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Aeroelastic instability analysis of
NES-controlled systems via a mixed
multiple scale/harmonic balance method

Angelo Luongo and Daniele Zulli

Abstract

The issue of passively controlling acroelastic instability of general nonlinear mult-degree-of-freedom systems, suffering
from Hopf bifurcation, is addressed. The passive device consists of an essentially nonlinear oscillator (nonlinear energy
sink [NES]), having the task of absorbing energy from the main structure. The mathematical problem is attacked by a new
algorithm, based on a suitable combination of the multiple scale and the harmonic balance methods. The procedure is
able to furnish the reduced amplitude modulation equations, which govern the slow flow around a critical manifald, en
which the equilibrium points lie. The method |s applied to a sample structure already studied in literature, consisting of a
two-degree-of-freedom rigid airfoil under steady wind. It is shown that NES, under suitable conditions, can shift forward
the bifurcation paint and, moreover, it can reduce the amplitude of the limit cycles. Relevant asymptotic results are

compared, for validation purposes, with numerical simulations.

Keywords

Multiple scale method, harmonic balance, nenlinear energy sink. galloping, steady wind

. Introduction

Monlinear energy sinks (NESs) are constituted by
essentially nonlinear oscillators, attached to a main
structure. Their mass is generally small, compared
with that of the main structure, and their goal is to
absorb energy and to dissipate it, as a passive control
device, through targeted energy transfers (TETs; see
Vakakis et al. (2008a.b) for an extensive background).
Their main feature, a consequence of the essential non-
linear nature, consists in the capacity, in principle, of
being resonant at any frequencies. giving rise to large
band tuning with the structure to be controlled.

The passive control of vibrations through the cou-
pling of the main system with NMESs has received a great
deal of attention in the literature. In Gendelman et al.
(2008) and Starosvetsky and Gendelman (2008b), a
MNES is applied to a main linear oscillator harmonically
excited by a 1:1 resonant force. In Starosvetsky and
Gendelman (2009), the same problem s extended to a
MES with nonlinear damping. In Starosvetsky and
Gendelman (2010b) a NES is applied to a free two-
degree-of-freedom (2-d.o.f) system in internal reson-
ance, and in Starosvetsky and Gendelman (2008a) a

harmonic external force is also considered. In
Starosvetsky and Gendelman (2010a), for a harmonic-
ally forced linear {main) system, an extended approxi-
mation is suggested in order to analvze the strongly
modulated responses (SMRs), tvpical for these svstems,
for growing values of the MES mass. The effects of a
quasi-periodic. narrow-band random forcing on a
linear oscillator equipped with a NES are studied in
Starosvetsky and Gendelman (2011). In Vaurigaud,
Savadkoohi and Lamarque (2011); Savadkoohi et al.
{2012), multiple parallel NESs are considered to deal
with a linear structure under impulse and harmonic
forcing. In Pham et al. (2012) NES is used to control
a linear oscillator under an external force with two dif-
ferent harmonics. In Musienko et al. (2006) the design
of a NES constituted by a system of two oscillators,
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able to exploit nonlinear energy pumping, is carried
out. In Lamarque et al. (2011) a nonsmooth NES has
been introduced. In Vaurigaud, Manevitch and
Lamarque (2011) a NES is used to control the flutter
oscillations of a long-span bridge. In Vakakis et al.
(2008b); Lee et al. (2007, 2008b,a); Gendelman et al.
(2010), a NES 1is used to suppress aeroelastic instabil-
ities on a class of rigid airfoils, modeled as a 2-d.o.f.
section model, under stationary wind in the quasi-
steady hypothesis.

To study the slow-flow dynamics, the researchers
very often make use of the complexification procedure
by Manevitch (2001) and, in sequence, the multiple
scale method (Nayfeh and Mook, 1979). In the same
framework, in Gendelman (2004), the multiple scale
method is applied, after complexification, by summing
and subtracting a linear stiffness term in the NES equa-
tion, and properly ordering the dependent variables to
avoid order violations.

On the other hand, in Luongo and Zulli (2012a) a
new perturbation algorithm, based on a mixed multiple
scale/harmonic balance method (MSHBM), is pro-
posed to manage harmonically forced multi-d.o.f.
dynamical systems. The main advantage of the algo-
rithm is that the initial complexification procedure is
avoided and the reducing process is re-conducted in
the framework of the classical perturbation techniques.
Moreover, whatever is the number of d.o.f. of the
main system, the procedure directly provides the
normal form equations (Nayfeh, 2011), i.e. the simplest
reduced system describing the essential dynamics, con-
stituted by a number of equations equal to the co-
dimension of the system. In other words, the proposed
technique applies the harmonic balance only to the
NES equation, and it is done just because the solution
of its essentially cubic equation is not expressed via
simple functions, whereas the concurrent application
of the MSM to the n-d.o.f. main system both filters
the slow dynamics and reduces the system to the
center manifold.

