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Abstract - Afflne invariant extended cyclic codes 
of length p" over any subring of GR(p",m) for e = 2 
with arbitrary p and for p = 2 with arbitrary e are 
characterized using transform technique. New classes 
of afflne invariant BCH and GRM codes over such 
rings are found. 

I. SUMMARY 
Blackford and Ray-Chaudhuri introduced a transform tech- 

nique to permutation groups of cyclic codes in [l]. They char- 
acterized affine invariant extended cyclic codes of length 2" 
over any subring of GR(4, m). They defined generalized BCH 
and GRM codes over Galois rings which are not necessarily 
free submodules and found new classes of affine invariant BCH 
and GRM codes over Galois rings. In this paper, we extend 
their approach to  codes over Galois rings with more general 
parameters and find new classes of &ne invariant BCH and 
GRM codes. All the terms and notations which are not de- 
fined here are from [l].  

To state the results, we first introduce some definitions and 
notations below. 

Any element s E S = [O,p" - 11 can be uniquely decom- 
posed as s = EEil sipi where 0 5 si 5 p -  1. A partial order 
5 p  for the set [O,p" - 11 is defined as: s d p  t if si 5 ti for 
0 5 i 5 m - 1. Any subset T 5 S is called a lower ideal of S 
i f t E T , s d ,  t + S E T .  

Let us consider p = 2 and define M$?,(s, k); i 2 0,  s, k E 
[O, 2" - 21 recursively as 

1 i f k d z s  
{ 0 otherwise 

M:,),(s,k) = 

By this definition, M:!z(s, k) is same as Mm(sl k) in [ I ] .  
Let us also define the following numbers for i 2 0, s, k 
E [ O ,  2" - 21. 

KE?,(s,k) = M:;z(s,k) 

andK:l,(s,k) = M:l,(s,k) + L ~ K : ~ ' ) ( s , ~ . ~ ' " - ~ ) J  1 f o r i  2 1 
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Here 1.1 denotes the largest integer less than or equal to  the 
number inside. Parity of any integer i is defined as: P(i )  = 0 
if i is even and P(i )  = 1 if i is odd. 
Theorem 1.1. A n  extended cyclic code over any sybring ?f 
G R ( 2 e ,  m) of length n + 1 = 2" with defining sets TI ,.. . , Te 
is a f i n e  invariant if and only i f  for  all i = 1,2 , .  . . , e ;  j = 
1,2 ,  , i ,  

s E 5?il P ( K E > j ) ( S ,  k ) )  = 1 =+ ZmT-c i - j )  . k E Fj. 

Theorem 1.2. Let B(n, 61 ,. . . , de) be the extended BCH codes 
of length n + 1 = 2" over ZZ= with designed distances 
61,...,6, . I f f o r i  = l , . . . , e ,  1 = o , . . . , i - l ,  6i-1 2 2'(6i-2),  
then B(n, 61 , . . . ,6,) as afine-invariant. 

Corollary 1.3. Let h ( n , 6 1 , . . . , 6 e )  be the extended BCH 
codes of length n + 1 = 2" over Z Z ~  with designed distances 
S i , . . .  ,6e. I f  6i-I 2 2Si - 2 for  1 < i 5 e ,  then the code 
&n, 61,. . . , 6,) is a f ine  invariant. 
Theorem 1.4. A GRM code G R M ( r 1 , .  . . , re,  m) over Z2. 

is a f i n e  invariant if either e = 1 or for  i = 2 , . . . , e ;  1 = 
1 , . . . , i - l ,  ri-i < m - 2 ' - ' ( m - r i ) .  

Example 1.1. For any m + 1 2 e 2 1, the code 
G R M ( r l , . . . , r e , m )  over Z 2 e  with re = m - 1 and ri = 

for i < e satisfies the conditions of Theorem 1.4. 
So, the code is affine invariant. 

Now, let us consider arbitrary p and e = 2. For any 
i l , i z , . . . , i k  w i t h i l + i z + . . . + i k  I ~ ~ l e t u s d e f i n e t h e q u a n -  

to be the number of ways the disjoint tity 

subsets S I ,  SZ, . . . , S k  c [O, n - 11 can be chosen with ISj I = i j  

for 1 5 j 5 k. For any s , k  E [O,pm - 21, let us define the 
quantity 

- 2e-i-1 

( il i z  9 . .  ik ) 

j j p  a whenever i j + o  
~ j = ~  j i j  3 k  mod pm -1 

Theorem 1.5. Let c  ̂ be an  extended cyclic code over a sub- 
ring G R ( p 2 ,  ml) of G R ( p 2 ,  m)  of length p m  with def;niyg sets 
(?~,f'l). ĉ  is a f ine  invariant if an? only i f  I. T1,Tz are 
lower ideals an _[O,n] and 2. s E Tz, Mm,p(s ,  k )  f 0 mod 

Theorem 1.6. Let B(n, 61~62) be an  extended BCH code of 
length p" over Zpz .  If either (i) pI(62 - 1 )  and 61 2 p(S2 - 2) 
or (zi) 61 2 p(62 - l ) ,  then k(n, SI,&) is af ine  invariant. 

p p("-')k E Ti. 
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