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AFFINE KILLING VECTORS IN THE TANGENT BUNDLES
By ICHIRO YOKOTE

Recently, by defining the (*)-Lie derivative, the present author [12] studied
vector fields in fibred Riemannian spaces with higher dimensional fibre.

Let M be a Riemannian manifold and 7(M) its tangent bundle. For an
arbitrary vector field X in M, we denote by X#, XV and X° the horizontal lift
of X, the vertical lift of X and the complete lift of X respectively.

The theory of these lifts in T(M) has been studied by many authors and
has been investigated systematically by Yano-Ishihara [8].

The main purpose of the present paper is to study the conditions that these
lifts are affine Killing, by applying the (*)-Lie derivative to T(M).

In Section 1, we first recall definitions and properties concerning T(M) fol-
lowing [8]. In Section 2 and Section 3, we obtain in T(M) the results corre-
sponding to those obtained in [127]. Section 4 and Section 5 are devoted to the
study of these lifts, affine Killing and projective Killing respectively.

1. Preliminaries in tangent bundles.

In this section, we shall recall definitions and properties concerning tangent
bundles following Yano-Ishihara [8].

Let M be an n-dimensional differentiable mamfold and T (M) the tangent
space at a point P of M. Then the set

TM)= U TxM)
rPeyM

is, by definition, the tangent bundle over M. Throughout the paper, the differ-
entiability of manifolds, mappings and geometric objects we discuss are assumed
to be of C*. For any point P of T(M) such that ﬁeTp(M), there exists a
mapping = : T(M)= P—P< M, which is onto and maximal rank n everywhere.
The set z7'(P), that is, Tp(M) is called the fibre over P and M the base space.

Let {U, x%} be a coordinate neighborhood of the base space MY, where (x%)
is a system of local coordinates defined in the neighborhood U. Let (y*) be the
system of cartesian coordinates in each tangent space T (M) of M at P with
respect to the natural frame 0,==0/0x*, where P is an arbitrary point belonging
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1) The indices 4,7,7,%,--- run over the range {1,2,---,n}. The summation conven-
tion will be used with respect to this system of indices.
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to U. Then, in the open set z~YU) of T(M) we can introduce local coordinates
(x*, %), which are called the coordinates induced in #~*(U) from (x*) or, simply,
the induced coordinates in z=*(U). From now on, we denote by (¥?) the induced
coordinates (x*, y*).? We also denote by 0,=0/0% the natural frame (0;, 9;) 1n
x {U), and by d%’ the coframe dual to the frame d; in z~%U), where 9,=8/9x*

and 0;=0/0y"
Let there be given a function ¢=¢(x) in U. Then its vertical [l1ft ¢” and
its complete lift ¢° are respectively represented by

(1.1 ¢'=¢ and ¢°=d¢
in 7z YU) with respect to the induced coordinates (%?)=(x', y*), where the
symbol ¢ denotes the operator
0=y'0;=y'0/0x".
If a vector field X has components X* in U, then 1ts vertical (ift XV and
its complete l1ft X° have respectively components of the form

1.2) XV:(£1> and Xcz(aXXll)

in #=Y(U) with respect to the induced coordinates (¥%)=(x", y%).
Let there be given a Riemannian metric g in M which has components g;;
in U. We denote by {,*;} the Christoffel symbols constructed with g,,. If we

put

(1.3) =y "), Au=l%g.,

then we see that the tensor g having components

gt gun 8}, A“>
Ay v i

(14) (§J1):(

with respect to the induced coordinates (¥7)=(x*, y*) in T(M), defines a Rieman-
nian metric in T(M) (see Sasaki [37). Then contravariant components of g are

given by

gjL‘ ’ —_Aji
(1.5) (!:"”):( )

— 4, gl gt iy

with respect to (¥7)=(x*, y"), where g’t denote contravariant components of g
in M, and

1) Putting x’_:y’, the indices H,1,/, K, run over the range {1,2,-+,n;1,2,--, 7}
and the indices h_,z—,]’, E,--- the range {1,2,+--,%} The summation convention will be used

in relation to this system of indices.
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(1.6) Ai=gI* 'L,

From now on, we restrict ourselve to a Riemannian manifold M. The vertical
distribution, i.e., the distribution formed of the tangent spaces of fibres s locally
spanned by n independent local vector fields C; with components?