In this paper, inspired by Gendelman et al. (2010),
a general, nonlinear, multi-d.o.f. aeroelastic system,
close to a Hopf bifurcation which triggers flutter oscil-
lations, is considered, and a NES is attached to it in
order to control amplitude of vibrations. The mixed
MSHBM (Luongo and Zulli, 2012a) is applied to get
the critical manifold and the equations ruling the
dynamics around it. The three reduced amplitude
modulation equations (RAMESs) are obtained and dis-
cussed through the analysis of the equilibrium points
and their stability. The validation of the method is
pursued by a sample system, already analyzed by
Gendelman et al. (2010), for which the asymptotic
results are compared with numerical integrations of
the original equations.

The paper is organized as follows: in Section 2, the
algorithm is applied to a general aeroelastic system
close to a Hopf bifurcation and the relevant equations
are obtained; in Section 3 the sample system is studied
and results discussed, and in Section 4 some conclu-
sions are drawn.

2. The multiple scale/harmonic balance
algorithm

2.1. Equations of motion

A quite general class of nonlinear, multi-d.o.f. mechan-
ical systems, close to a Hopf bifurcation caused by
aerodynamic forces, is considered (see Figure 1). The
aerodynamic forces, due to the stationary wind of (non-
dimensional) speed © which blows orthogonally to the
plane of the structure, are assumed to be described by
the quasi-steady theory. The main system is equipped
with an essentially nonlinear oscillator behaving as a
NES, attached at a point. The relevant nondimensional
equations of motion read

Mx + C(wx + K(u)x + £ % — y)r
+k(r"x — p)’r + f(x,x,X) = 0 (1)
my — Eor’x — ) — x(r’x — y)3 =0

where: x(7) is the time-depending N-dimensional vector
of the displacements of the main structure; M is the
mass matrix; C(u) is the (nonproportional) damping
matrix and K(u) is the stiffness matrix, both including
structural and aerodynamic effects, the latter depending
on u, acting as a bifurcation parameter; f is the vector
of the (cubic) geometric nonlinearity, assumed much

Figure 1. Sketch of the aeroelastic multi d.o.f. system equipped
with a NES.
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larger than the (neglected) aerodynamic nonlinearity,
() is the time-dependent displacement of the added
oscillator, m its (small) mass, & its (small) damping
ratio and « the coefficient of its essentially nonlinear
(cubic) spring; r is the influence coefficient vector;
finally, the dot represents time-differentiation.

It is convenient to introduce the relative displace-
ment between main structure and NES, z :=r'x —y,
so that Equations (1) become

MX + C(u)Xx + K(u)X + &2r 4+ k2°r +£(x, X, X) = 0

2
m(E—rTX)+ €412 =0 @

It is interesting to note that, when & = 0, the tangent
operator of Equations (2) at x =0, admits a double-
zero eigenvalue, due to the fact the NES has zero linear
stiffness. The unfolding of this system is a family in
which a small damping & and a small linear stiffness
«r (here omitted) exist. Moreover, if the main structure
manifests a Hopf bifurcation at a critical value u = o,
a double-zero/Hopf bifurcation would occur at the
point (ug,0,0) of the parameter space (u,&, «y), simi-
larly to what studied in Luongo and Zulli
(2012b). According to the center manifold theory
(Guckenheimer and Holmes, 1983), such a circum-
stance would lead to the conclusion that, when
t — oo, the motion develops itself on a four-dimen-
sional manifold. However, such a bifurcation is not a
standard one, since the mass of NES is evanescent, so
that, in the limit for m — 0, the two eigenvalues of the
NES assume undetermined values. Such a pathological
case, therefore, cannot be studied by the usual center
manifold method, or by the multiple scale method, but
a specific perturbation method must be tailored on it, as
detailed below.

2.2. MSHBM: first-order solution

The dependent variables are first rescaled through a
nondimensional small parameter ¢ >0, as (x,z):=
€'?(X, %), consistently with the presence of cubic non-
linearity, while the bifurcation parameter is expressed
as = [y + €u, where 1 is its critical value, to be still
evaluated, and eu; is the small deviation from it. The
parameters of the NES are also rescaled, since both the
mass_and the damping are assumed small: (m,§) :=
€(m, &). The rescaling leads to the following equations,
after omission of tilde and division by €!/%:

MX 4 (Co + €11 Cp)x + (Ko + e Kyp)x + €&zr
+ exZ’r + ef(x, X, X) = 0 3)

em(( —v'X) + etz +exz’ =0

where Cy := C(uy), Ko := K(p) and C; := 9C()/0u,
K 1= 9K(wo)/dp

According to the multiple scale method, independent
time scales #y := ¢, t| := €t, ... are introduced and, con-
sistentzly, the derivatives expressed as % =dy+ed +---
and % = d(z) + 2edyd; + - --. Moreover, the dependent
variables are expanded in series as

Bl o

Substituting in Equations (3) and collecting terms of
the same order in ¢, leads to the following perturbation
equations:

order €’ :
Mdéxo + Codoxo +Koxo =0
order e :
Md%xl + Codoxy + Kox;
= —2Mdyd xg — Codixo — 111C1doxo — 1K1 X
—&dyzor — KZSI‘ —1(x0,X0,X0)
mdgzo +&dyzo + KZ(3) = mer(z)xo
order € :
Mdx, + Codoxz + Koxa = —2Mdy(daxo +dix1) + -
mdém +&dyzy + 3/(2123
= —&dyzo — m[2dydyzo — " (dix1 + 2dod1Xo)]
(5)

It should be noted that, because of the vanishingly
small values of the mass and damping, as well of the
lack of linear stiffness, the equation of motion relevant
to NES does not appear in the generator problem
Equation (5;), which therefore describes the linear
dynamics of the main structure only, as if the NES is
disengaged. It is assumed that, at the specific critical
value wg, the system experiences a Hopf bifurcation.
This entails that the relevant eigenvalue problems

(A*M +1Co+Kou=0 ©
M7+ AC +Kv=0

have a solution X, = %iw, with the associated right
(u and uw) and left (v and Vv) eigenvectors (the overbar
denoting the complex conjugate and i the imaginary
unit), whereas all the other eigenvalues have negative
real parts and are far from the imaginary axis. Under
these hypotheses, the steady solution of Equation (5;) is

xo(to, 11, ...) = A(t1, .. Jue™ + c.c. (7

where A(f,...) is a complex amplitude whose modula-
tion on the slower time scales must be evaluated, and
c.c. stands for complex conjugate.
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The e-order perturbation equations (5,3) are now
addressed, and the NES equation considered first.
Since its (steady) solution cannot be expressed by elem-
entary (nor Jacobi) functions, the harmonic balance
method is used, by letting

Zo(l(), i,.. ) = Z Bg)k)(ll, .. .)Eikwlo + c.c. (8)
k

where Bf)k)(tl, ...) are slowly modulated complex amp-
litudes to be evaluated. Equations (7) and (8) are sub-
stituted in Equation (53) and w frequency terms only
balanced (other frequency terms, such as 3w, 5w,...,
turn out to be of higher order, giving a negligible con-
tribution to the dynamics of the system (Luongo and
Zulli, 2012a)). This step leads to

maw*(—By + r7ud) + iEoBy + 3kBiBy =0  (9)

where By := Bgl).

Equation (9) provides an algebraic constraint,
through a co-dimension-two manifold, between the
amplitude of oscillation of the main structure, 4, and
the amplitude of the NES clongation, By.

To get the polar form of Equation (9), 4 :=3ae™
and By :=1be”, are substituted in it and real and
imaginary parts separated, thus obtaining

— maw* (b —rTuacos y)+§l(b3 =0 (10)

mo*rTuasiny + Ewb = 0

where y:=a— 8 denotes the phase difference.
Equations (10) can be manipulated to eliminate the
phase-difference, to get
2
%%b(’ — %Kmb4 + (8 + m*w)b?
— m*Tu)’d® =0 (11)
which can be easily solved in the form a = a(b).
Equation (5,) is then addressed, in which z; and x,
are now known. By requiring that the resonant forcing
term is orthogonal to the null space of the adjoint oper-
ator (solvability condition), the following equation
must hold:

v[(2iwMu + Cou)d; A + (ioCiu + K u)u, 4

+ iwérBy + 3kt B2 By + 3A% Af(W,u,u)] =0 (12)
producing the following differential equation:
c1diA = picaA + 3By + caBiBy + csA*A (13)

where the expression of the complex coefficients ¢; is
given in Appendix A. It is worth noting that, when
By =0 is put into Equation (13), this reduces to the
normal form equation for the Hopf bifurcation of the
main system. This entails that the NES modifies both
the bifurcation point and the limit cycle, thus bringing
potential benefits to the mechanical behavior of the ori-
ginal system.

If one decided to stop the perturbation analysis at
this step, Equations (13) should be joined to Equations
(9). In this case, since the NES provides an algebraic
constraint, its (complex) amplitude By would be a pas-
sive variable, whereas the dynamic evolution of the
(active) amplitude 4 of the main system would be com-
pletely restrained onto the manifold Equation (11).
Moreover, if the manifold exhibited turning points
(see Figure 3 later), the motion could not cross them,
since 4 does not vanish there, so that the equations
would break down at singular points. To overcome
this tight limitation, a further perturbation step must
be accomplished.

