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�is paper presents a framework of aeroelastic optimization design for high-aspect-ratio wing with large deformation. A highly
�exible wing model for wind tunnel test is optimized subjected to multiple aeroelastic constraints. Static aeroelastic analysis is
carried out for the beamlike wing model, using a geometrically nonlinear beam formulation coupled with the nonplanar vortex
lattice method. �e �utter solutions are obtained using the �-� method based on the static equilibrium con�guration. �e
corresponding unsteady aerodynamic forces are calculated by nonplanar doublet-lattice method. �is paper obtains linear and
nonlinear aeroelastic optimumresults, respectively, by the ISIGHToptimization platform. In this optimization problem, parameters
of beam cross section are chosen as the design variables to satisfy the displacement, �utter, and strength requirements, while
minimizing wing weight. �e results indicate that it is necessary to consider geometrical nonlinearity in aeroelastic optimization
design. In addition, optimization strategies are explored to simplify the complex optimization process and reduce the computing
time. Di	erent criterion values are selected and studied for judging the e	ects of the simpli�ed method on the computing time and
the accuracy of results. In this way, the computing time is reduced by more than 30% on the premise of ensuring the accuracy.

1. Introduction

Highly �exible wings, crucial for high-altitude long-endur-
ance (HALE) unmanned aerial vehicles (UAVs), are charac-
terized by light weight with high aspect ratios. Although the
slender wings can maximize the li�-to-drag ratio, they may
undergo large deformation of about 25% of wing semispan
during normal �ight load, exhibiting geometrically nonlinear
behaviors. Patil and Hodges [1] studied the aeroelasticity of
a HALE aircra� and found that large deformation induced
by �exibility will change the aerodynamic load distribution.
�is will result in signi�cant changes in aeroelastic and �ight
dynamic responses of the aircra�.�us, the aeroelastic analy-
sis based on small deformation assumptionmay be improper.
Shearer and Cesnik [2] also studied the nonlinear dynamic
response of a �exible aircra�. �e nonlinear structural res-
ponse is governed by the 6-DOF rigid-bodymotions coupled
with aeroelastic equations. �ey compared three solutions:
rigid, linearized, and nonlinear models and highlighted the

use of the latter formulation to model the �exible wings. All
these studies show that the geometrical nonlinearity due to
the �exibility should be properly accounted for a nonlinear
aeroelastic formulation. Such �exible wings can be treated as
a statically nonlinear but dynamic linear system. �en the
question of the dynamic stability of the statically nonlinear
aeroelastic systemmay be addressed by a linear dynamic per-
turbation analysis about this nonlinear static equilibrium [3–
5]. Patil andHodges [6] studied the nonlinear e	ects and con-
cluded that the dominant geometrically nonlinear e	ect
comes from the nonzero steady-state curvature. �ereby, a
linear analysis for curved wing structures can accurately pre-
dict the e	ect of nonlinear behavior on the linearized stability.

Optimization design of aircra� structures subjected to
aeroelastic constraints is not new now in preliminary stage of
modern aircra� structural design. �e aeroelastic optimiza-
tion process, in essence, is a uni�ed, multidisciplinary design
process which can overcome barriers between di	erent disci-
pline groups while reducing the design cycle time. Previous
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researches have mainly optimized aircra� structures from
the perspectives of both static and dynamic constraints such
as stress, displacement, modal frequency, and �utter con-
straints; see, for example, the previous publications by Sikes
et al. [7], Patil [8], Battoo and de Visser [9], Maute and Allen
[10], Tischler, and Venkayya [11]. However, these researches
have not taken into account the geometric nonlinearity
induced by large deformation. It may lead to an inaccurate
modeling of aircra� in both structural and aerodynamic
perspectives. Butler et al. [12, 13] presented aeroelastic opti-
mization of high-aspect-ratio wings subjected to a minimum
�utter speed constraint based on a dynamic sti	ness matrix
method. Yet, the basic assumption in solving the dynamic
problems is linear. Previous researches have already shown
that geometrical nonlinearities must be properly considered
in aeroelastic analysis for �exible wings. In general, few
studies have attempted to deal with the geometric nonlin-
earities in aeroelastic optimization design for �exible wings
with large deformation. In this paper, numerical studies will
demonstrate the necessity of considering nonlinear e	ects
in aeroelastic optimization. Moreover, nonlinear aeroelastic
optimization strategies are explored in order to simplify the
complex optimization process while reducing the computing
time.

�e main purpose of the present work is to establish
a complete framework of aeroelastic optimization design
for high-aspect-ratio wing with large deformation. �e geo-
metrical nonlinearities in present theoretical modeling are
considered from three aspects: structural dynamic, aerody-
namics, and �uid-structure interface. �e incremental �nite
element method is used to solve the geometrically nonlinear
structural problems, and aerodynamic loads on nonplanar
wings are calculated by the nonplanar vortex lattice method.
�e unsteady aerodynamic forces in �utter analysis are cal-
culated by the nonplanar doublet-lattice method. A surface
spline interpolation method [14] is used to exchange force
and displacement information between the structure model
and aerodynamic model. In this way, the aeroelastic formu-
lation is naturally obtained by combining these three aspects
together. A wingmodel for wind tunnel test is optimized sub-
ject to displacement, torsion, �utter, and strength constraints.
�e nonlinear aeroelastic analysis, as a key part in optimiza-
tion design, is integrated into the whole optimization process
to obtain the static equilibrium con�guration and �utter
speed. To improve e�ciency of nonlinear aeroelastic opti-
mization process, some simpli�cations in static and dynamic
aeroelastic analysis are studied and the results indicate that
such changes can greatly reduce the computing time.

