧ ❡❝♦♥♦♠②
❤❛� ❜❡❝♦♠❡ ♦♥❡ ♦❢ �❤❡ ♠♦�� ✐♠♣♦��❛♥� ✐��✉❡� ❢♦� �❤❡ ❛✉�♦♠♦�✐✈❡ ❝♦♠♣❛♥✐❡� ❛♥❞ ❞✐✛✉�❡�� ❤❛✈❡ ❜❡❝♦♠❡
❛♥ ♦♣�✐♦♥ ❢♦� ❞�❛❣ �❡❞✉❝�✐♦♥ ❡✈❡♥ ❢♦� ♣❛��❡♥❣❡� ❝❛��✳ ■♥ �❤✐� �❡❝�✐♦♥ �❤❡ ❢✉♥❝�✐♦♥ ♦❢ ❛ ❞✐✛✉�❡� ✇✐❧❧ ❜❡
❡①♣❧❛✐♥❡❞ ❛❝❝♦�❞✐♥❣ �♦ �❤❡ �❤❡♦�② ♣�❡�❡♥�❡❞ ❡❛�❧✐❡�✳

✷✳✸✳✶ ❉✐✛✉	❡� ❚❤❡♦�②

❖♥❡ ♦❢ �❤❡ ♠❛✐♥ ❢✉♥❝�✐♦♥� ♦❢ ❛ ❞✐✛✉�❡� ✐� �♦ ❝�❡❛�❡ ❞♦✇♥❢♦�❝❡✱ �❤✐� ✐� ❛❝❤✐❡✈❡❞ ❜② ✐♠♣�♦✈✐♥❣ �❤❡
��❛♥�✐�✐♦♥ ❜❡�✇❡❡♥ �❤❡ ❤✐❣❤ ✈❡❧♦❝✐�② ❛✐�✢♦✇ ✉♥❞❡�♥❡❛�❤ �❤❡ ❜♦❞② ❛♥❞ �❤❡ �❧♦✇❡� ❛✐�✢♦✇ ❛�♦✉♥❞ �❤❡
✈❡❤✐❝❧❡✳ ❚❤❡ ✉♥❞❡�❜♦❞② ✐� ❞❡�✐❣♥❡❞ ❛� ❛ ❝♦♥✈❡�❣❡♥�✲❞✐✈❡�❣❡♥� ✏✈❡♥�✉�✐✑ ❝❤❛♥♥❡❧ ✇✐�❤ �❤❡ �♦❛❞ ✇❤✐❝❤
❣❡♥❡�❛�❡� ❛ ❧♦✇ ♣�❡��✉�❡ �❡❣✐♦♥ �❤❛� ✏�✉❝❦�✑ �❤❡ ❝❛� �♦ �❤❡ ❣�♦✉♥❞✳ ❆ ❞✐✛✉�❡� ✇✐❧❧ ❣❡♥❡�❛�❡ ♠♦�❡
❞♦✇♥❢♦�❝❡ �❤❡♥ ❛ ✇✐♥❣❬✼❪✱ ❛♥❞ ✇✐❧❧ ❛❧�♦ ♣�♦❞✉❝❡ ❧❡�� ��❛✐❧✐♥❣ ✈♦��❡① ❞�❛❣✳ ❆� �❤❡ ❛✐� ✢♦✇� ✉♥❞❡�♥❡❛�❤
�❤❡ ❜♦❞②✱ �❤❡ ✢♦✇ ✇✐❧❧ ❤❛✈❡ ❛ ♥❡❣❛�✐✈❡ ♣�❡��✉�❡ ♣❡❛❦ ✇❤❡�❡ �❤❡ ❞✐✛✉�❡� ��❛���✱ �❡❡ ❋✐❣✉�❡ ✻✳ ■♥ ❢�♦♥�
♦❢ �❤❡ ❞✐✛✉�❡� �❤❡ ✢♦✇ ✇✐❧❧ ❛❝❝❡❧❡�❛�❡ ❛♥❞ ❞❡❝�❡❛�❡ �❤❡ ♣�❡��✉�❡ ✇❤✐❝❤ ❣❡♥❡�❛�❡� ❞♦✇♥❢♦�❝❡ ❛❝❝♦�❞✐♥❣
�♦ ❇❡�♥♦✉❧❧✐➫� ❧❛✇✳
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✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✶✷



✷ ❚❍❊❖❘❨ ✷✳✸ ❉✐✛✉�❡�
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 �❤❡ ❝
♦		✲	❡❝�✐♦♥ ❛
❡❛ ✐♥❝
❡❛	❡	✱ ❛ ❜✐❣❣❡
 ❛
❡❛ ✇✐❧❧ ❞❡❝
❡❛	❡ �❤❡ ✈❡❧♦❝✐�② ♦❢ �❤❡ ✢✉✐❞
❛♥❞ ✐♥❝
❡❛	❡ �❤❡ 	�❛�✐❝ ♣
❡		✉
❡✳ ❆ ❤✐❣❤ 	�❛�✐❝ ♣
❡		✉
❡ 
❡❝♦✈❡
② ✐♥ �❤❡ ❞✐✛✉	❡
 ✇✐❧❧ ❧❡❛❞ �♦ ❛ ❤✐❣❤❡
 ❜❛	❡
♣
❡		✉
❡✳ ❆❝❝♦
❞✐♥❣ �♦ ❈♦♦♣❡� �❤❡
❡ ❛
❡ �❤
❡❡ ♥♦♥✲❞✐♠❡♥	✐♦♥❛❧ ♣❛
❛♠❡�❡
	 �❤❛� ❛✛❡❝�	 �❤❡ ♣
♦♣❡
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♦❢ ❛ ❞✐✛✉	❡
✱ �❤❡ ❛�❡❛ �❛�✐♦✱ �❤❡ ♥♦♥✲❞✐♠❡♥�✐♦♥❛❧ ❞✐✛✉�❡� ❧❡♥❣�❤ ❛♥❞ �❤❡ ❞✐✛✉�❡� ❛♥❣❧❡✳ ■♥ ❋✐❣✉
❡ ✼ ❛
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❛♠❡�❡
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❼ ❆
❡❛ 
❛�✐♦✿ h2
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 ❧❡♥❣�❤✿ N
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 ❛♥❣❧❡✿ θ

❋✐❣✉
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❜❡ ❞✐✈✐❞❡❞ ✐♥�♦ �❤
❡❡ 	❡❝�✐♦♥	✿

❼ ❯♣�✇❡❡♣ ✲ ❚❤❡ 
❡❛
 ❡♥❞ ♦❢ �❤❡ ✉♥❞❡
❜♦❞② ✇✐❧❧ ❝❛♠❜❡
 �❤❡ ✢♦✇ ❛♥❞ ❞✉❡ �♦ ❇❡
♥♦✉❧❧✐❡	✬	 ❡+✉❛�✐♦♥
�❤❡ ❜❛	❡ ♣
❡		✉
❡ ✇✐❧❧ ✐♥❝
❡❛	❡✳

❱❡❤✐❝❧❡	 ✇✐�❤ ❤✐❣❤❡
 ❣
♦✉♥❞ ❝❧❡❛
❛♥❝❡ �❤❡ ✉♣	✇❡❡♣ ♦❢ �❤❡ ✉♥❞❡
❜♦❞② ✐	 ❛ ❣♦♦❞ �♦♦❧ �♦ 
❡❞✉❝❡ �❤❡ ❞
❛❣
✇❤❡♥ ♠❛�❝❤❡❞ ❝♦

❡❝�❧② ✇✐�❤ �❤❡ ✉♣♣❡
 
❡❛
✲❡♥❞ ❣❡♦♠❡�
② ♦❢ �❤❡ ❝❛
✳ ❚❤❡ ✈❛
✐❛❜❧❡ ♣❛
❛♠❡�❡
 ✐	 �❤❡
❞✐✛✉�❡� ❛♥❣❧❡ ✇❤✐❝❤ ✐	 ❛ ❦❡② ✈❛
✐❛❜❧❡ ✐♥ �❤✐	 	�✉❞②✳

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✶✸
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❼ ●�♦✉♥❞ ✐♥�❡�❛❝�✐♦♥ ✲ ❆ �②♠♠❡��✐❝❛❧ ❜♦❞② �❤❛� ✐� ❡①♣♦�❡❞ �♦ ✇✐♥❞✱ ♦� ��❛✈❡❧✐♥❣ �❤�♦✉❣❤ ❛✐�
❤❛� ♥♦ ❧✐❢� ❢♦�❝❡✳ ❇② ♣❧❛❝✐♥❣ �❤✐� ❜♦❞② ✐♥ ♣�♦①✐♠✐�② �♦ �❤❡ ❣�♦✉♥❞ ✐� ✇✐❧❧ �❡�✉❧� ✐♥ ❛ ❛�②♠♠❡��✐❝❛❧
✢♦✇ ✇❤✐❝❤ ✇✐❧❧ ❛❝❝❡❧❡�❛�❡ ✉♥❞❡�♥❡❛�❤ �❤❡ ❜♦❞②✳ ❚❤❡ ✐♥❝�❡❛�❡❞ ❛✐� ✈❡❧♦❝✐�② ✇✐❧❧ ❞❡❝�❡❛�❡ �❤❡
��❛�✐❝ ♣�❡��✉�❡ ❛♥❞ ❣❡♥❡�❛�❡ ❛ ❞♦✇♥❢♦�❝❡ ♦� ♥❡❣❛�✐✈❡ ❧✐❢� ❢♦�❝❡✳ ❚❤❡ ❞♦✇♥❢♦�❝❡ ✐� ✐♥❝�❡❛�✐♥❣ ✇✐�❤
♣�♦①✐♠✐�② �♦ �❤❡ ❣�♦✉♥❞✳

❚❤❡ ❣�♦✉♥❞ ✐♥�❡�❛❝�✐♦♥ ❛✛❡❝�� �❤❡ ❞�❛❣ ✐♥ ❜♦�❤ ❛♥ ✐♥✈✐�❝✐❞ ❛♥❞ ❛ ✈✐�❝♦✉� ✇❛②✳ ❚❤❡ ✐♥✈✐�❝✐❞ ❡✛❡❝�
✇✐❧❧ ✐♥❝�❡❛�❡ �❤❡ ❞�❛❣ ❜② ♠♦✈✐♥❣ �❤❡ ��❛❣♥❛�✐♦♥ ♣♦✐♥� ✐♥ ❢�♦♥�✳ ❚❤❡ ✈✐�❝♦✉� ❡✛❡❝� ❜❡❝♦♠❡� �✐❣♥✐✜❝❛♥�
♦♥ �♠❛❧❧ �✐❞❡ ❤❡✐❣❤�� ✇❤❡♥ �❤❡ ❜♦✉♥❞❛�② ❧❛②❡� ✇✐❧❧ ❝♦♥♥❡❝� �♦ �❤❡ ❣�♦✉♥❞✱ ✐✳❡✳ ♥♦ ❣�❡❛�❡� ✐♠♣❛❝� ♦♥
♣❛��❡♥❣❡� ❝❛��✳

❼ ❉✐✛✉�❡� ♣✉♠♣✐♥❣ ✲ ❚❤❡ ❝�♦��✲�❡❝�✐♦♥ ❛�❡❛ ✐♥ ❛ ❞✐✛✉�❡� ✐♥❝�❡❛�❡� ❞♦✇♥���❡❛♠� ✇❤✐❝❤ �❡�✉❧�� ✐♥
❛ �❡❞✉❝�✐♦♥ ♦❢ �❤❡ ❛✐� ✈❡❧♦❝✐�②✳ ■❢ ♥♦ �❡♣❛�❛�✐♦♥ ♦❢ �❤❡ ✢♦✇ ♦❝❝✉��✱ �❤❡ ❣�❡❛�❡� �❤❡ ❝�♦��✲�❡❝�✐♦♥
❛�❡❛ ❜❡❝♦♠❡�✱ �❤❡ ❣�❡❛�❡� �❤❡ ��❛�✐❝ ♣�❡��✉�❡ ❜❡❝♦♠❡�✳ ❚❤❡ ♣�❡��✉�❡ �✐�❡ ✐� ❛ ❢✉♥❝�✐♦♥ ♦❢ �❤❡
�❛�✐♦� ♦❢ �❤❡ ✐♥❧❡� ❛♥❞ ♦✉�❧❡� ❛�❡❛✳ ❚❤❡�❡ ❛�❡❛� ❛�❡ ❞❡♣❡♥❞✐♥❣ ♦♥ �❤❡ ❞✐✛✉�❡� ❛♥❣❧❡ ❛♥❞ �❤❡ �✐❞❡
❤❡✐❣❤� ♦❢ �❤❡ ✈❡❤✐❝❧❡✳

❉✐✛✉�❡� ♣✉♠♣✐♥❣ ✇✐❧❧ ❛❧✇❛②� ✐♥❝�❡❛�❡ �❤❡ ❞♦✇♥❢♦�❝❡✱ ❤♦✇ ♠✉❝❤ ✐� ❞❡♣❡♥❞✐♥❣ ♦♥ �❤❡ �✐❞❡ ❤❡✐❣❤�✳
❉✐✛✉�❡� ♣✉♠♣✐♥❣ ✇✐❧❧ ❛❧�♦ ✐♥❝�❡❛�❡ �❤❡ ❞�❛❣✳ ❆❝❝♦�❞✐♥❣ �♦ ●✳ ❙♦✈�❛♥✬� �❤❡ ♣�♦❥❡❝�✐♦♥ ♦❢ �❤❡ ✐♥❝❧✐♥❡❞
❞✐✛✉�❡� ❛�❡ �❡❧❛�❡❞ ❛� ✐♥ ❊'✳ ✭✶✹✮✳

Cdiffuser
D = tanθ

(

−Cdiffuser
L

)

✭✶✹✮

■✳❡✳ ❛♥ ✐♥❝�❡❛�❡❞ ❞♦✇♥❢♦�❝❡ ✇✐❧❧ ✐♥❝�❡❛�❡ �❤❡ ❞�❛❣✱ ❜✉� ♦♥❧② ❢♦� �❤❡ ❞✐✛✉�❡� ♣✉♠♣✐♥❣ ❝♦♥��✐❜✉�✐♦♥✳
❚♦ ❝♦♠♣❛�❡ ❞✐✛❡�❡♥� ❞✐✛✉�❡� ❞❡�✐❣♥� ❙♦✈�❛♥ �❡❢❡��❡❞ �♦ �❤❡ ��❛�✐❝ ♣�❡��✉�❡ �❡❝♦✈❡�② ❝♦❡✣❝✐❡♥� ❢♦�

❛ ❞✐✛✉�❡�✱ ❊'✳ ✭✶✺✮✳ ❆ ❣♦♦❞ ❞�❛❣ �❡❞✉❝�✐♦♥ ❞✐✛✉�❡� ✇♦✉❧❞ �❤❡♥ ❤❛✈❡ ❛ ❤✐❣❤ Cpd✳

Cpd =
p2 − p1
1

2
ρU2

1

✭✶✺✮

❚❤❡�❡ ❤❛� �♦ ❜❡ ❛ ��❛❞❡✲♦✛ ❜❡�✇❡❡♥ ❞♦✇♥❢♦�❝❡ ❛♥❞ ❞�❛❣✱ �✐♥❝❡ �❤❡ ✉♣�✇❡❡♣ �❡❞✉❝❡ �❤❡ ❞�❛❣ ✇❤✐❧❡
�❤❡ ❞✐✛✉�❡�✲♣✉♠♣✐♥❣ ✐♥❝�❡❛�❡ ✐� ❞❡♣❡♥❞✐♥❣ ♦♥ �❤❡ �✐❞❡ ❤❡✐❣❤�✳ ❖♥ ❧♦✇❡� �✐❞❡ ❤❡✐❣❤�� �❤❡ �♦�❛❧ ❞�❛❣
✇✐❧❧ ✐♥❝�❡❛�❡✱ ❛� ❢♦� ❤✐❣❤ ♣❡�❢♦�♠❛♥❝❡ ❝❛��✳ ❚♦ ♠✐♥✐♠✐③❡ �❤❡ ❞�❛❣ �❤❡ �✐❞❡ ❤❡✐❣❤� �❤♦✉❧❞ ❜❡ �❡� �♦ �❤❡
❜❡❤❛✈✐♦� ♦❢ �❤❡ ❝❛� ✇✐❧❧ ♥♦� ❜❡ ❛✛❡❝�❡❞✱ ✐✳❡✳ ♥♦� �♦ ❧♦✇ ❛♥❞ ♥♦� �♦ ❤✐❣❤✳

✷✳✹ ❈♦♠♣✉	❛	✐♦♥ ❋❧✉✐❞ ❉②♥❛♠✐❝� ✭❈❋❉✮

❈❋❉ ✐� ❛ ♥✉♠❡�✐❝❛❧ ♠❡�❤♦❞ �♦ ❝♦♠♣✉�❡ ❛♥❞ ❛♥❛❧②③❡ �❤❡ ❞②♥❛♠✐❝� ♦❢ ❛ ✢✉✐❞✳ ❚❤❡ ❛♣♣�♦❛❝❤ ❢♦� ❛
❈❋❉ �✐♠✉❧❛�✐♦♥ ✐� �♦ ❞✐✈✐❞❡ �❤❡ ♣❤②�✐❝❛❧ ❞♦♠❛✐♥ ✐♥�♦ �♠❛❧❧ ✜♥✐�❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥�� ✇❤❡�❡ �❤❡ ❣♦✈❡�♥✐♥❣
❡'✉❛�✐♦♥� ❛�❡ �♦❧✈❡❞ ♥✉♠❡�✐❝❛❧✳ ❆❧♠♦�� ❛❧❧ ✢♦✇� ❛�❡ �✉�❜✉❧❡♥�✱ �♦ �♣❛�❡ ❝♦♠♣✉�❡� ❝❛♣❛❝✐�② �♦ ❝❛❧❧❡❞
�✉�❜✉❧❡♥❝❡ ♠♦❞❡❧� ❝❛♥ ❜❡ ✉�❡❞ �♦ �✐♠✉❧❛�❡ �❤❡ �✉�❜✉❧❡♥❝❡✳ ■♥ �❤❡ ❢♦❧❧♦✇✐♥❣ �❡❝�✐♦♥� �❤❡ ❣♦✈❡�♥✐♥❣
❡'✉❛�✐♦♥� ❛�❡ ♣�❡�❡♥�❡❞ ❛� ✇❡❧❧ ❛� �✉�❜✉❧❡♥❝❡ ♠♦❞❡❧�✳

✷✳✹✳✶ ●❡♥❡�❛❧ ❈❋❉

■♥ ✢✉✐❞ ❞②♥❛♠✐❝� �❤❡�❡ ❛�❡ �❤�❡❡ ❣♦✈❡�♥✐♥❣ ❡'✉❛�✐♦♥�✱ ❛❧�♦ ❞❡�❝�✐❜❡❞ ✐♥ ❙❡❝�✐♦♥ ✷✳✶✱ �❤❛� ❞❡�❝�✐❜❡� �❤❡
❜❡❤❛✈✐♦� ♦❢ �❤❡ ✢♦✇✱ �❤❡�❡ ❛�❡ �❤❡ ❝♦♥�✐♥✉✐�②✱ ♠♦♠❡♥�✉♠ ❛♥❞ �❤❡ ❡♥❡
❣② ❡'✉❛�✐♦♥�✳ ❚❤❡② ❛�❡ ❞❡�✐✈❡❞
❢�♦♠ ❜❛�✐❝ ♣❤②�✐❝� ❧❛✇� �✉❝❤ ❛� �❤❡ ❝♦♥�❡�✈❛�✐♦♥ ♦❢ ❡♥❡�❣②✱ ♠❛�� ❛♥❞ ♠♦♠❡♥�✉♠✳ ❚❤❡�❡ ❡'✉❛�✐♦♥�
❜❡❝♦♠❡� �❛�❤❡� ❝♦♠♣❧✐❝❛�❡❞ ❛♥❞ ❝❛♥✬� ❜❡ �♦❧✈❡❞ ❛♥❛❧②�✐❝ �♦ ♥✉♠❡�✐❝❛❧ �✐♠✉❧❛�✐♦♥� ❛�❡ �❡'✉✐�❡❞✳ ■♥ ❛

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✶✹
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❈❋❉ �✐♠✉❧❛
✐♦♥ 
❤❡ ❞✐✛❡�❡♥
✐❛❧ ❡�✉❛
✐♦♥� ❛�❡ ❞✐�❝�❡
✐③✐�❡❞ ✐♥
♦ ❧❛�❣❡ �②�
❡♠� ♦❢ ❛❧❣❡❜�❛✐❝ ❡�✉❛
✐♦♥� ✐♥
♦�❞❡� 
♦ ♥✉♠❡�✐❝❛❧ �♦❧✈❡ 
❤❡♠✳ ❙✐♥❝❡ ✈❡❤✐❝❧❡� 
�❛✈❡❧� ❛
 �❡❧❛
✐✈❡❧② ❧♦✇ �♣❡❡❞✱ ▼❛❁✵✳✸✱ ❛♥❞ ❝♦♥�
❛♥


❡♠♣❡�❛
✉�❡ 
❤❡ ✢♦✇ ❝❛♥ ❜❡ ❛��✉♠❡❞ ✐♥❝♦♠♣�❡��✐❜❧❡ ❛♥❞ ✐�♦
❤❡�♠❛❧❬✶✵❪✱ 
❤❡ ❡♥❡�❣② ❡�✉❛
✐♦♥ ❝❛♥ 
❤❡♥
❜❡ ♥❡❣❧❡❝
❡❞✳

◆❛✈✐❡�✲❙	♦❦❡� ❡✉❛	✐♦♥ ◆❛✈✐❡�✲❙
♦❦❡� ❡�✉❛
✐♦♥� ❛�❡ ❞❡�✐✈❡❞ ❢�♦♠ ◆❡✇
♦♥� �❡❝♦♥❞ ❧❛✇ ❛♥❞ ❝❛♥ ❜❡
�❡❡♥ ❛� ❛ ❢♦�❝❡ ❡�✉✐❧✐❜�✐✉♠ ❢♦� ❛♥ ✐♥✜♥✐
❡�✐♠❛❧ �♠❛❧❧ ✈♦❧✉♠❡ ❡❧❡♠❡♥
✳ ■♥ ♦�❞❡� 
♦ ❝♦♥✈❡�
 
