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⑨❝◗❍✱✴✳❇✹✽✤✧✪✧✱▼❃❄✳❇✺✲❋❁●✧✳▼❏✽✾✰✳✇✈①✤✧✳❇✪✽◆❇✳❇✪❨◗❍✯✻✭❱❃❄✳❇✺✲❋❁●✧✳❇✪✙❸❝✹✥✳❅✾❊✭❊✾❁❖❩✱❩✤✧✪✧✱❩❉❊❬❣✳❅✾❊✫✼❖❩●✽✾✰✳❅✪✝✪✩✤✬✭✰◆❅✭✇❯❳❹❧✪⑩✺✲✳❅✭✰◆❅✭✰✳❅✾
❺❝✷✴✪✧❉❊✳❇✈✩✤✽✳❇✪✧◆❝✫✼★✧●✬✾❊✭⑥❆✧❖❂❉❝❖❂✤✽✫❦❆✬✯✲✳✙✐t✪①✭❫❃♠✯✲❋❁✦✩✺P✤✽✪✧✱✠❬❣✷✴✪✓❻❈✷✴✱✴✪✽✯✻✭✰✯P❬✴✳✝❵❝❖✴❆✬✯✲✷✴❉⑩❼⑩❯

❏✽✤✧✪✧✦✩★✽✹✥✳❅✾❊✭❊✾❁❖❩✱❩✤✧✪✧✱❩❉❊❬❣✳❅✾❊✫✼❖❩●✽✾✰✳❅✪✸❃❄✳❅✾❁❆✬✳❇✪✎❆✽✤✬✾✰❋✿●✓❆✽✯✲✳✙❲❨✳❅❙❚✪✽✯✻✭✰✯P✷❩✪✓✯✲●✽✾✰✳❅✾❛❽⑤✤✬✫✮✭✰❉❊❋❁●✧✪✽✯✲✭❊✭✰❉❡✭✰✳❅✺✲❜
✺✲✳❇✪❱♥✙❆✽✯✲✳❾❉❊✷❿✱✴✳❇✪✧❖❩✪✽✪✩✭✰✳❅✪➀❭①✭❁❖❩✪✧❆✧❖❂✾❁❆✬❉❇♥❛✫✮✳❇❉❡✭✰✱✴✳❇✺✲✳❇✱❂✭✇❯➁❭✩✷❿✯✲❉❡✭✎✳❇❉✓✪✩✤✬✾✛✪❚❖❴✭✰★✽✾✰✺✲✯✲❋✿●❱♥⑩❆✧❖❂❉❊❉✛✳❇✯✲✪
❻❈✷❩✱✴✪✧✯✻✭✰✯✲❬❣✳✓❵❝❖✴❆✬✯✲✷❞❆✽✯✲✳✸❽⑤✤✽✫❪✭✰❉❊❋✿●✽✪✧✯✻✭❊✭✰❉❡✭✰✳❇✺✲✺✲✳❇✪➂❉❊②✥✳❅✦✩✭❊✾❁❖❂✺✶✹✥✳❇✪❚❖❂❋✿●✩✹✧❖❂✾❊✭✰✳❅✾➃❭✩✳❇✪❚❆✬✳❅✾❍✹✥✳❇❉❡✭✰✯✲◗❍◗❍✳❇✪
✦❣■❩✪✧✪✽✳❇✪➂❉❊✷❩✺P✺✻✭✰✳✴❯➄⑨❛✪①✭✰✳❅✾➅✐❦✾✰✦✴✳❇✪✧✪✩✤✧✪✽✱❾✳❇✯✲✪✽✳❅✾➅❽⑤✤✽✫❪✭✰❉❊❋✿●✽✪✧✯✻✭❊✭✰❉❡✭✰✳❇✺✲✺✲✳✛❃♠✯✲✾❁❆➆✯✲✪s❆✬✯✲✳❇❉❊✳❇◗➇✣q✤✽❉✰❖❩◗✕❜
◗❍✳❇✪✽●❚❖❂✪✧✱❞✯✲◗❍◗❍✳❅✾❥✯✲●✽✾✰✳✛➈s✯✲✳✇❆✬✳❅✾✰✳❅✾✰✦❣✳❅✪✧✪✩✤✧✪✽✱❞❬❣✳❅✾✰❉❡✭❁❖❂✪❚❆✽✳❅✪⑤❯➉❲✢❯ ●❱❯➉❉✰❀❩◗✝✭✰✺P✯✲❋❁●✧✳➋➊❶❖❂✾❁❖❂◗❍✳❅✭✰✳❅✾
❆✬✳❅✾❨◆❇✤✛✳✿✾✰✦❣✳❇✪✧✪✽✳❇✪❚❆✬✳❇✪✛❽❱✤✽✫✮✭✰❉❊❋❁●✧✪✽✯✻✭❊✭✰❉❡✭✰✳❇✺✲✺P✳✠❉❊✯✲✪❚❆✛❆✽✳❅◗➌❻❈✷❩✱✴✪✧✯✻✭✰✯✲❬❣✳✠❵❛❖❩❆✽✯✲✷❥✹✥✳❇✦✴❖❂✪✧✪①✭✇♥❚✳❅❉❝✫✼★✽●✽✾❊✭
✦❣✳❅✯P✪✽✳✶❭✩✯P✱❩✪❚❖❂✺❪❖❂✪❚❖❂✺✲➍✬❉❊✳❅✫✮✤✧✪✽✦✩✭✰✯✲✷❩✪✕❖❩✤✽❉❇❯t❭✬✳❅✯P✪✽✳❄➎⑥✤✽✫✼✱✴❖❩✹✥✳❄✹✥✳❅❉❡✭✰✳❇●①✭❦❆✧❖❂✪✧✪✝❆✧❖❴✾✰✯P✪❱♥✴✹✥✳❅✯✬❬✴✷❩✾✰✱✴✳❅✱✴✳❇✹✥✳❅❜
✪✽✳❇◗✌✐t◗❍②✬✫❢❖❂✪✧✱✴❉❊❉❊✯✲✱❩✪❚❖❩✺✽✫✼✳❇❉❡✭✰◆❇✤✽❉❡✭✰✳❇✺✲✺✲✳❇✪⑤♥①❃❈✳❇✺✲❋✿●✽✳❅✾✶❭①✭❁❖❩✪✧❆✧❖❂✾❁❆✝●✧✯✲✪①✭✰✳❅✾▼❆✽✳❅✾▼❸❛✹✥✳✿✾❊✭❊✾❁❖❩✱✴✤✽✪✧✱❨❉❡✭✰✳❅●✩✭✇❯
❲⑩❖✸❆✽✯✲✳❍✐❶✾✰✦❣✳❇✪✧✪✩✤✽✪✧✱✸✳❅✯P✪✽✳❅✾✝❽⑤✤✬✫✮✭✰❉❊❋❁●✧✪✽✯✲✭❊✭✰❉❡✭✰✳❅✺P✺✲✳➃❷❳✳❇✯✲✺P❖❩✤✬✫✼✱✴❖❩✹✥✳❇✪➏✤✽◗✕✫❢❖❩❉❊❉❡✭✇♥❑❆✽✯✲✳✴♥❑❃♠✯✲✳❍◆✴❯ ❘❝❯❑❆✽✯✲✳
✵✸✷✩❆✬✤✧✺P❖❂✭✰✯✲✷✴✪✽❉✰❖❂✾❊✭✰✳❇✪✽✳❅✾✰✦❣✳❇✪✽✪✩✤✧✪✧✱➃✷✩❆✽✳✿✾✝❆✽✯✲✳❍❘❈✯✻✭✰❉❡✭❊✾✰✷✴◗❥❖❂✪❚❖❂✺✲➍✬❉❊✳✴♥⑤✹✥✳❇✦❩❖❩✪✽✪✩✭✰✺✲✯✲❋❁●➋✫✮★✽✾⑩❉❊✯✲❋❁●❞❖❩✺✲✺✲✳❇✯✲✪
✱❩✳❇✪✧✷❩◗❍◗❍✳❇✪✛❉❊❋✿●✽✷✴✪✎❉❊❋❁●✩❃♠✯✲✳❅✾✰✯✲✱➅❉❊✯P✪✧❆❱♥❱❉❊✷✴✺✲✺✻✭✰✳✕✯✲✪➋❆✽✳❅✾❨❬❣✷❩✾✰✺✲✯✲✳❇✱✴✳❅✪❚❆✽✳❅✪➐➎♠✾✰✹✥✳❇✯✻✭✙❖❩✺✲✺✲✳❇✯✲✪➐❆✽✯✲✳✠➈s✯✲✳❅❜
❆✬✳❅✾✰✳❅✾✰✦❣✳❇✪✽✪✩✤✧✪✧✱❥❬❣✷❩✪❞❭①✭❁❖❩✪✧❆✧❖❂✾❁❆✬❉❨✯✲✪✧✪✽✳❅✾✰●❚❖❂✺P✹❾❆✽✳❅✾❨✯P●✽✪✧✳❇✪➋◆❇✤✽✱✴✳❅❃♠✯✲✳❇❉❊✳❇✪✽✳❇✪➏❏✽✾✰✳❇✈✩✤✽✳❇✪✧◆❅✹✥✳❅✾✰✳❇✯✲❋✿●✽✳
✤✽✪✩✭✰✳✿✾✰❉❊✤✧❋❁●✩✭✢❃❄✳❅✾❁❆✬✳❇✪⑤❯➑❲❨✯✲✳❇❉❊✳✎✐❦✯✲✪✧❉❊❋❁●✽✾❁❀❩✪✽✦✩✤✧✪✧✱➐✳❅✾✰◗❍■✴✱❩✺✲✯P❋❁●①✭✇♥✶❃♠✯✲✳➐❆✬✳❅✾➃➎❝✤✬✭✰✷❩✾❥◆❇✳❅✯P✱❂✭✇♥⑥✳❇✯✲✪✧✳
❽❱■✴❉❊✤✧✪✽✱❍❆✽✳✿✾⑥➎❝✤✽✫✮✱❣❖❂✹✥✳✴❯

❲❛✯P✳➋❬❣✷❂✾✰✺P✯✲✳❇✱❩✳❇✪❚❆✬✳➐❲❛✯P❉❊❉❊✳✿✾❊✭❁❖❂✭✰✯✲✷✴✪➑➎❝✯✻✾➅❹❫✪①✭✰✳❅✾❊✫✼❖❩❋❇✳➋❹❡❆✬✳❇✪①✭✰✯✲❙✧❋✇❖❂✭✰✯✲✷❩✪➆✫✼✷❩✾✛❭✬✷❂✫✮✭❫❃❄❖❂✾✰✳➐❵❛❖❩❆✽✯✲✷
❭①➍✽❉❡✭✰✳❅◗❍❉❝❬❣✷❩✪✎➒❛✳❅✾❊✾✰✪➋✵✸✳❇✪✽✱✴★✽➓❍➔❛✪✧✳✿✾❨✺✲✯✲✳❅✫✼✳❅✾❊✭❨✳❅✾✰❉❡✭✰✳✕✐❶✾✰✦❣✳❇✪✽✪✩✭✰✪✽✯✲❉❊❉❊✳✠◆❇✤✬✾❛➈s✯✲✳✇❆✬✳❅✾✰✳❅✾✰✦❣✳❅✪✧✪✩✤✧✪✽✱
❬❣✷❩✪➃❽⑤✤✽✫❪✭✰❉❊❋✿●✽✪✧✯✻✭❊✭✰❉❡✭✰✳❇✺✲✺✲✳❇✪➃✯P✪✸❭✬✷❂✫✮✭❧❃✶❖❂✾✰✳❝❵❛❖❩❆✽✯✲✷✴❉✶✹✽◆❅❃⑩❯▼❻❈✷✴✱❩✪✧✯✻✭✰✯✲❬❣✳❛❵❝❖✴❆✬✯✲✷✴❉❇❯t❲❨✳❅✾❄❘❈✳❇✯✻✭❊✾❁❖❩✱✢❆✽✳❅✾
➎♠✾✰✹✥✳❇✯✻✭♠✺P✯✲✳❇✱❂✭❛✯✲✪

•
❆✽✳❅✾⑤⑨❛✪①✭✰✳❅✾✰❉❊✤✽❋✿●✩✤✽✪✧✱❄✳❇✯✲✪✽✳❅✾❶✵✸✳✿✭✰●✧✷✩❆✽✳t◆❇✤✬✾❑❖❂✤✽✭✰✷✴◗❥❖❴✭✰✯✲❉❊❋✿●✽✳❇✪⑩❺✙❖❩✪✧❖❩✺✲❉❊✳❇✱✴◗❍✳❅✪✩✭✰✯✲✳❅✾✰✤✽✪✧✱✶◗❍✯✻✭
➒❛✯✲✺✻✫✼✳✙❬❣✷❩✪✛❻❈✺✲✤✧❉❡✭✰✳❅✾❁❖❂✪❚❖❂✺✲➍✬❉❊✳❇❬✴✳❅✾❊✫❢❖❂●✽✾✰✳❇✪✛✤✽✪❚❆

•
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P✳❆★❈❖❆★❳❏❨ ✗➏❭❫❈❪❆✒❞❫❆★❍❪❍➼❉●❭❫❈✻❭➟❳✕❨❪❆✒❈❖P✘❉◗❵❼❆✯❍❀❨❪❉◗❳✢❴✰❉●❈❊❴✰❍★❘ ✂➚❳✕❨❖❆★❈❪❍❀❨❪❉◗❳✢❴✰❉●❈❊❴✾❛☎❉●❳✢❴✹◆ ✞❏❆✒❈❊❍➆❉●❈❪❆



�✁� �✄✂ ✠✆☎☎✆✞✝✠✟✖✞☛✡✌☞✍✟✪☛ ✑✓✠✎☞✏✡ ✎✡✠✖✄✒✑✔✓✝✌ ✞✕✟✗✖✖✑✙✘ ✑ ✆✙✚✜✛✧✁✞✢✤✣✥✘ ✑✒✎✦✟✪✆✟✑ ✠✖✄✗✧ ➋

❸✏◆❏❍❪❍❀❭❫❑✰❞❫❆➏❨❖◆s❉●❞❫❞➟◆ ✗♣❈❪❉❏❴✹❭➟◆➅❈❪❆★❍❪❍❖◆◗❋✰❈❊❵❼❆➏❍❖❛✢❉●❈❪❭➟❳✢■✢❘ ✑➪❛✢❭❫❍✔➶➆❉◗➑◗❆✟❍❯❭❺❨❢❸☎◆✕❍❖❍❖❭➟❑✢❞➟❆➪❨❪◆❂❑✢❉✗➾
❞ ❉●❳✢❵✒❆✉❨❪❛✰❆s❨❖❈❊❉✖✕✻❵❂❞❫◆❏❉❏❴✰❍❹❑✏❆❼❨✘✗❢❆✒❆★❳→❍❀❨❪❉◗❳✢❴✰❉●❈❊❴✰❍❱❉●❳✢❴❥P✳❈❖❆ ✄❏❋✢❆✒❳✢❵ �✶❑☎❉●❳✢❴✰❍★❘ ✑➪❛✢❉✗❨
➶➆❆★❉◗❳✢❍✎☛✗❈❪❉❏❴✹❭➟◆❱❈❖❆✟❍❖❍❖◆◗❋✢❈❪❵✒❆★❍❧❉◗❈❖❆❷❳✰◆●❨❯◆◗❸✏❆✒❈❊❉✗❨❪❆★❴➅❭❫❳✢❴✹❆★❸☎❆★❳✢❴✹❆✒❳✕❨❪❞ �➅◆◗P✢◆◗❳✰❆❢❉●❳✰◆◗❨❖❛✰❆★❈✎☛
❈❪❆☎✄✕❋✰❭❫❈❖❭❫❳✰■➼❍❖◆◗➶➆❆➅❴✹❆✒■❏❈❖❆★❆❱◆◗P✎◆❏❸☎❆★❈❪❉●❨❖◆◗❈❢❭❫❳❏❨❪❆✒❈❪◆◗❸✏❆✒❈❊❉●❑✰❭❫❞❫❭❺❨ �❏❘

• �➏✖✘➔❧✓✕✣➸✆ ➜ ✓✦✞◗✙✒✄✗✡✌✥ ✛✰✼✱✼✘✁❧✞❏✛✹✙★✖✱✁☎☞ t➼✖✳✙✟✠ ✆ ➜ ✓✕✞◗✙✒✄✗✡✎✥ ➜ ✁✂✁☎✼✱✖✘☞✎✍✧✻♥➳✦❸✏❆★❵❼❨❖❈❪❋✰➶
▼❯◆✦◆◗❞❫❭➟❳✢■❂❭❫❍❢❉➅❈❪❆★❍❪❍❀◆❏❋✰❈❊❵❼❆➏❍❀❛☎❉●❈❪❭➟❳✰■s❍❙❨❪❈❪❉●❨❖❆✒■☞�✏☛ ✗➏❛✰❭❫❵❊❛✻❉◗❞➟❞❫◆ ✗❇❍❬❉➅❞❫❭ ❵❼❆✒❳☎❍❀❆❱◆ ✗➏❳✰❆✒❈❬◆◗P
❉✯❍❖❸☎❆✟❵ ❨❪❈❪❉◗❞❲❑✢❉●❳✢❴→❨❪◆✯❈❖❆★❳❏❨❂❉✯❍❖❸☎◆❏❈❪❉❏❴✹❭ ❵✒❉●❞❫❞✟�✯❋✢❍❀❆✟❴❄❸☎❉●❈❖❨❂◆●P➪❭❺❨➅❨❪◆✯◆●❨❖❛✢❆✒❈➅❋✢❍❖❆✒❈❊❍ ☛
❋✰❳✕❨❪❭➟❞❢❛✰❆✻❳✰❆★❆★❴✰❍✉❭❺❨⑨❛✰❭❫➶➆❍❖❆✒❞➟P✧✛ ➋ ✜➡❘ ✑➪❛✢❭❫❍s❍❙❨❪❈❪❉●❨❖❆✒■☞�→❵★❉●❳♦❑✏❆✵❋✢❍❖❆★❴⑦❭❫❳✾❵❼◆❏➶✉❑✰❭❫❳✢❉✗➾
❨❪❭➟◆❏❳ ✗➏❭➟❨❖❛ ✙ � ❆★❴⑦❍❖❸☎❆✟❵ ❨❪❈❖❋✰➶ ❉●❞❫❞➟◆✹❵✒❉●❨❖❭❫◆◗❳ ☛☛❸✢❈❖◆ ✞✦❭ ❴✹❭➟❳✢■✣✙ � ❆✟❴→❍❖❸☎❆✟❵ ❨❪❈❖❋✰➶ ❑✢❉●❳✢❴✢❍ ☛
❭❫❳❄❨❪❭➟➶➆❆➼❉●❳☎❴❥P✳❈❪❆☎✄✕❋✰❆★❳✢❵ �☞☛✚P✳◆◗❈➩❆★❉❏❵❊❛→❍❀❨❪❉●❳☎❴✰❉●❈❊❴❥❉●❳☎❴→❉◗❞➟❞❫◆ ✗➏❭➟❳✢■✻❨❖❛✢❆➆❍❖❛✢❉◗❈❖❭❫❳✰■✵◆◗P
❍❖◆◗➶➆❆✻❍❖❸☎❆✟❵ ❨❖❈❪❋✰➶ ❑✢❉●❳✢❴✢❍ ☞ ❨❪❛✰❆✵❍❖◆❝❵★❉●❞❫❞➟❆✟❴⑦❍❀❸✏❆★❵❼❨❖❈❪❋✰➶ ❸✏◆✦◆◗❞ ❍✚✍➍❑✏❆❼❨✘✗❢❆✒❆★❳⑦❉◗❭➟❈➅❭❫❳✹➾
❨❪❆✒❈❖P✘❉◗❵❼❆✟❍✒❘ ✑➪❛✰❭ ❍✻❍❪❵❊❛✰❆✒➶➆❆✯❉●❞❫❞❫◆ ✗❇❍⑨❉⑦❴✒�✦❳✢❉◗➶➆❭❫❵✶❭❫❳✢❵❼❈❪❆★❉❏❍❀❆❝◆◗❈➼❴✹❆✟❵❼❈❪❆★❉❏❍❀❆✶◆●P➍❨❖❛✰❆
❍❖❸☎❆✟❵ ❨❪❈❖❋✰➶ ❉●❞❫❞➟◆✹❵✒❉●❨❖❆✟❴➆❨❖◆➆❆★❉❏❵❊❛✵❉●❭❫❈❢❭➟❳✕❨❖❆★❈❀P✘❉❏❵❼❆➩❉◗❵★❵❼◆◗❈❊❴✹❭❫❳✰■❂❨❪◆✉❨❪❛✰❆❱❨❖❈❊❉✖✕✻❵❹❳✢❆✒❆★❴✢❍ ☛
❞❫❆★❉❏❴✹❭➟❳✢■❱❨❪◆❂❉➍➶⑨◆❏❈❖❆➪❆ ✕➼❵✒❭➟❆★❳✕❨❯❋☎❍❀❆➏◆◗P✢❨❖❛✢❆➪❨❖◆●❨❊❉●❞✰❉✔✞✗❉●❭❫❞ ❉●❑✰❞❫❆➏❍❀❸✏❆★❵❼❨❖❈❊❉●❞✦❈❖❆✟❍❖❍❖◆◗❋✢❈❪❵✒❆★❍★❘
❅❹◆ ✗❷❆✎✞◗❆✒❈ ☛✝❨❖❛✢❆❹❍❀❸✏❆★❵❼❨❖❈❪❋✰➶↔❍❖❛✢❉◗❈❖❭❫❳✰■➩❑☎❆✒❨✘✗❷❆★❆✒❳➼❴✹❭ ✩✏❆★❈❖❆★❳✕❨✔❉●❭❫❈❲❭➟❳✕❨❖❆★❈❪❉❏❵❼❆✟❍❯◆●P✚❸☎◆✕❍❖❍❖❭❺➾
❑✰❞✟�❂❴✹❭ ✩✏❆★❈❖❆★❳✕❨✎◆❏❸☎❆★❈❪❉●❨❖◆◗❈❊❍☛❈❪❆☎✄✕❋✰❭❫❈❖❆✟❍❧❳✰❆ ✗✾➶➆❆★❵❊❛✢❉◗❳✰❭ ❍❀➶➼❍☛P✳◆❏❈✌❈❪❆★❍❖◆◗❞✟✞✦❭➟❳✢■❹❍❀❸✏❆★❵❼❨❖❈❪❋✰➶
❵✒◆◗❳✕❨❖❆★❳❏❨❪❭➟◆❏❳ ☛ ✗➏❛✢❭❫❵❊❛✬✗➏❭❫❞➟❞✌❭➟❳✢❵✒❈❖❆✟❉◗❍❖❆➩❨❖❛✰❆s❵❼◆◗➶➆❸✰❞❫❆ � ❭➟❨ �✵◆◗P✌❨❪❛✰❆❂❈❪❆★❍❪❍❀◆❏❋✰❈❪❵✒❆➩➶➆❉◗❳✢❉✗➾
■❏❆✒➶➆❆✒❳✕❨❹❉●❞❫■◗◆❏❈❖❭➟❨❖❛✢➶➆❍➪❉◗❳✢❴➨❍❖❭❫■◗❳✢❉◗❞➟❞❫❭➟❳✢■s❈❪❆☎✄✕❋✰❭❫❈❖❆★➶➆❆✒❳✕❨❪❍★❘

• �✌✡✌✼✱✼✳❾✩★✎✓✕➔❧✖✳✑❯✼✘✓→✆ ➜ ✓✕✞◗✙✒✄✗✡✎✥ ✛✰✼✱✼✘✁❧✞❏✛✹✙★✖✱✁☎☞ ✻✆✂➚❳❝❨❪❛✰❭❫❍➍❍❪❵❊❛✰❆✒➶➆❆✏☛☎❳✰◆➼❸✰❈❪❆★❴✹❆✤✙✢❳✰❆✟❴
❸✢❉◗❈❀❨➅◆◗P❷❨❪❛✰❆➆P✳❈❖❆ ✄✕❋✰❆✒❳✢❵ �❥❑✢❉◗❳✢❴❄❭ ❍❂❉❏❍❖❍❖❭➟■❏❳✰❆★❴❥❨❖◆✯❉●❳✁�❥◆◗P❷❨❪❛✰❆✻❍❀❨❪❉●❳☎❴✰❉●❈❊❴✰❍★❘ ✑➪❛✰❆
❍❖❸☎❆✟❵ ❨❪❈❖❋✰➶ ❉◗❞➟❞❫◆✹❵✒❉✗❨❪❭➟◆❏❳⑨❨❪❉●➑❏❆★❍❲❸✢❞❫❉❏❵❼❆❇❭❫❳✵❉➩❨❪◆●❨❪❉◗❞➟❞✟�◆▼✢❆ � ❭❫❑✰❞➟❆❱❉●❳✢❴➼❴✹❆★➶➼❉●❳✢❴➆◆❏❈❖❭❫❆✒❳✹➾
❨❪❆★❴❤➶➼❉●❳✰❳✰❆★❈★❘ ✑➪❛✢❭❫❍➅❍❀❨❖❈❊❉✗❨❪❆✒■✏�❄❈❖❆ ✄❏❋✢❭➟❈❪❆★❍➩❉ ✞◗❆★❈ �✯❛✰❭❫■◗❛⑦❞❫❆ ✞❏❆✒❞❲◆●P➏❵❼◆✦◆❏❈❪❴✹❭❫❳✢❉●❨❖❭❫◆◗❳
❑✏❆❼❨✘✗❢❆✒❆★❳❥❨❖❛✢❆s◆❏❸☎❆★❈❪❉●❨❖◆◗❈❊❍➏◆◗P❬❨❖❛✰❆➆❴✹❭ ✩✏❆★❈❖❆★❳✕❨➍❉●❭❫❈➍❭➟❳✕❨❖❆★❈❀P✘❉❏❵❼❆✟❍❱❉◗❳✢❴❝❨❖❛✢❆s❋✢❍❖❆✒❈❱❨❖❆★❈❀➾
➶➆❭❫❳✢❉●❞ ❍ ☛❲❞❫❆★❉❏❴✹❭❫❳✰■❥❨❪◆❄❛✰❭❫■◗❛✰❞✟�♦❵❼◆❏➶⑨❸✢❞➟❆ � ❈❪❆★❍❪❍❖◆◗❋✰❈❊❵❼❆➼➶➼❉●❳☎❉●■◗❆★➶➆❆✒❳✕❨⑨❉◗❞➟■❏◆◗❈❪❭❺❨❪❛✰➶➼❍
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❉ ✞◗❆★❈ �☛▼✢❆ � ❭❫❑✰❞❫❆✉❈❪❆★❵✒❆✒❭✟✞◗❆✒❈❹❭➟❳✯❨❪❆✒❈❪➶➼❍❹◆◗P❬❈❖❆✟❵❼◆◗❳ ✙✢■◗❋✰❈❊❉●❑✢❭➟❞❫❭❺❨ �☞☛✰❭ ❍❹❳✰◆◗❨❱❸✰❈❊❉◗❵❼❨❖❭ ❵✒❉◗❑✰❞➟❆ ✗➏❭❺❨❪❛
❨❖◆✹❴✰❉✔�✤✣ ❍➪❨❖❆✟❵❊❛✰❳✰◆◗❞❫◆◗■☞�➨❉◗❳✢❴✕✗➏❭❫❞➟❞✌❈❖❆★➶➆❉◗❭➟❳❥❍❖◆➼P✳◆❏❈❇❨❖❛✢❆❂P✳◆◗❈❊❍❖❆✒❆★❉◗❑✰❞❫❆➩P✳❋✹❨❖❋✰❈❪❆◗❘❱❡❷❆✟❵✒❉◗❋✢❍❀❆➅◆◗P
❨❖❛✰❆➩P✳◆❏❞➟❞❫◆ ✗➏❭❫❳✰■s❈❪❆★❉❏❍❀◆❏❳✢❍★▲

• ➞❹❳✢❉●❞❫◆◗■❝❨❪◆❄❴✹❭❫■◗❭➟❨❪❉●❞❢❵❼◆❏❳ ✞❏❆✒❈❊❍❀❭❫◆◗❳→◆●P➪❨❖❛✢❆✣✗➏❛✰◆❏❞➟❆➆P✳❈❪❆☎✄✕❋✰❆★❳✢❵ �❤❑✢❉●❳☎❴⑦◆●P➏❭➟❳✕❨❪❆✒❈❪❆★❍❀❨
❴✹❭❫❈❪❆★❵ ❨❪❞ �➨❉✗P ❨❖❆★❈➪❨❖❛✰❆➅❉◗❳❏❨❪❆✒❳✰❳☎❉✉❈❪❆☎✄✕❋✰❭❫❈❖❆✟❍✔❛✢❭➟■❏❛➨❸✏❆✒❈❖P✳◆◗❈❪➶➼❉●❳✢❵✒❆ ✗➏❭ ❴✹❆✒❑☎❉●❳✢❴✶❉●❳✢❉◗❞➟◆❏■
❨❪◆➹❴✰❭➟■❏❭❺❨❊❉●❞➅❵❼◆❏❳ ✞❏❆✒❈❖❨❖❆★❈❪❍ ☞✘➞❹❚➅❶❢❍✖✍✣✗➏❛✢❭❫❵❊❛➂❉●❈❪❆→❳✰◆◗❨✶❈❪❆★❉◗❞➟❭❫➐★❉◗❑✰❞❫❆ ✗➏❭➟❨❖❛✈❨❖◆✹❴✰❉✔�✤✣ ❍
❨❪❆★❵❊❛✰❳✰◆❏❞➟◆❏■✏�❏❘

• ➎➉❭➟❨❖❛✰◆❏❋✹❨➪❨❖❛✰❆➍❴✰❉✗❨❊❉❂❈❪❆★❴✹❋☎❵ ❨❖❭❫◆◗❳✵❸✰❈❖◆ ✞✦❭ ❴✹❆★❴➆❑✁�⑨❨❖❛✢❆➍❉◗❳✢❉●❞❫◆◗■❂❸✢❈❖❆★❸✰❈❖◆✹❵✒❆★❍❪❍❀❭❫❳✰■ ☛◗❨❖❛✰❆
❉◗➶⑨◆❏❋✰❳✕❨❹◆●P❬❴✰❉●❨❪❉⑨❨❪❛✢❉✗❨❹❛☎❉◗❍➏❨❪◆➼❑☎❆s❛✢❉●❳☎❴✹❞➟❆✟❴❝❭➟❳❝❨❪❛✰❆✉❴✹❭❫■◗❭➟❨❪❉◗❞✌❴✹◆❏➶➼❉●❭❫❳✶❈❪❆✒➶➼❉◗❭➟❳✢❍



❣★➘ � ✂✍✠✻☎☎✆✞✝ ✟ ✞✦✡✍☞✍✟ ☛ ✑ ✠✂✁ ✌ ✄ ☛ ✟✻✢ ✡✡✄✝✆ ✟✻✘ ✧

BPF ADC DSP
RF

�➏✖✘✍✼✻❲① ✻ ✖ ✑➪❛✰❆➩❭❫❴✰❆★❉●❞✎➳✦◆●P ❨✘✗➪❉●❈❪❆➍➭❹❉◗❴✹❭❫◆➆❈❖❆✟❵❼❆✒❭✟✞◗❆★❈

✞❏❆✒❈ �✵❛✰❭❫■◗❛ ☛☎❈❖❆ ✄✕❋✰❭➟❈❪❭❫❳✰■➼❉ ✞◗❆✒❈ �✵❛✢❭➟■❏❛✶❸✢❈❖◆✹❵❼❆✟❍❖❍❖❭❫❳✰■➆❸☎◆ ✗❢❆✒❈ ✗➏❛✢❭❫❵❊❛❝❭❫❳❝❨❖❋✰❈❪❳✯❞➟❆✟❉◗❴✰❍
❨❪◆ ✞◗❆✒❈ �➼❛✰❭❫■◗❛❝❸✏◆ ✗❷❆★❈➪❵✒◆◗❳✢❍❖❋✰➶➆❸✹❨❪❭➟◆❏❳❧❘

❅❇❆★❳✢❵❼❆☞☛☎❨❪❛✰❆⑨❭❫❴✹❆✟❉●❞❲❍❖◆●P ❨✘✗➪❉●❈❪❆➅❈❪❉❏❴✹❭➟◆ ☛☎❛☎❉◗❍❹❨❖◆✶❑☎❆➆❵❼◆❏❳✢❍❀❭ ❴✹❆★❈❖❆✟❴✯❉◗❍❹❨❖❛✰❆⑨❋✰❞➟❨❖❭❫➶➆❉●❨❖❆➆❍❙❨❊❉●■❏❆
◆●P❇❆✎✞◗◆◗❞❫❋✹❨❪❭➟◆❏❳♦P✳◆◗❈⑨❈❖❆✟❍❀❆✟❉●❈❊❵❊❛✾❉●❳✢❴♥❴✹❆ ✞❏❆✒❞❫◆◗❸✰➶➆❆✒❳✕❨⑨❆ ✩✚◆◗❈❖❨❪❍✎☛✪✗➏❛✰❭❫❵❊❛➈❵✒❉◗❳✾❑☎❆✶❛✰◆❏❸☎❆✒P✳❋✰❞➟❞✟�
❉◗❵❊❛✰❭❫❆ ✞❏❆★❴✵❭➟❳✶❨❖❛✢❆➩P✳❋✹❨❖❋✰❈❪❆◗❘

➞❹❍✵❉◗❳➹❆★❉●❈❪❞❫❭➟❆★❈✻❍❙❨❊❉●■◗❆❝◆◗P➅❴✰❆ ✞◗❆★❞➟◆❏❸✰➶➆❆✒❳✕❨➆❨❖◆ ✗➪❉●❈❊❴✰❍⑨❨❖❛✢❆❥❭❫❴✰❆★❉●❞➍➳✦◆●P ❨✘✗➪❉●❈❪❆✯➭❇❉◗❴✹❭❫◆ ☛
❨❖❛✰❆➆❍❖◆➨❵✒❉◗❞➟❞❫❆★❴❤➳✦◆●P ❨✘✗➪❉●❈❪❆✉❚❱❆ ✙✢❳✢❆★❴❤➭❇❉◗❴✹❭❫◆ ☞✱❍❀◆❏➶➆❆❼❨❖❭❫➶➆❆★❍➩❉●❞ ❍❖◆➨❵✒❉◗❞➟❞❫❆★❴✯❨❖❛✰❆➆❸✰❈❊❉●■❏➶➆❉●❨❖❭ ❵
❍❀◆◗P ❨✘✗❢❉◗❈❖❆➅❈❊❉◗❴✰❭➟◆ ✍➏❈❪❆✒❸✰❈❪❆★❍❖❆✒❳✕❨❪❍❹❉✻❑✢❉◗❞❫❉◗❳✢❵❼❭❫❳✰■✵❉❏❵ ❨❱❑✏❆❼❨✘✗❢❆✒❆★❳✯P✳❋✰❞❫❞ ▼✢❆ � ❭❫❑✰❭➟❞❫❭➟❨ �❝❉◗❳✢❴❝❨❪❆★❵❊❛✹➾
❳✰◆◗❞❫◆◗■❏❭❫❵★❉●❞☛❞❫❭➟➶➆❭➟❨❪❉●❨❖❭❫◆◗❳✢❍✳✛❫❣✢✜✬❘ ✂➚❳❥❉✻➳✦◆●P ❨✘✗➪❉●❈❪❆➅❚❹❆✤✙✢❳✰❆★❴✯➭❹❉◗❴✹❭❫◆ ☞✱➳✹❚➍➭ ✍➏❨❖❛✰❆✉❍❖❭❫■◗❳✢❉◗❞❧❛✢❉◗❍
❨❖◆❤❋✰❳✢❴✹❆★❈❖■❏◆→❍❖◆◗➶➆❆❝❉●❳✢❉◗❞➟◆❏■❄❸✰❈❪❆✒❸✰❈❪◆✹❵❼❆✟❍❖❍❖❭➟❳✢■❥❑☎❆✒P✳◆◗❈❪❆✵❨❪❛✰❆✶❨❖❈❊❉●❳✢❍❖❭➟❨❖❭❫◆◗❳♦❨❪◆→❨❪❛✰❆❝❴✹❭➟■❏❭❺❨❊❉●❞
❴✹◆◗➶➼❉◗❭➟❳ ☛✦❈❪❆★❴✹❋☎❵❼❭❫❳✰■✉❨❪❛✰❆➅❍❀❭❫■◗❳☎❉●❞✚❑✢❉●❳☎❴✚✗➏❭❫❴✹❨❖❛➨❨❖❛✢❉●❨❢❨❪❛✰❆➅➞❹❚➅❶✎✣ ❍➏❉◗❳✢❴➼❨❪❛✰❆➅❴✹❭❫■◗❭➟❨❪❉●❞✚❸✰❈❪◆●➾
❵❼❆✟❍❖❍❖❭➟❳✢■✶❛☎❉✔✞◗❆s❨❖◆❥❵❼◆❏❸☎❆ ✗➏❭➟❨❖❛❧❘➨➞❹❍➩❨❪❛✰❆➼❨❖❆✟❵❊❛✰❳✰◆❏❞➟◆❏■✏�✯❸✰❈❪◆◗■❏❈❖❆✟❍❖❍❖❆★❍❱❭➟❳♦❵✒◆◗❈❪❆⑨❉◗❈❖❆✟❉◗❍➩❞❫❭➟➑❏❆
❉●❳✢❉◗❞➟◆❏■➆❨❖◆❝❴✹❭❫■◗❭➟❨❪❉●❞❯❵❼◆❏❳✁✞◗❆✒❈❖❨❖❆★❈❪❍✎☛✰➶➆❆✒➶➆◆❏❈ �✯❵❊❛✰❭❫❸✢❍➍❉●❳✢❴❥❍❖❭❫■◗❳✢❉◗❞✌❸✰❈❪◆✹❵❼❆✟❍❖❍❖◆◗❈❊❍ ☛✰❨❖❛✰❆s❨❖❈❊❉●❳✹➾
❍❀❭➟❨❖❭❫◆◗❳→❑☎◆❏❋✰❳✢❴✰❉◗❈ �✯❑✏❆❼❨✘✗❢❆✒❆★❳❄❨❪❛✰❆➼❉●❳✢❉◗❞➟◆❏■✵❉●❳☎❴→❴✹❭❫■◗❭➟❨❪❉◗❞❲❴✹◆◗➶➼❉●❭❫❳✢❍ ✗➏❭❫❞➟❞❬❍❖❛✰❭➟P ❨➍❨❪◆ ✗❢❉◗❈❪❴✢❍
❨❖❛✰❆➅❉◗❳❏❨❪❆✒❳✰❳☎❉ ☛✰❉●❸✢❸✰❈❖◆✕❉◗❵❊❛✰❭❫❳✰■✉❨❖❛✰❆➩❋✰❞➟❨❖❭❫➶➼❉✗❨❖❆➅■❏◆❏❉◗❞✏◆◗P✎❉sP✳❋✰❞❫❞ �➨❴✹❭➟■❏❭❺❨❊❉●❞❧❍❖◆●P ❨✘✗➪❉●❈❪❆❹❈❊❉◗❴✹❭❫◆✢❘
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❨❖◆➹❴✹❭❫■◗❭➟❨❪❉●❞➅❵✒◆◗❳✁✞◗❆★❈❀❨❪❆✒❈❊❍➼❸✰❞ ❉✔�r❉♥➶➆◆❏❍❀❨✯❵❼❈❪❭❺❨❪❭❫❵★❉●❞➍❈❖◆❏❞➟❆→❭➟❳✈❨❖❛✰❆⑦❴✹❆✎✞◗❆✒❞❫◆◗❸✢➶⑨❆★❳✕❨✶◆◗P❂❨❖❛✰❆
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en = yn − xn
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Qo
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No = log2(Qo)
☛✏❨❖❛✰❆s❞➟❆✟❉◗❍❀❨
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∆ = 2V

Qo−1

❘ ✑➪❛✰❆✒❈❪❆❼P✳◆❏❈❖❆☞☛✗❨❖❛✰❆ ✄✕❋✢❉◗❳✕❨❖❭❫➐★❉✗❨❪❭➟◆❏❳
❆✒❈❪❈❖◆❏❈❢❴✰◆✕❆✟❍➏❳✰◆◗❨➪❆ � ❵❼❆✒❆✟❴✵❛☎❉●❞➟P✌❨❪❛✰❆❂➥✌➳✹❡ ☛✰❭➡❘ ❆◗❘ |en| ≤ ∆
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❘
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2 ; ∆
2 ]
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(
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, |f | ≤ fsample/2
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e

) = 10log
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x

V 2
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❭➟❳✶❨❪❛✰❆❂❴✒�✦❳✢❉●➶➆❭ ❵➍❈❪❉◗❳✰■◗❆❱P✳◆◗❈❇❉⑨■◗❭✟✞◗❆★❳➨❈❪❆★❍❖◆◗❞❫❋✹❨❪❭➟◆❏❳❧❘

✑➪❛✰❆✉❉●❸✏❆✒❈❖❨❖❋✢❈❖❆➪➧❙❭➟❨❀❨❪❆✒❈➍❈❖❆✒P✳❆✒❈❊❍➪❨❖◆➼❨❪❛✰❆✉❍❪❉●➶➆❸✰❞❫❆➩❨❖◆✵❍❪❉●➶➆❸✰❞❫❆ ✞✗❉●❈❪❭ ❉✗❨❖❭❫◆◗❳✶❭❫❳✯❨❖❛✰❆s❍❖❉◗➶s➾
❸✰❞❫❭➟❳✰■s❭➟❳☎❍❙❨❊❉●❳✕❨❢❴✹❋✢❆❹❨❪◆❂❨❖❛✢❆❱❆★❈❖❈❪◆◗❈❊❍❲❭❫❳➼❨❖❛✰❆➩❵❼❞❫◆✹❵❊➑➼❍❀◆❏❋✰❈❪❵✒❆◗❘ ✂➚❳✻❸✰❈❊❉◗❵❼❨❖❭ ❵❼❆✏☛❏❨❖❛✢❆➍❍❪❉●➶➆❸✰❞❫❭➟❳✢■
❸✰❈❪◆✦❵✒❆★❍❪❍❇❵✒❉◗❳❝❑☎❆✉❵❊❛☎❉●❈❊❉◗❵ ❨❪❆✒❈❪❭➟➐★❆★❴➨❑✁�✶❉➆➶➆❆★❉◗❳❥❉●❳✢❴✯❉✵❍❙❨❊❉●❳✢❴✰❉◗❈❪❴✶❴✹❆✎✞✕❭ ❉✗❨❪❭➟◆❏❳✕✗➏❭❺❨❪❛✯❈❖❆✟❍❙➾
❸☎❆✟❵ ❨❂❨❪◆✯❨❖❛✢❆✵❍❖❉◗➶➆❸✰❞➟❭❫❳✰■✯❨❪❭➟➶➆❆❏❘ ✑➪❛✢❆✻➶➆❆★❉●❳♦❈❪❆✒❸✢❈❖❆✟❍❀❆★❳❏❨❊❍➍❨❖❛✰❆➨❉✔✞◗❆✒❈❊❉●■❏❆⑨❴✰❆✒❞ ❉✔�→❭❫❳⑦❨❖❛✰❆
❍❖❉◗➶➆❸✰❞➟❭❫❳✰■⑦❭❫❳✢❍❙❨❊❉●❳✕❨✎☛ ✗➏❛✰❆✒❈❪❆★❉❏❍s❨❖❛✰❆❥❍❀❨❪❉◗❳✢❴✰❉●❈❊❴♥❴✰❆ ✞✦❭❫❉●❨❖❭❫◆◗❳➹❵❊❛✢❉●❈❊❉◗❵❼❨❖❆★❈❖❭❫➐✒❆✟❍❂❨❪❛✰❆ ✞✗❉●❈❪❭❫❉●➾
❨❖❭❫◆◗❳❝◆●P✌❨❖❛✰❆❂❍❪❉●➶➆❸✰❞❫❭❫❳✰■➼❸☎◆❏❭➟❳✕❨❇❉●❳☎❴➨❭ ❍❇❴✹❆✤✙✢❳✰❆✟❴✶❉❏❍❢❨❖❛✰❆➅❈❪➶➼❍➏❉●❸✏❆✒❈❖❨❖❋✰❈❪❆❢➧❙❭❺❨❖❨❖❆★❈