w7 cy=( 00 )

in z~XU).
Let us consider n local vector fields £, with components

(18) (E#)=( _5[% )

in z7'(U). Then FE, span a distribution defined globally in T(Af), which is
called the horizontal distribution. The vertical and horizontal distributions are
complementary and orthogonal with respect to the metric g. The set (E;, C;)
forms a frame in #~!(U), which is called the adapted frame, and has components

1.9 (B =( g::)”_

The inverse of the matrix (B¥;) is given by

(1.10) (BH=(E %, €Y,

E;* and C,;* being defined by

(1.11) (EM=(6¢, 0), (C,9)=U"}, a1).
If we put

(1.12) E¢=E,;“d?', C*=C,*d%*,

then the set (E%, C% forms a coframe dual to the adapted frame (F,, C;) 1n

7z YU).
We now consider local vector fields Dy and local 1-forms 64 defined

z~ Y U) by
(1.13) Dpg=B"30,, 0*=B,*d%’,

where 0,=0/0%7. Then we see that

1) The indices @,b,¢,d,e,+-- run over the range {1,2,---,7} and the indices ab, e, d,
2,--- the range {I,2,---,7}, and indicate the indices with respect to the adapted frame. The
summation convention will be used with respect to this system of indices.

2) The indices 4, B,C,D, E, --- run over the range {1,2,+--,n;1,2,---,%} and indicate
the indices with respect to the adapted frame. The summation convention will be used
in relation to this system of indices.
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Db:ab“rgaE:Eb, DEZaIS:Cﬁ,
0°=dx*=E®*, 0°=I%dx*+dy*=C".

(1.14)

We often use Dy as differential operators in 7~ *(U) if there is no fear of con-
fusion.

Let there be given an arbitrary tensor field in T(A), say T of type {1, 2)
with local expression

(1.15) T=T,7d% Q43 Rdy

in z7XU). Taking account of (1.11) and (1.12), we see that T is also represented
as followings:

(116) ?V":chaE0®Eb®Ea+chdEc®Eb®cﬁ_i_

+ T CRCRE AT CRCRCa,
where N N
cha:EJcEIbEHaTJIH) chﬁ:EJcElbcHéTJIH’

Tat=ClCHEr* Tor", Ta®=C'CCaTri".

In the right-hand side of (1.16), the first term T ,,*E‘QE*QE, and the last term
T C*RQCHRC, are called the horizontal part of T and the vertical part of T,
respectively. A tensor field, say T of type (1, 2) with local expression (1.15),
in T(M) is said to be projectable if T.* satisfy

(1.17) D;Tq*=0.

Then, for a projectable tensor field T of this type, we can define a tensor 7 in
M having components T.,* with respect to {U, x*}. T is called the projection
of T and denoted by T=pT.

Conversely, given a tensor field T in M, there is a unique horizontal and
projectable tensor field 7' in T(M) such that pT=T. This T is called the
horizontal lift of T and denoted by T'=T%.

If a vector field X has components X® in U, then its horizontal lift X¥ has
components

(118) xm:( _])f;;(])

with respect to the induced coordinates (¥7)=(xt, y*) 1n = *(U).
Let V and V be the Riemannian connections determined by the metric g in

M and the metric § in T(M) respectively, and denote by {]HI} the Christoffel

symbols constructed with g,; in ==(U).
If we put

(1.19) VB g=I"y43B,°B",
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in #z-%(U), where ;%5 are local functions defined in z~'(I), then we have
4 H /7 J K A

(1.20) Toty=(De B B+{j K}B eBE) By

Rewriting 1.7, and I,%)(s=1}3%) into h,% and h%; respectively, we see that

1
['cab:{c a b} > Ba5:F5ac:ha05:‘2—J7d[(dbca ’

(L.21) FEEEZO, ['c&b:hcbd:_%ychbda »

re={,%}, =0, rs=o,

where K,,," denote components of the curvature tensor of M with the metric
g. The elements

_ 1 1
(1.22) hcba:_?ychbday hacﬁzgydebca

play an important réle in later sections, and we see that

(123) /Zcbﬁ+/1bca:O; //Lac5:gaehecligdb .

2. Operators 'V and "V of T(M).

In this section, we shall recall definitions and properties concerning two
covariant derivative operators 'V and "V of T'(M), following our previous results
(see the section 2, [127]).