❤❡ �
�❡��❡� 
♦
✈❡❧♦❝✐
② ❝♦♠♣♦♥❡♥
� 
❤❡ ◆❛✈✐❡�✲❙
♦❦❡� ❡�✉❛
✐♦♥� ❛�❡ ✉�✉❛❧❧② ❡①♣�❡��❡❞ ❢♦� ❛♥ ✐♥❝♦♠♣�❡��✐❜❧❡ ◆❡✇
♦♥✐❛♥
✢✉✐❞ ✇✐
❤ ❝♦♥�
❛♥
 ✈✐�❝♦�✐
②✳ ❆♥ ✐♥❝♦♠♣�❡��✐❜❧❡ ✢✉✐❞ ✐� ❛ ✢✉✐❞ ✇❤❡�❡ 
❤❡ ❞✐✈❡�❣❡♥❝❡ ♦❢ 
❤❡ ✈❡❧♦❝✐
② ✐�
③❡�♦✱ ❛♥❞ ❛ ◆❡✇
♦♥✐❛♥ ✢✉✐❞ ✐� ❛ ✢✉✐❞ ✇❤✐❝❤ �
�❡�� ✈❡��✉� �
�❛✐♥ �❛
❡ ❝✉�✈❡ ✐� ❧✐♥❡❛�✳ ❚❤❡ ◆❛✈✐❡�✲❙
♦❦❡�
❡�✉❛
✐♦♥� ❝❛♥ 
❤❡♥ ❜❡ ❡①♣�❡��❡❞ ❛� ✐♥ ❊�✳ ✭✶✻✮✱ 
❤�❡❡ ♣❛�
✐❛❧ ♥♦♥✲❧✐♥❡❛� ❞✐✛❡�❡♥
✐❛❧ ❡�✉❛
✐♦♥�✱ ♦♥❡ ❢♦�
❡❛❝❤ ✈❡❧♦❝✐
② ✈❡❝
♦�✳❬✶✹❪

ρgx −
dp
dx + µ

(

d2u
dx2 + d2u

dy2 + d2u
dz2

)

= ρdu
dt

ρgy −
dp
dy + µ

(

d2v
dx2 + d2v

dy2 + d2v
dz2

)

= ρdv
dt

ρgz −
dp
dz + µ

(

d2w
dx2 + d2w

dy2 + d2w
dz2

)

= ρdw
dt

✭✶✻✮

❈♦♥	✐♥✉✐	② ❡✉❛	✐♦♥ ❚❤❡ ❝♦♥
✐♥✉✐
② ❡�✉❛
✐♦♥ ✐� ❜❛�❡❞ ♦♥ 
❤❡ ♣�✐♥❝✐♣❧❡ 
❤❛
 
❤❡ ♠❛�� ✐� ✐♥❞❡�
�✉❝✲

✐❜❧❡✱ ❛♥❞ ❝❛♥ ❜❡ ✇�✐

❡♥ ❛� ❊�✳ ✭✶✼✮✳

∂ρ

∂t
+

∂(ρu)

∂x
+

∂(ρv)

∂y
+

∂(ρw)

∂z
= 0 ✭✶✼✮

❙✐♥❝❡ 
❤❡ ✢♦✇ ✐� ❛��✉♠❡❞ ✐♥❝♦♠♣�❡��✐❜❧❡ 
❤❡ ❝♦♥
✐♥✉✐
② ❡�✉❛
✐♦♥ ✇✐❧❧ ❜❡ ❛� ✐♥ ❊�✳ ✭✶✽✮✳

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0 ✭✶✽✮

❚♦❣❡
❤❡� ✇✐
❤ 
❤❡ ◆❛✈✐❡�✲❙
♦❦❡� ❡�✉❛
✐♦♥ 
❤❡ ❈♦♥
✐♥✉✐
② ❡�✉❛
✐♦♥ ❣✐✈❡� ❢♦✉� ✉♥❦♥♦✇♥�✱u, v, w& p✱
✇❤✐❝❤ ✇✐❧❧ ❜❡ �♦❧✈❡❞ ✇✐
❤ ❞✐✛❡�❡♥
✐❛❧ ❡�✉❛
✐♦♥�✳

✷✳✹✳✷ ❘❆◆❙

❚❤❡ ♥♦♥✲❧✐♥❡❛� ♣❛�
✐❛❧ ❞✐✛❡�❡♥
✐❛❧ ❡�✉❛
✐♦♥� ❛�❡ ♥♦
 ❛♥❛❧②
✐❝❛❧❧② �♦❧✈❛❜❧❡✳ ■♥ ♦�❞❡� 
♦ �♦❧✈❡ 
❤❡�❡ ❡�✉❛✲

✐♦♥ ❛♥❞ ❛♥❛❧②③❡ 
❤❡ ✢♦✇ 
❤❡ �✐♠♣❧❡�
 ❛♣♣�♦❛❝❤ ✐� 
❤❡ ❘❡②♥♦❧❞� ❞❡❝♦♠♣♦�✐
✐♦♥✱ ❛❧�♦ ❝❛❧❧❡❞ ❘❡②♥♦❧❞�

❆✈❡�❛❣❡ ◆❛✈✐❡� ❙�♦❦❡� ✭❘❆◆❙✮✳❬✹❪ ■♥ 
❤❡ ❘❆◆❙ ❛♣♣�♦❛❝❤ 
❤❡ ✐♥�
❛♥
❛♥❡♦✉� ✈❡❧♦❝✐
② ❛♥❞ ♣�❡��✉�❡ ✐�
�♣❧✐
 ✐♥
♦ 
✇♦ ♣❛�
�✱ ❛♥ ❛✈❡�❛❣❡ ♣❛�
 ❛♥❞ ❛ ✢✉❝
✉❛
✐♥❣ ♣❛�
✱ ❊�✳ ✭✶✾✮ ❛♥❞ ❊�✳ ✭✷✵✮✳

u =
1

T

T̂

0

u dt ✭✶✾✮

p = p̄+ p′

u = ū+ u′

v = v̄ + v′

w = w̄ + w′

✭✷✵✮

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✶✺



✷ ❚❍❊❖❘❨ ✷✳✹ ❈♦♠♣✉�❛�✐♦♥ ❋❧✉✐❞ ❉②♥❛♠✐❝� ✭❈❋❉✮

■♥�❡��✐♥❣ ❘❡②♥♦❧❞� ❞❡❝♦♠♣♦�✐✐♦♥ ✐♥�♦ ◆❛✈✐❡�✲❙�♦❦❡� ❡�✉❛�✐♦♥ ✭①✲❞✐�❡❝�✐♦♥✮ ❛♥❞ ✐♥ �❤❡ ❝♦♥�✐♥✉✐�②
❡�✉❛�✐♦♥ ✇✐❧❧ �❡�✉❧�� ✐♥ ♥❡✇ ✢✉❝�✉❛�✐♥❣ �❡�♠�✳

∂ū

∂x
+

∂v̄

∂y
+

∂w̄

∂z
= 0 ✭✷✶✮

ρgx −
∂p̄

∂x
+

∂

∂x

(

µ
∂ū

∂x
− ρu′2

)

+
∂

∂y

(

µ
∂ū

∂y
− ρu′v′

)

+
∂

∂z

(

µ
∂ū

∂z
− ρu′w′

)

= ρ
dū

dt
✭✷✷✮

❊�✳ ✭✷✷✮ ♥♦✇ ❝♦♥�✐��� ♦❢ ♥❡✇ ✉♥❦♥♦✇♥ �❡�♠� ❧✐❦❡ ρu′v′✱ ❛❧�♦ ❝❛❧❧❡❞ ❢♦� ❘❡②♥♦❧❞� ��❡��❡�✳ ❙✐♥❝❡
�❤❡ ♥✉♠❜❡� ♦❢ ✉♥❦♥♦✇♥� ❛�❡ ❣�❡❛�❡� �❤❡♥ �❤❡ ♥✉♠❜❡� ♦❢ ❡�✉❛�✐♦♥� ❛ �♦ ❝❛❧❧❡❞ ❝❧♦�✉�❡ ♣�♦❜❧❡♠ ✐�
❣❡♥❡�❛�❡❞✱ �❤❡ ❡①��❛ ���❡�� �❡�♠� ❤❛� �♦ ❜❡ ♠♦❞❡❧❡❞ �♦ ❣❡� ❛ ❝❧♦�❡❞ ❡�✉❛�✐♦♥ �②��❡♠✳ ❚❤✐� ✐� ❞♦♥❡ ❜②
✉�✐♥❣ �✉�❜✉❧❡♥❝❡ ♠♦❞❡❧�✳❬✶✹❪

✷✳✹✳✸ ❚✉�❜✉❧❡♥❝❡ ✢♦✇ ❛♥❞ �✉�❜✉❧❡♥❝❡ ♠♦❞❡❧✐♥❣

❚❤❡ ❧❛�❣❡�� ❞✐✣❝✉❧�② ✇✐�❤ ❈❋❉ �✐♠✉❧❛�✐♦♥� ✐� �♦ ❝❛❧❝✉❧❛�❡ �❤❡ �✉�❜✉❧❡♥� ✢♦✇✳ ❆ �✉�❜✉❧❡♥� ✢♦✇ ✐�
✐��❡❣✉❧❛� ❛♥❞ ✈❛�✐❡� �❛♥❞♦♠❧② ✐♥ �✐♠❡ ❛♥❞ �♣❛❝❡✳ ❲✐�❤ ❡①✐��✐♥❣ ❝♦♠♣✉�❡� ❝❛♣❛❝✐�② ✐�✬� ✐♠♣♦��✐❜❧❡ �♦
�♦❧✈❡ ❊�✳ ✭✶✻✮ ❛♥❞ ✭✶✽✮ ❡①❛❝�✳ ❇② ✉�✐♥❣ �♦ ❝❛❧❧❡❞ �✉�❜✉❧❡♥❝❡ ♠♦❞❡❧� �❤❡ ✢♦✇ ✜❡❧❞ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛�❡❞
✇✐�❤ ❧❡�� ❝♦♠♣✉�❡� ❝❛♣❛❝✐�②✳ ❙✉❝❤ ❛ ♠♦❞❡❧ ✇✐❧❧ ♠♦❞✐❢② �❤❡ ❡�✉❛�✐♦♥� ❛♥❞ ♦♥❧② ❝♦♥�✐❞❡� �❤❡ ❛✈❡�❛❣❡
❡✛❡❝�� ♦❢ �❤❡ �✉�❜✉❧❡♥❝❡✳ ❚❤❡ ✢♦✇ ✇✐❧❧ �❤❡♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥�♦ ❛♥ ❛✈❡�❛❣❡ �❡�♠ ❛♥❞ ❛ ✢✉❝�✉❛�✐♦♥ �❡�♠✱
�❤✐� ❝❛♥ ❜❡ ❞♦♥❡ ✉�✐♥❣ ❘❡②♥♦❧❞� ❆✈❡�❛❣❡ ◆❛✈✐❡� ❙♦❦❡� ✭❘❆◆❙✮✳ ❆ �✉�❜✉❧❡♥❝❡ ♠♦❞❡❧ ❝❛♥ ♥❡✈❡� ❣✐✈❡
❛♥ ❡①❛❝� �♦❧✉�✐♦♥✱ ❜✉� ❛ ❜❡��❡� ❝❤♦✐❝❡ ✇✐❧❧ ❣✐✈❡ ❛♥ ♠♦�❡ ❛❝❝✉�❛�❡ �♦❧✉�✐♦♥✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ♠♦❞❡❧ ✐� ❛
♠❛��❡� ♦❢ ❝♦♠♣✉�❡� ❝❛♣❛❝✐�② ❛♥❞ �❡�✉✐�❡❞ ❧❡✈❡❧ ♦❢ ❛❝❝✉�❛❝②✳❬✸❪

k − ǫ✲♠♦❞❡❧ ❚❤❡ k − ǫ✲♠♦❞❡❧ ✐� �❤❡ ♠♦�� ❝♦♠♠♦♥❧② ✉�❡❞ �✉�❜✉❧❡♥❝❡ ♠♦❞❡❧ ✐♥ �❤❡ ✐♥❞✉���②✱ �❤✐�
❞✉❡ �♦ �❤❡ �♦❜✉��♥❡�� ♦❢ �❤❡ ♠♦❞❡❧ ✇❤✐❝❤ ❣✐✈❡� �❛❢❡ ❝♦♥✈❡�❣❡♥❝❡✳ ❆ ❣♦♦❞ ♦✈❡�✈✐❡✇ ♦❢ �❤❡ ✢♦✇ ✜❡❧❞ ✐�
❛❝❤✐❡✈❡❞ ✇✐�❤ �❤❡ ♠♦❞❡❧✱ ❜✉� ✐♥ ❛�❡❛� ✇✐�❤ ❤✐❣❤ ✈❡❧♦❝✐�② ❛♥❞ ♣�❡��✉�❡ ❣�❛❞✐❡♥�� �❤❡ ❛❝❝✉�❛❝② ✐� ♥♦�
�❤❛� ❤✐❣❤✳ ❚❤❡ k − ǫ✲♠♦❞❡❧ ✐� ❛♥ ❊❞❞② ❱✐�❝♦�✐② ♠♦❞❡❧✱ ✇❤✐❝❤ ♠❡❛♥� �❤❛� �❤❡ �✉�❜✉❧❡♥❝❡ ✐� ♠♦❞❡❧❡❞
❜② ❛❞❞✐♥❣ �❤❡ �✉�❜✉❧❡♥❝❡ ✈✐�❝♦�✐�②✱ µt✳ ❚❤✐� ♠♦❞❡❧ ✐� ❛ �❡♠✐✲❡♠♣✐�✐❝❛❧ ♠❡�❤♦❞ ❜❛�❡❞ ♦♥ ❤♦✇ �❤❡
❦✐♥❡�✐❝ ❡♥❡�❣②✱ k✱ ✐� ��❛♥�♣♦��❡❞ ❛♥❞ ✐�� ❞✐��✐♣❛�✐♦♥ �❛�❡✱ ǫ✳ ❚❤❡ ��❛♥�♣♦�� ❡�✉❛�✐♦♥ ❢♦� k ✐� ❞❡�✐✈❡❞
❡①❛❝� ✇❤✐❧❡ �❤❡ ��❛♥�♣♦�� ❡�✉❛�✐♦♥ ❢♦� ǫ ✐� ❞❡�✐✈❡❞ ❢�♦♠ ♣❤②�✐❝❛❧ �❡❛�♦♥✐♥❣✳❬✶❪ ❚❤❡ ❜✐❣❣❡�� ❡❞❞✐❡� ❣❡��

�❤❡✐� ❦✐♥❡✐❝ ❡♥❡�❣②✱ k =
(

△u2 +△v2 +△w2
)1/2

✱ ❢�♦♠ �❤❡ ♠❛✐♥ ✢♦✇✳ ❚❤❡ ❡♥❡�❣② ✐� ��❛♥�♠✐��❡❞ ✐♥�♦
�♠❛❧❧❡� ❡❞❞✐❡� ❛♥❞ ❡♥❞� ✉♣ ❛� ✐♥�❡�♥❛❧ ❡♥❡�❣②✳ ❙✐♥❝❡ �❤❡ k − ǫ✲♠♦❞❡❧ ✐� ❛ ❘❆◆❙✲♠♦❞❡❧ ❛♥❞ ✐� ✉�✐♥❣
�✐♠❡ ❛✈❡�❛❣❡ �❡�♠� �❤❡ ♠♦❞❡❧ ✇✐❧❧ ♠✐�� ❞✐✛❡�❡♥❝❡� ✐♥ �❤❡ ❣�❛❞✐❡♥�� ❞✉�✐♥❣ ✈❡�② �❤♦�� �✐♠❡ ��❡♣�✳

■♥ ♦�❞❡� �♦ ❛❝❤✐❡✈❡ ❛ ♠♦�❡ ❛❝❝✉�❛�❡ �♦❧✉�✐♦♥ ♦❢ �❤❡ ✢♦✇ ❛ ♥❡✇ ♠♦❞❡❧ ❤❛� ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❝❛❧❧❡❞ �❤❡
k−ǫ✲�❡❛❧✐③❛❜❧❡✳❬✶❪ ❚❤✐� ♥❡✇ ♠♦❞❡❧ ❤❛� ❛ ♥❡✇ ❢♦�♠✉❧❛�✐♦♥ ❢♦� �❤❡ �✉�❜✉❧❡♥� ✈✐�❝♦�✐�②✱ ��❛♥�♣♦�� ❡�✉❛�✐♦♥
❛♥❞ ❢♦� �❤❡ ❞✐��✐♣❛�✐♦♥ �❛�❡✳ ■♥ �❤❡ ❞❡�✐✈❛�✐♦♥ ♦❢ �❤❡ �❛♥❞❛�❞ k − ǫ✲♠♦❞❡❧ �❤❡ ✢♦✇ ✐� ❛��✉♠❡❞ �♦ ❜❡
❢✉❧❧② �✉�❜✉❧❡♥�✱ ✇❤✐❝❤ ♠❛❦❡� �❤❡ ♠♦❞❡❧ ♦♥❧② ✈❛❧✐❞ ❢♦� �❤❡�❡ ❝✐�❝✉♠��❛♥❝❡�✳ ■♥ �❤❡ �❡❛❧✐③❛❜❧❡ k−ǫ✲♠♦❞❡❧

�❤❡ ♥♦�♠❛❧ ❛♥❞ ♠♦❧❡❝✉❧❛� ���❡��❡� ❛�❡ �❛❦❡♥ ✐♥�♦ ❛❝❝♦✉♥� �♦ �♦♠❡ ❡①�❡♥❞✳ ❚❤❡ �❡❧❛�✐♦♥�❤✐♣ ❜❡�✇❡❡♥
�❤❡ ❦✐♥❡�✐❝ ❡♥❡�❣②✱ �❤❡ ❞✐��✐♣❛�✐♦♥ �❛�❡ ❛♥❞ �❤❡ �✉�❜✉❧❡♥� ✈✐�❝♦�✐�② ✐� ❞❡✜♥❡❞ ✐♥ ❊�✳ ✭✷✸✮✳❬✶✸❪

µt = Cµρ
k2

ǫ
✭✷✸✮

❆� ♠❡♥�✐♦♥❡❞ ❛♥ ❡①��❛ �❡�♠✱ ρu′v′✱ ✐� ✐♥❝❧✉❞❡❞ ✐♥ �❤❡ ◆❛✈✐❡�✲❙�♦❦❡� ❡�✉❛�✐♦♥✳ ■♥ �❤❡ k − ǫ✲♠♦❞❡❧
�❤❡ ❡①��❛ ���❡�� �❡�♠ ✐� ♠♦❞❡❧❡❞ ✇✐�❤ ❛ ❇♦✉��✐♥❡�� ❛��✉♠♣�✐♦♥✱ �❡❡ ❊�✳ ✭✷✹✮✳

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✶✻



✷ ❚❍❊❖❘❨ ✷✳✹ ❈♦♠♣✉�❛�✐♦♥ ❋❧✉✐❞ ❉②♥❛♠✐❝� ✭❈❋❉✮

− ρu
′

iu
′

j = µt

(

∂ui

∂xj
+

∂uj

∂xi

)

−
2

3

(

ρk + µt
∂ui

∂xi

)

δij ✭✷✹✮

✷✳✹✳✹ ❇♦✉♥❞❛
② ❧❛②❡
� ❛♥❞ ✇❛❧❧ ❢✉♥❝�✐♦♥�

❲❤❡♥ ❛ ✢✉✐❞ ✢♦✇� ❛❧♦♥❣ ❛ ❜♦❞② ❛ ❜♦✉♥❞❛�② ❧❛②❡� ✐� ❝�❡❛�❡❞ ♥❡❛� �❤❡ �✉�❢❛❝❡✳ ◆❡❛� �❤❡ �✉�❢❛❝❡ �❤❡
✈❡❧♦❝✐�② ♦❢ �❤❡ ✢♦✇ ✐� ③❡�♦✱ �❤❡ ✈❡❧♦❝✐�② ❣�♦✇� ❛♥❞ �❡❛❝❤❡� �❤❡ ❢�❡❡���❡❛♠ ✈❡❧♦❝✐�②✳ ❚❤❡ �❤✐❝❦♥❡�� ♦❢
�❤❡ ❜♦✉♥❞❛�② ❧❛②❡� ✐� ❞❡✜♥❡❞ ❛� �❤❡ ❞✐��❛♥❝❡ ❢�♦♠ �❤❡ ❜♦❞② �♦ ✇❤❡�❡ �❤❡ ✈❡❧♦❝✐�② �❡❛❝❤❡� ✾✾✪ ♦❢ �❤❡
❢�❡❡���❡❛♠ ✈❡❧♦❝✐�②✳ ❚❤❡ ❜♦✉♥❞❛�② ❧❛②❡� ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥�♦ �❤�❡❡ ♣❛���✱ ♦♥❡ ❧❛♠✐♥❛�✱ ♦♥❡ �✉�❜✉❧❡♥�
❛♥❞ ❛ ♠✐①�✉�❡ ♦❢ �❤❡♠ ❜♦�❤✱ �❡❡ ❋✐❣✉�❡ ✽✳ ❚❤❡ ❜♦✉♥❞❛�② ❧❛②❡� ��❛��� ❛� ❧❛♠✐♥❛� ✇❤❡♥ �❤❡ ❜♦❞② ✐�
❡①♣♦�❡❞ �♦ �❤❡ ✢✉✐❞✱ ❛� �❤❡ ✢✉✐❞ ❞❡✈❡❧♦♣� ❛❧♦♥❣ �❤❡ ❜♦❞② ✐� ❜❡❝♦♠❡� ♠♦�❡ ❛♥❞ ♠♦�❡ �✉�❜✉❧❡♥�✳ ❆
❧❛♠✐♥❛� ❜♦✉♥❞❛�② ✐� �♦ ♣�❡❢❡� �✐♥❝❡ �❤❡ �❦✐♥ ❢�✐❝�✐♦♥ ✐� ❧♦✇❡� �❤❡♥ ❢♦� ❛ �✉�❜✉❧❡♥� ❧❛②❡� ✐♥ ❝❡��❛✐♥
❛♣♣❧✐❝❛�✐♦♥�✳

❚❤❡ ♥❡❛� ✇❛❧❧ ✢♦✇ ✐� ✉�✉❛❧❧② ❞✐✈✐❞❡❞ ✐♥�♦ �❤�❡❡ �❡❣✐♦♥�✱ �❤❡ ✈✐�❝♦✉� �✉❜❧❛②❡�✱ �❤❡ ❜✉✛❡� ❧❛②❡� ❛♥❞
�❤❡ ❢✉❧❧② �✉�❜✉❧❡♥� ❧♦❣✲❧❛✇ �❡❣✐♦♥✳ ❋✐❣✉�❡ ✽ �❤♦✇� �❤❡ ♥❡❛� ✇❛❧❧ �❡❣✐♦♥✱ ❤❡�❡ ♣❧♦��❡❞ ✇✐�❤ �❡♠✐✲❧♦❣
❝♦♦�❞✐♥❛�❡�✳ ❖♥ �❤❡ ②✲❛①✐� �❤❡�❡ ✐� �❤❡ ♥♦♥✲❞✐♠❡♥�✐♦♥❛❧ ✇❛❧❧ ❞✐��❛♥❝❡✱ y+✱ ✇❤✐❝❤ ✐� ❞❡✜♥❡❞ ❛� ✐♥ ❊,✳
✭✷✺✮✳