τa
❘ ✑➪❛✰❆

❉◗❴✰❴✰❭❺❨❪❭➟◆❏❳✢❉●❞☛❳✰◆❏❭❫❍❖❆➩❸☎◆ ✗❢❆✒❈➏❴✹❋✢❆➩❨❖◆⑨❨❖❛✰❆❂❉◗❸☎❆★❈❀❨❪❋✰❈❪❆❷➧❙❭➟❨❀❨❪❆✒❈❇❆★❈❖❈❪◆◗❈❊❍❢❵✒❉●❳❝❑✏❆➅■◗❭✟✞◗❆★❳➨❉◗❍

σ2
aj = (πfmaxV τa)2,

☞✱⑩✹❘ ➲ ✍
❉●❳✢❴❝❴✹❆★❸☎❆★❳✢❴✰❍❹◆◗❳❝❨❖❛✢❆❂❑✢❉●❳☎❴✚✗➏❭❺❨❪❛✯◆●P✎❨❖❛✰❆✉❭➟❳✰❸✢❋✹❨➍❍❖❭➟■❏❳✢❉●❞➡❘ ✑➪❛✢❭❫❍➏➶➼❉◗➑◗❆★❍➏❨❖❛✰❆✉❉◗❸☎❆★❈❀❨❪❋✰❈❪❆
➧❙❭❺❨❖❨❖❆★❈➅◆◗❳✰❆⑨◆●P❷❨❖❛✰❆➆➶➼❉●❭❫❳❥P✘❉❏❵ ❨❖◆❏❈❪❍➍❞❫❭➟➶➆❭➟❨❖❭❫❳✰■➨❨❖❛✰❆➆❑✢❉◗❳✢❴✚✗➏❭ ❴✦❨❖❛❤◆●P➪❉●❳→➞❱❚➩❶❱❘✌➞ ❴✰❆❼❨❪❉◗❭❺➾
❞➟❆✟❴♦❉●❳✢❉◗❞ �✹❍❖❭❫❍➩◆◗P➪❨❖❛✰❆➨❆ ✩✚❆★❵ ❨❊❍❂◆◗P✎➧❙❭➟❨❀❨❪❆✒❈⑨❉●❳✢❴⑦◆◗❨❖❛✰❆★❈✉❍❀◆❏❋✰❈❊❵❼❆★❍➩◆◗P➏❆✒❈❪❈❖◆❏❈❂❉●❸✰❸✏❆★❉◗❈❖❭❫❳✰■✯❭❫❳
❸✰❈❊❉◗❵ ❨❪❭❫❵★❉●❞☛➞❹❚➅❶❢❍➏❭ ❍➏■◗❭✟✞◗❆★❳➨❭❫❳ ✛ ➺ ✜➡❘

✑➪❛✰❆➆❸☎◆ ✗❢❆✒❈➅❵❼◆❏❳✢❍❖❋✰➶➆❸✹❨❖❭❫◆◗❳❤❭❫❍➅❉◗❳✰◆●❨❪❛✰❆✒❈➍❭❫➶⑨❸✏◆◗❈❖❨❪❉◗❳✕❨➩❸✏❆✒❈❖P✳◆◗❈❪➶➼❉●❳✢❵✒❆s➶➆❆✟❉◗❍❖❋✰❈❖❆sP✳◆◗❈
❉●❳⑨➞❹❚➅❶ ☛✟❆✟❍❀❸✏❆★❵✒❭❫❉◗❞➟❞✟�➅❭❫❳ ✗➏❭❫❈❖❆★❞➟❆✟❍❖❍✎❉●❸✰❸✢❞➟❭ ❵✒❉●❨❖❭❫◆◗❳✢❍✎☛ ✗➏❛✰❆✒❈❪❆❬❨❪❛✰❆❢❑✢❉✗❨❖❨❖❆✒❈ �➅❞❫❭❺P✳❆❢❭❫❍❯❉➍❵❼❈❪❋✢❵❼❭ ❉●❞
❭❫❍❪❍❖❋✰❆◗❘ ✑➪❛✰❆➆❸☎◆ ✗❢❆✒❈➅❵❼◆❏❳✢❍❖❋✰➶➆❸✹❨❖❭❫◆◗❳→❋✢❍❀❋☎❉●❞❫❞ �✯❭❫❳✢❵❼❈❪❆★❉❏❍❀❆✟❍ ✗➏❭❺❨❪❛→❭❫❳✢❵❼❈❪❆★❉❏❍❀❭❫❳✰■➨❈❖❆✟❍❀◆❏❞➟❋✹❨❪❭➟◆❏❳
❉●❳✢❴❤❍❪❉●➶➆❸✰❞❫❭➟❳✰■❝❈❊❉✗❨❪❆✏☛✟✗➏❛✰❭ ❵❊❛⑦❞➟❭❫➶➆❭❺❨❊❍➍❨❖❛✰❆➼❸✏❆✒❈❖P✳◆◗❈❪➶➼❉●❳✢❵✒❆s◆◗P✔❨❖❛✢❆✻➞❹❚➅❶❢❍➅❭➟❳⑦❉✶➶➆◆◗❑✰❭❫❞➟❆
❨❖❆★❈❖➶➆❭❫❳✢❉●❞➡❘

✢ ✞◗❆✒❈❱❨❖❛✢❆s❞ ❉◗❍❀❨❱❨✘✗❢◆➨❴✰❆★❵✒❉❏❴✹❆★❍✎☛✏❨❖❛✰❆★❈❖❆⑨❛✢❉✔✞❏❆❂❑☎❆★❆✒❳→❨❖❈❪❆✒➶➆❆✒❳☎❴✹◆◗❋✢❍❱❈❪❆★❍❖❆★❉●❈❊❵❊❛✯❆ ✩✚◆◗❈❖❨❪❍
❭➟❳✵❨❖❛✰❆➅❉◗❈❖❆✟❉➅◆●P✌❉◗❳✢❉●❞❫◆◗■✉❨❖◆⑨❴✹❭➟■❏❭❺❨❊❉●❞☛❵❼◆❏❳✁✞◗❆✒❈❊❍❖❭➟◆❏❳ ☛ ✗➏❛✰❭ ❵❊❛✵❞❫❆★❴✻❨❖◆s❨❖❛✰❆➩■❏❈❖❆✟❉✗❨❢❉◗➶➆◆◗❋✰❳✕❨❷◆◗P
❴✹❭ ✩✏❆★❈❖❆★❳❏❨❱❨ �✦❸☎❆✟❍❹◆◗P❷➞❹❚➅❶❢❍❱❵✒◆◗➶➆➶➆❆✒❈❊❵❼❭ ❉●❞❫❞ �❝❉✔✞✗❉●❭❫❞❫❉◗❑✰❞❫❆➅❨❖◆✹❴✰❉✔�❏❘ ✂➚❳❥❨❪❛✰❆sP✳◆◗❞❫❞➟◆ ✗➏❭❫❳✰■ ☛ ✗❷❆
❉●❈❪❆❂■◗◆❏❭➟❳✢■➆❨❖◆✵❛☎❉✔✞◗❆✉❉➼❞❫◆✦◆◗➑❝❉✗❨❱❨❖❛✰❆✉P✳❆✤✗➓❵❼◆❏❈❖❆s➞❹❚➅❶ ❉●❈❊❵❊❛✰❭➟❨❖❆★❵❼❨❖❋✰❈❪❆★❍✎☛ ✗➏❛✢❭❫❵❊❛❥➶➆◆✕❍❙❨❹◆◗P
❨❖❛✰❆❂❵✒◆◗❳✁✞◗❆★❈❀❨❪❆✒❈❊❍✔❭❫❳✶❨❖❛✰❆➅➶➼❉◗❈❖➑❏❆❼❨➏❉●❈❪❆➍❑☎❉◗❍❖❆★❴➨◆◗❳❧❘

�➏✼✘✛✰✆✟✠ ✥s✁☎☞✚✷✏✓❏✄✝✙✟✓❏✄✗✆
✑➪❛✰❆✓▼☎❉◗❍❖❛ ☛✗◆❏❈✎❸☎❉●❈❊❉●❞❫❞➟❆★❞✦❉◗❳✢❉●❞❫◆◗■❹❨❖◆➩❴✹❭❫■◗❭➟❨❪❉●❞✰❵✒◆◗❳✁✞◗❆★❈❀❨❪❆✒❈✌❭❫❍❯◆❏❳✰❆❷◆◗P✢❨❪❛✰❆➪◆◗❞ ❴✹❆★❍❀❨❬❉●❳✢❴✉➶⑨◆✕❍❙❨
❸✰❈❪❭➟➶➆❭➟❨❖❭✟✞◗❆➅➞❹❚➅❶✈❉●❈❊❵❊❛✰❭❺❨❪❆★❵❼❨❖❋✰❈❪❆★❍★❘ ✂✬❨❱❵❼◆❏❳✢❍❀❭ ❍❀❨❪❍➪◆●P

2N − 1
❵❼◆❏➶➆❸✢❉●❈❊❉✗❨❪◆◗❈❊❍✒❘ ✢❱❳✰❆➩❭➟❳✢❸✰❋✹❨

◆●P❬❉●❞❫❞✎◆●P❯❨❖❛✰❆⑨❵❼◆❏➶⑨❸☎❉●❈❊❉✗❨❖◆❏❈❪❍➪❭ ❍➍❵❼◆◗❳✢❳✰❆★❵❼❨❖❆★❴✶❨❪◆✻❨❪❛✰❆✉❭❫❳✰❸✰❋✹❨➩❍❀❭❫■◗❳☎❉●❞ ✞✦❭ ❉✻❉✻❍❪❉●➶➆❸✰❞❫❆✉❉●❳☎❴
❛✰◆◗❞ ❴✻❵✒❭➟❈❊❵❼❋✰❭➟❨★❘ ✑➪❛✰❆➍◆●❨❪❛✰❆✒❈❷❭➟❳✢❸✰❋✹❨❪❍➪❉◗❈❖❆➍❵❼◆◗❳✢❳✰❆★❵❼❨❖❆★❴➼❨❖◆s❍❖❋✢❵★❵❼❆★❍❪❍❖❭ ✞❏❆❹❍❙❨❪❆✒❸✢❍❷◆●P✎❉❂❈❪❆★❍❖❭❫❍❀❨❖◆❏❈
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yn = xn−1 + en − en−1
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Y (z) = z−1X(z) + (1 − z−1)E(z)
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❭❫❳♣❭❫❳✢❴✹◆✦◆❏❈⑨❉◗❈❖❆✟❉◗❍★❘✾❡❷❆✟❵✒❉◗❋✢❍❀❆➨◆●P❇❨❪❛✰❆✯❍❀➶➼❉◗❞➟❞➪❍❀❭❫➐✒❆✶◆●P❱❨❖❛✰❆❝❵❼❆★❞➟❞ ☛❬❨❪❛✰❆✒❈❪❆✶❋✢❍❀❋☎❉●❞❫❞ �
❆ � ❭ ❍❀❨❪❍❢❉✉❴✹❭❫❈❖❆✟❵ ❨❢❞➟❭❫❳✰❆➍◆●P✂❍❖❭➟■❏❛❏❨ ☞✘➥ ✢➩➳ ✍❬❵✒◆◗❳✰❳✰❆✟❵ ❨❪❭➟◆❏❳✻❑☎❆✒❨✘✗❷❆★❆✒❳➼❨❪❛✰❆➍❈❖❆✟❵❼❆✒❭✟✞◗❆★❈✔❉●❳☎❴
❨❪❛✰❆✯❨❖❈❊❉●❳☎❍❀➶➆❭➟❨❀❨❖❆★❈★❘ ✑➪❛✰❆❥❋✢❍❖❆✒❈➨❍❀❸✏❆✒❆✟❴✰❍✻❉●❈❪❆❝❋✢❍❖❋✢❉●❞❫❞ �♣❞➟◆ ✗ ☛➏❉◗❈❖◆❏❋✰❳✢❴➈❉♦❵❼◆◗❋✢❸✰❞➟❆
◆◗P✔➑✦❭➟❞❫◆◗➶➆❆❼❨❪❆✒❈❊❍❇❸✏❆✒❈➩❛✰◆❏❋✰❈★❘ ✑➪❛✰❆⑨❸✰❭❫❵✒◆✹❵❼❆✒❞❫❞ ❍❱❉◗❈❖❆✉❵✒◆◗➶➆➶➆◆◗❳✰❞✟�❝❋✢❍❖❆★❴❝P✳◆❏❈ ✗➏❭❫❈❖❆★❞➟❆✟❍❖❍
➥✌➞ ☎ ☞✳➎r➥✌➞ ☎❏✍➏❉●❳✢❴❝❵✒◆◗❈❊❴✹❞➟❆✟❍❖❍❷❨❪❆✒❞❫❆✒❸✰❛✰◆❏❳✁�✵❉●❸✰❸✢❞➟❭ ❵✒❉●❨❖❭❫◆◗❳✢❍★❘

• ✐✯❭ ❵❼❈❪◆✹❵❼❆★❞➟❞ ❍➪❉●❈❪❆❹❋✢❍❖❋✢❉●❞❫❞✟�➼❞➟◆✹❵✒❉●❨❖❆✟❴➼❭➟❳✶❋✰❈❪❑✢❉●❳✶❉●❈❪❆★❉❏❍✔❉●❳☎❴✵❉●❈❪❆❱❵❊❛☎❉●❈❊❉◗❵ ❨❪❆✒❈❪❭➟➐★❆★❴➆❑✁�
❳✰◆❏❳→❞❫❭❫❳✰❆➼◆●P➪❍❀❭❫■◗❛✕❨ ☞ ☎❹➥ ✢➩➳ ✍➍❵❼◆❏❳✢❴✹❭➟❨❖❭❫◆◗❳✢❍★❘ ✑➪❛✢❆➆❵✒❆✒❞❫❞❲❈❪❉❏❴✹❭❫❋✢❍➍➶➆❉✔�❄❑☎❆➼❉●❈❪◆◗❋✢❳✢❴
❣⑨➑✦➶✶❘ ✂➚❳❄❨❖❛✰❭ ❍➅❍❪❵❼❆✒❳☎❉●❈❪❭➟◆ ☛✢❨❪❛✰❆s❋☎❍❀❆★❈➩❍❖❸✏❆✒❆★❴✢❍❱❉◗❈❖❆⑨❉◗❍❪❍❀❋✰➶➆❆✟❴✯❨❖◆✶❑✏❆⑨❉◗❈❖◆❏❋✰❳✢❴❄➤◗➘
➑✦➶ ✓✝❛❧❘

• ✐❥❉❏❵❼❈❪◆✹❵❼❆✒❞❫❞ ❍ ☛✦❛✢❉✔✞✦❭❫❳✰■➆❈❪❉❏❴✹❭➟❭✚❭❫❳✶❨❖❛✰❆➅◆❏❈❪❴✹❆★❈➪◆●P✂❨❪❆✒❳✢❍➪◆◗P✎➑✦❭❫❞➟◆❏➶➆❆❼❨❖❆★❈❪❍✎☛✹❉●❈❪❆➩❋✢❍❀❋☎❉●❞❫❞ �
P✳◆❏❋✰❳✢❴✾❭❫❳♣❍❖❋✰❑✰❋✢❈❖❑✢❉◗❳♥❉●❳☎❴✾❈❪❋✰❈❪❉◗❞❷❉◗❈❖❆✟❉◗❍★❘❤➞ ➥ ✢➩➳♦❵✒◆◗❳✰❳✢❆★❵ ❨❪❭➟◆❏❳✾❑✏❆❼❨✘✗❢❆✒❆✒❳♥❨❖❛✰❆
❈❪❆★❵✒❆✒❭✟✞◗❆✒❈➅❉◗❳✢❴→❨❖❈❊❉●❳✢❍❖➶➆❭❺❨❖❨❖❆✒❈➅◆✹❵★❵❼❋✰❈❊❍➍❈❪❉◗❈❖❆★❞ �❏❘ ✑➪❛✢❆➼❋✢❍❀❆★❈❂❍❀❸✏❆✒❆✟❴✰❍➅❉●❈❪❆➼❉◗❍❪❍❀❋✢➶⑨❆✟❴
❨❪◆s❑✏❆❱❛✢❭➟■❏❛✰❆✒❈❢❨❖❛☎❉●❳✵❑✏◆●❨❪❛✵◆◗P❧❨❖❛✰❆➍❸✰❈❪❆ ✞✦❭❫◆◗❋✢❍❢❵✒❉❏❍❀❆✟❍ ☛❏P✳◆◗❈❢❆ � ❉●➶➆❸✰❞❫❆➍◆◗❳✻❛✰❭❫■◗❛★✗➪❉✔�✹❍
◆❏❈➏❭➟❳✶❨❖❈❊❉●❭❫❳✢❍★❘



⑩●➘ �✂✁✞✂ ✡☎✄ ✠✒✖✖✑ ✘❅✡✝✆ ✠✆✢ ✢ ✌ ✄☞✑✟✎✕✟✪✆✟✑ ✠✖✄✟✞ ✄✡✠✔✑ ✞✡✠✖✄✒✢ ✡ ✄✵✆

Base Station

Direct Path Reflection

Scattering

Diffraction

v

�➏✖✘✍✼✻✎⑤✧✻ ✖ ✑➪❛✰❆➅✐✯❋✢❞❺❨❪❭➟❸✢❉●❨❖❛✯▼❬❈❪◆◗❸☎❉●■❏❉●❨❖❭❫◆◗❳✻❭❫❳✯❉➆✐✯◆◗❑✰❭❫❞❫❆s❶❷◆◗➶➆➶✉❋✰❳✢❭❫❵★❉✗❨❖❭❫◆◗❳☎❍➪➳✒�✦❍❀❨❖❆★➶

✑➪❛✰❆➼❸✰❈❪◆◗❸✢❉◗■❏❉✗❨❪❭➟◆❏❳❄◆◗P❷❆✒❞❫❆★❵❼❨❖❈❪◆◗➶➼❉●■❏❳✰❆❼❨❪❭❫❵ ✗➪❉✔✞◗❆✟❍❹❭❫❳♦❉❝➶⑨◆❏❑✰❭❫❞➟❆➼❵❼◆❏➶➆➶✉❋✰❳✰❭ ❵✒❉●❨❖❭❫◆◗❳✢❍
❆✒❳✁✞✦❭➟❈❪◆◗❳✢➶⑨❆★❳✕❨❢❭ ❍❇❵✒❉◗❈❪❉❏❵ ❨❪❆✒❈❪❭➟➐★❆★❴➼❑✁�✻❨❪❛✰❈❪❆✒❆➅❴✹❭ ✩✏❆★❈❖❆★❳❏❨❇❆✤✩✏❆✟❵ ❨❊❍

• ▼❲❉✗❨❪❛✉❞❫◆❏❍❪❍❧❭ ❍❧❨❪❛✰❆❷❉●❨❀❨❪❆✒❳✦❋✢❉✗❨❪❭➟◆❏❳❂❭❫❳✉❍❀❭❫■◗❳☎❉●❞◗❸✏◆ ✗❢❆✒❈✌❴✰❋✰❆❬❨❪◆❇❨❖❛✢❆❷❴✹❭ ❍❙❨❊❉●❳✢❵✒❆✔❑✏❆❼❨✘✗❢❆✒❆★❳
❨❪❛✰❆➼❨❖❈❊❉●❳☎❍❀➶➆❭➟❨❀❨❖❆★❈❂❉●❳✢❴→❈❪❆★❵❼❆★❭ ✞❏❆✒❈✟❘ ✂➚❳ ✞✗❉❏❵❼❋✰❋✰➶ ☛✌❨❖❛✰❭ ❍➅❞❫◆❏❍❪❍➩❭❫❍➩❸✢❈❖◆❏❸☎◆❏❈❀❨❪❭➟◆❏❳✢❉●❞✎❨❖◆
❨❪❛✰❆➼❍ ✄✕❋✢❉◗❈❖❆s◆●P✔❨❪❛✰❆➼❴✹❭ ❍❙❨❊❉●❳✢❵✒❆◗❘ ✂➚❳❤➶➆◆◗❑✰❭❫❞➟❆⑨❆✒❳✁✞✦❭❫❈❖◆❏❳✰➶➆❆✒❳✕❨❪❍✎☛ ✗➏❛✰❆✒❈❪❆s❳✢◆➨❞❫❭➟❳✢❆⑨◆◗P
❍❖❭➟■❏❛✕❨➩❆ � ❭❫❍❀❨❪❍✎☛✚❨❖❛✰❆➼❸☎❉✗❨❖❛→❞➟◆✕❍❖❍➍➶➼❉✔�❥❭❫❳✢❵❼❈❪❆★❉❏❍❀❆ ✗➏❭❺❨❪❛→❛✢❭➟■❏❛✰❆✒❈➅❆ � ❸✏◆◗❳✢❆✒❳✕❨❪❍➍◆●P❷❨❖❛✰❆
❴✹❭ ❍❀❨❪❉●❳☎❵❼❆✏☛✎P✳❈❪◆◗➶ ➋❝❨❖◆❄➤ ☛❯❴✰❆✒❸✏❆✒❳✢❴✹❭❫❳✰■❥◆❏❳❤❨❖❛✰❆✵❨❖❆✒❈❪❈❊❉●❭❫❳⑦❵❊❛☎❉●❈❊❉◗❵ ❨❪❆✒❈❪❭❫❍❀❨❖❭ ❵✒❍★❘ ✑➪❛✰❆
❆✤✩✏❆✟❵ ❨❲◆●P✏❸✢❉✗❨❪❛s❞❫◆❏❍❪❍✂❭ ❍❲❉❱❈❖❆★❞❫❉●❨❖❭✟✞◗❆✒❞✟�➅❍❀❞❫◆ ✗✾❞❫◆◗❳✰■❹❨❖❆★❈❖➶ ✞✗❉◗❈❖❭ ❉✗❨❪❭➟◆❏❳❂❭➟❳s❨❖❛✢❆❢➶➆❆✟❉●❳✉◆◗P
❨❪❛✰❆➅❈❖❆✟❵❼❆★❭ ✞❏❆★❴✵❍❖❭❫■◗❳✢❉◗❞✏❸✏◆ ✗❢❆✒❈ ☛ ✗➏❛✢❭❫❵❊❛✯❵✒❉◗❳✵❑✏❆❂❵❼◆❏❈❖❈❪❆★❵❼❨❖❆★❴✵❋✢❍❖❭➟❳✰■➆❸✏◆ ✗❷❆★❈❢❵✒◆◗❳✕❨❖❈❪◆◗❞
❍❪❵❊❛✰❆✒➶➆❆✟❍✒❘

• ➳✦❛☎❉◗❴✹◆ ✗➏❭❫❳✰■➆❭❫❍❢❨❪❛✰❆❂❉✗❨❖❨❖❆★❳✕❋☎❉✗❨❖❭❫◆◗❳❝❭❫❳✯❍❀❭❫■◗❳✢❉◗❞✚❸☎◆ ✗❢❆✒❈❇❴✹❋✢❆➩❨❖◆⑨❨❖❛✰❆➅❸✢❛ �✹❍❖❭❫❵★❉●❞☛◆❏❑✢❍❙➾
❨❊❉◗❵❼❞❫❆★❍❬◆◗❳⑨❨❖❛✰❆❱❍❀❭❫■◗❳✢❉◗❞✹❸✢❉✗❨❪❛ ☛✕❭✱❘ ❆◗❘✎❑✰❋✰❭❫❞❫❴✰❭➟❳✰■✕❍ ☛❏❨❖❆★❈❖❈❊❉●❭❫❳➆❵❊❛✢❉●❈❊❉◗❵❼❨❖❆✒❈❪❭ ❍❙❨❊❵✒❍✎☛✝❨❖❋✰❳✰❳✢❆✒❞ ❍ ☛
❆✒❨❪❵●❘ ✑➪❛✰❆❹❆ ✩✚❆★❵ ❨❊❍✔◆◗P✚❨❖❛✰❆❹❍❖❛✢❉❏❴✹◆ ✗➏❭➟❳✢■❱P✘❉◗❞➟❞ ❍❬❭❫❳✕❨❖◆➅❨❪❛✰❆❹❵★❉✗❨❖❆★■◗◆❏❈ �❂◆◗P❧❍❀❞❫◆ ✗♥P✘❉❏❴✹❭❫❳✰■ ☛
❉◗❳✢❴✶➶➆❉✔�➨❉●❞ ❍❀◆⑨❑☎❆❂❵✒◆◗➶➆❸✏❆✒❳✢❍❪❉✗❨❪❆★❴➨❑ �➨❸☎◆ ✗❢❆✒❈➏❵✒◆◗❳✕❨❖❈❪◆◗❞☛❉●❞❫■◗◆❏❈❖❭➟❨❖❛✢➶➆❍❏✛❫❣✟⑩✭✜✬❘

• ✐✯❋✢❞❺❨❪❭➟❸✢❉●❨❖❛→❸✰❈❖◆❏❸✢❉●■✕❉✗❨❪❭➟◆❏❳➨❭ ❍❹❵★❉●❋✢❍❖❆★❴❝❑✁�➨❨❖❛✰❆s❈❖❆★▼✢❆★❵❼❨❖❭❫◆◗❳ ☛✏❍❖❵★❉✗❨❀❨❪❆✒❈❪❭➟❳✢■✵❉●❳✢❴✯❴✰❭❺P ➾
P✳❈❊❉◗❵❼❨❖❭❫◆◗❳⑨◆●P✚❆✒❞❫❆★❵ ❨❪❈❖◆❏➶➼❉●■◗❳✢❆❼❨❖❭ ❵ ✗❢❉✔✞❏❆★❍✎☛●❉◗❍❯❭❫❞➟❞❫❋✢❍❀❨❖❈❊❉✗❨❖❆✟❴✉❭❫❳➼❩✎❭➟■☎❘✎➋✢❘➟❣❏❘ ✑➪❛✰❆❇❍❖❭➟■❏❳✢❉●❞
❨❪❈❪❉✔✞❏❆✒❞ ❍➆P✳❈❖◆❏➶ ❨❪❈❪❉◗❳✢❍❖➶⑨❭➟❨❀❨❪❆✒❈➼❨❪◆✾❈❪❆★❵❼❆★❭ ✞❏❆✒❈✻◆❏❳➹➶✉❋✰❞➟❨❖❭❫❸✰❞❫❆→❴✹❭ ✩✏❆★❈❖❆★❳✕❨✵❸✢❉✗❨❪❛✢❍★❘ ✑➪❛✰❆
❈❪❆✒❸✰❞❫❭ ❵✒❉◗❍➆◆◗P❱❨❪❛✰❆❄❍❖❭➟■❏❳✢❉●❞❇❉◗❈❖❈❪❭✟✞◗❆❝❉✗❨✻❴✹❭ ✩✏❆★❈❖❆★❳❏❨✵❨❖❭❫➶⑨❆✯❭❫❳✢❍❀❨❪❉◗❳❏❨❊❍ ✗➏❭➟❨❖❛➉❴✹❭ ✩✏❆★❈❖❆★❳❏❨
❸✰❛☎❉◗❍❖❆★❍✎☛✔❴✹❭ ✩✏❆★❈❖❆★❳❏❨✻❉◗➶⑨❸✢❞➟❭➟❨❖❋✢❴✰❆★❍✎☛❷❴✹❭ ✩✏❆★❈❖❆★❳✕❨➼❉◗❳✰■◗❞❫❆★❍s◆●P➩❉●❈❪❈❖❭✟✞✗❉●❞➪❉●❳✢❴♣❴✹❭ ✩✏❆★❈❖❆★❳❏❨
❸✏◆◗❞ ❉●❈❪❭❫❍❪❉✗❨❪❭➟◆❏❳✢❍★❘ ✑➪❛✰❆➍❍❀❋✰❸✏❆✒❈❪❸✏◆❏❍❖❭❺❨❪❭➟◆❏❳⑨◆◗P☛❨❖❛✰❆➍❍❀❭❫■◗❳☎❉●❞✰❈❪❆✒❸✰❞❫❭ ❵✒❉◗❍✔❵✒❉●❋☎❍❀❆❹❉✉❴✹❆★❍❀❨❖❈❪❋✢❵ ➾
❨❪❭ ✞❏❆✻◆◗❈✉❵✒◆◗❳✢❍❀❨❖❈❪❋✢❵❼❨❖❭✟✞◗❆➼❭❫❳❏❨❪❆✒❈❖P✳❆✒❈❪❆✒❳✢❵✒❆✻❉✗❨❂❨❪❛✰❆✻❈❪❆★❵✒❆✒❭✟✞◗❆✒❈ ☛✌❴✰❆✒❸✏❆✒❳✢❴✹❭❫❳✰■→❋✰❸☎◆❏❳⑦❨❖❛✰❆
❈❪❆✒❞ ❉✗❨❪❭ ✞❏❆➼❸✰❛✢❉◗❍❖❆★❍★❘✶➳✹❭➟❳✢❵✒❆➆❨❖❛✰❆ ✞✝❉◗❈❖❭ ❉✗❨❪❭➟◆❏❳✢❍➩❭❫❳⑦❨❖❛✰❆✻❭❫❳✕❨❖❆★❈❀P✳❆★❈❖❆★❳✢❵❼❆➼❸✢❉●❨❀❨❪❆✒❈❪❳→❨❊❉●➑❏❆
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h(í,t)

n(t)

x(t) r(t)

�➏✖✱✍✧✻❲⑤ ✻ ① ✑➪❛✢❆❂✐✯◆◗❑✰❭❫❞❫❆❂❶❷◆❏➶➆➶✉❋✰❳✰❭ ❵✒❉●❨❖❭❫◆◗❳✢❍❹❶❷❛☎❉●❳✰❳✰❆★❞

❸✰❞ ❉◗❵✒❆✉◆ ✞❏❆✒❈❹❴✹❭ ❍❀❨❪❉●❳☎❵❼❆★❍❹❭➟❳❥❨❖❛✰❆⑨◆◗❈❊❴✹❆✒❈❹◆●P❲❨❖❛✢❆s❍❖❭➟■❏❳✢❉●❞ ✗❢❉✔✞❏❆✒❞❫❆✒❳✰■◗❨❖❛ ☛☎❆ ✞◗❆★❳❥❍❀➶➼❉◗❞➟❞
❵❊❛✢❉◗❳✰■◗❆✟❍❬❭❫❳✵❞❫◆✹❵✒❉✗❨❪❭➟◆❏❳✻◆●P✌❆✒❭➟❨❖❛✰❆★❈✔❨❪❛✰❆❹❨❪❈❪❉◗❳✢❍❖➶⑨❭➟❨❀❨❪❆✒❈❢◆◗❈✔❨❖❛✰❆➍❈❖❆✟❵❼❆★❭ ✞❏❆✒❈✔➶➼❉✔�➼❵✒❉◗❋✢❍❖❆
➶➼❉✗➧❙◆❏❈❇❵❊❛✢❉●❳✢■◗❆★❍❢❭❫❳✶❨❖❛✰❆➅❈❪❆★❵✒❆✒❭✟✞◗❆★❴➨❍❀❭❫■◗❳☎❉●❞☛❞❫❆ ✞◗❆★❞ ☛✹■❏❭ ✞✦❭❫❳✰■⑨❈❖❭ ❍❀❆➍❨❪◆➆P✘❉◗❍❀❨❢P✘❉❏❴✹❭❫❳✰■✢❘
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❩✰❈❪◆◗➶➛❉➆❍ �✹❍❙❨❪❆✒➶➃❨❪❛✰❆✒◆❏❈❖❆✒❨❖❭ ❵➍❸☎◆❏❭➟❳✕❨➏◆●P ✞✦❭➟❆ ✗ ☛✹➶⑨◆❏❑✰❭❫❞➟❆❂❵✒◆◗➶➆➶✉❋✰❳✢❭❫❵★❉✗❨❖❭❫◆◗❳❝❵❊❛✢❉◗❳✰❳✰❆✒❞ ❍➏❵✒❉◗❳
❑☎❆✻❵❊❛☎❉●❈❊❉◗❵ ❨❪❆✒❈❪❭➟➐★❆★❴→❉◗❍➅❞❫❭➟❳✢❆★❉●❈➩❨❪❭➟➶➆❆ ✞✗❉◗❈❖❭ ❉●❳✕❨❂❍ �✹❍❀❨❖❆★➶➆❍ ✛➟❣✝⑩✭✜➡❘➨❩✌❭❫■✢❘✶➋✰❘ ⑩➨❭➟❞❫❞➟❋☎❍❙❨❪❈❪❉●❨❖❆★❍✉❉
❨ �✦❸✰❭❫❵★❉●❞✎➶➆◆◗❑✰❭❫❞➟❆➆❵❊❛✢❉◗❳✰❳✰❆✒❞ ☛ ✗➏❭❺❨❪❛❥❨❪❛✰❆✉❨❪❭➟➶➆❆ ✞✗❉●❈ �✕❭❫❳✰■✻❭❫➶➆❸✰❋✰❞ ❍❀❆⑨❈❪❆★❍❖❸☎◆❏❳✢❍❀❆

h(t, ν)
❉●❳✢❴

❨❖❛✰❆➆❉◗❴✢❴✹❭❺❨❪❭ ✞❏❆s❳✢◆◗❭ ❍❀❆⑨❵❼◆◗➶➆❸✏◆◗❳✰❆★❳✕❨
n(t)

❘ ✑➪❛✰❆✉❈❪❆★❵✒❆✒❭✟✞◗❆✟❴❥❍❀❭❫■◗❳☎❉●❞✎❭➟❳❄❨❖❛✰❭ ❍➩❵✒❉◗❍❖❆s❵★❉●❳→❑☎❆
■◗❭✟✞◗❆★❳✶❉❏❍✒▲

r(t) = x(t) ∗ h(t, ν) + n(t) =

∫ ∞

−∞

h(t, ν)x(t − ν)dν + n(t)
☞✘➋✰❘❫❣✭✍

✑➪❛✰❆❇❨❪❭➟➶➆❆ ✞✝❉◗❈ �✦❭❫❳✰■✉❵❊❛✢❉◗❳✰❳✰❆★❞☎❭❫➶➆❸✰❋✰❞ ❍❀❆❱❈❖❆✟❍❀❸✏◆◗❳✢❍❖❆❁☞✱❍❀◆❏➶⑨❆✒❨❖❭❫➶➆❆★❍❢❉●❞ ❍❀◆✉❵★❉●❞❫❞➟❆✟❴➆❨❖❛✢❆❱❴✹❆★❞❫❉✔�
❍❀❸✢❈❖❆✟❉◗❴➍P✳❋✰❳✢❵❼❨❖❭❫◆◗❳ ✍❧❭❫❍✂❨❖❛✢❆❷❈❪❆★❍❖❸☎◆❏❳✢❍❖❆❲◆●P✹❨❖❛✢❆❢❵❊❛✢❉◗❳✰❳✰❆★❞❏❉✗❨✌❨❖❭❫➶➆❆

t
❨❖◆➍❉●❳❂❭❫➶➆❸✰❋✰❞ ❍❀❆❢❉✗❨✌❨❖❭❫➶⑨❆

t − ν
❘ ✑➪❛✢❆❂❩✰◆◗❋✢❈❖❭❫❆✒❈✆✑✌❈❪❉◗❳✢❍❀P✳◆◗❈❪➶➃◆●P✎❨❖❛✰❆➩❨❪❭➟➶➆❆ ✞✗❉◗❈ �✦❭❫❳✰■➼❵❊❛✢❉●❳✰❳✢❆✒❞☛❭❫➶⑨❸✢❋✰❞❫❍❖❆➅❈❪❆★❍❖❸☎◆❏❳✢❍❀❆

✗➏❭❺❨❪❛➨❈❪❆★❍❖❸✏❆★❵ ❨➪❨❪◆
ν
❭ ❍➏❵✒❉◗❞➟❞❫❆★❴✻❨❖❛✰❆➩❨❪❭➟➶➆❆ ✞✗❉●❈ �✕❭❫❳✰■➆❵❊❛✢❉●❳✢❳✰❆✒❞✚❨❪❈❪❉◗❳✢❍❙P✳❆★❈❢P✳❋✰❳✢❵ ❨❪❭➟◆❏❳✶❉◗❳✢❴➨❭❫❍

■◗❭✟✞◗❆★❳➨❑✁�✚▲

T (t, f) =

∫ ∞

−∞

h(t, ν)e−j2πfνdν
☞✱➋✰❘ ⑩ ✍

✂➚❳❤❨❖❆✒❈❪➶➼❍➩◆●P❷❨❖❛✰❆➆❨❪❭➟➶➆❆ ✞✗❉●❈ �✦❭➟❳✰■✯❵❊❛✢❉◗❳✰❳✰❆★❞❯❨❖❈❊❉●❳✢❍❀P✳❆✒❈➍P✳❋✰❳✢❵❼❨❖❭❫◆◗❳ ☛✌❨❖❛✢❆➼❈❖❆✟❵❼❆✒❭✟✞◗❆✟❴❄❍❖❭➟■❏❳✢❉●❞
❵✒❉◗❳➨❑✏❆➅■◗❭✟✞◗❆★❳✶❉❏❍✒▲

r(t) =

∫ ∞

−∞

∫ ∞

−∞

T (f, t)x(t − ν)ej2πfνdfdν + n(t)
☞✘➋✢❘ ➋ ✍
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fh(ρ) =
ρ
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e−ρ2/2σ2
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fh(ρ) =
ρ

σ2
e−(ρ2+β2)/2σ2

I0

(ρβ

σ2

)

, 0 ≤ ρ < ∞ ☞✱➋✰❘ ➽ ✍

✗➏❛✰❆✒❈❪❆
β
❭ ❍✉❨❪❛✰❆✯❉●➶➆❸✰❞❫❭❺❨❪❋✢❴✹❆✶◆●P❱❨❖❛✰❆❝❴✹◆◗➶➆❭❫❳✢❉●❳✕❨➆❸✢❉✗❨❪❛♣❉◗❳✢❴

I0(.)
❭❫❍s❨❪❛✰❆❝➶⑨◆✹❴✹❭ ✙✢❆✟❴

❡❢❆★❍❪❍❀❆★❞✚P✳❋✰❳✢❵ ❨❪❭➟◆❏❳ ☛✚✙✢❈❊❍❀❨➪➑✦❭❫❳✢❴ ☛✰➐★❆✒❈❪◆s◆❏❈❪❴✰❆✒❈ ☛✚✗➏❛✰❭❫❵❊❛✶❭ ❍➏■◗❭✟✞◗❆★❳➨❉◗❍

I0

(ρβ

σ2

)

=
1

2π

∫ 2π

0

eβρcos(φ)/σ2

dφ.
☞✱➋✰❘❫❣★➘ ✍

✑➪❛✰❆➩➭❇❉✔�✦❞➟❆★❭➟■❏❛✵❴✹❭ ❍❙❨❪❈❖❭❫❑✰❋✹❨❪❭➟◆❏❳➨❵✒❉◗❳✻❑✏❆➩❍❖❆✒❆★❳✵❉◗❍➪❉s❍❀❸✏❆★❵✒❭❫❉◗❞✚❵★❉◗❍❖❆❹◆◗P❧❨❖❛✰❆➩➭➏❭ ❵❼❆➩❴✹❭ ❍❙❨❪❈❖❭❫❑✰❋✹➾
❨❖❭❫◆◗❳✬✗➏❭➟❨❖❛

β = 0
❘ ✂➚❳✯❩✎❭➟■☎❘❬➋✰❘ ➋➆➭➏❭❫❵✒❆➩❸✏❴✦P ✣ ❍❱❉●❈❪❆➍❭❫❞❫❞➟❋✢❍❀❨❖❈❊❉✗❨❪❆★❴✵P✳◆◗❈❇❴✹❭ ✩✚❆✒❈❪❆✒❳✕❨✆✞✗❉●❞❫❋✰❆★❍➪◆◗P

❨❖❛✰❆➅❸☎❉●❈❊❉●➶➆❆❼❨❪❆✒❈
β
❘

✄✣✘✚✗✙✘ ✄ ☎✝✆ ✤ ☎ ✴ ✢✭✢✥✤ ✞ ✂✰✤✼✯✲✴✁�✁� ✷✚✸✭✤ ✆✝✆✭✴✙✸✭✸ ✤✼✯✄✂ ✱ ✞ ✤✧✯

➞❹❍❪❍❀❋✢➶⑨❭❫❳✰■✵❨❖❛✢❉●❨❱❨❪❛✰❆✉❨❪❈❪❉◗❳✢❍❖➶⑨❭➟❨❀❨❪❆★❴→❍❀❭❫■◗❳✢❉◗❞
x(t)

❛✢❉◗❍➍❉➼❨✘✗❢◆➨❍❖❭ ❴✹❆★❴❄❑✢❉●❳✢❴ ✗➏❭❺❨❪❛❄◆●P
B
☛

❉●❸✰❸✢❞ �✦❭❫❳✰■❹❨❪❛✰❆➏❍❖❉◗➶➆❸✰❞➟❭❫❳✰■❱❨❖❛✰❆★◆◗❈❪❆✒➶ ◆❏❳❂❨❖❛✢❆❢❞❫◆ ✗✾❸✢❉❏❍❖❍✎❆ ✄❏❋✢❭ ✞✗❉●❞❫❆✒❳✕❨❲❍❀❭❫■◗❳☎❉●❞
xl(t)

❈❪❆★❍❖❋✰❞➟❨❪❍
❭➟❳✶❨❪❛✰❆➩P✳◆◗❞❫❞➟◆ ✗➏❭❫❳✰■➆❍❀❭❫■◗❳☎❉●❞☛❈❪❆✒❸✰❈❪❆★❍❖❆✒❳✕❨❪❉●❨❖❭❫◆◗❳ ✛❫❣✒➝ ✜➡▲

xl(t) =
∞
∑

n=−∞

xl

( n

B

)sin[πB(t − n/B)]

πB(t − n/B)
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Xl(f) =

{

1
B

∑∞
n=−∞ xl(n/B)e−j2πfn/B |f | ≤ B

2

0
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rl(t) =

∫ ∞

−∞

Xl(f)Tl(t, f)ej2πftdf + n(t)
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rl(t) =
1

B

∞
∑

n=−∞

xl(n/B)

∫ B/2

−B/2

Tl(t, f)ej2πf(t−l/B)df + n(t).
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hB(t, ν) =

∫ B/2

−B/2

Tl(t, f)ej2πfνdf = hl(t, ν) ∗ sin(πBν)

(πν)
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rl(t) =
1

B

∞
∑

n=−∞

xl(n/B)hB(t, t − n/B) + n(t)
☞✘➋✢❘➟❣✟➫ ✍

=
1

B

∞
∑

n=−∞

xl(t − n/B)hB(t, n/B) + n(t).
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hB(t, ν)
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rl(t) ≈
1

B

∞
∑

n=−∞

xl(t − n/B)hl(t, n/B) + n(t).
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hn(t)
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hn(t) =
1

B
hl(t, n/B)
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rl(t) ≈
1

B

∞
∑

n=−∞

xl(t − n/B)hn(t) + n(t).
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hl(t, ν) =