2.3. MSHBM: second-order solution

The particular nondiverging solution of Equation (5,)
is evaluated, taking into account the solvability condi-
tion Equation (13). In particular, substitution of
Equation (13) in Equation (5,) leads to

Md%X] + Codpxy +Kopx

= —iwp, |:C1 u— cl—l(vHClu)(Zinu + Cou)j|Aef"”0
— [ |:K1 u— Cll(vHKl u)(2ioMu + Cou)j| Ael@l0
—itw [r - c—ll(vH r)(2iwMu + Cou)i| Bye'™™
—3k |:r — é(v”r)(zinu + Cou)} B} Bye™"

1 -
-3 |:f(u, u,u) — C—(va(ﬁ,u, u))(2iwMu + Cou)j|A2Ae"“’°
1

— ke B3 —f(u,u,u) 433 4 c.c. (14)

The solution of Equation (14) is obtained through
the superposition method, evaluating the solution
related to any single addend of the right-hand side,
and then summing them:

X| = [(fww) 4 W2)u1 A + iEows By
+ 3kwy B2 By + 3W5A2141]ei“”0

+ (kwg By + w747 )e* ™ + c.c. (15)
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where the expressions of the vectors w;, i =1,...,7 are
given in Appendix A.

Equation (55) is finally considered: a new harmonic
balance is carried out, assuming the following expres-
sion for z;:

z1(tg, ty,...) = ZB(lk)(ll, .. ')eikwto + c.c. (16)
k

Substituting Equations (7), (8), (15) and (16) in
Equation (55) and balancing the w-frequency terms,
the following equation is obtained (B := B(ll)):

m( — w2B1 + 2iwd, By + a)z[ima)rTwlA + Mll‘Tsz
+ iEor s By + 3kt wa B By + 3t ws A% A]
— 2ior"ud\ A) + £d\ By + iwB)

+ 3kBi B + 6KByByB; = 0 (17)

It appears that this equation describes the dynam-
ics of the amplitude By, which becomes an active vari-
able, differently from what is stated by Equation (9).
The key term containing d; By comes out only at the
second order, since it is affected by small coefficients &
and m, thus revealing the nature of singular
perturbation.

To get the amplitude modulation equations (or
bifurcation equations), Equations (9) and (17) must
be combined with each other, and joined to the solva-
bility condition (13). According to the usual reconsti-
tution procedure, Equation (9) is multiplied by €'/2,
Equation (17) by €¥? and the two equations added;
similarly, Equation (13) is multiplied by /2. The true
time ¢ appears in the process after that the substitution
ed, = d/dt is performed; moreover, the NES total amp-
litude B, which collects the first- and second-order con-
tributions, is introduced as B := By + €B;. Finally, the
perturbation parameter € is completely reabsorbed
through the backward rescaling €'/’4 — A, €'/>°B —
B, em — m, €€ — &, €u; — . However, in order to
stress the nature of singular perturbation equation, € is
here left as a bookkeeping parameter in front of
second-order terms (formally, the common factor €/
is canceled). Hence, the reconstituted equations read

1A = wicaA + Ec3B+ c4B*B + cs A4
e[—2iomrTuA + (& + 2iwm)B]
= —mw*rTud + (mw* — i€w)B — 3«B*B
— ema)z[i,ulerwlA + /Lersz
+ igwr w3 B + 3kr"wyB*B 4 3rTws A% 4] (18)

In polar coordinates, using the transformations
A(t) == 1a(1)e™? and B(1) := 1 b(1)e™?, and separating

real and imaginary parts, four real equations are
obtained, in the dependent variables a, «, b, 8. The def-
inition of the phase difference y := « — B and consistent
combination of the two phase equations, leads to three
Reduced Amplitude Modulation Equations, in the
dependent variables a, b, y:

a=F(a,b,y; 1)

eb = G(a,b, y; m) = Go(a, b, ) + €Gi(a, b, y; 1)
eaby = H(a,b,y; w1) = Hola, b, y) + €Hi(a, b, y; 11)

(19)

where F, G, H are defined in Appendix A. The fourth
remaining equation turns out to be useful just to evalu-
ate the value of @ or 8 once known y.