❋✐❣✉�❡ ✽✿ ❱❡❧♦❝✐�② ♣�♦✜❧❡ ✐♥ �❤❡ ♥❡❛� ✇❛❧❧ �❡❣✐♦♥ ❢♦� ❛ �✉�❜✉❧❡♥� ❜♦✉♥❞❛�② ❧❛②❡�

y+ =
yu∗

ν
✭✷✺✮

u∗ = 0.05U ✭✷✻✮

✇❤❡�❡ u∗ ✐� �❤❡ ❢�✐❝�✐♦♥ ✈❡❧♦❝✐�② ✭❊,✉❛�✐♦♥ ✷✻✮ ✱ ν ✐� �❤❡ ❦✐♥❡♠❛�✐❝ ✈✐�❝♦�✐�② ❛♥❞ y ✐� �❤❡ ❤❡✐❣❤� ♦❢
�❤❡ ✜��� ❝❡❧❧✳❬✶✹❪

■♥ ♦�❞❡� �♦ �♦❧✈❡ �❤❡ ✈❡❧♦❝✐�② ♣�♦✜❧❡ ✐♥ �❤❡ ❜♦✉♥❞❛�② ❧❛②❡� ✇❛❧❧ ❢✉♥❝�✐♦♥� ❤❛✈❡ ❜❡❡♥ ✉�❡❞✳ ■♥
♥♦�♠❛❧ ❝❛�❡ ✭✇✐�❤♦✉� ✇❛❧❧ ❢✉♥❝�✐♦♥�✮ �❤❡ �❤✐❝❦♥❡�� ♦❢ �❤❡ ✜��� ❝❡❧❧ ♠✉�� ❤❛✈❡ ❛ y+ = 1✱ ❜✉� ❜② ✉�✐♥❣
✇❛❧❧ ❢✉♥❝�✐♦♥� y+ ❝❛♥ ✈❛�② ❜❡�✇❡❡♥ ✸✵ ❛♥❞ ✸✵✵✳ ■♥ ❋❧✉❡♥� �❤❡�❡ ❛�❡ �✇♦ ❦✐♥❞� ♦❢ ✇❛❧❧ ❢✉♥❝�✐♦♥�✱
��❛♥❞❛�❞ ✇❛❧❧ ❢✉♥❝�✐♦♥� ❛♥❞ ♥♦♥✲❡�✉✐❧✐❜�✐✉♠ ✇❛❧❧ ❢✉♥❝�✐♦♥�✳ ❲❛❧❧ ❢✉♥❝�✐♦♥� ❛��✉♠❡� �❤❛� �❤❡ ✢♦✇ ♥❡❛�
�❤❡ ✇❛❧❧ ❜❡❤❛✈❡� ❢✉❧❧② �✉�❜✉❧❡♥� ❛♥❞ ✉�❡ �❤❡ ❛❧❣♦�✐�❤♠ �♦ �❡�♦❧✈❡ �❤❡ ❣�❛❞✐❡♥�� ✐♥ �❤❡ ❜♦✉♥❞❛�② ❧❛②❡�✳
■♥ �❤❡ ♥♦♥✲❡,✉✐❧✐❜�✐✉♠ ✇❛❧❧ ❢✉♥❝�✐♦♥� �❤❡ �❡♥�✐�✐✈✐�② ❢♦� �❤❡ ♣�❡��✉�❡✲❣�❛❞✐❡♥�� ❛�❡ ❤✐❣❤❡� �❤❡♥ ❢♦� �❤❡
��❛♥❞❛�❞ ✇❛❧❧ ❢✉♥❝�✐♦♥�✳ ❚❤❡ ♥♦♥✲❡,✉✐❧✐❜�✐✉♠ ✇❛❧❧ ❢✉♥❝�✐♦♥ ♣�❡❞✐❝�� �❤❡ ✢♦✇ ❜❡��❡� ✐♥ ❞♦♠❛✐♥� ✇❤❡�❡

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✶✼



✷ ❚❍❊❖❘❨ ✷✳✹ ❈♦♠♣✉�❛�✐♦♥ ❋❧✉✐❞ ❉②♥❛♠✐❝� ✭❈❋❉✮

�❤❡ ❣❡♦♠❡��② ✐
 ❝♦♠♣❧❡① ❛♥❞ 
❡♣❛�❛�✐♦♥ ✇✐�❤ �❡❛��❛❝❤♠❡♥�
 ❢�❡�✉❡♥�❧② ❛♣♣❡❛�✳ ❚❤✐
 ✐
 ❞✉❡ �♦ �❤❡
❝❛♣❛❜✐❧✐�② �♦ ❛❝❝♦✉♥� �❤❡ ♣�❡

✉�❡✲❣�❛❞✐❡♥� ❡✛❡❝�
✳❬✶❪

✷✳✹✳✺ ❋❧✉❡♥
 ❙❡
✲✉♣ ❙♦❧✈❡�

■♥ �❤❡ ❋❧✉❡♥� 
♦❢�✇❛�❡ �❤❡�❡ ❛�❡ �✇♦ ❦✐♥❞
 ♦❢ 
♦❧✈❡�
✱ ♣�❡��✉�❡✲❜❛�❡❞ ❛♥❞ ❞❡♥�✐�②✲❜❛�❡❞✳ ❚❤❡ ♣�❡

✉�❡✲
❜❛
❡❞ 
♦❧✈❡� ❤❛
 ❜❡❡♥ ✉
❡❞ ✐♥ �❤✐
 
�✉❞② 
✐♥❝❡ �❤❡ 
♦❧✈❡� ✐
 
✉✐�❡❞ ❢♦� ✐♥❝♦♠♣�❡

✐❜❧❡ ✢♦✇
 ❛♥❞ ❧♦✇
✈❡❧♦❝✐�✐❡
✳❬✶❪ ❚♦ �❡
♦❧✈❡ �❤❡ ✢♦✇ �❤❡ ❞♦♠❛✐♥ ❤❛
 ❜❡❡♥ ❞✐✈✐❞❡❞ ✐♥�♦ ❞✐
❝�❡�❡ ❝♦♥��♦❧ ✈♦❧✉♠❡
✳ ■♥ ❡❛❝❤
❝♦♥��♦❧ ✈♦❧✉♠❡ �❤❡ ❣♦✈❡�♥✐♥❣ ❡�✉❛�✐♦♥
 ✇✐❧❧ ❜❡ ✐♥�❡❣�❛�❡❞ �♦ ❛ ❛❧❣❡❜�❛✐❝ ❡�✉❛�✐♦♥ 
②
�❡♠ ✇❤✐❝❤ ✇✐❧❧
❜❡ ❧✐♥❡❛�✐③❡❞ ❛♥❞ 
♦❧✈❡❞ ❢♦� ❡❛❝❤ ✐�❡�❛�✐♦♥✳ ❚❤❡ ❣♦✈❡�♥✐♥❣ ❡�✉❛�✐♦♥
 ❝❛♥ ❜❡ 
♦❧✈❡❞ ❡✐�❤❡� 
❡♣❛�❛�❡
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♦❢ �♦�❛❧ ❝❡❧❧�✱ ✐♥ ♦✈❡❧❛♣ ❡❣✐♦♥� ❜❡�✇❡❡♥ �❤❡ ♣✐�♠ ❧❛②❡ ❛♥❞ �❤❡ ❤❡①❝♦❡ �❡�❛❤❡❞❛❧ ❝❡❧❧� ❤❛✈❡ ❜❡❡♥
✉�❡❞✱ ❋✐❣✉❡ ✶✶✳

❋✐❣✉❡ ✶✶✿ $✐�♠ ❛♥❞ ❜✉✛❡ ❧❛②❡� ♦♥ �❤❡ ✈❡❤✐❝❧❡

✷✳✹✳✽ ▼❘❋✲③♦♥❡ ✭▼✉❧�✐♣❧❡ ❘❡❢❡�❡♥❝❡ ❋�❛♠❡✮

■♥ ❡❣✐♦♥� ✇❤❡❡ �❤❡ ✢♦✇ ❤❛✈❡ ❞✐✛❡❡♥� ♣♦♣❡�✐❡� ❝♦♠♣❛❡❞ �♦ �❤❡ ❢❡❡��❡❛♠ ✢♦✇ ♠✉❧�✐♣❧❡ ③♦♥❡� ❛❡
♣❡❢❡❡❞✱ ❡✳❣✳ �❤❡ ♦�❛�✐♥❣ ✇❤❡❡❧� ❋✐❣✉❡ ✶✷✳ ■♥�✐❞❡ �❤❡ ✐♠� �❤❡ ✢✉✐❞ ❤❛� ❛♥ ♦�❛�✐♦♥❛❧ �♣❡❡❞✱ ♥♦�
❛ �❛♥�❧❛�✐♦♥❛❧✳ ❇② ❞✐✈✐❞✐♥❣ �❤❡ ❞♦♠❛✐♥ ✐♥�♦ ♠✉❧�✐♣❧❡ ❡❢❡❡♥❝❡ ❢❛♠❡ ✭▼❘❋✮ ③♦♥❡� �❤❡ ✢♦✇ ✇✐❧❧ ❜❡
❜❡��❡ ♣❡❞✐❝�❡❞✳ ❚❤❡ ♠❡�❤♦❞ ❞♦❡� ♥♦� ❛❝❝♦✉♥� ❢♦ �❤❡ ❡❧❛�✐✈❡ ♠♦�✐♦♥ ♦❢ �❤❡ ❣❡♦♠❡�②✱ ✇❤✐❝❤ ♠❡❛♥�
�❤❛� �❤❡ ♠❡�❤ ✐� ✜①❡❞✳ ■♥ ❛♣♣❧✐❝❛�✐♦♥� ✇❤❡❡ ❧❛❣❡ ✈❡❧♦❝✐�② ❣❛❞✐❡♥�� ♦❝❝✉� ❛ �❧✐❞✐♥❣ ♠❡�❤ ❛♣♣♦❛❝❤
❛❡ �♦ ♣❡❢❡ ❜✉� ✐♥ �❤❡ ❝❛�❡ ✇✐�❤ ♦�❛�✐♥❣ ✇❤❡❡❧� �❤❡ ▼❘❋✲♠❡�❤♦❞ ❣✐✈❡� �✉✣❝✐❡♥� ❛❝❝✉❛�❡ ❡�✉❧�✳❬✶❪

❋✐❣✉❡ ✶✷✿ ▼❘❋✲③♦♥❡ ♦❢ �❤❡ ✇❤❡❡❧

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✷✵
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✸ ❈❛�❡ ❞❡�❝�✐♣�✐♦♥

❚❤❡ ❣♦✈❡�♥✐♥❣ ♠♦�✐✈❛�✐♦♥ ❢♦� �❤✐� ��✉❞② ✐� �♦ ✐♥✈❡��✐❣❛�❡ �❤❡ ♣♦��✐❜✐❧✐�② �♦ �❡❞✉❝❡ �❤❡ ♦✈❡�❛❧❧ ❞�❛❣ ❜②
✐♠♣❧❡♠❡♥�✐♥❣ ❛ ❞✐✛✉�❡�✳ ■♥ ♦�❞❡� �♦ ♣�♦✈❡ �❤✐� �❤❡♦�② ❛ ♥✉♠❜❡� ♦❢ ❝❛�❡� ✇✐�❤ ❞✐✛❡�❡♥� ❣❡♦♠❡��✐❝ �❡�✉♣�
♠✉�� ❜❡ ❞♦♥❡✱ ❜✉� �♦♠❡ ❧✐♠✐�❛�✐♦♥� ♠✉�� ❜❡ ❝♦♥�✐❞❡�❡❞ ♦�❤❡�✇✐�❡ ❛♥ ✐♥✜♥✐�❡ ♥✉♠❜❡� ♦❢ ❝❛�❡� ❤❛✈❡ �♦
❜❡ �✐♠✉❧❛�❡❞✳ ■♥ ❋✐❣✉�❡ ✶✸ �❤❡ ❙❆❆❇ ✾✲✸ ❙♣♦	
 �❡❞❛♥ ❛♥❞ ❙❆❆❇ ✾✲✸ ❙♣♦	
� ✇❛❣♦♥ ❈❆❉✲♠♦❞❡❧ ✐�
�❤♦✇♥ ✇❤✐❝❤ ✇❤❡�❡ ♣�♦✈✐❞❡❞ ❜② ❙❆❆❇ ❆✉
♦♠♦❜✐❧❡ ❆❇✳

✭❛✮ ❙❡❞❛♥ ✭❜✮ ❲❛❣♦♥

❋✐❣✉�❡ ✶✸✿ ❙❆❆❇ ✾✲✸ ❈❆❉✲♠♦❞❡❧�

✸✳✶ ❘❡❢❡�❡♥❝❡

❚♦ ♠❡❛�✉�❡ ❛♥② ✐♠♣�♦✈❡♠❡♥� ❜② ✐♠♣❧❡♠❡♥�✐♥❣ ❛❞❞✐�✐♦♥� ❛� ❛ ❞✐✛✉�❡� �❤❡�❡ ♠✉�� ❜❡ �❡❢❡�❡♥❝❡ ✈❛❧✉❡�
❣❡♥❡�❛�❡❞ ❜② �✐♠✉❧❛�✐♥❣ �❤❡ ❙❆❆❇ ✾✲✸ ❙♣♦	
 �❡❞❛♥ ❛♥❞ ❙❆❆❇ ✾✲✸ ❙♣♦	
 ✇❛❣♦♥ ✇✐�❤♦✉� ❛♥② ❣❡♦♠❡��✐❝
♠♦❞✐✜❝❛�✐♦♥�✳ ❙❆❆❇ ❆✉�♦♠♦❜✐❧❡ ♣�♦✈✐❞❡❞ ❈❆❉ ♠♦❞❡❧� ♦❢ �❤❡�❡ ♠♦❞❡❧� ✇❤✐❝❤ ♦♥❧② �✉❜❥❡❝�❡❞ �♦ ♠✐♥♦�
❛❧�❡�❛�✐♦♥�✳ ■♥ �❤✐� ✐♥✈❡��✐❣❛�✐♦♥ �❤❡�❡ ✐� ❛ ❢♦❝✉� ♦♥ �❤❡ ✉♥❞❡�❜♦❞② �❤❛♣❡ ❛♥❞ ❣❡♦♠❡��②✱ ✐♥ ❋✐❣✉�❡ ✶✹
�❤❡ ✉♥♠♦❞✐✜❡❞ ✉♥❞❡�❜♦❞② ♦❢ �❤❡ �✇♦ ❈❆❉✲♠♦❞❡❧� ❛�❡ �❤♦✇♥✳ ❋✐❣✉�❡ ✶✹ �❤♦✇♥ �❤❡ ❞❡�❛✐❧ ❧❡✈❡❧ ♦♥ �❤❡
✉♥❞❡�❝❛��✐❛❣❡ ✇❤✐❝❤ ✐♥ �❤✐� ❝❛�❡ �❡)✉✐�❡� ❛ ❤✐❣❤ �❡�♦❧✉�✐♦♥ ♦❢ �❤❡ ♥✉♠❡�✐❝❛❧ ♠❡�❤ ✐♥ ♦�❞❡� �♦ �❡�♦❧✈❡
�❤❡ ❛✐� ✢♦✇ ✐♥ ❛ ❝♦��❡❝� ♠❛♥♥❡�✳

❋✐❣✉�❡ ✶✹✿ ❚❤❡ ✉♥❞❡�❜♦❞② ❢♦� �❤❡ �❡❢❡�❡♥❝❡ ♠♦❞❡❧

■� ❝❛♥ ❛❧�♦ ❜❡ ♥♦�❡❞ �❤❛� �❤❡ ✉♥♠♦❞✐✜❡❞ ✉♥❞❡�❜♦❞② ✭❋✐❣✉�❡ ✶✹✮ ❛❧�♦ �❤♦✇� �❤❡ ♣♦��✐❜✐❧✐�② �♦ ❝♦✈❡�
❝❡��❛✐♥ ❛�❡❛� ✐♥ ♦�❞❡� �♦ �❡❞✉❝❡ �❤❡ �♦✉❣❤♥❡�� ♦❢ �❤❡ ✉♥❞❡�❜♦❞②✳ ❚♦ �✐♠✉❧❛�❡ �❤❡ ❛✐� ✢♦✇ �❤♦✉❣❤
�❤❡ ❡♥❣✐♥❡ ❜❛② �❤❡ �❛❞✐❛�♦� ✐� ❝♦♥���✉❝�❡❞ ❜② ✐♠♣❧❡♠❡♥�✐♥❣ ❛ ♣❡�❢♦�❛�❡❞ �✉�❢❛❝❡ ❛♥❞ ♠❡❛�✉�✐♥❣ �❤❡
♠❛��✲✢♦✇✳ ❋�♦♠ ♣�②❝❤✐❝❛❧ �❡�� ❞❛�❛ ♦♥ �❤❡ ♠❛��✲✢♦✇ ✇❛� ♣�♦✈✐❞❡❞ ❜② ❙❆❆❇ ❆✉
♦♠♦❜✐❧❡ ✇❤✐❝❤ ✇❛�
✉�❡❞ ❛� ❛ ❣✉✐❞❡❧✐♥❡ ❢♦� �❤❡ ❛✐� ✢♦✇ �❤�♦✉❣❤ �❤❡ �❛❞✐❛�♦�✳

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✷✶
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❋✐❣✉�❡ ✶✺✿ ❆◆❙❆✲♠♦❞❡❧ ♦❢ �❤❡ ❡♥❣✐♥❡ ❜❛②

❋✐❣✉�❡ ✶✺ �❤♦✇� �❤❡ ❣❡♦♠❡��② ♦❢ �❤❡ ❡♥❣✐♥❡ ✇❤✐❝❤ ✐� ♠❡�❤✲✇�❛♣♣❡❞ ✐♥ ♦�❞❡� �♦ ❛✈♦✐❞ �♠❛❧❧ ❝❛✈✐�✐❡�
✇❤✐❝❤ ❛�❡ ❤❛�❞ �♦ ❣❡♥❡�❛�❡ ❛ �✉✣❝✐❡♥� ♥✉♠❡�✐❝❛❧ ♠❡�❤✳

✸✳✷ ❉✐✛✉�❡
 �✇❡❡♣

❇② ♣❧❛❝✐♥❣ �❤❡ �❤�♦❛� ♦❢ �❤❡ ❞✐✛✉�❡� ❛� ❛ ✜① ♣♦�✐�✐♦♥ ❛� �❤❡ ❝❡♥�❡� ♦❢ �❤❡ �❡❛� ✇❤❡❡❧� ❤✉❜� �❤❡ ❛♥❣❧❡
♦❢ �❤❡ ❞✐✛✉�❡� ❝❛♥ ❜❡ �❤❡ ♦♥❧② ♣❛�❛♠❡�❡� �❤❛� �✐❣♥✐✜❝❛♥�❧② ❛❧�❡�� ❜❡�✇❡❡♥ ❡❛❝❤ �✐♠✉❧❛�✐♦♥✳ ■♥ �❤✐�
❛♣♣�♦❛❝❤ ❛♥ ♦♣�✐♠❛❧ ❛♥❣❧❡ ✐♥ �❡�♠� ♦❢ ❧♦✇ ❞�❛❣ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✳ ❋�♦♠ �❤❡�❡ ✐♥✐�✐❛❧ �❡�✉❧�� ♦�❤❡� ❝❛�❡�
✇✐�❤ ♦�❤❡� ♠♦❞✐✜❝❛�✐♦♥� ❝❛♥ ❜❡ �✐♠✉❧❛�❡❞ ✇✐�❤ ❛ ❧♦✇ ❞�❛❣ ❞✐✛✉�❡� ❛♥❣❧❡ ❛� ❛ ��❛��✐♥❣ ♣♦✐♥�✳ ❚❤❡
❞✐✛❡�❡♥� ❛♥❣❧❡� �❤❛� ✇❡�❡ �✐♠✉❧❛�❡❞ ✇❛� ❛❧�❡�❡❞ ❜❡�✇❡❡♥ �❤�❡❡ ❛♥❞ ✶✹ ❞❡❣�❡❡�✱ �❡❡ ❚❛❜❧❡ ✸✳ ■♥ ❋✐❣✉�❡
✶✻ �❤❡ ❞❡✜♥✐�✐♦♥ ♦❢ �❤❡ ❞✐✛✉�❡� ❛♥❣❧❡ ❛♥❞ �❤❡ ��❛�� ♦❢ �❤❡ ❞✐✛✉�❡� �❤�♦❛� ❛�❡ �❤♦✇♥✳

❋✐❣✉�❡ ✶✻✿ ❙✐❞❡ �❡❝�✐♦♥ ✈✐❡✇ ♦❢ �❤❡ ❞✐✛✉�❡�

■� �❤♦✉❧❞ ❜❡ ♥♦�❡❞ �❤❛� �❤❡ ❡♥�✐�❡ ✈❡❤✐❝❧❡ ❤❛� ❛♥ ❛♥❣❧❡ ❛❣❛✐♥�� �❤❡ ❣�♦✉♥❞ ♦❢ 1➦ ✭❤✐❣❤❡� ❣�♦✉♥❞
❝❧❡❛�❛♥❝❡ ✐♥ �❤❡ �❡❛�✮ ❜✉� �❤❡ ❞✐✛✉�❡� ❛♥❣❧❡ ✐� ❞❡✜♥❡❞ ❢�♦♠ �❤❡ ✉♥❞❡�❜♦❞②✳

❚♦ ✐♥❝�❡❛�❡ �❤❡ ♣♦��✐❜✐❧✐�② ❢♦� ❛��❛❝❤❡❞ ✢♦✇ ✐♥ �❤❡ �❡❣✐♦♥ ♦❢ �❤❡ ❞✐✛✉�❡� ❛ ❝♦✈❡�✐♥❣ ♦❢ �❤❡ ❡♥�✐�❡
✉♥❞❡�❜♦❞② ✐� ❞♦♥❡✱ �❡❡ ❋✐❣✉�❡ ✶✼✳ ❚❤❡ ❝♦✈❡�✐♥❣ ♦❢ �❤❡ ✉♥❞❡�❜♦❞② ✇❡�❡ ❞♦♥❡ �♦ �❤❡ ❡①�❡♥❞ ✇❤❡�❡ �❤❡
❡①❤❛✉�� �②��❡♠ ♦❝❤ ❛�❡❛ ❢♦� �❤❡ �❡❛� �✉�♣❡♥�✐♦♥ ✐� ❦❡♣� ♦♣❡♥✳ ❚❤✐� ✐� ❞♦♥❡ ✐♥ ♦�❞❡� �♦ ❤❛✈❡ �♦♠❡ ❤❡❛�
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��❛♥�❢❡� ❢�♦♠ �❤❡ ❡①❤❛✉�� �②��❡♠ ❛♥❞ �❤❡ ♦♣❡♥ ❛�❡❛� ❛�♦✉♥❞ �❤❡ �❡❛� �✉�♣❡♥�✐♦♥ ✐� �❤❡�❡ ❞✉❡ �♦ �❤❡
♠♦✈❡♠❡♥� ♦❢ �❤❡ �✉�♣❡♥�✐♦♥✳