∞
∑

n=−∞

hn(t)δ(ν − n/B)
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Tl(t, f) =

∞
∑

n=−∞

hn(t)e−j2πfn/B ☞✱➋✰❘ ⑩✹❣ ✍
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➶➆❭❺❨❖❨❖❆★❴❤◆❏❳❤❴✹❭ ✩✚❆✒❈❪❆✒❳✕❨➅P✳❈❖❆ ✄✕❋✰❆✒❳✢❵✒❭➟❆✟❍✒❘✣✢❱❳⑦➽◗➘❏➘➨✐❥❅❹➐➼❑✢❉●❳☎❴♥❣✝⑩✗➝❝❵✒❉●❈❪❈❪❭➟❆★❈❱P✳❈❪❆☎✄✕❋✰❆★❳✢❵❼❭❫❆★❍
❉●❳✢❴❤◆❏❳→❨❪❛✰❆❥❣✟➺◗➘◗➘❝✐❥❅❹➐➼❑✢❉●❳☎❴♦➋✕➲✝➝✯❵★❉●❈❪❈❖❭❫❆✒❈➍P✳❈❪❆☎✄✕❋✰❆✒❳☎❵❼❭❫❆★❍❂❉◗❈❖❆➼❉●❞❫❞❫◆✦❵★❉✗❨❪❆★❴→P✳◆◗❈s➌➅➳✰✐
❨❖❈❊❉●❳✢❍❖➶➆❭❫❍❪❍❖❭➟◆❏❳ ✗➏❭➟❨❖❛➼❉➅❵✒❉◗❈❖❈❪❭❫❆✒❈❲❍❀❆★❸✢❉●❈❊❉✗❨❪❭➟◆❏❳✉◆◗P☛⑩◗➘◗➘➩✐❥❅❇➐❏❘ ✌✔❉◗❵❊❛➆❵✒❉◗❈❖❈❪❭➟❆★❈❯❭❫❍❬❍❖❛✢❉◗❈❖❆✟❴✉❑✁�
➺✉❋☎❍❀❆★❈❪❍❢❭❫❳✶❉ ✑➏❚❱✐❄➞➁P✘❉❏❍❀❛✢❭➟◆❏❳ ☛★✗➏❭❺❨❪❛✶❍❖❞➟◆◗❨➏❞➟❆★❳✰■●❨❪❛✢❍❢◆●P❯➤✕➲✗➫ ☛ ➽

µs
❉◗❳✢❴➼P✳❈❊❉●➶➆❆➍❞➟❆★❳✰■●❨❪❛✢❍

◆●P✏➝✢❘ ➫✰❣★➫❱➶➼❍✒❘ ✑➪❛✰❆➪❨❪◆●❨❪❉◗❞✰❍ �✦➶s❑☎◆❏❞✹❈❪❉●❨❖❆➪◆◗❳s❨❖❛✰❆❇❵❊❛☎❉●❳✰❳✰❆★❞✹❭❫❍❷⑩❏➲✗➘ ☛ ➺❏➋◗➋❹➑✕❑✢❭❺❨ ✓✗❍❯❈❪❆★❍❖❋✰❞❺❨❪❭➟❳✢■
❭➟❳✯❉➆❍ �✕➶s❑☎◆❏❞☛❞➟❆★❳✰■●❨❪❛

Ts
◆●P❲➋✰❘ ➫◗➽✕⑩

µ
❍★❘

❡❷❆✟❵✒❉◗❋✢❍❀❆❲◆◗P✕❭➟❨❪❍✂❈❖◆❏❑✰❋✢❍❀❨❖❳✰❆✟❍❖❍☛❉◗■❏❉◗❭➟❳✢❍❀❨✂❍❖❭➟■❏❳✢❉●❞✝P✘❉❏❴✹❭➟❳✢■❹❉●❳✢❴➍❭❫❳✕❨❖❆✒❈❖P✳❆✒❈❪❆✒❳☎❵❼❆✏☛✗➌➅➳✹✐↕❋✢❍❖❆★❍
➌➩❉●❋✢❍❪❍❖❭❫❉◗❳➼➶⑨❭❫❳✰❭❫➶✉❋✰➶ ❍❖❛✰❭➟P ❨❢➑❏❆ �✦❭➟❳✢■✄☞✱➌➩✐❄➳✰❦✧✍❲➶➆◆✹❴✹❋✰❞ ❉✗❨❖❭❫◆◗❳ ☛ ✗➏❛✢❭❫❵❊❛✻❭ ❍✔❴✰❆✒❈❪❭ ✞❏❆★❴⑨P✳❈❪◆◗➶
❨❖❛✰❆➏➶➆❭❫❳✰❭❫➶✉❋✰➶➸❍❖❛✰❭➟P ❨❬➑◗❆✎�✕❭❫❳✰■ ☞✘✐→➳✹❦✧✍✎❍❖❵❊❛✰❆★➶➆❆◗❘ ✑➪❛✰❆➪❞➟❭❫❳✰❆★❉◗❈❲❸✰❛✢❉❏❍❀❆➪❵❊❛✢❉●❳✢■◗❆★❍✎❑✏❆❼❨✘✗❢❆✒❆★❳
❉◗❴✝➧❀❉❏❵❼❆★❳❏❨❯❑✰❭➟❨❲❸☎❆★❈❖❭❫◆✹❴✰❍✎❭➟➶➓✐❄➳✰❦r❉●❈❪❆❢❍❖➶➆◆✦◆●❨❖❛✢❆★❴❂❭❫❳⑨➌➩✐→➳✹❦r❋✢❍❖❭❫❳✰■➍❉➩➌➩❉●❋☎❍❖❍❖❭❫❉◗❳ ✙✢❞➟❨❖❆★❈✎☛
❉✔✞◗◆❏❭❫❴✹❭❫❳✰■➩❨❪❛✰❆❱❴✹❭ ❍❪❵❼◆◗❳✕❨❪❭➟❳✦❋✰❭➟❨❖❭❫❆★❍❷❭➟❳✻❨❖❛✰❆❱❸✰❛✢❉◗❍❖❆❱❴✰❆✒❈❪❭ ✞✗❉✗❨❪❭ ✞❏❆➏❨❖❛☎❉✗❨❷❈❪❆★❍❖❋✰❞➟❨✔❭❫❳➨❉ ✗➏❭ ❴✹❆✒❳✢❭➟❳✰■
◆●P✌❨❖❛✰❆❂❍❖❭➟■❏❳✢❉●❞❧❍❖❸✏❆★❵ ❨❪❈❖❋✢➶✠✛❫❣★➫ ✜✬❘



�✒� � ✄ ✠✒✖✖✑✙✘✷✡✝✁✍✞✕✟ ✄✗✧✳✢ ✑ ✧●✧✚✑✓✠✔✄ ✂✝✎✄✂ ✡✕✢ ✡☛✧ ➋✢❣

➌➩✐❄➳✹❦r➶➆◆✹❴✹❋✰❞ ❉✗❨❪❭➟◆❏❳ ☛ ✗➏❛✰❭ ❵❊❛⑨❭❫❍❯❋✢❍❖❆★❴s❭❫❳➆➌➅➳✹✐ ☛●❵✒❉●❳⑨❑✏❆❢❭❫❳✕❨❖❆★❈❖❸✰❈❪❆❼❨❪❆★❴⑨❉◗❍❯❉➩⑩✝➾✬❞➟❆✎✞◗❆✒❞
❩❲➳✹❦ ➶➆◆✹❴✹❋✰❞ ❉✗❨❖❭❫◆◗❳ ✗➏❭➟❨❖❛→❉✶➶➆◆✹❴✹❋✰❞ ❉✗❨❪❭➟◆❏❳❄❭❫❳✢❴✹❆ � h = 0.5

❘ ✑➪❛✰❆➆❵❼◆❏➶➆❸✰❞➟❆ � ❆✒❳✁✞◗❆★❞➟◆❏❸☎❆
◆●P❯❉✻➌➩✐❄➳✹❦➓➶➆◆✹❴✹❋✰❞ ❉✗❨❪❆★❴❝❍❖❭➟■❏❳✢❉●❞✚❭ ❍

s(t) = exp
[

j2πh
∞
∑

n=−∞

dn

∫ t

−∞

g(τ − nTs)dτ
]

.
☞✱➋✰❘ ⑩✗➝ ✍

✗➏❭❺❨❪❛❝❨❖❛✰❆s❍ �✦➶✉❑✏◆◗❞✌❍❀❆ ✄❏❋✢❆✒❳✢❵✒❆
dn ∈ {−1, 1} ☛✕❨❖❛✰❆✉❍ �✦➶✉❑✏◆◗❞❧❈❊❉✗❨❪❆ fs = 1/Ts

❉◗❳✢❴✶❨❖❛✰❆
P✳❈❖❆ ✄✕❋✰❆✒❳✢❵ �✻❭❫➶⑨❸✢❋✰❞❫❍❖❆

g(t)
■◗❭✟✞◗❆★❳➨❉◗❍

gf (t) =
1

Ts
rect

( t

Ts

)

∗ pGauss(t).
☞✱➋✰❘ ⑩◗➤ ✍

✑➪❛✰❆➩■❏❉◗❋✢❍❖❍❖❭ ❉●❳✵❭❫➶➆❸✰❋✰❞ ❍❀❆
pGauss(t)

❛✢❉◗❍❢❨❪❛✰❆➩P✳◆◗❈❪➶

pGauss(t) =

√

2π

ln2
· B · exp

(

− 2(πBt)2

ln2

)

.
☞✱➋✰❘ ⑩●➫ ✍

✑➪❛✰❆✉➑❏❆ �✵❸☎❉●❈❊❉●➶➆❆❼❨❪❆✒❈❇◆◗P✎❨❪❛✰❆s➌➩✐❄➳✰❦↔➶➆◆✹❴✹❋✰❞ ❉✗❨❪❭➟◆❏❳✯❭❫❍❇❨❖❛✰❆s❸✰❈❪◆✦❴✰❋✢❵ ❨❹◆◗P❯❨❖❛✰❆⑨➋◗❴✰❡
❑✢❉●❳☎❴✚✗➏❭❫❴✹❨❖❛

B
❉●❳☎❴♥❨❪❛✰❆❥❍ �✕➶s❑☎◆❏❞❇❞❫❆✒❳✰■◗❨❖❛

Ts
☛ ✗➏❛✢❭❫❵❊❛➹❭ ❍✻❉●❞ ❍❀◆⑦❈❪❆❼P✳❆★❈❖❈❪❆★❴♥❨❖◆✾❉❏❍➆❨❖❛✰❆

❳✰◆◗❈❪➶➼❉●❞❫❭➟➐★❆★❴♦❑☎❉◗❴✚✗➏❭ ❴✦❨❖❛✂❘✾➞ ❞❫◆ ✗
BTs

❸✢❈❖◆✹❴✹❋✢❵❼❨⑨❈❪❆★❍❖❋✰❞➟❨❪❍⑨❭❫❳♣❉❥❑✢❈❖◆✕❉◗❴✹❆★❈✉P✳❈❪❆☎✄✕❋✰❆★❳✢❵ �
❭➟➶➆❸✰❋✢❞❫❍❖❆

g(t)
☛✕❞➟❆✟❉◗❴✹❭❫❳✰■➩❨❪◆❂❉➅❛✰❭❫■◗❛✰❆★❈ ✂❀➳✁✂ ☛ ✗➏❛✰❭❫❞❫❆❇❈❖❆✟❴✹❋✢❵✒❭➟❳✰■➩❨❪❛✰❆❇❑✢❉◗❳✢❴✚✗➏❭ ❴✦❨❖❛ ☛ ✗➏❛✰❆★❈❖❆✟❉◗❍

P✳◆◗❈❂❉❝❛✰❭❫■◗❛⑦❡ ✑➸❸✢❈❖◆✹❴✹❋✢❵❼❨✎☛❯➌➩✐❄➳✹❦ ❵❼◆◗❳✁✞❏❆✒❈❪■◗❆★❍❹❨❖◆❥✐→➳✹❦ ☛❧❴✹❆★❵✒❈❖❆✟❉◗❍❖❭➟❳✢■➨❨❪❛✰❆✻❍❖❸☎❆✟❵ ❨❖❈❊❉●❞
❆✺✕✻❵❼❭❫❆✒❳☎❵ �◗❘❬❩✎❭❫■✢❘❲➋✰❘ ➺⑨❭➟❞❫❞❫❋✢❍❙❨❪❈❪❉●❨❖❆✟❍✔❨❪❛✰❆➩P✳❈❪❆☎✄✕❋✰❆✒❳☎❵ �✻❭❫➶➆❸✰❋✰❞ ❍❀❆

g(t)
P✳◆◗❈❇❴✹❭ ✩✚❆✒❈❪❆✒❳✕❨✆✞✗❉●❞❫❋✰❆★❍

◆●P❢❳✰◆◗❈❪➶➼❉●❞❫❭➟➐★❆★❴→❑✢❉●❳✢❴ ✗➏❭❫❴✦❨❪❛✢❍
BTs

❘✻❩✢◆◗❈✉➌➅➳✹✐ ☛✂❉
BTs

❸✰❈❖◆✹❴✹❋☎❵ ❨➅◆●P➏➘✰❘ ➋✶❛✢❉◗❍➩❑✏❆✒❆★❳
❵❊❛✰◆❏❍❖❆✒❳✂❘

✂➚❳➨◆❏❈❪❴✹❆★❈❢❨❖◆➼❵❼◆❏➶⑨❸✏❆✒❳☎❍❖❉●❨❖❆❱P✳◆◗❈❢❨❖❛✰❆ ✂❀➳✒✂❷❉●❈❪❭ ❍❀❭❫❳✰■❂P✳❈❪◆◗➶↕❨❪❛✰❆➅❞❫◆ ✗➁❡ ✑r❸✰❈❪◆✹❴✹❋✢❵ ❨➏❉●❳☎❴
P✳❈❖◆❏➶ ❨❖❛✢❆➪❨❖❭❫➶⑨❆❇❴✰❭❫❍❖❸☎❆★❈❪❍❖❭✟✞◗❆➪❳✢❉✗❨❪❋✰❈❪❆❢◆◗P✢❨❪❛✰❆➏➶➆◆◗❑✰❭❫❞➟❆➪❸✰❈❪◆◗❸☎❉●■❏❉●❨❖❭❫◆◗❳⑨❵❊❛✢❉●❳✰❳✢❆✒❞ ☛✗❨❖❛✰❆❹➌➅➳✰✐
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µ
❍✒❘ ✂➚❳✾❚ ✌❢❶ ✑ ☛✌❞❫❭❫➑◗❆➼❭❫❳♥➌➅➳✹✐ ☛❧❨❪❛✰❆➨➌➩✐❄➳✰❦ ➶➆◆✹❴✹❋✰❞ ❉✗❨❪❭➟◆❏❳⑦❭❫❍

❆✒➶➆❸✰❞❫◆ �◗❆✟❴ ☛✦❛✰◆ ✗❷❆✎✞◗❆★❈✎☛ ✗➏❭❺❨❪❛✶❉⑨❳✰◆❏❈❖➶➼❉●❞❫❭❫➐✒❆★❴✻❑✢❉●❳✢❴ ✗➏❭❫❴✦❨❪❛➨◆◗P
BTs = 0.5

❘ ✑➪❛✢❆➍❛✢❭➟■❏❛✰❆✒❈
BTs

❸✰❈❖◆✹❴✹❋☎❵ ❨❂❵❼◆❏➶⑨❸☎❉●❈❪❆★❴❄❨❖◆❄➌➅➳✹✐ ❈❪❆★❍❖❋✰❞❺❨❊❍➩❭➟❳♦❉❝❍❖❭➟➶➆❸✰❞❫❭✛✙✏❵✒❉✗❨❪❭➟◆❏❳⑦◆◗❳→❨❖❛✰❆➼❈❪❆☎✄✕❋✰❭❫❈❖❆✟❴
❵❼❞❫◆✹❵❊➑✵❈❪❆★❵❼◆ ✞❏❆✒❈ �➼❸✰❈❪◆✦❵✒❆★❴✹❋✢❈❖❆✟❍ ☛✏❉●❳✢❴ ☛☎➶➆◆❏❍❀❨❹❭➟➶➆❸✏◆◗❈❖❨❪❉◗❳❏❨❪❞ �☞☛✢❭❫❳❥❉➼❈❪❆★❴✹❋✢❵❼❨❖❭❫◆◗❳❝❭❫❳✯❨❖❛✰❆ ✂❀➳✁✂
❭➟❳✢❛✰❆✒❈❪❆✒❳✕❨❹❨❪◆✻❨❪❛✰❆➆➌➩✐→➳✹❦↕➶➆◆✦❴✰❋✰❞❫❉●❨❖❭❫◆◗❳ ☛ ✗➏❛✢❭➟❞❫❆s❭❫❳✢❵✒❈❖❆✟❉◗❍❖❭➟❳✰■➆❨❪❛✰❆➆❍❀❭❫■◗❳✢❉◗❞✌❑☎❉●❳✢❴✚✗➏❭ ❴✦❨❪❛
☞✘❍❖❆✒❆❝❩✎❭➟■☎❘✾➋✰❘ ➺ ✍ ❘✾➳✦❭❫❳✢❵✒❆➨❨❪❛✰❆❝❚ ✌❢❶ ✑ ❍ �✹❍❀❨❖❆★➶ ❛✢❉◗❍s❑☎❆★❆✒❳➹❴✹❭❫➶⑨❆★❳✢❍❖❭➟◆❏❳✰❆★❴⑦P✳◆❏❈➆❋✢❍❀❆✶❭❫❳



�✒� � ✄ ✠✒✖✖✑✙✘✷✡✝✁✍✞✕✟ ✄✗✧✳✢ ✑ ✧●✧✚✑✓✠✔✄ ✂✝✎✄✂ ✡✕✢ ✡☛✧ ➋❏➋

❩✢❈❖❆ ✄❏❋✢❆✒❳✢❵ �✵❡➪❉●❳✢❴ ❣★➺❏➺◗➘✗➾❊❣★➽❏➘◗➘➅✐❥❅❹➐
❶❢❉◗❈❖❈❪❭➟❆★❈➪➳✹❆✒❸✢❉◗❈❪❉●❨❖❭❫◆◗❳ ❣◗❘ ➲●⑩◗➺✉✐❥❅❹➐
✝❱❍❀❆★❈❪❍ ✓✗❵★❉●❈❪❈❖❭❫❆✒❈ ❣★➘
❚❱❋✰❸✰❞❫❆ � ❭❫❳✰■➼✐✯❆❼❨❪❛✰◆✹❴ ✑➏❚❱❚
❩✢❈❪❉◗➶⑨❆➅➥✂❆✒❳✰■◗❨❖❛ ❣★➘◗➶➆❍
➳✦❞❫◆●❨❇➥✂❆✒❳✰■◗❨❖❛ ➘✰❘ ➝✢❣✗➲✝➶➼❍
✑✌◆●❨❊❉●❞✂➳✁�✦➶✉❑✏◆◗❞❧➭❹❉✗❨❖❆ ❣◗❣✝➤◗⑩❂❦➩❑✢❭❺❨ ✓✗❍
✐✯◆✹❴✹❋✢❞❫❉●❨❖❭❫◆◗❳ ✑ �✦❸✏❆ ➌➩✐❄➳✹❦ ✗➏❭❺❨❪❛❝❡ ✑✁�➍➘✢❘ ➤

✿❢✛✹✑ ✻❲⑤✧✻ ① ❚ ✌❢❶ ✑ ➳✁�✹❍❙❨❪❆✒➶➛▼❲❉◗❈❪❉◗➶⑨❆✒❨❖❆★❈❪❍

❸✰❭ ❵❼◆✹❵❼❆★❞➟❞ ❍ ✗➏❭➟❨❖❛♦❈❊❉◗❴✹❭❫❭❬❭❫❳⑦❨❖❛✰❆✻◆❏❈❪❴✰❆✒❈➅◆●P➅❣✟➘◗➘✶➶ ❉◗❳✢❴ ✗➏❭➟❨❖❛♦➶➼❉ � ❭❫➶✉❋✰➶ ❋✢❍❀❆★❈✉❍❖❸☎❆★❆★❴✰❍
◆●P➏⑩●➘➨➑✕➶ ✓✗❛ ☛☛❨❖❛✢❆⑨➶s❋✰❞➟❨❖❭❫❸✢❉✗❨❪❛❤❴✹❆★❞❫❉✔�✹❍➍❭❫❳→❨❪❛✰❆➆◆◗❈❊❴✹❆✒❈➍◆●P❢❛✦❋✰❳✢❴✹❈❪❆★❴✰❍➩◆◗P❷❳✢❉◗❳✰◆❏❍❖❆★❵✒◆◗❳✢❴✢❍
◆✹❵✒❵❼❋✢❈❖❭❫❳✰■❂❭❫❳✵❍❖❋✢❵❊❛➼❭➟❳☎❴✹◆✦◆◗❈✔❆★❳✁✞✕❭❫❈❪◆◗❳✰➶➆❆✒❳✕❨❊❍✔❴✹◆❂❳✢◆●❨❢❵★❉●❋✢❍❖❆❹❉◗❳ �➆❍❖❭➟■❏❳✰❭✛✙✏❵✒❉●❳✕❨✔❭❫❳✕❨❖❆★❈❪❍ �✦➶s➾
❑☎◆❏❞❷❭❫❳✕❨❖❆★❈❀P✳❆★❈❖❆★❳✢❵❼❆✻❆★❭❺❨❪❛✰❆✒❈✟❘→❅❹❆✒❳✢❵✒❆✏☛❲❚ ✌❢❶ ✑➃❍ �✦❍❀❨❖❆★➶➼❍s❴✹◆❄❳✰◆●❨⑨❳✰❆★❵✒❆★❍❪❍❖❉◗❈❖❭❫❞ �→❋✢❍❖❆➨❉●❳✁�
❵❊❛✢❉●❳✢❳✰❆✒❞❇❆ ✄✕❋✢❉●❞❫❭➟➐✟❉✗❨❪❭➟◆❏❳➈❍❪❵❊❛✰❆✒➶➆❆✟❍✒❘ ✑➪❛✢❆❃▼☎❉✗❨➼P✘❉❏❴✹❭➟❳✢■♦◆✦❵✒❋✰❈❪❈❖❭❫❳✰■⑦❭➟❳➹❨❪❛✰❆❥❵❊❛✢❉◗❳✰❳✰❆✒❞❹❭❫❍
❵❼◆❏➶⑨❸✏❆✒❳☎❍❖❉●❨❖❆★❴❥❋✢❍❀❭❫❳✰■✶❉●❳✕❨❖❆★❳✰❳✢❉✵❴✰❭ ✞❏❆✒❈❊❍❀❭➟❨ �✶❨❖❆★❵❊❛✢❳✰❭ ✄✕❋✰❆✟❍✒❘ ✑✎❉●❑❧❘➩➋✰❘ ⑩✻❍❖❋✰➶➆➶➼❉●❈❪❭➟➐★❆★❍❹❨❖❛✰❆
➶➆◆❏❍❀❨➪❭❫➶➆❸☎◆❏❈❀❨❊❉●❳✕❨➏❸✢❉●❈❊❉●➶➆❆✒❨❖❆✒❈❊❍❢◆●P✎❨❖❛✰❆❂❚ ✌❢❶ ✑➂❍ �✹❍❀❨❖❆★➶✶❘

✧ ♠ ✖ ⑤ ✆
✂❀➳✾❣✟➋◗➫✵❭❫❍➩❉➨➶⑨◆❏❑✰❭❫❞➟❆➼❵❼◆❏➶➆➶✉❋✰❳✰❭ ❵✒❉●❨❖❭❫◆◗❳❄❍ �✹❍❙❨❪❆✒➶ ❸✢❈❖❭❫➶➼❉●❈❪❭➟❞✟�❝❋✢❍❀❆✟❴❥❭❫❳❄❨❪❛✰❆ ✝❱➳✹➞✉❘ ✂✬❨➅❭❫❍
❨❖❛✰❆❂❍❖❋✢❵★❵❼❆★❍❖◆◗❈➪◆◗P✂❨❖❛✢❆ ✂❀➳✕➾➚➤●➝➼❍ �✹❍❀❨❖❆✒➶ ✗➏❛✰❭❫❵❊❛ ✗➪❉◗❍➪❭❫❳❏❨❪❈❖◆✹❴✹❋☎❵❼❆★❴➨❭❫❳❤❣✟➽◗➽✢❣◗❘

✂❀➳✻❣✟➋◗➫❱❋✢❍❀❆✟❍✌P✳❈❖❆ ✄❏❋✢❆✒❳✢❵ �✉❴✹❭✟✞✕❭ ❍❖❭➟◆❏❳s❴✹❋✰❸✢❞➟❆ � ❭❫❳✰■ ✗➏❭➟❨❖❛⑨❋✰❸✰❞❫❭➟❳✰➑✉◆◗❳s❨❖❛✰❆➏➺❏⑩●➝●➾➚➺●➝✕➽❇✐❥❅❇➐
❑✢❉●❳☎❴✶❉◗❳✢❴❝❴✹◆ ✗➏❳✰❞❫❭➟❳✢➑✵◆◗❳✶❨❪❛✰❆❂➺◗➫❏➽✗➾➚➺◗➽●➝⑨✐❥❅❇➐✉❑✢❉●❳✢❴❧❘ ✑➪❛✰❆❂❵✒❉◗❈❖❈❪❭❫❆✒❈➏❍❀❆★❸✢❉●❈❊❉✗❨❪❭➟◆❏❳➨❭ ❍❇➋❏➘
➑✹❅❇➐✏☛ ✗➏❛✰❭ ❵❊❛➼❈❖❆ ✄❏❋✢❭➟❈❪❆★❍❲❉◗❳⑨❆ ✕✻❵❼❭❫❆✒❳✕❨❷❍❖◆◗❋✰❈❊❵❼❆➏❵❼◆✹❴✹❭❫❳✰■❂❍❪❵❊❛✰❆✒➶➆❆➪P✳◆❏❈ ✞◗◆❏❭❫❵✒❆❷❨❪❈❪❉◗❳✢❍❖➶⑨❭ ❍❪❍❀❭❫◆◗❳❧❘
➫ ✑➪❭➟➶➆❆❥❍❖❞➟◆◗❨❪❍➼❉◗❈❖❆❥❉❏❍❖❍❖❭➟■❏❳✰❆★❴✾❨❖◆♦❆✟❉◗❵❊❛➉❵✒❉◗❈❖❈❪❭➟❆★❈★❘ ✑➪❛✰❆❥❨❖◆●❨❊❉●❞❇❍ �✦➶✉❑✏◆◗❞❇❈❊❉✗❨❪❆✶❭ ❍✵⑩●➝✢❘ ➋
➑✦❑✢❉●❋✢❴ ✓✗❍✎☛✔❈❪❆★❍❖❋✰❞❺❨❪❭➟❳✢■❤❭❫❳➉❉♦❍ �✦➶s❑☎◆❏❞❇❴✹❋✰❈❊❉✗❨❖❭❫◆◗❳➈◆●P➍➝✢❣❏❘➟❣✝➤

µ
❍★❘ ✑➪❛✰❆ ✂❀➳✕➾❊❣★➋❏➫→❍ �✹❍❙❨❪❆✒➶

❆✒➶➆❸✰❞❫◆ �✹❍
π/4

➾➚❚✁�❱▼❷➳✹❦✈➶⑨◆✹❴✹❋✢❞❫❉●❨❖❭❫◆◗❳➆❋✢❍❖❭➟❳✰■s❉➩❈❪❉◗❭❫❍❖❆★❴⑨❈❪◆✕◆◗❨✔❵❼◆✕❍❀❭❫❳✰❆➏❭❫➶⑨❸✢❋✰❞❫❍❖❆❹❍❖❛✢❉●❸✢❭➟❳✰■
✙✢❞➟❨❖❆✒❈ ☛ ✗➏❭➟❨❖❛❝❨❪❛✰❆❂❈❪◆◗❞❫❞❺➾✬◆ ✩✯P✘❉❏❵ ❨❪◆◗❈

ρ = 0.35
❘ ✑➪❛✢❆❂❈❖❆★❞❫❉●❨❖❭✟✞◗❆★❞ �✻❞❫◆◗❳✢■✻❍ �✦➶✉❑✏◆◗❞✌❴✹❋✰❈❊❉✗❨❖❭❫◆◗❳

❵❼◆❏➶⑨❸☎❉●❈❪❆★❴✯❨❪◆❄➌➅➳✹✐ ❈❖❆✟❍❀❋✢❞❺❨❊❍➩❭➟❳♦❉✶❞➟❆✟❍❖❍➅❍❖❆ ✞❏❆✒❈❪❆ ✂❀➳✒✂ ☛ ✗➏❛✰❭ ❵❊❛→❈❪❆☎✄✕❋✰❭❫❈❖❆✟❍➍❞➟❆✟❍❖❍❂❵✒◆◗➶➆❸✰❞❫❆ �
❵❊❛✢❉●❳✢❳✰❆✒❞☛❆ ✄❏❋☎❉●❞❫❭❫❍❪❉✗❨❪❭➟◆❏❳➨❉●❞❫■◗◆❏❈❖❭➟❨❖❛✢➶➆❍★❘❲❅❇◆ ✗❢❆ ✞❏❆✒❈ ☛✕❋✢❳✰❞➟❭❫➑◗❆➩❭❫❳❥➌➅➳✹✐ ☛✰❨❪❛✰❆❂❵❊❛✢❉◗❳✰❳✰❆✒❞☛➶➼❉✔�
❵❊❛✢❉●❳✢■◗❆➩❍❀❭❫■◗❳✰❭ ✙☎❵★❉●❳✕❨❖❞✟�✻❭❫❳✶◆❏❳✰❆➩❑✰❋✰❈❊❍❙❨➏❭❫❳✕❨❖❆✒❈ ✞✗❉●❞➡❘

✄✣✘ �✣✘✁� ✜✳✷✚✸ � ✯✲✤ ✆ ✴✶✩✍✩✍✷✲✤ ✩ ✆ ✂ ✂ ✮ ✜ � ✠ ★✪✤✧✬✄✠

✐✯◆❏❍❀❨➼◆●P❱❨❖❛✰❆✯➋●❈❊❴✾■❏❆✒❳✰❆★❈❪❉●❨❖❭❫◆◗❳♣➶⑨◆❏❑✰❭❫❞➟❆✯❵❼◆❏➶➆➶✉❋✰❳✰❭ ❵✒❉●❨❖❭❫◆◗❳✢❍⑨❍ �✦❍❀❨❖❆★➶➼❍➼❉●❈❪❆➨❑✢❉❏❍❀❆✟❴✾◆❏❳
❍❀❭❫❳✰■❏❞➟❆❇❵★❉●❈❪❈❖❭❫❆✒❈❬❵✒◆✦❴✰❆❹❴✹❭✟✞✕❭ ❍❖❭➟◆❏❳⑨➶s❋✰❞➟❨❖❭❫❸✰❞➟❆❱❉◗❵✒❵✒❆★❍❪❍✔☞➡❶❢❚➍✐❥➞❏✍❬❍❪❵❊❛✰❆✒➶➆❆★❍★❘ ✂➚❳➆❨❖❛✰❆➍❶❢❚➍✐❥➞
❍❖❵❊❛✢❆✒➶➆❆✏☛❏❋✰❳✰❞❫❭➟➑❏❆❇❭➟❳ ✑➏❚➍✐❥➞ ☛●❨❖❛✢❆❹❋✢❍❖❆✒❈❊❍❲❉●❈❪❆❇❉●❞❫❞➟◆ ✗❢❆★❴s❨❪◆❂❉◗❵✒❵✒❆★❍❪❍❯❨❖❛✢❆ ✗➏❛✰◆◗❞❫❆❇❉✔✞✗❉●❭❫❞❫❉◗❑✰❞❫❆
P✳❈❖❆ ✄✕❋✰❆✒❳✢❵ �✵❑✢❉◗❳✢❴✯❍❖❭➟➶s❋✰❞❺❨❊❉●❳✰❆★◆◗❋✢❍❖❞✟�✏☛✰❭❫❳✕❨❖❆✒❈❖P✳❆✒❈❪❭❫❳✰■ ✗➏❭❺❨❪❛✯❆★❉❏❵❊❛✶◆◗❨❖❛✰❆★❈❹❭❫❳❝❨❖❭❫➶➆❆✉❉●❳✢❴✶P✳❈❪❆❼➾
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TS

TC

�➏✖✘✍✼✻❯⑤✧✻ ✧ ➌➍❆✒❳✰❆★❈❪❉●❨❖❭❫◆◗❳✶◆●P❯❉⑨❚➩➳ ✓◗➳✰➳❝➳✦❭➟■❏❳✢❉●❞

✄✕❋✰❆✒❳✢❵ �◗❘ ✑➪❛✰❆❱❍❖❆✒❸☎❉●❈❊❉✗❨❖❭❫◆◗❳➆◆◗P☛❴✰❭✛✩✚❆✒❈❪❆✒❳✕❨✔❋✢❍❖❆✒❈❊❍❬❭ ❍✔❉❏❵❊❛✰❭❫❆ ✞◗❆✟❴⑨❋✢❍❀❭❫❳✰■❂❋☎❍❀❆★❈❷❍❖❸☎❆✟❵❼❭ ✙☎❵❇❵❼◆✹❴✹❆
❍❀❭❫■◗❳☎❉✗❨❖❋✢❈❖❆✟❍✒❘ ✂➚❳✶❨❖❛✰❭ ❍❇❍❖❆★❵❼❨❖❭❫◆◗❳ ☛ ✗❢❆➅❍❀❛☎❉●❞❫❞☛❭➟❳✁✞◗❆✟❍❙❨❪❭➟■✕❉✗❨❪❆❱❨❪❛✰❆➅❸✰❈❪❭➟❳☎❵❼❭❫❸✰❞➟❆✟❍➪◆●P✎❨❖❛✰❆s❶❢❚➍✐❥➞
❵❼◆❏➶⑨➶s❋✰❳✰❭ ❵✒❉●❨❖❭❫◆◗❳✢❍★❘

❶❢❚❱✐❥➞ ❭ ❍➍❑✢❉◗❍❖❆★❴❄◆◗❳✯❨❪❛✰❆➼❴✹❭➟❈❪❆★❵❼❨➩❍❖❆☎✄✕❋✰❆★❳✢❵❼❆⑨❍❀❸✢❈❖❆✟❉◗❴❥❍❖❸☎❆✟❵ ❨❪❈❖❋✰➶ ☞✘❚➩➳ ✓●➳✰➳ ✍➏❨❪❆★❵❊❛✹➾
❳✰❭ ✄❏❋✢❆✏☛ ✗➏❛✰❭ ❵❊❛ ✗➪❉◗❍✂◆◗❈❪❭➟■❏❭➟❳✢❉◗❞➟❞✟�➩❵❼◆◗❳☎❵❼❆✒❭✟✞◗❆✟❴➩❨❖◆➍❸✰❈❪◆ ✞✦❭❫❴✹❆❷❵❼◆ ✞◗❆★❈❀❨✎❵❼◆◗➶➆➶s❋✰❳✰❭ ❵✒❉✗❨❪❭➟◆❏❳✢❍ ✗➏❭❺❨❪❛
❉●❳❝❭❫❳✰❛✰❆✒❈❪❆✒❳✕❨❇❈❪◆◗❑✰❋☎❍❙❨❪❳✰❆★❍❪❍➪❨❖◆➩➧❀❉◗➶➆➶⑨❭❫❳✰■☎❘ ✑➪❛✰❆s❩✌❭❫■◗❋✢❈❖❆✟❍➏➋✰❘ ➽➼❉●❳✢❴❝➋✰❘❫❣★➘➆❭❫❞❫❞➟❋✢❍❀❨❖❈❊❉✗❨❪❆➩❨❖❛✰❆
❸✰❈❪❭➟❳✢❵✒❭➟❸✢❞➟❆❝◆●P❱❨❖❛✰❆❥❚➩➳ ✓◗➳✰➳➈❍❖❵❊❛✰❆★➶➆❆◗❘ ✑➪❛✰❆❝❭➟❳✰P✳◆◗❈❪➶➆❉●❨❖❭❫◆◗❳➹❍❀❭❫■◗❳☎❉●❞ ✗➏❭❺❨❪❛➉❉❤❴✢❉✗❨❪❉❤❈❊❉✗❨❪❆
1/Ts

❭❫❍❇➶✉❋✰❞➟❨❖❭❫❸✰❞❫❭➟❆✟❴✬✗➏❭❺❨❪❛❥❉s❸☎❍❀❆★❋✢❴✹◆➼❈❊❉●❳✢❴✹◆❏➶➛❍❖❸✰❈❖❆✟❉◗❴✹❭❫❳✰■➼❵❼◆✹❴✹❆ ✗➏❭➟❨❖❛❥❉⑨❛✰❭❫■◗❛✢❆✒❈❇❈❊❉✗❨❪❆
1/Tc

❘s➳✦❭❫❳✢❵❼❆➆➶s❋✰❞❺❨❪❭➟❸✢❞➟❭ ❵✒❉●❨❖❭❫◆◗❳❄❭❫❳❥❨❪❭➟➶➆❆➼❴✹◆❏➶➆❉◗❭➟❳❤❵❼◆❏❈❖❈❪❆★❍❖❸☎◆❏❳✢❴✰❍❇❨❖◆❝❉➨❵✒◆◗❳✁✞◗◆❏❞➟❋✹❨❪❭➟◆❏❳❥❭❫❳
❨❖❛✰❆✉P✳❈❖❆ ✄✕❋✰❆✒❳✢❵ �✶❴✰◆◗➶➼❉●❭❫❳ ☛✰❨❪❛✰❭ ❍❹◆❏❸☎❆★❈❪❉●❨❖❭❫◆◗❳❝❈❖❆✟❍❀❋✢❞❺❨❊❍❇❭❫❳❄❉✻❍❖❸✰❈❖❆✟❉◗❴✹❭❫❳✰■➼◆◗P✎❨❪❛✰❆✉❭❫❳✹P✳◆❏❈❖➶➼❉✗➾
❨❖❭❫◆◗❳♦❍❖❭➟■❏❳✢❉●❞❯❭❫❳→❨❪❛✰❆➆P✳❈❪❆☎✄✕❋✰❆✒❳☎❵ �❄❴✹◆❏➶➼❉●❭❫❳→❑✁�→❉➨P✘❉❏❵ ❨❖◆❏❈➩◆●P

Ts/Tc
❘✻➞❢❨➅❨❪❛✰❆➼❈❖❆✟❵❼❆★❭ ✞❏❆✒❈ ☛

❨❖❛✰❆❂❍❖❭❫■◗❳✢❉◗❞✏❭ ❍➏❈❪❆★❵✒◆ ✞◗❆✒❈❪❆★❴✻❑ �✵➶✉❋✰❞➟❨❖❭❫❸✰❞✟�✕❭❫❳✰■✻❉◗■❏❉●❭❫❳✣✗➏❭➟❨❖❛✶❨❪❛✰❆❂❵❼◆✹❴✹❆❂❍❖❆☎✄✕❋✰❆★❳✢❵❼❆❏❘
✂➚❳➹❉♦❶❢❚➍✐❥➞ ❍ �✹❍❀❨❖❆★➶ ☛❷❭➟❳☎❴✹❭ ✞✦❭ ❴✹❋✢❉◗❞➏❋✢❍❀❆★❈❪❍s❨❪❈❪❉◗❳✢❍❀➶➆❭➟❨✻❚➍➳ ✓◗➳✰➳♣❍❀❭❫■◗❳✢❉◗❞❫❍➆❍❖❭➟➶s❋✰❞➟❨❪❉✗➾

❳✰❆✒◆❏❋✢❍❖❞ �➨◆ ✞◗❆✒❈➪❨❪❛✰❆ ✗➏❛✰◆❏❞➟❆❂❉✔✞✗❉◗❭➟❞ ❉●❑✰❞❫❆➅❵❊❛✢❉●❳✢❳✰❆✒❞✌❑✢❉●❳✢❴ ✗➏❭❫❴✦❨❪❛❧❘ ✑➪❛✰❆✉❍❖❆✒❸✢❉◗❈❪❉●❨❖❭❫◆◗❳✶◆●P❯❨❖❛✰❆
❋✢❍❖❆✒❈✂❍❖❭➟■❏❳✢❉●❞ ❍☛❭ ❍❧❉◗❵❊❛✢❭➟❆✎✞◗❆★❴➍❑✁�➍❋✢❍❀❭❫❳✰■➏❋✢❍❖❆✒❈✌❍❀❸✏❆★❵✒❭✛✙☎❵✔❍❀❸✰❈❪❆★❉❏❴✹❭❫❳✰■❇❵❼◆✹❴✹❆❬❍❖❆☎✄✕❋✰❆★❳✢❵❼❆✟❍ ☛ ✗➏❛✰❭ ❵❊❛
❴✹❭ ❍❀❸✰❞ ❉✔�✵❵✒❆✒❈❖❨❪❉●❭❫❳❝❉●❋✹❨❪◆●➾❬❉●❳✢❴❝❵✒❈❖◆✕❍❖❍➪❵❼◆❏❈❖❈❪❆✒❞ ❉✗❨❪❭➟◆❏❳✻❸✰❈❪◆◗❸✏❆✒❈❖❨❖❭❫❆★❍★❘
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r(n)(t) =
K
∑

k=1

dkck(t) + n(t), (n − 1)Ts < t < nTs
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ck(t) =

Q
∑

q=1

ck,qg(t − (q − 1)Tc)
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d̂j =

∫ Ts

0

c2
j(t)djdt +

K
∑

k=1
k 6=j

∫ Ts

0

dkcj(t)ck(t)dt + nj
☞✱➋✰❘ ⑩●➽ ✍

✗➏❭❺❨❪❛
nj =

∫ Ts

0 n(t)cj(t)dt
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0 c2
k(t)dt = 1

☛
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d̂j = dj +

K
∑

k=1
k 6=j

∫ Ts

0

dkcj(t)ck(t)dt + nj
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∫ Ts

0

cj(t)ck(t)dt = δjk
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∫ ∞

−∞

cj(t)ck(t + τ)dt = 0 ∀j 6= k
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∑
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∞
∑
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❴✹◆ ✗➏❳✰❞❫❭➟❳✢➑❥❍❀❭❫■◗❳✢❉◗❞❫❍★❘s➥✂❭➟➑❏❆s❭❫❳→❨❖❛✰❆➼❩❯❚❱❚➃➶⑨◆✹❴✹❆☞☛❧❆★❉❏❵❊❛♥❣✟➘✵➶➼❍➍P✳❈❊❉●➶➆❆⑨❵✒◆◗❳✢❍❖❭ ❍❙❨❊❍❱◆◗P❱❣✝➤
❍❀❞❫◆●❨❊❍✉◆◗P❇❞➟❆★❳✰■●❨❪❛➈⑩❏➤●➫◗➘❄❵❊❛✰❭➟❸☎❍✒❘ ✝❇❳✰❞❫❭❫➑◗❆➨❨❖❛✰❆❝❩❯❚❱❚ ☛❲❛✰◆ ✗❢❆ ✞◗❆★❈✎☛✌❨❖❛✢❆★❍❖❆→❣✝➤❝❨❖❭❫➶➆❆✶❍❖❞❫◆●❨❪❍
❛✢❉✔✞◗❆❱❨❖◆⑨❑✏❆❂❍❀❛✢❉◗❈❖❆✟❴➼❑✏❆❼❨✘✗❢❆✒❆✒❳✶❋✰❸✰❞❫❭❫❳✰➑➨❉◗❳✢❴✵❴✹◆ ✗➏❳✢❞➟❭❫❳✰➑✚❘ ✂✬❨❇❭❫❍➪❉●❞ ❍❖◆⑨❉◗❞➟❞❫◆ ✗❷❆✟❴➼❨❪◆⑨❉❏❍❖❍❖❭➟■❏❳
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❡➪❉◗❳✢❴✚✗➏❭ ❴✦❨❖❛ ➤◗✐❥❅❇➐ ➤◗✐❥❅❇➐
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Ts = 4µs
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Tg = 0.8µs
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Tu = 3.2µs
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∆f = 312.5
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✗➏❛✰❭ ❵❊❛➨❭ ❍❇❴✹❈❪❭ ✞❏❆✒❳✶❑✁�✵❉➆❍ ✗❢❆✒❆★❸➨■❏❆✒❳✰❆★❈❪❉●❨❖◆◗❈✟❘