2. Theoretical Formulations

A complete theoretical framework of nonlinear aeroelastic
analysis has been discussed in [3, 6]. An introduction is
presented here, followed by the optimization formulation for
achieving the optimum wing shape.

2.1. Geometrical Nonlinear Elasticity. Geometric nonlineari-
ties are based on the kinematic description of the body and
the strain on the wing should be de�ned in terms of local

displacement of the wing for dynamic motions. �ese result
in the nonlinear geometric equations including the quadric
term of the displacement di	erential, and the nonlinear force
equilibrium equation established on the deformed state of
the structure. Geometric nonlinear e	ects are prominent in
two di	erent aspects: (1) geometric sti	ening due to initial
displacements and stresses and (2) follower forces due to
a change in loads as a function of displacements. Both of
these two factors are considered in this paper and solved with
the nonlinear incremental �nite element method [15]. �e
updated Lagrange formulation (ULF) is used in this work and
the main equations are presented below.

�e relationship between strain and displacement is

���� = 1
2 (
���,� + ���,� + ���,����,�) , (1)

where ���,� means the partial derivative of displacement ��
with respect to the coordinate �� at time t. �e stress tensor
�	�� at time t satis�es

�	���
���� = ���,����, (2)

where �
� is direction cosine of small aeroelement ��� at time t

and ��� is the corresponding surface force.�e linear elastic
constitution can be described as follows:

�	�� = ����������, (3)

where ���� is the elastic tensor, which has a di	erent form for
isotropic or anisotropic material.

�e strain ��� can be decomposed into a linear part ��� and
a nonlinear part ���:

���� = ���� + ����. (4)

�e stress is decomposed by increments, where �	��
represents the stress at time �, and ���� is the incremental stress
to be calculated at each time step.

�+��	�� = �	�� + ����. (5)

�e integral equation is established by linearization in
each incremental step:

∫
��

������������������ + ∫
��

������������

= �+��� − ∫
��

������������,
(6)

where �+��� is a vector of incremental external force, includ-
ing the aerodynamic force, gravity, and engine thrust at time
�+��, and �� is the element volume.Using the following shape
functions, the relationship between strain and displacements
is performed as follows:

te = t
BL

tu,
t� = t

BNL

tu. (7)
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Substituting them into (6) yields the element governing
equation for static problems:

(tKL + t
KNL) u = �+��Q − t

F, (8)

where t
F is the equivalent inner force of the structure. �e

sti	ness matrix can be decomposed into a linear part tKL

and nonlinear part tKNL. �e nonlinear part is related to the
deformed con�guration, load condition, and strain, which
should be updated in each computation step.

�e corresponding dynamic equation can be expressed as
follows:

t
Mü + (tKL + t

KNL) u = �+��Q − t
F, (9)

where t
M is the instant mass matrix at time �. u and ü are

the structural displacement vector and acceleration vector,
respectively.

According to previous researches [1, 3], an assumption
of small-amplitude vibration around nonlinear static equilib-
rium state is suitable for aeroelastic stability problem such as
�utter analysis. Ignoring the damping e	ect, there is

u = u + x, (10)

where u is the large static deformation from (8) and x is a
small vibration deformation. According to (9) and the static
equilibrium condition, the vibration equation of the dynamic
system reduces to

MT�̈ + KT� = 0, (11)

where MT is the inertial matrix of the structure at the
static equilibrium. KT is the corresponding sti	ness matrix.
Both of them are functions of static deformation u and
vary with di	erent static equilibrium states. From (11), the
mode shapes and frequencies are deduced. Combined with
nonlinear aerodynamic computation, the �utter boundary
can be determined by �-� method. However, the �utter
boundary is only predicted under a certain static equilibrium
state. Di	erent static equilibrium states have di	erent �utter
boundaries and the exact boundary should be searched
iteratively to make the �utter speed be consistent with the
static equilibrium state.

2.2. Nonplanar Aerodynamics. Two methods are used to
obtain the aerodynamic loads: (1) nonplanar vortex lattice
method (VLM) [16] for solving steady aerodynamic loads
in static aeroelastic analysis and (2) doublet-lattice method
(DLM) [17, 18] for solving unsteady aerodynamic loads in
dynamic stability analysis. �e li�ing surface mesh in both
of them can �t the actual wing surface and be consistent with
the structural nonlinearities caused by large deformation.

2.2.1. Nonplanar Vortex Lattice Method. In static aeroelastic
analysis, the steady aerodynamic load is calculated by non-
planar vortex lattice method, which is based on full potential
equations without any linearization. �e exact boundary
condition is satis�ed on the actual wing surface. A Cartesian
coordinate system is established for aeroelastic analysis. �e
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Figure 1: Li�ing surface mesh.

Figure 2: Arrangement of vortex ring elements.

�-axis points from the nose to the tail along the free stream,
the�-axis points to the right side, and �-axis is determined by
the right-hand rule. In order to solve the steady aerodynamic
load, the li�ing surface is ideally discretized into trapezoidal
panels, with two side edges parallel to the undistributed
�ow as shown in Figure 1. �is spatial surface mesh can
re�ect the actual wing surface that has camber and various
platform shapes well. Some typical panel elements are shown
in Figure 2. Each vortex ring consists of four segments of
a vortex line, and the leading segment is placed on the
1/4 chord line. �e aerodynamics of the panel act on the
midpoint of this segment (represented by “∘” in Figure 2).�e
collocation point (represented by “×” in Figure 2) is located
at the center of the three-quarters chord line, and the actual
boundary condition will be implemented at this point.

