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Preface

The aim of the present volume is to give a survey of the recent development
on the interplay between solvable lattice models in statistical mechanics and
representation theory of quantum affine algebras. The original papers on this
subject were published in the form of a series and the results are all scat-
tered around. We thus felt that a systematic account was necessary, which
develops the materials from scratch, focusing attention on the most funda-
mental case and without assuming prior knowledge about lattice models nor
representation theory.

Schematically, the basic problems of integrable models in field theory or
statistical mechanics are to diagonalize the given Hamiltonian, and to com-
pute the correlation functions. By correlation functions we mean a system of
functions (¢a(2)), {(da(z)dp(y)), - - - obtained as vacuum expectations of the
operators in the theory. In the context of lattice statistics they are functions
of the lattice sites z,y,--; in field theory they are functions of the space-
time coordinates or momenta. In principle the totality of the correlation
functions has enough information to determine the theory completely.

In a naive way the Hamiltonian is an infinte dimensional matrix acting
on some infinite dimensional space. For instance, in the lattice models the
latter is typically given as an infinite tensor product of ‘local’ spaces, e.g.

e QC2RC2RC2Y---.

Obviously such a Hamiltonian cannot be defined literally because of the
difficulty of divergence. In fact, an arbitrary vector in this huge space is
not meaningful; what make sense are only those eigenvectors which have
finite energy (= finite eigenvalues). They can be thought of as constituting
a non-trivial space, which we will refer to as the space of states.

At present one knows very few systems whose correlation functions can
be described explicitly. The representative examples are 1) the Ising model,
and 2) conformal field theory. The Ising model is a two-dimensional lattice
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model. Its correlations (on the lattice or in the continuum limit) can be
characterized by classical non-linear systems such as the Painlevé equations
or soliton equations. The conformal field theory deals with critical, or mass-
less, systems in the continuum. Their correlation functions belong to the
linear world, giving a good class of generalized hypergeometric functions.
The success in the Ising model or conformal field theory is largely related
to the fact that their spaces of states have clear mathematical structures:
in the Ising model they are the fermion Fock spaces, and in conformal field
theory they are the highest weight representations of infinite-dimensional Lie
algebras.

Beyond the Ising model, a large class of solvable lattice models have
been known; they are built on the solutions of the Yang-Baxter equation.
Our main example-— the six-vertex model and its spin-chain equivalent,
the XXZ model— is one of the most typical models of this sort. However,
until recently the space of states and correlation functions have not been
understood very well for these more general class of models.

One of the key insights to this problem came from the corner transfer
matrix method introduced by Baxter in 1976. The calculation of the one-
point functions is reduced to counting the multiplicities of the eigenvalues of
the corner transfer matrix. Among others, in the study of the Hard Hexagon
model, it led to a remarkable connection with the Rogers-Ramanujan iden-
tities. It was then recognized that, in many interesting cases including the
Hard-Hexagon model, the spectra of the corner transfer matrices can be de-
scribed in terms of the characters of affine Lie algebras. Despite the close
similarity to certain structure in conformal field theory, this finding has re-
mained a curiosity for some years. Its combinatorial aspect was subsequently
clarified by the theory of crystal bases for quantum affine algebras.

Another key emerged through the recent symmetry approach to massive
integrable field theories. Bernard and others realized that these theories pos-
sess hidden non-Abelian symmetries by the Yangians. It was hoped to exploit
these symmetries to understand the integrability in the massive case, follow-
ing the spirit of conformal field theory. In the latter case a central role was
played by the notion of vertex operators and the Knizhnik-Zamolodchikov
(KZ) equations for the correlation functions. It was then found that these
structures admit a remarkable deformation: by Smirnov, who showed that
the form factors he has constructed over the years satisfy the deformed KZ
equations; and by Frenkel and Reshetikhin, who studied the vertex opera-
tors for quantum affine algebras and derived the ¢-deformed K7 equations
for their matrix elements.



For lattice models the space on which the corner transfer matrix is acting
can be viewed as ‘half’ of the space of states. The appearance of the Lie
algebra characters suggests that this half can be identified with a highest
weight representation of the quantum affine algebra, which we expect to
govern the symmtries of the models. Our first goal in this volume is to
explain that it is indeed so. Let H = V(Ag) & V(A1) be the direct sum of
level one integrable representations of the quantum affine algebra Uq(;lg),
Then the space of states for the six-vertex model has the structure H @ H*,
the tensor product being understood in a certain completed sense. Thus
we are upgrading the dimension counting by the characters to a structural
understanding of the space of states. This picture will lead to the description
of the correlation functions and the form factors in terms of the g-deformed
vertex operators, and, via bosonization, to the integral formulas for them.
This will be our second goal.

Our expositions are organized as follows. The first three Chapters are
devoted to the standard subjects concerning solvable lattice models in sta-
tistical mechanics. Our main examples are the spin 1/2 XXZ chain and the
six-vertex model. The setting for these models and their mutual equivalence
are explained in Chapter 1 and Chapter 2, respectively. In Chapter 3 we
discuss the integrability of the models. The role of the Yang-Baxter equation
and the commuting transfer matrices are clarified. The rest of the Chapter
is devoted to the introduction of the quantum affine algebra Uq(sAlg), and
the representation theoretical interpretation of the Yang-Baxter equation.
In Chapter 4 we introduce the main objects, the corner transfer matrices
and the vertex operators. By a physical argument we then show how the
correlation functions can be written as the trace of products of the ver-
tex operators, and derive difference equations for them. Having these as
physical motivations, we restart our mathematical discussions from the next
Chapters. Chapter 5 is devoted to the Frenkel-Jing bosonization of the level
1 module of Uq(.;lg). In Chapter 6 we derive the formulas for the vertex
operators using bosons. In Chapter 7 we reformulate the physical setting
in representation theoretical terms, such as the space of states, vacuum,
translation, Hamiltonian and its eigenstates. To derive the formulas for the
correlation functions and the form factors we need to calculate the trace of
products of vertex operators. This computation is carried out in Chapter
8, and its application is given in Chapter 9. The limit of the XXX model
is briefly discussed in Chapter 10. We note that the formulas in Chapters
8-10 are presented here for the first time in such details. The last Chapter
11 is devoted to the discussion of the other types of models, and related
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works. In the Appendix we collect basic formulas for reader’s reference. The
bibliography is far from being exhaustive. We have limited the citations to
only those which are directly related to the discussions.

We would like to thank our colleagues B.Davies, 0.Foda, M.Idzumi,
K.Iohara, K.Miki, T.Nakashima, A.Nakayashiki, Y.Ohta and T.Tokihiro for
the collaboration in these works. Special thanks are due to F.Smirnov from
whom we learned a great deal during his stay in Kyoto. The present vol-
ume is an outgrowth of a series of lectures delivered by one of us (T.M.)
at the regional conference at North Carolina State University, June 1993.
He wishes to thank K.Misra for the organization of the conference and the
hospitality. We are indebted to S.-J. Kang who read the manuscript and
offered invaluable comments.

Michio Jimbo and Tetsuji Miwa

Kyoto, Japan
April 1994
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Chapter 1

The spin 1/2 XXZ model for
A< -1

We introduce a one-dimensional spin 1/2 XXZ Hamiltonian, and formulate
the problems we are going to address. The model exhibits distinct features
depending on the three regions of the parameter A in the Hamiltonian.
Focusing attention on the case A < —1, we explain the different ‘vacuum
sectors’, which will be the starting point of .the subsequent discussions about
the space of states. In the end we mention Baxter’s exact result for the one
point function.

1.1 Quantum Hamiltonian

In this Chapter we consider a simple quantum mechanical model in one
dimension, called the XXZ model. In physical terms, it describes a system
on a one-dimensional lattice, where each lattice point k carries ‘quantum

spins’ of interacting with its neighbors. Mathematically it is formulated as
follows.

Let V = Cv; @ Cu. be a two-dimensional vector space with the distin-
guished basis vy, v—~. Let further

0 1 0 — 1 0
T Y — z _
7 “(1 0)""(i 0)"’“(0 —1)

be the Pauli spin operators acting on V in this basis. When copies V; of V
are involved, we indicate by o (a = z,y, ) the spin operators on Vj; they
are understood to act as identity elsewhere.

11



12 CHAPTER 1. THE SPIN 1/2 XXZ MODEL FOR A < -1

The XXZ Hamiltonian is an operator
1
Hxxz = -3 > (ofofs, + 0po} ) + AGROF41)- (1.1)
k

Here k € Z, and A is a real number. The quantum spin chain specified
by the Hamiltonian (1.1) is called the XXZ model. In the case A = 1 the
Hamiltonian acquires the explicit symmetry under the group SL(2).! In this
case the model is called the XXX model. In the general case the parameter
A represents the anisotropy of the interaction in the (z,y, z)-direction. The
XXX and the XXZ models are among the best studied quantum spin chains
in one dimension. It is not our aim here to touch upon their long history.
The interested readers are referred to the literature that can be found e.g.
in (13, 49).

The physical problems of interest that we wish to address in these lectures
are the following: to diagonalize the Hamiltonian, and to compute the matrix
elements of a local operator with respect to its eigenvectors. Here by a ‘local
operator’ we mean a linear combination of products of finitely many spin
operators of. In particular we are interested in determining the vacuum
vectors (i.e., the lowest eigenvectors), the excitations over them, and further
the correlation functions— the vacuum-to-vacuum matrix elements of local
operators.