✑➪❛✰❆s❆✤✩✏❆✟❵ ❨❊❍❹◆◗P❲❨❖❛✰❆⑨❸✢❉●❈❊❉●➶➆❆✒❨❖❆✒❈❊❍➏◆◗P❬❨❖❛✰❆ ✂❙❩ ✙✢❞➟❨❖❆✒❈➍◆◗❳❥❨❖❛✰❆s❸☎❆★❈❀P✳◆❏❈❖➶➼❉●❳☎❵❼❆✉◆◗P❲❨❖❛✰❆
❉●❳✢❉◗❞ �✦➐★❆✒❈➏❵✒❉◗❳➨❑✏❆❂❍❀❋✢➶⑨➶➼❉◗❈❖❭❫➐✒❆✟❴➨❉❏❍❢P✳◆◗❞❫❞➟◆ ✗❇❍★▲

• ✑ ✗❷◆⑨❍❀❸✏❆★❵❼❨❖❈❪❋✰➶ ❵❼◆❏➶⑨❸✏◆◗❳✢❆✒❳✕❨❪❍✔◆●P❧❆☎✄✕❋✢❉◗❞☎❉◗➶⑨❸✢❞➟❭➟❨❖❋✢❴✰❆❱❵✒❉◗❳✻❑✏❆❹❈❪❆★❍❖◆◗❞✟✞◗❆★❴ ☛◗❭➟P☛❨❖❛✰❆★❭➟❈
P✳❈❪❆☎✄✕❋✰❆★❳✢❵ �➅❍❖❆✒❸✢❉◗❈❪❉●❨❖❭❫◆◗❳➅❭ ❍✂■❏❈❖❆✟❉✗❨❖❆★❈❧❨❪❛✢❉●❳➅❨❪❛✰❆➪➋◗❴✰❡❤❑✢❉◗❳✢❴✚✗➏❭ ❴✦❨❖❛❂◆◗P✰❨❖❛✢❆ ✂❙❩✒✙✢❞➟❨❖❆★❈✎☛
✗➏❛✰❭ ❵❊❛❝❭❫❍➏❵★❉●❞❫❞➟❆✟❴➨❨❖❛✰❆➩❈❪❆★❍❖◆◗❞❫❋✹❨❖❭❫◆◗❳✶❑✢❉●❳☎❴✚✗➏❭❫❴✹❨❖❛ ☞✘➭❇❡❢➎ ✍❼❘

• ✑➪❛✰❆ ✙✢❞➟❨❖❆✒❈❯❍❖❆✒❞❫❆★❵ ❨❪❭ ✞✦❭➟❨ �✏☛ ✗➏❛✰❭ ❵❊❛❂❭ ❍✂❴✹❆✤✙✢❳✰❆★❴✉❉◗❍✂❨❖❛✰❆❷❈❪❉●❨❖❭❫◆➏◆●P✹❨❖❛✢❆❷➋◗❴✢❡→❑☎❉●❳✢❴✚✗➏❭ ❴✦❨❪❛
❨❪◆❝➫❏➘◗❴✰❡➂❑✢❉◗❳✢❴✚✗➏❭ ❴✦❨❖❛⑦❴✹❆✒❨❖❆✒❈❪➶➆❭➟❳✢❆★❍✎☛❧❉◗❍➍❭➟❞❫❞❫❋✢❍❙❨❪❈❪❉●❨❖❆✟❴❥❭❫❳→❩✎❭➟■❝➝☎❘ ⑩ ☛☎❨❪❛✰❆➆❈❖❆✟❍❀◆❏❞ ✞✗❉●➾
❑✰❭❫❞❫❭❺❨ �⑦◆●P➪❨❪❛✰❆➨❍❖❸☎❆✟❵ ❨❪❈❪❉◗❞❷❵❼◆❏➶➆❸☎◆❏❳✰❆✒❳✕❨❪❍✉❛✢❉✔✞✦❭➟❳✢■❥❴✹❭✛✩✚❆✒❈❪❆✒❳✕❨s❉◗➶➆❸✰❞➟❭➟❨❖❋☎❴✹❆★❍★❘→➳✦❭❫❳✢❵❼❆



�✒� � �✭✄❈✟✻✘ ✚✁� ✑ ✄✔✓ ✆ ✂ ✡✄✂✁✣ ✡✔✎✏✆✒✞ ✌❀✢ ➝✕➽

�➏✖✱✍✧✻ ✫ ✻ ① ✑➪❛✢❆ ✂❙❩♥❩✎❭➟❞➟❨❖❆★❈❱➳✦❛✢❉◗❸☎❆

❑✏◆●❨❪❛♥❍❀❭❫■◗❳☎❉●❞ ❍➩❨❖❈❊❉◗❵✒❆✻◆◗❋✹❨s❨❖❛✰❆➨❍❖❉◗➶⑨❆ ✙✢❞❺❨❪❆✒❈⑨❈❖❆✟❍❀❸✏◆◗❳☎❍❀❆☞☛✌❭➟❨✉❭ ❍✉❸✏◆❏❍❪❍❀❭❫❑✰❞❫❆➼P✳◆◗❈✉❨❖❛✰❆
✗❢❆★❉◗➑◗❆✒❈➍❍❀❭❫■◗❳☎❉●❞❧❨❪◆✵❑✏❆s❑✢❋✰❈❖❭❫❆★❴❥❋✰❳✢❴✹❆★❈❹❨❪❛✰❆⑨❍❖➑✦❭➟❈❖❨❹◆◗P✔❭❺❨❊❍❱❍❀❨❖❈❪◆◗❳✢■◗❆✒❈❹❳✰❆✒❭❫■◗❛✦❑✏◆◗❋✰❈✭✣ ❍
❈❪❆★❍❖❸☎◆❏❳✢❍❖❆✏☛✹❭➟P✌❨❪❛✰❆❂❍❀❆★❞➟❆✟❵ ❨❪❭ ✞✦❭➟❨ �✻❭❫❍❇❞➟◆ ✗➅❘

✑➪❛✦❋✢❍❱❨❖❛✰❆ ✂❙❩ ✙☎❞❺❨❪❆✒❈➩❛✢❉◗❍➍❨❪◆➨❑✏❆➼❑✏◆●❨❖❛❤❳✢❉◗❈❖❈❪◆ ✗➏❑✢❉●❳☎❴❥❉●❳✢❴❄❛✢❉✔✞◗❆➆❉➨■◗◆✦◆✹❴❄❍❖❆✒❞❫❆★❵ ❨❪❭ ✞✦❭➟❨ �✏☛
❉●❸✰❸✢❈❖◆✕❉◗❵❊❛✰❭❫❳✰■❝❨❖❛✢❆✶❴✹❭❫❈❊❉◗❵✻❈❪❆★❍❖❸✏◆◗❳✢❍❖❆✻❭❫❳✾❨❖❛✢❆✵P✳❈❪❆☎✄✕❋✰❆★❳✢❵ �♦❴✹◆❏➶➆❉◗❭➟❳ ☛❲❭✱❘ ❆◗❘

δ(f − fIF )
❘

❡❢❆★❵✒❉◗❋✢❍❖❆❹◆●P✌❨❖❛✰❆★❭➟❈➪■❏◆✕◆✹❴➨❍❀❆★❞➟❆✟❵ ❨❖❭✟✞✦❭❺❨ �☞☛★✙✢❞➟❨❖❆✒❈❊❍ ✗➏❭❺❨❪❛✶❉◗❸✰❸✰❈❪◆ � ❭➟➶➼❉✗❨❪❆✒❞✟�✻➌➩❉●❋✢❍❪❍❀❭ ❉●❳➨❍❀❛✢❉◗❸☎❆
❉●❈❪❆❇❋✢❍❖❆★❴➆❭❫❳✻➶➆◆❏❍❀❨❢❍ ✗❷❆★❸✹❨❢❍❖❸✏❆★❵ ❨❪❈❖❋✢➶↕❉◗❳✢❉●❞✟�✦➐✒❆★❈❪❍★❘ ✑ �✦❸✰❭❫❵★❉●❞✢❍❖❆✒❞❫❆★❵❼❨❖❭✟✞✦❭❺❨ � ✞✗❉●❞❫❋✰❆★❍ ✗➏❛✰❭ ❵❊❛
❵✒❉◗❳❂❑☎❆❢❈❪❆★❉●❞❫❭❫➐✒❆★❴❂❋✢❍❀❭❫❳✰■➩❉●❳✢❉◗❞➟◆❏■ ✙✢❞➟❨❖❆★❈❪❍✌❈❪❉◗❳✰■◗❆❷❑☎❆✒❨✘✗❷❆★❆✒❳✻❣❏▲➟❣✝➤❇❉◗❳✢❴✻❣❏▲➟❣❏❣◗❘❧➎➉❭➟❨❖❛⑨❴✹❭➟■❏❭❺❨❊❉●❞
✙✢❞➟❨❖❆✒❈❊❍✎☛✰❍❀❆★❞➟❆✟❵ ❨❖❭✟✞✦❭❺❨❪❭➟❆✟❍➪❭➟❳✶❨❪❛✰❆➅❈❪❉◗❳✰■◗❆➍◆●P➪❣◗▲ ➤✉❨❖◆❝❣◗▲ ➝➼❉●❈❪❆❱❸✏◆❏❍❪❍❖❭➟❑✰❞❫❆ ✛ ⑩●➋ ✜✬❘

✑➪❛✰❆ ✂❙❩✣✙✢❞➟❨❖❆✒❈✌❈❖❆ ✄✕❋✰❭➟❈❪❆★❍✂❉➏❵❼❆✒❈❖❨❪❉◗❭➟❳➩❨❪❭➟➶➆❆❬❸✏❆✒❈❪❭❫◆✦❴➍❨❪◆❇❸✰❈❪◆✹❴✹❋✢❵❼❆❬❨❖❛✰❆❷❈❖❆ ✄❏❋✢❭➟❈❪❆★❴➍◆◗❋✰❨❖❸✰❋✹❨
❉✗❨❬❆✟❉◗❵❊❛⑨P✳❈❖❆ ✄✕❋✰❆✒❳✢❵ �✏☛◗❨❖❛✦❋✢❍✎☛◗❨❪❛✰❆✔✒❱❶ ✢➁❵✒❉●❳✢❳✰◆●❨✔❍ ✗❷❆★❆✒❸⑨❨❖❛✢❈❖◆❏❋✰■◗❛s❨❖❛✰❆❇P✳❈❖❆ ✄❏❋✢❆✒❳✢❵ �s❈❊❉●❳✰■❏❆
◆●P✏❭➟❳✕❨❖❆★❈❖❆✟❍❙❨❯❨❪◆✕◆➍P✘❉❏❍❙❨✟❘ ✑➪❛✰❭ ❍❯❈❪❆★❍❖❋✰❞❺❨❊❍❯❭➟❳⑨❞❫◆◗❳✰■➩➶➆❆★❉❏❍❀❋✰❈❪❆✒➶➆❆★❳❏❨✎❨❖❭❫➶➆❆★❍❲❭❫❳⑨➶⑨❆✟❉◗❍❖❋✰❈❪❆✒➶➆❆✒❳✕❨❪❍
❈❖❆ ✄✕❋✰❭➟❈❪❭❫❳✰■❇❉❇❳✢❉◗❈❖❈❪◆ ✗→➭❹❡❷➎ ❉◗❳✢❴ ✗➏❭ ❴✹❆❲P✳❈❪❆☎✄✕❋✰❆★❳✢❵ �➩❈❊❉●❳✰■❏❆◗❘ ✑➪❛✰❆❷➶➆❉◗❭➟❳✉❞➟❭❫➶➆❭❺❨❪❭➟❳✰■❹P✘❉◗❵❼❨❖◆◗❈
❭➟❳✾❨❖❛✰❆➨➶⑨❆✟❉◗❍❖❋✰❈❪❆✒➶➆❆✒❳✕❨s❍❖❸☎❆★❆★❴♥❭❫❍❂❨❖❛✰❆❝❉●❑✰❭❫❞❫❭❺❨ �❤◆●P➏❨❪❛✰❆ ✂❙❩ ✙✢❞➟❨❖❆★❈✉❨❪◆❄❈❪❆★❍❖❸☎◆❏❳✢❴❤❨❖◆❄❨❖❛✰❆
➶➼❉●■◗❳✢❭❺❨❪❋✢❴✹❆ ✞✗❉●❈❪❭ ❉✗❨❖❭❫◆◗❳☎❍✚❈❖❆✟❍❀❋✰❞➟❨❖❭❫❳✰■➏P✳❈❪◆◗➶✈❨❖❛✢❆✔❍ ✗❢❆✒❆★❸➅❸✰❈❪◆✦❵✒❆★❍❪❍✒❘ ✑➪❛✢❭❫❍✂❞➟❭❫➶➆❭❺❨❪❆★❴➅❈❪❆★❍❖❸☎◆❏❳✢❍❖❆
❍❀❸✏❆✒❆✟❴➼❞❫❆★❉◗❴✢❍❲❨❖◆s❆✒❈❪❈❖◆❏❈❪❍❯❭❫❳✵❉◗➶⑨❸✢❞➟❭➟❨❖❋✢❴✰❆❱❉●❳☎❴➆P✳❈❖❆ ✄✕❋✰❆✒❳✢❵ �⑨❉❏❍❲❨❪❛✰❆❱❍ ✗❷❆★❆✒❸✻❈❊❉✗❨❪❆❇❭❫❳✢❵❼❈❪❆★❉❏❍❀❆✟❍
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j∈Ω
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l 6=k zjlPl)∇zjk
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( ~Xj − ~Ak)Θ(~Pk, ~Ak, ~Xj)
☞✳➝✢❘ ➲ ✍
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Θ(~Pk, ~Ak, ~Xj) =

{

1, ‖ ~Pk − ~Ak‖ ≥ ‖ ~Pk − ~Xj‖
0,

◆◗❨❖❛✰❆★❈ ✗➏❭ ❍❖❆ ☞✳➝✢❘ ➺ ✍

0 < δk ≤ 1
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n′
~Ak

= n ~Ak
+ δkΘ(~Pk, ~Ak, ~Xj)
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~P ′
k = ~Pk + ηk( ~Xj − ~Pk)
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ηk =

(

‖ ~Pk − ~Ak‖
‖ ~Pk − ~Xj‖ + ‖ ~Pk − ~Ak‖

)2 ☞✘➝✢❘❫❣◗❣ ✍

❩✰◆❏❈ ‖ ~Pk − ~Xj‖ ≫ ‖ ~Pk − ~Ak‖
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ζ(1) ☛✰❭➡❘ ❆❏❘
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❴✰❉✗❨❊❉➆❍❀❆★■◗➶➆❆✒❳✕❨➪P✳◆◗❈➪❨❪❛✰❆❂❍❙❨❪❆✒❸❝➝ ☞✱❵ ✍ ☛✰❉●❳✢❴❝❉◗❍
ς = 0.5

❴✰❡➹P✳◆❏❈➪❨❖❛✰❆❂❍❀❨❖❆★❸→❣❏❘
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✑➪❛✰❆➩➶⑨◆❏❈❖❸✢❛✰◆◗❞❫◆◗■❏❭❫❵★❉●❞✢◆❏❸☎❆★❈❪❉●❨❖❭❫◆◗❳✢❍❷❋✢❍❖❆★❴✵◆◗❳✻❨❪❛✰❆➩❑✰❭❫❳✢❉●❈❪❭➟➐★❆★❴➨❍❀❸✏❆★❵❼❨❖❈❪❋✰➶➃❭❫❳➨❍❀❨❖❆✒❸☎❍❇⑩
❉●❳✢❴➨➝ ☞✱❴ ✍ ☛✰❨❖❛✰❆❂❴✹❭❫❞ ❉✗❨❖❭❫◆◗❳❝❉●❳☎❴➨❆★❈❖◆✕❍❀❭❫◆◗❳➨◆◗❸✏❆✒❈❊❉✗❨❪◆◗❈❊❍❷❉◗❈❖❆ ✗❢❆✒❞❫❞☛➑✕❳✢◆ ✗➏❳➨❑✢❉❏❍❀❭ ❵➍◆◗❸✏❆✒❈❊❉✗❨❪◆◗❈❊❍
❭➟❳❝❭❫➶➼❉●■◗❆➅❸✢❈❖◆✹❵❼❆✟❍❖❍❖❭❫❳✰■s❆★➶➆❸✰❞➟◆ �❏❆★❴✶◆◗❳✶❑✰❭❫❳✢❉●❈ �✵❭❫➶➼❉●■❏❆★❍ ✛ ⑩●➫ ✜✬❘ ✑➪❛✰❆❂❍❖◆✻❵✒❉◗❞➟❞❫❆★❴➨◆◗❸✏❆✒❳✢❭➟❳✰■
◆◗❸✏❆✒❈❊❉✗❨❪◆◗❈ ☛ ✗➏❛✰❭ ❵❊❛❥❭ ❍➩❉●❳❄❆★❈❖◆✕❍❀❭❫◆◗❳✯◆❏❸☎❆★❈❪❉●❨❖❭❫◆◗❳❝P✳◆❏❞➟❞❫◆ ✗❷❆✟❴✯❑✁�❥❉✵❴✹❭❫❞ ❉✗❨❖❭❫◆◗❳ ☛✏❭ ❍➍➑✦❳✰◆ ✗➏❳✯❨❖◆
❈❖❆★➶➆◆ ✞◗❆➪❉●❈❖❨❖❆❼P✘❉❏❵ ❨❊❍❯❞➟❭❫➑◗❆➏❍❖❸✰❭➟➑❏❆★❍✎☛ ✗➏❛✰❭ ❵❊❛s➶➼❉✔�✉❉◗❈❖❭ ❍❖❆➪❉●❨❯❨❖❛✰❆➏❈❪❆✒■❏❭➟◆❏❳s❑✏◆◗❋✰❳☎❴✰❉●❈❪❭➟❆✟❍❯❴✹❋✰❆➪❨❖◆
❉●➶s❑✰❭➟■❏❋✰❭➟❨❖❭❫❆★❍➍❭➟❳→❨❖❛✢❆➆❍❖❆✒■❏➶➆❆✒❳✕❨❪❉●❨❖❭❫◆◗❳ ☛ ✗➏❛✰❭❫❞➟❆➆❸✰❈❪❆★❍❖❆✒❈ ✞✦❭➟❳✢■✻❨❖❛✢❆⑨❈❪❆✒■❏❭➟◆❏❳❄❍❖❛✢❉●❸✏❆★❍➍❆ � ❵✒❆✒❆❼➾
❴✹❭❫❳✰■✵❨❪❛✰❆➼❴✹❭❫➶⑨❆★❳✢❍❖❭➟◆❏❳✢❍➍◆●P❬❨❪❛✰❆➼❉●❳✢❉◗❞ �✹❍❖❭❫❍ ✗➏❭➟❳☎❴✹◆ ✗➅❘⑨❶❢❉●❈❪❆s❍❖◆◗❋✢❞❫❴❄❑☎❆⑨❨❪❉◗➑◗❆★❳❥❨❖❛☎❉✗❨➩❨❖❛✰❆
✗➏❭➟❳☎❴✹◆ ✗♦❍❀❭❫➐✒❆❬◆◗P✹❨❖❛✰❆✔◆◗❸✏❆✒❳✰❭❫❳✰■❹◆❏❸☎❆★❈❪❉●❨❖❭❫◆◗❳➅❴✹◆✦❆★❍✂❳✰◆●❨✎❆ � ❵❼❆★❆★❴➍❨❪❛✰❆❷❍❖➶➼❉●❞❫❞➟❆✟❍❙❨✂❑☎❉●❳✢❴✚✗➏❭ ❴✦❨❪❛
❨❖❛✰❆❂❍❖❆✒■❏➶➆❆✒❳✕❨❪❉●❨❖❭❫◆◗❳❝❉●❞❫■◗◆◗❈❪❭➟❨❖❛✰➶➃❭ ❍➏❈❪❆☎✄✕❋✰❭❫❈❖❆✟❴✻❨❪◆✻❴✹❆❼❨❪❆★❵❼❨✎☛✢❍❖◆⑨❨❖❛✢❉●❨❹❭❺❨❊❍❇❵❼◆❏❳✕❨❖❈❪❭➟❑✰❋✰❨❖❭❫◆◗❳✶❭❫❍
❳✰◆●❨➪❨❪◆●❨❪❉◗❞➟❞✟�✵❈❪❆✒➶➆◆ ✞❏❆★❴➆P✳❈❪◆◗➶➛❨❖❛✰❆➅❑✰❭❫❳✢❉◗❈ �➼❭❫➶➼❉●■◗❆❏❘

� ✘ �✣✘✁� ✜✳✷✚✬ ✫ ✯✲✴✶★☞✷✲✱✹✸ ✂ ✤ ✠ ✫ ✯☎★ ✠

✑➪❛✰❭ ❍❷❍❖❆★❵❼❨❖❭❫◆◗❳✻❸✰❈❪◆ ✞✦❭❫❴✰❆★❍✔❍❖❭❫➶✉❋✰❞ ❉✗❨❪❭➟◆❏❳✻❈❖❆✟❍❀❋✢❞❺❨❊❍❬P✳◆❏❈❬❨❖❛✢❆➍❍❖❆✒■❏➶⑨❆★❳✕❨❪❉✗❨❪❭➟◆❏❳✻❉●❞❫■◗◆❏❈❖❭➟❨❖❛✰➶ ❴✹❆✟❍❙➾
❵❼❈❪❭➟❑✏❆★❴⑦❭❫❳⑦❨❖❛✢❆✻❸✰❈❪❆ ✞✦❭➟◆❏❋✢❍❂❍❖❆★❵❼❨❖❭❫◆◗❳❧❘ ✑➪❛✰❈❪❆✒❆✻❴✹❭ ✩✏❆★❈❖❆★❳✕❨s❍❖❵✒❆✒❳✢❉◗❈❖❭❫◆❏❍➅❉◗❈❖❆✻❵✒◆◗❳✢❍❖❭ ❴✹❆✒❈❪❆★❴❤❭❫❳
❨❖❛✰❆✶❍❀❭❫➶✉❋✢❞❫❉●❨❖❭❫◆◗❳✢❍✎☛ ✗➏❛✰❭❫❵❊❛✾❉◗❈❖❆➨❴✹❭❫❍❖❸✰❞ ❉✔�◗❆✟❴⑦❭➟❳♥❩✎❭❫■❏❍★❘❥➝✢❘❫❣✒➝✯☞✘❉ ✍ ☛✎➝✢❘❫❣✒➝ ☞✘❑ ✍➅❉◗❳✢❴♦➝✢❘❫❣✒➝✯☞✘❵✭✍
❈❖❆✟❍❀❸✏❆★❵❼❨❖❭✟✞◗❆★❞ �❏❘

♠ ✞❏✓✦☞✌✛✹✄✗✖✱✁ ✖
✑➪❛✰❭ ❍✂❍❪❵❼❆✒❳☎❉●❈❪❭➟◆➏❈❪❆✒❸✰❈❪❆★❍❖❆✒❳✕❨❊❍☛❉❇❵❼❈❪◆ ✗❇❴✹❆★❴➩❍❖❸☎❆✟❵ ❨❪❈❖❋✰➶ ❍❖❆✒■❏➶⑨❆★❳✕❨ ✗➏❭❺❨❪❛❂➫❇❴✹❭ ✩✏❆★❈❖❆★❳✕❨✎❍❖◆◗❋✰❈❊❵❼❆✟❍
✗➏❛✰❭ ❵❊❛➨❛✢❉✔✞❏❆➍❴✰❭✛✩✚❆✒❈❪❆✒❳✕❨➏❑✢❉●❳☎❴✚✗➏❭❫❴✹❨❖❛✢❍✎☛✰❴✹❭ ✩✏❆★❈❖❆★❳❏❨❇❍❖❸☎❆✟❵ ❨❪❈❪❉◗❞✚❍❖❛✢❉◗❸☎❆✟❍➏❉●❳✢❴✶❵❼◆❏❳✢❍❀❭ ❴✹❆★❈❪❉◗❑✰❞ �
❴✹❭ ✩✏❆★❈❖❆★❳❏❨✉➳✒☎❱➭➅❘ ✑✎❉●❑❤➝✢❘❫❣⑨❍❖❋✰➶➆➶➼❉●❈❪❭➟➐★❆★❍❹❨❖❛✰❆➼❸✢❉◗❈❪❉◗➶➆❆❼❨❖❆★❈❪❍❱◆●P❷❨❖❛✰❆➆❆★➶⑨❭➟❨❀❨❪❆✒❈❊❍➍P✳◆◗❈➍❨❖❛✢❭❫❍
❍❖❵✒❆✒❳✢❉◗❈❖❭❫◆✢❘ ✑➪❛✰❆➪➳ ☎❹➭ ✞✝❉◗❞➟❋✢❆★❍✂P✳◆◗❈❯❆★❉❏❵❊❛✉❍❀◆❏❋✰❈❊❵❼❆✔❭ ❍✎■◗❭✟✞◗❆★❳❂❭➟❳s❨❖❆★❈❖➶➼❍✎◆●P✢❨❖❛✰❆❢❑✢❉◗❵❊➑✦■❏❈❖◆❏❋✰❳✢❴
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Sij
❈❖❆★❸✰❈❪❆★❍❖❆✒❳✕❨❪❍✔❨❖❛✰❆❷➧✢✣ ❨❖❛✶❆✒➶➆❭❺❨❖❨❖❆★❈ ☞✳P✳❈❖◆❏➶ ❞➟❆✒P ❨✖✍❷❭❫❳✵❨❪❛✰❆❱❭ ✣ ❨❖❛❝❍❖❵✒❆✒❳✢❉◗❈❖❭❫◆✢❘ ✑✌❉◗❑✰❞➟❆✟❍❢➝✢❘ ⑩

❨❖◆➩➝✢❘ ➝❹❸✢❈❖❆✟❍❀❆★❳❏❨❯❨❪❛✰❆➏❵❊❛✢❉●❳✰❳✢❆✒❞✹❍❀❆★■◗➶➆❆✒❳✕❨❊❉✗❨❖❭❫◆◗❳s❈❖❆✟❍❀❋✢❞❺❨❊❍✂P✳◆❏❈ ☎❹➥ �❹➾❊❣★➘❏❴✰❡ ☛ ➾❊❣✟➤◗❴✰❡❤❉●❳✢❴❂➾➚⑩◗➘
❴✰❡➉❈❪❆★❍❖❸☎❆✟❵ ❨❪❭ ✞❏❆✒❞✟�✏☛✚✗➏❛✰❆★❈❖❆

• ❨❪❛✰❆➅➶➆❆★❉●❳ ✞✗❉●❞❫❋✰❆➩◆●P✎❨❖❛✢❆❂❵✒❉●❈❪❈❪❭➟❆★❈✔P✳❈❪❆☎✄✕❋✰❆★❳✢❵ �✻❆✟❍❙❨❪❭➟➶➼❉●❨❖❆★❍
f̂C

• ❨❪❛✰❆❂❍❙❨❊❉●❳✢❴✢❉●❈❊❴➨❴✹❆✎✞✦❭❫❉●❨❖❭❫◆◗❳✶◆●P✂❨❪❛✰❆❂❵✒❉◗❈❖❈❪❭❫❆✒❈❢P✳❈❖❆ ✄✕❋✰❆✒❳✢❵ �✻❆★❍❀❨❖❭❫➶➼❉✗❨❪❆★❍
σfC

• ❨❪❛✰❆➅➶➆❆★❉●❳ ✞✗❉●❞❫❋✰❆➩◆●P✎❨❖❛✢❆➅❑✢❉●❳✢❴ ✗➏❭❫❴✦❨❪❛❝❆★❍❀❨❖❭❫➶➆❉●❨❖❆✟❍
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◆✹❵✒❵❼❋✢❸✰❭➟❆✟❍➅◆◗❳✢❞ �⑦❉●❑✏◆◗❋✹❨s⑩ ✁ ◆◗P➪❨❖❛✰❆✵❍❖❸✏❆★❵ ❨❪❈❖❋✢➶ ❈❊❉●❳✰■❏❆⑨❨❖◆❥❑✏❆✵❴✹❆✒❨❖❆★❵❼❨❖❆✟❴☛❘❥➳✦❭➟➶➆❭❫❞❫❉◗❈➅❨❖◆
❨❖❛✰❆❹❸✰❈❖❆✎✞✦❭➟◆❏❋✢❍❲❍❖❵✒❆✒❳✢❉◗❈❖❭❫◆ ☛●❨❖❛✰❈❪❆✒❆❇❍❖❭➟➶s❋✰❞ ❉✗❨❖❭❫◆◗❳➆❈❪❋✰❳✢❍❲❛☎❉✔✞◗❆➪❑☎❆★❆✒❳➼❸✏❆✒❈❖P✳◆◗❈❪➶➆❆★❴⑨❋✢❍❖❭➟❳✰■❂❉➩❈❪❆❼➾
❍❀◆❏❞➟❋✰❨❖❭❫◆◗❳✶◆●P❬⑩✉➑✹❅❹➐➅❸☎❆★❈➏P✳❈❖❆ ✄✕❋✰❆✒❳✢❵ �✻❑✰❭❫❳ ☛ ✗➏❛✢❭❫❵❊❛❝❉●❈❪❆➅❴✹❭❫❍❖❸✰❞ ❉✔�◗❆✟❴✵❭❫❳ ✑✌❉◗❑✰❞➟❆✟❍➪➝✢❘ ➽ ☛✹➝☎❘➟❣✟➘
❉●❳✢❴➨➝✢❘❫❣◗❣✗☞ ✗➏❭➟❨❖❛ ☎❱➥ �❹➾❙➤●❴✰❡ ☛ ➾❪❣✟➘◗❴✰❡➹❉◗❳✢❴✻➾❊❣✟➤◗❴✰❡➹❈❪❆★❍❖❸☎❆✟❵ ❨❖❭✟✞◗❆★❞ � ✍ ☛✰❉●❳✢❴❝❉●❳✢◆●❨❖❛✢❆✒❈❢❨❖❛✰❈❪❆✒❆
❍❀❭❫➶✉❋✢❞❫❉●❨❖❭❫◆◗❳✢❍❇❉◗❈❖❆❂❵★❉●❈❪❈❖❭❫❆★❴✶◆❏❋✹❨ ✗➏❭➟❨❖❛❄❉➼❈❪❆★❍❖◆◗❞❫❋✹❨❪❭➟◆❏❳✶❑☎❉●❳✢❴✚✗➏❭ ❴✦❨❪❛❥◆●P➏❣✒➑✹❅❹➐✔✓✟P✳❈❪❆☎✄✕❋✰❆★❳✢❵ �
❑✰❭❫❳ ☛ ✗➏❛✰❭ ❵❊❛✶❉◗❈❖❆➅❍❖❛✰◆ ✗➏❳✶❭➟❳ ✑✎❉●❑✰❞❫❆★❍➪➝☎❘➟❣✝⑩➅❨❪◆⑨➝☎❘➟❣★➝✢❘

♠ ✞❏✓✦☞✌✛✹✄✗✖✱✁✾⑤
✑➪❛✰❆➍❨❖❛✰❭❫❈❊❴➨❉◗❳✢❴ ✙☎❳✢❉●❞☛❍❪❵❼❆✒❳☎❉●❈❪❭➟◆➆❴✹❆★❍❪❵❼❈❪❭❫❑☎❆✟❍❢❉⑨❵✒❉❏❍❀❆☞☛✚✗➏❛✰❆✒❈❪❆❱❨✘✗❷◆ ✗➏❭❫❴✰❆➍❑☎❉●❳✢❴✶❉●❳✢❴➨◆◗❳✢❆
❳✢❉●❈❪❈❪◆ ✗➏❑✢❉●❳✢❴➨❍❀❭❫■◗❳☎❉●❞ ❍❷◆✹❵★❵❼❋✰❸✁�✻❨❪❛✰❆➩P✳❈❪❆☎✄✕❋✰❆✒❳☎❵ �✵❈❊❉●❳✢■◗❆➍◆●P❯❭➟❳✕❨❖❆★❈❖❆✟❍❙❨ ☛✢❉◗❍➪❭❫❞❫❞➟❋✢❍❀❨❖❈❊❉✗❨❪❆★❴✶❭❫❳
❩✎❭➟■☎❘✉➝✢❘❫❣✒➝✯☞✘❵✭✍ ❘ ✑➪❛✰❆➆❸✢❉◗❈❪❉◗➶➆❆❼❨❖❆★❈❪❍❱◆●P✔❨❖❛✰❆⑨❨❖❛✢❈❖❆★❆⑨❆★➶➆❭❺❨❖❨❖❆✒❈❊❍➍❛✢❉✔✞◗❆⑨❑✏❆✒❆✒❳⑦❍❖❋✰➶➆➶➆❉◗❈❖❭❫➐✒❆✟❴
❭➟❳ ✑✎❉●❑✰❞❫❆❝➝✢❘❫❣★➫✰❘ ✑✌❉◗❑✰❞❫❆★❍⑨➝✢❘❫❣✝➲✯❨❖◆⑦➝✢❘❫❣★➽→❴✹❭ ❍❀❸✰❞ ❉✔�⑦❨❖❛✢❆❥❍❀❆★■◗➶➆❆✒❳✕❨❪❉●❨❖❭❫◆◗❳♣❈❖❆✟❍❀❋✰❞➟❨❪❍sP✳◆❏❈✻❉
❈❖❆✟❍❀◆❏❞➟❋✰❨❖❭❫◆◗❳❥❑✢❉◗❳✢❴✚✗➏❭➟❨❖❛→◆●P❢⑩●➑✦❅❹➐ ✗➏❭➟❨❖❛ ☎❹➥ �❹➾➚➤◗❴✰❡ ☛ ➾❊❣★➘❏❴✰❡➁❉◗❳✢❴✯➾❊❣✟➤◗❴✰❡➂❈❖❆✟❍❀❸✏❆★❵❼❨❖❭✟✞◗❆✒❞✟�✏☛
✗➏❛✰❆✒❈❪❆★❉❏❍➏❭❫❳ ✑✌❉◗❑✰❞❫❆★❍❱➝✢❘ ⑩●➘⑨❨❖◆➨➝✢❘ ⑩◗⑩ ☛✰❨❖❛✢❆✉❈❪❆★❍❖❋✰❞❺❨❊❍➏P✳◆❏❈s❣★➑✦❅❹➐✔✓✝P✳❈❖❆ ✄❏❋✢❆✒❳✢❵ �✵❑✰❭❫❳❄❵✒❉❏❍❀❆s❉●❈❪❆
❍❀❛✢◆ ✗➏❳❧❘

✑➪❛✰❆❢❍❖❭❫➶✉❋✰❞ ❉✗❨❪❭➟◆❏❳✉❈❪❆★❍❖❋✰❞❺❨❊❍✂❸✢❈❖◆ ✞✦❭ ❴✹❆★❴➅❭❫❳❂❨❪❛✰❭ ❍✎❍❖❆★❵❼❨❖❭❫◆◗❳⑨❉●❞❫❞➟◆ ✗⑦❨❪❛✰❆✔P✳◆❏❞➟❞❫◆ ✗➏❭❫❳✰■❱❵✒◆◗❳✢❵✒❞➟❋✹➾
❍❀❭❫◆◗❳☎❍✒▲

• ✑➪❛✰❆➩❸✰❈❪❆★❍❖❆✒❳✕❨❪❆★❴✶❵❊❛✢❉●❳✰❳✢❆✒❞☛❍❀❆★■◗➶➆❆✒❳✕❨❊❉✗❨❖❭❫◆◗❳✶❉●❞❫■◗◆❏❈❖❭➟❨❖❛✰➶↕❭ ❍➏❵✒❉◗❸✢❉●❑✰❞❫❆➍◆●P✎❴✰❆❼❨❖❆✟❵ ❨❪❭➟❳✰■
❨❪❛✰❆❹❍❖❭➟■❏❳✢❉●❞ ❍❲❉●❳✢❴➆❉❏❵✒❵❼❋✢❈❪❉●❨❖❆✒❞✟�❂❆✟❍❙❨❪❭➟➶➼❉✗❨❪❭➟❳✢■➩❨❖❛✰❆★❭➟❈❬❑☎❉●❳✢❴✚✗➏❭ ❴✦❨❪❛✢❍❬❉●❳☎❴⑨❵★❉●❈❪❈❖❭❫❆✒❈❯P✳❈❪❆❼➾
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✄✕❋✰❆★❳✢❵❼❭❫❆★❍✎☛☎❆✎✞◗❆★❳✯❋✰❳✢❴✹❆★❈❱❞❫◆ ✗➓➳✒☎❹➭➓❵✒◆◗❳✢❴✰❭❺❨❪❭➟◆❏❳✢❍ ☛✏❉●❳✢❴❥❆ ✞◗❆★❳✯❭❺P❲❨❪❛✰❆✉❑☎❉●❳✢❴✚✗➏❭➟❨❖❛☎❍ ☛
➶➼❉●■❏❳✰❭➟❨❖❋✢❴✹❆✟❍❇❉●❳☎❴➨❍❖❸☎❆✟❵ ❨❪❈❪❉◗❞❧❍❀❛✢❉◗❸☎❆✟❍➪◆●P✌❨❖❛✰❆➅❭❫❳✢❴✹❭✟✞✦❭❫❴✹❋☎❉●❞✂❍❖❭➟■❏❳✢❉●❞ ❍➪❴✹❭ ✩✏❆★❈❹❍❀❭❫■◗❳✢❭✛✙✰➾
❵★❉●❳✕❨❖❞✟�◗❘

• ✑➪❛✰❆ ✞✗❉●❈❪❭❫❉◗❳✢❵❼❆❝◆●P➩❨❪❛✰❆❄❆✟❍❙❨❪❭➟➶➼❉✗❨❪❆★❍✵❭➟❳✢❵✒❈❖❆✟❉◗❍❖❆✯❉◗❍➼❨❪❛✰❆→➳✒☎❱➭ ❴✹❆✟❵❼❈❪❆★❉◗❍❖❆★❍✎☛➪❍❀❭❫❳✢❵❼❆
❨❪❛✰❆✧▼✢❋☎❵ ❨❖❋☎❉✗❨❖❭❫◆◗❳☎❍➏❭➟❳❝❨❪❛✰❆s❍❖❭❫■◗❳✢❉◗❞✂❍❀❸✏❆★❵❼❨❖❈❊❉➆❭➟❳☎❵❼❈❪❆★❉◗❍❖❆➅❉●❳✢❴✶❨❪❛✰❆✉❴✹❭ ❍❀❨❪❉●❳☎❵❼❆➅❨❪◆➼❨❖❛✰❆
❑✢❉❏❵❊➑✦■◗❈❪◆◗❋✰❳✢❴✵❳✰◆◗❭ ❍❖❆➍❞❫❆ ✞❏❆✒❞❧❴✹❆✟❵❼❈❪❆★❉❏❍❀❆ ✗➏❭❺❨❪❛✯❴✹❆★❵✒❈❖❆✟❉◗❍❖❭➟❳✰■➼➳✒☎❱➭➅❘

• ➞❱❍❷❆ � ❸☎❆✟❵ ❨❖❆✟❴ ☛✦❨❖❛✢❆ ✞✗❉●❈❪❭ ❉●❳✢❵✒❆❇◆●P❧❨❪❛✰❆➍❆★❍❀❨❖❭❫➶➆❉●❨❖❆✟❍❷❴✹❆✟❵❼❈❪❆★❉❏❍❀❆✟❍✔❉●❳☎❴➆❨❖❛✰❆➩➶➆❆★❉❏❍❀❋✢❈❖❆✒➾
➶➆❆✒❳✕❨❹❉❏❵✒❵❼❋✢❈❪❉❏❵ �➼❭❫❳✢❵❼❈❪❆★❉❏❍❀❆✟❍ ✗➏❭➟❨❖❛❝❭❫❳✢❵❼❈❪❆★❉❏❍❀❭❫❳✰■➆❩❯❩ ✑✈❈❪❆★❍❖◆◗❞❫❋✹❨❖❭❫◆◗❳❧❘

• ✑➪❛✰❆➆➶➆❆★❉◗❳→◆◗P✔❨❪❛✰❆➆❑✢❉●❳✢❴ ✗➏❭❫❴✦❨❪❛⑦❆★❍❀❨❖❭❫➶➆❉●❨❖❆✟❍❱❭❫❳✢❵✒❈❖❆✟❉◗❍❖❆ ✗➏❭➟❨❖❛❤❭➟❳☎❵❼❈❪❆★❉◗❍❖❭❫❳✰■✶➳✒☎❱➭ ☛
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✑➪❛✰❆✒❈❪❆❂❉●❈❪❆➍❨❖❛✰❈❪❆✒❆➅❸✰❈❊❉◗❵❼❨❖❭ ❵✒❉◗❞☛❸✰❈❖◆❏❑✰❞❫❆✒➶➼❍❢❨❖❛✢❉●❨❹➶➼❉●➑❏❆★❍❢❨❖❛✢❭❫❍❇❉◗❸✰❸✰❈❪◆❏❉❏❵❊❛✵❋✰❳✢❍❖❋✰❭➟❨❪❉◗❑✰❞➟❆
P✳◆◗❈❇❉◗❭➟❈➏❭❫❳✕❨❖❆✒❈❖P✘❉◗❵✒❆❱❭ ❴✹❆★❳❏❨❪❭✛✙✏❵✒❉✗❨❪❭➟◆❏❳❝❭➟❳✯❉➼➳✦◆●P ❨✘✗➪❉●❈❪❆➩➭❇❉◗❴✹❭❫◆➼❍ �✹❍❀❨❖❆★➶

• ✑➪❛✰❆→❈❖❆✟❵❼◆❏■◗❳✰❭➟❨❖❭❫◆◗❳➹◆●P➩❨❪❛✰❆❄❸✢❉◗❈❀❨❪❭❫❵✒❋✰❞ ❉●❈✻➶➆◆✹❴✹❋✰❞ ❉✗❨❪❭➟◆❏❳➹❨ �✕❸✏❆❄❆★➶➆❸✰❞➟◆ �❏❆★❴➈❭❫❳➉❨❖❛✰❆
❈❪❆★❵✒❆✒❭✟✞◗❆★❴s❍❀❭❫■◗❳☎❉●❞✕➶➆❉✔�➅❳✢◆●❨❲❑☎❆➏❍❖❋✪✕✻❵❼❭❫❆✒❳✕❨❯P✳◆◗❈❲❉❱❳✰◆◗❳✹➾➚❉●➶s❑✰❭❫■◗❋✰◆❏❋✢❍❧❭ ❴✹❆✒❳✕❨❪❭✛✙☎❵★❉✗❨❪❭➟◆❏❳



➺❏⑩ � �✭✑ ✞✭✁☎✄✝✆✞✡ ✞●☎❁✟ ✎☛✡ ✁ ☛✔✡ ✄✵✆✒✑✙✑ ✎✕✟☞✆✒✑✓✠✔✄✂✞✂✁✁✣✥✘✓✠✔✑ ✆✒✑ ✄✔✓ ✆✜✚✵✎●✘ ✠❀✧ ✆ ✟✪✆✟✑ ✠✖✄❈✟✖✞ ✑✟✆✙✚

◆◗P✹❉◗❳❂❉●❭❫❈❧❭❫❳❏❨❪❆✒❈❖P✘❉◗❵✒❆❬❍❙❨❊❉●❳✢❴✰❉◗❈❪❴❧❘✂➞❹❍✌❉➪➶➆❉●❨❀❨❪❆✒❈✂◆◗P✦P✘❉◗❵ ❨ ☛✒❨❪❛✰❆✒❈❪❆❬❆ � ❭ ❍❀❨✌❉●❭❫❈❧❭❫❳❏❨❪❆✒❈❖P✘❉◗❵✒❆
❍❀❨❪❉◗❳✢❴✰❉●❈❊❴✰❍ ✗➏❛✰❭ ❵❊❛❄❋✢❍❖❆✉❨❪❛✰❆➆❍❖❉◗➶⑨❆⑨➶➆◆✹❴✹❋✰❞ ❉✗❨❖❭❫◆◗❳❤❍❖❵❊❛✢❆✒➶➆❆☛☞✱❍❀❋✢❵❊❛❤❉◗❍❱▼✔❚➅❶ ❉●❳☎❴
✂❀➳❥❣★➋◗➫ ☛◗❑✏◆●❨❪❛✵◆●P ✗➏❛✰❭❫❵❊❛✵❋✢❍❀❆