�e velocity induced by a typical vortex ring at an
arbitrary point can be calculated by applying the Biot-Savart
law to the ring’s four segments, except for the rings located at
the trailing edge of the wing. Di	erent from normal vortex
rings, two semi-in�nite vortex lines are shed into the �ow
along the �-axis at each trailing edge panel. In this way, the
induced velocity at all of the collocation points could be
expressed as follows:

V	 = WC	Γ,
V
 = WC
Γ,
V� = WC�Γ,

(12)



4 Shock and Vibration

where V	, V
, and V� are the components of the induced
velocities along the �-, �-, and �-axes. WC	, WC
, and WC�
are the corresponding in�uence coe�cients matrices. Γ is the
vortex strength vector of all the vortex rings.

According to Neumann boundary condition [19], for the
collocation point of the �th vortex ring element, there is

(V∞ + Vii)ni = 0, (13)

where V∞ is the velocity of the free stream. When the angle
of sideslip  and the angle of attack ! are small, there isV∞ =
[1 − !]�∞, in which�∞ is the velocity magnitude of the
free stream.Vii is the induced velocity at the collocation point

of the ith vortex ring element and Vii = [��	� ��
� ����].
ni is the normal vector of the ith panel element as shown in

Figure 1 and ni = [
	� 

� 
��]. Since the boundary condi-
tion is satis�ed on the actual wing surface, the normal vector
of each panel element depends on the structural deformation.

Expanding (13) yields

��	�
�∞ 
	� +

��
�
�∞ 

� +

����
�∞ 
�� = −
	� + 

� − 
��!. (14)

Let Γ� = Γ/�∞, and the boundary condition equations
can be expressed in a matrix form.

AAICΓ� = A0 + A� + A�!, (15)

where AAIC is the coe�cient matrix of the normal induced
velocity.A0 is the coe�cients vector related to the initial angle
of attack of each panel element.A� andA� are the coe�cients
vectors related to the angle of sideslip and the angle of attack,
respectively. �e solution of the above equation results in the

vector of vortex strength Γ�.
A�er obtaining the strength of each vortex ring, the

aerodynamic force$�� that acts on the ith vortex ring element
can be calculated using Kutta-Joukowski theorem:

fAi = %V∞ × ΓFi, (16)

where % is the air density. ΓFi is the total vortex strength
at quarter-chord line of the ith panel element and Γ�� =
l�Γ����∞, in which li is the vector that describes the magni-
tude and direction of the �th panel element’s 1/4 chord line.
When the panel is located at the leading edge of the wing,

Γ�Fi = Γ�i, and otherwise, Γ�Fi = Γ�i − Γ�i−1. It should be
noted that $�� is not the value of li� per unit span; it is the
force acting on the panel element.

Combined with (15), the aerodynamic forces of all the
panel elements can be expressed as a column vector:

fA = 2'∞C	
�TΓA−1AIC (A0 + A� + A�!) , (17)

where '∞ is the �ight dynamic pressure.C	
� is the coe�cient
matrices along the three axes of the aerodynamic coordinate.
TΓ is the transfer matrix for the vortex strength.

2.2.2. Unsteady Aerodynamic Modeling. �e subsonic dou-
blet-lattice method in frequency domain is used to calculate

unsteady aerodynamics in �utter analysis. �e li�ing surface
mesh is the same as that in VLM. �e doublet line stands
along the quarter-chord line of the panel. �e control points
are �xed to the center of the three-quarters chord line.
Di	erent from the VLM, a doublet lattice is placed on the
midpoint (represented by F2 in Figure 1) of the 1/4 chord line
of the aeroelement. �e collocation point (represented by *
in Figure 1) is at the center of the three-quarters chord line.
At the control point of the ith panel element, there is

-� = 1
83
�
∑
�=1
Δ7��Δ�� cos9� ∫�� ����:�,

(� = 1, 2, . . . , 
; < = 1, 2, . . . , 
) ,
(18)

where -� is the amplitude of normal wash at the control
point of the ith panel element. �e relationship between the
pressure coe�cient of the jth element Δ7�� and the pressure

Δ�� satis�es the following: Δ�� = (1/2)%�∞2Δ7�� . Δ�� and :�
are the length of centerline chord and 1/4 chord line of the jth
element, respectively. 9� is the sweep angle of the jth element

(i.e., the sweep angle of >1>3 as shown in Figure 1). 
 is the
number of panel elements. ��� is the acceleration potential
kernel function for oscillatory subsonic �ow.

�e aerodynamic pressure on panel elements can be
written in a matrix form:

Δp = 1
2%�∞

2
D
−1
w, (19)

where % is the air density and �∞ is the velocity of the free
stream.D is the aerodynamic in�uence coe�cient matrix. w
is the vector of the normal washes at collocation points. By
modal analysis, the structural deformation can be expressed
by a certain combination of structural modes, which are
calculated based on the nonlinear static analysis. To simulate
the real situation of large deformation, the boundary con-
ditions are satis�ed on the geometrically exact aerodynamic
con�guration.�erefore, the generalized boundary condition
based on the quasimodes around the static equilibrium
con�guration can be expressed as follows:

w

�∞ = ��? f +
@f
@� , (20)

where f is the mode shape projected in the local normal
direction and varies with di	erent static equilibrium con�gu-
rations. Due to the geometrical nonlinearity discussed above,
modal shapes and structural sti	ness should be updated with
the variation of structural deformations when computing
unsteady aerodynamic forces. � = ?A/�∞ is the reduced
frequency, in which ? is the reference chord length and A is
the radius frequency.