Let g2(TM) be the space of all tensor fields of type (p, ¢) in T(M). Let
TYhRTM) (resp. TL(wTM)) be the space of all horizontal (resp. vertical) tensor
fields of type (r, s) (resp. type (¢, u)) in T(M). We now consider the formal
tensor product in T(M) such as TX(TM)t guhTM)3 T,wTM). We call an

element T of this space a <gsr£>-parz‘zal tensor in T(M) and denote by I&NT M)

the space of all (g;ft)-partial tensors in T(M). We may identify g90(TM),
T(TM) and gXUTM) with THTM), I(hTM) and TL,wTM), respectively.
For any element of IZUTM), say an element T of gHYT M) with components
Ts5%° in z7%U), we define the (*)-covariant derivative ¥¥T of T as a partial
tensor with components of the form

@) TS = T g T T )
F o T A T Tt~ T T et — T Tt a) Bx©

in z7YU), where I'} are given by (1.21).
If we define two covariant derivations ’V and ”V acting on elements of
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TI(TM) by
2.2) "Ne=EX V%, "V =C¥%,

respectively, then we have the following results:

(a) For any elements of J&HTM), say an element T of gU{TM) with
components 7';%,%;° in z-XU), 9T and "7 are respectively elements of THI(T M)
and (T M), and have respectively components of the forms

(2.3) 'VCTJII,“@E:DET::::+<«{KIH}T’.’.::—T,';::{KH]})EKB
F LA T LA T T =T L =T g
24 ”VETJ’,,“(—IE:D,;[‘::::+({K[H}T{’.::—T,';::{KH]DCKE
AL T LT =T =T g
(b) For any projectable element 7' of g3(hTM), we have
(2.5) VT=p(VT),
where T=pT.
We call 'V and ”V the van der Waerden-Bortolotts covariant derivations of

T(M) for the base space M and for the fibre respectively. From the definition,
we easily obtain the following two results.

ProrosITION 2.1. The equations
Vi&s==0, VEgn—=0, ‘Vufsr=0, "Vog.=0,
"Va8s1=0 and "Vig.,=0
hold in T(M).

PrROPOSITION 2.2. The equations

(210) /vdhcbd:—%“yevd}(cbea ’
, 1

2.11) Vehe= ?J’evd}(ecba s

” i 1 a 1 e a e aNy S
(2.12) Vahey :_‘?chb +Z(dec Kebg _‘[(fdb Kecg )y v,
and

1 1

(2.13) "Vih® = Koo+ (Ko Koo' = Koo Ky sy 7 5

hold in T(M).



AFFINE KILLING VECTORS IN THE TANGENT BUNDLES 389

3. The (*)-Lie derivative.

In this section, we shall recall definitions and properties concerning the
(*)-Lie derivative, following to our previous results (see the section 3, [127).

Let there be given a projectable vector field X in T(M), which has compo-
nents X7 with respect to the induced coordinates (¥9)=(x?, y*) in z-XU). Then
we have an expression of the form

(3.1) X1=B! ,X4=F! X*+C, X%, D;X*=0,
where X?=FE,°X7 and X%=C,%X".
For an arbitrary element of g3%4(TM), say an element T of EIS}}(TM) with

components_ T.,%:¢ in #~%U), we define the (*)-Lie derivative _C’ of T with
respect to X as a partial tensor with components of the form

(3.2) L3T =XPDET o i — T a* DX+ T Do X
=Ty (DaX*—{, € fpxN+T e Dax ={,¢ fx7).
Taking account of (2.3) and (2.4), we see that the relation (3.2) is equivalent to
33) LT =XV T+ XT3 4 =T (T X A h X )
Tea&E(,vae+ hebef_)—“Tbu(zé’/véXé—i—TbaéE”VgXé .
From this definition, we see the following results : N
(a) penoting by X and by X the horizontal part of X and the vertical
part of X respectively, we have
* * *
Ly=Lxy+tLz.
(b) Denoting by Ly the Lie derivation with respect to the vector field ¥
in M, we have for an arbitrary projectable element 7" of gT(ATM)
x
LyT=p(LsT)

in M, where X=pX and T=pT.
For an arbitrary element T of g3iL(T M), we say that X leaves T (*)-tnvariant
if the equation

j.’yT:O
holds in T(M).
We shall now give some identities obtained from (3.3) for later use. In the
first, for the elements h.,% and h%,, we have

(34) .,L’ then =XV ho? + X" Vohoy F he (VX hoa X D)
Fhe (Ve X+ hoeaX )= ha* VX4,
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* -
(3.5) Lgh® = XN h® e+ X eh e hops (VN X O h g X 9)
F AN+ R X D+ 0% V. X ¢
If we put
(3.6) po ="V X 4-2h, 0 X €,

then we have
E3
3.7 N Lo —"NoZy =2 Lh" .