π/4
❚✁�❱▼❷➳✹❦✧✍❼❘✰➳✦◆◗➶➆❆❱❉◗❭➟❈❢❭❫❳❏❨❪❆✒❈❖P✘❉◗❵✒❆★❍✔❉◗❞❫❍❖◆✉❉◗❞➟❞❫◆ ✗

❨❪❛✰❆✵❋✢❍❖❆✻◆◗P➪➶s❋✰❞➟❨❖❭❫❸✰❞➟❆➨➶➆◆✦❴✰❋✰❞❫❉●❨❖❭❫◆◗❳❤❨ �✦❸☎❆✟❍ ☛❲❴✹❆★❸☎❆★❳✢❴✹❭❫❳✰■❄◆❏❳❤❨❖❛✰❆✶❍❙❨❊❉✗❨❖❆✵◆●P➪❨❖❛✰❆
❨❪❈❪❉◗❳✢❍❀➶➆❭ ❍❖❍❖❭❫◆◗❳❝❵❊❛✢❉●❳✰❳✢❆✒❞➡❘

• ➞❱❍❹❴✹❭ ❍❖❵✒❋✢❍❪❍❀❆✟❴➨❭❫❳❥❵❊❛✢❉◗❸✹❨❖❆★❈❇➋ ☛✰❨❖❛✢❆❂➶➆◆◗❑✰❭❫❞➟❆❂❵✒◆◗➶➆➶✉❋✢❳✰❭❫❵★❉✗❨❪❭➟◆❏❳❝❵❊❛☎❉●❳✰❳✰❆★❞❧❭ ❍❇❵❊❛✢❉✗➾
❈❊❉◗❵❼❨❖❆✒❈❪❭❫➐✒❆★❴r❑ �r❉♥❞➟◆ ✗ ➳✒☎❹➭ ❉●❳✢❴rP✳❈❖❆ ✄❏❋✢❆✒❳✢❵ �r❍❀❆★❞➟❆✟❵ ❨❖❭✟✞◗❆→➶✉❋✰❞➟❨❖❭❫❸✢❉●❨❖❛rP✘❉❏❴✹❭❫❳✰■✢❘
✐✯◆✕❍❙❨❱◆●P❯❨❖❛✰❆s➶➆◆✦❴✰❋✰❞❫❉●❨❖❭❫◆◗❳❝❨ �✦❸✏❆✉❵❼❞ ❉◗❍❪❍❀❭ ✙☎❵★❉✗❨❖❭❫◆◗❳❝❉●❞❫■◗◆❏❈❖❭➟❨❖❛✢➶➆❍➏P✳◆◗❋✰❳✢❴❝❭❫❳✯❨❪❛✰❆❂❞❫❭❺➾
❨❪❆✒❈❊❉✗❨❖❋✢❈❖❆➩❸✏❆✒❈❖P✳◆◗❈❪➶➃❈❖❆★❞❫❉●❨❖❭✟✞◗❆★❞ �➼❸✏◆✦◆◗❈❪❞ �✻❋✢❳✢❴✹❆✒❈➪❨❪❛✰❆★❍❖❆➅❛✰◆✕❍❙❨❪❭➟❞❫❆➅❵❼◆◗❳☎❴✹❭❺❨❪❭➟◆❏❳✢❍★❘

• ➳✕❨❊❉●❳✢❴✢❉●❈❊❴❥➶➆◆✹❴✹❋✰❞ ❉✗❨❖❭❫◆◗❳❥❨ �✕❸✏❆➆❵❼❞ ❉◗❍❪❍❀❭ ✙☎❵✒❉●❨❖❭❫◆◗❳❄❉◗❞➟■❏◆◗❈❪❭❺❨❪❛✰➶➼❍❹❉◗❈❖❆s❋✢❍❀❋☎❉●❞❫❞ �✯❑✢❉❏❍❀❆✟❴
◆❏❳❝❨❖❛✰❆✉❉❏❍❖❍❖❋✰➶➆❸✹❨❪❭➟◆❏❳➨❨❪❛✢❉✗❨❹❨❖❛✰❆★❈❖❆➅❆ � ❭ ❍❀❨❪❍❇◆❏❳✰❞✟�✵◆◗❳✢❆➅➶⑨◆✹❴✹❋✢❞❫❉●❨❖❆★❴✯❍❖❭❫■◗❳✢❉◗❞❧◆●P❲◆◗❳✢❆
❸✢❉◗❈❀❨❪❭❫❵✒❋✰❞ ❉●❈✉❋☎❍❀❆★❈s❭❫❳♦❨❖❛✢❆✶❵❊❛✢❉◗❳✰❳✰❆★❞❷❉✗❨➆❉❥■❏❭ ✞❏❆✒❳♦➶➆◆◗➶➆❆✒❳✕❨✟❘ ✑➪❛✰❭ ❍⑨❉◗❍❪❍❀❋✰➶➆❸✹❨❪❭➟◆❏❳
➶➼❉✔�➍❑☎❆❢❉●❸✰❸✰❈❪◆◗❸✢❈❖❭ ❉✗❨❪❆✌P✳◆❏❈❧❨❪❛✰❆❷❉◗❭➟❈❧❭❫❳✕❨❖❆★❈❀P✘❉❏❵❼❆★❍ ✗➏❛✰❭❫❵❊❛s❉●❈❪❆❲❑✢❉◗❍❖❆★❴➩◆❏❳➩❨❖❛✰❆ ✑➏❚➍✐❥➞
❍❪❵❊❛✰❆✒➶➆❆☞☛ ✗➏❛✰❆★❈❖❆❲❆✟❉◗❵❊❛➩❋✢❍❖❆✒❈☛❭ ❍✂❉◗❞➟❞❫◆ ✗❷❆✟❴❇❨❪◆❇❉◗❵★❵❼❆★❍❪❍✏❨❖❛✢❆✔❵❊❛✢❉●❳✢❳✰❆✒❞✗P✳◆❏❈❧❉❢P✳❈❪❉❏❵ ❨❪❭➟◆❏❳➍◆◗P
❨❪❭➟➶➆❆➪◆◗❳✉❉❱❸✏❆✒❈❪❭➟◆✹❴✹❭ ❵❬❑✢❉❏❍❀❭ ❍★❘✌❅❇◆ ✗❢❆ ✞❏❆✒❈ ☛★❭➟❨❬❴✹◆✦❆★❍✌❳✰◆●❨❯❛✰◆❏❞❫❴❂P✳◆◗❈❬❶❢❚❱✐❥➞➹❍ �✹❍❙❨❪❆✒➶➼❍ ☛
✗➏❛✰❆★❈❖❆➏❍❖❭➟■❏❳✢❉●❞ ❍✌P✳❈❖◆❏➶↔❉◗❞➟❞✹❋✢❍❖❆✒❈❊❍✎◆ ✞◗❆★❈❖❞ ❉●❸❂❑✏◆●❨❪❛➆❭➟❳⑨❨❖❛✢❆➪❨❖❭❫➶⑨❆❇❉◗❳✢❴✉❨❖❛✰❆➪P✳❈❪❆☎✄✕❋✰❆★❳✢❵ �
❴✹◆❏➶➼❉●❭❫❳❧❘ ✂➚❳✶❨❖❛✰❭ ❍➏❵✒❉❏❍❀❆☞☛✦❨❖❛✰❆➅❈❪❆★❵✒❆✒❭✟✞◗❆★❴➨❍❀❭❫■◗❳☎❉●❞❧❵❼◆❏❳✢❍❖❭❫❍❀❨❪❍➪◆◗P✂❨❖❛✢❆❂❍❀❋✰➶ ◆●P❯❉●❞❫❞☛❨❖❛✰❆
➶➆◆✹❴✹❋✰❞ ❉✗❨❪❆★❴s❋✢❍❀❆★❈❲❍❀❭❫■◗❳✢❉◗❞❫❍ ✗➏❛✰❭ ❵❊❛ ☛●❭❫❳✉❨❪❛✰❆ ✗❷◆❏❈❪❍❀❨✎❵★❉◗❍❖❆❢❍❪❵❼❆★❳✢❉●❈❪❭❫◆ ☛✝❛✢❉✔✞◗❆❢❴✹❭ ✩✏❆★❈❖❆★❳❏❨
❉◗➶⑨❸✢❞➟❭➟❨❖❋✢❴✰❆★❍❇❉◗❳✢❴❝❴✹❆✒❞ ❉✔�✹❍ ☛✹❉●❳☎❴✶❉◗❈❖❆➩❴✹❭ ❍❙❨❪◆◗❈❖❨❖❆✟❴➨❑✁�✵❴✰❭✛✩✚❆✒❈❪❆✒❳✕❨❹❵❊❛✢❉◗❳✰❳✰❆✒❞☛❭❫➶➆❸✰❋✰❞ ❍❀❆
P✳❋✰❳☎❵ ❨❖❭❫◆◗❳☎❍✒❘❇❶❷◆◗❳✁✞◗❆★❳✕❨❖❭❫◆◗❳✢❉◗❞✏➶➆◆✹❴✹❋✰❞ ❉✗❨❪❭➟◆❏❳✶❨ �✕❸✏❆✉❵✒❞❫❉❏❍❖❍❖❭✛✙✏❵✒❉✗❨❪❭➟◆❏❳➨❉◗❞➟■❏◆◗❈❪❭❺❨❪❛✰➶➼❍➏❉●❈❪❆
❋✰❳☎❉●❑✰❞❫❆✉❨❪◆✵❆ � ❨❪❈❪❉❏❵ ❨❱❨❖❛✰❆s➶⑨◆✹❴✹❋✢❞❫❉●❨❖❭❫◆◗❳❥❨ �✦❸✏❆❂P✳❈❪◆◗➶ ❍❖❋✢❵❊❛❄❉✵❍❖❭❫■◗❳✢❉◗❞✌➶➆❭ � ❘➅➳✦❭❫➶➆❭❺➾
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❭➟❳✕❨❪❆✒❈❪❸✰❈❖❆✒❨❪❉●❨❖❭❫◆◗❳✢❍➪❨❪◆✻❨❪❛✰❆⑨❵ �✹❵❼❞❫◆❏❍❀❨❪❉✗❨❪❭➟◆❏❳✢❉●❈❪❭➟❨ �✻❭❫❍➍❴✹❭ ❍❖❵✒❋✢❍❪❍❀❆✟❴ ☛ ✗➏❛✢❭❫❵❊❛❥❸✢❈❖◆ ✞✦❭ ❴✹❆★❍❇❉✵➶➆◆◗❈❪❆
❸✰❈❪◆●P✳◆◗❋✢❳✢❴✯❭❫❳✢❍❀❭❫■◗❛✕❨❇❨❪◆✵❨❪❛✰❆✉❳☎❉✗❨❖❋✢❈❖❆s◆●P✔❵ �✹❵✒❞➟◆✕❍❙❨❊❉✗❨❖❭❫◆◗❳☎❉●❈❪❭❺❨ �❏❘❹❩✎❭➟❳✢❉◗❞➟❞✟�✏☛✏❨❪❛✰❆✉➶➆◆●❨❪❭ ✞❏❆✉❑✏❆❼➾
❛✰❭❫❳✢❴✻❨❪❛✰❆➍❭➟❳✕❨❖❆★❳✕❨❖❭❫◆◗❳✻❨❪◆s❆ � ❸✰❞➟◆❏❭❺❨❢❨❖❛✢❆➩❵ �✹❵❼❞❫◆❏❍❀❨❪❉✗❨❪❭➟◆❏❳✢❉●❈❪❭➟❨ �s❸✰❈❪◆◗❸✏❆✒❈❖❨❖❭❫❆★❍❷◆●P✎❵❼◆◗➶➆➶s❋✰❳✰❭ ❵✒❉✗➾
❨❖❭❫◆◗❳❝❍❀❭❫■◗❳☎❉●❞ ❍➪❭❫❍➏❴✹❭ ❍❪❵❼❋✢❍❪❍❀❆✟❴☛❘

�✣✘ �✣✘✛✗ � ✤ ✩✍✷✚✱ ✞✭✷✚✦✵✴✙✯✛✯ � ✆ ✱ ✩☞✩☞✤✼✯✲✴✶★✪✤ ✞ � ✩☞✱✳✦✵✤ ✠ ✠ ✤ ✠

❩✰◆❏❈✉❉✯❵❼◆❏➶⑨❸✢❞➟❆ � ➐★❆✒❈❪◆✯➶⑨❆✟❉●❳❤❨❖❭❫➶➆❆✵❵❼◆❏❳✕❨❖❭❫❳✕❋✢◆◗❋✢❍➅❸✢❈❖◆✹❵❼❆✟❍❖❍
x(t)

☛
(t ∈ � )

☛✂❨❪❛✰❆✻❨❪❭➟➶➆❆
✞✗❉●❈ �✕❭❫❳✰■➆❉●❋✹❨❪◆✹❵❼◆◗❈❪❈❪❆✒❞ ❉✗❨❖❭❫◆◗❳✻P✳❋✰❳✢❵ ❨❪❭➟◆❏❳ ☞ ✑ ✒❯➞❹❩ ✍➪❭ ❍❇❴✹❆ ✙☎❳✰❆★❴✶❉◗❍★▲

Rxx(t + τ/2, t − τ/2) = E{x(t + τ/2)x∗(t − τ/2)} ☞✱➤✰❘➟❣ ✍
✂➚❳❄❨❪❛✰❆➼❵❼◆❏❳❏❨❪❭➟❳✦❋✰◆❏❋✢❍❱❨❖❭❫➶➆❆s❨❪❛✰❆✒◆❏❈ �✯◆◗P❢❵ �✦❵✒❞➟◆✕❍❙❨❊❉✗❨❪❭➟◆❏❳✢❉●❈❪❭❺❨ �☞☛☎❭➟❨➅❛✢❉◗❍➩❑✏❆✒❆★❳❄P✳◆❏❋✰❳✢❴→➶➆◆◗❈❪❆
❵❼◆❏❳ ✞❏❆✒❳✰❭❫❆✒❳✕❨✎❨❖◆➩❋✢❍❖❆❢❨❖❛✰❆❇❍ �✦➶⑨➶➆❆✒❨❖❈❪❭❫❵ ✞◗❆★❈❪❍❖❭❫◆◗❳✉◆◗P✢❨❪❛✰❆✆✑ ✒✎➞❱❩ ☛●❈❪❉●❨❖❛✰❆★❈✎❨❖❛✢❉◗❳✉❨❪❛✰❆❇❉◗❍ �✦➶s➾
➶➆❆❼❨❖❈❪❭ ❵ ✞❏❆✒❈❊❍❀❭❫◆◗❳ ☛

Rxx(t, t − τ) == E{x(t)x∗(t − τ)} ❘✈❅❇◆ ✗❢❆ ✞◗❆★❈✎☛❬❨❖❛✰❆✯❈❪❆★❍❖❋✰❞➟❨❪❍
❸✰❈❪◆ ✞✕❭ ❴✹❆✟❴✻❭❫❳➨❨❪❛✰❭ ❍❇❍❀❆✟❵ ❨❪❭➟◆❏❳✶❵★❉●❳✶❑☎❆➅❆✟❉◗❍❖❭➟❞✟�✻➶➆◆✹❴✹❭✛✙☎❆★❴➨P✳◆◗❈➪❨❪❛✰❆❂❉◗❍❪❍ �✦➶➆❆❼❨❪❈❖❭ ❵➍❵✒❉◗❍❖❆✗✛ ➋❏➽ ✜✬❘

✑➪❛✰❆❇❈❊❉●❳✢❴✹◆❏➶➸❸✰❈❪◆✹❵❼❆✟❍❖❍
x(t)

❭ ❍✔❵❊❛☎❉●❈❊❉◗❵ ❨❪❆✒❈❪❭➟➐★❆★❴⑨❉◗❍✌✒✗✺ ❃✦✵❁✰ ✿❀✵❁❆●✾ ✌ ✌ ✦ ❆✕✰✻❃✦❃✳✺ ✌ ✾❀✶ ✺✕✿ ☛✕❭➟P☛❨❖❛✰❆
✑ ✒✎➞❱❩✾❭ ❍➪❸☎❆★❈❖❭❫◆✹❴✹❭ ❵➩❭➟❳✶❨❖❭❫➶➆❆ ✞✗❉●❈❪❭❫❉◗❑✰❞➟❆

t
✗➏❭❺❨❪❛❝❉⑨❸✏❆✒❈❪❭➟◆✹❴

P
☛✹❭➡❘ ❆❏❘

Rxx(t + τ/2, t− τ/2) = Rxx(t + τ/2 + mP, t− τ/2 + mP ); ∀m ∈ ✁ ☞➡➤✹❘ ⑩ ✍
➞❹❍➍❉✻❈❪❆★❍❖❋✰❞➟❨❱◆●P❲❨❪❛✰❭ ❍❱❸✏❆✒❈❪❭❫◆✦❴✰❭❫❵✒❭❺❨ �☞☛☎❨❪❛✰❆s❨❖❭❫➶⑨❆ ✞✗❉●❈ �✕❭❫❳✰■✵❉◗❋✹❨❖◆✹❵✒◆◗❈❪❈❖❆★❞❫❉●❨❖❭❫◆◗❳✶P✳❋✰❳✢❵❼❨❖❭❫◆◗❳❄◆◗P
x(t)

❵✒❉●❳✶❑✏❆➅❈❖❆★❸✰❈❖❆✟❍❀❆★❳✕❨❖❆★❴➨❉◗❍➏❉➆❩✰◆❏❋✰❈❪❭➟❆★❈❇❍❀❆★❈❖❭❫❆★❍★▲

Rxx(t + τ/2, t − τ/2) =
∑

α

Rα
xx(τ)ej2παt ☞✱➤✹❘ ➋ ✍

✗➏❛✰❆✒❈❪❆➆❨❖❛✢❆➨❍❖❋✰➶ ❭ ❍➅❨❊❉●➑❏❆✒❳♦◆ ✞◗❆★❈➩❨❖❛✰❆➨❭➟❳✕❨❪❆✒■◗❆★❈❂➶✉❋✢❞❺❨❪❭➟❸✰❞❫❆★❍s◆●P➪❨❪❛✰❆➼P✳❋✰❳✢❴✢❉●➶➆❆✒❳✕❨❪❉◗❞✔P✳❈❪❆❼➾
✄✕❋✰❆✒❳✢❵ �

αf = k/P
☛
k ∈ ✂ ❘ ✑➪❛✰❆➍❩✰◆❏❋✰❈❖❭❫❆✒❈➪❵❼◆✦❆ ✕➼❵✒❭➟❆★❳✕❨❪❍✎☛ ✗➏❛✰❭ ❵❊❛✵❴✹❆★❸☎❆★❳✢❴✻◆❏❳➼❨❖❛✢❆❱❞ ❉●■

❸✢❉●❈❊❉●➶➆❆✒❨❖❆✒❈
τ
❉◗❈❖❆⑨❵✒❉●❞❫❞❫❆★❴✯❨❪❛✰❆✽❆ ✦ ❆ ✌ ✵❁❆ ✾ ✛ ✶✞✰ ❆✕✰✻❃✦❃●✺✍✌ ✾❀✶❉✵❁✰❀✴ ❄ ✛ ✴ ❆ ✶❉✵❁✰❀✴✯❉●❳✢❴❥❉◗❈❖❆⑨■◗❭✟✞◗❆★❳❄❉◗❍



➺●➝ � �✭✑ ✞✭✁☎✄✝✆✞✡ ✞●☎❁✟ ✎☛✡ ✁ ☛✔✡ ✄✵✆✒✑✙✑ ✎✕✟☞✆✒✑✓✠✔✄✂✞✂✁✁✣✥✘✓✠✔✑ ✆✒✑ ✄✔✓ ✆✜✚✵✎●✘ ✠❀✧ ✆ ✟✪✆✟✑ ✠✖✄❈✟✖✞ ✑✟✆✙✚

✛ ➋❏➽ ✜✬▲

Rα
xx(τ) =

1

P

∫ P/2

−P/2

Rxx(t + τ/2, t − τ/2)e−j2παtdt
☞➡➤✹❘ ➝ ✍

❩✰◆❏❈❯❍❖◆◗➶➆❆➏❵❼◆❏➶➆❸✰❞➟❆ � ✞✗❉●❞❫❋✰❆★❴⑨❍❀❭❫■◗❳☎❉●❞ ❍ ☛✝❨❪❛✰❆➪❨❖❭❫➶➆❆ ✞✗❉◗❈ �✦❭❫❳✰■➍❵✒◆◗❳✗➧❙❋✢■❏❉✗❨❪❆➏❉●❋✹❨❪◆✦❵✒◆◗❈❪❈❖❆★❞❫❉●❨❖❭❫◆◗❳
P✳❋✰❳✢❵❼❨❖❭❫◆◗❳ ☞ ✑ ✒❱❶❢➞❱❩✘✍❢➶➼❉✔�✵❉◗❞❫❍❖◆➆❑☎❆➅❋☎❍❀❆✒P✳❋✰❞ ☛ ✗➏❛✰❭❫❵❊❛✶❭ ❍❇❴✹❆ ✙☎❳✰❆★❴❝❉◗❍

Rxx∗(t + τ/2, t − τ/2) = E{x(t + τ/2)x(t − τ/2)} ☞➡➤✹❘ ➤ ✍
➞❇❳✢❉◗❞➟◆❏■◗◆❏❋✢❍❂❨❪◆❤❨❖❛✰❆✯❳✰◆❏❳✢❵❼◆❏❳✗➧❙❋✰■✕❉✗❨❖❆❝❵✒❉❏❍❀❆☞☛❬❨❪❛✰❆✯❵❼◆◗➶➆❸✰❞❫❆ � ✞✝❉◗❞➟❋✢❆★❴♣❈❪❉◗❳✢❴✹◆◗➶ ❸✢❈❖◆✹❵❼❆✟❍❖❍
x(t)

❭❫❍➏❵★❉●❞❫❞➟❆✟❴✶❵✒◆◗❳✗➧❙❋✢■❏❉✗❨❪❆❱❸✏❆✒❈❪❭❫◆✦❴✰❭❫❵★❉●❞❫❞ �✵❵✒◆◗❈❪❈❖❆★❞❫❉●❨❖❆✟❴ ☛✦❭❺P❯❨❖❛✢❆ ✑ ✒❱❶❢➞❹❩✾❭ ❍➪❸✏❆✒❈❪❭➟◆✹❴✹❭ ❵➩❭➟❳
❨❖❭❫➶➆❆◗▲

Rxx∗(t+τ/2, t−τ/2) = Rxx∗(t+τ/2+mP, t−τ/2+mP ); ∀m ∈ ✁ ☞➡➤✹❘ ➫ ✍
❉●❳✢❴✶❉◗❴✰➶⑨❭➟❨❪❍❹❉⑨❩✢◆◗❋✰❈❪❭❫❆✒❈➏❍❀❆★❈❖❭❫❆★❍➪❈❪❆✒❸✢❈❖❆✟❍❀❆★❳❏❨❊❉✗❨❪❭➟◆❏❳

Rxx∗(t + τ/2, t − τ/2) =
∑

α

Rα
xx∗(τ)ej2παt ☞✱➤✹❘ ➲ ✍

➞❹❍✵❑☎❆✒P✳◆◗❈❪❆✏☛➪❨❖❛✢❆❄❍❀❋✢➶ ❭ ❍➼❨❊❉●➑❏❆✒❳➹◆ ✞◗❆★❈➆❨❖❛✰❆→❭➟❳✕❨❖❆★■◗❆★❈✻➶✉❋✰❞➟❨❖❭❫❸✰❞❫❆★❍✵◆●P➩❨❖❛✰❆❄P✳❋✰❳✢❴✰❉◗➶➆❆✒❳✹➾
❨❪❉◗❞❷❵ �✹❵✒❞➟❆➆P✳❈❪❆☎✄✕❋✰❆★❳✢❵ �

αf = k/P.
✑➪❛✰❆✵❩✢◆◗❋✰❈❪❭➟❆★❈✉❵❼◆✦❆ ✕➼❵✒❭➟❆★❳✕❨❪❍➅◆◗P❢❨❪❛✰❆ ✑ ✒❱❶❢➞❱❩✈❉◗❈❖❆
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∫ P/2

−P/2
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Rxx(t + τ/2, t − τ/2) =
∑

α

Rα
xx(τ)ej2παt

Rxx∗(t + τ/2, t − τ/2) =
∑

α

Rα
xx∗(τ)ej2παt ☞✱➤✹❘ ➽ ✍



� � � ✆ ✠✔✄✵✆✒✑ ✄✵✌ ✠ ✌✁✧ ✁✶✑✙✢ ✡✝✆✜✚✵✎●✘ ✠❀✧ ✆ ✟✪✆✟✑ ✠✖✄❈✟✖✞ ✚ ✁ ✞✡✠☞✎☛✡✦✧●✧✕✡☛✧ ➺✕➤

✗➏❛✰❆✒❈❪❆❷❨❖❛✰❆➏❍❖❋✰➶➓❭ ❍✂❨❊❉●➑❏❆✒❳✉◆ ✞❏❆✒❈❯❉●❞❫❞✕❨❖❛✰❆➪❭❫❳✢❵❼◆❏➶⑨➶➆❆★❳✢❍❀❋✢❈❪❉●❨❖❆❷P✳❋✰❳✢❴✰❉◗➶⑨❆★❳✕❨❪❉●❞✦P✳❈❪❆☎✄✕❋✰❆★❳✢❵❼❭❫❆★❍
α ∈ {k1/P1, . . . , kn/Pn}

✗➏❭➟❨❖❛
k1, . . . kn ∈ ✁ ❘❯➳✦❭❫❳✢❵✒❆❬➶✉❋✰❞➟❨❖❭❫❸✰❞❫❆❬❸✏❆✒❈❪❭➟◆✹❴✹❭ ❵❼❭➟❨❖❭❫❆★❍ ✗➏❭❺❨❪❛❴✹❭ ✩✏❆★❈❖❆★❳❏❨➆P✳❋✰❳☎❴✰❉●➶➆❆✒❳✕❨❊❉●❞➏P✳❈❪❆☎✄✕❋✰❆★❳✢❵❼❭❫❆★❍⑨❆ � ❭ ❍❙❨ ☛✔❨❪❛✰❆❥❩✰◆❏❋✰❈❪❭➟❆★❈➆❵✒◆✦❆✺✕✻❵❼❭❫❆✒❳✕❨❪❍➼❵★❉●❳✰❳✢◆●❨➼❑☎❆

❵✒❉◗❞❫❵✒❋✰❞❫❉●❨❖❆✟❴❂❸✏❆✒❈❖P✳◆◗❈❪➶⑨❭❫❳✰■➅❉❹❨❖❭❫➶⑨❆❇❉✔✞❏❆✒❈❊❉●■❏❭➟❳✰■❹◆◗❸✏❆✒❈❊❉✗❨❖❭❫◆◗❳s◆ ✞◗❆★❈✎◆❏❳✰❆❢❸☎❆★❈❖❭❫◆✹❴ ☛◗❉◗❍❯❭❫❳❃☞✱➤✹❘ ➝ ✍
❉●❳✢❴☛☞✱➤✰❘ ➺ ✍ ☛●❉●❳☎❴s❉◗❳✉❭❫❳✚✙✢❳✰❭➟❨❖❆★❞ �❂❞❫◆◗❳✢■❇❨❖❭❫➶➆❆➪❭➟❳✕❨❖❆★❈ ✞✗❉◗❞✕❛☎❉◗❍✌❨❖◆➍❑☎❆➪❋✢❍❖❆★❴✉❭➟❳☎❍❙❨❪❆★❉◗❴ ☛●❭➟❳s◆◗❈❊❴✹❆✒❈
❨❖◆➍❍❀❋✰❸✢❸✰❈❖❆✟❍❖❍✂❨❖❛✢❆❷❵❼◆❏❳✕❨❖❈❪❭➟❑✰❋✰❨❖❭❫◆◗❳✢❍✂P✳❈❖◆❏➶➂❨❖❛✰❆❢❍❀❭❫■◗❳✢❉◗❞✕❵✒◆◗➶➆❸✏◆◗❳✰❆★❳❏❨❊❍✂❆ � ❛✰❭➟❑✢❭❺❨❪❭➟❳✰■➍❴✹❭ ✩✏❆★❈❖❆★❳❏❨
❸☎❆★❈❖❭❫◆✹❴✹❭ ❵❼❭➟❨❖❭❫❆★❍★❘ ✑➪❛✦❋✢❍✎☛✝❨❖❛✰❆➏❵ �✦❵✒❞➟❭ ❵❢❉●❋✹❨❪◆✦❵✒◆◗❈❪❈❖❆★❞❫❉●❨❖❭❫◆◗❳➅P✳❋✢❳✢❵ ❨❪❭➟◆❏❳✉P✳◆❏❈❯❉❱❸✏◆◗❞✟�✕❸✏❆✒❈❪❭❫◆✦❴✰❭❫❵★❉●❞❫❞ �
❵❼◆❏❈❖❈❪❆✒❞ ❉✗❨❪❆★❴✻❸✢❈❖◆✹❵❼❆✟❍❖❍➪❵★❉●❳✶❑☎❆➅❆ � ❸✢❈❖❆✟❍❖❍❖❆★❴✶❉◗❍

Rα
xx(τ) = lim

T→∞
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T

∫ T/2

−T/2

Rxx(t + τ/2, t − τ/2)e−j2παtdt
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lim
T→∞

1

T

∫ T/2

−T/2

E{x(t)}e−j2παtdt = lim
T→∞

1

T

∫ T/2

−T/2

x(t)e−j2παtdt
☞➡➤✹❘❫❣✒➝ ✍
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Rα
xx(τ) = lim

T→∞

1

T

∫ T/2

−T/2

x(t + τ/2)x∗(t − τ/2)e−j2παtdt
☞➡➤✹❘❫❣✟➤ ✍

❉●❳✢❴

Rα
xx∗(τ) = lim

T→∞

1

T

∫ T/2

−T/2

x(t + τ/2)x(t − τ/2)e−j2παtdt
☞➡➤✹❘❫❣★➫ ✍
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e−j2παt ❭➟❳ ☞✱➤✰❘➟❣✝➤ ✍❼▲

Rα
xx(τ) = lim

T→∞

1

T

∫ T/2

−T/2

[x(t+τ/2)e−jπα(t+τ/2)][x(t−τ/2)ejπα(t−τ/2)]∗dt
☞✱➤✰❘➟❣✗➲ ✍

✑➪❛✦❋✢❍ ☛
Rα

xx(τ)
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Rα
xx(τ) = lim

T→∞

1

T

∫ T/2

−T/2

u(t + τ/2)v(t − τ/2)∗dt = Ruv(τ)
☞➡➤✹❘❫❣★➺ ✍

✗➏❭❺❨❪❛

u(t) = x(t)e−jπαt ☞➡➤✹❘❫❣★➽ ✍
❉●❳✢❴

v(t) = x(t)e+jπαt.
☞➡➤✹❘ ⑩●➘ ✍

u(t)
❉◗❳✢❴

v(t)
❉●❈❪❆✉P✳❈❪❆☎✄✕❋✰❆★❳✢❵ �✶❨❪❈❪❉◗❳✢❍❀❞ ❉✗❨❪❆★❍❱◆●P

x(t)
❑✁�

+α/2
❉●❳☎❴ −α/2
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x(t)
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Ruv(τ)
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τ
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α 6= 0
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Rα
xx∗(τ) = lim

T→∞

1

T

∫ T/2

−T/2

u(t + τ/2)w∗(t − τ/2)dt = Ruw(τ)
☞➡➤✹❘ ⑩✹❣✭✍

✗➏❛✰❆✒❈❪❆

w(t) = x∗(t)e+jπαt.
☞➡➤✹❘ ⑩◗⑩ ✍
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x∗(t)
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E{|x(t)|2} = Rxx(0)
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x(t)
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Sxx(f) = lim
T→∞

E{| 1
T

XT (f)|2} ☞➡➤✹❘ ⑩●➋ ✍

✗➏❛✰❆✒❈❪❆

XT (f) =

∫ T/2

−T/2

x(u)e−j2πfudu
☞➡➤✹❘ ⑩✗➝ ✍
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Sxx(f) =

∫ ∞

−∞

Rxx(τ)e−j2πfτ dτ
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x(t)
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Ruv(0) = Rα
xx(0)
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▲

Sxx(t, f) =

∫ ∞

−∞

Rxx(t + τ/2, t − τ/2)e−j2πfτdτ
☞➡➤✹❘ ⑩●➫ ✍
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Sxx(t, f) =
∑

α

Sα
xx(f)ej2παt ☞➡➤✹❘ ⑩❏➲ ✍
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Sα
xx(f) = lim

T→∞

1

T

∫ T/2

−T/2

Sxx(t, f)e−j2παtdt.
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Sα
xx(f) =

∫ ∞

−∞

Rα
xx(τ)e−j2πfτ dτ
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xx∗(f) =

∫ ∞

−∞

Rα
xx∗(τ)e−j2πfτ dτ
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Sα
xx(f) = lim

V →∞
lim

T→∞

1

V

∫ V/2

−V/2

1

T
XT (t, f + α/2)X∗

T (t, f − α/2)dt
☞✱➤✰❘ ➋✢❣✭✍
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Sα
xx∗(f) = lim

V →∞
lim

T→∞

1

V

∫ V/2

−V/2

1

T
XT (t, f + α/2)XT (t, α/2 − f)dt

☞✱➤✰❘ ➋✕⑩ ✍

✗➏❭❺❨❪❛
XT (t, f) =

∫ t+T/2

t−T/2
x(u)e−j2πfudu
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x(t)
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Sα
xx(f) = Suv(f)
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Sα
xx∗(f) = Suw(f)
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u(t)
☛
v(t)
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w(t)

❉●❈❪❆❇❴✹❆✤✙✢❳✰❆★❴➆❭❫❳ ☞✱➤✰❘➟❣✟➽ ✍ ☞➡➤✹❘ ⑩●➘ ✍❯❉◗❳✢❴❃☞✱➤✰❘ ⑩❏⑩ ✍✎❈❪❆★❍❖❸☎❆✟❵ ❨❖❭✟✞◗❆★❞ �❏❘
✑➪❛✰❆➪❆ � ❭❫❍❀❨❖❆★❳✢❵❼❆➪◆◗P✢❨❖❆★➶➆❸☎◆❏❈❪❉◗❞✦❵✒◆◗❈❪❈❖❆★❞❫❉●❨❖❭❫◆◗❳❂❑✏❆❼❨✘✗❢❆✒❆★❳⑨❍❖❸✏❆★❵ ❨❪❈❪❉◗❞✹❵❼◆◗➶➆❸✏◆◗❳✰❆★❳✕❨❪❍❯❍❀❆★❸✢❉✗➾

❈❪❉●❨❖❆✟❴s❑✁�s❨❖❛✰❆➍❵ �✹❵❼❞❫❆➏P✳❈❪❆☎✄✕❋✰❆★❳✢❵ �
α
❭❫❳✵❉➅❵ �✹❵✒❞➟◆✕❍❙❨❊❉✗❨❖❭❫◆◗❳☎❉●❈ �✉❍❀❭❫■◗❳☎❉●❞✢❵★❉●❳➼❑✏❆❹❭❫❳❏❨❪❆✒❈❪❸✰❈❪❆❼❨❖❆✟❴

❉◗❍⑨❍❀❸✏❆★❵❼❨❖❈❊❉●❞❢❈❖❆✟❴✹❋✰❳✢❴✢❉●❳✢❵ �❤❭❫❳✾❨❪❛✰❆✶❭➟❳✹P✳◆❏❈❖➶➼❉●❨❖❭❫◆◗❳♦❨❪❛✰❆✒◆❏❈❖❆✒❨❖❭ ❵✵❍❖❆✒❳✢❍❖❆◗❘✾➳✦❭❫■◗❳✢❉◗❞❷❸✢❈❖◆✹❵❼❆✟❍❙➾
❍❀❭❫❳✰■❝❨❪❆★❵❊❛✰❳✰❭ ✄✕❋✰❆★❍ ✗➏❛✰❭ ❵❊❛✾❴✹◆✯❳✰◆●❨s➶➆❉◗➑◗❆✻❋☎❍❀❆➼◆◗P❢❨❪❛✰❆➨❵ �✹❵❼❞❫◆❏❍❀❨❪❉✗❨❪❭➟◆❏❳✢❉●❈❪❭➟❨ �✯❭➟■❏❳✰◆◗❈❪❆➆❨❖❛✰❆
❸✰❈❪❆★❍❖❆✒❳✢❵✒❆✉◆●P❷❨❖❛✰❭ ❍➍❈❖❆✟❴✹❋✰❳✢❴✢❉●❳✕❨➍❭❫❳✹P✳◆❏❈❖➶➼❉✗❨❪❭➟◆❏❳❄❭❫❳❄❨❪❛✰❆➼❍❀❭❫■◗❳☎❉●❞ ☛ ✗➏❛✢❆✒❈❪❆★❉◗❍❹❨❖❛✢❆⑨➶➆❆✒❨❖❛✰◆✹❴✰❍
❆ � ❸✰❞❫◆◗❭➟❨❖❭❫❳✰■✯❵ �✹❵❼❞❫◆❏❍❀❨❪❉●❨❖❭❫◆◗❳✢❉◗❈❖❭➟❨ �➨❨❪❉●➑❏❆➼❉◗❴✒✞✗❉●❳✕❨❊❉●■◗❆s◆●P❢❨❖❛✰❭ ❍➩❈❪❆★❴✹❋✰❳☎❴✰❉●❳✢❵ �✏☛❧❭❫❳❤◆◗❈❊❴✹❆✒❈➍❨❖◆
❭➟❳☎❵❼❈❪❆★❉◗❍❖❆❱❨❖❛✰❆➅❸✏❆✒❈❖P✳◆◗❈❪➶➼❉●❳✢❵✒❆➍❉◗❳✢❴✶❈❖◆❏❑✰❋✢❍❀❨❖❳✰❆✟❍❖❍❢◆●P✎❨❖❛✢❆❂❉●❞❫■◗◆◗❈❪❭➟❨❖❛✰➶➼❍❢❋✢❍❖❆★❴☛❘

➎➉❛✰❆✒❳✶❨❖❛✢❆❂❍❀❭❫■◗❳✢❉◗❞
x(t)

❋✰❳✢❴✹❆★❈❖■❏◆✕❆✟❍➪❉s❞❫❭❫❳✰❆★❉◗❈➪❨❖❭❫➶⑨❆ ✞✗❉◗❈❖❭ ❉●❳✕❨ ✙✢❞➟❨❖❆✒❈❪❭❫❳✰■➆◆◗❸✏❆✒❈❊❉✗❨❖❭❫◆◗❳

z(t) = h(t) ∗ x(t) =

∫ ∞

−∞

h(u)x(t − u)du
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Sα
zz(f) = H(f + α/2)H∗(f − α/2)Sα

xx(f)
☞➡➤✹❘ ➋◗➫ ✍

❉●❳✢❴

Sα
zz∗(f) = H(f + α/2)H(α/2 − f)Sα

xx∗(f)
☞➡➤✹❘ ➋✕➲ ✍
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x(t)
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x(t) = s(t) + n(t),
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✗➏❛✰❆✒❈❪❆
n(t)
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x(t)
❉◗❈❖❆
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Rα
xx(τ) = Rα

ss(τ) Sα
xx(f) = Sα

ss(f); α 6= 0
☞✱➤✰❘ ➋❏➽ ✍
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x(t) =

L
∑

l=1

sl(t) + n(t),
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n(t)
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Rα
xx(τ) =

L
∑

l=1

Rα
slsl

(τ) + Rnn(τ)δ[α]
☞➡➤✹❘ ➝✢❣✭✍

❉●❳✢❴

Sα
xx(f) =

L
∑

l=1

Sα
slsl

(f) + Snn(f)δ[α]
☞➡➤✹❘ ➝✕⑩ ✍
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α = αk 6= 0
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sk(t)

☛✰❭➡❘ ❆❏❘
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Sαk
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x(t) =

∞
∑

−∞

ang(t − nTs − ǫ)
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P (an = a(i)) =
1

M

☞➡➤✹❘ ➝❏➫ ✍

❉●❳✢❴

P (an = a(j) ∧ am = a(k)) = P (an = a(j)) · P (am = a(k))
☞➡➤✹❘ ➝✦➲ ✍
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Rxx(t + τ/2, t − τ/2) = E

{

∞
∑

n=−∞

∞
∑

m=−∞

ana∗
m

g(t − nTs − ǫ + τ/2)g∗(t − mTs − ǫ − τ/2)

}

.
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g(t)
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E{ana∗
m} = σ2

aδ[n − m]
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σ2
a =

E{|an|2}
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Rxx(t + τ/2, t − τ/2) = σ2
a

∞
∑

n=−∞

g(t − nTs − ǫ + τ/2)

. g(t − nTs − ǫ − τ/2)
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Rxx(t + τ/2, t − τ/2)
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αf = 1/Ts
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fs = 1/Ts
▲

Rα
xx(τ) =

{

Rkfs
xx (τ), α = kfs; k ∈ ✁

0,
◆◗❨❖❛✰❆★❈ ✗➏❭ ❍❀❆ ☞➡➤✹❘ ➝❏➽ ✍
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g(t) = gR(t)
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gR(t) =

{

1, |t| < Ts/2
0,

◆◗❨❖❛✰❆★❈ ✗➏❭ ❍❖❆ ☞➡➤✹❘ ➤●➘ ✍

❨❖❛✰❆➨❵ �✹❵❼❞❫❭❫❵✵❉●❋✹❨❪◆✦❵✒◆◗❈❪❈❖❆★❞❫❉●❨❖❭❫◆◗❳→◆●P➪❨❖❛✰❆✵❞➟❭❫❳✰❆★❉◗❈✉➶➆◆✹❴✹❋✰❞ ❉✗❨❪❆★❴♦❍❖❭➟■❏❳✢❉●❞✔❵★❉●❳⑦❑✏❆✻❆ � ❸✰❈❪❆★❍❪❍❀❆✟❴
❉◗❍★▲

Rkfs
xx (τ) = σ2

d

sin[πkfs(Ts − |τ |)]
πk

ej2πkfsǫ for|τ | < Ts
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Cyclic Autocorrelation Function for a QPSK Signal (Rectangular Pulse Shape)
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xx(τ)
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g(t) =

∫ ∞

−∞

G(f)ej2πftdf
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Rkfs
xx (τ) = lim

T→∞

σ2
a

T

∫ T/2

−T/2

∫ ∞

−∞

∫ ∞

−∞

[

exp[j2π
(

f1t − f1ǫ

+f1τ/2 + f2t − f2ǫ − f2τ/2 − kfst
)

]G(f1)G(f2)

∞
∑

n=−∞

e−j2πnTs[f1+f2]
]

df1df2dt.
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Rkfs
xx (τ) = lim

T→∞

σ2
a

T

∫ T/2

−T/2

∫ ∞

−∞

∫ ∞

−∞

[

exp[j2π
(

f1t − f1ǫ + f1τ/2 + f2t

−f2ǫ − f2τ/2 − kfst
)

]G(f1)G(f2)

.

∞
∑

i=−∞

δ[f1 + f2 − ifs]
]

df1df2dt.
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Rkfs
xx (τ) =

σ2
a

Ts

∫ ∞

−∞

[

e−j2πfτG(f)

∞
∑

i=−∞

G(ifs − f)e−j2πifs(ǫ−τ/2)

. lim
T→∞

1

T

∫ T/2

−T/2

ej2πfst(i−k)
]

dtdf.