2.3. Nonlinear Static Aeroelastic and Flutter Analysis. Both of
the nonlinear static aeroelastic and �utter analysis are pro-
ceeded iteratively, as shown in Figure 3. �e static aeroelastic
analysis consists of three aspects: nonlinear static analysis,
calculation of the steady aerodynamic force, and coupling
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Figure 3: Nonlinear static aeroelastic analysis and �utter analysis.

iterative computations between the structure and aerody-
namic surface. In this paper, a loosely coupling strategy is
used to solve the static aeroelastic problem via the nonplanar
vortex lattice method under steady cases coupled with non-
linear static structural analysis. Surface spline interpolation is
responsible for the information exchanges between the struc-
tural deformation and aerodynamics.�us, the li�ing surface
can be updated according to the actual structural deforma-
tion automatically in each iteration. Meanwhile, the li�ing
surface mesh and the normal vector in (13) are also updated
to satisfy the exact boundary condition. In this way, the
geometric nonlinearity is fully considered and the �nal static
equilibrium con�guration is obtained by the coupling itera-
tive computation. It is true that this procedure can result in
a nonconservation work due to nonconservative aerody-
namic loads. Meanwhile, the stability limits can be signi�-
cantly reduced according to previous publications [20–22]. In
Wall’s paper [20], it is stated that every loose coupling scheme
inherently su	ers from accuracy and stability problems. �e
statement is based on the character of the loosely coupled
schemes in which the aerodynamic loads are solely computed
on the predicted de�ection state while the structural solver
converges to the actual de�ection state of the new time step.

�erefore, Wall concluded that a su�ciently stable coupling
can be obtained by introducing subiterations, in which
the aerodynamic forces and the structural deformations
exchange not only once but several times per time step.
However, it is not the focus of this work to quantify the
loss of accuracy. Besides, we found that results obtained by
loosely coupling show good agreement with the experimental
results [5, 23] referring to �utter and dynamic responses.
Considering the purpose of this paper and the computation
cost, the loose coupling is used in static aeroelastic analysis to
obtain the equilibrium state.

Here is an example of nonlinear static aeroelastic analysis,
as shown in Figure 4. �e presented wing model will be
also used in the following optimization analysis. �e air�ow
speed is 37m/s. �is �gure presents two parts: force interpo-
lation and displacement interpolation. For each iterative step,
updated aerodynamic loads are applied to the previous struc-
ture, and the displacements are then solved by ULF. It is easy
to �nd that the variation of the structural deformation turns
to be smaller and smaller a�er each iteration step, and �nally
the iteration stops when the static equilibrium is obtained.

On the basis of the static equilibrium con�guration,
the vibration modes and frequencies of dynamics system
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Figure 4: Nonlinear static aeroelastic analysis process.

equations can be calculated using quasimodalmethod, which
assumes that the structure vibrates slightly around the non-
linear equilibrium state. �erefore, the stability problem at
this state can be solved by traditional �utter analysis method.
By selecting severalmain structuralmodes, the general aeroe-
lastic equation in the frequency domain can be written as

Mq̈ + Kq = 1
2%�
2
Aq (21)

in whichM is the general inertial matrix and K is the general
sti	ness matrix, which is the tangent sti	ness based on the
static equilibrium state. A is the general aerodynamic coe�-
cient matrix, which is a complex function of the reduced
frequency.�e aerodynamic force here is calculated using the
unsteady DLM, considering the nonplanar e	ect. Equation
(21) can be solved by p-k method, the same way as in the
traditional �utter analysis.

[�2M − � ?
2�%�

2
AI + (K − 1

2%�
2
AR)] ' = 0 (22)

in which � = A(F± �) is the complex eigenvalue of the system
at a given speed � and AI and AR are the imaginary and real
parts of A. �e structural damping coe�cient is G = 2F, and
the frequency is $ = A/23. �e critical �utter speed can be
determined by judging the V-G curve (where G goes through
negative to positive values).

However, the �utter speed obtained in this way is not
the exact solution because the �utter analysis is related to
the static equilibrium, which is determined by the given

�ight conditions. It means that the damping value G and the
frequency $ in �-G curve and V-f curve are accurate only
when the given speed equals the �ight speed. �us, in order
to get the exact �utter speed, the iterative processes should
be repeated on a series of �ight speeds. �en the accurate �-
G and �-$ curves can be obtained by plotting the damping
values and the frequencies with respect to the corresponding
�ight speed.�e exact �utter speed can be identi�ed through
the�-G curve, and the �utter frequency is obtained from�-$
curve. As shown in Figure 3, to solve the exact �utter speed,
two iteration cycles exist in the whole process. In this study,
the �utter speed will be one of the constraints in optimiza-
tion problem. However, the key point of nonlinear optimiza-
tion is not to obtain the exact �utter speed but to evaluate
the dynamic stability at the �utter constraint. In order to
save computing time in optimization process, the �utter con-
straint is set as the input of the nonlinear aeroelastic analysis
and then the calculated structural damping value is judged
whether it is greater than zero.

2.4. Optimization Problem. A wing model designed for wind
tunnel test is optimized in the present work. Keeping the
material properties and the wing’s span unchanged, design
variables of the optimization problem are

� = {I1, 11, 21, *1, . . . ,I�, 1�, 2�, *�, . . .} ,
� = 1, 2, . . . , 
,

(23)

whereI�, 1�, 2�, *� are parameters of the ith cross section
of the wing beam as shown in Figure 6. �e wing masses
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are determined by these parameters. �e analysis can be
expressed as a constrained optimization problem:

min	 K
= K(I1, 11, 21, *1, . . . ,I�, 1�, 2�, *�, . . .) .