Here a basic question arises. As it stands the Hamiltonian (1.1) is an
operator ‘acting’ on the infinite tensor product space @z Vk; this is a sys-
tem of infinite degrees of freedom. How should one understand the proper
meaning of such an infinite system?

The usual approach to handle such ‘infinity’ is to start from a finite ten-
sor product of size N with a certain (e.g., cyclic) boudary condition. The
traditional Bethe Ansatz method [77, 78] provides a way to describe the
eigenvalues and eigenvectors. After solving the problems for finite N, one
proceeds to analyze the large lattice limit N — oo. Considerable informa-
tion has been gained this way as for the diagonalization of the Hamiltonian.
In contrast, very little has been known about the correlation functions. Vir-
tually the only exception is Baxter’s result on the one point function which
we will discuss shortly.

In these lectures we wish to-explain an alternative approach developed in
the series of papers [23]-[30]. Rather than studying the individual eigenvec-
tors, one tries here to capture the whole ‘space of states’ as a mathematical

"Namely ifg € SL(2) and Hxxxx = oroiyitolol,  +oioiy, then (9@9)Hxxx s(g 7' ®
97") = Huoox k-
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entity, on the basis of the representation theory of quantum groups. At
present its applicability is limited to the region of the parameter A < ~1
(see below for its meaning). Nevertheless it has a particularly appealing
aspect: It allows an explicit description of the correlation functions. With
this point in mind, we shall review in the rest of this chapter some of the
basic features about the Hamiltonian and its eigenvectors.

1.2 Three regions in A

Let us explain a few known facts on the XXZ Hamiltonian [13, 49]. Among
other things we discuss briefly the distinction between the three regions of
the parameter A:

A<~-1, |A]L1, 1<A.

Let N be a positive and even integer. Consider the Hamiltonian (1.1)
wherein £k € Zy = Z/NZ. This amounts to considering a finite chain of
length N under the cyclic boundary condition 0§y, = of. Let us denote
the Hamiltonian by Hy. This is a 2 x 2V Hermitian matrix. Therefore its
eigenvalues are all real. Let us number them as Ay < hy < --- < hyw.

Define the total spin operator

1
kEZN

The total space Wy = ®ez, Vi splits into the eigenspaces of Sy:
Wy = @,W), Wi ={veWy|Syv=
N =&Wy', Wy’ ={veWy]|Syv=sv},

where s ranges over integers from —N/2 to N/2. Since Hy and Sy commute,
one can consider the diagonalization of Hy in each subspace W](\;’ ) with fixed
‘total spin’ s.

The spectrum of Hy exhibits distinct features depending on the three
regions. ,

Case 1 A > 1: The two lowest eigenvalues hy and he are equal. The
corresponding eigenspace is the direct sum of W](\,N/2) = CQ, and W,(\,_Nﬂ) =
CQ ., where the vacuum vectors Q¢ = ®ye7, v are simple pure tensors
independent of A. Accordingly the correlation functions, which are the
matrix elements of operators 0,‘:1’ --+op", are also independent of A and are
readily calculable. For that reason this region is uninteresting to us.



14 CHAPTER 1. THE SPIN 1/2 XXZ MODEL FOR A < ~1

Case 2 |A| < 1: The lowest eigenvalue belongs to Wﬁ,?). Since the
dimension of Wj(\?) increases rapidly as N — oo, the explicit form of the
lowest eigenvector is very complicated. Moreover, in the limit, infinitely
many eigenvalues collapse to the lowest one, i.e., the gaps above the lowest
one tend to zero for those.

Case 3 A < —1: The lowest and the next lowest eigenvalues degenerate
in the infinite lattice limit. More precisely, h; < h; holds for finite N but in
the limit N — oo the gap hs — hy tends to zero. On the other hand, the gap
hs — hy remains non-zero in the limit. Such is called the mass gap. Because
the mass gap is non-zero, this region is called massive. In this sense Case 2
is a massless region. The eigenvectors corresponding to h; and h; belong to
W,(\? ). Their explicit forms are complicated.

1.3 The anisotropic limit

From now on, we restrict our consideration to the massive region A < —1.
To gain insight into the nature of the eigenstates, it is instructive to look at
the extreme limit when the anisotropy parameter A tends to —oo. In this
limit one can see what is happening directly on the infinite lattice, without
recourse to the finite lattice Hamiltonian Hy.

Adding a suitable constant and rescaling, let us modify the Hamiltonian

as
L (Hxxz + const.) = Ho— cH - (1.2)
'Al XXZ onst.) = g — €1y, E—IAl, .
1 zZ .z
H0= 52(0k0k+1+1)’ (13)
k
= Z(U:U;+1+Ul:alc++1)v

k

with 0% = (0% £1i0¥)/2. Here the shift by a constant is so chosen as to make
the lowest eigenvalue of Hp be 0.

Let us consider the Hamiltonian Hy (1.3) obtained as the limit A — —oc.
In contrast to the original Hamiltonian Hp is much simplified, since it is
already diagonal with respect to the pure tensor vectors

P} = -+ @ Vp(kt1) @ Vp(k) ® Vp(—1) ® + -+

If we consider the model on the infinite lattice, then p runs through all maps
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Z — {+,—}.! The important point is that not all of these vectors have finite
energy (=eigenvalues). To see this, note that each (oo} +1+1)/2 takes the
value 0 or 1 according to whether p(k) = —p(k + 1) or p(k) = p(k + 1).
Therefore, Ho has a finite eigenvalue on |p) if and only if

p(k) = —p(k + 1) for almost all k € Z.

Let us call a map p satisfying this condition a path. Hence for the limiting
Hamiltonian Hy we have the following picture: The eigenvectors which have
finite energy can be identified with paths. They constitue a space Fy which
we call the space of states for Hp (the suffix 0 referring to the limit A = ~o0).
It splits further into the direct sum of four ‘sectors’

Fo = @i,j:o,lféi,j) )
where féi'j ) is the span of the paths subject to a fixed ‘boundary condition’

pk) = (- i k> 1,
= (-1 i —k>1.

In particular, the sector F() (i = 0,1) contains the ‘vacuum path’, or the
vacuum vector

(k) = (=1)* V& € Z.

It is the unique vector belonging to the minimum eigenvalue 0. The general
vectors in F(") can be regarded as finite excitations over the vacuum vector.
We note that a local operator sends one sector into itself, since it cannot
change the + infinitely many times. In this sense the different sectors are
separate from each other.

Intuitively we expect that, for nonzero but small enough ¢ = |A|™!, the
space of states be still a ‘span’ of the paths, involving possibly infinite linear
combinations. To have an idea of what it should mean, let us try to expand
the vacuum vector in powers of ¢

€ e\? e\?
]V&C)=Qo+§g1 + (-2-> Q2+ (5) Q3+ (1.4)

where gy corresponds to one of the vacuum paths p(*) of f((,i’i). Demanding
it be an eigenvector of the full Hamiltonian Ho — e H;, we can determine the

1We have displayed the tensor components in the decreasing order ---2,1,0,-1, —2,---
from left to right, in accordance with the convention to be used later. -
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vectors §; in the expansion. Note that the operator 6t @ 0~ + 0~ @ o+
exchanges vy ® vy with vz @ vy and kills vy ® vy. Hence

In) = (o} oryy + ";0:“)90

represents the path whose components at the nt® and (n+ 1)th positions
are flipped from those of the vacuum path. Define similarly |n;,nz), and so
forth. We find that the first two terms besides (o are given by

=5 |n), 92-—2Z|nn+2+ Y Im,ng).
n

ny<nz—-2

More generally it should be clear that for any r the Q, are linear combina-
tions of vectors obtained by flipping + from {y by at most 2r times.

We expect that the eigenvectors other than the vacuum are also analo-
gous infinite linear combinations of the paths. In practice, however, such a
direct treatment in the infinite lattice meets a difficulty. For nonzero ¢ and
in the infinite lattice limit, the original Hamiltonian has a continuous spec-
trum except for the vacuum. After rescaling (1.3) has discrete eigenvalues
{0,1,2,...}. This means that there are infinitely many distinct eigenvalues
of Hxxz for € # 0 that degenerate to the same eigenvalue of (1.3). Hence
even for ¢ = 0 the general eigenvalue should necessarily be infinite linear
combinations of the paths, and we cannot tell a priori how to start the
¢-expansions of these eigenvectors. For this purpose one needs to use the
eigenvectors obtained on the finite lattice by Bethe Ansatz.

In any event, we will not attempt to justify the picture about the space of
states by tracing the limit N — oo. What we will actually do is to construct
a mathematical model directly in the infinite lattice limit that reflects the
features mentioned above. The solution to this problem will be given in
Chapter 7 by using the representation theory of Uq(.;l(2)).