=
σ2

a

Ts

∫ ∞

−∞

e−j2π[(fτ+kfs(ǫ−τ/2)]G(f)G(kfs − f)df
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✂➚❳❤❴✹❭❫■◗❭➟❨❪❉◗❞✎❵✒◆◗➶➆➶✉❋✢❳✰❭❫❵★❉✗❨❪❭➟◆❏❳✢❍ ☛✏❨❪❛✰❆⑨❍❖❭❫■◗❳✢❉◗❞✌❸✰❋✢❞❫❍❖❆s❭ ❍➍❋✢❍❖❋✢❉●❞❫❞ �❥❴✰❆★❍❖❭➟■❏❳✰❆★❴❝❨❪◆✶❉◗❞➟❞❫◆ ✗
❍ �✦➶s❑☎◆❏❞☎❈❊❉✗❨❪❆★❍❢❵❼◆◗➶➆❸✢❉◗❈❪❉◗❑✰❞❫❆➪❨❖◆s❨❖❛✰❆❱❨✘✗❷◆⑨❍❀❭ ❴✹❆✟❴✻❵❊❛✢❉●❳✢❳✰❆✒❞✏❑✢❉●❳☎❴✚✗➏❭❫❴✹❨❖❛

B
✗➏❛✰❭❫❞➟❆➍➶➆❭➟❳✢❭❺➾

➶➆❭➟➐★❭➟❳✰■✉❨❖❛✰❆➍❭❫❳❏❨❪❆✒❈❊❍ �✦➶s❑☎◆❏❞✢❭❫❳❏❨❪❆✒❈❖P✳❆✒❈❪❆✒❳✢❵✒❆◆☞ ✂❀➳✁✂ ✍❬❑✏❆❼❨✘✗❢❆✒❆★❳✵❉◗❴✗➧❀❉◗❵❼❆★❳✕❨❢❍ �✕➶s❑☎◆❏❞❫❍❷❭❫❳✻❨❖❭❫➶➆❆◗❘
✑➪❛✰❆➅❵❼◆❏❳✢❴✹❭➟❨❖❭❫◆◗❳✶P✳◆◗❈➏❳✰◆➆❭❫❳✕❨❖❆✒❈❊❍ �✕➶s❑☎◆❏❞☛❭➟❳✕❨❪❆✒❈❖P✳❆✒❈❪❆✒❳✢❵✒❆❱❭ ❍➏❭❫❳➨❨❪❭➟➶➆❆❂❴✹◆❏➶➼❉●❭❫❳

g(nTs) =

{

1 (n = 0)
0 (n 6= 0)

☞➡➤✹❘ ➤◗➤ ✍

✗➏❛✰❭ ❵❊❛ ☛✹❭➟❳✶P✳❈❪❆☎✄✕❋✰❆★❳✢❵ �✵❴✰◆◗➶➼❉●❭❫❳✵❨❪❈❪❉◗❳✢❍❖❞❫❉●❨❖❆★❍❢❨❪◆⑨❨❖❛✰❆➩P✳◆❏❞➟❞❫◆ ✗➏❭➟❳✢■➆❵✒◆◗❳✢❴✰❭❺❨❪❭➟◆❏❳

∞
∑

m=−∞

G(f + m/Ts) = Ts
☞➡➤✹❘ ➤●➫ ✍

✗➏❛✰❭ ❵❊❛✶❭ ❍❹❵★❉●❞❫❞➟❆✟❴➨❨❖❛✰❆ ☎ � ✄❏❋✢❭❫❍❀❨❹❸✰❋✰❞ ❍❖❆❂❍❀❛✢❉◗❸✰❭❫❳✰■✻❵❼❈❪❭❺❨❪❆✒❈❪❭➟◆❏❳ ☛✰◆❏❈✆☎✆� ✄✕❋✰❭❫❍❀❨❱❵✒❈❖❭➟❨❖❆★❈❖❭❫◆◗❳✶P✳◆◗❈
❴✹❭ ❍❙❨❪◆◗❈❖❨❖❭❫◆◗❳✰❞❫❆★❍❪❍➍❑✢❉◗❍❖❆✒❑✢❉◗❳✢❴❄❵✒◆◗➶➆➶✉❋✢❳✰❭❫❵★❉✗❨❪❭➟◆❏❳ ✛❫❣✒➝ ✜✬❘➼❩✰◆❏❈

Ts = 1/B
☛☛❨❖❛✰❭ ❍➅❵❼◆❏❳✢❴✹❭➟❨❖❭❫◆◗❳

❵✒❉◗❳s◆❏❳✰❞ �➅❑✏❆❇❍❪❉✗❨❖❭ ❍ ✙✢❆★❴s❑✁�❂❉❱❈❪❆★❵❼❨❪❉◗❳✰■◗❋✰❞ ❉●❈❯❍❖❸☎❆✟❵ ❨❖❈❪❋✰➶ ☛ ✗➏❛✢❭❫❵❊❛⑨❞➟❆✟❉◗❴✰❍✌❨❪◆➩❉➍❸✰❋✢❞❫❍❖❆➏❍❀❛✢❉◗❸☎❆
g(t) = sin(πt/Ts)

πt/Ts

❘✎❅❇◆ ✗❢❆ ✞◗❆★❈✎☛✒❨❖❛✰❆★❈❖❆❷❉●❈❪❆❲❨✘✗❷◆➏❸✢❈❪❉❏❵ ❨❖❭ ❵✒❉◗❞❏❴✹❭ ✕✻❵❼❋✰❞➟❨❖❭❫❆★❍✎☛✟❨❖❛✢❉●❨✌➶➼❉●➑❏❆❲❨❖❛✢❭❫❍
❸✰❋✰❞ ❍❀❆➅❍❖❛✢❉●❸✏❆➅❋✰❳✢❍❖❋✰❭➟❨❪❉◗❑✰❞➟❆➍P✳◆❏❈❇❍ �✹❍❀❨❖❆✒➶ ❴✹❆★❍❖❭❫■◗❳

• ✑➪❛✰❭ ❍❷❸✰❋✰❞ ❍❀❆❹❍❖❛✢❉◗❸☎❆❱❭❫❍✔❸✰❛✁�✦❍❖❭ ❵✒❉●❞❫❞✟�s❋✰❳✢❈❖❆✟❉●❞❫❭➟➐✟❉●❑✰❞❫❆➏❑☎❆✟❵✒❉◗❋✢❍❀❆❹◆●P☛❨❖❛✢❆❱❉●❑✢❈❖❋✰❸✰❨❬❨❖❈❊❉●❳✹➾
❍❖❭❺❨❪❭➟◆❏❳✢❍❇❉●❨❢❨❪❛✰❆➅❑✏◆◗❋✰❳✢❴✢❉●❈❪❭➟❆✟❍✒❘

• g(t)
❴✹❆★❵✒❈❖❆✟❉◗❍❖❆★❍❬❉❏❍

1/|t| P✳◆◗❈❷❞❫❉◗❈❖■❏❆ |t| ☛✦❈❖❆✟❍❀❋✢❞❺❨❪❭➟❳✰■s❭➟❳➨❉❂❈❪❆✒❞ ❉✗❨❖❭✟✞◗❆★❞ �➆❍❖❞➟◆ ✗➉❈❊❉✗❨❪❆❇◆●P
❴✹❆✟❵✒❉✔�❏❘❇➞➏❵✒❵❼◆❏❈❪❴✰❭➟❳✰■❏❞ �☞☛☎❉➆❨❪❭➟➶➆❭❫❳✰■✵➶➆❭ ❍❀➶➼❉●❨❪❵❊❛❥❭❫❳❝❨❖❛✰❆s❈❖❆✟❵❼❆★❭ ✞❏❆✒❈❹❵★❉●❳✯❈❪❆★❍❖❋✰❞❺❨➍❭➟❳→❉
✞❏❆✒❈ �✯❛✰❭➟■❏❛❄❭❫❳✕❨❖❆✒❈❊❍ �✕➶s❑☎◆❏❞❯❭➟❳✕❨❖❆★❈❀P✳❆★❈❖❆★❳✢❵❼❆❏❘✉❅❇❆★❳✢❵❼❆⑨❨❪❛✰❭❫❍➍❸✰❋✢❞❫❍❖❆➼❍❀❛✢❉◗❸☎❆➆❉●❞❫❞❫◆ ✗❇❍❹❳✰◆
➶➼❉●❈❪■◗❭❫❳➨P✳◆◗❈➏❆✒❈❪❈❪◆◗❈➪❭➟❳➨❨❖❛✢❆❂❍❖❉◗➶⑨❸✢❞➟❭❫❳✰■⑨❨❖❭❫➶➆❆★❍★❘



➽◗➺ � �✭✑ ✞✭✁☎✄✝✆✞✡ ✞●☎❁✟ ✎☛✡ ✁ ☛✔✡ ✄✵✆✒✑✙✑ ✎✕✟☞✆✒✑✓✠✔✄✂✞✂✁✁✣✥✘✓✠✔✑ ✆✒✑ ✄✔✓ ✆✜✚✵✎●✘ ✠❀✧ ✆ ✟✪✆✟✑ ✠✖✄❈✟✖✞ ✑✟✆✙✚

−1/2T 1/2T 1/Ts s s f

G(f) G(f −f)s

�➏✖✘✍✼✻ ✁ ✻❫⑤ ➳✦❸✏❆★❵❼❨❖❈❊❉●❞➍◆ ✞◗❆★❈❖❞ ❉●❸✰❸✢❭➟❳✰■⑦❑✏❆❼❨✘✗❢❆✒❆★❳➉❨❖❛✰❆❄P✳❈❖❆ ✄✕❋✰❆✒❳✢❵ �➉❍❀❛✰❭➟P ❨❖❆✟❴ ✞◗❆★❈❪❍❖❭❫◆◗❳✢❍➼◆◗P
G(f)

➞ ✗➏❭ ❴✹❆✒❞✟�⑦❋✢❍❖❆★❴♦❸✰❋✢❞❫❍❖❆✶❍❖❸✏❆★❵ ❨❪❈❖❋✢➶ P✳◆❏❈❂❨❪❛✰❭❫❍➆❵★❉◗❍❖❆✻❭❫❍✉❨❖❛✢❆➨❈❊❉●❭ ❍❀❆✟❴♦❵❼◆✕❍❀❭❫❳✰❆✵❍❖❸☎❆✟❵ ❨❪❈❖❋✰➶ ☛
✗➏❛✰❭ ❵❊❛→❵❼◆❏❳✢❍❖❭❫❍❀❨❪❍➍◆●P➪❉ ▼✏❉✗❨➅❸☎◆❏❈❀❨❪❭➟◆❏❳→❉◗❳✢❴❄❉✶❈❪◆◗❞❫❞❺➾✬◆ ✩⑦❸☎◆❏❈❀❨❪❭➟◆❏❳❥❨❪❛✢❉✗❨➅❛✢❉❏❍➍❉✶❍❖❭➟❳✦❋✢❍❖◆◗❭ ❴✰❉●❞
P✳◆◗❈❪➶ ✛❫❣✒➝ ✜

Grc(f) =



















Ts (0 ≤ |f | ≤ 1−ρ
2Ts

)

Ts

2

{

1 + cos
[

πTs

ρ

(

|f | − 1−ρ
2Ts

)]

}

(1−ρ
2Ts

≤ |f | ≤ 1+ρ
2Ts

)

0 (|f | ≤ 1+ρ
2Ts

)

☞➡➤✹❘ ➤❏➲ ✍

✗➏❛✰❆✒❈❪❆❲❨❪❛✰❆❷❸☎❉●❈❊❉●➶➆❆❼❨❪❆✒❈
ρ
❭ ❍✌❵★❉●❞❫❞➟❆✟❴➍❨❖❛✰❆❢❈❖◆❏❞➟❞❏◆●P✹P✘❉❏❵ ❨❖◆❏❈✎❉◗❳✢❴➩❨❪❉◗➑◗❆✟❍ ✞✗❉●❞❫❋✰❆★❍✌❭❫❳➅❨❖❛✰❆❢❈❊❉●❳✰■❏❆

0 ≤ ρ ≤ 1
❘ ✑➪❛✰❆➅❈❪◆◗❞❫❞☛◆ ✩❥P✘❉❏❵ ❨❪◆◗❈❇❴✹❆✒❨❖❆✒❈❪➶➆❭➟❳✢❆★❍❢❨❖❛✢❆❂❉●➶➆◆◗❋✰❳✕❨➏◆●P✎❨❖❛✢❆❂❍❀◆➼❵✒❉◗❞➟❞❫❆★❴ ✺✥✤ ❆✕✺ ✎ ✎

✙ ✾✻✴ ✿✕✏✠✵❁✿✻✶ ☛➨◆●P❷❨❖❛✰❆✻❍❖❭➟■❏❳✢❉●❞ ☛☛❭➡❘ ❆❏❘✉❨❪❛✰❆➼❑✢❉●❳☎❴✚✗➏❭❫❴✹❨❖❛❤◆✦❵★❵❼❋✰❸✢❭➟❆✟❴❄❑✁�✯❨❪❛✰❆➼❍❀❭❫■◗❳✢❉◗❞❯❑☎❆✎�◗◆◗❳☎❴
❨❖❛✰❆ ☎ � ✄❏❋✢❭❫❍❀❨✻❑✢❉●❳☎❴✚✗➏❭❫❴✹❨❖❛

WNyq = 1/Ts
☛ ✗➏❛✰❭ ❵❊❛➈❭ ❍⑨❨❖❛✢❆❥➶➆❭➟❳✰❭❫➶✉❋✢➶ ❉●➶➆◆❏❋✰❳✕❨➆◆◗P

❑✢❉●❳☎❴✚✗➏❭❫❴✹❨❖❛⑦❈❖❆ ✄✕❋✰❭➟❈❪❆★❴→❑✁�❥❨❪❛✰❆ ☎✆� ✄✕❋✰❭ ❍❙❨➅❨❪❛✰❆✒◆❏❈❖❆★➶✶❘✻❩✢◆◗❈❂❆ � ❉●➶➆❸✰❞❫❆✏☛ ✗➏❛✰❆★❳ ρ = 0.3
☛

❨❖❛✰❆❢❆ � ❵✒❆★❍❪❍❧❑✢❉◗❳✢❴✚✗➏❭ ❴✦❨❖❛s❭❫❍❯➋◗➘ ✁ ☛✝❉◗❳✢❴ ✗➏❛✰❆★❳
ρ = 1

☛✟❨❖❛✢❆❷❆ � ❵✒❆★❍❪❍✂❑☎❉●❳✢❴✚✗➏❭ ❴✦❨❪❛✉❭ ❍✔❣✟➘◗➘ ✁✵❘
❩✰◆❏❈

ρ = 0
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grc(t) =
sin(πt/Ts)

πt/Ts

πρt/T

1 − 4ρ2t2/T 2
s
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grrc(t) =
4ρ

π
√

Ts

cos( (1+ρ)πt
Ts

) + Ts

4ρtsin( (1−ρ)πt
Ts

)

1 − 4ρt/Ts
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ρ = 0.22
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α = ±fs
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τ = 0
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s(t) = exp
[

j2πh

∞
∑

n=−∞

dn

∫ t

−∞

gf (τ − nTs)dτ
] ☞➡➤✹❘ ➫❏⑩ ✍
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gf (t)

❉
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BTs
❘

gf (t) =
1

Ts
rect

( t

Ts

)

∗ pGauss(t)
☞➡➤✹❘ ➫◗➋ ✍

✗➏❛✰❆✒❈❪❆
pGauss(t)
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pGauss(t) =

√

2π

ln2
· B · exp

(

− 2(πBt)2

ln2

) ☞➡➤✹❘ ➫●➝ ✍
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BTs = 0.3
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BTs = 0.5
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L ≥ 3
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s(t) =
∞
∑

n=−∞

2L−1
∑

K=1

exp[jπhAK,ncK(t − nTs)]
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AK,n =
n
∑

i=−∞

di −
2L−1
∑

l=1

dk−lvK,l

K =

2L−1
∑

l=1

2l−1vK,l; vK,l ∈ 0; 1
☞➡➤✹❘ ➫◗➫ ✍

✑➪❛✰❆➅❑✰❭➟❨❱❍❖❆☎✄✕❋✰❆✒❳☎❵❼❆
vK,L−1, . . . , vK,1
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cK(t)
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L = 4
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s(t) =

∞
∑

n=−∞

exp
[

jπhA0,n

]

c0(t − nTs)

+

∞
∑

n=−∞

7
∑

K=1

exp[jπAK,n]cK(t − nTs)
☞➡➤✹❘ ➫✕➲ ✍
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s(t) =

∞
∑

n=−∞

exp
[

jπh

n
∑

i=−∞

di

]

c0(t − nTs)

+

∞
∑

n=−∞

7
∑

K=1

exp[jπAK,n]cK(t − nTs)

= slin(t) + snl(t)
☞➡➤✹❘ ➫◗➺ ✍
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c0(t)

❉●❳☎❴
c1(t)
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BTs = 0.3
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c0(t)
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99%
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cK(t)
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slin(t)
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❉◗❍

s(t) ≈ slin(t) =

∞
∑

n=−∞

znc0(t − nTs)
☞➡➤✹❘ ➫◗➽ ✍
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zn = exp
[

jπh
n
∑

i=−∞

di

]

= exp
[

j
π

2
(dn +

n−1
∑

i=−∞

di)
]

= jdnzn−1
☞➡➤✹❘ ➲✗➘ ✍
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BTs
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c0(t)
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c1(t)
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L = 4

☛
BTs = 0.3
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slin(t)
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ss∗(τ)
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Rα
ss∗(t + τ/2, t − τ/2) ∼= E{slin(t − ǫ + τ/2)slin(t − ǫ − τ/2)}

=

+∞
∑

n=−∞

+∞
∑

m=−∞

E{znzm}c0(t − ǫ − nTs + τ/2)

· c0(t − ǫ − mTs − τ/2)
☞✱➤✰❘ ➲✹❣✭✍

❋✢❍❖❭➟❳✰■❇☞➡➤✹❘ ➲✗➘ ✍❢❉◗❳✢❴
E{dndm} = E{dnd∗m} = δ[n − m]

☛✚✗❢❆➍■❏❆❼❨

E{znzm} = (−1)nz2
−∞δ[n − m]

☞➡➤✹❘ ➲●⑩ ✍
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z2
−∞ ∈ {−1, 1} ☛✚✗➏❛✰❭ ❵❊❛❥❴✹❆★❸☎❆★❳✢❴✰❍❹◆❏❳❝❨❖❛✰❆✉❭➟❳✰❭➟❨❖❭ ❉●❞❯❍❀❨❪❉✗❨❪❆❂◆●P❯❨❪❛✰❆❍❀❆ ✄✕❋✰❆✒❳✢❵✒❆

zn
❘ ✑➪❛✦❋✢❍➪❨❪❛✰❆➅❨❖❛✢❆✉❵❼◆❏❳✗➧❙❋✰■❏❉●❨❖❆❂❵ �✦❵✒❞➟❭ ❵➅❉●❋✰❨❖◆✹❵❼◆❏❈❖❈❪❆✒❞ ❉✗❨❪❭➟◆❏❳✻P✳❋✰❳✢❵❼❨❖❭❫◆◗❳❥❵★❉●❳❝❑☎❆

✗➏❈❖❭➟❨❀❨❪❆✒❳✯❉◗❍

Rα
ss∗(t + τ/2, t − τ/2) =

+∞
∑

n=−∞

z2
−∞(−1)nc0(t − ǫ − nTs + τ/2)

· c0(t − ǫ − mTs − τ/2)
☞✱➤✰❘ ➲●➋ ✍

✢❱❑✁✞✕❭❫◆◗❋☎❍❀❞✟�✏☛
Rα

ss∗(t + τ/2, t − τ/2)
❭ ❍➼❸☎❆★❈❖❭❫◆✹❴✹❭ ❵✕✗➏❭❺❨❪❛r❉⑦❸☎❆★❈❖❭❫◆✹❴➹❆☎✄✕❋✢❉◗❞➏❨❖◆

2Ts
☛

❍❀❭❫❳✢❵✒❆s❨❪❛✰❆➼❍❀❆ ✄✕❋✰❆✒❳✢❵✒❆
(−1)n ❭ ❍➩❸☎❆★❈❖❭❫◆✹❴✹❭❫❵ ✗➏❭➟❨❖❛♦❉✵❸✏❆✒❈❪❭❫◆✦❴→❆☎✄✕❋✢❉◗❞❯❨❖◆✯⑩✒☛ ✗➏❛✢❭❫❵❊❛❤❞➟❆✟❉◗❴✰❍
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α = k/2Ts = kfs/2

☛
k = ±1,±2 . . .

❘❲➎❤❆❂❵✒❉◗❳✒✗➏❈❪❭➟❨❖❆◗▲

Rα
ss∗(τ) =

{

R
kfs/2
ss∗ (τ), α = kfs/2

0,
◆◗❨❖❛✰❆★❈ ✗➏❭ ❍❀❆ ☞➡➤✹❘ ➲✝➝ ✍

✑➪❛✰❆➅❵❼◆❏❳✗➧❙❋✰■❏❉●❨❖❆➅❵ �✹❵✒❞➟❭ ❵➅❉●❋✹❨❪◆✹❵❼◆◗❈❪❈❪❆✒❞ ❉✗❨❖❭❫◆◗❳✻P✳❋✰❳✢❵ ❨❪❭➟◆❏❳✯❵✒❉●❳✶❑✏❆❂❵✒❉●❞ ❵❼❋✢❞❫❉●❨❖❆★❴✶❉◗❍

R
kfs/2
ss∗ (τ) = z2

−∞ lim
T→∞

1

T

∫ T/2

−T/2

∞
∑

n=−∞

(−1)nc0(t − ǫ − nTs + τ/2)

. c0(t − ǫ − τ − nTs − τ/2)e−jk2π(fs/2)tdt.
☞➡➤✹❘ ➲●➤ ✍

❉◗❍⑨❭❫❳♥❨❪❛✰❆❝❸✰❈❖❆✎✞✦❭➟◆❏❋✢❍s❵★❉◗❍❖❆✏☛❬❆ � ❸✰❈❖❆✟❍❖❍❖❭❫❳✰■❥❨❪❛✰❆❝❸✰❋✰❞ ❍❀❆ c0(t)
❭➟❳♥❨❖❆★❈❖➶➼❍➆◆●P❱❭❺❨❊❍➼❩✰◆◗❋✢❈❖❭❫❆✒❈

❨❖❈❊❉●❳✢❍❀P✳◆◗❈❪➶

c0(t) =

∫ ∞

−∞

C0(f)ej2πftdf

❉●❳✢❴➨❈❪❆★❉●❞❫❭❫➐✒❭❫❳✰■✉❨❪❛✢❉✗❨
(−1)n = ejπn ❞❫❆★❉❏❴✰❍❢❨❖◆

R
kfs/2
ss∗ (τ) = z2

−∞ lim
T→∞

1

T

∫ T/2

−T/2

∫ ∞

−∞

∫ ∞

−∞

[

exp[j2π
(

f1t − f1ǫ + f1τ/2

+f2t − f2ǫ − f2τ/2 − k(fs/2)t
)

]C0(f1)C0(f2)
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.

∞
∑

n=−∞

e−j2πnT [f1+f2−(fs/2)]
]

df1df2dt.
☞➡➤✹❘ ➲✗➫ ✍
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R
kfs/2
ss∗ (τ) =

z2
−∞

Ts
lim

T→∞

1

T

∫ T/2

−T/2

∫ ∞

−∞

∫ ∞

−∞

[

exp[j2π
(

f1t − f1ǫ + f1τ/2

+f2t − f2ǫ − f2τ/2 − k(fs/2)t
)

]C0(f1)C0(f2)

.
∞
∑

i=−∞

δ[f1 + f2 − fs(i +
1

2
)]
]

df1df2dt.
☞✱➤✹❘ ➲◗➲ ✍
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f1

❨❖◆➼❆✒❞❫❭❫➶⑨❭❫❳✢❉●❨❖❆➍❨❖❛✰❆➅❭❫➶➆❸✰❋✰❞ ❍❀❆✟❍➏❞❫❆★❉◗❴✢❍❢❨❖◆✢▲

R
kfs/2
ss∗ (τ) =

z2
−∞

Ts

∫ ∞

−∞

e−j2πfτC0(f)

.

∞
∑

i=−∞

C0(fs
2i + 1

2
− f)e−j2πfs

2i+1
2 (ǫ−τ/2)

. lim
T→∞

1

T

∫ T/2

−T/2

ej2πfst 2i+1−k
2 dtdf.

=
z2
−∞

Ts

∫ ∞

−∞

e−j2π(fτ+ k
2 fs(ǫ−τ/2))C0(f)C0(k

fs

2
− f)df

☞➡➤✹❘ ➲✗➺ ✍
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➳✦❭❫❳✢❵❼❆
slin(t)

❭❫❍➩❉✻❞❫❭❫❳✰❆★❉◗❈➍➶➆◆✹❴✹❋✰❞ ❉✗❨❪❆★❴→❍❀❭❫■◗❳✢❉◗❞✎❉◗❳✢❴
E{znz∗m} = δnm

☛✚❨❪❛✰❆➆➌➩✐→➳✹❦
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αf = 1/Ts = fs
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s
f /2

|C ( )|-ff /2
s0

|C (f)|0

❮✮➵❴Ô

|C (f)|0 |C ( )|-ff
s0

❮✮➜✩Ô
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∞
∑

n=−∞

Nc−1
∑

i=0

ej2πi∆fτe−j2π Nc−1
2 ∆fτ

gR(t − nTs − ǫ + τ/2)g∗
R(t − nTs − ǫ − τ/2)
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A = σ2

d/Nc
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σ2
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n,i}
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fs = 1/Ts
❉●❳✢❴

fc = 1/Tc
❘
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xl(t) =

+∞
∑

n=−∞

Q
∑

q=1

dn,lcl,qg(t − nTs − qTc − ǫl)
☞➡➤✹❘ ➺◗➋ ✍
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Q = Ts/Tc
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cl,q
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Rxlxl
(t + τ/2, t − τ/2) = E

{

+∞
∑

n=−∞

+∞
∑

m=−∞

Q
∑

q=0

Q
∑

p=0

dn,lcl,qd
∗
n,lc

∗
l,p

· g(t − nTs − qTc − ǫl + τ/2)

· g∗(t − mTs − pTc − ǫl − τ/2)
} ☞➡➤✹❘ ➺●➝ ✍
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Rxlxl
(t + τ/2, t − τ/2) = σ2

d

+∞
∑

n=−∞

Q
∑

q=0

Q
∑

p=0

cl,qc
∗
l,p

· g(t − nTs − qTc − ǫl + τ/2)

· g∗(t − nTs − pTc − ǫl − τ/2)
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1/Ts = fs
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Rkfs
xlxl

(τ) =
σ2

d

Ts

∫ ∞

−∞

e−j2π[(fτ+kfs(ǫ−τ/2)]Cl(f)Cl(kfs − f)df
☞✱➤✰❘ ➺❏➫ ✍

✗➏❛✰❆✒❈❪❆
Cl(f)
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cl(t) =

∑Q
q=1 cl,qg(t − qTc)
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Spectral lines generated for a CDMA Signal
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✗➏❭❺❨❪❛❥❵ �✹❵❼❞❫❆➩P✳❈❪❆☎✄✕❋✰❆✒❳☎❵❼❭❫❆★❍❇❉◗❳✢❴❝❴✹❆✒❞ ❉✔�✹❍➏❈❖❆★❞❫❉●❨❖❆✟❴✻❨❪◆➼❨❖❛✰❆s❍ �✦➶✉❑✏◆◗❞✂◆◗❈❇❵❊❛✰❭❫❸✯❈❪❉●❨❖❆✟❍➪◆●P❯❨❖❛✰❆
❸✢❉●❈❖❨❖❭ ❵❼❋✢❞❫❉◗❈❯❍ �✹❍❙❨❪❆✒➶❝❘ ✑✌❉◗❑✰❞➟❆❹➤✰❘➟❣➏❍❖❋✰➶➆➶➼❉●❈❪❭➟➐★❆★❍✎❨❖❛✢❆➏❈❖❆✟❍❀❋✰❞➟❨❪❍❬◆●P✢❨❪❛✰❆❹❉◗❳✢❉●❞✟�✹❍❀❭ ❍✌P✳❈❖◆❏➶➓❨❖❛✢❭❫❍
❍❀❆✟❵ ❨❪❭➟◆❏❳ ☛ ✗➏❛✰❆★❈❖❆

τ0
❴✰❆✒❳✰◆◗❨❖❆★❍❲❨❖❛✰❆ ✞✗❉●❞❫❋✰❆➏◆◗P☎❨❪❛✰❆➏❞❫❉◗■➩❸✢❉●❈❊❉●➶➆❆❼❨❪❆✒❈ ☛✗P✳◆◗❈✪✗➏❛✢❭❫❵❊❛⑨❨❖❛✢❆❇❵ �✹❵❼❞❫❭❫❵

❉●❋✹❨❪◆✹❵❼◆◗❈❪❈❪❆✒❞ ❉✗❨❖❭❫◆◗❳➨❍❀❋✰❈❖P✘❉◗❵✒❆★❍❷❨❪❉◗➑◗❆➍❨❖❛✢❆✒❭❫❈❇➶➼❉ � ❭➟➶s❋✰➶ ✞✗❉●❞❫❋✰❆❏❘
➞❹❍❪❍❀❋✰➶➆❭❫❳✰■✶❨❖❛✢❉●❨➅❨❖❛✰❆✻➳✦◆◗P ❨✘✗❢❉◗❈❖❆➆➭❇❉❏❴✹❭➟◆✶❈❪❆★❵❼❆★❭ ✞❏❆✒❈➩➑✦❳✰◆ ✗❇❍❱❨❖❛✰❆➆❸✢❉◗❈❀❨❪❭❫❵✒❋✰❞ ❉●❈➅❵ �✹❵❼❞❫◆●➾

❍❙❨❊❉✗❨❪❭➟◆❏❳✢❉●❈ �→❑✏❆✒❛☎❉✔✞✕❭❫◆◗❈s◆●P❹❆✟❉◗❵❊❛♥❉◗❭➟❈s❭➟❳✕❨❪❆✒❈❖P✘❉◗❵❼❆✶❍❀❭❫■◗❳☎❉●❞❷❨❖◆❄❑✏❆❝❈❖❆✟❵❼◆❏■◗❳✰❭❫➐✒❆✟❴ ☛ ✗➏❛✰❭❫❵❊❛♥❭❫❍



❣◗❣✟➺ � � ✑ ✞✳✁☎✄✵✆ ✡ ✞●☎❁✟ ✎☛✡✭✁ ☛ ✡ ✄✵✆✒✑✙✑ ✎✦✟✪✆✒✑✓✠✔✄✂✞✂✁✁✣✥✘✓✠✔✑ ✆✒✑ ✄✔✓ ✆✜✚ ✎✳✘✓✠✻✧✏✆✸✟☞✆✒✑✓✠✔✄❈✟ ✞✛✑ ✆✙✚

❭✬✯✲✱❩✪❚❖❩✺⑤❷t➍✬②✥✳ ❤❛✷❩✪✧❋❇✷❩✪✁�❡✤✽✱❣❖❴✭✰✳ ❻❈✷❩✪✁�❫✤✧✱❣❖❴✭✰✳
τ0❋❅➍✬❋❇✺✲✷✴❉❡✭❁❖❴✭✰✯P✷❩✪❚❖❴✾✰✯✲✭❧➍ ❋✿➍✽❋❅✺P✷❩❉❡✭❁❖❂✭✰✯✲✷✴✪✧❖❂✾✰✯✻✭❫➍

❽⑤✯✲✪✽✳✇❖❂✾⑥◗❍✷✩❆✽✤✽✺P❖❂✭✰✳✇❆
α0 = 1/Ts

❤ ✗❩➎
Ts/2❃♠✯✻✭✰●✸✾✰✳❇❋❅✭❁❖❂✪✧✱❩✤✧✺P❖❂✾❝②✧✤✽✺P❉❊✳

❽⑤✯✲✪✽✳✇❖❂✾⑥◗❍✷✩❆✽✤✽✺P❖❂✭✰✳✇❆
α0 = 1/Ts

❤ ✗❩➎ ↔
❃♠✯✻✭✰●✸✾❊✾✰❋⑩②✧✤✽✺✲❉❊✳

✛⑩✵✛❭✬❺
α0 = 1/Ts α0 = 1/2Ts

↔✠✫✮✷❩✾⑥✹✥✷❩✭✰●
✢❨❏❑❲✙✵

α0 = 1/Ts

❤ ✗❩➎
1/∆f❻❈❲✙✵✓➎✉❃♠✯✻✭✰●✸✾❊✾✰❋❛②✧✤✧✺✲❉❊✳

α0 = 1/Tc

❤ ✗❩➎ ↔
✿❢✛✹✑ ✻ ✁ ✻ ✖ ❶ �✹❵❼❞❫◆❏❍❀❨❪❉●❨❖❭❫◆◗❳✢❉◗❈ �➆❑✏❆✒❛✢❉✔✞✦❭❫◆◗❋✰❈➏◆◗P✎❴✹❭ ✩✚❆✒❈❪❆✒❳✕❨❹❍❀❭❫■◗❳☎❉●❞✏❨ �✦❸☎❆✟❍

❭➟❳→❵❼◆◗❳☎❵❼❋✰❈❪❈❖❆★❳✢❵❼❆ ✗➏❭❺❨❪❛✯❨❖❛✰❆➼➳✹➭➓❍❀❨❖❈❪❋✢❵❼❨❖❋✰❈❪❆s❴✹❭ ❍❖❸✰❞❫❉✔�❏❆★❴❝❭❫❳❄❩✎❭➟■☎❘✉❣❏❘➟❣☞☛✢❨❪❛✰❆s❸✢❈❖◆❏❑✰❞➟❆★➶ ◆◗P
❉●❭❫❈❱❭❫❳✕❨❖❆★❈❀P✘❉❏❵❼❆⑨❈❖❆✟❵❼◆◗■❏❳✰❭➟❨❖❭❫◆◗❳✯❈❪❆★❴✹❋✢❵✒❆★❍❱❭❺❨❊❍❀❆★❞❺P❷❨❖◆➨❨❖❛✰❆➆❴✹❆✒❨❖❆★❵❼❨❖❭❫◆◗❳❤◆●P❬❨❪❛✰❆⑨❸✰❈❖❆✟❍❀❆★❳✢❵❼❆s◆●P➪❉
❸✢❉●❈❖❨❖❭ ❵❼❋✢❞❫❉◗❈❬❵ �✹❵❼❞❫❭❫❵❹❍❀❭❫■◗❳✢❉●❨❖❋✰❈❪❆✏☛◗❭✱❘ ❆◗❘✎❨❖◆➩❨❪❛✰❆❱❴✰❆❼❨❖❆✟❵ ❨❪❭➟◆❏❳⑨◆◗P❧❵ �✹❵❼❞❫◆❏❍❀❨❪❉●❨❖❭❫◆◗❳✢❉◗❈ �➅❑✏❆✒❛✢❉✔✞✦❭❫◆◗❋✰❈
❭➟❳✶❨❪❛✰❆❂❈❪❆★❵❼❆★❭ ✞❏❆★❴✶❍❀❭❫■◗❳☎❉●❞☛P✳◆❏❈❹❵❼❆★❈❀❨❊❉●❭❫❳ ✞✗❉●❞❫❋✰❆✟❍➏◆●P

α
❉◗❳✢❴

τ
❘ ✑➪❛✰❆➅❳✢❆ � ❨❹❍❀❆✟❵ ❨❪❭➟◆❏❳✶❭❫❳✁✞◗❆✟❍❙➾

❨❖❭❫■❏❉●❨❖❆★❍s❉●❳✾❉❏❍ �✦➶➆❸✹❨❖◆◗❨❖❭ ❵✒❉◗❞➟❞✟�→❵✒◆◗❳✢❍❀❨❪❉◗❳❏❨✉P✘❉●❞ ❍❀❆✵❉◗❞❫❉◗❈❖➶ ❈❊❉✗❨❖❆ ☞➡❶❢❩✹➞❹➭✎✍➩❨❖❆✟❍❙❨ ☛✪✗➏❛✰❭ ❵❊❛♦❭❫❍
❴✹❆ ✞✦❭ ❍❀❆✟❴✵❆ � ❉◗❵ ❨❪❞ �✻P✳◆◗❈➪❨❖❛✢❭❫❍➏❸✢❋✰❈❖❸✏◆❏❍❖❆◗❘

✟✗✦ ✝ ☎ ☛✄✂ ☎✷✵ ✝✌✴✑▲❋✬✶✫ ✪✳✲✄☎ ✴✓✬ ✴✑✻✙✬❑✹★✪✧✼ ✪✧✫ ☛✶❅✗✻✓❄✢✪✧▲ ✬❑✰ ✬❑✹★✪❏■
✼☛✰✳✲ ❅✝✆✱✴ ✝✿✰✣☛ ✹✢✪❁❀✄✲

✑➪❛✰❭ ❍✂❍❖❆★❵ ❨❪❭➟◆❏❳➩❸✰❈❖◆ ✞✦❭ ❴✹❆★❍✂❉➏➶➆❆❼❨❖❛✢◆✦❴➍P✳◆❏❈✌❴✹❆✒❨❖❆✟❵ ❨❖❭❫❳✰■➏❨❪❛✰❆❬❸✰❈❪❆★❍❖❆✒❳☎❵❼❆❬◆◗P✹❵ �✹❵❼❞❫◆❏❍❀❨❪❉✗❨❪❭➟◆❏❳✢❉●❈❪❭➟❨ �
❭➟❳❝❉⑨■◗❭✟✞◗❆★❳✶❍❖❭➟■❏❳✢❉●❞✚❆★➶⑨❸✢❞➟◆ �✦❭❫❳✰■✉❨❪❛✰❆❂❍❀❨❪❉✗❨❪❭❫❍❀❨❖❭ ❵✒❉◗❞✏❨❖❆★❍❀❨➏P✳◆◗❈➪❨❪❛✰❆➩❸✰❈❪❆★❍❖❆✒❳✢❵✒❆➍◆◗P✎❵✒◆◗❳✗➧❙❋✰■✕❉✗❨❪❆
❵ �✹❵❼❞❫◆❏❍❀❨❪❉●❨❖❭❫◆◗❳✢❉◗❈❖❭➟❨ �✏☛ ✗➏❛✰❭ ❵❊❛➅❛✢❉◗❍✂❑☎❆★❆✒❳✉❴✹❆✎✞◗❆★❞➟◆❏❸☎❆✟❴➩❑ �➅❚➍❉●❳✢❴✢❉ ✗❢❉●❨❖❆❲❭❫❳ ✛ ➤◗➘ ✜✕P✳◆◗❈✌❴✰❭❫❍❪❵❼❈❪❆❼❨❪❆
❨❖❭❫➶➆❆❷❸✰❈❪◆✹❵❼❆✟❍❖❍❖❆★❍ ✗➏❛✰❭ ❵❊❛✉❆ � ❛✰❭❫❑✰❭➟❨❬❵❼◆◗❳●➧❙❋✰■❏❉●❨❖❆❷❵ �✹❵❼❞❫◆❏❍❀❨❪❉✗❨❪❭➟◆❏❳✢❉●❈❪❭➟❨ �✏☛✟◆◗❳❂❨❪❛✰❆❢◆ ✞◗❆✒❈❊❍❪❉●➶➆❸✰❞❫❆★❴
❈❖❆✟❵❼❆★❭ ✞❏❆★❴⑨❍❀❭❫■◗❳✢❉◗❞

x[i] = x(iTsample)
❉◗❳✢❴➆❍❀❛✰◆ ✗♥❨❖❛✢❉●❨❬❭❺❨✔❵★❉●❳➆❑✏❆➏❆ � ❨❖❆★❳✢❴✹❆★❴s❨❪◆❂❴✹❆❼❨❪❆★❵ ❨

❳✰◆◗❳☎❵❼◆◗❳●➧❙❋✰■❏❉●❨❖❆➩❵ �✹❵❼❞❫◆❏❍❀❨❪❉●❨❖❭❫◆◗❳✢❉◗❈❖❭➟❨ �✻❉●❞ ❍❀◆☎❘
✑➪❛✰❆➅❨❖❆✟❍❙❨❱❸✰❈❖◆ ✞✦❭ ❴✹❆★❴➨❭❫❳❝❨❖❛✰❭ ❍❹❍❖❆★❵❼❨❖❭❫◆◗❳✯❵❊❛✰❆★❵❊➑✹❍➪P✳◆❏❈❹❉➆■◗❭✟✞◗❆★❳✯❵ �✹❵❼❞❫❆➩P✳❈❖❆ ✄✕❋✰❆✒❳✢❵ �

α =
α0

☛✚❨❖❛✰❆⑨❸✰❈❪❆★❍❖❆✒❳✢❵✒❆✉◆◗P❬❨❖❛✰❆➼❵✒◆◗❳✗➧❙❋✰■✕❉✗❨❪❆s❵ �✹❵✒❞➟◆✕❍❙❨❊❉✗❨❖❭❫◆◗❳☎❉●❈❪❭❺❨ �✵P✳❈❖◆❏➶ ❉✵❴✰❉●❨❪❉✶❍❀❆★■◗➶➆❆✒❳✕❨❱◆◗P
❞➟❆★❳✰■●❨❪❛

To
❘ ✑➪❛✰❆➏❴✹❭ ❍❖❵✒❈❖❆✒❨❖❆❢❨❖❭❫➶➆❆ ✞◗❆✒❈❊❍❖❭➟◆❏❳✉◆●P☎❨❖❛✰❆➪❆✟❍❙❨❪❭➟➶➼❉✗❨❪❭➟◆❏❳s◆◗P✢❨❪❛✰❆➏❵❼◆◗❳●➧❙❋✰■❏❉●❨❖❆➪❵ �✹❵❼❞❫❭❫❵

❉●❋✹❨❪◆✹❵❼◆◗❈❪❈❪❆✒❞ ❉✗❨❖❭❫◆◗❳✻P✳❋✰❳✢❵ ❨❪❭➟◆❏❳❝❭❫❍➏■❏❭ ✞❏❆✒❳✶❉◗❍ ✛ ➤●➘ ✜✬▲

R̂α
xx∗(v)=

1

To

To−1
∑

i=0

x[i]x[i + v]e−j2παi ☞➡➤✹❘ ➽◗➋ ✍

✗➏❭❺❨❪❛
v
❨❪❛✰❆❥❴✹❭ ❍❖❵✒❈❖❆✒❨❖❆ ✞◗❆★❈❪❍❖❭➟◆❏❳✾◆●P❱❨❖❛✰❆❝❞ ❉●■❤❸✢❉●❈❊❉●➶➆❆✒❨❖❆✒❈

τ
❘➹❅❇❆✒❈❪❆✏☛✔❨❖❛✰❆✯❉❏❍❖❍ �✦➶⑨❆✒❨❖❈❪❭❫❵

❴✹❆ ✙☎❳✰❭❺❨❪❭➟◆❏❳❝◆●P✂❨❪❛✰❆❂❵❼◆❏❳✗➧❙❋✰■✕❉✗❨❖❆➅❵ �✦❵✒❞➟❭ ❵➩❉●❋✹❨❪◆✹❵❼◆◗❈❪❈❪❆✒❞ ❉✗❨❖❭❫◆◗❳✻P✳❋✰❳✢❵ ❨❪❭➟◆❏❳❝❭❫❍➏❋☎❍❀❆✟❴ ☛✰❍❀❭❫❳✢❵✒❆
v/2❴✹◆✦❆★❍➪❳✰◆◗❨❇❆ � ❭ ❍❙❨➪P✳◆◗❈➏◆✹❴✰❴ ✞✗❉●❞❫❋✰❆✟❍➪◆●P

v
❭➟❳✶❨❖❛✢❆❂❴✹❭❫❍❪❵❼❈❪❆❼❨❪❆➩❞❫❉◗■➆❴✰◆◗➶➼❉●❭❫❳❧❘



� � �✁� ✆ ✁ �✍☞ ✁ ✡☛✧ ✆✠☎✟✠✖✞✁�✄✡✖✆ ✡✔✎✏✆✒✑✓✠✔✄ ✠✻☎ ✆✜✚ ✎✳✘✓✠✻✧✏✆✸✟☞✆✒✑✓✠✔✄❈✟ ✞✭✚✄✂✌✡ ✂ ✟ ✠ ✑✓✠ ✌ ✞ ❣◗❣✟➽