(24)

�e optimum solution has to satisfy several constraints.
In order to study the nonlinear aeroelastic characters, the
wing model is required to produce large deformation. �us,
the designed �utter speed of the wing model cannot be too
low to meet the referred requirement or too high in con-
sideration of the di�culties of protecting the wing model in a
wind tunnel. �e constraint of �utter speed can be described
as

L1 : ��� ≤ �� ≤ ���. (25)

�is makes a big di	erence from the optimization design
of a wing model for the �ight test, in which the �utter speed
is always constrained to be higher than the �ight speed to
ensure a safe �ight.

In the same way, the constraint of the wingtip displace-
ment in the trimmed wing con�guration is considered:

L2 : �tip � ≤ �tip ≤ �tip �. (26)

Furthermore, some other variables should also be con-
strained within certain limits, including

L3 : OOOOO9tipOOOOO ≤ 9lim,

L4 : {{
{
Smax ≤ [S]
��(�) ≤ �(�) ≤ ��(�),

(27)

where 9tip is the torsion angle at the wing tip and Smax is the
maximum stress in the main beam, which is required to be
no more than the structural strength limit.

�e optimum solutions are obtained by the ISIGHT
(version 5.7) platform, which can be taken as a toolbox
containing various optimization algorithms. In present work,
the “Direct Search” method proposed by Hooke and Jeeves
[24] is used for obtaining the optimum wing shape. �is
technique uses a combination of objective and constraints
penalty as the objective function and it is well-suited for
linear and nonlinear design spaces. Besides the optimization
algorithm, an external program for nonlinear aeroelastic
analysis has to been integrated into the optimization process
to supply the inputs and outputs. �e optimization process
is shown in Figure 5. An input �le containing initial values
of design variables is given �rstly, followed by setting the
iterative parameters and initializing the system environment.
Subsequently, themaximum stress, thewingtip displacement,
and torsion angle are calculated by nonlinear static aeroelastic
analysis. �e �utter speed is determined by nonlinear �utter
analysis. According to the above results, the design variables
are updated automatically through the optimization algo-
rithm. Finally, all constraints are satis�ed and the optimum
solution is obtained.

Data input

Nonlinear static 
aeroelastic analysis

Nonlinear �utter 
analysis

Objective 
function

Constraints

Satis�ed?

Optimization 
algorithm

No

Results

Yes

Figure 5: Optimization �ow chart.

Table 1: Overall parameter of wing model.

Parameter Value Unit

Span 1542 mm

Chord (root) 263 mm

Chord (tip) 71 mm

Elastic axis 40 % chord

Material of
beam:
aluminum

Elastic
modulus

70 Gpa

Density 2790 Kg/m3

Tensile
strength

524 MPa

3. Description of the Wing Model

In this section, a wing model is designed for wind tunnel test.
Unlike a real wing, a simpli�ed FEM model without control
surfaces was designed as shown in Figure 6. Its detailed
parameters are listed in Table 1. �e sti	ness of the wing
is supplied by the aluminum beam along 40% chord. �e
length of beam is 1542mm. �e crisscross section of beam
is shown in Figure 6. �is kind of section design has a
good designability in both vertical and horizontal sti	ness.
�e width and thickness of the beam section vary along the
spanwise direction, and the initial design variables of all 11
segments are listed in Table 2. �e total mass of the wing
consists of two parts: the beam mass and lumped mass. �e
initial value of total mass is 1.983Kg. �e mass properties
except for the beam mass were given in a lumped form. 22
lumped elements are set up along the leading and trailing
edge and the mass values are listed in Table 3.
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T1
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Figure 6: Finite element model of the wing structure and beam section.

Table 2: Initial design values of beam section.

Section I (mm) 1 (mm) * (mm) 2 (mm)

1 19.5 5.5 18.5 5.5

2 18.5 5 17.5 5.5

3 17.5 4.5 16.5 5

4 16.5 4 15.5 4.5

5 15.5 4 14.5 4

6 14.5 4 13.5 3.5

7 13.5 3.5 12.5 3.5

8 12.5 3.5 11.5 3.5

9 11.5 3.5 10.5 3.5

10 10.5 3.5 9.5 3.5

11 10 3 9 3

Table 3: Lumped mass.

Leading edge Trailing edge

Number T (kg) Number T (kg)

1 0.1427 1 0.1168

2 0.1282 2 0.1110

3 0.1292 3 0.1012

4 0.1076 4 0.0834

5 0.0861 5 0.0675

6 0.0744 6 0.0569

7 0.0435 7 0.0440

8 0.0349 8 0.0354

9 0.0258 9 0.0261

10 0.0254 10 0.0256

11 0.0177 11 0.0178

4. Numerical Results

�e wing model is �rstly optimized without considering the
geometrical nonlinearity, followed by the nonlinear aeroelas-
tic reanalysis of the optimized model. Subsequently, geo-
metric nonlinearities are fully considered in optimization
process, and some optimization strategies are studied to
improve the computation e�ciency.

4.1. Linear Optimization. In this section, the wing model is
�rstly optimized without considering the structural nonlin-
earity caused by large deformation. �erefore, traditional

Table 4: Results of linear optimization.

Terms
Before

optimization
A�er

optimization
Constraint
conditions

Design objective 1.983 kg 1.766 kg Minimum

Wingtip
displacement

143.4mm 549.9mm 380∼550mm

Torsion angle 2.69∘ 4.98∘ ≤5∘
Flutter speed 58.2m/s 38.4m/s 36∼40m/s

method for aeroelastic analysis is applicable for solving this
optimization problem. Modal analysis results can be directly
applied to the �utter analysis instead of the complex iterative
processes for obtaining the equilibrium con�guration. �e
trim analysis is conducted in a given in�ow speed and
an attack angle. Considering the real conditions of a wind
tunnel test, the initial values of the in�ow velocity and attack
angle are set as 36m/s and 4.0∘, respectively. �e whole
optimization processwas conducted on a computerwith Inter
Xeon CPU E3-1226 and 8.0GB RAM.