1.4 One point function (vac|o?|vac)

The perturbative expansion of the vacuum vector (1.4) holds equally well for
a finite lattice of length N with periodic boundary condition.? Making use
of it, let us compute the expectation value of the operator o7 to the order e*.
Without loss of generality we assume that the first component of Qg is v4:

2I{ we start from the finite lattice with periodic bounda.ry condition and pass to the
infinite lattice limit, we would see only the sectors F§"? with i = j.
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0iflo = Q. Multiplying a scalar to |vac) if necessary, we also assume that
the vector g never appears in 2, with n > 0. With this convention, the
formula for 24 is not necessary to compute (vac|vac). For Q3 it is sufficient to
know that 23 = —Q;+(terms different from Q,) for the same reason. Since
of is diagonal on the paths, a similar argument applies to the computation
of (vac|of|vac). We then find that

(vaclvac) =1+ (£>2N + (E>4N(LQ+...,

2 2 2
2 4 _
(vaclaf'va(;):l.*. (i) (N__4)+ (E) (w_4>+,
2 2 2
to obtain

(vac|ofjvac)

=1—4e® ~4et 4 ...
{vac|vac)

Continuing further one finds that each coeflicient of the expansion in ¢ sta-
bilizes to a finite value as N — co. However as one goes higher in the power
of ¢ the combinatorial complication becomes enormous, eventually making
the computations impracticable.

In fact an exact formula for this quantity has been known by Baxter.
In [8] it is called the spontaneous staggered polarization. Introduce the
parametrization
_gatq?!
2

so that e = —¢/(1 + ¢%). The region of our interest A < —1 corresponds to
¢ being real and —1 < ¢ < 0.! Baxter’s formula is

A

2
e 1_q2n
vaclo?|vac) = . 1.5
< l 1!V > nr=,[1 (1+q2n) ( )

On the basis of the representation theoretical approach, we will give an
integral formula of the correlation function (vac|L|vac) for an arbitrary local

operator L (see (9.4)). The formula (1.5) is included as the simplest special
case.

Remark.  As we mentioned in the introduction, the corner transfer matrix
enables us to compute the one point functions. To avoid confusion we remark

YThe other region A > 1 or |A] < 1 corresponds respectively to 0 < g < 1 or to ¢ being
complex and |g| = 1.
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that these one point functions are those of the face models (see Chapter 11).
In the latter language, Baxter’s spontaneous staggered polarization discussed
above is the nearest neighbor two point function.



Chapter 2

The six-vertex model in the
anti-ferroelectric regime

In this Chapter we introduce another well-known lattice model called the
six-vertex model. While the XXZ model is a one-dimensional system in
quantum mechanics, the six-vertex model is a two-dimensional system in
classical statistical mechanics. In fact the two models are equivalent, in the
sense to be elaborated on in the next Chapter. Here we shall formulate our
problems from the point of view of the six-vertex model.

2.1 Vertex model

Consider a two-dimensional square lattice. In the following discussion, such
geometrical attributes as angles or lengths will be irrelevant. We shall use
only the topological or combinatorial structure of the lattice. Although our
ultimate interest lies in the infinite lattice, we start with a finite lattice
in order to fix our ideas. Thus let us draw M vertical and N horizontal
lines on the plane. For simplicity we assume that both M and N are even.
We call an intersection of two lines a vertez, and a line segment limited by
two neighboring vertices an edge. As with the XXZ model, let us impose the
cyclic boundary condition on both ends. This means that for each horizontal
or vertical line we join the edge at an end with the edge at the opposite end
of the same line. Hence the lattice is actually wound on the torus rather
than placed on the plane.

A model in classical statistical mechanics is built on our lattice in the
following way. First, with each edge j we associate a variable ¢; taking the

19



20CHAPTER 2. THE SIX-VERTEX MODEL IN THE ANTI-FERROELECTRIC |

values + or —. Unlike the quantum spin chain, ¢; is an ordinary commuting
variable. We shall refer to the ¢; as (classical) spin variables and the values
+ as spins. A configuration C is an assignment of spins ¢; = + for all j.
Hence there are altogether 22M¥ configurations.

Next we introduce a probability measure in the set of all configurations by
assigning a statistical weight W(C) to each configuration C. The probability
for a configuration C to take place is Z;,II, NW(C), where

ZMN = ZW(C) (2.1)

c
The normalization factor (2.1) is called the partition function of the model.
To define W(C) we prepare a set of positive real numbers Re}'e2 (¢}, -,e9 =

+) called Boltzmann weights. A configuration C gives rise to a configuration
of the spin variables around each vertex v. Denote this configuration by
e1(C,v), e5(C,v), £1(C,v), €2(C, v) (see the figure below).

€1

€2 €q

€1

Figure 2.1: A configuration round a vertex

The weight W(C) is given as the product over all the vertices

_ el (C),e5(C )
W(C) - HRei(C,v),e:(C,v)' (2'2)
v
The six-vertex model is specified by giving the Boltzmann weights ac-
cording to the following rule.
++ _ pmi— _
Rii=R__=aq
RYZ=RI} =5,
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tm opt =
ROy =Ry =¢

L ) ’
Rz = if ey 4¢ef #e1+es.

+ + +
+<—-—-—+ - - +<—-—_
/ l
+ + -
- -—t - +4__}_+ - -— 1t
- - +
a b ¢

Figure 2.2: Six vertex configurations

Here a,b,c are positive real numbers. The last condition says that the
sums of spins are conserved at each vertex in the NE-SW diagonal direction.
The Boltzmann weights are chosen to be symmetric under the reversal of
spins €; — —¢;.

2.2 Ground states and low-temperature expan-
sion

As will be discussed in the next Chapter, the XXZ model with the parameter
A is equivalent to the six-vertex model with the parameter a,b, ¢ if

a? +b% ¢
2ab
The region A < —1 corresponds to the region ¢ > a + b. We restrict our
consideration to this case.
In the region mentioned above, there are two configurations that maxi-
mize W(C). We call them ground state configurations. They are those in

A= (2.3)
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which all the vertices have the type ¢ configuration around them. In other
words the spin variables take the same value along the NE-SW diagonal and
alternating values --- + — + — + — ... along the horizontal direction. We
pick a reference edge 1 and call C(") the one with ¢; = (-1) (i=0,1).
The partition function (2.1) is one of the basic quantities of physical
interest. For finite M, N it is simply a polynomial in the three variables

a,b,c. We are interested in the behavior of Zym,n when M, N — oo. It turns
out that the limit

n= lim (Zyn)v (2.4)
is finite. This is called the partition function per site.

Since the weights W(C) are homogeneous in the Boltzmann weights,
changing the latter by a common multiple does not lead to any essential
change. Let us normalize ¢ = 1 for the time being. Then a and b can be
regarded as small parameters in terms of which we can expand the physical
quantities. Such an expansion is called the low-temperature series expansion.
In the physical context the Boltzmann weights a, b, ¢ appear in the form

= e BolkT p_ o=Bo/KT o _ o=Ec/kT

¢
where Eq, Ey, E. are the energies of the local configurations, k the Boltz-
mann constant, and T' the absolute temperature. With E,, E,, E; fixed, the
limit T — 0O corresponds to the ratios a/c and b/c tending to zero. Whence
the name ‘low-temperature’.

Counting the degrees of a and b to be 1, suppose we try to compute (24)
up to some fixed degree K. Take M and N sufficiently large, and consider
only configurations C of degree less than or equal to K. The ground state
configurations are the only ones of degree 0: W(C(i)) = 1. In general the
configurations can be classified into two groups: Given a configuration C
let &i(C) be the number of edges j such that the value of the spin variable
¢; in C is different from that in C(). We say C belongs to the i-th sector
if di(C) < d1-i(C). Because of the spin reversal symmetry, the partition
function Zar,n (up to degree K) is equal to twice the sum of W(C) over C
belonging to one of the sectors. Since this factor 2 is unimportant in the
large lattice limit, one can compute the expansion in a,b of 5 by using only
one sector.

Set L = M N. The first few terms in the expansions of ZmN and K are

%ZM,N = 1+ La®® + La®¥(a® + 1?)
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+L(L2+ 1)a4b4 + La2b2(a4 + b4) 4o, (2.5)

K = 1+a® +a%%(a® 4+ b2) + a%b* + a®*(at + b4) + .- .(2.6)

In principle this computation can be carried through to any order, giving &
an unambiguous meaning as a power series in a,b. As for the exact result
for &, see the end of 4.2.

2.3 The correlation function

The correlation functions of the six-vertex model is defined as follows. Take
n arbitrary edges jj,---,j,. Consider the following ratio

ey ove. ) = Zeeal0) e, (CW(C)
i In EC W(C)

Here ¢;(C') signifies the value of the spin variable on the edge j in the config-
uration C'. Fix a ground-state sector ¢ = O or 1. Given a degree K, we choose
the cyclic lattice of sufficiently large size M, N and compute (2.7) with the
summation restricted to the i-th sector. It has a similar low-temperature
expansion as with (2.5). We denote the quantity obtained in this way by
(€5, * + €5,)i» and call it the n-point correlation function (in the i-th sector).
Notice that it is not the same as taking the unrestricted sum in (2.7). For
instance if n = 1 and the reference edge is 1, then the former is a series of
the form (—1)(1 + --) while the latter is trivially 0 by the spin reversal
symmetry.

The equivalence between the XXZ model and the six-vertex model to
be discussed in the next Chapter entails the following relation between the
correlation functions. For convenience let us number the horizontal (resp.
vertical) lines by integers from bottom to top (resp. right to left). Consider n
distinct horizontal edges lying between two neighboring vertical lines. Call-
ing jk the horizontal edge on the ji-th line, consider the n-point correlation
function for the six-vertex model {j, ---¢;,)i. Then the statement is

(2.7)

(e €jadi = (iloF, -~ 07 |9) (2.8)

where the right hand side signifies the correlation function of the XXZ model
as explained in Chapter 1. In particular Baxter’s formula (1.5) applies to
the simplest correlation of the six-vertex model.
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2.4 Transfer matrix

Basically a quantum spin chain is an eigenvalue problem of a large (infinite!)
matrix such as Hxxz. Let us explain that classical statistical systems can
be put on an equal footing by using transfer matrices.