2.4. Critical manifold and steady solutions

Equations (19) have the classical form of singular per-
turbation equations, since a small parameter (essen-
tially denoting the smallness of the NES mass and
damping) affects the first derivative of some slow—fast
state variables (b and y in our case). Such equations, as
is well known, produce a slow dynamics around a crit-
ical manifold M of the state space, and a fast dynamics
far from M (Guckenheimer et al., 2006). The critical
manifold is defined as the locus of the zero-velocity
points of the slow—fast variables, namely,

Gla,b,y; u1) =0

(20)
H(a,b,y; u1) =0

For a fixed value of the wind velocity u;, Equations
(20) describe a curve in a 3D space (see Figure 6 later
for an example); if u; is allowed to vary, a family of
critical manifolds exists, parametrized by .

When the state is close to the manifold, i.e.
G=0(), H=0(e), then b=0O(1) and y=0O(1);
since @ < O(1) everywhere, the flow is slow. When the
state is far from the manifold, i.e. G = O(1), H = O(1),
then b = O(e ')and y = O(e 1), so that the flow is fast.
Therefore, far from M, the motion develops essentially
in an a = const. plane, and possibly tends to stable
branches of M. Close to M, however, all of the velo-
cities are O(1), so that the motion slowly develops itself
in a thin tube of radius O(¢) around M. On the other
hand, when folds of the manifold are approached (at
which the tangent is parallel to the (b,y)-plane),
then the system leaves the tube and jumps fast to
another stable branch. Relaxation oscillations are
motions in which jumps and slow evolutions cyclically
alternate.

An asymptotic expression for the manifold is
searched in the following way. First, the variable y is
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Figure 2. Rigid airfoil with NES under steady wind.
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0.000 0.005 0.010 0.015 0.020 0.025 0.030

b
Figure 3. Representation of the manifold on the plane (b,a), for k  40and § 0.9. Red line: first order approximation; blue lines:

second order approximation for p;  (0;0.05;0.1).

eliminated from the two Equations (20), this leading to
a unique equation of type My(a, b)+ e M (a, b; 1) = 0.
To solve this equation in the form a = a(b; uy), a is
expanded as a=ap+e€a; and two perturbation
equations  Mo(ap,b) =0 and  Mo(ap, b)a; +
M (ap, b; i) = 0 are derived, where a comma denotes
differentiation with respect to the following argument.
The first perturbation equation supplies the leading
term ay(b) (which is independent of the wind velocity),

the second equation furnishes the correction a;(b; 141)
(which, in contrast, is wind-dependent). Thus, an
asymptotic expression for the projection of the family
of manifolds onto the (a,b)-plane is derived. If of inter-
est, the phase difference y(a(b); ;1) can be successively
evaluated. The expressions of M, M, are not shown
for the sake of brevity.

The equilibrium points of system (19) are obtained
by taking ¢ =b =y =0. Therefore, they solve the
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(a) 0.25

w. NES

T T
-0.05 0.00

T
0.10

wo. NES

I I
-0.10 -0.05 0.00

0.20

Figure 4. Equilibrium branches of the slow flow on the plane (i1}, a): ()

10, § 0.75;(b)x 10, 6 0.75. Red line: without

NES; black line: with NES; dots: numerical integrations of the originating equations; continuous line: stable; dashed line: unstable; black

square: secondary Hopf point.

following nonlinear system:

]:(as b, )/(a, b)» Ml) =0

M@ b: py) = 0 @

Once obtained the equilibrium points (involving
both a # 0 and b # 0), their stability is determined by
the sign of the real part of the eigenvalues of the
Jacobian matrix J, of Equations (19), which rules the
linearized system around them

Sa da
sb ¥ =J,1 b (22)
3y 3y

3. Numerical results

A sample system, already considered by Gendelman
et al. (2010), is used to evaluate the reliability of the
MSHBM. It is constituted by a 2 d.o.f. rigid airfoil sub-
jected to the (nondimensional) steady wind p, and is
sketched in Figure 2. The (nondimensional) Lagrangian
parameters are x and ¢, representing the plunge and the
pitch, respectively. The two nonlinear springs, exten-
sional and rotational respectively, have both linear
and cubic coefficients. The position of the NES with
respect to the center of mass of the airfoil is described
by the (nondimensional) parameter §: if it is positive,
then the NES is windward; otherwise, if § is negative,
the NES is leeward.
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Figure 5. Phase portrait on the plane (b,a): (a) k10,

0.05, §

0.75;(b)« 10, uy 0.07, 6 0.75. Red line: manifold;

blue line: trajectory; black circle: stable equilibrium point; black cross: unstable equilibrium point.