✑➪❛✰❆➍❵✒◆◗❳✗➧❙❋✢■❏❉✗❨❪❆❱❵ �✦❵✒❞➟❭ ❵❹❉◗❋✹❨❖◆✹❵✒◆◗❈❪❈❖❆★❞❫❉●❨❖❭❫◆◗❳➆❆★❍❀❨❖❭❫➶➼❉✗❨❖❆➩❵✒❉◗❳✻❑✏❆ ✗➏❈❪❭❺❨❖❨❖❆★❳➨❉◗❍✔❨❖❛✢❆➍❍❖❋✰➶
◆●P✌❨❖❛✰❆❂❉❏❵ ❨❖❋☎❉●❞ ✞✗❉●❞❫❋✰❆❂❉●❳☎❴✻❨❪❛✰❆➅❆★❍❀❨❖❭❫➶➼❉✗❨❖❭❫◆◗❳✶❆✒❈❪❈❪◆◗❈

∆α
xx∗(v)

R̂α
xx∗(ν) = Rα

xx∗(v) + ∆α
xx∗(v)

☞➡➤✹❘ ➽●➝ ✍
❶❷◆◗❳✢❍❖❭❫❴✰❆✒❈❪❭➟❳✰■✉❨❖❛✰❆➩■❏❆✒❳✰❆★❈❪❉◗❞✏❵★❉◗❍❖❆✏☛★✗➏❛✰❆✒❈❪❆❹❸✢❈❖❆✟❍❀❆★❳✢❵❼❆➍◆●P✌❵ �✹❵❼❞❫❆★❍❢❛✢❉◗❍✔❨❖◆➆❑✏❆➍❵❊❛✢❆★❵❊➑◗❆✟❴

P✳◆◗❈❹❉➼❍❖❆❼❨❱◆●P❲❞❫❉◗■❏❍
v
☛☎❈❊❉✗❨❪❛✰❆✒❈➪❨❪❛✢❉●❳❥❉➼❍❖❭❫❳✰■◗❞❫❆❂◆◗❳✢❆✏☛✢❉

1 × 2N
❈❪◆ ✗ ✞❏❆★❵ ❨❪◆◗❈❇❵✒◆◗❳✢❍❖❭❫❍❀❨❖❭❫❳✰■

◆●P❬❵❼◆❏❳✗➧❙❋✰■✕❉✗❨❖❆❂❵ �✹❵❼❞❫❭❫❵❂❉◗❋✹❨❖◆✹❵✒◆◗❈❪❈❖❆★❞❫❉●❨❖❭❫◆◗❳✵❆✟❍❙❨❪❭➟➶➼❉●❨❖❆★❍❱❉✗❨❇❨❪❛✰❆✉❵ �✦❵✒❞➟❆❂P✳❈❖❆ ✄❏❋✢❆✒❳✢❵ �
α = α0❵✒❉◗❳➨❑✏❆❂❴✹❆ ✙☎❳✰❆★❴❝❉◗❍❢P✳◆❏❞➟❞❫◆ ✗❇❍★▲

r̂xx∗ =
[

Re
{

R̂α0
xx∗(v1)

}

, ..., Re
{

R̂α0
xx∗(vN )

}

, Im
{

R̂α0
xx∗(v1)

}

, ..., Im
{

R̂α0
xx∗(vN )

}] ☞➡➤✹❘ ➽❏➤ ✍
✗➏❭❺❨❪❛➼❨❖❛✢❆ ✙ � ❆★❴➼❞ ❉●■✕❍ v1, ..., vN

❘ ✑➪❛✰❆❇❈❪◆ ✗ ✞❏❆★❵ ❨❪◆◗❈❬◆◗P✚❨❖❛✰❆❹❨❖❈❪❋✰❆✆✞✗❉●❞❫❋✰❆★❍✔◆●P☛❨❪❛✰❆❹❵❼◆❏❳✗➧❙❋✹➾
■❏❉●❨❖❆➅❵ �✹❵❼❞❫❭ ❵➍❉◗❋✹❨❖◆✹❵✒◆◗❈❪❈❖❆★❞❫❉●❨❖❭❫◆◗❳

rxx∗

❭ ❍❇❴✹❆✤✙✢❳✰❆★❴❝❍❖❭➟➶➆❭❫❞❫❉◗❈❖❞✟�✻❉◗❍★▲

rxx∗ =
[

Re
{

Rα0
xx∗(v1)

}

, ..., Re
{

Rα0
xx∗(vN )

}

, Im
{

Rα0
xx∗(v1)

}

, ..., Im
{

Rα0
xx∗(vN )

}] ☞➡➤✹❘ ➽◗➫ ✍
❉●❳✢❴✵❨❖❛✢❆➅❆★❍❀❨❖❭❫➶➆❉●❨❖❭❫◆◗❳✶❆✒❈❪❈❖◆❏❈ ✞◗❆★❵❼❨❖◆❏❈

∆xx∗

∆xx∗ =
[

Re
{

∆α0
xx∗(v1)

}

, ..., Re
{

∆α0
xx∗(vN )

}

, Im
{

∆α0
xx∗(v1)

}

, ..., Im
{

∆α0
xx∗(vN )

}] ☞➡➤✹❘ ➽✕➲ ✍
❍❀◆⑨❨❪❛✢❉✗❨ ✗❢❆➅❵✒❉●❳ ✗➏❈❪❭❺❨❪❆

r̂xx∗ = rxx∗ + ∆xx∗

☞➡➤✹❘ ➽◗➺ ✍
✝❹❍❖❭➟❳✢■➩❨❖❛✰❭ ❍ ✞◗❆✟❵ ❨❪◆◗❈❖➾➡➶➼❉✗❨❪❈❖❭ � ❳✰◆◗❨❪❉✗❨❪❭➟◆❏❳ ☛✗❨❪❛✰❆❇❴✹❆❼❨❪❆★❵❼❨❖❭❫◆◗❳➆◆●P✏❨❖❛✰❆❹❸✰❈❖❆✟❍❀❆★❳✢❵❼❆➪◆◗P✚❵✒◆◗❳✗➧❙❋✰■✕❉✗❨❪❆
❵ �✹❵❼❞❫◆❏❍❀❨❪❉●❨❖❭❫◆◗❳✢❉◗❈❖❭➟❨ �✵❵★❉●❳✯❑✏❆❂P✳◆◗❈❪➶✉❋✢❞❫❉●❨❖❆★❴✶❭❫❳✯❨❖❆★❈❖➶➼❍❹◆●P✔❉➼❑✰❭❫❳✢❉◗❈ �➨❛ �✦❸✏◆●❨❪❛✰❆★❍❖❭❫❍❇❨❖❆✟❍❙❨❪❭➟❳✰■
❸✰❈❪◆◗❑✰❞❫❆✒➶❝❘❬➌➍❭ ✞❏❆✒❳➨❨❖❛✢❉●❨➏❨❖❛✰❆➅❛✁�✦❸✏◆●❨❖❛✢❆★❍❖❭❫❍

H0
❈❪❆✒❸✰❈❪❆★❍❖❆✒❳✕❨❪❍❷❨❪❛✰❆❂❵✒❉❏❍❀❆ ✗➏❛✰❆★❈❖❆

x(t)
❴✹◆✦❆★❍

❳✰◆●❨➏❆ � ❛✢❭➟❑✰❭➟❨❹❵❼◆❏❳✗➧❙❋✰■✕❉✗❨❖❆➅❵ �✦❵✒❞➟◆✕❍❙❨❊❉✗❨❪❭➟◆❏❳✢❉●❈❪❭❺❨ � ✗➏❭➟❨❖❛✶❨❖❛✢❆❂❵ �✹❵❼❞❫❆➍P✳❈❖❆ ✄❏❋✢❆✒❳✢❵ �
α0

❉◗❳✢❴➨❨❖❛✰❆
❛✁�✕❸✏◆●❨❪❛✰❆★❍❖❭ ❍

H1
❈❪❆✒❸✰❈❪❆★❍❖❆✒❳✕❨❊❍✚❨❖❛✰❆❢❵✒❉❏❍❀❆✪✗➏❛✰❆★❈❖❆

x(t)
❴✹◆✦❆★❍✂❆ � ❛✰❭❫❑✰❭❺❨❯❵❼◆❏❳✗➧❙❋✰■❏❉●❨❖❆✔❵ �✹❵❼❞❫◆❏❍❀❨❪❉✗➾

❨❖❭❫◆◗❳✢❉◗❈❖❭➟❨ �✏☛✟❨❪❛✰❆❢P✳◆◗❞❫❞➟◆ ✗➏❭❫❳✰■❹❑✢❭➟❳✢❉◗❈ �➩❛✁�✦❸☎◆◗❨❖❛✰❆✟❍❀❭ ❍✌❨❖❆✟❍❙❨❪❭➟❳✰■➍❸✰❈❪◆◗❑✰❞❫❆✒➶ ❵★❉●❳✉❑✏❆❢P✳◆◗❈❪➶✉❋✰❞ ❉✗❨❪❆★❴☛▲



❣✟⑩◗➘ � � ✑ ✞✳✁☎✄✵✆ ✡ ✞●☎❁✟ ✎☛✡✭✁ ☛ ✡ ✄✵✆✒✑✙✑ ✎✦✟✪✆✒✑✓✠✔✄✂✞✂✁✁✣✥✘✓✠✔✑ ✆✒✑ ✄✔✓ ✆✜✚ ✎✳✘✓✠✻✧✏✆✸✟☞✆✒✑✓✠✔✄❈✟ ✞✛✑ ✆✙✚

H0 : α0
❭ ❍➏❳✰◆◗❨❇❉➼❵ �✹❵❼❞❫❆➍P✳❈❖❆ ✄❏❋✢❆✒❳✢❵ � ∀v ∈ {vn}N

n=1 ⇒ r̂xx∗ = ∆xx∗

H1 : α0
❭ ❍❇❉➆❵ �✹❵✒❞➟❆➍P✳❈❪❆☎✄✕❋✰❆✒❳☎❵ �➼P✳◆❏❈❇❍❀◆❏➶⑨❆

v ∈ {vn}N
n=1 ⇒ r̂xx∗ = rxx∗ + ∆xx∗

➳✦❭❫❳✢❵❼❆
rxx∗

❭ ❍➍❳✰◆◗❳✰❈❊❉●❳☎❴✹◆◗➶ ☛✰❨❪❛✰❆➆❴✹❭❫❍❀❨❖❈❪❭❫❑✰❋✹❨❖❭❫◆◗❳❄◆●P
r̂xx∗

❋✰❳✢❴✹❆★❈
H0

❉●❳✢❴
H1

❴✹❭ ✩✏❆★❈❪❍
◆◗❳✰❞✟�✻❭❫❳❝➶⑨❆✟❉●❳❧❘

❚❹❆✎✞✕❭ ❍❖❭➟❳✰■❥❉❝❴✹❆✟❵❼❭ ❍❀❭❫◆◗❳⑦❍❀❨❖❈❊❉✗❨❖❆★■✏�✯P✳◆❏❈➩❨❖❛✰❭ ❍➅❑✰❭❫❳✢❉◗❈ �❥❛✁�✦❸✏◆●❨❖❛✢❆★❍❖❭❫❍➍❨❪❆★❍❀❨❖❭❫❳✰■✯❸✰❈❪◆◗❑✰❞❫❆✒➶
❈❖❆ ✄✕❋✰❭➟❈❪❆★❍❇❨❖❛✰❆➆➑✦❳✰◆ ✗➏❞❫❆★❴✹■❏❆❂◆●P✔❨❖❛✰❆➆❴✹❭ ❍❙❨❪❈❖❭❫❑✰❋✹❨❪❭➟◆❏❳❄◆●P

∆xx∗

☛✟✗➏❛✰❭ ❵❊❛❄❭ ❍➍❋✰❳✰➑✦❳✰◆ ✗➏❳ ☛✚❑✏❆❼➾
❵✒❉◗❋✢❍❀❆❬❨❖❛✰❆✔❴✰❭❫❍❀❨❖❈❪❭➟❑✢❋✹❨❖❭❫◆◗❳❂◆◗P✦❨❖❛✰❆❢❴✰❉✗❨❊❉➏❭❫❍✌❳✰◆◗❨✂➑✦❳✰◆ ✗➏❳➩❨❖◆➏❨❪❛✰❆❷❉◗❭➟❈✌❭➟❳✕❨❪❆✒❈❖P✘❉◗❵❼❆✔❈❖❆✟❵❼◆◗■❏❳✰❭➟❨❖❭❫◆◗❳
❍❀❋✢❑✢❍ �✹❍❀❨❖❆★➶➸◆●P✚❨❪❛✰❆❹❍❖◆●P ❨✘✗➪❉●❈❪❆➏❈❪❉❏❴✹❭➟◆➩❋✰❳☎❴✹❆✒❈✔❨❖❛✰❆❇❛✁�✦❸✏◆●❨❖❛✢❆★❍❖❭❫❍

H0
❘ ✑➪❛✢❆✒❈❪❆❼P✳◆◗❈❪❆✏☛❏❭➟❳❇✛ ➤●➘ ✜ ☛

❭❺❨➩❛✢❉❏❍❱❑✏❆✒❆★❳❄❸✰❈❪◆◗❸✏◆❏❍❖❆★❴✯❨❖◆✶❆ � ❸✰❞❫◆◗❭➟❨❱❨❪❛✰❆➼❉◗❍ �✕➶➆❸✹❨❪◆●❨❪❭❫❵✉❸✰❈❖◆❏❸☎❆★❈❀❨❪❭➟❆✟❍❹◆◗P❬❨❖❛✢❆➆❵ �✹❵❼❞❫❭❫❵⑨❉●❋✹➾
❨❖◆✹❵❼◆❏❈❖❈❪❆✒❞ ❉✗❨❪❭➟◆❏❳➆❆★❍❀❨❖❭❫➶➆❉●❨❖◆❏❈❪❍❬❨❖◆❂❭❫❳✹P✳❆✒❈❷❨❖❛✢❆➍❉❏❍ �✦➶➆❸✹❨❖◆◗❨❖❭ ❵➏❸✰❈❪◆◗❸✏❆✒❈❖❨❖❭❫❆★❍✔◆●P☛❨❖❛✢❆❹❆★❍❀❨❖❭❫➶➼❉✗❨❪❭➟◆❏❳
❆✒❈❪❈❖◆❏❈ ✞❏❆★❵❼❨❖◆◗❈

∆xx∗

❘

�✣✘ � ✘✛✗ ✮ ✠ � ✬ ✢ ★✪✱✙★☞✷✚✦ ✜ ★✪✴✶★☞✷☎✠ ★☞✷✚✦ ✠ ✱ ☎ ★ ✆✭✤ ✆ ✱✹✸✁� ✫ � ✴✶★✪✤ ✆ � ✦ ✯✚✷✛✦ ✮✰✫✄✂
★✪✱✳✦✵✱ ✩☞✩☞✤✼✯✲✴✶★☞✷✲✱✹✸ ✝ ✠ ★☞✷✚✬ ✴✶★✪✱ ✩✡✠

✂✬❨❷❭ ❍✔❆✟❉◗❍❖❭➟❞✟�s❍❖❆✒❆★❳➼❨❖❛☎❉✗❨
R̂α

xx∗(v)
❭ ❍✔❉◗❳✻❋✰❳✦❑✰❭ ❉◗❍❖❆★❴➆❆★❍❀❨❖❭❫➶➼❉✗❨❪❆❹◆●P

Rα
xx∗(v)

❘❬❅❇❆★❳✢❵❼❆☞☛✕❨❖❛✰❆
❆★❍❀❨❖❭❫➶➼❉✗❨❖❭❫◆◗❳❝❆★❈❖❈❪◆◗❈

∆α
xx∗(v)

✞✗❉●❳✰❭ ❍❀❛✢❆★❍❇❉❏❍
T0 → ∞ ❘ ✂➚❳✯❛✢❭❫❍ ✗❢◆◗❈❪➑✍☛✰❚❱❉◗❳✢❴✰❉ ✗➪❉✗❨❪❆➅❛✢❉◗❍

❍❀❛✢◆ ✗➏❳❝❨❖❛✢❉●❨❱❭➟❨➍❭ ❍❹❉◗❞❫❍❖◆✵❉✵❵✒◆◗❳✢❍❖❭ ❍❙❨❪❆✒❳✕❨❹❆★❍❀❨❖❭❫➶➼❉✗❨❪❆s❉●❳☎❴❝❨❖❛✰❆ ✄✕❋✢❉●❳✕❨❖❭➟❨ � √
ToR̂

α
xx∗(v)

❭ ❍
❉◗❍ �✦➶⑨❸✰❨❖◆●❨❪❭❫❵★❉●❞❫❞ �❥❵✒◆◗➶➆❸✰❞❫❆ � ❳✢◆◗❈❪➶➆❉◗❞❬❴✹❭ ❍❙❨❪❈❖❭❫❑✰❋✹❨❪❆★❴ ☛✌❸✰❈❖◆ ✞✦❭ ❴✹❆★❴❥❨❖❛✢❉●❨ x(t)

P✳❋✰❞➟❞ ✙✢❞ ❍❂❉❝❍❀◆
❵✒❉◗❞➟❞❫❆★❴ ✏ ✵ ✤❇✵✷✴ ✲ ❆✕✰✻✴ ✿❀✵✷✶❉✵❁✰❀✴ ☞✱➳✦❆★❆➪❉◗❸✰❸✏❆✒❳✢❴✹❭ � ➞♣P✳◆◗❈❯❴✹❆❼❨❊❉●❭❫❞❫❍✖✍ ❘ ✑➪❛✰❆➏❵❼◆❏➶➆❸✰❞➟❆ � ❳✰◆◗❈❪➶➼❉●❞❫❭❺❨ �
❛✢❉◗❍❂❑☎❆★❆✒❳✾❸✰❈❪◆ ✞◗❆★❳→❑✁�⑦❍❀❛✢◆ ✗➏❭➟❳✰■❝❨❪❛✢❉✗❨⑨❵❼❋✰➶s❋✰❞❫❉◗❳✕❨❪❍❂◆◗P➏◆◗❈❊❴✹❆✒❈❊❍ ≥ 3

◆◗P √
ToR̂

α
xx∗(v)✞✗❉●❳✰❭ ❍❀❛❤❉◗❍ �✦➶⑨❸✰❨❖◆●❨❪❭❫❵★❉●❞❫❞ �☞☛✚❭✱❘ ❆◗❘❂❉❏❍

To → ∞ ☛✟✗➏❛✰❭ ❵❊❛❄❭ ❍➩❉➨❴✹❭❫❈❪❆★❵ ❨➩❈❪❆★❍❖❋✰❞❺❨➍◆●P❬❨❪❛✰❆➼❉●❑✏◆●➾
✞◗❆★➶⑨❆★❳✕❨❖❭❫◆◗❳✰❆✟❴✻➶➆❭ � ❭❫❳✰■➆❵❼◆◗❳☎❴✹❭❺❨❪❭➟◆❏❳ ✛ ➤●➘ ✜✬❘❬❩✰❋✢❈❀❨❪❛✰❆✒❈❪➶➆◆◗❈❪❆✏☛✦❭➟❳➨❨❖❛✢❆➩❍❪❉●➶➆❆➍❸✢❉●❸✏❆✒❈ ☛✦❛✰❆➩❛✢❉◗❍
❴✹❆✒➶➆◆❏❳✢❍❙❨❪❈❪❉●❨❖❆✟❴⑦❨❖❛✢❉●❨➼❭❺❨❊❍⑨❵✒◆ ✞✗❉●❈❪❭❫❉◗❳✢❵❼❆✵❵★❉●❳♣❑☎❆✶❆ � ❸✰❈❪❆★❍❪❍❀❆✟❴♦❭❫❳♥❨❪❆✒❈❪➶➆❍⑨◆◗P❇❨❖❛✰❆❝❵❼◆❏❳✗➧❙❋✹➾
■❏❉●❨❖❆❹❉◗❳✢❴➆❳✰◆◗❳☎❵❼◆◗❳●➧❙❋✰■❏❉●❨❖❆❹❵✒❈❖◆✕❍❖❍❬❍❖❸✏❆★❵ ❨❪❈❪❉◗❞☎❵✒◆◗❈❪❈❖❆★❞❫❉●❨❖❭❫◆◗❳➆❴✹❆✒❳✢❍❖❭➟❨ �sP✳❋✢❳✢❵ ❨❪❭➟◆❏❳✢❍❬◆◗P☛❨❖❛✰❆❱❞❫❉◗■
❸✰❈❪◆✦❴✰❋✢❵ ❨❊❍

fv[i] = x[i]x[i + v]
❘

lim
To→∞

Tocov(R̂α
xx∗(v), R̂β

xx∗(ρ)) = Sα+β
fvf∗

ρ
(β)

lim
To→∞

Tocov(R̂α
xx∗(v), (R̂β

xx∗(ρ))∗) = Sα−β
fvfρ

(−β)
☞➡➤✹❘ ➽◗➽ ✍

➎➉❛✰❆✒❈❪❆➍❨❖❛✰❆❂❵✒❈❖◆✕❍❖❍➪❍❖❸☎❆✟❵ ❨❪❈❪❉◗❞❧❴✹❆✒❳✢❍❖❭➟❨ �✻P✳❋✰❳✢❵❼❨❖❭❫◆◗❳✢❍➏❉◗❈❖❆➅❴✹❆✤✙✢❳✰❆✟❴✶❉❏❍✒▲

Sα
fvf∗

ρ
(f) = lim

To→∞

1

To

To−1
∑

i=0

∞
∑

ξ=−∞

cov(fv[i], fρ[i + ξ])e−j2πfξe−j2παt ☞✱➤✰❘➟❣✟➘◗➘ ✍
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❉●❳✢❴

Sα
fvfρ

(f) = lim
To→∞

1

To

To−1
∑

i=0

∞
∑

ξ=−∞

cov(fv[i], f∗
ρ [i + ξ])e−j2πfξe−j2παt ☞✱➤✰❘➟❣✟➘✰❣ ✍

❩✰❈❪◆◗➶➁❨❖❛✰❆✟❍❀❆❬❈❪❆★❍❖❋✰❞➟❨❪❍✎☛★❭➟❨✌❵★❉●❳➩❑☎❆❷❵❼◆◗❳☎❵❼❞❫❋✢❴✹❆★❴➍❨❪❛✢❉✗❨✂❨❖❛✰❆✔❴✰❭❫❍❀❨❖❈❪❭➟❑✢❋✹❨❖❭❫◆◗❳➅◆◗P❏❨❪❛✰❆❬❆★❍❀❨❖❭❫➶➼❉✗❨❪❭➟◆❏❳
❆✒❈❪❈❖◆❏❈ ✞❏❆★❵❼❨❖◆◗❈❇❵✒◆◗❳✁✞◗❆★❈❖■❏❆★❍❢❉◗❍ �✦➶⑨❸✰❨❖◆●❨❪❭❫❵★❉●❞❫❞ �➆❨❪◆➼❉➆❳✰◆◗❈❪➶➼❉●❞☛❴✹❭ ❍❙❨❪❈❖❭❫❑✰❋✹❨❪❭➟◆❏❳❧▲

lim
To→∞

√

To∆xx∗
D
= N (0,Σxx∗)

☞✱➤✰❘➟❣✟➘❏⑩ ✍

✗➏❛✰❆✒❈❪❆ D
=
❴✰❆✒❳✰◆◗❨❖❆★❍❷❨❪❛✰❆➍❵✒◆◗❳✁✞◗❆★❈❖■❏❆✒❳✢❵✒❆➏❭➟❳✶❴✹❭ ❍❙❨❪❈❖❭❫❑✰❋✹❨❪❭➟◆❏❳✵❉●❳✢❴ N (0,Σxx∗)

❭ ❍➪❉❂➶✉❋✢❞❺❨❪❭❺➾
✞✗❉●❈❪❭❫❉●❨❖❆❇❳✰◆❏❈❖➶➼❉◗❞✢❴✹❭ ❍❙❨❪❈❖❭❫❑✰❋✹❨❪❭➟◆❏❳ ✗➏❭❺❨❪❛✻➶➆❆★❉◗❳✻➘✉❉●❳☎❴➼❵❼◆ ✞✗❉●❈❪❭❫❉◗❳✢❵❼❆➏➶➼❉●❨❖❈❪❭ � Σxx∗

☛ ✗➏❛✰❭ ❵❊❛
❴✹❆✒❸✏❆✒❳☎❴✰❍❬◆❏❳➆❨❖❛✰❆❇❸☎❉●❈❖❨❖❭ ❵❼❋✰❞ ❉●❈❬❍❖❭➟■❏❳✢❉●❞➡❘ ✝❹❍❖❭➟❳✰■ ☞➡➤✹❘ ➽◗➽ ✍ ☛●❨❪❛✰❆❹❵✒◆ ✞✝❉◗❈❖❭ ❉●❳☎❵❼❆➪➶➼❉✗❨❖❈❪❭ � ❵✒❉◗❳➼❑☎❆
❆ � ❸✰❈❪❆★❍❪❍❀❆✟❴✵❉❏❍✒▲

Σxx∗ =





Re
{

Q(∗)+Q

2

}

Im
{

Q(∗)−Q

2

}

Im
{

Q(∗)+Q

2

}

Re
{

Q−Q(∗)

2

}





☞✱➤✰❘➟❣✟➘◗➋ ✍

✑➪❛✰❆
(l, m)

❨❖❛✉❆★❳✕❨❖❈❪❭➟❆✟❍✌◆◗P✰❨❖❛✢❆❢❵✒◆◗➶➆❸✰❞❫❆ � ❵❼◆ ✞✗❉◗❈❖❭ ❉●❳✢❵✒❆❬➶➼❉✗❨❪❈❖❭ ❵❼❆✟❍ Q(∗) ❉●❳☎❴ Q
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Q(∗)(l, m) = S2α0

fvl
f∗

vm

(α0)

Q(l, m) = S0
fvl

fvm
(−α0)
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P (H1|r) > P (H0|r)
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p(r|H0) = p0(r)

p(r|H1) = p1(r)
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p1(r)

p0(r)
>

(1 − P (H1))

P (H1)

☞✱➤✰❘➟❣✟➘✕➲ ✍

✑➪❛✰❆➍❈❪❉●❨❖❭❫◆
λ(r) = p0(r)

p1(r)

❭ ❍✔❈❪❆❼P✳❆★❈❖❈❪❆★❴➆❨❪◆s❉❏❍❬❨❪❛✰❆❱❞❫❭❫➑◗❆✒❞❫❭❫❛✰◆✦◆✦❴✵❈❪❉●❨❖❭❫◆ ☛✦❉●❳✢❴✵❉❂❨❪❆★❍❀❨❢❑✢❉❏❍❀❆✟❴
◆◗❳

λ(r)
❭ ❍✂❵★❉●❞❫❞➟❆✟❴➅❉➏❞❫❭➟➑❏❆✒❞❫❭➟❛✰◆✦◆✹❴➩❈❊❉✗❨❖❭❫◆➪❨❖❆✟❍❙❨✟❘✎➌➍❆★❳✰❆✒❈❊❉●❞❫❞ �☞☛✝❭❺❨✂❭ ❍✌➶⑨◆❏❈❖❆❬❵✒◆◗❳✁✞◗❆★❳✰❭❫❆✒❳✕❨☛❨❖◆❇❋☎❍❀❆

❨❖❛✰❆✉❳✢❉✗❨❪❋✰❈❪❉◗❞☛❞➟◆❏■❏❉◗❈❖❭➟❨❖❛✰➶➛◆●P❯❨❖❛✰❆➅❞❫❭❫➑◗❆✒❞❫❭❫❛✰◆✦◆✦❴✶❈❊❉✗❨❪❭➟◆ ☛ ✗➏❛✰❭ ❵❊❛✶❭ ❍➏❈❪❆❼P✳❆★❈❖❈❪❆★❴✵❨❖◆✵❉❏❍❢❨❖❛✰❆✉❞➟◆❏■
❞➟❭❫➑◗❆★❞➟❭❫❛✰◆✦◆✹❴✶❈❪❉●❨❖❭❫◆

ln(λ(r))
☛✟✗➏❛✰❭ ❵❊❛✯❭ ❍❹❉➆❸✏❆✒❈❪➶⑨❭ ❍❪❍❀❭❫❑✰❞❫❆✉❉●❸✰❸✢❈❖◆✕❉◗❵❊❛ ☛✰❍❖❭➟❳☎❵❼❆➅❨❪❛✰❆❂❳✢❉●❨❖❋✰❈❊❉●❞

❞➟◆❏■❏❉◗❈❖❭➟❨❖❛✰➶ ❭ ❍✌❉❱➶➆◆◗❳✰◆◗❨❖◆❏❳✰❭❫❵✔❭➟❳☎❵❼❈❪❆★❉◗❍❖❭❫❳✰■❇P✳❋✰❳☎❵ ❨❖❭❫◆◗❳☛✛ ➤✰❣ ✜✬❘ ✑➪❛✰❆❢❞❫❭➟➑❏❆✒❞❫❭➟❛✰◆✦◆✹❴➅❈❊❉✗❨❪❭➟◆❱❭❫❍❯❉●❞ ❍❖◆
❆✒❳✢❵✒◆◗❋✰❳✕❨❪❆✒❈❪❆★❴➩❭❫❳✉❴✹❆❼❨❪❆★❵❼❨❖❭❫◆◗❳➅❸✰❈❪◆◗❑✰❞❫❆✒➶➼❍ ✗➏❭❺❨❪❛✉❴✹❭ ✩✏❆★❈❖❆★❳❏❨✎◆◗❸✹❨❪❭➟➶➼❉◗❞➟❭➟❨ �➍❵✒❈❖❭➟❨❖❆★❈❖❭ ❉ ☛✟❭❫❳ ✗➏❛✰❭ ❵❊❛
❵✒❉❏❍❀❆✟❍➪◆◗❳✰❞✟�✻❨❪❛✰❆➅❨❖❆★❈❖➶ ◆◗❳✶❨❪❛✰❆❂❈❪❭➟■❏❛❏❨❖➾➡❛☎❉●❳✢❴✶❍❀❭ ❴✹❆❂◆◗P✌❨❪❛✰❆❂❭❫❳✰❆☎✄✕❋✢❉◗❞➟❭➟❨ �➨❵❊❛☎❉●❳✰■❏❆★❍★❘ ✂✬P❯❨❖❛✰❆
❑☎◆◗❨❖❛✶❛✁�✕❸✏◆●❨❪❛✰❆★❍❖❆★❍➪❉◗❈❖❆❱❆☎✄✕❋✰❭❫❸✰❈❖◆❏❑✢❉●❑✢❞➟❆☞☛ ✗❢❆➍■◗❆❼❨❢❨❖❛✢❆➩❍❖◆➆❵✒❉●❞❫❞❫❆★❴✻➶➼❉ � ❭❫➶✉❋✢➶➃❞➟❭❫➑◗❆★❞➟❭❫❛✰◆✦◆✹❴
❴✹❆❼❨❪❆★❵❼❨❖❭❫◆◗❳❧❘❯❩✰◆❏❈❲➑✕❳✢◆ ✗➏❳s❍❖❭➟■❏❳✢❉●❞ ❍✎❋✰❳✢❴✹❆★❈❬➞✂➎➉➌ ☎ ☛✗❨❪❛✰❭ ❍✎❨❖❆★❍❀❨❬❞❫❆★❉◗❴✢❍✂❨❪◆➍❨❖❛✰❆ ✗❢❆✒❞❫❞✹➑✦❳✰◆ ✗➏❳
➶➼❉✗❨❪❵❊❛✢❆★❴✣✙✢❞❺❨❪❆✒❈❇❈❪❆★❵✒❆✒❭✟✞◗❆★❈★❘

❩✰◆◗❈➨❴✹❆❼❨❪❆★❵ ❨❪❭➟❳✢■♥❍❀❭❫■◗❳☎❉●❞ ❍ ✗➏❭❺❨❪❛➉❋✰❳✰➑◗◆ ✗➏❳➹◆❏❈➼❈❪❉◗❳✢❴✹◆◗➶ ❸✢❉●❈❊❉●➶➆❆✒❨❖❆✒❈❊❍✎☛❷❉●❳➉❉●➾➡❸✰❈❪❭❫◆◗❈❪❭
❸✰❈❪◆◗❑✢❉◗❑✰❭➟❞❫❭➟❨ �→❴✹❆★❳✢❍❀❭➟❨ �❥P✳❋✢❳✢❵ ❨❪❭➟◆❏❳♦P✳◆◗❈➅❨❪❛✰❆★❍❖❆✻❸✢❉◗❈❪❉◗➶➆❆❼❨❖❆★❈❪❍➅❵★❉●❳♦❑✏❆✵❉◗❍❪❍❖❋✰➶➆❆★❴ ☛❯❉●❳✢❴⑦❉◗❳
❉✔✞◗❆★❈❪❉◗■◗❆★❴→❞❫❭➟➑❏❆✒❞❫❭➟❛✰◆✦◆✹❴⑦❈❊❉✗❨❖❭❫◆❥❵✒❉◗❳✾❑✏❆✵■◗❆★❳✰❆✒❈❊❉✗❨❪❆★❴❤❋✢❍❖❭➟❳✢■✯❨❖❛✰❆✟❍❀❆➨❸✰❈❪◆◗❑✢❉◗❑✰❭➟❞❫❭➟❨ �→❴✹❆★❳✢❍❀❭➟❨ �
P✳❋✰❳✢❵❼❨❖❭❫◆◗❳✢❍★❘❲❭✱❘ ❆◗❘

λ(r) =

∫

{θ} p1(r|θ)w(θ)dθ
∫

{φ}
p0(r|φ)v(φ)dφ

☞✱➤✰❘➟❣✟➘◗➺ ✍

✗➏❛✰❆✒❈❪❆
θ
❉●❳☎❴

φ
❉●❈❪❆➩❨❖❛✢❆❂❋✰❳✰➑✦❳✰◆ ✗➏❳❝❈❊❉●❳✢❴✹◆❏➶➛❸✢❉◗❈❪❉◗➶⑨❆✒❨❖❆★❈❪❍✎☛✰❉●❳✢❴

w(θ)
❉◗❳✢❴

v(φ)
❉●❈❪❆

❨❖❛✰❆➆❸✰❈❪◆◗❑☎❉●❑✰❭❫❞➟❭➟❨ �✯❴✹❆✒❳☎❍❀❭➟❨ �❝P✳❋✰❳✢❵❼❨❖❭❫◆◗❳✢❍➩◆◗P❬❨❖❛✰❆✟❍❀❆⑨❸✢❉◗❈❪❉◗➶⑨❆✒❨❖❆★❈❪❍ ☞✳➑✦❳✰◆ ✗➏❳→◆◗❈➩❉◗❍❪❍❀❋✰➶➆❆✟❴ ✍ ❘
✂✬P❂❳✰◆✾➑✦❳✰◆ ✗➏❞❫❆★❴✹■❏❆❥❉●❑✏◆◗❋✹❨➨❨❖❛✰❆❤❴✹❭ ❍❙❨❪❈❖❭❫❑✰❋✹❨❪❭➟◆❏❳➉◆●P➅❨❖❛✢❆❄❸✢❉◗❈❪❉◗➶⑨❆✒❨❖❆★❈❪❍➆❆ � ❭➟❨❪❍✶❉●❳☎❴➹❭❺❨✶❭❫❍
❳✰◆●❨⑨❉●❸✰❸✰❈❪◆◗❸✢❈❖❭ ❉✗❨❪❆s❨❪◆❄❉◗❍❪❍❖❋✰➶➆❆✻❉●❳✁�→❍❖❋✢❵❊❛✾❴✹❭ ❍❙❨❪❈❖❭❫❑✰❋✹❨❪❭➟◆❏❳ ☛✌❨❖❛✰❆✶❍❀◆❥❵★❉●❞❫❞➟❆✟❴ ✲❇✺ ✴ ✺ ❃✳✾ ✌ ✵✁� ✺✕✿
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✌ ✵✁�❇✺✍✌ ✵ ☛✗✰ ✰ ✿✄✒ ❃✦✵✷✴✥❆☛✵ ✒ ✌ ✺❹❵★❉●❳✶❑☎❆❂❉◗❸✰❸✰❞❫❭➟❆✟❴ ✛ ➤✰❣ ✜➡❘

λ(r) =
max{θ}p1(r|θ)
max{φ}p0(r|φ)

☞✱➤✰❘➟❣✟➘◗➽ ✍

✑➪❛✢❉✗❨❢❭❫❍✎☛✕❨❖❛✰❆ ✞✗❉●❞❫❋✰❆★❍❷◆●P
θ
❉●❳✢❴

φ
❉●❈❪❆❹❋✢❍❖❆★❴ ☛★✗➏❛✰❭ ❵❊❛✻➶➼❉ � ❭❫➶⑨❭❫➐✒❆❹❨❖❛✰❆➍❞❫❭➟➑❏❆✒❞❫❭➟❛✰◆✦◆✹❴➆P✳❋✰❳☎❵ ➾

❨❖❭❫◆◗❳✢❍★❘ ✂✬❨❱❍❀❛✢◆◗❋✰❞ ❴✶❑☎❆❂❳✢◆●❨❖❆✟❴✶❨❖❛✢❉●❨❇❨❖❛✢❭❫❍❹❭❫❍❇❉◗❳✯❭➟❳✢❭❺❨❪❋✰❭❺❨❪❭ ✞❏❆✉❍❖◆◗❞❫❋✹❨❖❭❫◆◗❳✶❨❖◆✻❨❖❛✰❭ ❍❇❸✰❈❪◆◗❑✢❞➟❆★➶ ☛
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θ❉●❳✢❴
φ
☛✏❨❖❛☎❉✗❨❱➶➼❉ � ❭❫➶➆❭➟➐★❆ p1(r|θ)

❉◗❳✢❴
p0(r|φ)

❉◗❈❖❆➅❨❪❛✰❆s❍❖◆✵❵★❉●❞❫❆★❴❝➶➼❉ � ❭❫➶✉❋✰➶ ❞❫❭➟➑❏❆✒❞❫❭❺➾
❛✰◆✦◆✹❴➨❆✟❍❙❨❪❭➟➶➼❉●❨❖❆★❍➪◆◗P✌❨❪❛✰❆★❍❖❆➅❸✢❉◗❈❪❉◗➶⑨❆✒❨❖❆★❈❪❍✎☛✹❉●❳✢❴✶❉●❈❪❆➅❴✹❆✒❳✰◆◗❨❖❆✟❴✶❉❏❍

θ̂
❉●❳✢❴

φ̂
❘ ✑➪❛✦❋✢❍✎☛✹❨❖❛✰❆
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H1 : r = Hs + n

H0 : r = n
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p0(r) =
1

(2π)n/2|Σ|1/2
exp
(−rTΣ−1r
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ln(λ(r)) = ln
(p1(r)

p0(r)

)

= rTΣ−1Hs− 1
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ŝ = (HTΣ−1H)−1HTΣ−1r,
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Z = rTΣ−1H(HTΣ−1H)−1HTΣ−1r = rTΣ−1r
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❉◗❳✢❴
r̂xx∗
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❑☎❆➅❉●❨❀❨❪❉◗❭➟❳✢❆★❴➨P✳◆◗❈➪➶➆◆✹❴✹❆✒❈❊❉✗❨❪❆➍◆❏❑✢❍❖❆✒❈ ✞✝❉●❨❖❭❫◆◗❳✻❭❫❳✕❨❖❆★❈ ✞✗❉●❞☛❞❫❆✒❳✢■●❨❖❛☎❍

To
☛✢❉●❳✢❴➨❈❪❆✒❞ ❉✗❨❖❭✟✞◗❆★❞ �➼❞❫◆ ✗

➳✒☎❹➭ ✞✗❉◗❞➟❋✰❆✟❍ ☛✰P✳◆◗❈❹➳✒☎❱➭ ≥ ➫◗❴✰❡➁❭➟❳✶❨❪❛✰❆✉❵✒❉❏❍❀❆➩◆◗P❬➌➅➳✰✐ ☛✢❚ ✌❢❶ ✑ ❉●❳✢❴❥❶❢❚➍✐❥➞➓❍❖❭➟■❏❳✢❉●❞ ❍ ☛
❉●❳✢❴➼P✳◆◗❈❢➳ ☎❹➭ ≥ ➋❏❴✰❡♣P✳◆◗❈❷❨❖❛✰❆ ✢➍❩✎❚➍✐ ❍❖❭❫■◗❳✢❉◗❞ ☛✕❉●❞❫❞➟◆ ✗➏❭❫❳✰■➅❨❪❛✰❆❱❈❪❆★❵✒◆◗■❏❳✰❭❺❨❪❭➟◆❏❳➆◆●P✂❍❀❭❫■◗❳☎❉●❞ ❍ ☛
✗➏❛✰❭ ❵❊❛✻❉●❈❪❆➏❈❖❆✟❵❼❆✒❭✟✞◗❆✟❴ ✗➏❭➟❨❖❛✵❆✒❳✰◆❏❋✰■◗❛➆❸✏◆ ✗❷❆★❈❲❨❖◆➅❸✏❆✒❈❪➶➆❭❺❨➪❵❼◆◗➶➆➶s❋✰❳✰❭ ❵✒❉✗❨❪❭➟◆❏❳ ✗➏❭❺❨❪❛✻❉◗❵✒❵✒❆✒❸✹➾
❨❪❉◗❑✰❞➟❆❱❑✰❭➟❨❢❆★❈❖❈❪◆◗❈❷❈❪❉●❨❖❆★❍★❘✎▼❯❉◗❈❀❨❊❍✔◆◗P☛❨❖❛✰❆➍❈❪❆★❍❖❋✰❞❺❨❊❍✔❸✢❈❖❆✟❍❀❆★❳❏❨❪❆★❴➼❭❫❳✻❨❪❛✰❭ ❍❷❍❖❆★❵❼❨❖❭❫◆◗❳✻❛✢❉✔✞❏❆❹❑✏❆✒❆★❳
❸✰❋✰❑✰❞❫❭ ❍❀❛✰❆✟❴✶❭➟❳✌✛ ➤◗➤✭✜✂❉◗❳✢❴✶❭➟❳✌✛ ➤●➫ ✜✬❘

✟✗✦ ✟ ☎✝✆ ✴✑✻ ✬❑▲ ✪✧✫✠✬ ✝✿✴ ☛✱✰✧✲❑✲✘✹✢✴ ✲ ✂ ✲✘✴✟✞ ❀✿✴✑✼✿✻ ❅ ☎ ▲❋✬ ✹★❊ ✰❏■
✬❑✹✢✪✧✼✠☎ ✲ ✲ ✪✳✲✘▲

✑➪❛✰❆❱❉◗❭➟❈❢❭❫❳❏❨❪❆✒❈❖P✘❉◗❵✒❆❇❈❖❆✟❵❼◆❏■◗❳✰❭➟❨❖❭❫◆◗❳➆❨❪❆★❵❊❛✰❳✰❭ ✄✕❋✰❆❹❸✢❈❖❆✟❍❀❆★❳❏❨❪❆★❴➼❭❫❳➼❨❪❛✰❭❫❍➪❵❊❛✢❉◗❸✹❨❖❆★❈✔❭ ❍❢❑✢❉◗❍❖❆★❴➆◆❏❳
❨❖❛✰❆➼❉❏❍❖❍❖❋✰➶➆❸✹❨❖❭❫◆◗❳❥❨❖❛✢❉●❨➍❨❪❛✰❆⑨❑✢❉◗❍❖❆✒❑✢❉◗❳✢❴❄❍❖❭❫■◗❳✢❉◗❞✂P✳❈❪◆◗➶ ❨❪❛✰❆➼❉●❭❫❈❱❭❫❳✕❨❖❆✒❈❖P✘❉◗❵✒❆✉❨❪◆➨❑✏❆➆❈❖❆✟❵❼◆◗➾
■◗❳✰❭❫➐✒❆✟❴✻❭ ❍➪❉✔✞✝❉◗❭➟❞ ❉●❑✢❞➟❆➍❉✗❨❢❨❖❛✰❆❂➳✦◆◗P ❨✘✗❢❉◗❈❖❆➍➭❇❉◗❴✹❭❫◆⑨❈❖❆✟❵❼❆✒❭✟✞◗❆★❈★❘ ✑➪❛✰❭ ❍ ☛✹❛✰◆ ✗❢❆ ✞❏❆✒❈ ☛❏❈❪❆☎✄✕❋✰❭❫❈❪❆★❍❢❉
❸☎❆★❈❀P✳❆✟❵ ❨❢➑✕❳✢◆ ✗➏❞➟❆✟❴✹■◗❆➏◆◗P☛❨❖❛✰❆➍❵✒❉●❈❪❈❪❭➟❆★❈❲P✳❈❖❆ ✄✕❋✰❆✒❳✢❵ �s◆◗P✚❨❖❛✰❆➍❍❀❭❫■◗❳✢❉◗❞✢◆◗P❧❭➟❳✕❨❖❆★❈❖❆✟❍❙❨ ☛ ✗➏❛✢❭❫❵❊❛ ☛✕❭❫❳
❸✰❈❊❉◗❵ ❨❪❭❫❵✒❆✏☛✚❭ ❍❹❆✟❍❙❨❪❭➟➶➼❉✗❨❪❆★❴❄❑ �✶❨❪❛✰❆➼❵❊❛✢❉●❳✰❳✢❆✒❞❯❍❀❆★■◗➶➆❆✒❳✕❨❪❉●❨❖❭❫◆◗❳❥❍❀❨❪❉◗■◗❆✉❸✢❈❖❭❫◆◗❈❹❨❖◆➨❨❖❛✰❆⑨❭❫❴✰❆✒❳✹➾