❋✐❣✉�❡ ✶✼✿ ❉✐✛✉�❡� ❛♥❞ ❝♦✈❡�✐♥❣ ♦❢ ✉♥❞❡�❝❛��✐❛❣❡✱ ❜♦��♦♠ ✈✐❡✇

■♥ ❋✐❣✉�❡ ✶✽ ✐❧❧✉���❛�❡� �❤❡ ♥❡❝❡��❛�② ♠♦❞✐✜❝❛�✐♦♥� �♦ �❤❡ ❡①❤❛✉�� �✐❧❡♥❝❡� ❛♥❞ �❡❛� ��✉♥❦ ✐♥ ♦�❞❡�
�♦ ✐♠♣❧❡♠❡♥� �❤✐� �②♣❡ ♦❢ ❞✐✛✉�❡�✳

❋✐❣✉�❡ ✶✽✿ ■♥�❡��❡❝�✐♦♥ ❜❡�✇❡❡♥ ❞✐✛✉�❡� ❛♥❞ ✉♥♠♦❞✐✜❡❞ ✉♥❞❡�❜♦❞②

■♥ ♦�❞❡� �♦ ❝❛❧❝✉❧❛�❡ �❤❡ ❞�❛❣ ❝♦❡✣❝✐❡♥� �❤❡ ❢�♦♥�❛❧ ❛�❡❛ ✭Af ✮ ♠✉�� ❜❡ ♣�♦✈✐❞❡❞ ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞
✐♥ ❚❛❜❧❡ ✷✳ ❚❤❡ �❛❜❧❡ �❤♦✇� ❛♥ ✐♥❝�❡❛�❡ ✐♥ �❤❡ ❢�♦♥�❛❧ ❛�❡❛ ❞✉❡ �♦ �❤❡ ✐♠♣❧❡♠❡♥�❛�✐♦♥ ♦❢ �❤❡ ❞✐✛✉�❡�
❛♥❞ ❛❧�♦ �❤❡ ❧❡♥❣�❤ ❛♥❞ ✇❤❡❡❧❜❛�❡✳

❚❛❜❧❡ ✷✿ ❋�♦♥�❛❧ ❛�❡❛ ✭Af ✮

▼♦❞❡❧ ✾✲✸ ❙❡❞❛♥ ✾✲✸ ❙❡❞❛♥ ✰ ❞✐❢❢✉�❡� ✾✲✸ ❲❛❣♦♥ ✾✲✸ ❲❛❣♦♥ ✰ ❞✐❢❢✉�❡�

��♦❥❡❝�❡❞ ❢�♦♥�❛❧ ❛�❡❛ ❬m2❪ ✷✳✶✽✾✼ ✷✳✶✾✾✷ ✷✳✷✹✺✶ ✷✳✷✺✹✻

▲❡♥❣�❤ ❬m❪ ✹✳✻✸ ✹✳✻✸ ✹✳✻✸ ✹✳✻✸

❲❤❡❡❧ ❜❛�❡ ❬m❪ ✷✳✻✼✺ ✷✳✻✼✺ ✷✳✻✼✺ ✷✳✻✼✺

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✷✸
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✸✳✷✳✶ ❉✐✛✉	❡� ❞❡	✐❣♥

❉✐✛❡�❡♥� �♦❧✉�✐♦♥� �♦ �❤❡ ❞❡�✐❣♥ ♦❢ �❤❡ ❞✐✛✉�❡� ❤❛� ❜❡❡♥ �✐♠✉❧❛�❡❞ ✇❤✐❝❤ ♠❛✐♥❧② ❞✐✛❡� ✐♥ �❤❡ �❡❛� �❡❣✐♦♥

♦❢ �❤❡ ❞✐✛✉�❡�✳ ❚❤❡ �❡❛�♦♥ ❢♦� �❤❡ ❞✐✛❡�❡♥� ❝♦♥❝❡♣�� ✐� �❤❡ ❝❤❛♥❣❡ ✐♥ ❡✛❡❝�✐✈❡ ❧❡♥❣�❤ ❛♥❞ ❛❡��❤❡�✐❝�✳

❋✐❣✉�❡ ✶✾ �❤♦✇� �❤❡ ❞✐✛❡�❡♥❝❡ ✐♥ ❞❡�✐❣♥ ♦♥ �❤❡ ��❛�✐♦♥ ✇❛❣♦♥ ✇✐�❤ ❛ ❞✐✛✉�❡� ❛♥❣❧❡ ♦❢ ✺➦✳

✭❛✮ ❉❡�✐❣♥ ★✶✱ ✺➦ ❞✐✛✉�❡� ✭❜✮ ❉❡�✐❣♥ ★✷✱ ✺➦ ❞✐✛✉�❡�

❋✐❣✉�❡ ✶✾✿ ❈♦♠♣❛�✐�♦♥ ❞✐✛❡�❡♥� ❞✐✛✉�❡� ❞❡�✐❣♥� ❢♦� ✇❛❣♦♥

✸✳✸ ❱♦��❡① ❣❡♥❡�❛�♦��

❙❡❝�✐♦♥ ✷✳✷ ❞❡�❝�✐❜❡❞ �❤❡ ❜❡♥❡✜�� ♦❢ ❛��❛❝❤❡❞ ✢♦✇ ❛♥❞ ❞❡✈✐❝❡ �♦ ❞❡❧❛② �❡♣❛�❛�✐♦♥ ♦❢ �❤❡ ✢♦✇ ❝❛♥ ❜❡ ❛
�♦ ❝❛❧❧❡❞ ✈♦��❡① ❣❡♥❡�❛�♦�✳ ❚❤❡ ✈♦��❡① ❣❡♥❡�❛�♦� ❞✐��✉�❜� �❤❡ ✢♦✇ ❛♥❞ ❝❛♥ ♠❛❦❡ �❤❡ ❛✐� ✢♦✇ �❡❛��❛❝❤
❜② ❣❡♥❡�❛�✐♥❣ ❛ �✉�❜✉❧❡♥� ❜♦✉♥❞❛�② ❧❛②❡�✳ ■♥ ♦�❞❡� �♦ ✐♠♣❧❡♠❡♥� ❛ ✈♦��❡① ❣❡♥❡�❛�♦� �❤❡ ♣♦✐♥� ♦❢
�❡♣❛�❛�✐♦♥ ✐� ♥❡❡❞❡❞ �♦ ♣❧❛❝❡ �❤❡ ✈♦��❡① ❣❡♥❡�❛�♦��✳ ■♥ ❋✐❣✉�❡ ✷✵ �❤❡ ❙❆❆❇ ✾✲✸ ❙♣♦	
� ✇❛❣♦♥ ✇✐�❤ ❛
❞✐✛✉�❡� �❤❛� ❤❛� ❛♥ ✽ ❞❡❣�❡❡� ❛♥❣❡❧ ✐� �❤♦✇♥ ❛♥❞ ✇❤✐❝❤ ✐❧❧✉���❛�❡� �❤❡ ✇❛❧❧ �❤❡❛� ���❡��❡� ✐♥ ♦�❞❡� �♦
❞❡�❡�♠✐♥❡ �❤❡ ♣♦✐♥� ♦❢ �❡♣❛�❛�✐♦♥ ♦♥ �❤❡ ❞✐✛✉�❡�✳ ❚❤❡ ✜❣✉�❡ �❤♦✇� �❤❛� �❤❡ ♠❛✐♥ �❡♣❛�❛�✐♦♥ ♦❝❝✉��
❛� �❤❡ �✐❞❡� ✭❜❧✉❡ �❡❣✐♦♥✮ ♦❢ �❤❡ ❞✐✛✉�❡� ❞✉❡ �♦ �❤❡ ♦♣❡♥✐♥❣ ❢♦� �❤❡ �❡❛� �✉�♣❡♥�✐♦♥✳ ❇② ✐♠♣❧❡♠❡♥�✐♥❣
✈♦��❡① ❣❡♥❡�❛�♦�� �♦♠❡ ♦❢ �❤❛� ✢♦✇ ❝❛♥ ❜❡ �❡❛��❛❝❤❡❞✳

❋✐❣✉�❡ ✷✵✿ ❲❛❧❧ �❤❡❛� ���❡��❡� ❢♦� �❤❡ ♦�✐❣✐♥❛❧ ❞✐✛✉�❡�

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✷✹
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❚❤❡ ❣❡♥❡�❛❧ 	❤❛♣❡ ❛♥❞ 	✐③❡ ✐	 ❜❛	❡❞ ♦♥ ❛		✉♠♣�✐♦♥	 ✇❤❡♥ �❤❡ ❡✣❝✐❡♥❝② ✐	 ❛� ✐�	 ❜❡	�✳ ❚❤❡ �❡	✉❧�	
❝❛♥ ❜❡ ♠✐	❧❡❛❞✐♥❣ ✇✐�❤♦✉� ❞♦✐♥❣ ❛ ❞❡❡♣ ❛♥❛❧②	✐	 ♦❢ �❤❡ ❡✛❡❝�	 ♦❢ ✐♠♣❧❡♠❡♥�✐♥❣ ✈♦��❡① ❣❡♥❡�❛�♦�	✳ ❲✐�❤
�❤✐	 	❛✐❞ �❤❡ ✐♠♣❧❡♠❡♥�❛�✐♦♥ ♦❢ �❤❡ ❱●	 ✐	 ❛ 	♠❛❧❧ 	✐❞❡ 	�❡♣ ❢�♦♠ �❤❡ 	❝♦♣❡ ♦❢ �❤✐	 ♣�♦❥❡❝�✳ ■♥ ❋✐❣✉�❡
✷✶ �❤❡ ❣❡♦♠❡��② ♦❢ �❤❡ ✈♦��❡① ❣❡♥❡�❛�♦�	 ✐	 	❤♦✇♥✱ ✇❤✐❝❤ ❤❛	 ❛ ❤❛❧❢ ❞❡❧�❛ ✇✐♥❣ 	❤❛♣❡✳ ❚❤❡ ✇✐♥❣ ♣�♦✜❧❡
✉	❡❞ ❢♦� ❝♦♥	��✉❝�✐♥❣ �❤✐	 ✈♦��❡① ❣❡♥❡�❛�♦� ✐	 ❛♥ ◆❆❈❆✷✸✵✶✷ ✇✐♥❣ ♣�♦✜❧❡ ✇❤✐❝❤ ✐	 ❝♦♠♠♦♥❧② ✉	❡❞ ✐♥
�❤❡ ❛✐�❝�❛❢� ✐♥❞✉	��②✳

❋✐❣✉�❡ ✷✶✿ ●❡♦♠❡��② ♦❢ ✈♦��❡① ❣❡♥❡�❛�♦�	

❚❤❡ ✈♦��❡① ❣❡♥❡�❛�♦�	 ✇❤❡�❡ ♣❧❛❝❡❞ ✷✺ ❞❡❣�❡❡	 �♦ �❤❡ ❢�❡❡	��❡❛♠ ❛✐� ❞✐�❡❝�✐♦♥ ✇❤✐❝❤ ❤❛	 	❤♦✇❡❞
♣♦	✐�✐✈❡ �❡	✉❧�	 ✐♥ ♦�❤❡� ❛♣♣❧✐❝❛�✐♦♥	✳❬✾❪ ❋✐❣✉�❡ ✷✶ 	❤♦✇	 �❤❡ ❤❡✐❣❤� ♦❢ �❤❡ ✈♦��❡① ❣❡♥❡�❛�♦� ✇❤✐❝❤ ✐	
❛♥ ❛♣♣�♦①✐♠❛�✐♦♥ ♦❢ ❤♦✇ ❧❛�❣❡ �❤❡ ❜♦✉♥❞❛�② ❧❛②❡� ❝♦✉❧❞ ❜❡ ❛� �❤❛� ❧♦❝❛�✐♦♥✳

✸✳✹ ●✉✐❞✐♥❣ ✈❛♥❡

❚❤❡ ✉	❡ ♦❢ ✏❣✉✐❞✐♥❣ ✈❛♥❡	✑ ♦� ✏�✉�♥✐♥❣ ✈❛♥❡	✑ ✐♥ �❤❡ ❞✐✛✉	❡� ❤❛	 �❤❡ ✐♥�❡♥❞ ❢✉♥❝�✐♦♥ �♦ ❣✉✐❞❡ �❤❡ ❛✐�
✢♦✇ ��♦✉❣❤ �❤❡ 	❧♦♣❡❞ ❛�❡❛ ✐♥ ♦�❞❡� �♦ ❡①♣❛♥❞ �❤❡ ❛✐� ✐♥ �❤❡ ❞❡	✐�❡❞ ✇❛②✳ ❚❤❡ ✐♥❝�❡❛	❡❞ ❢�✐❝�✐♦♥ ❞�❛❣
✐	 �❡❞✉♥❞❛♥� ❜✉� ❛♥ ✐♥❞✉❝❡❞ ✈♦��❡① ❝❛♥ ❜❡ ❢♦�♠❡❞ ❞✉❡ �♦ �❤❡ ✐♥��♦❞✉❝�✐♦♥ ♦❢ �❤❡ ❣✉✐❞✐♥❣ ✈❛♥❡	 ✇❤✐❝❤
❜♦�❤ ❝❛♥ 	❡♣❛�❛�❡ ❛♥❞ ♠❛✐♥�❛✐♥ ❛��❛❝❤❡❞ ❛✐�✢♦✇✳ ❚❤❡	❡ ✈❛♥❡	 ❝❛♥ ❛❧	♦ ❜❡ ✉	❡❢✉❧ ✐♥ ❛�❡❛	 ✇❤❡�❡ �❤❡
✉♥❞❡�❜♦❞② ❛✐�✢♦✇ ✇✐❧❧ ❡①♣❡�✐❡♥❝❡ ❧❛�❡�❛❧ ❣✉	�	✱ �②♣✐❝❛❧ ♥❡❛� �❤❡ �❡❛� ❛①❧❡ ❧✐♥❡✳ ❚❤❡ ❧♦✇❡� ♣�❡		✉�❡ ✐♥
�❤❡ �❤�♦❛� ♦❢ �❤❡ ❞✐✛✉	❡� 	✉❝❦ ✐♥ ❛✐� ❢�♦♠ �❤❡ 	✐❞❡	 ❛♥❞ ✈❡��✐❝❛❧ ♠♦✉♥❞❡❞ ✈❛♥❡	 ✇✐❧❧ ❤❡❧♣ �♦ ❧❡� �❤❡
❧♦♥❣✐�✉❞✐♥❛❧ ✢♦✇ �♦ 	�❛② ❛��❛❝❤❡❞✳ ❚❤❡ ♦✈❡�❛❧❧ ❣❡♦♠❡��② ♦❢ �❤❡	❡ ✈❛♥❡	 ✐	 ❤✐❣❤ ❞❡♣❡♥❞❡❞ ♦♥ �❤❡ 	♣❡❝✐✜❝
✈❡❤✐❝❧❡ ❛♥❞ ❛♣♣❧✐❝❛�✐♦♥✱ ❜✉� ✇✐�❤ �❤❡	❡ ♣�❡✈✐♦✉	❧② ♠❡♥�✐♦♥❡❞ ❣✉✐❞✐♥❣ �✐♣	 ❛ 	✉✐�❛❜❧❡ ❣❡♦♠❡��② ❝❛♥ ❜❡
♦❜�❛✐♥❡❞✳❬✶✶❪❬✶✷❪

■♥ �❤❡ 	�❡♣ ♦❢ ❝♦♥	��✉❝�✐♥❣ ❛♥❞ ✐♠♣❧❡♠❡♥�✐♥❣ �❤❡ ❣✉✐❞✐♥❣ ✈❛♥❡	 ❛ ��❛✐❧ ❛♥❞ ❡��♦� ❛♣♣�♦❛❝❤ ✐	 ✉	❡❞✳
❚❤❡ ♥✉♠❜❡� ♦❢ ✈❛♥❡	 ✉	❡❞ ✇❤❡�❡ ✷✱ ✸ ❛♥❞ ✹ ✐♥ ❋✐❣✉�❡ ✷✷ �❤❡ ❞✐✛❡�❡♥� ❝❛	❡	 ❛�❡ 	❤♦✇♥✳ ❆♥♦�❤❡�
✐♠♣♦��❛♥� ❞❡♠❛♥❞ ✇❛	 �❤❛� �❤❡ ✈❡��✐❝❛❧ ♠❡❛	✉�❡ ❞✐❞ ♥♦� ❡①❝❡❡❞ �❤❡ ♦�✐❣✐♥❛❧ �✐❞❡ ❡✐❣❤� ✐♥ �❤❡ �❡❛� ♣❛��
♦❢ �❤❡ ✈❡❤✐❝❧❡✳

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✷✺



✸ ❈❆❙❊ ❉❊❙❈❘■	❚■❖◆ ✸✳✺ ❋❧❛� �✐♠

❚❤❡ ✐♥��♦❞✉❝�✐♦♥ ♦❢ �❤❡❡ ✈❡��✐❝❛❧ ✈❛♥❡ ❛❧♦ ♠❛❞❡ ✐� ♣♦✐❜❧❡ �♦ ❡①♣❛♥❞ �❤❡ ♦♥❝♦♠✐♥❣ ❛✐�✢♦✇ ✐♥ ❛

❧❛�❡�❛❧ ✇❛② ❛♥❞ ❤♦♣❡❢✉❧❧② ✐♥❝�❡❛❡ �❤❡ ❡✣❝✐❡♥❝② ♦❢ �❤❡ ❞✐✛✉❡� ❛♥❞ ✐♥❝�❡❛❡ �❤❡ ♣�❡✉�❡ �❡❝♦✈❡�②✳ ❆

❝❛❡ ✇✐�❤ ♥♦ ❧❛�❡�❛❧ ❛♥❣❧❡ ✇❛ ❛❧♦ ✐♠✉❧❛�❡❞ ✐♥ ❋✐❣✉�❡ ✷✷ �❤❡ ❞✐✛❡�❡♥❝❡ ✐♥ ❞❡✐❣♥ ❝❛♥ ❜❡ ❡❡♥✳

✭❛✮ ✶✷➦ ❞✐✛✉
❡� ✇✐�❤ ✸ ❧❛�❡�❛❧ ❛♥❣❡❧❡❞ ●❱
 ✭❜✮ ✽➦ ❞✐✛✉
❡� ✇✐�❤ ✷ ●❱


❋✐❣✉�❡ ✷✷✿ ❈❆❉✲♠♦❞❡❧ ♦♥ ❣✉✐❞✐♥❣ ✈❛♥❡

✸✳✺ ❋❧❛� �✐♠

❚❤❡ ✢♦✇ �❤❛� ♦�✐❣✐♥❛�❡ ❢�♦♠ �❤❡ �❡❛� ✇❤❡❡❧ ❤❛ ❛ ♠❛❥♦� ✐♠♣❛❝� ♦♥ �❤❡ ❛✐� ✢♦✇ ✐♥ �❤❡ ❞✐✛✉❡� ❛♥❞ ❜②

�❡��✐❝�✐♥❣ �❤✐ ✢♦✇ ♦♠❡ ✐♥�❡�❡�✐♥❣ �❡✉❧� ❝❛♥ ❜❡ ♦❜�❛✐♥❡❞✳ ❚❤✐ ❝❛❡ �❤❡♥ ✐♠♣❧② ❜❡ ♣❡�❢♦�♠❡❞ ❜②

❝♦✈❡�✐♥❣ �❤❡ �✐♠ ❛♥❞ �❡��✐❝�✐♥❣ �❤❡ ✢♦✇ �❤�♦✉❣❤ �❤❡ ▼❘❋✲③♦♥❡✱ ❋✐❣✉�❡ ✷✸✳ ■� ❤♦✉❧❞ ❜❡ ♣♦✐♥�❡❞ ♦✉�

�❤❛� �❤✐ ❤❛ ❛ ♠❛❥♦� ✐♥✢✉❡♥❝❡ ♦♥ �❤❡ ❝♦♦❧✐♥❣ ♦❢ �❤❡ ❜�❛❦❡ ❜✉� �❤✐ ✐ ❜❡②♦♥❞ �❤❡ ❝♦♣❡ ♦❢ �❤✐ �✉❞②✳

✭❛✮ ❖�✐❣✐♥❛❧ �✐♠
 ✭❜✮ ❋❧❛� �✐♠


❋✐❣✉�❡ ✷✸✿ ❈♦♠♣❛�✐♦♥ ❜❡�✇❡❡♥ ♦�✐❣✐♥❛❧ ❛♥❞ ✢❛� �✐♠

✸✳✻ ◆♦ ✉♥❞❡�❜♦❞② ❝♦✈❡�✐♥❣

❇② ✐♥��♦❞✉❝✐♥❣ ❝♦✈❡�✲♣❧❛�❡ ♦♥ �❤❡ ✉♥❞❡�❜♦❞② �❤❡ ❣�♦✉♥❞ ❡✛❡❝� ❤♦✉❧❞ ❜❡ ❛✛❡❝�❡❞ ✐❣♥✐✜❝❛♥�❧② ❞✉❡

�♦ �❤❡ �❡❞✉❝�✐♦♥ ✐♥ �✐❞❡ ❤❡✐❣❤� ❛♥❞ ♦✈❡�❛❧❧ ♠♦♦�❤✐♥❣ ♦❢ �❤❡ ✉♥❞❡�❜♦❞② ✉�❢❛❝❡✳ ❙♦ �♦ ♠❡❛✉�❡ �❤❡

❞✐✛✉❡� ❛❜♦❧✉�❡ ❡✛❡❝� ♦♥ �❤❡ ♣�❡✉�❡ ✇❛❦❡ ❛ ❝❛❡ ✇❛ ♣�❡♣❛�❡❞ ✇❤❡�❡ �❤❡�❡ ✐ ♥♦ ❝♦✈❡�♣❧❛�❡ ♦♥ �❤❡

✉♥❞❡�❜♦❞②✳ ❚❤❡ ❛♥❣❧❡ ♦❢ �❤✐ ❞✐✛✉❡� ✐ ❜❛❡❞ ♦♥ �❤❡ ✐♠✉❧❛�❡❞ �❡✉❧� ❢�♦♠ �❤❡ ♣�❡✈✐♦✉ ❝❛❡ ✇✐�❤

✉♥❞❡�❜♦❞② ❝♦✈❡�✐♥❣✳ ■♥ ❋✐❣✉�❡ ✷✹ ❛ ♣✐❝�✉�❡ ♦❢ �❤❡ ❝❛❡ ✐ ❞✐♣❧❛②❡❞ �♦ ❤♦✇ �❤❡ ❛��❡♠♣� �♦ ❡❧✐♠✐♥❛�❡