The partition function (2.2) is a sum over two dimensional configura-
tions, the sums extending over the vertical and the horizontal edges. Pick
a particular column. (See Figure 2.2.) Consider the sum over the vertical
edges in this column, while fixing the configurations of the horizontal edges
to the left and right of this column:

&l e’ wet _vael vy e’
Tled = ). RIGRSZ--- RIVE,. (2.9)
ViyWN
"
W ey — el
VN
V3
V2 €2 — ] ’
€2
V2
’
Vl 5] &
15
Vo

Figure 2.3: Transfer matrix

Regard the indices €, ¢} as the labels of the basis of V = Cvy @ Cv_. Then
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(2.9) gives rise to a matrix T acting on the N-fold tensor product V&N, We
call T’ = T the column transfer matrix, or simply the transfer matrix.

To get the partition function we have to perform the sum over the hori-
zontal edges. Clearly the sum over the horizontal edges between two succes-
sive columns amounts to matrix multiplication of Ts. In view of the cyclic
boundary condition it follows that

Znn = tr(TM) = \M (1 + (%2)’” +)
1

where A; > Ay > ... are eigenvalues of T. This makes it manifest that
the study of the partition function reduces to the eigenvalue problem of 7.
The correlation functions is related to the eigenvectors of T but we skip the
discussion here.

Operating with T amounts to counting the contribution from vertices on
a column. Similarly, counting a contribution from a single vertex amounts
to operating with a matrix R € End(V ® V)

&l el
R(”sg ® ve’z) = Z Ve, © Ve, Relep.

€182

We shall refer to it as R-matrix. Often it is necessary to consider the tensor
product Vi, ® -+ ® Vj,, of copies Vi of V = C?, arranged in some order.
In this situation we denote by Rji (j # k) the operator acting on V; and
Vi as R and as identity elsewhere. Namely let us write R = §_ a; ® b; with
ai,b; € End (V). Then for instance on Vi @ V2 @ V3 we have

R13=Za,~®id ® b;,
and on V3 ® V1 ® V5 we have
Rls=zbi®a.’®id-

We use P € End (V) for the transposition; P(u ® v) = v @ u. (Do not
confuse this with the weight lattice that will be defined in 3.4.) Note that

Pyy = Py1, Ry = PraRyo Pra.

Sometimes we use the transposition acting from V; ® V3 to Vo @ V;. We
abuse the notation P for this operator (e.g. (3.25)).
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The relation between the R and transfer matrices can be made explicit as
follows. Define the monodromy matrix 7 acting on the (N + 1)-fold tensor
product @ V1 @ -+ @ Vy Vk=V)

A B
T:Rol---RONz(C D). (2.10)

In (2.10) the partition into 2 X 2 blocks is according to the base vy ,v_ of
Vo. The transfer matrix is expressed as

T=A+D=trv°(T).

Note that it is thus natural to associate the two-dimensional space Vi to
each line k. (See Figure 2.2.)



Chapter 3

Solvability and Symmetry

The solvability of the XXZ model and the six-vertex model is based on the
Yang-Baxter equation (YBE) satisfied by the R matrix. We will review
the well known fact that the YBE implies commutativity of the transfer
matrices— a property that is a manifestation of abelian symmetries of the
models. It turns out that our R matrix is dictated by the quantum group
U (812) We suggest that it leads to non-abelian symmetries.

3.1 Commuting Hamiltonians

A characteristic feature common to classical or quantum integrable systems
is the existence of an infinite number of ‘commuting integrals’, or ‘conserva-
tion laws’. In the context of the XXZ model, this amounts to the following
statement: There exist a hierarchy of independent operators Hy, H,, Ha,

-+, including Hxxz = H; as the first member, such that they are mutually
commutative,

(Hn,Hy)=0  Vm,n. (3.1)

Correspondingly, in the six-vertex model there exists a family of transfer
matrices 7'(() depending on a parameter ( in such a way that

[T(O), TN =0 V(. (3-2)

Moreover the two models are connected by the relation

H, = const. (C%)n log T(¢)l¢=1- (3.3)

27
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The commutativity of the ‘higher Hamiltonians’ (3.1) is a direct consequence
of that of the transfer matrices (3.2). Since Hxxz and T'(() commute, they
share the same eigenvectors in common. Thanks to the relation (3.3), know-
ing the eigenvalues of T'(() is the same as knowing those of the H,. Thus
the two models are equivalent in this sense.

We shall sketch below the mechanism how these properties come about.

3.2 Yang-Baxter equation
Let us begin by re-parameterizing the Boltzmann weights of the six-vertex

model: ) ,
1,100 10 (3.4)

K Kk 1—q?(? K 1—q?C?

The parameter k simply accommodates the overall scale of the Boltzmann

weights. For a reason to be explained later we make a specific choice of « as

a function of ¢, {

a=

(¢*¢%qY) . (6°¢7% 4% o
(¢*C7% )00 (47¢% 4% 00
where (z;p)oo = [Ioz,(1 — zp™). It follows from (3.4) that

&(¢)=¢

(3.5)

a2+b2_c2=q+q—l

A
ab 2

fl

is independent of (. Hence { plays the role of a coordinate on the manifold
{(a:b:¢) € P?| A = const.}. We will refer to ( as the spectral parameter.
Normally we fix ¢ and regard a,b,-- as functions of {. In the matrix form
the parameterization reads

(1-¢%g (1-4¢°)¢
_ L 1-¢°¢ 1-¢(°

R(C) - K(C) (1 _ q2)c (1 _ C2)q L] (3-6)
1-— qZC2 1— 92C2

where the matrix structure is relative to the basis v, ® v arranged in the
order (e,e') = (+,+),(+,-), (=), (= =)

We haveintroduced the parameterization (3.4) in a rather ad hoc manner.
The virtue of it is that for a fixed ¢ the R matrix satisfies the following
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Yang-Baxter Equation On V; ® V; ® V3 we have

R12(¢1/¢2) Ru3($1/Ca) Raa(€2/(3) = R23(C2/43)R13(C1/Ca)Rlz(Cl/%)- )
3.7

Using (3.4) a direct verification of YBE is certainly possible. But we prefer
to discuss later the conceptual meaning of YBE and the origin of the formula
(3.6). (See 3.5.)

We record here further properties of the R matrix:

Initial Condition

R(1)=P. (3.8)
Unitarity Relation On V; ® V; we have
R12(G1/G)Rn(G2/G) = 1. (3.9)
Crossing Symmetry
R(Cz/Cl):izz = R(“q_1C1/C2):z§zI§- (3.10)

Notice that we demand the formulas (3.8-3.10) as written, without intro-
ducing extra scalar factors. They are true if and only if x({) is chosen to
satisfy (1) =1 and

-1 s(=q7'Q) _ (1= q7%C")q

K(C)K(C ) =1, K(c—l) - 1-— CZ '

The solutions of the equations (3.11) are not unique. Among them the

formula (3.5) is characterized as the unique solution which is analytic in

the region ¢> < |¢?| < ¢~% Later we will find that R({) with precisely

this scalar factor arises in the commutation relations of vertex operators

(A.2) and (A.2). We remark also that (3.5) coincides with the known exact

result for the partition function per site of the six-vertex model with the

normalization @ = 1; In other words, with the choice (3.4) the partition
function per site of the model is simply 1.

(3.11)

3.3 Z-invariant lattice

As it will turn out, when we consider the R matrix R(() it is more natural
to attach independent spectral parameters (3, (2 to the first and the second
tensor components of V ® V, and regard R(¢) = R({1/(2). Graphically the
Boltzmann weights are represented by crossings as in Fig.3.1.
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G2 €2 €q

€1

G

Figure 3.1: Boltzmann weights

Often it becomes necessary to rotate this figure. To avoid possible confusion
we assign orientation to the lines represented by ‘arrows’ on them: In the
above ‘normal position’ the vertical lines are supposed to point downward
and the horizontal lines to the left.! The YBE (3.7), unitarity (3.9) and
crossing symmetry (3.10) are represented by the following figures 3.2, 3.3,
3.4, respectively.

(3 -

C P C 1 C2 Cl

Figure 3.2: Yang-Baxter equation

In the literature the spins & on the edges are sometimes represented by ‘arrows’. They
are not to be confused with our arrows which are used only to represent the orientation.
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i

(2=
G2
\
G G
Figure 3.3: Unitarity relation
€1 —€1
G2 €2 £ = & £
G
€1 —€&1
G -G

Figure 3.4: Crossing symmetry
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In formulating the six-vertex model we orient the lines of the lattice
accordingly, so that the horizontal ones point to the left and vertical ones
downward. Let us attach spectral parameters independently line by line,
C{,') to the i-th column and Cg) to the j-th row. At the crossing of the i-th
column and the j-th row we associate the Boltzmann weights Rf}ié (CS) / Cg)).
This generalizes the homogeneous model we considered in the last Chapter,
where ({,‘) = (v (resp. Cg) = () are chosen to be the same for all columns
(resp. rows). Though we are interested in the homogeneous model, the
idea of independently varying the spectral parameters is crucial to us. The
usefulness of such an inhomogeneous model was emphasized by Baxter. In
[11] such a model is called Z-invariant since its partition function Z can
be shown to be invariant under sliding the rows (or columns) through each

other (cf. the argument below). The role of YBE is made particularly clear
in the Z-invariant model.