The nondimensional equations of motion are

¥4 n12¢ + pgn X + Q2x + nlgig — £0p — X + ad)
—k(y—x+ad)’ +ix =0
nX + @ + pgan@ + ko x + (nn — 12ga)e
FEG — X+ a0)S + k(¥ — x +ad) s+ o’ =0
mj + & — X + @) + k(¥ — x +a8)’ =0
(23)

The comparison between Equations (23) and (1)
allows one to identify the relevant matrices and

columns as
X I np gu 0
X:{ } Mz[ } C(M):M[ .
(Y np Ny g 0
Q2 wgn 1 fix?
O I I
kot my — g =3 S

24)
The following numerical values are chosen, corres-

ponding to those used by Gendelman et al. (2010):

Ny = Ny = 0.2, nyy = 025, g1 = 0.2, g2 = —0.08,
Q= 05, k21 = 0, f1 :fz = 1, m=0.02
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0.02

0.06

Figure 6. Phase portrait on the space (b, y,a) : «
lines: projections on the coordinate planes.

10, 1

and & = 0.008. For the specified values, the critical wind
turns out to be o = 0.8704, the corresponding crit-
ical frequency w = 0.8704 (imaginary part of the eigen-
value) and the right and left eigenvectors u = {0, 1}7
and v = {—0.6521 — 0.5635i, 0.5217 + 2.7486i}",
respectively.

The manifold is shown in Figure 3, where the red
line represents the first approximation M;(a,b) =0
whereas the blue lines correspond to the second-order
approximation, for different values of ;.

In Figure 4 the equilibrium branches of the RAMEs,
corresponding to periodic motions in the variables
x,¢,z, are shown for (a) windward NES (§ = 0.75)
and (b) leeward NES (8 = —0.75). The red line
describes the branch when the NES is disengaged,
and the dots represent results of the numerical integra-
tion of the original equations (23), which are in good
agreement. It can be seen that, when the NES is disen-
gaged, a supercritical Hopf bifurcation occurs at pu; = 0
and stable periodic motions are triggered for increasing
values of 1, whose amplitudes are represented by the
red line. The NES shifts forward the position of the
bifurcation points, but it also makes the bifurcation
sub-critical. Indeed two turning points occur, as well
as two secondary Hopf points which trigger stable peri-
odic motions in a, corresponding to quasi-periodic
motions in x, ¢ and z (the amplitude of the limit

0.07 and §

0.75. Red line: manifold; blue line: trajectory; black

cycles are shown in the pictures). In case of windward
NES (Figure 4a), next to the second turning point, the
amplitude of the branch is larger than that without
NES. It means that, in this case, the NES gives a harm-
ful contribution to the dynamics of the system. On the
other hand, in case of leeward NES (Figure 4b), the
branch of the amplitude is always underneath the one
corresponding to the case without NES. Therefore, for
leeward NES, the effective reduction of the amplitude
of oscillations is accomplished. These results are in
agreement with Vakakis et al. (2008b). The two vertical
dashed-dotted green lines in Figure 4 represent the
values of ; for which the phase portraits of Figure 5
are produced (u; = 0.05 and p; = 0.07, respectively).
In particular, from Figure 5(a) it is evident how the
stable equilibrium point (black circle), which lies on
the manifold, asymptotically attracts the dynamic evo-
lution of the system; as a correspondence, periodic
oscillations in the variables (x, ¢, z) are produced. On
the other hand, in Figure 5(b), realized for a value of i,
between the two secondary Hopf bifurcations, the equi-
librium points are unstable, and a limit cycle in (b, @) is
obtained. The phase portrait is also shown in the 3D
space (b, y, a) (Figure 6) where it is evident that, after a
transient where the slow flow is attracted by the stable
branch of the manifold, the limit cycle of the relaxation
oscillations arises. It corresponds to quasi-periodic
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oscillations in (x, ¢, z), which are shown in Figure 7.
They are in good agreement with the relevant results
of the numerical integrations of the originating equa-
tions (23), shown in Figure 8.

4. Conclusions

In this paper, a general, nonlinear, multi-d.o.f. system,
subjected to aeroelastic forces and close to a Hopf
bifurcation, is considered. The system is equipped
with an essentially nonlinear oscillator with small
mass (Nonlinear Energy Sink, NES), with the aim of
passively controlling the amplitude of vibrations of the
main system. A mixed Multiple Scale/Harmonic
Balance Method is proposed to get slow-flow equa-
tions, as well as the critical manifold around which
the dynamics occur. The main advantage of the proced-
ure is that no complexification is required, so that the
analysis is re-conducted in the framework of the per-
turbation techniques. Moreover, whatever the order of
the main system is, the procedure provides the Reduced
Amplitude Modulation Equations, in number equal to
the co-dimension three of the problem. Numerical tests
on a specific example, already analyzed in Gendelman
et al. (2010), constituted by a two-d.o.f. rigid wing
under subsonic wind, are pursued. The results show
good agreement between the outcomes of the algorithm
and direct integrations of the originating equations.
The presence of NES modifies the position of the bifur-
cation point and the amplitude of the bifurcated
branch. However, as also recognized in Gendelman
et al. (2010), the presence of NES in this specific
system is not always beneficial, since just in case of
leeward NES, the bifurcated branch is underneath the
one obtained when the NES is disengaged.