❤❛�♣ ❡❞❣❡ ❛♥❞ ♦✈❡�❛❧❧ ❞❡✐❣♥✳

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛
�❡�✬
 ❚❤❡
✐
 ✷✵✶✶✿✸✵ ✷✻
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❋✐❣✉�❡ ✷✹✿ ❈♦♥✜❣✉�❛�✐♦♥ ✇✐�❤ ♦♥❧② ❞✐✛✉�❡� ❛♥❞ ✉♥❞❡�❜♦❞② ♣❛♥❡❧

✸✳✼ ❈♦✈❡�✐♥❣ ♦❢ ❤❡ �❡❛� �✉�♣❡♥�✐♦♥

❙✐♥❝❡ �❤❡ �❡❛� �✉�♣❡♥�✐♦♥ ✐� ❛✛❡❝�✐♥❣ �❤❡ ✢♦✇ ♦♥�♦ �❤❡ ❞✐✛✉�❡� ✐� ✇♦✉❧❞ ❜❡ ✐♥�❡�❡��✐♥❣ �♦ �✐♠✉❧❛�❡ ❛

❝❛�❡ ✇✐�❤ �❤❡ �✉�♣❡♥�✐♦♥ ❝♦✈❡�❡❞✳ ■♥ ❋✐❣✉�❡ ✷✵ ✐� ❝♦✉❧❞ ❜❡ ♥♦�❡❞ �❤❛� �❤❡ ✢♦✇ ✐� �❡♣❛�❛�❡❞ ❛� �❤❡ �❡❛�

�✉�♣❡♥�✐♦♥ ✇❤✐❝❤ ❝❛✉�❡� ❛ �♠❛❧❧ ❡✛❡❝�✐✈❡ ❛�❡❛ ♦♥ �❤❡ ❞✐✛✉�❡� �♦ �❡❞✉❝❡ ❞�❛❣✳ ■♥ ♦�❞❡� �♦ �❡❡ ❤♦✇ ❛

❝♦♠♣❧❡�❡❧② ✢❛� ✉♥❞❡�❜♦❞② �❤♦✉❧❞ ❛✛❡❝� �❤❡ �♦�❛❧ ❞�❛❣ �❡�✐��❛♥❝❡ �❤❡ ❧✐♥❦ ❛�♠� ♦❢ �❤❡ �❡❛� �✉❜❢�❛♠❡

✇❛� �❡♠♦✈❡❞ ❛♥❞ �❤❡ ❤♦❧❡� ✇❤❡�❡ ❝♦✈❡�❡❞✱ �❡❡ ❋✐❣✉�❡ ✷✺✳

❋✐❣✉�❡ ✷✺✿ ❈♦♥✜❣✉�❛�✐♦♥ ✇✐�❤ ✢❛� ✉♥❞❡�❜♦❞②✱ ❝♦✈❡�❡❞ �❡❛� �✉�♣❡♥�✐♦♥

✸✳✽ ❚❡� ♠❛�✐①

■♥ �❤✐� �❡❝�✐♦♥ ❛ �❛❜❧❡ ♦❢ ❛❧❧ �❤❡ ❝❛�❡� �❤❛� ✇❤❡�❡ �✐♠✉❧❛�❡❞ ❛�❡ ♣�❡�❡♥�❡❞ �♦ ❣❡� ❛♥ ♦✈❡�✈✐❡✇ ♦❢ �❤❡

❡①�❡♥❞ ♦❢ �❤✐� ✐♥✈❡��✐❣❛�✐♦♥✱ �❡❡ ❚❛❜❧❡ ✸✳ ❆❜❜�❡✈✐❛�✐♦♥ ♦❢ ❡❛❝❤ ❝❛�❡ ❤❛� ❜❡❡♥ ❞♦♥❡ ✐♥ ❚❛❜❧❡ ✸ ✐♥ ♦�❞❡�

�♦ ♠❛❦❡ �❤❡ ❝❛�❡� ♠♦�❡ ♠❛♥❛❣❡❛❜❧❡✳

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✷✼



✸ ❈❆❙❊ ❉❊❙❈❘■	❚■❖◆ ✸✳✾ ❇♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥�

❚❛❜❧❡ ✸✿ ❈❋❉ ❚❡�� ♠❛��✐①

❉✐❢❢✉�❡� ❛♥❣❧❡ ❬❞❡❣❪ ✶✹➦ ✶✷➦ ✶✵➦ ✽➦ ✺➦ ✸➦

❙❆❆❇ ✾✲✸ ❙❊❉❆◆ ▼❖❉❊▲ ✲ ✲ ✲ ✲ ✲ ✲

❘❡❢❡�❡♥❝❡ ✭S1,
√

✮ ✲ ✲ ✲ ✲ ✲ ✲

❉✐✛✉�❡� ✇✐�❤ ✉♥❞❡�❜♦❞② ❝♦✈❡�✐♥❣ ✭❉✫❯❈✮ S2,
√

S3,
√

S4,
√

S5,
√

S6,
√

✲

❉✫❯❈ ❛♥❞ ✷ ❣✉✐❞✐♥❣ ✈❛♥❡� ✲ ✲ ✲ S7,
√

✲ ✲

❉✫❯❈ ❛♥❞ ✸ ❣✉✐❞✐♥❣ ✈❛♥❡� ✲ S8,
√

✲ ✲ ✲ ✲

❉✫❯❈ ❛♥❞ ✹ ❣✉✐❞✐♥❣ ✈❛♥❡� ✲ ✲ ✲ S9,
√

✲ ✲

❉✫❯❈ ❛♥❞ ✈♦��❡① ❣❡♥❡�❛�♦�� ✲ S10,
√

✲ ✲ ✲ ✲

❉✫❯❈ ❛♥❞ �❡❛� �✉�♣❡♥�✐♦♥ ❝♦✈❡�✐♥❣ ✲ ✲ ✲ S11,
√

✲ ✲

❉✐✛✉�❡� ✇✐�❤ ◆❖ ✉♥❞❡�❜♦❞② ❝♦✈❡�✐♥❣ ✲ ✲ ✲ S12,
√

✲ ✲

❉✫❯❈ ❛♥❞ ❝♦✈❡�✐♥❣ ♦❢ �❡❛� ✇❤❡❡❧ �✐♠� ✲ ✲ ✲ S13,
√

✲ ✲

❉✫❯❈ ❛♥❞ ❝♦✈❡�✐♥❣ ♦❢ ❛❧❧ ✇❤❡❡❧ �✐♠� ✲ ✲ ✲ S14,
√

✲ ✲

❙❆❆❇ ✾✲✸ ❲❆●❖◆ ▼❖❉❊▲ ✲ ✲ ✲ ✲ ✲ ✲

❘❡❢❡�❡♥❝❡ ✭W1,
√

✮ ✲ ✲ ✲ ✲ ✲ ✲

❉✫❯❈ ❞❡�✐❣♥★✶ W2,
√

W3,
√

W4,
√

W5
√

W6,
√

W7,
√

❉✫❯❈ ❞❡�✐❣♥★✷ ✲ ✲ ✲ W8,
√

W9,
√

W10,
√

❉✫❯❈ ❛♥❞ ✷ ❣✉✐❞✐♥❣ ✈❛♥❡� ✲ ✲ ✲ W11,
√

W12,
√

✲

❉✫❯❈ ❛♥❞ ✸ ❣✉✐❞✐♥❣ ✈❛♥❡� ✲ W13,
√

✲ ✲ ✲ ✲

❉✫❯❈ ❛♥❞ ✈♦��❡① ❣❡♥❡�❛�♦�� ✲ ✲ ✲ W14,
√

✲ ✲

❉✐✛✉�❡� ✇✐�❤ ◆❖ ✉♥❞❡�❜♦❞② ❝♦✈❡�✐♥❣ ✲ ✲ ✲ ✲ W15,
√

✲

❉✫❯❈ ❛♥❞ ❝♦✈❡�✐♥❣ ♦❢ �❡❛� ✇❤❡❡❧ �✐♠� ✲ ✲ ✲ ✲ W16,
√

✲

❉✫❯❈ ❛♥❞ ❝♦✈❡�✐♥❣ ♦❢ ❛❧❧ ✇❤❡❡❧ �✐♠� ✲ ✲ ✲ ✲ W17,
√

✲

✸✳✾ ❇♦✉♥❞❛
② ❝♦♥❞✐�✐♦♥�

❚❤❡ �♦❧✈❡� ✉�❡❞ ❢♦� �❤❡�❡ �✐♠✉❧❛�✐♦♥ ✐� ❋❧✉❡♥� ✶✸✳✵ ❛♥❞ ✐♥ ❆♣♣❡♥❞✐① ❆ ❛ �❝�✐♣� ✜❧❡ ✐� ♣�❡�❡♥�❡❞ ✇❤✐❝❤
�❤♦✇� ❛❧❧ �❤❡ ❞✐✛❡�❡♥� �❡��✐♥❣�✳ ■♥ �❤✐� �❡❝�✐♦♥ ❛ �❤♦�� ❞❡�❝�✐♣�✐♦♥ ♦❢ �❤❡ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥� ❛�❡
♣�❡�❡♥�❡❞ ✐♥ ♦�❞❡� �♦ ❣✐✈❡ ❛♥ ♦✈❡�✈✐❡✇ ♦❢ �❤❡ ❞�✐✈✐♥❣ ❝♦♥❞✐�✐♦♥� ❞✉�✐♥❣ �❤❡ �✐♠✉❧❛�✐♦♥✱ �❡❡ ❚❛❜❧❡ ✹✳ ❆
✇❡❧❧ ❡��❛❜❧✐�❤❡❞ ✇✐♥❞ �♣❡❡❞ ♦� ❞�✐✈✐♥❣ �♣❡❡❞ ✇✐�❤✐♥ �❤❡ ❛✉�♦♠♦�✐✈❡ ✐♥❞✉���② ✇❤❡♥ �✐♠✉❧❛�✐♥❣ ❛ �♦❛❞
✈❡❤✐❝❧❡ ✐� ✶✹✵ ❦♠✴❤ ✭✸✽✳✽✾ ♠✴�✮ ❛♥❞ �❤✐� �♣❡❡❞ ✐� ❛❧�♦ ✉�❡❞ ✐♥ �❤✐� ✐♥✈❡��✐❣❛�✐♦♥✳ ❆� �❤✐� ✈❡❧♦❝✐�②
�❤❡ ❞❡♥�✐�② ❝❛♥ ❜❡ ❛��✉♠❡❞ �♦ ❜❡ ❝♦♥��❛♥� ❛♥❞ �❤❡ ❣♦✈❡�♥✐♥❣ ❡&✉❛�✐♦♥� ❛�❡ �❤❡♥ ♣�❡��✉�❡ ❜❛�❡❞ ❛♥❞
�❤❡ ✢♦✇ ✐� ✐♥❝♦♠♣�❡��✐❜❧❡✳ ❆♥♦�❤❡� ✇❡❧❧ ❞♦❝✉♠❡♥�❡❞ ♣�❛❝�✐❝❡ ✇✐�❤✐♥ ❈❋❉✲�✐♠✉❧❛�✐♦♥� ✐� �❤❡ ✉�❡ ♦❢
�❤❡ �❡❛❧✐③❛❜❧❡ k − ε �✉�❜✉❧❡♥❝❡ ♠♦❞❡❧ �♦❣❡�❤❡� ✇✐�❤ ♥♦♥✲❡&✉✐❧✐❜�✐✉♠ ✇❛❧❧✲❢✉♥❝�✐♦♥� ✇❤❡♥ �♦❧✈✐♥❣ �❤❡
❘❆◆❙✲❡&✉❛�✐♦♥� ✐♥ ❋❧✉❡♥�✱ ✇❤✐❝❤ ✇✐❧❧ ❛❧�♦ ❜❡ ✉�❡❞ ❞✉�✐♥❣ �❤✐� ♣�♦❥❡❝�✳❬✶❪

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✷✽



✸ ❈❆❙❊ ❉❊❙❈❘■	❚■❖◆ ✸✳✶✵ ❙✐♠✉❧❛�✐♦♥ ✐♥ ❋❧✉❡♥�

❚❛❜❧❡ ✹✿ ❇♦✉♥❞❛② ❝♦♥❞✐�✐♦♥�

❙✉�❢❛❝❡✴	❛�
 ▼♦✈❡♠❡♥
 ❚②♣❡ ❈♦♥❞✐
✐♦♥

❚✉♥♥❡❧✲�♦♦❢ 
�❛�✐♦♥❛�② 
②♠♠❡��② ✲

❚✉♥♥❡❧✲
✐❞❡
 
�❛�✐♦♥❛�② 
②♠♠❡��② ✲

❚✉♥♥❡❧✲✢♦♦� ��❛♥
✐�✐♦♥❛❧ ①✲✈❡❧♦❝✐�② ✇❛❧❧ ✸✽✳✽✾ ❬♠✴
❪

❚✉♥♥❡❧✲✐♥❧❡� 
�❛�✐♦♥❛�② ✈❡❧♦❝✐�②✲✐♥❧❡� ✵➦ ②❛✇ ✫ ✸✽✳✽✾ ❬♠✴
❪

�✉�❜✳ ❧❡♥❣�❤ 
❝❛❧❡✿ ✶ ❬❝♠❪

�✉�❜✳ ✐♥�❡♥
✐�②✿ ✵✳✶✪

❚✉♥♥❡❧✲♦✉�❧❡� 
�❛�✐♦♥❛�② ♣�❡

✉�❡✲♦✉�❧❡� ●✉❛❣❡ ♣�❡

✉�❡✿ ✵✳✵ ❬'❛❪

�✉�❜✳ ❧❡♥❣�❤ 
❝❛❧❡✿ ✶ ❬❝♠❪

�✉�❜✳ ✐♥�❡♥
✐�②✿ ✵✳✶✪

❱❡❤✐❝❧❡ 
�❛�✐♦♥❛�② ✇❛❧❧✴✐♥�❡�✐♦�✴❢❛♥ ♥♦✲
❧✐♣

❲❤❡❡❧
 �♦�❛�✐♦♥❛❧ ✈❡❧♦❝✐�② ✭②✲❛①✐
✮ ✇❛❧❧ ♥♦✲
❧✐♣

✶✷✸✳✶✽✻ ❬❘'▼❪

▼❘❋✲③♦♥❡
 �♦�❛�✐♦♥❛❧ ✈❡❧♦❝✐�② ✭②✲❛①✐
✮ ✇❛❧❧✴❢❛♥

✭▼♦✈✐♥❣ �❡❢❡�❡♥❝❡ ❋�❛♠❡✮ ✶✷✸✳✶✽✻ ❬❘'▼❪

❚♦ ♠♦❞❡❧ �❤❡ ✢♦✇ ❡�✐��❛♥❝❡ �❤♦✉❣❤ �❤❡ ❛❞✐❛�♦ ❛ ♣❡❢♦❛�❡❞ �✉❢❛❝❡ ✐� ✉�❡❞ �♦ ❡��✐❝� �❤❡ ❛✐
✢♦✇✱ �❤✐� ♠❡�❤♦❞ ✐� ❝✉❡♥�❧② ✉�❡❞ ❜② ❙❆❆❇ ❆✉�♦♠♦❜✐❧❡ ❛♥❞ ❛ ❞❡✈✐❛�✐♦♥ ❢♦♠ �❤✐� ♠❡�❤♦❞ ❞✐❞ ♥♦�
�❡❡♠ ♥❡❝❡��❛②✳ ❆♥ ❛❧�❡♥❛�✐✈❡ ♠❡�❤♦❞ ❝♦✉❧❞ ❜❡ ❞♦♥❡ ❜② ❛❧�❡♥❛�✐✈❡❧② ✉�✐♥❣ ❛ ♣♦♦✉� ♠❡❞✐✉♠ ❛♥❞
♠♦❞❡❧✐♥❣ �❤❡ ♣❡��✉❡ ❞♦♣ ❛♥❞ ✐♥❡�✐❛ ❛♥❞ ✈✐�❝♦✉� ❡�✐��❛♥❝❡ ✐♥ �❤❡ ❛❞✐❛�♦ ♠♦❡ ❛❝❝✉❛�❡❧②✳

❚❛❜❧❡ ✺✿ ❘♦�❛�✐♦♥❛❧ ❝♦♦❞✐♥❛�❡�

❨✲❛①✐� ❝♦♦	❞✐♥❛�❡� ❬♠❪ ① ② ③

❋♦♥� ✇❤❡❡❧ ✶✳✼✷✻✾✵✻ ✵ ✵✳✸✶✺✼✵✶✹

❘❡❛ ✇❤❡❡❧ ✹✳✹✵✷✾✵✻ ✵ ✵✳✸✶✺✼✵✶✺

❱❡❤✐❝❧❡ ✭♣✐�❝❤ ♠♦♠❡♥�✮ ✸✳✵✺✽ ✵ ✵✳✸✽✹

❚❛❜❧❡ ✺ �❤♦✇� �❤❡ ♦�❛�✐♦♥❛❧ ❝❡♥�❡ ❢♦ �❤❡ ❜♦✉♥❞❛② ❝♦♥❞✐�✐♦♥� ❡❣❛❞✐♥❣ �❤❡ ✇❤❡❡❧� ❛♥❞ ▼❘❋✲
③♦♥❡� ❛♥❞ ❛� ✇❡❧❧ �❤❡ ♦�❛�✐♦♥❛❧ ❝❡♥�❡ ♦❢ �❤❡ ❡♥�✐❡ ✈❡❤✐❝❧❡ ✇❤✐❝❤ ✐� ✉�❡❞ �♦ ❞❡�❡♠✐♥❡ �❤❡ ❛❧�❡❛�✐♦♥�
✐♥ ♣✐�❝❤ ♠♦♠❡♥� ❜❡�✇❡❡♥ ❡❛❝❤ �✐♠✉❧❛�❡❞ ❝❛�❡✳

✸✳✶✵ ❙✐♠✉❧❛�✐♦♥ ✐♥ ❋❧✉❡♥�

❇② ✉♥♥✐♥❣ �❤❡ ❝❛❧❝✉❧❛�✐♦♥� ❢♦ ✸✵✵✵ ✐�❡❛�✐♦♥� �❤♦✇♥ �♦ ❜❡ ❛❞❡/✉❛�❡ ✐♥ ♦❞❡ �♦ ❛❝❤✐❡✈❡ ❧♦✇ ❡�✐❞✉❛❧�
✈❛❧✉❡�✳ ❚❤❡ ✜�� ✺✵✵ ✐�❡❛�✐♦♥� ✐� ❞♦♥❡ ❜② ❝❛❧❝✉❧❛�✐♥❣ �❤❡ ❘❆◆❙ ❡/✉❛�✐♦♥� ✐♥ ✜�� ♦❞❡ ❛♥❞ �❤❡ ♥❡①�
✷✺✵✵ ✐�❡❛�✐♦♥� ✐� ❞♦♥❡ ❜② �♦❧✈✐♥❣ �❤❡ �❡❝♦♥❞ ♦❞❡ ♦❢ �❤❡ ♥✉♠❡✐❝❛❧ ♠❡�❤✳

❚❤❡ ✜♥❛❧ ❞�❛❣ ❝♦❡✣❝✐❡♥� ✭Cd✮ ❛♥❞ ❧✐❢� ❝♦❡✣❝✐❡♥� ✭Cl✮ ❢♦ ❡❛❝❤ �✐♠✉❧❛�✐♦♥ ✐� ❞❡�❡♠✐♥❡❞ ❜② ❝❛❧❝✉✲
❧❛�✐♥❣ �❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ �❤❡ ❧❛�� ✷✵✵ ✐�❡❛�✐♦♥�✳

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✷✾





✹ ❘❊❙❯▲❚❙

✹ ❘❡�✉❧��

❚♦ ❜❡ ❛❜❧❡ �♦ ❛♥❛❧②③❡ �❤❡ ❞✐✛❡�❡♥� ❝♦♥✜❣✉�❛�✐♦♥� ❛ ❞❡�❛✐❧❡❞ ❛♥❛❧②�✐� ♦❢ �❤❡ ✉♥♠♦❞✐✜❡❞ �❡❢❡�❡♥❝❡
♠♦❞❡❧� ❛�❡ ❞♦♥❡ ✐♥ ♦�❞❡� �♦ ❣❡� ❛♥ ♦✈❡�✈✐❡✇ ♦❢ �❤❡ ✢♦✇ ❜❡❤❛✈✐♦� ❛♥❞ ❡��❛❜❧✐�❤ ❛ ��❛��✐♥❣ ♣♦✐♥� ❢♦�
✐♠♣�♦✈❡♠❡♥��✳

✹✳✶ ❘❡❢❡�❡♥❝❡ ❙❆❆❇ ✾✲✸ ❙♣♦	
 �❡❞❛♥ ❛♥❞ ❙❆❆❇ ✾✲✸ ❙♣♦	
� ✇❛❣♦♥

❲❤❡♥ ❝♦♠♣❛�✐♥❣ ❞❡�✐❣♥� ❛♥❞ �❤❛♣❡� ♦❢ ❞✐✛❡�❡♥� ✈❡❤✐❝❧❡� �❤❡ ❞✐♠❡♥�✐♦♥❧❡�� ❞�❛❣ ❝♦❡✣❝✐❡♥�✱ Cd✱ ✐� ✉�❡❞✳
❋♦� ♣❛��❛♥❣❡� ❝❛�� ❛ ♥♦�♠❛❧ ✈❛❧✉❡ ✐� ❛❜♦✉� ✵✳✸✳ ■♥ �❤✐� ��✉❞② �❤❡ �❡❢❡�❡♥❝❡ �❡❞❛♥ ❤❛❞ ❛ Cd ♦❢ ✵✳✷✽✼✺
❛♥❞ �❤❡ �❡❢❡�❡♥❝❡ ❤❛❞ ❛ Cd ✈❛❧✉❡ ♦❢ ✵✳✸✵✸✸✳