In this setting, let us derive the commutativity (3.2) of the transfer ma-
trices. Let

TocleH, - ¢ = Roy(¢/¢5) - Ron(¢/C)

be the monodromy matrix of the inhomogeneous model, regarded as an
operatoron Vo®@ Vo @V1 @+ -@ Vy that acts as identity on V. We suppress

the row variables (}(L}). Define similarly 7o/(¢) which acts as identity on Vo.
Note that

To(C) ()
- (Rm(C/c}}))Roq(c'/cﬁ}’ ) (RON(C/CLN))RO/N(C’/CEJN) )
Applying YBE
Roor(¢/C') + Roj(C/€) Rors(C'1G5) - Roor(C/¢") ™ = Rori (¢ 1€5) Ro;(C/ )
we find
Roo(€/¢") - To(C) T (¢") - Roo(€/¢')™ = T ¢)Tol6)-

Upon taking the trace of both sides over Vo ® Vi, we obtain the commuta-
tivity mentioned above. The following figure illustrates this process.
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(' <

Figure 3.5: Commutativity of the transfer matrices

Next let us establish the relation with the XXZ model. We return to
the homogeneous model and regard the transfer matrix as a function of
¢ = {v/Cx. First notice the initial condition (3.8) for the R matrix. This
implies that the transfer matrix at ¢ = 1 reduces to the translation operator

T(1)ve, Ve, ® -+ @ Uey = Vey @ Ve, @+ @ Vey_,-

Since the T(¢) commute, it makes sense to define the operators H, by
log(T(1)77(0) = 3 Hal¢ -~ 1"
n=1

Clearly they also mutually commute. On the other hand, expanding R(¢)
at ( =1 we find

R(()P

14+ (1-¢)(h + const.) +--- (¢—1), (3.12)

1 qq2 ("R 0"+ 0y ®a¥+ Ad” @ 0%). (3.13)
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From this it follows that
¢ 1ogT -2 g 3
CEE og (()’C=1 iy xxz + const. (3.14)
In this way the abelian symmetries described in 3.1 emerge from the Yang-
Baxter equation.

We remark that in exactly the same way as the column transfer matrix
Teai(¢) the row transfer matrices Trow(¢) can be formulated. As spectral
parameters enter only through the ratio, there is no essential distinction
between the row and column formulation; in particular the Tiow(() also
form a commutative family.

3.4 Quantum affine algebra U,(sl;)

We wish to elucidate the origin of the R matrix in the framework of the
representation theory of quantum groups. To us the relevant quantum group
is the quantum affine algebra U = Uq(.;lz). For an introductory guide to the
subject the reader is referred e.g. to [36]. Let us recall below some basic
notions.

Consider a free abelian group on the letters Ag, A, 6:
P=ZAo B ZA D Z6.

We call P the weight lattice, A; (¢ = 0,1) the fundamental weights and ¢
the null root. Define the simple roots ¢; (i = 0,1) and an element p by

ag+ oy =86, A1=A0+9‘2-1, p=Ag+ Ay

Let (ho,h1,d) be an ordered basis of P* = Hom(P,Z) dual to (Ag,A1,0).
We define a symmetric bilinear form ( , ): P x P — $Z by

(AO)AO) =0, (Ao’al) =0, (Aﬂvé) =1,
(ahal) =2, (al)é) =0, (6)6) = 0.

Regarding P* C P via this bilinear form we have the identification
hO = g, hl = Qq, d= AO'

In the following definition of U, (512) we fix a complex number ¢ # 0, +1.
For definiteness we take ¢ to be real and —1 < ¢ < 0, though in most cases
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it is sufficient to assume that ¢" # 1 for n = 1,2,---. We use the symbol
(g-integer)

qn —q"

q-qt

By definition the quantum affine algebra U,(sl,) is an algebra with 1 over

C, defined on the generators e;, f; (i = 0,1) and ¢* (h € P*) and through
the defining relations:

[n] =

=1, ¢ =g,
eig™h = (", g figmh = g~ g,
L fl=§ .t" - ti—l
[e!)fj]— igq—_Fa
ele; — [3lele;e; + [Bleieje? —e;ed =0 (i # §),
5= BIRSfi+ B - Fiff =0 (i #9)
Here t; = g™. We will write U’ = Ué(;lz) for the subalgebra of U generated

by ei’fiyti (2 = 091)
We choose the following Hopf algebra structure (A, q, ¢):

Coproduct
A =d"0¢", Ale)=e®1+48e, A(fi)=fi® +18 fi.
(3.15)

Antipode

h

o) =g ale)=~t7e, a(fi) = - fiti.

Counit
€q") =1, e(e;)=e(fi)=0.
For completeness we list the axioms for these maps, see e.g. (71, 2, 36].

A(zy) = A(z)A(y), e(zy) = e(z)e(y), a(zy) = a(y)a(z),

(A®id)oA=(ild ®A)oA, (3.16)
(e®id)oA=id = (id Q@ €) o A, (3.17)
mo(a®id)oA=e=mo(id ®a)oA. (3.18)
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Here m(z ® y) = zy denotes the multiplication map. It follows that
Aa(z) = (a® a) A'(z) (3.19)

where A'(z) = 00 A(z), 0(a®b) = b®a. In the case of our U the following
property also holds:

a¥(z) = ¢ %z¢* VzeU. (3.20)

Hereafter we will consider only left modules unless otherwise stated ex-
plicitly. For a U-module M the weight space is defined by

M, ={veM|g"v=g" 0}

where v is a C-linear form on Chg @ Ch; ® Cd. In these lectures we shall
consider only weight modules, i.e. those which are the direct sums of weight
spaces: M = @, M,. Though the elements h € P are not in the algebra U,
they make sense as operators on weight modules.

There are two important classes of representations of U:

(1) Highest weight modules,
(2) Evaluation modules.

The highest weight modules will be important in the description of the space
of states. We will discuss it in Chapter 5. Here let us consider the evaluation
modules which are relevant to the R matrix.

The algebra U has the standard Hopf subalgebra U,(slz) generated by
e1, f1,t1. The evaluation modules are constructed from finite-dimensional
modules of Uy(sly) by introducing spectral parameters (in the language of
[44] it is the ‘affinization’). Let us consider the example of V = Cvy & Co-
which is a Uy(sly)-module with the action

€104 = 0, €1V = Vg4,

fivy = v, fro- =0,
+1

t1v4 = ¢~ vy,

Let ¢ be an indeterminate, and consider
Vi=veck=vPev),
Vv = span {vx ® (*",v£ ® ("} (n € Z)}.
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We equip V¢ with a U-module structure by setting

eo(ve ® (™) = (five) ® (™Y, er(ve @ (™) = (e1ve) ® (™Y,
fO('Ue ® Cm) = (61’05) ® Cm—-l, fl(”c ® Cm) = (fl”c) ® Cm—l’
to=17", t(ve®(™) = (tve) ® (™

The action of ¢? is fixed by demanding ¢%(v+ ® (%) = vy ® (°. In general we
have

qd(ve ® Cm) — qm/2+(:i:l—s)/4,vz ® (™ for v.®(™ € V((i)’

In view of the relation

1
= =h
p=2d+ 3
this amounts to setting
4,1l ()
p= CdC + 5 on V:™.

Each of Vc(i) is irreducible under U. If we consider the multiplication by ¢
in addition to the action of U, then V¢ itself is irreducible. Henceforth we
will call V; the evaluation module (more precisely, the one associated with
the two-dimensional module V). The element tot; is in the center of U. A
U-module M is said to be of level k if tot; acts as a scalar ¢* on M. Hence,
by the definition, the evaluation modules have level 0.

We remark that, by taking { to be a nonzero complex number, one can

also define a U’-module on V by the same formula as above except the action
of ¢%.

3.5 R matrix as an intertwiner

Recall that for a Hopf algebra one can define the tensor product of two
representations using the coproduct. In the sequel, for an element z € U,
we shall often write

Az) = Z Z(1) @ Z(2) (3.21)

as an abbreviation for the expression of the form A(z) = ¥ ;2 ® =} (cf.
the sigma notation [71)). Given U-modules My, M, we define the action of
z €U on M; ® M; by

z(v1 @ vg) = Z T(1)t1 ® T(z)V2 (3.22)
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where we used (3.21). The co-associativity axiom (3.16) implies that for any
three modules M;, M, M3 one can canonically identify

(M; @ M2) @ M3 ~ M; @ (M2 ® Ms).

On the other hand, it is not obvious whether or not M; ® M; is isomorphic
to M2 ® M.} This is because the coproduct (3.15) is not symmetric under
switching the tensor components.
Now let us consider this question for the evaluation modules V;. Namely
we compare
VCI ® VQ and ch ® ‘/Cl' (3.23)

Suppose there exists an intertwiner for (3.23), that is, a linear operator
R Ve, ®@Vy, — Vi, ®V¢, commuting with the action of U and multiplication
by ¢1,(2. This condition is equivalent to a set of linear equations for R

RA(x)=A()R Vzel. (3.24)
Solving them one finds that up to scalar there is a unique solution

R(¢1/C2) = P R((1/C2) (3.25)

where R((1/(2) denotes the R matrix as given by the formula (3.6) and
PV, ®Ve — Vi, ®V,, is the transposition as explained in 2.4. Thus the
R matrix arises as the intertwiner giving the equivalence of (3.23).