The elements Z,% play an important réle in the following sections.

Let there be given a vector field X in M, which has components X* with
respect to {U, x?). Then its horizontal lift X#, vertical lift X¥ and complete
lift X¢ have respectively components

(3.8) cxh=( _;S;XJ)‘, Cxn=( ;?) (2n=( a))(;% )

with respect to the induced coordinates (%7)=(x?, y*) in =~ *(U). Then their
components

XA=B,AX7, 'XA=B,M X7, XA=B,X’
with respect to the adapted frame are given respectively by

(3.9) (/XA):()B‘Z)} (//XA)_—_()?a), ()%A):( v)g;a ),

where VX%=9"V, X% Thus, we see that these three lifts are all projectable.
Now let us consider the (*)-Lie derivative with respect to these lifts.

In the first, if X:XH, then, taking account of (1.22), (2.3), (2.4), (2.10), (2.11),
(2.12), (2.13), (3.4), (3.5), (3.6) and (3.9), we have

* ~ 1
(3-10) IXHhcba:—*—Z—yd(Xevechda+Kebdavc/Ye+I(cedavae>
1 d a e I~ [ a
:_?3} (IXchda'—che VJ(Y T[\cbd veX );
(311) EX”habE:%yd(Xevechba#chbeveXa+I(dcgavae)

= 'é—yd<~£’X](dcba"—I(ecbavdlYe—'[(debache) f
(3.12) 7= — Kpa® Xey?
(3.13) /vacE:ydvb<]{ccdaX6> ,
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_ 1
(314) ”\75an:<ch0&+ijbceKvedgayny)Xd .
Similarly, if X=XV, then we have
(3.15) EXthbd:_%chdaXd ,
* 1
(3.16) -EXVhabé:?Xdecba s
(3.17) Z,* =Y X",
(3.18) /vacd:vbcha »
(3.19) Tz Sy K VX,
and if X=X, then we have
(3.20) fXChcb(i:’_-;‘ydIXchda ,
o a 1 a e

(3.21) Lxch 0= Y LxKge?,

ﬁ__ ¢ > a
(3.22) Zt=yera %),
(3.23) Vo z=y s}

"= a a 1 f.d e a

(3.24) A R T

4, Affine Killing vectors in T(M).

Let X beNa projectable affine Killing vector field in T(M) such that X has
components X! of the form (3.1). Then we see that the condition

(4.1) Fof =08 Ry 850

holds in z~'(U), where [%KJIH denote components of the curvature tensor of
T(M) with the metric g.

We find that the condition (4.1) is equivalent to the following equations (see
the section 5, [127),

4.2) IX{C a b}+h%é2;+méz;:0,
43) Leh® =0,
(4.4) 2,5, 250

(4.5) "5Z,.%=0,
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where X=p.X and
bé:/vad_}_ZhbcliXt‘ .

Let there be given a vector field X in M, which has components X* with
respect to {U, x'}.

We now consider the conditions in order that the horizontal lift X7, the
vertical lift X¥ and the complete lift X to T(M) of a vector fileld X in M be
an affine Killing vector field in T(M), respectively.

In the first, suppose that X=X is an affine Killing vector field in T(M).

Taking account of (3.14) and (4.5), we easily obtain

(4.6) XK gep®=0.
Taking account of (3.12) and (4.6), we find
4.7 Zy"==0.
Taking account of (4.2) and (4.7), we have
“8) o6, O b0,
which implies that X is an affine Killing vector field in M. Moreover, we have
4.9) LxKyo,"=0,
because of (4.8). Taking account of (3.11), (4.3), (4.6) and (4.9), we have

L nhe= =y Ko Va X KT, X0)

= —;‘ de E(Vd[(gcb“JrVC](deg,a): %_’)’ dX "VeK(m)“ :0 ,
from which we have
(4.10) XV K0 =0.

Conversely, suppose that the relations (4.6), (4.8) and (4.10) hold in M.
Taking account of (3.12) and (4.6), we have the equation (4.7), i.e.,

Zbd:O;

from which we see that the equations (4.4) and (4.5) hold. Furthermore, taking
account of (4.7) and (4.8), we see that the equation (4.2) holds. Similarly, taking
account of (4.9) and (4.10), we see that the equation (4.3) holds. Thus, X¥ is an
affine Killing vector field in T(M). Thus we have

LEMMA 4.1. The horizontal lift X¥ to T(M) of a vector field X in M 1s an
affine Killing vector field in T(M) of and only if the following three relations
hold wn M.
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4.6) X4Kq0"=0.
(4.8) Lx{% =0, that 1s, X is an affine Killing vector field in M.
4.10) XNV K0 =0.