✹✳✶✳✶ ❊♥❡�❣② ❧♦��❡�

❋✐❣✉�❡ ✷✻ �❤♦✇� �❤❡ �✇♦ ♠♦❞❡❧� ✇✐�❤ �♦ ❝❛❧❧❡❞ ✐�♦✲�✉�❢❛❝❡� ❢♦� �♦�❛❧ ♣�❡��✉�❡ ❡(✉❛❧ �♦ ③❡�♦✱ �❤✐� ✐��❡❣✉❧❛�
�✉�❢❛❝❡ �❤♦✇� �❤❡ ✇❛❦❡ ❢♦�♠❡❞ ❜❡❤✐♥❞ �❤❡ ❝❛��✳ ❆ ✇❛❦❡ ✐� ❛♥ ❛�❡❛ ♦❢ ❧♦✇ ♣�❡��✉�❡ ❛♥❞ ❛ �❡❣✐♦♥ ♦❢ ❤✐❣❤
�✉�❜✉❧❡♥❝❡ �❤❛� ✐♥❞✐❝❛�❡� ❛ ❧♦�� ✐♥ ❡♥❡�❣②✳ ❆� ❝❛♥ ❜❡❡♥ �❡❡♥ ✐♥ �❤❡ ✜❣✉�❡ ✇❛❦❡� ❛�❡ ❛❧�♦ ❢♦�♠❡❞ ❛� �❤❡
✇❤❡❡❧�✱ �❤❡ ♠✐��♦�� ❛♥❞ ♦♥ �❤❡ ✉♥❞❡�❜♦❞②✳ ❍❡�❡ �❤❡ ✐�♦✲�✉�❢❛❝❡� ❛�❡ ❝♦❧♦�❡❞ ✇✐�❤ �✉�❜✉❧❡♥❝❡ ✐♥�❡♥�✐�②
�♦ ❞❡�❡❝� �❤❡ ♠♦�� �✉�❜✉❧❡♥❝❡ ❛�❡❛�✳ ❚✉�❜✉❧❡♥❝❡ ✐♥�❡♥�✐�② ✐� �❤❡ �❛�✐♦ ❜❡�✇❡❡♥ �❤❡ ��❛♥❞❛�❞ ❞❡✈✐❛�✐♦♥
♦❢ �❤❡ ✈❡❧♦❝✐�② ✢✉❝�✉❛�✐♦♥� ❛♥❞ �❤❡ ♠❡❛♥ ✈❡❧♦❝✐�②✱ �❡❡ ❊(✳ ✭✷✼✮✳

Iu =

√

u2

U
✭✷✼✮

✇❤❡�❡ u ✐� �❤❡ ❞❡✈✐❛�✐♦♥ ❢�♦♠ �❤❡ ♠❡❛♥ ✈❡❧♦❝✐�② U ✳
❚❤❡ ✐�♦✲�✉�❢❛❝❡� ✐♥❞✐❝❛�❡� �❡❣✐♦♥� ✇❤❡�❡ ❧❛�❣❡ ❡♥❡�❣② ❧♦��❡� ❛♣♣❡❛�� ❛♥❞ ❝♦♥��✐❜✉�❡� �♦ �❤❡ �♦�❛❧

❞�❛❣✳ ❋�♦♠ �❤❡ ✜❣✉�❡ ✐� ❝❛♥ ❜❡ ♥♦�❡❞ �❤❛� �❤❡ ✇❛❦❡� ❛� �❤❡ ❡♥❞ ♦❢ �❤❡ ❝❛�� ✐� ❛�②♠♠❡��✐❝ ❞✉❡ �♦ �❤❡
❛�②♠♠❡��✐❝ ❞❡�✐❣♥ ♦❢ �❤❡ ✉♥❞❡�❜♦❞②✳ ❋�♦♠ ❋✐❣✉�❡ ✷✻ ✐� ❝❛♥ ❝❧❡❛�❧② ❜❡ �❡❡♥ �❤❛� �❤❡ ✇❛❦❡� ❝�❡❛�❡❞
❛� �❤❡ �❡❛� ✇❤❡❡❧� ❛�❡ ✐♥�❡�❛❝�✐♥❣ ✇✐�❤ �❤❡ ❜❛�❡ ✇❛❦❡✱ ❜② ♣�❡✈❡♥� �❤✐� ✐♥�❡�❛❝�✐♦♥ ❧❛�❣❡ ✐♠♣�♦✈❡♠❡♥��
♦♥ �❤❡ ❞�❛❣ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✳ ❲❤❡♥ ❝♦♠♣❛�✐♥❣ �❤❡ �❡❞❛♥ ❛♥❞ ✇❛❣♦♥ ✐�✬� ♦❜✈✐♦✉� �❤❛� �❤❡ ❧❛�❣❡��
❞✐✛❡�❡♥❝❡ ✐� ✐♥ �❤❡ ❜❛�❡ ✇❛❦❡✳ ❖♥ �❤❡ ✇❛❣♦♥ �❡♣❛�❛�✐♦♥ ♦❝❝✉�� ♦♥ �❤❡ �♦♦❢ ❛♥❞ ❝❛♥✬� ❜❡ ❛��❛❝❤❡❞ ♦✈❡�
�❤❡ �❡❛� ✇✐♥❞�❝�❡❡♥ ✇❤✐❝❤ ✐� ❝❛♥ ❞♦ ♦♥ �❤❡ �❡❞❛♥ ♠♦❞❡❧✱ �❤✐� ❞❡♣❡♥❞� ♦♥ �❤❡ ❞✐✛❡�❡♥❝❡ ✐♥ ❛♥❣❧❡� ♦✈❡�
�❤❡ �❡❛� ✇✐♥❞�❝�❡❡♥✳

❊✈❡♥ �❤♦✉❣❤ �❤❡ ❡①�❡�✐♦� �❤❛♣❡ ♦❢ �❤❡ ❝❛�� ❞✐✛❡� �❤❡ ❣�❡❛�❡�� ❝♦♥��✐❜✉�✐♦♥ �♦ �❤❡ ❞�❛❣ ✇✐❧❧ ❝♦♠❡
❢�♦♠ �❤❡ �❛♠❡ ❛�❡❛�✱ �❤❡ ✇❤❡❡❧�✱ �❤❡ ✉♥❞❡�❜♦❞② ❛♥❞ �❤❡ �❡❛�✲❡♥❞✳
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❋✐❣✉	❡ ✷✻✿ ■�♦✲�✉	❢❛❝❡ ❢♦	 
♦
❛❧ ♣	❡��✉	❡ ❡�✉❛❧ 
♦ ③❡	♦✱ ❤❡	❡ ❝♦❧♦✉	❡❞ ✇✐
❤ 
✉	❜✉❧❡♥❝❡ ✐♥
❡♥�✐
②

✹✳✶✳✷ ��❡��✉�❡ ❛♥❞ ✈❡❧♦❝✐�②

■♥ ❋✐❣✉	❡ ✷✼ 
❤❡ ✈❡❧♦❝✐
② ♠❛❣♥✐
✉❞❡ ❛
 ❧❛
❡	❛❧ ❧♦❝❛
✐♦♥ ♦❢ ②❂✵ ✐� ✈✐�✐❜❧❡ ❢♦	 
❤❡ ❜♦
❤ ♠♦❞❡❧�✱ ❛�
❡①♣❡❝
❡❞ 
❤❡	❡ ✐� ❛ ❤✐❣❤ ✈❡❧♦❝✐
② 	❡❣✐♦♥ ♦✈❡	 
❤❡ ❤♦♦❞ ❛♥❞ 
❤❡ 	♦♦❢✱ ❛♥❞ ❜❡
✇❡❡♥ 
❤❡�❡ 	❡❣✐♦♥� 
❤❡	❡
❛	❡ ❧♦✇ �♣❡❡❞ 	❡❣✐♦♥� ✇✐
❤ �❡♣❛	❛
❡❞ ✢♦✇✳ ❆❝❝♦	❞✐♥❣ 
♦ ❇❡�♥♦✉❧❧✐✬ ❡�✉❛�✐♦♥✱ ❊�✳ ✭✻✮✱ ✐♥ 	❡❣✐♦♥� ✇✐
❤
❤✐❣❤ ✈❡❧♦❝✐
✐❡� 
❤❡ ♣	❡��✉	❡ ✐� ❧♦✇ ❛♥❞ �❡♣❛	❛
✐♦♥ ♠✐❣❤
 ♦❝❝✉	✳ ❚❤❡�❡ ✜❣✉	❡� ❝❛♥ ❜❡ 	❡❧❛
❡❞ 
♦ 
❤❡
♣	❡✈✐♦✉� ✜❣✉	❡� �❤♦✇✐♥❣ 
❤❡ ✐�♦✲�✉	❢❛❝❡�✱ ✇❤❡	❡ ❧♦✇ �♣❡❡❞ 	❡❣✐♦♥� ❝❛♥ ❜❡ ❧♦❝❛
❡❞ ✐♥ 
❤❡ ❜❛�❡ ✇❛❦❡✳
❇② ❝♦♠♣❛	✐♥❣ ❋✐❣✉	❡ ✷✻ ❛♥❞ ✷✼ ✐
 ❜❡❝♦♠❡� ♦❜✈✐♦✉� 
❤❛
 
❤❡ ✇❛❣♦♥ ❤❛� ❛ ❤✐❣❤❡	 ❞	❛❣ ❝♦❡✣❝✐❡♥
✱ 
❤❡
✇❛❦❡ ✐� �✐❣♥✐✜❝❛♥
 ❧❛	❣❡	 ❛♥❞ 
❤❡ ❧♦✇ �♣❡❡❞ 	❡❣✐♦♥ ❜❡❤✐♥❞ 
❤❡ ✈❡❤✐❝❧❡ ✐� ❛❧�♦ ❣	❡❛
❡	 
❤❡♥ ❢♦	 
❤❡ �❡❞❛♥
♠♦❞❡❧✳

✭❛✮ ❙❡❞❛♥

✭❜✮ ❲❛❣♦♥

❋✐❣✉	❡ ✷✼✿ ❱❡❧♦❝✐
② ♠❛❣♥✐
✉❞❡ ✐♥ ②❂✵

❇② 	❡❞✉❝✐♥❣ 
❤❡ ♠❛❣♥✐
✉❞❡ ❛♥❞ �❤❛♣❡ ♦❢ 
❤❡ ✇❛❦❡� 
❤❡ 
♦
❛❧ ❞	❛❣ ✇✐❧❧ ❜❡ 	❡❞✉❝❡❞✱ 
❤❡ ❢♦❝✉� ✐♥

❤✐� �
✉❞② ✐� 
♦ ✐♥✈❡�
✐❣❛
❡ 
❤❡ ✐♥✢✉❡♥❝❡ ♦❢ 
❤❡ ✉♥❞❡	❜♦❞② ❞❡�✐❣♥ ♦♥ 
❤❡ ❜❛�❡ ✇❛❦❡✳ ■
✬� ♥♦
 ♦♥❧② 
❤❡
♠❛❣♥✐
✉❞❡ ♦❢ 
❤❡ ✇❛❦❡ 
❤❛
 ✐� ✐♥✢✉❡♥❝✐♥❣ 
❤❡ 
♦
❛❧ ❞	❛❣✳ ❚❤❡ ✐♥
❡♥�✐
② ♦❢ 
❤❡ ✢♦✇ ❛❧�♦ ❛✛❡❝
� 
❤❡
	❡�✐�
✐♥❣ ❞	❛❣✳ ■♥ ❋✐❣✉	❡ ✷✼❛ ✐
 ❝❛♥ ❜❡ �❡❡♥ 
❤❛
 
❤❡ ✢♦✇ ✐♥ 
❤❡ ✇❛❦❡ ✐� ❞✐	❡❝
❡❞ ❞♦✇♥✇❛	❞ ❛❣❛✐♥�
 
❤❡
❣	♦✉♥❞ ❢♦	 
❤❡ �❡❞❛♥ ♠♦❞❡❧✱ 
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✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✹✽



✹ ❘❊❙❯▲❚❙ ✹✳✷ ❉✐✛✉�❡� �✇❡❡♣

✭❛✮ ❨✲♣❧❛♥❡ ❛
 ②❂✵✳✶ ❬♠❪

✭❜✮ ❨✲♣❧❛♥❡ ❛
 ②❂✵✳✶ ❬♠❪✱ ③♦♦♠❡❞ ✐♠❛❣❡ ♦❢ ❡♥❣✐♥❡ ❜❛②

❋✐❣✉�❡ ✺✹✿ ❉✐✛❡�❡♥❝❡ ✐♥ �♦�❛❧ ♣�❡��✉�❡ ❜❡�✇❡❡♥ ❘❡❢❡�❡♥❝❡ ✇❛❣♦♥ ✭❲✶✮ ❛♥❞ ❝❛�❡ ❲✾

❚❤❡ �❡❛�♦♥ ❢♦� �❤❡ ❤✐❣❤❡� ♣�❡��✉�❡ ✐♥�✐❞❡ �❤❡ ❡♥❣✐♥❡ ❜❛② ✇❤❡♥ ✐♥��♦❞✉❝✐♥❣ ❛ ❞✐✛✉�❡� ❝❛♥ ❜❡ ❞❡�✐✈❡❞
❢�♦♠ �❤❡ ✐♥❝�❡❛�❡❞ ♣�❡��✉�❡ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ �❤❡ ❝♦✈❡� ♣❧❛�❡� ✭❜❡❤✐♥❞ �❤❡ ❢�♦♥� ✇❤❡❡❧�✮✳ ❚♦ �❡❞✉❝❡
�❤✐� ✐♥❝�❡❛�❡❞ ♣�❡��✉�❡ ❛ �❡❞❡�✐❣♥ ♦❢ �❤❡ ✐♥�❡�❢❛❝❡ ❜❡�✇❡❡♥ �❤❡ ✉♥❞❡�❜♦❞② ❛♥❞ ❝♦✈❡�♣❛♥❡❧� ❝❛♥ ❜❡ ❞♦♥❡✳
❆♥ ✐♠❛❣❡ ♦❢ �❤❡ �♦�❛❧ ♣�❡��✉�❡ ✐♥ �❤❡ �❛❞✐❛�♦� ✐� �❤♦✇♥ ✐♥ ❋✐❣✉�❡ ✺✺ �❤❛� ✐♥❞✐❝❛�❡� ❛♥ ✐♥❝�❡❛�❡ ❛♥❞
❞❡❝�❡❛�❡ ♦❢ �❤❡ ♣�❡��✉�❡ ✐♥ ❞✐✛❡�❡♥� ❛�❡❛� ✐♥ �❤❡ �❛❞✐❛�♦�✳ ❚❤✐� ✐��❡❣✉❧❛� ❝❤❛♥❣❡ ✐♥ ♣�❡��✉�❡ ❜❡�✇❡❡♥
�❤❡ �✇♦ ❝❛�❡� �❤♦✇� �❤❛� ❛ ❞✐✛❡�❡♥� ❛♣♣�♦❛❝❤ �♦ ♠♦❞❡❧ �❤❡ �❛❞✐❛�♦� �❤♦✉❧❞ ❜❡ ❞♦♥❡ ✐♥ ♦�❞❡� �♦ ❞�❛✇
❛♥② ❞✐��✐♥❝� ❝♦♥❝❧✉�✐♦♥�✳

❋✐❣✉�❡ ✺✺✿ ❉✐✛❡�❡♥❝❡ ✐♥ �♦�❛❧ ♣�❡��✉�❡ ❜❡�✇❡❡♥ ❘❡❢❡�❡♥❝❡ ✇❛❣♦♥ ✭❲✶✮ ❛♥❞ ❝❛�❡ ❲✾ ✐♥ �❤❡ �❛❞✐❛�♦�

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛�
❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✹✾
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✹✳✸ ❆❞❞✐�✐♦♥❛❧ ❞�❛❣ �❡❞✉❝�✐♦♥ ❞❡✈✐❝❡�

❚❤❡ ❛♥❛❧②�✐� ♦❢ �❤❡ ❞✐✛✉�❡� �✇❡❡♣ �❤♦✇❡❞ �❤❛� ❛♥ ❡✣❝✐❡♥� ❞�❛❣ �❡❞✉❝�✐♦♥ ❛♥❣❧❡ ♦❢ �❤❡ ❞✐✛✉�❡� ❝♦✉❧❞

❜❡ ❢♦✉♥❞ ❜♦�❤ ❢♦� �❤❡ ❙❆❆❇ ✾✲✸ ❙♣♦	
 �❡❞❛♥ ❛♥❞ ❙❆❆❇ ✾✲✸ ❙♣♦	
� ✇❛❣♦♥✳ ❇② ✐♠♣❧❡♠❡♥�✐♥❣ ❞✐✛❡�❡♥�

❛❞❞✐�✐♦♥� �♦ �❤❡ ❞✐✛✉�❡� ❛♥ ❡✈❡♥ ♠♦�❡ ❡✛❡❝�✐✈❡ ❞✐✛✉�❡� ❝♦✉❧❞ ❜❡ ❛❝❤✐❡✈❡❞✳ ❚❤❡ ❞✐✛❡�❡♥� ❞�❛❣ �❡❞✉❝�✐♦♥

❞❡✈✐❝❡� ✇❛� ❞❡�❝�✐❜❡ ✐♥ ❙❡❝�✐♦♥ ✸ �♦❣❡�❤❡� ✇✐�❤ �❤❡ ❡①♣❡❝�❡❞ ❡✛❡❝��✳ ❉✉�✐♥❣ �❤❡ ❞✐✛✉�❡� �✇❡❡♣ ✐� ✇❛�

❢♦✉♥❞ �❤❛� ❛ ❞✐✛✉�❡� ❛♥❣❧❡ ♦❢ 8◦ ❣❛✈❡ �❤❡ ❤✐❣❤❡�� ❞�❛❣ �❡❞✉❝�✐♦♥ ❢♦� �❤❡ ❙❡❞❛♥ ❛♥❞ 5◦ ❢♦� �❤❡ ❲❛❣♦♥

✇❤✐❝❤ ❣❛✈❡ ❛ ��❛��✐♥❣ ♣♦✐♥� ❢♦� ✐♠♣�♦✈❡♠❡♥�✳

✹✳✸✳✶ ●✉✐❞✐♥❣ ✈❛♥❡�

❚❤❡ ♣✉�♣♦�❡ ♦❢ ✉�✐♥❣ ✈❛♥❡� ✐♥ ❛ ❞✐✛✉�❡� ✐� �♦ ❞✐�❡❝� �❤❡ ✢♦✇ ✐♥ �❤❡ ❞✐�❡❝�✐♦♥ ♦❢ ♠♦�✐♦♥ ❛♥❞ �❤✐❡❧❞ �❤❡

✢♦✇ ✉♥❞❡� �❤❡ ✈❡❤✐❝❧❡ ❢�♦♠ ❧❛�❡�❛❧ ✇✐♥❞ ❣✉���✳ ❆♥ ✐♥��♦❞✉❝�✐♦♥ ♦❢ ❣✉✐❞✐♥❣ ✈❛♥❡� ❝❛♥ ❞✐�❡❝� �❤❡ ✢♦✇ ❛♥❞

❞❡❝�❡❛�❡ �❤❡ �✉�❜✉❧❡♥� ❡✛❡❝�� ❢�♦♠ �❤❡ �❡❛� ✇❤❡❡❧�✳ ■♥ ❋✐❣✉�❡ ✺✻ �❡�✉❧�� ❢�♦♠ ❞✐✛❡�❡♥� ❝♦♥✜❣✉�❛�✐♦♥�

✇✐�❤ ❣✉✐❞✐♥❣ ✈❛♥❡� ❛�❡ ♣�❡�❡♥�❡❞✳ ❚❤❡ ❛❜❜�❡✈✐❛�✐♦♥� ✐♥ �❤❡ ✜❣✉�❡ ❝♦��❡�♣♦♥❞� �♦ �❤❡ �❡�� ♠❛��✐①✱ �❡❡

❚❛❜❧❡ ✸✳ ❚❤❡ ��❡♥❞ ✐� ♦❜✈✐♦✉�✱ �❤❡ ✐♥��♦❞✉❝�✐♦♥ ♦❢ ❣✉✐❞✐♥❣ ✈❛♥❡� ❤❛� ❛ ♣♦�✐�✐✈❡ ✐♠♣❛❝� ♦♥ �❤❡ ❧✐❢�✱ ❜✉�

❛ �❧✐❣❤� ✐♥❝�❡❛�❡ ✐♥ ❞�❛❣✳

✭❛✮ ❲❛❣♦♥

✭❜✮ ❙❡❞❛♥

❋✐❣✉�❡ ✺✻✿ ❉�❛❣ ❝♦❡✣❝✐❡♥� �❡�✉❧�� ✇✐�❤ ❣✉✐❞✐♥❣ ✈❛♥❡�

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✺✵
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❇② ❧♦♦❦✐♥❣ ♦♥ 	❤❡ ①✲❢♦❝❡� ❛❝	✐♥❣ ♦♥ 	❤❡�❡ ❝❛�❡�✱ �❡❡ ❚❛❜❧❡ ✼✱ ✐	 ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞ 	❤❛	 	❤❡ ✐♥	♦❞✉❝✲

	✐♦♥ ♦❢ ❣✉✐❞✐♥❣ ✈❛♥❡� ✐♥❝❡❛�❡� 	❤❡ ❡�✐�	❛♥❝❡ ❢♦❝❡ ♦♥ ❛❧♠♦�	 ❛❧❧ ♣❛	�✳ ❆ ❞✐�	✐♥❝	 ❝♦❡❧❛	✐♦♥ ❜❡	✇❡❡♥

	❤❡ ❞✐✛✉�❡ ❛♥❞ ✉♥❞❡❜♦❞② ❝❛♥ ❜❡ ♥♦	❡❞ ✇❤✐❝❤ ✐♥❞✐❝❛	❡� 	❤❛	 	❤❡❡ ❡①✐�	� ❛ ❜❛❧❛♥❝❡ ❜❡	✇❡❡♥ 	❤❡♠

❛♥❞ 	❤❛	 ✐	 ❝❛♥ ❜❡ ❝♦♥	♦❧❧❡❞ ❜② ✐♥	♦❞✉❝✐♥❣ ❣✉✐❞✐♥❣ ✈❛♥❡�✳ ❋✉	❤❡ ✐♥✈❡�	✐❣❛	✐♦♥ ❛♥❞ ♥❡✇ �✐♠✉❧❛	✐♦♥�

❝❛♥ ❡�✉❧	 ✐♥ ❛ �❡	✉♣ ✇✐	❤ ❣✉✐❞✐♥❣ ✈❛♥❡� 	❤❛	 ❤❛� ❛ ♥❡	 ♣♦�✐	✐✈❡ ❡✛❡❝	 	❤❛	 ❛❡ ♥♦	 ❛❝❤✐❡✈❡❞ ✇✐	❤ 	❤❡�❡

�❡	✉♣�✳

❚❛❜❧❡ ✼✿ ①✲❢♦❝❡ ❝♦♠♣❛✐�♦♥✱ ✇✐	❤ ❛♥❞ ✇✐	❤♦✉	 ❣✉✐❞✐♥❣ ✈❛♥❡�

✭❛✮ ❙❡❞❛♥

❙✺ ❬◆❪ ❙✼ ❬◆❪ △❙✼✲❙✺ ❬◆❪ ❙✾ ❬◆❪ △❙✾✲❙✺ ❬◆❪
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❈❛
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❘❡❛
 ❜✉♠♣❡
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❘❡❛
 ✇❤❡❡❧� ✹✸✳✼ ✹✺✳✺ ✰✶✳✽ ✹✸✳✼ ✹✹✳✻ ✰✵✳✾ ✹✷✳✷ ✹✷✳✷ ±✵