Let us show that the YBE follows automatically. In terms of the R
matrix, the YBE is equivalent to the relation

(B(Ga/¢s) @ 1d) (id ® R(G1/¢a)) (B(G1/G2) ®1id)

= (id ® R(CI/C2)) (R(CI/CS) ® id) (id ® R(Cz/Cs)) )
which states the equality between the following two maps given by compo-
sition

R ®id
A VCl ® VCQ ® V(s ((1"/52—'2 VC2 Q Ve ® VCa

id®R((1/6) v R(¢2/¢s)®id
— (2

eV, @V, Ve ® Ve, ® Vo

and

id®R
B : VC1 ®VC2 ®VC3 , ®£2’/<3) V(l ®VC3 ® V(z

R id id@R
((l&’)@ VCa ® V(l ® V('z l _(_Cl}/@) VCs ® VC: ® VCL'

'In fact it is not true in general, e.g. if ¢ is a root of 1.
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Clearly both A and B commute with the action of U. On the other hand
it is known that the tensor products V¢, ® --+ ® V;,, are irreducible for
all m [17] (note that the (; are independent indeterminates). Hence any
two intertwiners between them must be unique up to scalar, and we have
A = ¢ x B. Since both send vy ® v4 @ v4 to itself times a common scalar,
we must have ¢ = 1. This proves YBE.

Later we shall mainly quote the intertwining property (3.24) as that of
the R matrix rather than R, which means the commutativity of the diagram

®
Ve ®V,, ety Ve ®V,,
L R(G1/¢2) L R(¢1/¢G) (3.26)
z(2)®@(3)
V(l ® V(z - V(x ® V(2

In the first line the action of z € U is via the coproduct (3.21), and in the
last line via the opposite coproduct

Allz) = 0l(2) =) 2 ®za), o(z@y) =y

Often the summation symbol is omitted in the diagram.

3.6 Dual modules and crossing symmetry

The other properties of the R matrix (3.8), (3.9), (3.10) also have natural
meaning. The initial condition (3.8) simply states that up to scalar the
identity is the unique intertwiner for V;®V; into itself. Likewise the unitarity
(3.9) means that the composition Ve, ® Vp, —» Vi, @ Vi, = V, @ V,, is
proportional to the identity. The crossing symmetry (3.10) is related to the
dual module as we shall explain below.

Let M be aleft U-module. The dual space M* of M is naturally a right
U-module by

(v'z,v) = (v*, zv).
If ¢ is an anti-automorphism of the algebra U, a left U-action on M* is given
by
(zv*,v) = (v, ¢(z)v). (3.27)

The dual space with this action is denoted M*#. Suppose further that ¢ is
an anti-coalgebra homomorphism in the sense

Ap(z) = (¢ ® ¢) A'(2). (3.28)
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Then we have the canonical isomorphism of U-modules
(M1 @ Mp)*® ~ M3* @ M}°.

A convenient choice for ¢ is the antipode ¢ = a. (See (3.19).) In this
case we have the canonical identification

Homy(L,LM® N) = Homy(M* ® L,N), (3.29)

Homy(L ® N, M) Homy(L,M ® N*%). (3.30)

I

Of course all that have been discussed apply equally to U’-modules.

Now we consider the dual of the evaluation module V;. Let V* = Covi &
Cv* be the dual space equipped with the dual basis {v},v.) = 6. We
regard

Ve = VR Cle (T = v e v,
V((ﬂ:)ta = span {'U;: ® CZn’v; ® CZn—l (ne Z)}
as the dual of V¢ via the pairing
(’D: ® Cm’ve' ® Cn) = 655’6m+n,0

and the U-module structure defined by the antipode a. Notice that we have

d 1 (£)*a
=(—=F= V, .
p CdC q: 2 on (
It turns out that the following is an isomorphism of U-modules:
v,y (3.31)
ve®C" o~ Wl e (3.32)

For instance, in V_(fllc, we have

folv- ® (™) = —quy ® (7Y,
while in V((q:)‘a

<f0’0_1 & Cnyv— ® Cm)

(vi ® ¢, — fotov- ® (™)
(v} ®C" —que ®C™7Y)
—@0ntm—1,0 :

= (gt ®¢("Hv-®(™),
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showing fo(vi ® (") = —gqv* @ ("1
In a similar manner we have

() _~ (F)#a™?
V-q( - VC ’
Ve ® (" — vf_, ® (".

Now consider the intertwiner
R(Cl/@)_lp P Va®Vy -V, 8V,

Write R((1/¢2)™! in the form T ¢; ® ¥; with ¢; € End(V,) and
End (V,). Define

t
(R@/a)y™) = vtow
where ¢! € End (V) denotes the transpose of ¢;:
(P(0),0) = (0", (o) for o7 € VGO, v V.

Define @ : V — V* by

Quy = 'v:‘F.
t
Thanks to (3.29) and (3.30), P(R(Cl/Cg)“l) ' gives an intertwiner
Vo' ®Ve—V, ® Vi
Combining this with (3.32) and comparing the two possible intertwiners
idy e «id®Q !
Vogmie ® Ve SV @ Ve — Vo 8 VBTV, @ Vg

we arrive at the crossing symmetry

R(~471(1/(2) = (sealar) x (id @ @) (R(G1/¢2)™) " (@ ®1d).

41
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We remark that this sort of functorial properties can be best described

by the universal R matrix [24].
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3.7 Abelian and non-abelian Symmetries

Our discussions so far can be summarized by the following scheme:

Uq(;lg)g YBESS Commuting Transfer Matrices.

If you wish the last item can be called abelian symmetries of the Hamiltonian
Hxxz;
[Hn,Hxxz] =0 Vn. (3.33)

There is a well established technology for studying the eigenvalues of the
transfer matrix on the basis of the YBE and the abelian symmetries. The
Bethe Ansatz method makes it possible to write down all the eigenvalues and
eigenvectors in a certain specific form, using solutions to a system of algebraic
equations (the Bethe Ansatz equations) (e.g. [13, 49]). Alternatively one can
derive functional relations satisfied by the transfer matrices as functions of
the spectral parameter [13]. Because of the commutativity of the transfer
matrices all the eigenvalues satisfy the same functional relations. In either
case the equations are exact on a finite (usually periodic) lattice. The main
problem in these approaches is to handle the Bethe Ansatz equations in the
infinite lattice limit where the number of roots become also infinite. Such
calculations have been carried through for numerous models including the
six-vertex/XXZ models as very special cases, and the partition function
per site and the ‘elementary excitations’ have been found exactly. Usually
when these quantities are obtained the model is regarded as being ‘solved’.
However this is not the end of the story. We would like to go further to clarify
the structure of the eigenvectors as a mathematical entity, and ultimately
that of the correlation functions. We wish to reserve the word ‘solved’ till
we understand these aspects.

We know that building a solvable model amounts to finding a solution to
the YBE. From the quantum group point of view, the R matrices are nothing
but the intertwiners between tensor products of evaluation modules. Thus
there is more than a good reason to expect that quantum groups should play
a vital role in ‘solving’ the models thus constructed. In this connection let
us note the following point. Consider the monodromy matrix 7(¢) (2.10)

T(¢) = Ro1(¢) - -+ Ron(¢), (¢ =¢v/CH),

acting on Voo, ® Vv ey ® - ® Vi¢py- Set Al = (A®id YA(=1), A = A,
and for 2z € U write

AN (@) =3 a0 ®2w) @ B 2q).
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From (3.26) we have the commutative diagram

T ®z‘ ®“’®~T
Vo®Ww@--@V; O SOy evne. @ W
1 T() 1T(C)
Vo@Vn® @V OISO o v e o W

In the large lattice limit, neglecting the boundary effects we would conclude
that T'(1)~1T(¢) acting on

@V Vi@ Vi1 @ - -
commutes with the action of U’ given by
A(°°)(:z:) = Z @ T(r1) ® T(k) ® T(ko1) @ -
In particular the XXZ Hamiltonian would commute with the action of U;
(Al (2), Hx x7] = 0.

This would mean that the algebra U plays the role of infinite dimensional
non-abelian symmetries in contrast to the abelian symmetries (3.33)
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Chapter 4

Correlation
functions—physical
derivation

We are now in a position to introduce the central object in our approach —
the vertez operators. We wish to explain how they naturally arise when we
study the correlation functions via Baxter’s corner transfer matrix method,
and how they can be used to derive difference equations for the correlation
functions. The arguments presented in this Chapter will rely on some phys-
ical intuition. They are meant to motivate the mathematical constructions
to be developed later.

4.1 Corner Transfer Matrix

First recall that we are working in the region a,b,¢ > 0 and A < —1. In the
parameterization (3.4) this means

-1<¢<0, 1<(< (-9 (4.1)

We shall discuss the correlation functions in this region.