Funding

This work has been supported by the Italian Ministry of
Universities (MIUR) through a PRIN 2010 2012 program
(grant number 2010MBJK5B).

References

Gendelman O (2004) Bifurcations of nonlinear normal modes
of linear oscillator with strongly nonlinear damped attach
ment. Nonlinear Dynamics 37: 115 128.

Gendelman OV, Starosvetsky Y and Feldman M (2008)
Attractors of harmonically forced linear oscillator with
attached nonlinear energy sink I: Description of response
regimes. Nonlinear Dynamics 51: 31 46.

Gendelman O, Vakakis A, Bergman L and McFarland D
(2010) Asymptotic analysis of passive nonlinear suppres
sion of aeroelastic instabilities of a rigid wing in subsonic
flow. SIAM Journal of Applied Mathematics 70:
1655 1677.

Guckenheimer J and Holmes P (1983) Nonlinear Oscillations,
Dynamical Systems, and Bifurcation of Vector Fields.
New York: Springer Verlag.

Guckenheimer J, Wechselberger M and Young LS (2006)
Chaotic attractors of relaxation oscillators. Nonlinearity
19: 701 720.

Lamarque CH, Gendelman O, Savadkoohi A and Etcheverria
E (2011) Targeted energy transfer in mechanical systems
by means of non smooth nonlinear energy sink. Acta
Mechanica 221: 175 200.

Lee Y, Vakakis A, Bergman L, McFarland D and Kerschen
G (2007) Suppressing aeroelastic instability using broad
band passive targeted energy transfers, part 1: Theory.
AIAA Journal 45: 693 711.

Lee Y, Vakakis A, Bergman L, McFarland D and Kerschen
G (2008a) Enhancing robustness of aerolastic instability
suppression using mdof energy sinks. AIAA Journal 46:
1371 1394.

Lee Y, Vakakis A, Bergman L, McFarland D and Kerschen
G (2008b) Suppressing aeroelastic instability using broad
band passive targeted energy transfers, part 2:
Experiments. ATAA Journal 46: 2391 2400.

Luongo A and Zulli D (2012a) Dynamic analysis of externally
excited NES controlled systems via a mixed Multiple
Scale/Harmonic Balance algorithm. Nonlinear Dynamics
70(3): 2049 2061.

Luongo A and Zulli D (2012b) A paradigmatic system to
study the transition from zero/Hopf to double zero/Hopf
bifurcation. Nonlinear Dynamics 70(1): 111 124.

Manevitch L (2001) The description of localized normal
modes in a chain of nonlinear coupled oscillators using
complex variables. Nonlinear Dynamics 25: 95 109.

Musienko A, Lamarque CH and Manevitch L (2006) Design
of mechanical energy pumping devices. Journal of
Vibration and Control 12: 355 371.

Nayfeh A (2011) The Method of Normal Forms. 2nd edn.
New York: John Wiley & Sons.

Nayfeh A and Mook D (1979) Nonlinear oscillations.
New York: John Wiley & Sons.

Pham T, Lamarque CH and Savadkoohi A (2012) Multi
resonance capturing in a two degree of freedom system
under two different harmonic excitations. Journal of
Vibration and Control 18: 451 466.

Savadkoohi A, Vaurigaud B, Lamarque CH and Pernot S
(2012) Targeted energy transfer with parallel nonlinear
energy sinks. Part II: Theory and experiments. Nonlinear
Dynamics 67(1): 37 46.

Starosvetsky Y and Gendelman O (2008a) Dynamics of a
strongly nonlinear vibration absorber coupled to a har
monically excited two degree of freedom system. Journal
of Sound and Vibration 312: 234 256.

Starosvetsky Y and Gendelman O (2008b) Response regimes
of linear oscillator coupled to nonlinear energy sink with
harmonic forcing and frequency detuning. Journal of
Sound and Vibration 315: 746 765.

Starosvetsky Y and Gendelman O (2009) Vibration absorp
tion in systems with a nonlinear energy sink: Nonlinear
damping. Journal of Sound and Vibration 324: 916 939.

Starosvetsky Y and Gendelman O (2010a) Bifurcations of
attractors in forced system with nonlinear energy


http://jvc.sagepub.com/

sink: the effect of mass asymmetry. Nonlinear Dynamics
59: 711 731.

Starosvetsky Y and Gendelman O (2010b) Interaction of non
linear energy sink with a two degrees of freedom linear
system: Internal resonance. Journal of Sound and
Vibration 329: 1836 1852.