❘❡❛
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■♥ ❋✐❣✉
❡ ✺✼ ❛♥ ✐♠❛❣❡ ♦❢ .❤❡ ❞✐✛❡
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✇❛� ❞♦♥❡ �♦ ❡①♣❧❛✐♥ �❤❡ 	❡❛�♦♥ ❢♦	 �❤✐� ✐♠♣	♦✈❡♠❡♥�✳ ❆♥ ❡①♣❧❛♥❛�♦	② ❛♣♣	♦❛❝❤ ✐� �♦ ♦❜�❡	✈❡ �❤❡

✈❡❧♦❝✐�② ❞✐✛❡	❡♥❝❡ ❜❡�✇❡❡♥ �❤❡ ❝❛�❡ ✇✐�❤ ❛♥❞ ✇✐�❤♦✉� ✈♦	�❡① ❣❡♥❡	❛�♦	� ✇✐�❤ �❤❡ �❛♠❡ ❞✐✛✉�❡	 ❛♥❣❧❡✳

❋✐❣✉	❡ ✻✶ ✐♥✐�✐❛❧ �❤♦✇� ❛♥ ✐		❡❣✉❧❛	 ❜❡❤❛✈✐♦	 ✇❤✐❝❤ ✐♥❞✐❝❛�❡� �♦♠❡ �	❛♥�✐❡♥� ❜❡❤❛✈✐♦	✱ �❡❡ ❧❡❢� ❢	♦♥�

✇❤❡❡❧✳ ❚❤✐� ♠❡❛♥� �❤❛� ❛ ��❡❛❞②✲��❛�❡ �✐♠✉❧❛�✐♦♥ ✐� ♥♦� ❡♥♦✉❣❤ �♦ ♠❛❦❡ ❛ ❝♦♥❝❧✉❞✐♥❣ 	❡♠❛	❦✳ ❲✐�❤ �❤✐�

♠❡♥�✐♦♥❡❞ ❛♥ ✐♠♣	♦✈❡♠❡♥� ❤❛� ❜❡❡♥ ❞♦♥❡ ❜✉� �❤❡ �♦✉	❝❡ ♦❢ �❤❡ ❞	❛❣ 	❡❞✉❝�✐♦♥ ❝❛♥ ♥♦� ❜❡ ❡��❛❜❧✐�❤❡❞✳
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✭❛✮ ❲✐�❤ ❱●
 ✭❜✮ ❲✐�❤♦✉� ❱●


❋✐❣✉	❡ ✻✷✿ ❙�	❡❛♠❧✐♥❡� ❝♦♠♣❛	✐�♦♥ ♦❢ �❤❡ ✈♦	�❡① ❣❡♥❡	❛�♦	�

❚♦ ✈❡	✐❢② �❤❡ ✐♥�❡♥❞❡❞ ❢✉♥❝�✐♦♥ ♦❢ ❝	❡❛�✐♥❣ ✐♥❞✉❝❡❞ ✈♦	�✐❝❡� ❛♥❞ ✐♥❝	❡❛�❡ �❤❡ ♠♦♠❡♥�✉♠ ♦❢ �❤❡

✢♦✇ ❛ ♣	❡��✉	❡ ✐♥✈❡��✐❣❛�✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ ♦♥ �❤❡ �✉	❢❛❝❡ ♦❢ �❤❡ ❞✐✛✉�❡	✳ ■♥ ❋✐❣✉	❡ ✻✸ �❤❡ ♣	❡��✉	❡

❝♦❡✣❝✐❡♥� ✐� ❞✐�♣❧❛②❡❞ ✇❤✐❝❤ ✐♥❞✐❝❛�❡� ❛ ❧♦✇ ♣	❡��✉	❡ ❛	❡❛ ❜❡❤✐♥❞ �❤❡ ✈♦	�❡① ❣❡♥❡	❛�♦	� ❛♥❞ ❛ ❤✐❣❤

♣	❡��✉	❡ ❜❡❢♦	❡ �❤❡♠✳ ❚❤✐� ♦❜�❡	✈❛�✐♦♥ ❝❛♥ ♣	♦✈❡ �❤❛� �♠❛❧❧ �❝❛❧❡ ✈♦	�✐❝✐❡� ❛	❡ ❛❝❤✐❡✈❡❞ ❛♥❞ ♣	♦✈✐❞❡�

❛♥ ✐♥❝	❡❛�❡ ✐♥ ♠♦♠❡♥�✉♠ �♦ �❤❡ ✢♦✇✳
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 ❚❤❡
✐
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✭❛✮ ❲✶✹ ✭❜✮ ❲✽

❋✐❣✉�❡ ✻✹✿ ❈♦♠♣❛�✐�♦♥ ♦❢ ✇❛❧❧ �❤❡❛�✱ τω

✹✳✸✳✸ ❈♦✈❡�❡❞ ✇❤❡❡❧

❆ ❧❛�❣❡ ❛♠♦✉♥� ♦❢ ❡✛♦�� ❤❛� ❣♦♥❡ ✐♥�♦ ❞✐✛❡�❡♥� �❤❡ �✐♠ ❞❡�✐❣♥� �❤❡ ❧❛�❡�� ❢❡✇ ②❡❛�� ✇✐�❤ �❤❡ ❛♠❜✐�✐♦♥

�♦ ♠✐♥✐♠✐③❡ �❤❡ ❞�❛❣✳ ■♥ �❤✐� ��✉❞② �❤❡ �❡❛� �✐♠� ❤❛� ❜❡❡♥ �❡❛❧❡❞ ❛♥❞ �✐♠✉❧❛�✐♦♥� ✇✐�❤ ❛❧❧ ❢♦✉� �✐♠�

❝♦✈❡�❡❞ ❤❛� ❜❡❡♥ ♣❡�❢♦�♠❡❞✱ �❡❡ �❤❡ �❡�✉❧�� ✐♥ ❋✐❣✉�❡ ✻✺✳

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡
✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✺✺
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❛ ♥♦�♠❛❧ ✉�❡ ♦❢ ❛ ❝❛�✱ ✐♥ �❤✐� ❝❛�❡ �❤❡ ◆❡✇ ❊✉�♦♣❡❛♥ ❉�✐✈✐♥❣ ❈②❝❧❡ ✭◆❊❉❈ ✮ ✐� ✉�❡❞✳ ❚❤❡ �✐♠✉❧❛�✐♦♥
❝❛♥ ❡✐�❤❡� ❜❡ ♣❡�❢♦�♠❡❞ ✐♥ ❛ �♦❧❧❡� �❡�� ❜❡♥❝❤ ♦�✱ ❛� ✐♥ �❤✐� ❝❛�❡✱ �✐♠✉❧❛�❡❞ ✇✐�❤ ❛ ❝♦♠♣✉�❡�✳ ❙❆❆❇

❆✉�♦♠♦❜✐❧❡ ❤❛✈❡ ❞♦♥❡ �✐♠✉❧❛�✐♦♥� ✇✐�❤ �❤❡ ♥❡✇ ❞�❛❣ ❝♦❡✣❝✐❡♥� ✈❛❧✉❡� ❛♥❞ �❡�✉❧�� ❢♦� �❤❡ ❢✉❡❧ ❝♦♥✲
�✉♠♣�✐♦♥� ❛�❡ ♣�❡�❡♥�❡❞ ✐♥ ❚❛❜❧❡ ✶✷✳ ❆� ❝❛♥ ❜❡ �❡❡♥ �❤❡ �❡❞✉❝�✐♦♥ ✐♥ ❢✉❡❧ ❝♦♥�✉♠♣�✐♦♥ ✐� ♥♦� ❛� ❧❛�❣❡
❛� �❤❡ �❡❞✉❝�✐♦♥ ✐♥ ❞�❛❣ ❝♦❡✣❝✐❡♥� ❞✉❡ �♦ �❤❡ ❢❛❝� �❤❛� �❤❡ ❧❛�❣❡�� ♣❛�� ♦❢ �❤❡ ◆❊❉❈ ✐� ♣❡�❢♦�♠❡❞ ❛�
❧♦✇❡� ✈❡❧♦❝✐�✐❡�✳

❚❛❜❧❡ ✶✷✿ ■♠♣�♦✈❡♠❡♥� ✐♥ ❢✉❡❧ ❝♦♥�✉♠♣�✐♦♥ ❜❡�✇❡❡♥ �❤❡ �❡❢❡�❡♥❝❡� ❝❛�❡� ❛♥❞ �❤❡ ❝❛�❡� ✇✐�❤ ❝♦✈❡�❡❞
�❡❛� �✐♠�

✭❛✮ ❙❡❞❛♥

❋✉❡❧ ❝♦♥�✉♠♣�✐♦♥ ❉�❛❣ ❝♦❡✣❝✐❡♥�✱ Cd

❙✶ ✼✳✼✻ ❬❧✴✶✵✵❦♠❪ ✵✳✷✽✽
❙✶✸ ✼✳✺✼ ❬❧✴✶✵✵❦♠❪ ✵✳✷✸✸
△ [%] ✲✷✳✺ ✲✶✾✳✶

✭❜✮ ❲❛❣♦♥

❋✉❡❧ ❝♦♥�✉♠♣�✐♦♥ ❉�❛❣ ❝♦❡✣❝✐❡♥�✱ Cd

❲✶ ✼✳✾ ❬❧✴✶✵✵❦♠❪ ✵✳✸✵✸
❲✶✻ ✼✳✽ ❬❧✴✶✵✵❦♠❪ ✵✳✷✼✺
△ [%] ✲✶✳✸ ✲✾✳✷✺

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✻✷



✺ ❈❖◆❈▲❯❙■❖◆❙

✺ ❈♦♥❝❧✉�✐♦♥�

❚❤❡ ♠♦�✐✈❛�✐♦♥ ❢♦� �❤✐ �✉❞② ✐ �♦ ❞✐❝♦✈❡� ❛ ❝❧❡❛� ��❡♥❞ ❜② ✐♠♣❧❡♠❡♥�✐♥❣ ❛ ❞✐✛✉❡� ✐♥ ♦�❞❡� �♦ �❡❞✉❝❡

�❤❡ �❡✐�✐♥❣ ❞�❛❣ ❢♦�❝❡✳ ❆ ��❡♥❞ ✐ ✐♥✈❡�✐❣❛�❡❞ ❜② ♦❜❡�✈✐♥❣ �❤❡ ♣�❡✉�❡ ❛� �❤❡ �❡❛� ❡♥❞ ♦❢ �❤❡ ✈❡❤✐❝❧❡

❛♥❞ ✐♥❝�❡❛✐♥❣ �❤❡ ♣�❡✉�❡ �❡❝♦✈❡�② ❜② ❛❧�❡�✐♥❣ �❤❡ ✇❛❦❡ ��✉❝�✉�❡✳ ❚♦ ❞❡�❡�♠✐♥❡ ✐❣♥✐✜❝❛♥� ✢♦✇

✜❡❧❞ ❛❧�❡�❛�✐♦♥ ❜② ❛❧�❡�✐♥❣ �❤❡ ❣❡♦♠❡��② ✐♠❛❣❡ �❤❛� ❝♦♠❜✐♥❡ �❡✉❧� ❢�♦♠ ❞✐✛❡�❡♥� ❝♦♥✜❣✉�❛�✐♦♥ ❤❛

♣�♦❞✉❝❡❞ ✇❤✐❝❤ ❛�❡ ❝❛❧❧❡❞ ❞❡❧�❛ ✜❣✉	❡
✳ ❲✐�❤ �❤❡�❡ ✜❣✉�❡� �♦❣❡�❤❡� ✇✐�❤ ♥✉♠❡�✐❝❛❧ ❞❛�❛ �❡�✉❧�� �❤❡
❢♦❧❧♦✇✐♥❣ ♥✉♠❜❡� ♦❢ ❝♦♥❝❧✉❞✐♥❣ ♣♦✐♥�� ❤❛� ❜❡❡♥ ❞�❛✇♥✳

❼ ❈♦♥✈❡�❣❡♥❝❡ ♦❢ �❤❡ �❡�✉❧�� ❤❛� ❜❡❡♥ ❛❝❤✐❡✈❡❞ ❜✉� ❛♥ ❛�②♠♣�♦�✐❝ �♦❧✉�✐♦♥ ✐� ♥♦� ❢✉❧✜❧❧❡❞✳ ❚❤✐�
♠❡❛♥� �❤❛� �❤❡ ��❡♥❞ ✐� ❡��❛❜❧✐�❤❡❞ ❜✉� �❤❡ ♥✉♠❡�✐❝❛❧ ✈❛❧✉❡� ❝❛♥ ❞✐✛❡� ✇❤❡♥ ✉�✐♥❣ ❛ ❞✐✛❡�❡♥�
❝♦♠♣✉�❛�✐♦♥❛❧ ❣�✐❞ ♦♥ �❤❡ �❛♠❡ ❝❛�❡�✳

❼ ❘❡�✉❧�� ❢�♦♠ �❤❡ �✐♠✉❧❛�✐♦♥� ♦♥ �❤❡ ✉♥♠♦❞✐✜❡❞ ♠♦❞❡❧ ♦❢ �❤❡ ❙❆❆❇ ✾✲✸ ❙♣♦	� 
❡❞❛♥ ❛♥❞ ❙❆❆❇

✾✲✸ ❙♣♦	�
 ✇❛❣♦♥ �❤♦✇❡❞ �❤❛� �❤❡ ✇❛❦❡ ���✉❝�✉�❡ ♦♥ �❤❡ �❡❞❛♥ ♠♦❞❡❧ ❤❛❞ ❧❛�❣❡� ♣♦�❡♥�✐❛❧ ❢♦�
❞�❛❣ �❡❞✉❝�✐♦♥✳

❼ ❚❤❡ ✢❛� ♣❛♥❡❧� ♣❧❛❝❡� ♦✈❡� �❤❡ ✉♥❞❡�❜♦❞② �♦❣❡�❤❡� ✇✐�❤ ❛ ❞✐✛✉�❡� ✇✐�❤ ❛♥ �❧♦♣❡❞ ❛♥❣❧❡ ♦❢ ✽ ➦
�❤♦✇❡❞ �❤❡ ❜❡�� ✐♠♣�♦✈❡♠❡♥� ♦♥ �❤❡ �❡❞❛♥ ♠♦❞❡❧✳ ❚❤✐� �❡�✉♣ ❝♦♥��✐❜✉�❡❞ �♦ ❛ �♠♦♦�❤ ✐♥❝�❡❛�❡
✐♥ ♣�❡��✉�❡ ✇✐�❤♦✉� ❛♥② �❡♣❛�❛�✐♦♥ ❛♥❞ ❛ ❜❡��❡� ♣�❡��✉�❡ �❡❝♦✈❡�② �❤❛♥ �❤❡ ✉♥♠♦❞✐✜❡❞ �❡❞❛♥
♠♦❞❡❧✳

❼ ❆ �✐♠✐❧❛� ��❡♥❞ ❝♦✉❧❞ ❜❡ ♥♦�❡❞ ♦♥ �❤❡ ✇❛❣♦♥ ♠♦❞❡❧ ❜✉� ✐♥ �❤✐� ❝❛�❡ �❤❡ ✉♥♠♦❞✐✜❡❞ ✇❛❣♦♥
♠♦❞❡❧ ❣❛✈❡ ❛ ❜❛❧❛♥❝❡❞ ✇❛❦❡ ���✉❝�✉�❡ ❛♥❞ ❛♥ ✐♠♣�♦✈❡♠❡♥� ❝♦✉❧❞ ❜❡ ♥♦�❡❞ ❜② ♦♥❧② ✢❛��❡♥✐♥❣ �❤❡
❡①✐��✐♥❣ ✉♥❞❡�❜♦❞②✳ ❚❤✐� �❡�✉❧� ✐♥❞✐❝❛�❡❞ �❤❛� �❤❡ ❛ ❞✐✛✉�❡� ✇✐�❤ ❛ �❧♦♣❡❞ ❛♥❣❧❡ ♦❢ ✺ ➦ �❤♦✇❡❞
�❤❡ ❜❡�� ✐♠♣�♦✈❡♠❡♥� ✐♥ Cd✳

❼ ❚❤❡ ❧✐❢�✐♥❣ ❢♦�❝❡ ❤❛� ❛ �✐❣♥✐✜❝❛♥� ✐♠♣❛❝� ♦♥ �❤❡ ❤❛♥❞❧✐♥❣ ♦❢ �❤❡ ✈❡❤✐❝❧❡ ♦♥ ❜♦�❤ ♠♦❞❡❧ ❛ ❞❡❝�❡❛�❡
✐♥ ❧✐❢�✐♥❣ ❢♦�❝❡ ✇❛� ♥♦�❡❞ ❞✉❡ �♦ �❤❡ ♣❛♥❡❧� ❛♥❞ ❞✐✛✉�❡� �❤❛� ❝♦♥��✐❜✉�❡❞ �♦ ✐♥❝�❡❛�❡ ✐♥ ❣�♦✉♥❞
❡✛❡❝��✳ ❚❤❡ ♣✐�❝❤✐♥❣ ♠♦♠❡♥� ✇❛� ♥♦� ❤❡❛✈✐❧② ❞✐��✉�❜❡❞ ❜② �❤❡ ♥❡✇ ❣❡♦♠❡��② ♦❢ �❤❡ ✉♥❞❡�❜♦❞②✳

❼ ❆ �✐❣♥✐✜❝❛♥� ✐♠♣�♦✈❡♠❡♥� ❝♦✉❧❞ ❜❡ ♥♦�❡❞ ❜② ❝♦✈❡�✐♥❣ �❤❡ �❡❛� ✇❤❡❡❧� ✇❤✐❝❤ �❤♦✇� ❛ ❣�❡❛� �❡❧❛�✐♦♥
❜❡�✇❡❡♥ �❤❡ ❞✐✛✉�❡� ❛♥❞ �❤❡ ✇❤❡❡❧�✳ ❙❡♣❛�❛�✐♦♥ ♦❢ �❤❡ ❛✐� ❜❡❤✐♥❞ �❤❡ �❡❛� ✇❤❡❡❧� ✇❛� �❡❞✉❝❡❞
❛♥❞ ✐♥❝�❡❛�❡❞ �❤❡ ❡✛❡❝�✐✈❡ ❛�❡❛ ♦❢ �❤❡ ❞✐✛✉�❡�✳

❼ ❆ ✇❛② ♦❢ ❣✉✐❞✐♥❣ �❤❡ ❛✐� ✢♦✇ ❛♥❞ �❤✐❡❧❞ �❤❡ ❞✐✛✉�❡� ❢�♦♠ �❤❡ �✉�❜✉❧❡♥� ❛✐� ✢♦✇ ❢�♦♠ �❤❡ ✇❤❡❡❧�
✇❛� �♦ ✐♥��♦❞✉❝❡ ❣✉✐❞✐♥❣ ✈❛♥❡
✳ ❚❤❡ ♣❧❛❝❡♠❡♥� ♦❢ �❤❡�❡ ✈❛♥❡� ❛�❡ ❝�✐�✐❝❛❧ ✐♥ ♦�❞❡� �♦ ❛❝❤✐❡✈❡ ❛
❧♦✇❡� ❞�❛❣ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ♦❜�❡�✈❡❞ ✇❤❡♥ �❤❡ ✐♠♣❧❡♠❡♥�❛�✐♦♥ �❡�✉❧�❡❞ ✐♥ ❛ ❞�❛❣ ✐♥❝�❡❛�❡✳ ❚❤✐�
�✐�❡ ✐♥ ❞�❛❣ ♦�✐❣✐♥❛�❡� ❢�♦♠ �❤❡ ❢❛❝� �❤❛� �❤❡ ��❛❣♥❛�✐♦♥ ♣�❡��✉�❡ ✐♥ �❤❡ ❢�♦♥� ❤❛❞ ♠♦✈❡❞ ❛♥❞
✐♥❝�❡❛�❡❞ ✐♥ ♠❛❣♥✐�✉❞❡✳ ❆ ❝♦♥❝❧✉❞✐♥❣ �❡♠❛�❦ ❝♦✉❧❞ ❜❡ ❞♦♥❡ ♦♥ ❤♦✇ �❤❡ ❛✐� ✢♦✇� ♦♥�♦ �❤❡ ✈❛♥❡�
✇❤✐❝❤ �❡�✉❧�❡❞ ✐♥ ❛♥ ✐♥❞✉❝❡❞ ❞�❛❣ ❞✉❡ �♦ ❛ ♥♦♥ �②♠♠❡��✐❝ ✢♦✇ ✇❤✐❝❤ ❛❧�❡�❡❞ �❤❡ ❝♦♥❞✐�✐♦♥� ✉♥❞❡�
�❤❡ ✈❡❤✐❝❧❡✳ ❚❤✐� ❝❤❛♥❣❡ ✐♥ ❡✳❣✳ ♣�❡��✉�❡ ✉♥❞❡� �❤❡ ✈❡❤✐❝❧❡ ✐♥❝�❡❛�❡❞ �❤❡ ��❛❣♥❛�✐♦♥ ♣�❡��✉�❡ ❛♥❞
�❤❡�❡❜② �❤❡ ♣�❡��✉�❡ ❞✐✛❡�❡♥❝❡ ❜❡�✇❡❡♥ �❤❡ ❢�♦♥� ❛♥❞ �❡❛� ❤❡♥❝❡ ❛ ❤✐❣❤ ♣�❡��✉�❡ ❞�❛❣✳

❼ ❉✉❡ �♦ ❧❛�❣❡ ✢✉❝�✉❛�✐♦♥� ✐♥ �❤❡ ✢♦✇ ✜❡❧❞ ❛�♦✉♥❞ �❤❡ �❛❞✐❛�♦� ♥♦ �❡❛❧ ❝♦♥❝❧✉�✐✈❡ �❡♠❛�❦ ❝❛♥ ❜❡
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� �❤❡ ❞✐✛✉
❡�✱ ❲✶✺

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✐✐✐



❇ ❆��❊◆❉■❳❀ ❉❘❆❲■◆●❙

❇ ❆♣♣❡♥❞✐①❀ ❉�❛✇✐♥❣�

❋✐❣✉�❡ ✽✶✿ ❱♦��❡① ❣❡♥❡�❛�♦��

❋✐❣✉�❡ ✽✷✿ ❉✐✛✉�❡�✱ 10◦

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✐✈
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❈ ❆♣♣❡♥❞✐①❀ ❏♦✉♥❛❧✲✜❧❡ ❋▲❯❊◆❚