Applying Bianchi identities, we easily have

LEMMA 4.2. If X s a parallel vector field in M which satisfies (4.6), then
X satisfies (4.10).

The following result is well-known (see Yano [5]):

LEMMA 4.3. In a compact Rremanman manifold M, an affine Killing vector
field in M 15 a Killing vector field.

Applying Green’s theorem, we easily have

LEMMA 44. In a compact Riemanman manifold M, 1f X satisfies (4.6), that
18 XK y0,°=0, then X 1s a parallel vector field in M.

Taking account of lemma 4.1, lemma 4.2, lemma 4.3 and lemma 4.4, we have

THEOREM 4.5. Let M be a compact Riemanman manifold. The horizontal
lift X7 to T(M) of a vector field X wmn M is an affine Killing vector field
T(M) of and only 1f X is a parallel Killing vector field in M. Moreover, if M
s irreducible, then an affine Killing wvector field X* other than zero does not
exist in T(M).

In the next, suppose that X=XV is an affine Killing vector field in T(M).
Taking account of (3.16), (3.19), (4.3) and (4.5), we have

(4.11) XKy =0,
(4.12) KV X*=0.

The equation (4.11) is the same one as (4.6). Taking account of (1.22), (3.17)
and 4.2), we have

1
IX{C a b}+_2‘ye(Kedbachd+Kedcavad>:0 ’
from which we have
4.13) 4-,‘,{6 a b}:o,

4.14) Keap® Ve X+ K0 VX 4=0.

The equation (4.13) implies that X is an affine Kiiling vector field in A, and
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moreover, taking account of (4.11), we see that (4.14) reduces to
(4.15) (VeKaen® + VoK gec ) X 2=0.

If (4.11) and (4.13) hold, then, from (3.18) we have

(4.16) NeZy*F "Ny Z =V N XUV X o= — X (Ko + Ky ®)=0,

which implies that the equation (4.4) holds.

Conversely, if the relations (4.11), (4.12), (4.13) and (4.15) hold in M, then,
we easily see that the relations (4.2), (4.3), (4.4) and (4.5) hold. Therefore, X”
is an affine Killing vector field in T(M). Thus we have

LEMMA 4.6. The vertical lift XV to T(M) of a vector field X in M s an
affine Killing vector field in T(M) 1f and only if the following four relations
hold in M.

4.11) XK " =0.
4.12) Ko™V X=0.
(4.13) Lx{.%} =0, that 15, X 15 an affine Killing vector field in M.
(4.15) XUVeKager® + VK yee®)=0.
Applying Bianchi identities, we easily have

LemMA 4.7. If X is a parallel vector field in M which satisfies (4.11), then
X satisfies (4.12) and (4.15).

Taking account of lemma 4.3, lemma 4.4, lemma 4.6 and lemma 4.7, we have

THEOREM 4.8. Let M be a compact Riemannian manifold. The vertical lift
XV to T(M) of a vector field X in M is an affine Killing vector field in T(M)
of and only if X 15 a parallel Killing vector field in M. Moreover, if M 1s
trreducible, then an affine Killing vector field XV other than zero does not exist
n T(M).

In the last, suppose that X=XC¢ is an affine Killing vector field in T(M).
Taking account of (1.22), (3.22) and (4.2), we have

b e £ o
from which we have
4.17) rx{, % p}=0,

which implies that X is an affine Killing vector field in M.
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Conversely, if (4.17) holds, then, taking account of (3.21) and (3.22), we
easily see that the relations (4.2), (4.3), (4.4) and (4.5) hold. Therefore, X¢ is
an affine Killing vector field in T(M). Thus we have

THEOREM 4.9. The complete lift X to T(M) of a vector field X m M 18
an affine Killing vector field in T(M) 1f and only if X 1s an affine Killing vector
field in M.

5. Projective Killing vectors in T(M).
Let X be a projectable projective Killing vector field in T(M) such that X
has components X! of the form (3.1). Then we see that the condition
'I/-F/_N g YH_ | [ HYK._ 5 SH 7 sI
(5.1) Lol =0 K Ry 17X = 8508 16107

holds in = XU), 5, being the components of a certain 1-form (;7 in T(M). Then
we have an expression of the form

(5.2) &I:BIA¢A:E1a¢a+CIﬁ¢d)

where ¢,=FE’,3, and ¢;=C734,.
We find that the condition (5.1) is equivalent to the following equations (see
the section 6, [12])

(53) B A S W A T8
(5.4) Lih®e=033gs,

(5.5) N Zy 4N, Z =0,

(5.6) "6 Z =05,

5.7) 02 gst-026:=0,

where X= p)z and
Zy* ="V X+2hp* X¢.