45
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Figure 4.1: Subdivision of the lattice into quadrants

To simplify the presentation, let us first concentrate on the simplest
case of the one point correlation function discussed in (1.5). See also (2.8).
Consider an edge ‘0’ such that ¢g = (~1)"*! in the i-th ground state (i =
0,1). Then the one-point function as defined in (2.7), (2.8) is

(eo)i = P — PO,

where PV (e = + or —) denotes the probability that the spin on the edge
0 takes the value ¢ in the i-th ground state sector. The quantity we are
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interested in is thus

g
= LIt (4.2)
w)eh(C
Lol Biiic atem
The sum in the numerator ranges over all the configurations C such that
€0(C) = €. In addition, the sums are restricted to the i-th sector as explained
in 2.2.

An alternative and equivalent way is to define (4.2) as the limit of a
similar ratio with the sum over configurations taken on the finite lattice,
wherein the spins on the boundary of the lattice are fixed to the i-th ground
state configuration. When we pass to the infinite lattice limit, we expect
that the detailed shape of the lattice should not matter in so far as the edge
0 is kept ‘deep inside’. For our purposes it is convenient to choose a lattice
of the shape depicted in fig.4.1.

We will label the horizontal lines from bottom to top as =N + 1,---, N
where now 2V is the total number of lines. Similarly we label the vertical
lines from right to left as ~N,.--,N. Let us subdivide this lattice into 6
pieces, consisting of four corners and two half columns, separated by the
‘seams’ indicated by broken lines in the figure. The idea is to perform the
sum (4.2) in two steps, first over the spins not lying on the seams, and then
over the ones on the seams.

To this end, following Baxter we introduce the corner transfer matriz
(CTM) associated with each corner. Asan example look at the NW quadrant
(see fig.4.2). On the NE boundary the spins are fixed to the (1—i)-th ground
state. In fig.4.2, they are set to +. Let N be the number of rows in the
corner. Fixing a configuration p = (py,--+,pn) of the horizontal boundary

spins and p’ = (pf,---,pjy) for the vertical one, we consider the sum over
the spin configurations in the interior of this corner
1-§)\ PPy el el
(4 va'))m = > JIrac. (4.3)

interior edges

By definition A( ') is a 2V by 2V matrix whose (p, p)-entry is given by the
sum (4.3).

The other CTM’s Ag‘;"), Agg, Ag\'.,)E are defined in a similar way.
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+
+ /
e
+
CH + .
+
+ < Plz
+ - l P
PN P2 ¥4
%

Figure 4.2: Corner transfer matrix A%;Vi)

In the same spirit, define a half-column transfer matrix corresponding to
the upper half column by

) N
—i i)\ PPy vi o
q’gpe”) = Z Ry ip; (44)
where vg = € and vy = (—=1)¥+1-%, Similarly define

0

G o DD | L P

PorP-N+1 VolrWoN41 j=—N+1

where vo = € and v_y = (=1)V*+1~% In anticipation of the representation
theoretical interpretation, we call them vertez operators (VO’s). Later we
shall introduce a different type of VO’s related to the particle creation and
annihilation operators. To make distinction we shall also refer to the VO’s
introduced here as VO’s of type L

All these operators in fact depend on the spectral parameters through the
ratio ¢ = {y/(x. In the sequel this dependence will be exhibited as Ag\};v’) (),
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(_1)N+1—t Vo = €
PN e——o— p;v P6<—————— Po
-——— P/_1<———————— P-1
CH C
H
pp —— p’2 <
ST B Pma 1 P-v
/
Ww=c¢ (_1)N+1—i
Cv ¢v

Figure 4.3: Vertex operators ®{/p." (left) and ®{ '3y (right)

etc. The crossing symmetry for the R matrix enta.xls relations among these
operators. Writing AM(¢) = AW (¢) and 38(¢) = ®{}5(¢) we have

AS©0) = RAUI(—gTi¢TY, (4.6)
A8 = RAVQR, (4.7)
(i) o) = A(i)(._q.—lc—l)n, (4.8)
‘L‘éw'l(o = ReEGIOR. (4.9)

Here R = ¢ ® - - ® o° signifies the spin reversal operator v,y @+ Q v, —
Vogy @+ @ Veg,.

Having introduced these fancy operators, one might wonder if they are
of any use at all. It turns out, however, that a remarkable simplification
takes place in the infinite lattice limit. The heart of the matter is Baxter’s
discovery on the CTM, which we now explain. Multiplying a scalar factor
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let us normalize A)(() to make its largest eigenvalue equal to 1. Then the
statement is that in the infinite lattice limit we have

lim AO(¢) = ¢~2Y, (4.10)

where D) is an operator independent of { and has a discrete spectrum
(recall that we are working in the region ¢ > 1)

Spec(D®) = {0,1,2,---}. (4.11)

Baxter’s argument leading to (4.10-4.11) is based on the Yang-Baxter equa-
tion and is described in Chapter 13 of [13]. Apparently he was led to find
these properties by observing a drastic simplification in the low temperature
series expansion of the CTM [9, 10]. We wish to emphasize here that such
a low temperature series makes sense only in the ‘massive regime’, and that
working in this regime is essential. Otherwise, even the very existence of the
CTM in the infinite lattice limit (4.10) would become obscure.

The limiting CTM (4.10) is an operator on the space H(") spanned by
its eigenvectors. In the same way we expect that the VO also tends to some
well defined operator (which we denote by the same letter)

=8¢y HO) — (-9,

Notice that unlike the CTM’s they carry one space to another because of
the change in the boundary conditions.

4.2 Properties of Vertex Operators

Let us examine more closely the structure which emerged in the previous
sections. The basic ingredients are the spaces H(*) and the operators D(®),
21-44)(¢).

Najvely one can think of the space H{") as the limit of a subspace of the
N-fold tensor product V®V. In this picture H() is spanned by half-infinite
pure tensor vectors

B Vp(3) @ Vp(2) ® U1y, P(I) = (=T (5> 0).

The ground state in this sector corresponds to the sequence p(j) = (—1)’*"
(Vi=1,2,---).
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The discreteness of the spectrum (4.11) means that H() is a Z-graded
vector space:

HO = @,ezHY, HY = {veHO) | DUy = ro}.

As it turns out the eigenvalues r are highly degenerate. Their multiplicities
dim 'H,(-’) can be determined by Baxter’s method. The relevant calculation
can be found in [13], Sect.13.7, where the more general case of the eight-
vertex model is treated rather than the six-vertex model. The result is
common to both cases and is given by

bad 1

() = Y dimHO 1 = [ -

-—:_—t-m. (4.12)
reZ n=1
The formula (4.12) tells in particular dim H(()i) = 1, which means that up to
a scalar there is a unique eigenvector belonging to the maximum eigenvalue

of the CTM. In the sequel we fix a nonzero u{*) ¢ Hgi) and refer to it as the
highest weight vector.

For a systematic treatment it is often useful to use the language of R
matrices. Set

R(¢) = R()P.

Neglecting the boundary conditions one can write the CTM as

A9 = (RIY\NH(C))(RN—I N(ORNN41(0)) -
X(R12(Q)R23(¢) - - B n41(0)). (4.13)

Expanding (4.13) to the first order we obtain the formal expression (up to
an additive constant)

DY = hyy + 2hyy + 3hag + -

where h is the density of the Hamiltonian (3.13). (See 2.4. for the notations
hi2,he3,-+-.) This characteristic form for the ‘CTM Hamiltonian’ D) was
noted in [9, 10].

Next let us examine the VO. In terms of the R matrix the VO can be
written as

(@8 Dppr = (Raz(OBas(€) -+ Browan(O) 7™ (a.10)

€P1PN
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where p = (p1,-++,pn), P’ = (P, *,PN), and we set ¢’ = (=)V+!1=i, From
this expression some symmetries are apparent. The spin-reversal symmetry
of the R matrix

R(Q)ees = R(Q)ZEIZE
implies
8{10)(¢) = eI ()R
where R = 0 ®---® 0. From the relation R(—¢) = ~(0*®1) R(¢) (6?®1)
it follows that
Bia(=0) -+ R nar(=¢) = (-1)o? By2(¢)- - R n41(0) R4

Hence we have the parity relation
@ 4(=() = (1) e 811 (). (4.15)

Let us ‘derive’ the main properties of VO’s. First consider fig 4.4. It
shows the effect of a successive application of the Yang-Baxter equation.
Ignoring the crossing in the left hand side, which represents the R-matrix,
as if it disappears to infinity, we get

@S (G) = T RG/)EEeE (e ().

i
€148

(4.16)

This argument does not tell why the scalar multiple of R has to be chosen
as we did. We will come back to this point later.

Next we derive a relation between the CTM and the vertex operator.
Differentiation of the YBE

R;51(Q)Ri1542(6Q) R 541(8) = Rjv1542(6)R; j41(60) Bipr j12(0)
at £ =1 yields
R 1O R 42Ok 41 = hywr j42R; 541 (ORj41542(0)

UEOF 5 B
C_J:f'('g')ijn(C) - Rjj+1(C)C——Lt:#Z£Q.