❀ ❀ ❘❡❛❞ ❢ ✐ ❧ ❡
✴ ❢ ✐ ❧ ❡ ✴ 
❝ ✾−✸✇❛❣♦♥❴✈♦❧♠❡�❤❴✉ ✳ ❝❛�

❀ ❀ ❙❝❛ ❧ ❡
✴♠❡�❤✴ � ❝ ❛ ❧ ❡ ✵ ✳✵✵✶ ✵ ✳✵✵✶ ✵ ✳✵✵✶

❀ ❀ ▼❡�❤−✐ ♥ � ❡ 
 ❢ ❛ ❝ ❡
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴♠❡�❤−✐ ♥ � ❡ 
 ❢ ❛ ❝ ❡ � ✴ ❝ 
 ❡ ❛ � ❡ ♣
✐�♠−✐ ♥ � ❡ 
 ❢ ❛ ❝ ❡ ♣
✐�♠−� ✐❞❡−✻ ✭ ✮

♣
✐�♠−� ✐❞❡−✻− ✐ ♥ � ❢ ✿✸✵✹✽ ✭ ✮ ♥ ♥

❀ ❀ ❚✉
❜♠♦❞❡❧
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴♠♦❞❡❧� ✴ ✈ ✐ � ❝ ♦✉ � ✴❦❡−
 ❡ ❛ ❧ ✐ ③ ❛ ❜ ❧ ❡ ②❡�
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴♠♦❞❡❧� ✴ ✈ ✐ � ❝ ♦✉ � ✴♥❡❛
−✇❛❧❧−�
❡❛�♠❡♥� ✴♥♦♥−❡*✉ ✐ ❧ ✐❜ 
 ✐✉♠−✇❛❧❧−❢♥ ②❡�

❀ ❀ ❘❡ ❢❡
❡♥❝❡ ♣ 
 ❡ � �✉ 
 ❡
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴ ♦♣❡
❛� ✐♥❣−❝♦♥❞ ✐ � ✐ ♦♥ � ✴ 
 ❡ ❢ ❡ 
 ❡♥ ❝ ❡−♣
❡��✉
❡−❧ ♦ ❝ ❛ � ✐ ♦ ♥ −✶✵✵✵✵ ✵ ✺✵✵✵

❀ ❀ ❈❡ ❧ ❧ ③♦♥❡ ❝♦♥❞ ✐ � ✐ ♦♥
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛
②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴ ❢ ❧ ✉ ✐ ❞ ✴♠
❢−
❡❛
−❢ ❧ ✉ ✐ ❞ ♥ ♥ ♥ ② −✶ ♥ ✶✷✸✳✶✽✻

♥ ✵ ♥ ✵ ♥ ✵ ♥ ✹✳✹✵✷✾✵✻ ♥ ✵ ♥ ✵✳✸✶✺✼✵✶✺ ♥ ✵ ♥ −✶ ♥ ✵ ✧♥♦♥❡✧ ♥ ♥ ♥ ♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛
②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴ ❢ ❧ ✉ ✐ ❞ ✴♠
❢−❢ 
♦♥�−❢ ❧ ✉ ✐ ❞ ♥ ♥ ♥ ② −✶ ♥ ✶✷✸✳✶✽✻

♥ ✵ ♥ ✵ ♥ ✵ ♥ ✶✳✼✷✻✾✵✻ ♥ ✵ ♥ ✵✳✸✶✺✼✵✶✹ ♥ ✵ ♥ −✶ ♥ ✵ ✧♥♦♥❡✧ ♥ ♥ ♥ ♥

❀ ❀ ❇♦✉♥❞❛
② ❝♦♥❞ ✐ � ✐ ♦♥ �
❀ ❀ ❞♦♠❛✐♥
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛
②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✇❛❧❧−� ✐ ❞ ❡ �②♠♠❡�
②
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛
②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✇❛❧❧−
 ♦♦ ❢ �②♠♠❡�
②
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛
②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴✇❛ ❧ ❧ ✴✇−❣
♦✉♥❞ ② ♠♦�✐♦♥−❜❝−♠♦✈✐♥❣

♥ ♥ ♥ ✸✽ ✳✽✾ ✶ ✵ ✵ ♥ ♥ ✵ ♥ ✵ ✳✺
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛
②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✇❛❧❧− ✐ ♥ ❧ ❡ � ✈ ❡ ❧ ♦ ❝ ✐ � ②− ✐ ♥ ❧ ❡ �
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛
②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴ ✈❡ ❧ ♦ ❝ ✐ � ② − ✐ ♥ ❧ ❡ � ✴✇❛❧ ❧− ✐ ♥ ❧ ❡ � ♥ ♥ ② ② ♥

✸✽ ✳✽✾ ♥ ✵ ♥ ② ✵ ✳✶ ✵ ✳✵✶
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛
②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✇❛❧❧−♦✉ � ❧ ❡ � ♣
❡� �✉
❡−♦✉ � ❧ ❡ �
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛
②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴ ♣
❡� �✉
❡−♦✉ � ❧ ❡ � ✴✇❛❧ ❧−♦✉ � ❧ ❡ �

♥ ✵ ♥ ② ♥ ② ✵ ✳✶ ✵ ✳✵✶ ♥ ♥ ♥

❀ ❀ ✇❤❡❡❧�
❀ ❀ ❋
♦♥�
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛
②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴✇❛ ❧ ❧ ✴✉−✇❤❡❡❧−❢ 
♦♥�− ❧ ❡ ❢ � ② ♠♦�✐♦♥−❜❝−♠♦✈✐♥❣

♥ ♥ ② ♥ ♥ ✵ ♥ ✵ ✳✺ ✶✷✸✳✶✽✻ ✶✳✼✷✻✾✵✻ ✵ ✵✳✸✶✺✼✵✶✹ ✵ −✶ ✵
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛
②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴✇❛ ❧ ❧ ✴✉−✇❤❡❡❧−❢ 
♦♥�−♠
❢ ② ♠♦�✐♦♥−❜❝−♠♦✈✐♥❣

♥ ♥ ② ♥ ♥ ✵ ♥ ✵ ✳✺ ✶✷✸✳✶✽✻ ✶✳✼✷✻✾✵✻ ✵ ✵✳✸✶✺✼✵✶✹ ✵ −✶ ✵
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛
②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴✇❛ ❧ ❧ ✴✉−✇❤❡❡❧−❢ 
♦♥�−� � ❡ ❡ ❧ 
 ✐♠−♠
❢ ②

♠♦�✐♦♥−❜❝−♠♦✈✐♥❣ ♥ ♥ ② ♥ ♥ ✵ ♥ ✵ ✳✺ ✶✷✸ ✳✶✽✻ ✶✳✼✷✻✾✵✻ ✵ ✵✳✸✶✺✼✵✶✹

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✈
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✵ −✶ ✵
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴✇❛ ❧ ❧ ✴✉−✇❤❡❡❧−❢ ♦♥�−❝♦✈❡−♠❢ ②

♠♦�✐♦♥−❜❝−♠♦✈✐♥❣ ♥ ♥ ② ♥ ♥ ✵ ♥ ✵ ✳✺ ✶✷✸ ✳✶✽✻ ✶✳✼✷✻✾✵✻ ✵ ✵✳✸✶✺✼✵✶✹
✵ −✶ ✵

✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴✇❛ ❧ ❧ ✴✉−✇❤❡❡❧−❢ ♦♥�−❝♦✈❡−♠❢−�❤❛❞♦✇ ②
♠♦�✐♦♥−❜❝−♠♦✈✐♥❣ ♥ ♥ ② ♥ ♥ ✵ ♥ ✵ ✳✺ ✶✷✸ ✳✶✽✻ ✶✳✼✷✻✾✵✻ ✵ ✵✳✸✶✺✼✵✶✹
✵ −✶ ✵

❀ ❀ ❘❡❛
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴✇❛ ❧ ❧ ✴✉−✇❤❡❡❧−❡❛− ❧ ❡ ❢ � ② ♠♦�✐♦♥−❜❝−♠♦✈✐♥❣

♥ ♥ ② ♥ ♥ ✵ ♥ ✵ ✳✺ ✶✷✸✳✶✽✻ ✹✳✹✵✷✾✵✻ ✵ ✵✳✸✶✺✼✵✶✺ ✵ −✶ ✵
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴✇❛ ❧ ❧ ✴✉−✇❤❡❡❧−❡❛−♠❢ ② ♠♦�✐♦♥−❜❝−♠♦✈✐♥❣

♥ ♥ ② ♥ ♥ ✵ ♥ ✵ ✳✺ ✶✷✸✳✶✽✻ ✹✳✹✵✷✾✵✻ ✵ ✵✳✸✶✺✼✵✶✺ ✵ −✶ ✵
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴✇❛ ❧ ❧ ✴✉−✇❤❡❡❧−❡❛−� � ❡ ❡ ❧  ✐♠−♠❢ ②

♠♦�✐♦♥−❜❝−♠♦✈✐♥❣ ♥ ♥ ② ♥ ♥ ✵ ♥ ✵ ✳✺ ✶✷✸ ✳✶✽✻ ✹✳✹✵✷✾✵✻ ✵ ✵✳✸✶✺✼✵✶✺
✵ −✶ ✵

✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴✇❛ ❧ ❧ ✴✉−✇❤❡❡❧−❡❛−❝♦✈❡−♠❢ ②
♠♦�✐♦♥−❜❝−♠♦✈✐♥❣ ♥ ♥ ② ♥ ♥ ✵ ♥ ✵ ✳✺ ✶✷✸ ✳✶✽✻ ✹✳✹✵✷✾✵✻ ✵ ✵✳✸✶✺✼✵✶✺
✵ −✶ ✵

✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴✇❛ ❧ ❧ ✴✉−✇❤❡❡❧−❡❛−❝♦✈❡−♠❢−�❤❛❞♦✇ ②
♠♦�✐♦♥−❜❝−♠♦✈✐♥❣ ♥ ♥ ② ♥ ♥ ✵ ♥ ✵ ✳✺ ✶✷✸ ✳✶✽✻ ✹✳✹✵✷✾✵✻ ✵ ✵✳✸✶✺✼✵✶✺
✵ −✶ ✵

❀ ❀ ❢ ❛♥②�♦
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴♣✐�♠−❝❛♣−✷✺ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴ ✐−❜❛❧♦♦♥� ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴ ✐−♠✐♦ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴ ✐−✇✐♥❞�❤ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴ ✐−❜❛❧♦♦♥�❴✹✶✶ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−✇❤❡❡❧−❢ ♦♥�−❝❛♣−♠❢ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−✇❤❡❡❧−❢ ♦♥�−♠❢ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−✇❤❡❡❧−❡❛−❝❛♣−♠❢ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−✇❤❡❡❧−❡❛−♠❢ ❢❛♥

❀ ❀ ❢ ❛♥②�♦ −� ❡ �
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴❡−✉−✐−❛ ✐ −❞✉❝�−❝ �  ❧−�✉ ❢−� ❡ � ❢❛♥
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴

❡−✉−✐−❣ ✐ ❧ ❧ ❡❴✉♣♣❡❴❝� ❧❴�✉ ❢−� ❡ � ❢❛♥

❀ ❀ ❦② ❧ ❛  ❡
✴ ❞ ❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−❝❢♠−✐♥−✶ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−❝❢♠−✐♥−✷ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−❝❢♠−✐♥−✸ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−❝❢♠−✐♥−✹ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−❝❢♠−✐♥−✺ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−❝❢♠−✐♥−✻ ❢❛♥

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✈✐



❈ ❆��❊◆❉■❳❀ ❏❖❯❘◆❆▲✲❋■▲❊ ❋▲❯❊◆❚

✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛�②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−❝�❢♠−✐♥−✼ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛�②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−❝�❢♠−✐♥−✽ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛�②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−❝�❢♠−✐♥−✾ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛�②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−❝�❢♠−✐♥−✶✵ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛�②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−❝�❢♠−✐♥−✶✶ ❢❛♥
✴ ❞❡ ❢ ✐ ♥ ❡ ✴❜♦✉♥❞❛�②−❝♦♥❞ ✐ � ✐ ♦♥ � ✴③♦♥❡−�②♣❡ ✴✉−✐−❝�❢♠−✐♥−✶✷ ❢❛♥

❀ ❀ ❘❡❢❡�❡♥❝❡ ✈❛ ❧✉❡ �
✴ � ❡♣♦ � � ✴ � ❡ ❢ ❡ � ❡♥❝ ❡ −✈❛ ❧✉❡ � ✴ ❛�❡❛ ✷ ✳✶✽✻ ❀ ❀ ✭ ❛❞ ❥✉ � � ❡ ❛ ❢ � ❡ � ✮
✴ � ❡♣♦ � � ✴ � ❡ ❢ ❡ � ❡♥❝ ❡ −✈❛ ❧✉❡� ✴ ❧ ❡♥❣�❤ ✹ ✳✻✸
✴ � ❡♣♦� � ✴ � ❡ ❢ ❡ � ❡♥❝ ❡ −✈❛ ❧✉❡ � ✴ ✈ ❡ ❧ ♦ ❝ ✐ � ② ✸✽ ✳✽✾

❀ ❀ ❝ ♦♥ � � ♦ ❧
✴ � ♦ ❧ ✈ ❡ ✴ � ❡ � ✴✉♥❞❡�−� ❡ ❧ ❛ ① ❛ � ✐ ♦ ♥ ✴❦ ✵ ✳✼
✴ � ♦ ❧ ✈ ❡ ✴ � ❡ � ✴✉♥❞❡�−� ❡ ❧ ❛ ① ❛ � ✐ ♦ ♥ ✴ ❡♣ � ✐ ❧ ♦ ♥ ✵ ✳✼
✴ � ♦ ❧ ✈ ❡ ✴ � ❡ � ✴✉♥❞❡�−� ❡ ❧ ❛ ① ❛ � ✐ ♦ ♥ ✴ �✉�❜−✈ ✐ � ❝ ♦ � ✐ � ② ✵ ✳✾✺

❀ ❀ ▼♦♥✐�♦��
✴ � ♦ ❧ ✈ ❡ ✴ ♠♦♥✐�♦�� ✴ ❢ ♦ � ❝ ❡ ✴❞�❛❣−❝ ♦ ❡ ❢ ❢ ✐ ❝ ✐ ❡ ♥ � ② ❡−✯ ✉−✯ ❦−✯ ❞ ✐ ❢ ❢ ✉ � ❡ � ✯

✭ ✮ ② ② ✧❝❞−❤ ✐ � � ♦ � ② ✧ ② ✷ ♥ ✶ ✵ ✵
✴ � ♦ ❧ ✈ ❡ ✴ ♠♦♥✐�♦�� ✴ ❢ ♦ � ❝ ❡ ✴ ❧ ✐ ❢ � −❝ ♦ ❡ ❢ ❢ ✐ ❝ ✐ ❡ ♥ � ② ❡−✯ ✉−✯ ❦−✯ ❞ ✐ ❢ ❢ ✉ � ❡ � ✯

✭ ✮ ② ② ✧ ❝ ❧−❤ ✐ � � ♦ � ② ✧ ② ✸ ♥ ✵ ✵ ✶
✴ � ♦ ❧ ✈ ❡ ✴ ♠♦♥✐�♦�� ✴ ❢ ♦ � ❝ ❡ ✴♠♦♠❡♥�−❝ ♦ ❡ ❢ ❢ ✐ ❝ ✐ ❡ ♥ � ② ❡−✯ ✉−✯ ❦−✯ ❞ ✐ ❢ ❢ ✉ � ❡ � ✯

✭ ✮ ② ② ✧❝♠−❤ ✐ � � ♦ � ② ✧ ② ✹ ♥ ✸ ✳✵✺✽ ✵ ✵ ✳✸✽✹ ✵ ✶ ✵
✴ � ♦ ❧ ✈ ❡ ✴ ♠♦♥✐�♦�� ✴ � ❡ � ✐ ❞ ✉ ❛ ❧ ✴ ❝❤❡❝❦−❝♦♥✈❡�❣❡♥❝❡ ♥ ♥ ♥ ♥ ♥ ♥
✴ �♦ ❧ ✈ ❡ ✴ ♠♦♥✐�♦�� ✴ �✉ � ❢ ❛ ❝ ❡ ✴ �❡�−♠♦♥✐�♦� ♠❛��−❢ ❧♦✇−� ❛❞ ✐ ❛ � ♦ � ✧▼❛�� ❋❧♦✇ ❘❛�❡✧

✉−✐−❝�❢♠−✐♥−✶ ✉−✐−❝�❢♠−✐♥−✷ ✉−✐−❝�❢♠−✐♥−✸ ✉−✐−❝�❢♠−✐♥−✹
✉−✐−❝�❢♠−✐♥−✺ ✉−✐−❝�❢♠−✐♥−✻ ✉−✐−❝�❢♠−✐♥−✼ ✉−✐−❝�❢♠−✐♥−✽
✉−✐−❝�❢♠−✐♥−✾ ✉−✐−❝�❢♠−✐♥−✶✵ ✉−✐−❝�❢♠−✐♥−✶✶ ✉−✐−❝�❢♠−✐♥−✶✷
✭ ✮ ② ✺ ② ② ✧▼❛��−❢ ❧♦✇−�❛�❡−� ❛❞ ✐ ❛ � ♦ � ✧ ✶

❀ ❀ ❋❧♦✇ �❝❤❡♠❡ ✶ � � ♦�❞❡�
✴ � ♦ ❧ ✈ ❡ ✴ � ❡ � ✴♣−✈−❝♦✉♣ ❧ ✐♥❣ ✷✵ ✴ � ♦ ❧ ✈ ❡ ✴ � ❡ � ✴ ❞ ✐ � ❝ � ❡ � ✐ ③ ❛ � ✐ ♦ ♥ −�❝❤❡♠❡✴♠♦♠ ✵
✴ �♦ ❧ ✈ ❡ ✴ � ❡ � ✴ ❞ ✐ � ❝ � ❡ � ✐ ③ ❛ � ✐ ♦ ♥ −�❝❤❡♠❡✴❦ ✵ ✴ � ♦ ❧ ✈ ❡ ✴ � ❡ � ✴

❞ ✐ � ❝ � ❡ � ✐ ③ ❛ � ✐ ♦ ♥ −�❝❤❡♠❡✴ ❡♣ � ✐ ❧ ♦ ♥ ✵

❀ ❀ ■ ♥ ✐ � ✐ ❛ ❧ ✐ ③ ❡
✴ � ♦ ❧ ✈ ❡ ✴ ✐ ♥ ✐ � ✐ ❛ ❧ ✐ ③ ❡ ✴❝♦♠♣✉�❡−❞ ❡ ❢ ❛ ✉ ❧ � � ❛ ❧ ❧ −③♦♥❡�
✴ � ♦ ❧ ✈ ❡ ✴ ✐ ♥ ✐ � ✐ ❛ ❧ ✐ ③ ❡ ✴ �❡�−❞ ❡ ❢ ❛ ✉ ❧ � � ✴①−✈ ❡ ❧ ♦ ❝ ✐ � ② ✶✺
✴ � ♦ ❧ ✈ ❡ ✴ ✐ ♥ ✐ � ✐ ❛ ❧ ✐ ③ ❡ ✴ ✐ ♥ ✐ � ✐ ❛ ❧ ✐ ③ ❡ −❢ ❧ ♦✇

❀ ❀❋▼●
✴ �♦ ❧ ✈ ❡ ✴ ✐ ♥ ✐ � ✐ ❛ ❧ ✐ ③ ❡ ✴❢♠❣− ✐ ♥ ✐ � ✐ ❛ ❧ ✐ ③ ❛ � ✐ ♦ ♥ ②

❀ ❀ ❘✉♥
✴ �♦ ❧ ✈ ❡ ✴ ✐ � ❡ � ❛ � ❡ ✺✵✵

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✈✐✐



❈ ❆��❊◆❉■❳❀ ❏❖❯❘◆❆▲✲❋■▲❊ ❋▲❯❊◆❚

❀ ❀ ✷ ♥❞ ♦�❞❡�
✴ 	 ♦ ❧ ✈ ❡ ✴ 	 ❡ � ✴ ❞ ✐ 	 ❝ � ❡ � ✐ ③ ❛ � ✐ ♦ ♥ −	❝❤❡♠❡✴♠♦♠ ✶
✴ 	♦ ❧ ✈ ❡ ✴ 	 ❡ � ✴ ❞ ✐ 	 ❝ � ❡ � ✐ ③ ❛ � ✐ ♦ ♥ −	❝❤❡♠❡✴❦ ✶
✴ 	♦ ❧ ✈ ❡ ✴ 	 ❡ � ✴ ❞ ✐ 	 ❝ � ❡ � ✐ ③ ❛ � ✐ ♦ ♥ −	❝❤❡♠❡✴ ❡♣ 	 ✐ ❧ ♦ ♥ ✶

❀ ❀ ❘✉♥
✴ 	♦ ❧ ✈ ❡ ✴ ✐ � ❡ � ❛ � ❡ ✷✺✵✵

❀ ❀ �♦ 	 	 ✐ ❜ ❧ ❡ ❛❞❞ ✐ � ✐ ♦♥ 	
✴ � ❡♣♦ � � ✴ ❢ ♦ � ❝ ❡ 	 ✴✇❛❧❧−❢ ♦ � ❝ ❡ 	 ② ✶ ✵ ✵ ② ✧①−❢ ♦ � ❝ ❡ 	 ✧
✴ � ❡♣♦� � ✴ ❢ ♦ � ❝ ❡ 	 ✴✇❛❧❧−❢ ♦ � ❝ ❡ 	 ② ✵ ✵ ✶ ② ✧③−❢ ♦ � ❝ ❡ 	 ✧

❀ ❀ ❙❛✈❡ ❝❛	❡ ❛♥❞ ❞❛�❛
✴ ❢ ✐ ❧ ❡ ✴✇❝❞ ✾−✸✇❛❣♦♥−� ❡ ❢ ✷ ✳ ❝❛	 ✳ ❣③

❀ ❀ ❊♣①♦�� ❢ ✐ ❡ ❧ ❞ ✈ ✐ ❡✇
✴ ❢ ✐ ❧ ❡ ✴ ❡①♣♦�� ✴ ❢ ✐ ❡ ❧ ❞✈ ✐ ❡✇−✉♥	� �✉❝� ✾−✸✇❛❣♦♥−� ❡ ❢ ✷
♣ � ❡ 	 	✉ � ❡
�♦ �❛ ❧−♣�❡ 	 	✉ � ❡ ✈❡❧−♠❛❣♥✐�✉❞❡
①−✈ ❡ ❧ ♦ ❝ ✐ � ②
②−✈ ❡ ❧ ♦ ❝ ✐ � ②
③−✈ ❡ ❧ ♦ ❝ ✐ � ②
✈ ♦ � � ✐ ❝ ✐ � ②−♠❛❣
�✉�❜−❦ ✐♥ ❡ � ✐ ❝−❡♥❡�❣②
�✉�❜−❞ ✐ 	 	−� ❛ � ❡
②−♣❧✉	
✇❛❧ ❧−	❤❡❛�
�✉�❜−✐ ♥ � ❡ ♥ 	 ✐ � ② ✭ ✮

✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝�✱ ▼❛��❡�✬� ❚❤❡�✐� ✷✵✶✶✿✸✵ ✈✐✐✐