Contracting with respect to the indices @ and ¢ in (5.7), we have
(5.8) ¢5==0.
Therefore, taking account of (5.4) and (5.8), we have
(5.4 Leh®g=0.

Let there be given a vector field X in M, which has components X' with

respect to {U, x'}.
We now consider the conditions in order that the horizontal lift X#, the
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vertical lift X7 and the complete lift X to T(M) of a vector field X in M be
a projective Killing vector field in T'(M), respectively.
In the first, suppose that X=X¥ is a projective Killing vector field in T(M).

Contracting with respect to the indices @ and & in (5.6), and taking account of

(3.14), we have

1 1 ;
(5.9) G VaZi= o KracKeay " X997 5%

Taking account of (3.14) and substituting (5.9) into (5.6), we have
XK+ 5= V3 X K Kot~ 0K 1 Foa =0,

from which we have

(5.10) XK 40" =0.

Substituting (5.10) into (5.9), we have

(5.11) 6.=0.

From (5.8) and (5.11), we see that ¢=0. Thus we obtain

LEMMA 5.1. If the horizontal lift X7 to T(M) of a vector field X in M 1s
a projective Killing vector field in T(M), then it 15 necessarily an affine Killing
vector field in T(M).

Taking account of theorem 4.5 and lemma 5.1, we have

THEOREM 5.2. Let M be a compact Riemannian manifold. The horizontal
lift X* to T(M) of a vector field X in M is a projective Killing vector field in
T(M) if and only 1f X is a parallel Killing vector field in M. Moreover, 1f M
is irreducible, then a projective Killing vector field X¥ other than zero does not
exist in T(M).

Next, suppose that X=X"is a projective Killing vector field in T(M).
Contracting with respect to the indices & and b in (5.6), we have

— 1 ” a__r]; d e f
(512) ¢c“" n VaZC = 7 y dec VeX .
Substituting (1.22), (3.17) and (5.12) into (5.3), we have

(5.13) £x{, O yh=0,

(5.14) Ko XT A K g 2V X = — %(53}@ P X 08 g 1T XY)

Contracting with respect to the indices ¢ and ¢ in (5.14), we have
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debeveXf: - *7'1'*:':1' debechf s

from which we have

(5.15) KN X =0.
Substituting (5.15) into (5.12), we have

(5.16) p.—=0.

From (5.8) and (5.16), we see that 9520. Thus we have

LEMMA 5.3. If the vertical lift XV to T(M) of a vector field X m M s a
projective Killing vector field in T(M), then 1t 1s necessarily an affine Killing
vector field in T(M).

Taking account of theorem 4.8 and lemma 5.3, we have

THEOREM 54. Let M be a compact Riemannian manifold. The vertical lift
X" to TXM) of a vector field X in M is a projective Killing vector field n
T(M) if and only if X is a parallel Killing vector field in M. Moreover, 1f M
is irreducible, then a projective Killing vector field XV other than zero does not
exist in T(M).

In the last, suppose that X=Xis a projective Killing vector field in T(M).

Substituting (1.22) and (3.22) into (5.3), and contracting with respect to the
indices ¢ and b, we have

(5.17) Ix{aac}+‘%‘ydnydecaIX{fea}:(n+l)¢c-

On the other h_and, taking account of (3.24) and contracting with respect to the
indices @ and b in (5.6), we have

1
(518) £e{,® Jm gy KaetLx] 0 f=nse
Adding (5.17) to (5.18), we have
1
(519 e R

On the other hand, eliminating (5.18) from (5.17), we also have
1
(5.20) be=y3 K L] 1

From (5.19) and (5.20), we conclude that
(5.21) ¢.=0.
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From (5.8) and (5.21), we have $=0. Thus we have

LEMMA 55. If the complete lift X to T(M) of a vector field X mm M s a
projective Killing vector field m T(M), then it 1s necessarily an affine Killing

vector field in T(M).
Taking account of theorem 4.9 and lemma 5.5, we have

THEOREM 5.6. The complete lift X to T(M) of a vector field X in M is a
projective Killing vector field m T(M) of and only if X 15 an affine Killing
vector field in M.
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