Figure 7 shows the linear optimization process. �e wing
weight, wingtip displacement, wingtip torsion angle, and
�utter speed are monitored during the iterative processes.
It can be found that the Direct Search makes two types of
moves—the procedure of going from one given point to the
following point. �e �rst is called exploratory move, which
is designed to acquire knowledge concerning the searching
direction. Most of the moves in Figure 7 are exploratory
moves. �e second type is pattern move, which changes sud-
denly, followed by a sequence of exploratory moves. A�er
983 iterations, the optimum solution was obtained, and all
constraints are satis�ed.

In Table 4, the wing weight drops by 12.1% a�er opti-
mization. Meanwhile, the bending and torsional sti	ness are
both reduced in accordance with the increase of the wingtip
displacement and torsion angle. From themodal results listed
in Table 5, one can �nd that the frequencies of the �rst
6 main modes are dropped by more than 30% a�er linear
optimization. In other words, the wing becomes lighter and
more �exible. �e �utter speed a�er optimization becomes
38.4m/s, dropping by 34%.

4.2. Nonlinear Reanalysis. In order to study the in�uence of
geometric nonlinearity on aeroelastic characteristics, non-
linear aeroelastic analysis is conducted on the optimized



Shock and Vibration 9

Weight (kg)

1.65

1.7

1.75

1.8

1.85

1.9

1.95

2

W
in

g 
w

ei
gh

t 
(k

g)

200 400 600 800 10000

Iteration times

(a) Wing weight

Displacement

100

200

300

400

500

600

700

M
ax

im
u

m
 d

is
p

la
ce

m
en

t 
(m

m
)

200 400 600 800 10000

Iteration times

(b) Wingtip displacement

Flutter speed

200 400 600 800 10000

Iteration times

30

35

40

45

50

55

60

F
lu

tt
er

 s
p

ee
d

 (
m

/s
)

(c) Flutter speed

Torsion angle

2.5

3

3.5

4

4.5

5

5.5

6

6.5
T

o
rs

io
n

 a
n

gl
e 

(∘
)

200 400 600 800 10000

Iteration times

(d) Torsion angle

Figure 7: �e linear optimization process.

wing model a�er linear optimization.�e results are listed in
Table 6. For the same wing model, there is a drastic change
in structural and aeroelastic characteristics. It can be seen
that wingtip displacement is beyond the upper boundary
of the constraint, and the �utter speed is lower than the
minimum of the constraint condition. To better understand
this variation between linear and nonlinear analysis, the
modal results are listed and compared in Table 7. It can be
seen that the frequencies of the listed six modes all decreased
in nonlinear reanalysis. �e �rst vertical bending and �rst
chordwise bending are in�uenced mostly by the geometrical
nonlinearity, and the frequencies of these two modes are
dropped by 25.6% and 27.4%, respectively. However, this kind
of reduction is not the same as that in Table 5, which ismainly
caused by the decrease of the total mass of the wing model.
�e aerodynamic loads and the associated de�ection lead to a

drastic change in the structural dynamic characteristics of the
wing and consequently a catastrophic change in aeroelastic
stability. According to the results in Table 7, the frequency
di	erences tend to be smaller and smaller with the increase of
the modal frequency. Combined with the results in Table 6,
the decrease in �utter speed can be attributed to the decrease
in the low-order mode frequencies. �ere is about a 10%
decrease in �utter speed which signi�cantly compromises the
�ight boundary of the test wing model.�e results of nonlin-
ear reanalysis show that the optimum solutions of linear case
may be inaccurate. �erefore, it is necessary to consider the
structural nonlinearity in aeroelastic optimization design for
suchlike �exible wing in present work.

4.3. Nonlinear Optimization. In this section, geometrical
nonlinearities are considered. Initial values of the air�ow
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Figure 8: Nonlinear optimization process.

Table 5: Comparison of modal results before and a�er linear optimization.

Mode description
Frequency (Hz)

Di	. (%)
Before optimization A�er optimization

1st �atwise bending 3.30 1.97 42.4%

1st edgewise bending 4.92 2.75 47.9%

2nd �atwise bending 13.19 7.20 46.1%

2nd edgewise bending 20.47 11.02 46.8%

3rd �atwise bending 31.83 17.47 45.4%

1st torsion 39.49 27.00 30.0%

speed and the attack angle are the same as those in the
linear optimization.�e trim analysis is not a direct one-step
process, but complex step-by-step iterative processes. Mean-
while, the �utter analysis also needs lots of repeated iterative
calculations. However, in this study, some optimization stra-
tegies are adopted in nonlinear aeroelastic analysis to simplify

the iterative processes, which will be described detailed in
next section.

Figure 8 shows the searching process.�e optimum solu-
tions are obtained a�er 531 iterations. From Figures 8(a)
and 8(c), one can see that the changing trend of the �utter
speed is the same as that of the beam weight. However,
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Table 6: Results of nonlinear reanalysis.

Terms
A�er linear
optimization

Nonlinear
reanalysis

Constraint
conditions

Design objective 1.766 kg 1.766 kg Minimum

Wingtip displacement 549.9mm 625.96mm
380∼

550mm

Torsion angle 4.98∘ 4.61∘ ≤5∘
Flutter speed 38.4m/s 34.5m/s 36∼40m/s

Table 7: Comparison of modal results a�er linear optimization and
nonlinear analysis.