Starosvetsky Y and Gendelman OV (2011) Response regimes
in forced system with non linear energy sink: quasi
periodic and random forcing. Nonlinear Dynamics 64:
177 195.

Vakakis A, Gendelman O, Bergman L, McFarland D,
Kerschen G and Lee Y (2008a) Nonlinear Targeted
Energy Transfer in Mechanical and Structural Systems I.
New York: Springer Verlag.

Vakakis A, Gendelman O, Bergman L, McFarland D,
Kerschen G and Lee Y (2008b) Nonlinear Targeted
Energy Transfer in Mechanical and Structural Systems I1.
New York: Springer Verlag.

Vaurigaud B, Manevitch L and Lamarque CH (2011) Passive
control of aeroelastic instability in a long span bridge
model prone to coupled flutter using targeted energy trans
fer. Journal of Sound and Vibration 330: 2580 2595.

Vaurigaud B, Savadkoohi A and Lamarque CH (2011)
Targeted energy transfer with parallel nonlinear energy
sinks. Part I: Design theory and numerical results.
Nonlinear Dynamics 66: 763 780.

Appendix A: coefficients of the
equations

The expression of the coefficients of Equation (13) is

¢1 = 2iovMu + vHCOu; ¢, = —iov?Ciu — vPK u;
c3 = —iovr; ¢y = =3kvir;  cs = —3vH(@@, u, u);
(25)
In Equation (15) the column  matrices

w; (j=1,...,5) are the solutions of the following sin-
gular algebraic problems, in which, however, compat-
ibility is satisfied:
wi: (Ko — ™M + iwCo)w
=— <C1u - i(vHClu)(Zia)Mu + Cou)>
wy  (Kg — ™M + iwCo)Wws
=— (Klu - %(VHKlu)(Zinu + Cou)>
wsy (Ko — ™M + iwCo)w;
= (r — Cil(vH r)(2iwMu + Cou)>
wy  (Kg — oM + iwCo)Wwy

=— (r — Ci(vHr)(Zia)Mu + Cou))
1

Ws! (Kg — a)zM + ia)Co)Wj
= —(f(@, u,u) — i(va(ﬁ, u, u))(2iwMu + Cou))
C1
(26)

The solution is made unique by the normalization
condition w/u = 0.
Moreover w; (j = 6,7) are the solutions of the fol-

lowing nonsingular algebraic problems:

—r

we. (Ko — 99*M + 3iwCo)wg

) 27)
wr. (Ko — 99"M + 3iwCo)wy; = —f(u, u, u)

When the right and left eigenvectors are normalized
so that ¢; = 1, the expression of F, G, H in Equation
(19) is

1 .
]—':Z(CﬁcsR +4acyp —‘rb3C4]SIIl]/+b3C4RCOS)/

+4bécsysiny 4+ 4b&csgrcosy);

(amaa*((w(4esmrTa

1
9=t )

+ 6mrTWSRa) — BSrTWy) + ZCSRérTu) siny

+ QesErlu+ w(—4csgmrTu+ 6mr'wsjw

+3&r wsg))cosy) +4((2carmrér’u

— o(—deypimru+ (i Er wig

—2m(r"u— pr Wi+ pir wag))

+ miérwyp)siny + Qeagpiér"u+ w(—4carpmr’u
+ w1 (@2m(e wi g+ ¥ war) — Er7wi) + Er7wag)
+&rTu))cosy)) + b QmrTuw(cs€ — 2carmo)
+3k2m*r Wy’ + mér T wagew® + £))
+4bmw(2&csErTu+ w(EQmr'wirew®

—&r'wy o+ 1) — 4Ecspmr’w)));

& :m(a3 (mex2esér’u+o(—4esgmr’u

+ 6mrTws;w+ 3erTwsg))siny — ma(w(dcspmr’u
+6mrTwsgew —3&rTws) 4+ 2cspér’u)cosy

+ esi(4m’@* + £2)) + da(mo e £r7u

+ o(—4erppimrTu+ py (@2m(r"wigw +1 way)
—&r'wip) +&r wop) +&r"w)siny

+ ma(e(—4expimr u+o(u & wig
—2m(r"u— pr Wi + it wag)) + i way)

— 2o ErTu)cos y + ey (dmP * + £2))
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+ (P> (4m* @ + £2)(carcos y — capsiny) — 2&cspmérTu + ECmPr wy 0’
— maQrTuQeymo + c4r€) + k(6mrTwipw? + mérTwigraw?® + £)))) (28)
= 3&r"wyw + 6))) + 4(4m’ e’ + E)(Ecs cos y

where ciri=NR(c), ¢ =), j=2,...,5 and
— Eesgsin y) + do(2nlo(w — 2cyrTu) R =), =G J

Wig = N(W,;), wiri=3(w;), j=1,...,7.
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