❣★➋◗➝ � � ✑ ✞✳✁☎✄✵✆ ✡ ✞●☎❁✟ ✎☛✡✭✁ ☛ ✡ ✄✵✆✒✑✙✑ ✎✦✟✪✆✒✑✓✠✔✄✂✞✂✁✁✣✥✘✓✠✔✑ ✆✒✑ ✄✔✓ ✆✜✚ ✎✳✘✓✠✻✧✏✆✸✟☞✆✒✑✓✠✔✄❈✟ ✞✛✑ ✆✙✚

❨❖❭ ✙☎❵✒❉●❨❖❭❫◆◗❳❧❘ ✑➪❛✰❆❱❆★❍❀❨❖❭❫➶➼❉✗❨❖❆✟❴✵❵★❉●❈❪❈❖❭❫❆✒❈❲P✳❈❪❆☎✄✕❋✰❆★❳✢❵ �☞☛✦◆◗❑✁✞✦❭➟◆❏❋✢❍❀❞✟�✏☛❏➶➼❉✔�⑨❑✏❆➩❵❼◆◗❳✕❨❊❉●➶➆❭➟❳☎❉✗❨❖❆✟❴
❑✁�✵❆★❍❀❨❖❭❫➶➼❉✗❨❪❭➟◆❏❳✶❆★❈❖❈❪◆◗❈❊❍★❘ ✑➪❛✢❭❫❍❇❍❖❆★❵❼❨❖❭❫◆◗❳❝❭❫❳ ✞❏❆★❍❀❨❖❭❫■❏❉●❨❖❆★❍❢❨❪❛✰❆➅❆ ✩✚❆★❵❼❨❪❍❹◆●P✎❨❖❛✰❭ ❍➏❆★❍❀❨❖❭❫➶➼❉✗❨❪❭➟◆❏❳
❆✒❈❪❈❖◆❏❈❪❍❹◆◗❳✯❨❪❛✰❆➆❸✰❈❪◆◗❸✏◆❏❍❖❆★❴✯➶➆❆❼❨❪❛✰◆✹❴☛❘❂❚❱❆✒❳✰◆◗❨❖❭❫❳✰■✵❨❪❛✰❆➼❵✒❉◗❈❖❈❪❭➟❆★❈❇P✳❈❪❆☎✄✕❋✰❆★❳✢❵ �❝❆★❍❀❨❖❭❫➶➼❉✗❨❪❭➟◆❏❳
❆✒❈❪❈❖◆❏❈❢❉❏❍

δfc

☛ ✗❢❆➩❵★❉●❳ ✗➏❈❖❭➟❨❖❆➍❨❪❛✰❆❂❵❼◆❏❳❏❨❊❉●➶➆❭❫❳✢❉✗❨❪❆★❴➨❑✢❉◗❍❖❆✒❑✢❉◗❳✢❴✶❍❀❭❫■◗❳✢❉◗❞✚◆●P❯❭➟❳✕❨❖❆★❈❖❆✟❍❙❨❇❉❏❍✒▲

x̃(t) = x(t)e−j2πδfc t ☞✱➤✰❘➟❣✝⑩✹❣ ✍
✑➪❛✰❆➩❳✰◆◗❳☎❵❼◆◗❳●➧❙❋✰■❏❉●❨❖❆➅❵ �✹❵❼❞❫❭ ❵➍❉◗❋✹❨❖◆✹❵✒◆◗❈❪❈❖❆★❞❫❉●❨❖❭❫◆◗❳➼P✳❋✰❳☎❵ ❨❖❭❫◆◗❳✯◆◗P

x̃(t)
❵✒❉◗❳➨❑✏❆ ✗➏❈❪❭❺❨❖❨❖❆✒❳✯❉❏❍✒▲

Rα
x̃x̃(τ) = e−j2πδfc τRα

xx(τ)
☞✱➤✰❘➟❣✝⑩◗⑩ ✍

✑➪❛✦❋✢❍ ☛❬❨❖❛✰❆✯❵✒❉◗❈❖❈❪❭❫❆✒❈⑨◆ ✩☛❍❀❆✒❨⑨❛✢❉❏❍⑨❳✰◆→❆✤✩✏❆✟❵ ❨➼◆◗❳♥❨❖❛✰❆❝❳✰◆❏❳✢❵❼◆❏❳✗➧❙❋✰■✕❉✗❨❖❆❝❵ �✹❵✒❞➟❭ ❵➨❉◗❋✹❨❖◆✹❵✒◆◗❈❖➾
❈❖❆★❞❫❉●❨❖❭❫◆◗❳♦P✳❋✢❳✢❵ ❨❪❭➟◆❏❳ ☛✔◆◗❨❖❛✰❆★❈s❨❪❛✢❉●❳➈❉❄❞❫❭❫❳✰❆★❉◗❈s❸✰❛☎❉◗❍❖❆✵❨❪❆✒❈❪➶ ☛❷❉●❳✢❴♣❴✹◆✦❆★❍⑨❳✰◆●❨➆❛✢❉✔✞❏❆➨❉●❳✁�
❭➟❳ ▼✢❋✰❆✒❳☎❵❼❆❂◆❏❳➨❨❪❛✰❆s❵ �✹❵❼❞❫❆➩P✳❈❖❆ ✄❏❋✢❆✒❳✢❵✒❭➟❆✟❍➏◆●P❯❨❖❛✢❆✉❍❀❭❫■◗❳☎❉●❞❧◆◗P❯❭❫❳✕❨❖❆★❈❖❆✟❍❙❨ ☛ ✗➏❛✰❭ ❵❊❛✯➶➆❉◗➑◗❆✟❍➪❨❖❛✰❆
❸✰❈❪◆◗❸✏◆❏❍❖❆★❴⑦➶➆❆❼❨❪❛✰◆✹❴ ✞◗❆★❈ �⑦❈❪◆◗❑✰❋☎❍❙❨➆❉●■❏❉◗❭➟❳☎❍❙❨❂❨❪❛✰❭ ❍s➑✦❭❫❳✢❴♦◆◗P❹❆★❍❀❨❖❭❫➶➼❉✗❨❖❭❫◆◗❳♥❆✒❈❪❈❖◆❏❈✎☛❯❭➟P❇❨❖❛✰❆
❍❀❭❫■◗❳☎❉●❞✚◆●P❯❭➟❳✕❨❪❆✒❈❪❆★❍❀❨➪❆ � ❛✰❭➟❑✢❭❺❨❊❍➏❳✰◆◗❳☎❵❼◆◗❳●➧❙❋✰■❏❉●❨❖❆➩❵ �✹❵❼❞❫◆❏❍❀❨❪❉●❨❖❭❫◆◗❳✢❉◗❈❖❭➟❨ �◗❘

❅❇◆ ✗❢❆ ✞◗❆★❈✎☛✦❨❪❛✰❭❫❳✰■❏❍❹❞➟◆✦◆◗➑✶❴✹❭ ✩✏❆★❈❖❆★❳❏❨❪❞ �✵P✳◆◗❈➏❨❪❛✰❆✉❵✒◆◗❳✗➧❙❋✰■✕❉✗❨❪❆❂❵ �✹❵❼❞❫❭❫❵✉❉●❋✹❨❪◆✦❵✒◆◗❈❪❈❖❆★❞❫❉●❨❖❭❫◆◗❳
P✳❋✰❳✢❵❼❨❖❭❫◆◗❳ ☛ ✗➏❛✢❭❫❵❊❛❝❵✒❉◗❳✶❑✏❆❂❵✒❉◗❞❫❵✒❋✰❞ ❉✗❨❖❆✟❴➨❉❏❍✒▲

Rα
x̃x̃∗(τ) = R

α+2δfc

xx∗ (τ)
☞✱➤✰❘➟❣✝⑩●➋ ✍
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✞✗❉●❞❫❋✰❆★❍✎☛ ✗➏❭ ❵❊❛♥➶➼❉●➑❏❆★❍s❭❺❨➼❍❀❋✢❸☎❆★❈❖❭❫◆◗❈s❨❖◆❤❭❺❨❊❍➼❵❼◆❏❋✰❳✕❨❖❆✒❈❪❸✢❉◗❈❀❨❊❍❂❑✢❉❏❍❀❆✟❴✾◆◗❳➈❉❥➶➆◆✹❴✹❋✰❞ ❉✗❨❪❭➟◆❏❳
❨ �✦❸☎❆✻❵✒❞❫❉❏❍❖❍❖❭✛✙✏❵✒❉✗❨❪❭➟◆❏❳❤❉◗❸✰❸✰❈❪◆❏❉❏❵❊❛ ☛✟✗➏❛✰❭ ❵❊❛❤❛☎❉◗❍➅❑✏❆✒❆★❳ ✗➏❭ ❴✹❆★❞ �→❋✢❍❀❆✟❴❤❭➟❳❤❨❖❛✢❆✻❞➟❭➟❨❖❆★❈❪❉●❨❖❋✰❈❪❆◗❘
➞➏❴✰❴✹❭➟❨❖❭❫◆◗❳✢❉◗❞➟❞✟�✏☛✝❨❪❛✰❭ ❍❲❉●❸✰❸✰❈❪◆❏❉❏❵❊❛❂❭ ❍✎❵★❉●❸✢❉◗❑✰❞❫❆❷◆◗P☎❭ ❴✹❆✒❳✕❨❖❭➟P �✦❭➟❳✢■ ✢➍❩❯❚➍✐ ❉◗❳✢❴➆❶❢❚➍✐❥➞♣❨ �✦❸☎❆
❍❀❭❫■◗❳☎❉●❞ ❍ ☛ ✗➏❛✰❭ ❵❊❛➼❵✒❉◗❳s❳✰◆◗❨❲❑☎❆➏❭ ❴✹❆✒❳✕❨❪❭✛✙✢❆✟❴⑨❋✢❍❀❭❫❳✰■❂❵✒◆◗❳✁✞◗❆★❳❏❨❪❭➟◆❏❳✢❉●❞✕➶➆◆✹❴✹❋✰❞ ❉✗❨❖❭❫◆◗❳s❨ �✦❸☎❆❇❵✒❞❫❉❏❍❙➾
❍❀❭ ✙☎❵★❉✗❨❖❭❫◆◗❳s➶➆❆❼❨❖❛✢◆✦❴✢❍❬❴✹❋✰❆❢❨❖◆➍❨❪❛✰❆✒❭❫❈✔❵❼◆❏➶➆❸✰❞➟❭ ❵✒❉●❨❖❆✟❴✉❍❖❭➟■❏❳✢❉●❞✰❍❀❨❖❈❪❋✢❵ ❨❪❋✰❈❪❆★❍★❘ ✢❹❨❖❛✢❆✒❈❲❸✏◆❏❍❪❍❀❭❫❑✰❞❫❆
❉●❸✰❸✢❞➟❭ ❵✒❉●❨❖❭❫◆◗❳✢❍❷◆●P✌❨❖❛✰❆➩❸✰❈❪◆◗❸✏◆❏❍❖❆★❴✻❵ �✹❵❼❞❫◆❏❍❀❨❪❉✗❨❪❭➟◆❏❳✢❉●❈ �⑨➶⑨❆✒❨❖❛✰◆✹❴➨❛✢❉✔✞◗❆➍❑✏❆✒❆✒❳❝❴✹❭ ❍❖❵✒❋✢❍❪❍❀❆✟❴✻❭❫❳
✛ ➤✕➲ ✜ ☛ ✛ ➤◗➺ ✜✂❉●❳☎❴ ✛ ➤●➽ ✜➡❘
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✝ ✝✿✴ ❊ ✹✁� ✹★✼☛✾ ✻✓✪✧✼✿✸☛✹ ✬❑✹✢✪✧✼✿▲

✑➪❛✰❆➏❨❪❭➟➶➆❆✆✞✗❉●❈ �✦❭➟❳✢■➅➑✯✣ ❨❖❛➼◆❏❈❪❴✰❆✒❈❲➶➆◆◗➶➆❆✒❳✕❨
mkx(i,v)

◆●P❧❉➅❵❼◆❏➶⑨❸✢❞➟❆ � ❈❊❉●❳✢❴✰◆◗➶➓❸✰❈❪◆✹❵❼❆✟❍❖❍
x[i]
✗➏❭❺❨❪❛

v = [v1, v2, . . . , vk]
☛
v1 = 0

❭ ❍➪■◗❭✟✞◗❆★❳✶❉❏❍

mkx(i,v) = E{x[i]x[i + v1] . . . x[i + vk−1]}
☞✘➞❂❘❫❣✭✍

❞➟❆✒❨
νj
❑✏❆❱❍❖◆◗➶➆❆❇❳✢◆◗❳✰❆★➶⑨❸✰❨ �➆❍❖❋✰❑✢❍❖❆❼❨❷◆●P☛❨❖❛✢❆❱❍❖❆❼❨❷◆◗P☛❭➟❳✢❴✰❭❫❵✒❆★❍

ν = {0, 1, . . . , k} ☛✦❴✹❆ ✙☎❳✰❆❨❖❛✰❆❤◆◗❈❊❴✹❆★❈✵◆●P➅❨❪❛✰❆⑦❍❀❋✰❑☎❍❀❆✒❨
nj = |νj |

❉◗❳✢❴
mnjx(i,vνj

)
❭ ❍✻❨❪❛✰❆❤➶⑨◆❏➶➆❆✒❳✕❨✶◆◗P

nj✞✗❉●❈❪❭❫❉◗❑✰❞➟❆✟❍ ✗➏❭❺❨❪❛❝❵✒◆◗❈❪❈❖❆✟❍❀❸✏◆◗❳☎❴✹❭➟❳✢■⑨❍❖❋✰❑✢❍❪❵❼❈❪❭➟❸✰❨❪❍➪❭❫❳✵❨❪❛✰❆❂❍❀❋✢❑✢❍❀❆✒❨✎☛ ❭✱❘ ❆◗❘ {x[i + vm]}m∈νj✑➪❛✰❆✻➑✤✣ ❨❪❛⑦◆◗❈❊❴✹❆✒❈➩❨❪❭➟➶➆❆ ✞✗❉●❈ �✦❭➟❳✰■✯❵✒❋✰➶✉❋✰❞ ❉●❳✕❨
ckx(i,v)

◆◗P
x[i]

❵★❉●❳⑦❑✏❆➼❆ � ❸✰❈❪❆★❍❪❍❀❆✟❴
❭➟❳✶❨❪❆✒❈❪➶➆❍➪◆◗P✂❨❪❛✰❆➅➶➆◆◗➶➆❆✒❳✕❨➏P✳❋✰❳✢❵❼❨❖❭❫◆◗❳✢❍❹❉◗❍

ckx(i,v) =
∑

Pk

(−1)p−1(p − 1)!

p
∏

j=1

mnjx(i,vνj
)

☞✘➞❂❘ ⑩ ✍

✗➏❛✰❆✒❈❪❆❇❨❪❛✰❆➩❍❀❋✰➶➆➶➼❉✗❨❪❭➟◆❏❳✻◆◗❳✵❭❫❍➪❵✒❉◗❈❖❈❪❭❫❆★❴➆◆◗❋✰❨❷◆ ✞◗❆★❈❬❨❪❛✰❆➍❴✰❭❫❍❀❨❖❭❫❳✢❵ ❨➪❸✢❉◗❈❀❨❪❭❺❨❪❭➟◆❏❳✢❍
Pk

◆◗P❧❨❖❛✰❆
❭➟❳☎❴✹❆ � ❍❀❆✒❨ {ν = 1, . . . , k} ☛ ✗➏❛✰❭ ❵❊❛⑦❭❫❍➅❴✰❆ ✙✢❳✰❆✟❴♦❉◗❍➍❨❪❛✰❆✻❵❼◆❏❞➟❞❫❆★❵❼❨❖❭❫◆◗❳❤◆●P➪❸⑦❍❖❋✰❑✢❍❖❆❼❨❊❍➩◆●P
ν
☛ {νl}p

l=1

☛✢❛✢❉✔✞✦❭➟❳✰■s❨❖❛✢❆➩P✳◆◗❞❫❞➟◆ ✗➏❭❫❳✰■➆❸✰❈❪◆◗❸✏❆✒❈❖❨❖❭❫❆★❍★▲

ν =

p
⋃

l=1

νl

νj

⋂

νk = ∅ P✳◆❏❈
j 6= k.

☞✱➞❂❘ ➋ ✍
❘

☎❇◆●❨❪❆❂❨❪❛✢❉✗❨❱❨❖❛✰❆⑨➶➆◆◗❈❪❆❂■◗❆★❳✰❆✒❈❊❉●❞☛❨❪❭➟➶➆❆ ✞✝❉◗❈❖❭ ❉●❳✕❨❱❵✒❋✰➶✉❋✢❞❫❉◗❳❏❨ ☛✏❉❏❵✒❵✒◆◗➶➆◆✹❴✰❉✗❨❪❭➟❳✰■➼❆✎✞◗❆★❈ �
❵❼◆❏➶✉❑✰❭❫❳✢❉✗❨❪❭➟◆❏❳➨◆◗P✎❵✒◆◗➶➆❸✰❞❫❆ � ❵✒◆◗❳✗➧❙❋✰■✕❉✗❨❪❆★❴✶❉●❳✢❴➨❳✰◆◗❳●➧❙❋✰■❏❉●❨❖❆★❴❝❍❖❭➟■❏❳✢❉●❞✏❨❪❆✒❈❪➶➆❍

ckxs
(i,v) = cxs1 ...xsk

(i,v)
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✗➏❭❺❨❪❛
xsq

∈ {x[i], x∗[i]} ☛ q = 1, . . . , k
❵✒❉◗❳♦❑☎❆➨❆ � ❸✰❈❪❆★❍❪❍❀❆✟❴⑦❍❀❭❫➶➆❭➟❞ ❉●❈❪❞ �☞☛❯❋✢❍❀❭❫❳✰■✯❨❪❛✰❆

➶➆◆◗➶➆❆✒❳✕❨➪P✳❋✰❳✢❵❼❨❖❭❫◆◗❳✢❍ ✗➏❭➟❨❖❛✯❉◗❸✰❸✰❈❪◆◗❸✰❈❪❭❫❉●❨❖❆➩❵❼◆❏❳✗➧❙❋✰■❏❉●❨❖❆✒➾➡❳✰◆❏❳✢❵❼◆❏❳✗➧❙❋✰■✕❉✗❨❖❆➍❵❼◆❏➶✉❑✰❭❫❳✢❉✗❨❪❭➟◆❏❳✢❍★❘
✑➪❛✰❆➨➶➆❭ � ❭➟❳✰■⑦❵❼◆❏❳✢❴✹❭➟❨❖❭❫◆◗❳♣❋✢❍❀❆✟❴✾❭❫❳ ✛ ➤●➘ ✜➪❨❪◆❤❴✹❆★❈❖❭✟✞◗❆✵❨❖❛✰❆✯❉❏❍ �✦➶➆❸✹❨❖◆◗❨❖❭ ❵✻❸✰❈❪◆◗❸✏❆✒❈❖❨❖❭❫❆★❍

◆●P➏❨❪❛✰❆➨❵ �✦❵✒❞➟❭ ❵✻❉◗❋✹❨❖◆✹❵❼◆❏❈❖❈❪❆✒❞ ❉✗❨❪❭➟◆❏❳⑦❆★❍❀❨❖❭❫➶➆❉●❨❖❆✟❍✄☞✳❭➡❘ ❆✶❵✒◆◗❳✢❍❖❭❫❍❀❨❖❆★❳✢❵ �⑦❉●❳☎❴♦❉◗❍ �✕➶➆❸✹❨❪◆●❨❪❭❫❵★❉●❞❫❞ �
❵❼◆❏➶⑨❸✢❞➟❆ � ❳✰◆◗❈❪➶➼❉●❞☛❴✹❭ ❍❙❨❪❈❖❭❫❑✰❋✹❨❪❭➟◆❏❳ ✍➪❵✒❉◗❳❝❑☎❆➩■◗❭✟✞◗❆★❳✶❉❏❍

∞
∑

v=−∞

❍❀❋✢❸
t

|vlckxs
(t,v)| < ∞ ☞✱➞❂❘ ➝ ✍

✑➪❛✰❭ ❍❷❉❏❍❖❍❖❋✰➶➆❸✹❨❖❭❫◆◗❳✵❈❖❆ ✄❏❋✢❭➟❈❪❆★❍❬❨❖❛✰❆➩❉●❑✢❍❖◆◗❞❫❋✹❨❪❆❱❍❖❋✰➶➆➶➆❉◗❑✰❭❫❞➟❭➟❨ �➆◆●P❧❨❪❛✰❆❱❵✒❋✰➶✉❋✰❞ ❉●❳✕❨❊❍✔◆◗P
x[i]

☛
✗➏❛✰❭ ❵❊❛ ☛☛❭➟❳✢❭❺❨❪❋✰❭❺❨❪❭ ✞❏❆✒❞✟�✏☛☛❭❫➶➆❸✰❞➟❭❫❆★❍❱❨❪❛✢❉✗❨➅❍❖❉◗➶➆❸✰❞➟❆✟❍❹◆◗P

x[i]
✗➏❛✰❭❫❵❊❛❤❉●❈❪❆ ✗❢❆✒❞❫❞✎❍❖❆✒❸☎❉●❈❊❉✗❨❖❆✟❴✯❭❫❳

❨❖❭❫➶➆❆⑨❉◗❈❖❆✉❉◗❸✰❸✰❈❪◆ � ❭➟➶➼❉✗❨❪❆✒❞✟�✵❭❫❳✢❴✹❆★❸☎❆★❳✢❴✹❆✒❳✕❨✗✛ ➫❏➘ ✜ ☛ ✗➏❛✢❭❫❵❊❛❥❭ ❍➍◆◗❑✁✞✦❭➟◆❏❋✢❍❖❞ �✵P✳❋✰❞✛✙☎❞➟❞❫❆★❴❄❑ �✯❉◗❞➟❞
❵❼◆❏➶⑨➶s❋✰❳✰❭ ❵✒❉●❨❖❭❫◆◗❳❝❍❀❭❫■◗❳✢❉◗❞❫❍★❘

✝ ✝✿✴ ✰❁▲ ❅ ❊❍●✄✬ ✪ ✬❑✹✢✻✞✸☛✹✢▲ ✬ ✲✘✹ ❂✿❀✄✬❑✹✢✪❁✼ ✪❁✫
Zxx∗

✑➪❛✰❆❇❉◗❍ �✦➶➆❸✹❨❖◆◗❨❖❭ ❵❢❴✰❭❫❍❀❨❖❈❪❭➟❑✢❋✹❨❖❭❫◆◗❳⑨◆●P
Zxx∗

❋✰❳✢❴✹❆★❈
H0

❵★❉●❳⑨❑☎❆❇❍❖❛✰◆ ✗➏❳⑨❑✁�s❉●❸✢❸✰❞ �✦❭❫❳✰■➍❨❖❛✰❆
P✳◆◗❞❫❞➟◆ ✗➏❭❫❳✰■s❨❖❛✰❆★◆◗❈❪❆✒➶ ☛✚✗➏❛✰❭ ❵❊❛❝❛✢❉◗❍➪❑✏❆✒❆★❳✶❸✢❈❖◆ ✞❏❆✒❳✵❭❫❳✌✛ ➫✢❣ ✜✬▲

✿❂❁✯➵➩➻✻➢✵➵➍➒ ❿
❣◗❘ ✂✬P❷❨❖❛✰❆

1 × M
✞❏❆★❵❼❨❖◆◗❈

Ψ̂
❭ ❍➩❉●❳→❉❏❍ �✦➶➆❸✹❨❪◆●❨❖❭ ❵✒❉◗❞➟❞✟�❥➌➩❉●❋✢❍❪❍❖❭❫❉◗❳❥❆★❍❀❨❖❭❫➶➼❉✗❨❖◆❏❈❱◆◗P

Ψ❋✢❍❖❭❫❳✰■
To

❴✢❉✗❨❪❉➆❍❪❉●➶➆❸✰❞❫❆★❍✎☛ ❭➡❘ ❆◗❘

lim
To→∞

√

To(Ψ̂ − Ψ)
D
= N (0,ΣΨ)

☞✘➞❂❘ ➤ ✍
❉◗❳✢❴

Ψ 6= 0
☛✦❨❖❛✰❆★❳

lim
To→∞

√

To(Ψ̂Ψ̂H − ΨΨH)
D
= N (0,4ΨΣΨΨH)

☞✘➞❂❘ ➫ ✍
❑✰❋✰❨❹❭❺P

Ψ = 0
❉●❳✢❴

ΣΨ = I
☛✦❨❖❛✰❆★❳

lim
To→∞

√

To(Ψ̂Ψ̂H − ΨΨH)
D
= χ2

M

☞✘➞❂❘ ➲ ✍

⑩✹❘ ✂✬P
limTo→∞(Ψ̂) = Ψ

❉●❳✢❴
limTo→∞(Ĝ)

m.s.s
= G

☛ ✗➏❛✰❭❫❵❊❛♦❭ ❍✉❉◗❳
M × M➶➼❉✗❨❪❈❖❭ � ☛✦❨❖❛✰❆★❳

lim
To→∞

√

To(Ψ̂Ĝ)
D
= ΨG

☞✱➞❂❘ ➺ ✍



❣✒➝☎❣

❶❷❛✰◆✦◆❏❍❖❭➟❳✢■
Ψ̂ = r̂xx∗Σ

−1/2
xx∗

❉◗❳✢❴
M = 2N

☛◗❈❪❆★❉◗❞➟❭❫➐✒❭❫❳✰■❱❨❖❛✢❉●❨
Σ

−1/2
xx∗

❭ ❍❬❉➅❵✒◆◗❳✢❍❖❭❫❍❀❨❖❆★❳✕❨
❆★❍❀❨❖❭❫➶➼❉✗❨❖❆❇❉◗❳✢❴s❋✢❍❀❭❫❳✰■➩❨❪❛✰❆✒◆❏❈❖❆★➶↔⑩✒☛

Ψ̂
❵✒❉◗❳➆❑☎❆❇❍❖❛✰◆ ✗➏❳s❨❖◆➅❑✏❆❇❉◗❍ �✕➶➆❸✹❨❪◆●❨❪❭❫❵★❉●❞❫❞ �❂❳✢◆◗❈❪➶➆❉◗❞ ☛

❍❀❭❫❳✢❵✒❆
limTo→∞

√
Tor̂xx∗

❭ ❍❧❉◗❍ �✦➶➆❸✹❨❖◆◗❨❖❭ ❵✒❉●❞❫❞✟�❇❳✰◆◗❈❪➶➼❉●❞ ☛★❉❏❍❧❍❀❛✢◆ ✗➏❳➍❭❫❳✗✛ ➤◗➘ ✜✬❘ ✑➪❛✰❆★❈❖❆✒P✳◆◗❈❪❆
❋✢❍❖❭➟❳✰■➪❨❪❛✰❆✒◆❏❈❖❆★➶➼❍✂⑩➪❉●❳✢❴➆❣☞☛✒❨❪❛✰❆✔❉❏❍ �✦➶➆❸✹❨❖◆◗❨❖❭ ❵❬❴✹❭ ❍❙❨❪❈❖❭❫❑✰❋✹❨❪❭➟◆❏❳➩◆●P

Zxx∗

❋✰❳✢❴✹❆★❈
H0

❭ ❍❧■◗❭✟✞◗❆★❳
❉◗❍

lim
To→∞

Zxx∗
D
= χ2

2N

☞✘➞❂❘ ➽ ✍

❉●❳✢❴➨❋✰❳✢❴✰❆✒❈
H1

lim
To→∞

Zxx∗

D≈ N (Torxx∗Σ−1
xx∗r

T
xx∗ , 4Torxx∗Σ−1

xx∗r
T
xx∗)

☞✱➞❂❘❫❣★➘ ✍
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☎ ✻ ✲✘✪✧✼ ❅ ❊ ▲
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➺❏⑩✓✒✦➽❏➤ ☛✹❜❏❉◗❳→❣✟➽◗➺◗➋✢❘

✛ ➤◗➘ ✜➅➞❂❘ ✒✉❘✚❚❱❉◗❳✢❴✰❉ ✗➪❉✗❨❪❆❂❉●❳✢❴❥➌⑨❘ ❡➍❘✏➌➍❭ ❉●❳✰❳✢❉◗➑✦❭❫❍✎☛ ✪❪➳✕❨❊❉✗❨❖❭ ❍❀❨❖❭ ❵✒❉●❞✂❨❖❆✟❍❙❨❊❍➏P✳◆◗❈❹❸✰❈❖❆✟❍❀❆★❳✢❵❼❆➅◆◗P
❵ �✹❵❼❞❫◆❏❍❀❨❪❉●❨❖❭❫◆◗❳✢❉◗❈❖❭➟❨ �✏☛ ✬ ☞✴✍✏✍✏✍ ✛✔❃✳✾❀✴ ✎ ✾✁❆ ✶✸✵❁✰✻✴ ✎ ✰❀✴ ✍❈✵ ✲✁✴ ✾ ✌ ✹❋❃✳✰ ❆✕✺ ✎ ✎ ✵✷✴ ✲✏☛✏✞❏◆◗❞➡❘✗➝✕⑩ ☛✗❳✰◆✢❘
➽ ☛✰❸✢❸❧❘☎⑩●➋✕➤◗➤ ✒✵⑩◗➋◗➫❏➽ ☛✰➳✦❆✒❸✰❨❂❣★➽◗➽◗➝✢❘



✂ ✑✸✖✻✘ ✑✓✠ ✓ ✞✦✟ ✣ ✂✁✚ ❣✟➤◗➋

✛ ➤✰❣✢✜➅➞❂❘ ❚✉❘✗➎➉❛☎❉●❞❫❆✒❳ ☛✰✔❂✺☛✶✞✺✕❆☛✶✸✵❁✰✻✴ ✰ ❄ ✍❈✵ ✲✁✴ ✾ ✌ ✎ ✵✷✴ ✁ ✰✻✵ ✎ ✺ ☛✢➞➏❵✒❉❏❴✹❆✒➶➆❭ ❵❬▼❬❈❪❆★❍❪❍ ☛ ☎ ✂ ☛✦❣★➽✦➲✦❣❏❘
✛ ➤❏⑩ ✜ ✑➩❘❬❅❇❆★❳❏❨❊❍❖❵❊❛✢❆✒❞➏❉●❳✢❴➈➌⑨❘❲❩✰❆❼❨❖❨✘✗❷❆★❭❫❍❪❍✎☛ ✪❪➳✹❉●➶➆❸✰❞❫❆✶❈❪❉●❨❖❆➨❵✒◆◗❳✁✞◗❆★❈❪❍❖❭❫◆◗❳⑦P✳◆◗❈➼❍❖◆●P ❨✘✗➪❉●❈❪❆

❈❪❉❏❴✹❭❫◆ ☛ ✬ ☞✎✍✏✍✏✍ ✮✠✰ ✏ ✏ ✛ ✴✗✵❁❆✕✾❀✶❉✵❁✰❀✴ ✎ ✑ ✾ ✲❇✾ � ✵✷✴ ✺ ☛ ✞❏◆◗❞➡❘☛➽◗➺ ☛☛❳✢◆✢❘❧➺ ☛✂❸✰❸❧❘❲❣✒➝✦⑩ ✒✚❣✟➤●➘ ☛
➞❇❋✰■❏❋✢❍❀❨❱⑩●➘◗➘❏➘✰❘

✛ ➤◗➋ ✜✌✪❪❶❷◆❏➶➆➶⑨❭ ❍❖❭➟◆❏❳s◆◗P☎❆★❵➍▲❬❶❷◆❏❍❀❨✔⑩●➘✕➲✒☛●❴✹❭❫■◗❭➟❨❪❉●❞✹❞ ❉●❳☎❴✉➶➆◆◗❑✢❭➟❞❫❆➪❈❪❉❏❴✹❭➟◆➩❵❼◆❏➶➆➶✉❋✰❳✰❭ ❵✒❉●❨❖❭❫◆◗❳ ☛ ✬
❣★➽❏➺◗➺✰❘

✛ ➤●➝ ✜✌✪ ✝❹➶❂❨❊❍✔➋◗➘✢❘ ➘❏➋❱❉◗❳✰❳✰❆ � ❑❧▲ ✑✂❆✟❍❙❨❬❆★❳✁✞✕❭❫❈❪◆◗❳✰➶➆❆✒❳✕❨❊❍❲❉●❳✢❴➼❴✹❆★❸✰❞❫◆ �✕➶➆❆★❳❏❨❲➶➆◆✹❴✹❆✒❞ ❍ � ❨❪❈❹❣★➘✢❣
❣◗❣❏❣✟⑩✒☛✁✞✚❘ ➋✰❘ ⑩✹❘ ➘ ☛ ✬➍➞❇❸✰❈✉❣★➽◗➽❏➺✰❘

✛ ➤❏➤ ✜➅✐♦❘❧➷❱❳✰❆✒❈❹❉◗❳✢❴✯❩❢❘☎❜❏◆◗❳✢❴✰❈❪❉◗❞ ☛✠✪❀➞❹❭➟❈❱❭➟❳✕❨❪❆✒❈❖P✘❉◗❵❼❆➅❈❪❆★❵✒◆◗■❏❳✰❭❺❨❪❭➟◆❏❳❝❭➟❳❥❉✻❍❖◆●P ❨✘✗➪❉●❈❪❆➩❈❪❉❏❴✹❭❫◆
❍ �✹❍❀❨❖❆★➶➃❆ � ❸✰❞❫◆◗❭➟❨❖❭❫❳✰■➆❵ �✹❵❼❞❫◆❏❍❀❨❪❉●❨❖❭❫◆◗❳✢❉◗❈❖❭➟❨ �✏☛ ✬➆❭❫❳ ✟✄✝✻✶ ☛✚☞✴✍✏✍✏✍ ✍ ✦ ✏✣✒✗✰ ✎ ✵ ✛ ✏ ✰❀✴✬✹ ✺ ❃✧✔
✎ ✰✻✴ ✾ ✌ ☞✦✴✥✿✁✰ ✰✻❃ ✑ ✰ ✙ ✵ ✌ ✺ ✼✍✾❇✿✻✵❁✰ ✮✱✰ ✏ ✏ ✛ ✴ ❆✕✾✻✶✸✵❁✰✻✴ ✎ ✖✩✹✏☞ ✑ ✼ ✮ ✣✦✥✧✥ ✎ ☛✎❡➪❉◗❈❪❵✒❆✒❞❫◆◗❳✢❉ ☛
➳✦❸✢❉◗❭➟❳ ☛✏➤✝➾➚➺⑨➳✦❆★❸✹❨❖❆★➶✉❑✏❆✒❈❱⑩◗➘◗➘◗➝✢❘

✛ ➤◗➫ ✜➅✐♦❘✝➷❱❳✢❆✒❈✂❉◗❳✢❴➩❩❷❘✟❜◗◆❏❳✢❴✹❈❊❉●❞ ☛ ✪❪❶ �✹❵✒❞➟◆✕❍❙❨❊❉✗❨❖❭❫◆◗❳☎❉●❈ �➏❑✢❉◗❍❖❆★❴➍❉●❭❫❈❧❭❫❳❏❨❪❆✒❈❖P✘❉◗❵✒❆❲❈❖❆✟❵❼◆◗■❏❳✰❭➟❨❖❭❫◆◗❳
P✳◆◗❈➅❍❖◆●P ❨✘✗➪❉●❈❪❆✉❈❊❉◗❴✹❭❫◆➨❍ �✹❍❙❨❪❆✒➶➼❍ ☛ ✬r❭➟❳☛☞✎✍✤✍✏✍ ✼✍✾❇✿✻✵❁✰ ✾❀✴ ✿✲✢ ✵✷❃✳✺ ✌ ✺ ✎ ✎ ✮✱✰✻✴ ❄☛✺ ❃✳✺ ✴ ❆✕✺✜✖
✼ ✗✘✢ ✮✡✠ ✁✷✣ ✥✧✥ ✎ ☛✚➞❢❨❖❞ ❉●❳✕❨❪❉ ☛ ✝❱➳✹➞ ☛❧❣★➽●➾➚⑩❏⑩s➳✹❆✒❸✹❨❪❆✒➶✉❑✏❆✒❈❹⑩◗➘◗➘◗➝✢❘

✛ ➤✕➲✭✜➅✐♦❘❯➷❱❳✢❆✒❈❂❉●❳☎❴❤❩❢❘✂❜❏◆◗❳☎❴✹❈❪❉◗❞ ☛❂✪ ✌ � ❨❪❈❪❉❏❵ ❨❖❭❫❳✰■✶❨❖❛✢❆✵❵❊❛✢❉●❳✢❳✰❆✒❞❬❉◗❞➟❞❫◆✹❵✒❉✗❨❪❭➟◆❏❳→❭❫❳✹P✳◆❏❈❖➶➼❉✗➾
❨❖❭❫◆◗❳✾❭❫❳✾❉❥❍❖❸☎❆✟❵ ❨❪❈❖❋✰➶ ❸✏◆✕◆❏❞➟❭❫❳✰■❥❍ �✹❍❙❨❪❆✒➶ ❋✢❍❀❭❫❳✰■❄❵ �✹❵❼❞❫❭❫❵➆P✳❆✟❉✗❨❪❋✰❈❖❆✻❴✰❆❼❨❖❆✟❵ ❨❪❭➟◆❏❳ ☛ ✬ ❭❫❳

✟★✣❇✶ ☛ ✍ ✛ ❃✳✰ ✒✒✺✕✾❀✴ ✍❈✵ ✲✁✴ ✾ ✌ ✹❋❃●✰ ❆✕✺ ✎☞✎ ✵✷✴ ✲ ✮✱✰❀✴ ❄☛✺ ❃✳✺☛✴✥❆✕✺✧✖✏✍ ☎ ✍ ☞✎✹✏✮✡✠✳✣ ✥✆✥ ✎ ☛✯✒❹❭❫❆✒❳✢❳✢❉ ☛
➞❇❋✢❍❀❨❖❈❪❭ ❉ ☛✢➫●➾❪❣✟➘s➳✦❆★❸✹❨❖❆★➶✉❑✏❆✒❈❱⑩◗➘◗➘●➝☎❘

✛ ➤◗➺ ✜➅✐♦❘❯➷❱❳✢❆✒❈❂❉●❳☎❴❤❩❢❘✂❜❏◆◗❳☎❴✹❈❪❉◗❞ ☛❂✪ ✌ � ❨❪❈❪❉❏❵ ❨❖❭❫❳✰■✶❨❖❛✢❆✵❵❊❛✢❉●❳✢❳✰❆✒❞❬❉◗❞➟❞❫◆✹❵✒❉✗❨❪❭➟◆❏❳→❭❫❳✹P✳◆❏❈❖➶➼❉✗➾
❨❖❭❫◆◗❳✻❭❫❳✵❉s❍❀❸✏❆★❵❼❨❖❈❪❋✰➶↔❸✏◆✦◆◗❞❫❭➟❳✢■s❍ �✦❍❀❨❖❆★➶↔❆ � ❸✰❞➟◆❏❭❺❨❪❭➟❳✢■✉❵ �✹❵❼❞❫◆❏❍❀❨❪❉●❨❖❭❫◆◗❳✢❉◗❈❖❭➟❨ �✏☛ ✬✉❭❫❳ ✟ ✝❀✶ ☛
☞✎✍✏✍✤✍ ✍ ✦ ✏ ✒✒✰ ✎ ✵ ✛ ✏ ✰✻✴ ✹ ✺ ❃ ✎ ✰✻✴ ✾ ✌✤☞✦✴✥✿✁✰ ✰✻❃✽✑ ✰ ✙ ✵ ✌✙✺✫✼ ✾✁✿✻✵❁✰✩✮✱✰ ✏ ✏ ✛ ✴ ❆✕✾✻✶✸✵❁✰✻✴ ✎ ✖
✹✜☞ ✑ ✼ ✮✸✣ ✥✆✥ ✎ ☛☎❡➪❉●❈❊❵❼❆★❞➟◆❏❳✢❉ ☛✰➳✦❸✢❉◗❭➟❳ ☛✢➤✝➾➚➺➆➳✹❆✒❸✹❨❪❆✒➶✉❑✏❆✒❈❹⑩◗➘◗➘◗➝✢❘

✛ ➤◗➽ ✜➅✐♦❘✎➷❱❳✰❆★❈❂❉●❳✢❴⑦❩❢❘✂❜❏◆◗❳✢❴✰❈❪❉◗❞ ☛✎✪❊❶ �✹❵❼❞❫◆❏❍❀❨❪❉✗❨❪❭➟◆❏❳✢❉●❈ �❝❑✢❉◗❍❖❆★❴→➶➆❆❼❨❪❛✰◆✹❴✰❍➩P✳◆◗❈❂❨❖❛✰❆➼❆ � ➾
❨❖❈❊❉◗❵❼❨❖❭❫◆◗❳➈◆●P➍❨❖❛✰❆❥❵❊❛✢❉◗❳✰❳✰❆★❞❇❉●❞❫❞➟◆✹❵✒❉●❨❖❭❫◆◗❳♣❭➟❳✹P✳◆❏❈❖➶➼❉●❨❖❭❫◆◗❳➈❭➟❳➉❉⑦❍❀❸✏❆★❵❼❨❖❈❪❋✰➶ ❸✏◆✦◆◗❞❫❭➟❳✢■
❍ �✹❍❀❨❖❆★➶ ☛ ✬ ❭❫❳✠☞✎✍✤✍✏✍ ✼✍✾❇✿✻✵❁✰✩✾✻✴✥✿ ✢ ✵✷❃✳✺✍✌✙✺ ✎ ✎ ✮✱✰✻✴ ❄☛✺☛❃✳✺ ✴ ❆✕✺✜✖ ✼ ✗ ✢ ✮ ✠ ✁ ✣✦✥✧✥ ✎ ☛
➞❢❨❖❞ ❉●❳✕❨❪❉ ☛ ✝❱➳✰➞ ☛❧❣✟➽✗➾❙⑩◗⑩✉➳✹❆✒❸✹❨❪❆✒➶✉❑✏❆✒❈➍⑩●➘◗➘◗➝✢❘

✛ ➫❏➘ ✜➩▼❯❘☛❶❷❭❫❑✰❞ ❉✗❨❱❉◗❳✢❴ ✌❇❘☛➳✦❆✒❈❪❸☎❆✟❴✹❭❫❳ ☛ ✪❀➞ ✙✢❳✰❆❂❑✰❞❫❭❫❳✢❴❝P✳❈❪❆☎✄✕❋✰❆✒❳☎❵ �✶◆ ✩☛❍❀❆✒❨❹❆★❍❀❨❖❭❫➶➼❉✗❨❖◆❏❈➏P✳◆◗❈
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