Mode Description
Frequency (Hz)

Di	. (%)
Linear

optimization
Nonlinear
reanalysis

1st vertical bending 1.97 1.57 −25.6%
1st chordwise bending 2.75 2.16 −27.4%
2nd vertical bending 7.20 6.75 −6.6%
2nd chordwise bending 11.02 10.45 −5.4%
3rd vertical bending 17.47 16.97 −3.0%
1st torsion 27.00 26.95 −0.2%

both of the wingtip displacement and torsion angle show
a contrary tendency with the beam weight. �is is because
the reduction of the beam weight leads to the structural
sti	ness decreasing, which makes the structural deformation
increase under the same aerodynamic loads. What is more,
the mode frequencies also decrease with the reduction of
the beam weight, meaning that the bending mode is more
likely to be coupled with the torsion mode and causes the
dynamic instability.�us, the �utter speed decreases with the
weight decreasing. It is easy to �nd that there are two pattern
moves in the nonlinear optimization process. �e �rst one
is around 70 iterations. �e beam weight decreases suddenly
to about 1.86 Kg. Meanwhile, the �utter speed, the wingtip
displacement, and torsion angle show sudden changes and all
exceed the corresponding constraint conditions. �e second
pattern move occurred a�er about 110 iterations to make
the constraints satis�ed. Finally, the optimum solutions are
obtained a�er 531 iterations.

Nonlinear optimization results are listed in Table 8. A�er
optimization design, the wing weight drops by 4% and the
�utter speed becomes 36.17m/s, which is very close to the
lower limit of the �utter speed constraint condition. Similar to
the result in the linear optimization, the displacement of the
wingtip reaches the upper limit of the constraint condition.
�ese mean that the wing turns to be more �exible a�er
optimization.�e results obtained by the nonlinear optimiza-
tion and linear optimization are both satis�ed the constraints.
Compared with the linear results, it seems to be unexpected
that the optimum wing weight obtained by nonlinear opti-
mization is heavier, since the analysis is closer to the actual
situation. From the previous discussion, one can �nd that the
optimum solutions by the linear analysis are inappropriately

viewed from the nonlinear reanalysis.When nonlinear e	ects
are considered, the optimum solutions are safer and more
accurate. And technically to say, the “Direct Search” method
is a local optimization algorithm.Due to the complexity of the
nonlinear aeroelastic optimization problem, the searching
process is easy to fall into local optimal solutions. However,
the aim is not to investigate the optimization algorithm for
nonlinear aeroelastic optimization in this paper.

Table 9 shows the change of the frequencies of the �rst
six main vibration modes. It can be seen that frequencies
of these modes all decreased. �e nonlinear �utter analysis
shows that the most important modes contributing to the
�utter are the �rst vertical bending mode, the �rst chordwise
bendingmode, and the �rst torsionmode, whose frequencies
drop by 23.6%, 22.6%, and 9.6%, respectively. To further study
the di	erences of the �utter results before optimization from
those a�er optimization, V-G and V-f curves are plotted,
respectively, in Figure 9. �e results show that the �rst
vertical bending mode goes though zero to positive values,
and the coupling modes that result in dynamic instability
keep unchanged a�er optimization.�e large deformed wing
mainly induces the sti	ness coupling of vertical bending and
torsion, and the frequencies of the two modes are changed
obviously.

4.4. Optimization Strategy. Nonlinear aeroelastic analysis is
quite complex. It is undoubtedly that the process would
become more time-consuming and complicated combined
with optimization analysis. In order to improve the e�ciency
of nonlinear aeroelastic optimization, it is necessary to do
more research on optimization strategies.

Apparently, the most time-consuming part of the opti-
mization is nonlinear aeroelastic analysis in that too many
iterations are needed to obtain the solution.More speci�cally,
the iterative processes start over again every time the variables
are varied. For instance, it needs about 2,500 times of iteration
assuming that the optimum results can be acquired a�er
500 steps and 5 iterations are required in each step. �is
undoubtedly needs lots of computing time. However, in static
aeroelastic analysis, the deformation and the distribution of
the aerodynamic force on the wing surface in the equilibrium
state show little change when the variation of design variables
is not big and the wind speed is unchanged. For this kind
of situation, the previous equilibrium state can be directly
introduced into the next calculation. �is means that load
calculated in last step can be directly used in the updated
wing model without any iteration. �is is an approximation
method to obtain the nonlinear static aeroelastic results,
which can greatly improve computation e�ciency. �e spe-
ci�c calculation processes can be described as follows:

(1) Apply the load calculated in (� − 1)th step to the
updated wing model and obtain new static deforma-
tion denoted as V�.

(2) Denote V�−1 as the deformation of last iteration step
and � as the criterion value indicating the di	erence
between these two-step deformation results. If the
following inequality holds, the aerodynamic force of
the previous equilibrium state can be directly used for
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Table 8: Nonlinear optimization results.

Terms Before optimization A�er optimization Constraint conditions

Design objective 1.983 kg 1.9053 kg Minimum

Wingtip displacement 318mm 550mm 380∼550mm

Wingtip torsion angle 3.4∘ 4.69∘ ≤5∘
Flutter speed 51.03m/s 36.17m/s 36∼40m/s
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Figure 9: �-G and �-$ plots.

the next step of nonlinear static aeroelastic analysis
and �utter analysis:

OOOOOOOO
V� − V�−1
V�−1

OOOOOOOO ≤ �. (28)

Otherwise, restart the iterative calculation to obtain the equi-
librium con�guration and then calculate the �utter speed.

