ISIT 2003, Yokohama, Japan, June 29 — July 4, 2003

Affine Invariant Extended Cyclic Codes over Galois Rings

Bikash Kumar Dey
Department of E.C.E.
Indian Institute of Science,
Bangalore 560012 , India
email: bikashQieee.org

Abstract — Affine invariant extended cyclic codes
of length p™ over any subring of GR(p,m) for ¢ = 2
with arbitrary p and for p = 2 with arbitrary e are
characterized using transform technique. New classes
of affine invariant BCH and GRM codes over such
rings are found.

I. SUMMARY

Blackford and Ray-Chaudhuri introduced a transform tech-
nique to permutation groups of cyclic codes in [1]. They char-
acterized affine invariant extended cyclic codes of length 2™
over any subring of GR(4, m). They defined generalized BCH
and GRM codes over Galois rings which are not necessarily
free submodules and found new classes of affine invariant BCH
and GRM codes over Galois rings. In this paper, we extend
their approach to codes over Galois rings with more general
parameters and find new classes of affine invariant BCH and
GRM codes. All the terms and notations which are not de-
fined here are from [1].

To state the results, we first introduce some definitions and
notations below.

Any element s € S = [0,p™ — 1] can be uniquely decom-
posed as 8 = Z:’;Bl 8;p* where 0 < 3; < p—1. A partial order
=p for the set [0,p™ — 1] is defined as: s <, tif 8; < ¢; for
0<i<m-—1 Anysubset T C S is called a lower ideal of S
ifteT s<, ¢t =>s€T.

Let us consider p = 2 and define M(’)2(s k); i>0, s,k €
[0,2™ — 2] recursively as

1 ifk =28
0 otherwise
(J) (3 k)=

M(°)2(s k) =

k3
ST MP,(s, k) ME, (s, k2)
0<ky, kp<n~1
27 k, +2iko=k mod n
k1<kg if i=j

M, (s, k) * M,

and

T Gy MEY(s, k) x MG (s, k)

0<iy Sig<Li—1

i3 +ig=i—1
' ) if 4 is odd
MOu(sK) = QT iy | M5, k) 5 M2 (5, K)

Sig<
‘1+-2._. 1

2
+ (M 2 (s, Zm‘ik)) if ¢ is even
By this definition, Mﬁ?z(s,k) is same as M (s, k) in [1].
Let us also define the following numbers for ¢ > 0, s,k
€f0,2™ —2).
K, (s,k) =
and K (’)2(3 k) =

(0) 2(8,k)
M"’z(s k) + L3 LG (s, k2™ for i 2 1
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Here |.| denotes the largest integer less than or equal to the
number inside. Parity of any integer i is defined as: P(i) =0
if 7 is even and P(i) = 1 if ¢ is odd.

Theorem L1. An estended cyclic code over any subring of
GR(2¢°,m) of length n + 1 = 2™ with defining sets Tr,---,T:

18 aﬁ‘ine invariant if and only if for all i = 1,2,---,e; j =
1,2,

s€ ﬁ,P (KSP(,0) =12 2™ C D ke 7.

Theorem 1.2. Let B(n, 81, - -,8.) be the extended BCH codes
of length n + 1 = 2™ over Zae with designed distances
81,0 0. Iffori=1,---,e,1=0,--+,i—1, §;— > 2'(8:; —2),
then B(n, 81, --,8.) is affine-invariant.

Corollary L.3. Let B(n,di,---,8.) be the extended BCH
codes of length n+ 1 = 2™ over Zae with designed distances
81,-,0e. Ifédi_1 > 28; —2 for 1 < i < e, then the code
B(n,61,---,8.) is affine invariant.

Theorem 1.4. A GRM code GRM(r1,++,Te, m) over Zze

is affine invariant if either e = 1 or fori = 2,---,¢; | =
L-yi=1, 1 Sm-ZI—l(m—ri).
Ezample 1.1. For any m + 1 > e > 1, the code

GRM(r1,---,Te,m) over Zze with ro = m — 1 and ; =
m — 2°7! for § < e satisfies the conditions of Theorem 1.4.
So, the code is affine invariant.

Now, let us consider arbitrary p and e = 2.
-t with 43 + 42 + -+
. s
ity ( i1 42 0 ik
subsets S1, 52, -+, Sk C [0,n—1] can be chosen with |S;| = i;
for 1 < j < k. For any s,k € [0,p™ — 2], let us define the

quantity
..,a)io.“is_l 1 s—1 '

(ig,
Tizoii=Piij#PVi

i<p s Whenever :;x0
3o dij=k mod pm—1

For any
1,82, - -+ < s, let us define the quan-

) to be the number of ways the disjoint

M p(5,k) = =

Theorem L.5. Let C be an estended cyclic code over a sub-
ring G’R(p mi1) of GR(p?, m) of length p™ with defining sets
(T1,T2). € is affine invariant if and only if 1. T1,T> are
lower ideals in [0,n] and 2. s € To, Mmp(s,k) Z£ 0 mod
p=>p™ Vke.

Theorem 1.6. Let B(n,d1,08:) be an extended BCH code of
length p™ over Z,2. If either (i) p|(62 — 1) and 61 > p(d2 — 2)
or (ii) 61 > p(82 — 1), then B(n, 81,82) is affine invariant.
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