In this way, the optimization process can be modi�ed
as Figure 10 shows. Compared to the optimization process
given in Section 2, there is an additional judgment before



Shock and Vibration 13

Aerodynamic 

force

Structural 

model

Nonlinear static 

aeroelastic analysis

No

Nonlinear �utter 

analysis

Yes

Objective 

function
Constraints

Satis�ed?

Optimization 

algorithm

No

Results

Yes



Ui − Ui−1

Ui−1


≤ 

Figure 10: Modi�ed optimization process.

Table 9: Comparison of modal results before and a�er nonlinear
optimization.

Before optimization A�er optimization

Modal
Frequency

(Hz)
Modal

Frequency
(Hz)

1st vertical bending 3.14
1st vertical
bending

2.40

1st chordwise bending 4.30
1st

chordwise
bending

3.33

2nd vertical bending 12.93
2nd

vertical
bending

10.73

2nd chordwise bending 19.87
2nd

chordwise
bending

16.52

3rd vertical bending 31.53
3rd

vertical
bending

27.09

1st torsion 39.65 1st torsion 35.83

the static aeroelastic analysis. �e �utter analysis will not
start until the second condition proposed above is satis�ed.
In order to study the in�uence of the criterion value �
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Figure 11: Computing time of di	erent criterion value.

on nonlinear aeroelastic analysis, di	erent values of � are
selected for optimization analysis, respectively, including the
situation of � = 0% which shows the results without simpli-
�ed method. �e comparison of computing time with dif-
ferent criterion value is shown in Figure 11. It is easy to �nd
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Figure 12: Errors of the mass, �utter speed, maximum displacement, and the root stress.

that the computing time is greatly reduced using the simpli-
�ed method, and it takes minimum time when the criterion
value is 3%. �e maximum computing time occurs in the
value of 1%. �is is mainly because the criterion is so strict
that the iterative processes cannot be omitted in most occa-
sions. However, what is seemingly a paradox is that the calcu-
lation time becomes longer when the criterion value is higher
than 3%. Actually, it is not di�cult to understand that the
results become inaccurate with the increase of the criterion
value, which simultaneously brings bad in�uence on the opti-
mization analysis and makes the computing time increase.

Besides the comparisons of computing time, the errors of
beam weight, the �utter speed, and the maximum displace-
ment are also considered to make comparisons for determin-
ing a proper criterion value. Taking the results obtainedwhen
� is 0% as the standard criterion, the relative errors of the
beam weight, the �utter speed, the maximum displacement,

and stress of the beam root are shown in Figure 12.�e results
show that the error of mass and �utter speed reaches the
minimum in the criterion value of 3%, and the relative errors
are both nomore than 5% in other two aspects. It can be seen
that the error of root stress reaches up to 25% or even higher
when the criterion value is greater than 3%. �is is mainly
because the results become unreliable and inaccurate with
the increase of the criterion value. �us, the criterion value
cannot be too high in an optimization design.

Considering the computing e�ciency and the accuracy
of optimization results, 3% is taken as the criterion value in
nonlinear static aeroelastic iterative processes in this article.
In fact, the optimum results in last section are obtained by
setting a criterion value as 3%.

Besides the static aeroelastic analysis, it also needs lots
of computing time to obtain the accurate �utter speed. As
discussed before, there are two methods of nonlinear �utter
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analysis. �e �rst method is to calculate the damping and
frequency according to a series of given in�ow velocities and
the second one obtains the �utter speed by several iterations.
Both of the two methods inevitably need repeatedly nonlin-
ear static aeroelastic iterations, which is a time-consuming
process. However, in optimization analysis, the only focus is
whether the �utter speed satis�es the constraint condition
so that the precise result becomes unnecessary. �erefore,
a simple approach is to set the boundary of the �utter
constraint as the input of the nonlinear aeroelastic analysis
and then judge whether the calculated structural damping
value is greater than 0. A damping value greater than 0means
the constraint of �utter speed is satis�ed. In this way, the
computing time can be greatly reduced.

5. Conclusions

�is paper focused on a metal beamlike high-aspect-ratio
wing model and optimized the beam section subjected to
multiple aeroelastic constraints including the wingtip vertical
displacement, the wingtip torsion angle, and the �utter
speed. Synthesizing the analysis in this paper, the following
conclusions can be drawn.

(1) �e study established a theoretical framework of
aeroelastic optimization design for high-aspect-ratio wing
considering structural nonlinear e	ects. �is study can be
applicable for not only aeroelastic problems but also for other
similar optimization problems especially for �exible struc-
tures. �e theoretical formulation for aeroelastic analysis
can also be applied to solving other �uid-structure coupling
problems, such as coupling vibrations and related dynamic
stabilities.

(2)�e results of nonlinear reanalysis show that the opti-
mum solutions of linear case might be inaccurate when the
wing produces large deformation, and it is necessary to con-
sider the geometric nonlinearity in optimization design. �e
nonlinear optimum results highlight a number of important
features of optimum wings design with constraints on �utter
speed and wingtip deformation. Brie�y, the optimization
decreased the section parameters and made the beam more
�exible. �e wingtip displacement �rstly reached the upper
limit in the optimizing process, which means that it is the
most important constraint for this problem.

(3) To simplify the complex optimization process and
reduce the computing time, 3% is selected as the criterion
value in simplifying the nonlinear static aeroelastic analysis.
In this way, the computing time is reduced by more than 30%
on the premise of ensuring the accuracy.

Of course, this paper focuses on establishing a theoretical
framework for optimization design of very �exible wings.
�ere remain some works to be improved. One is to adopt a
new global search method to solve the optimization problem
instead of the Direct Search method to avoid locally optimal
solutions. In addition, more research work should be done to
verify the framework for complex full-aircra� model.
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