Multiply jx B15(¢) - - Rj-1;(¢) from theleft, B;ysi43(C) - By 42 (¢) from
the right, and sum over j = 1,2,.--. This gives

(ﬁlz(C) . "ﬁNN+1(C)) (hiz+2hoz+ - +hnoin)
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Figure 4.4: Commutation relations of the vertex operators

— (k124 2ha3+ -+ hn-1nN) (ﬁn(C) S ENN-H(C))

d /-~ ~
= CE (ng(g') . 'RNN+1(C)) + boundary terms.
Comparing with (4.14) we find
DU-8-i(¢) - 8f~(()DO) = (£ 8U=().  (417)

We have followed the argument of (73, 70, 74} where D' is referred to as
the boost operator. Rewriting (4.17) in the exponentiated form, we have

E—D(M) o (I)£1-i,i)(0 o £D(‘) = le—i.i)(c/f), (4.18)

The VO’s are invertible in the following sense:
> 88— 02¢(()
ex=t

o)l (-g7()

id, (4.19)

b0 X id (4.20)
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Figure 4.5: The inversion property

Notice that (4.20) follows from (4.19) and the commutation relation (4.16).

To see this it suffices to set {; = —¢~1(; and use
0 0 0 0
01 1 0
— -1 -
Ri-aD=19 11 0
0 0 0 O

The relation (4.19) is a direct consequence of the unitarity and crossing
symmetry for the R matrix. By the crossing symmetry, @Ef;l—')(—q‘lQ is
represented by the half-row in fig.4.5. Then the argument should be clear
from fig.4.5.

Recall that we have chosen the normalizing scalar x(¢) (3.5) to satisfy
(3.9) and (3.10) without introducing extra scalar factors. As we show below,
the R-matrix appearing in (4.16) must satisfy these conditions as well. In
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fact, using (4.16) twice we must have

Y RG/GEERGIWGL 8 (@)l (@)

"ot "
€.y 125,65

= Y R(G/G)EGeSt '>(<1)<1>£;“"’(<2)

61 ,52
= 851 0(2) 8l (¢)-
Therefore, we have (3.9). Notice further that
> RG/GGGR(-a G/EE ST (@)

€].£2,85

= Z R(Cl/C2)euE";:R( q C?/Cl)mn

51 751 %2 152

x@ ()8 (a7 )2l ()
Z R(G1/62)5, 04 ()@l (¢) 8l ) (~g 7 ¢r)

61,62
= 0GRS ()l ()
= ng’—s,z)(@)&sg,_sl ;
Therefore, we have
Z R CI/CZ €”€2H ( 1C2/C1)€1€2 = 651’,—5166’215’2’-

51152

Because of (3.9) this is equivalent to (3.10). This gives a strong evidence
that the R-matrix in (4.16) must be equal to the one given in (3.6).

If we regard <I>£l_"'")(4) as a formal series ) .7 QSJ-"’"") (=7, then (4.18)
tells that the coefficients are linear operators

et w® WD vy (4.21)
In particular, counting degrees and taking (4.15) into account we must have
31— (Yl = const. w4 0(¢) for € = (—1)"+1,

Adjusting a scalar multiple we shall henceforth redefine the VO’s to make
the above constant= 1:

Q(l “)(C) () —~ u(l i) + O(C) for e = (__1)i+1, (4.22)
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The invertibility then holds with id being multiplied by a certain scalar g~*
(see (4.28)), to be determined in the next section.

Let us summarize here the properties of the CTM’s and the VO’s dis-
cussed so far.

Character H(") is a Z-graded vector space with the character

D = 1
trH(.') (t ) = H m . (4.23)

=1
Homogeneity
P70 alM(() 0 €77 = 80U (¢re).  (4:29)
Commutation Relation

G I(RETNG) = T R(G/G)EES ()l (¢).

i (4.25)
Normalization Fixing u(®) € H((,i) we have
- = =) 1 0(¢)  fore = (~1)'. (4.26)
Invertibility
> e (—g 10l () = ¢ xid,
e=%
oY (-g70) = g xid  (a27)
where (%dY).
g= o (4.28)

Z, Symmetry There exists a linear isomorphism v : H(® — H™ such that
vo DO = DM oy, p(u®) = 4 and

() =vodl(() o (4.29)

Parity
8{1-(=() = (~1)' e 8-4(¢). (4:30)
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4.3 The one point function

Now let us return to the one point function (4.2). Having introduced the
CTM’s and VO’s, what remains to be done is to take the sum over the spins
on the seams. This amounts to multiplying these matrices and taking the
trace. Note that (4.11) implies in the limit

A(0AG(O) = (~9P R
ADOAD (O = R (=P
Using (4.18) one can express (4.2) as
PO = N7 (APR(OASEO 504G (OAR (2577 (€)
= N7 ((-9P"e “’“"’(0(—@1’““)4><‘~"'>(4))
N (P88 (g 08l ()) (4.31)

Here A is a normalization factor, to be determined by the condition PJ(:) +
Pii) =1."

We wish to show that the properties of the VO’s contain enough infor-
mation to determine the one point function.! Set

slez(c) t 000 (q'zD() i1—i (C x,z)(c ))

where ( = (3/(;. Here we used (4.24) to conclude that the dependence of

the trace function on the variables {; and ¢ is only through the ratio {. We
have

P() iee( q) .
P (-9 + FY(-9)

Using the cyclicity of trace and (4.24) we have

iy () & (i,1—i
FOLQ) = tryamy (8879(G)e?P 2810(0y))
tI‘H(x--‘) ( 2D(1— ')q)(1 n)(q-—zcz)q)(tl z)(cl))

= FU;( ) (4.32)

1See however the remark at the end of this section.
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The relation (4.16) implies
FLCTY = 30 RECTHREFS, () (4:33)
€),e5

From (4.29) we have
FiLO=FE,0

Set

12(0) = F2Q) % FO(0). (4.34)

Then (4.32) implies
f+(Q) = f+(d¢h), (4.35)

while (4.30) implies

<€) = £+(=0).
Therefore, (4.33) reduces to the relation

5400 = o e £, (4.39)

where k(() is given in (3.5). Combining (4.35) and (4.36) we obtain a dif-
ference equation

1+qC

f+(@*) = K(C) f+(0). (4.37)
To solve this equation let
o(2) = (20" Moo (6227150, ¢Y)eo o(¢? ¢

N e (20N T w07 ()

where (2301, 92)00 = [T n»o(1— 27*¢3). If we assume that f,.(¢) is analytic
in the annulus |g| < [{| < |¢™!|, then the solution of (4.37) is unique up to
constant and is given by

e((?)
(=% )00 (—9¢5 ¢%)oo

f+(¢) = const. x

(4.38)
Specializing to { = —¢ we find

1-i pl) _ py _ f=(=9) _ (¢% 4N
(DR - P = f+(~9) ~ (—¢% ¢’
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This reproduces Baxter’s formula for the spontaneous staggered polarization
(1.5).

It should be clear to the reader that the derivation of the difference
equation can be extended straightforwardly to the case of general correlation
functions. We shall come to a more systematic treatment in the following
section.

At the same time we notice a difficulty common to solving difference
equations. If f4({) is a nontrivial solution of (4.37), then obviously the
general solution is given by f4(¢) X v(¢) where ¥(¢) is an arbitrary pseudo-
constant (i.e. a function satisfying v(¢2¢) = 7(¢)). This situation is in sharp
contrast with holonomic differential equations, where the solution space is
finite dimensional. In order to fix a unique solution to the difference equation
we have imposed in the above an analyticity condition, which is to be verified
separately. Here we will not discuss this point any further, but it must be
taken care of when we construct a mathematical model for the space of
states.

Let us show that the scalar g (4.28) can be determined from the other
properties. The argument is similar to the calculation of the one point
function. Instead of the trace we look at the ‘highest-to-highest’ matrix
elements

FNQerer = ()28 () BL (o) u),
where C = Cg/cl. Set
$8(¢) = £ 4= £ 1) -y

Then we have

$9) = 90,
() = —eP(-0),

#9) = ¢

Therefore, using (4.25) we obtain

$P¢)
¢ (c1)

14+ ¢¢
(+q°

~(¢)
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In addition, from (4.22) we have ¢$)(C) = 14 O(¢). This is a Riemann-
Hilbert factorization problem. Assuming again suitable analyticity proper-
ties we can solve this equation. The result is

© s (€% 0%)
4200 = f210) = @A
(%% ¢,

U0 = £20) =~ P
+0)=1-(©) (4¢3 0%
Setting ( = —¢~! and comparing with (4.27) we find (4.28).

We remark that a similar graphical argument leads to the difference
equations for the partition function per site, see [13], p.384. If we normalize
the Boltzmann weights by a = 1, then they are exactly (3.11). The simplest

solution (3.5) of the difference equations coincides with the correct result
obtained by Bethe Ansatz.

4.4 'Trace functions and difference equations

Now let us consider the trace function

FO(@501, s Cdegen = W (sPREAD(Gr) o @EFR17 ()

(4.39)
Here n is even and z € C is a parameter satisfying |z| < 1. The index 7 in
VO is to be read modulo 2. In exactly the same way as for the one point
function, the general n-point functions can be written in terms of (4.39).
Let E,.r denote the matrix unit with 1 as the (e, ¢’)-entry and 0 elsewhere.
In the spin-chain language consider the local operator E, s ® --- ® Eilei.
Then its expectation value in the i-th ground state sector is given by

(Bepnet, ® - ® E¢ o) (s)
i (4
= F£€)1"'—5ny5£;“‘5’1 (q2, ‘_QC17 T 7—anaCn7 v 7(1)/1'«1' <q2D ) .

We shall also regard (4.39) as a function which takes valuesin V@---QV.
From the properties of VO one finds immediately the following:
F,S")(z; o Gies Gl
= Pjj+1Rjj+1(Cj/Cj+1)F,(,')($; Tty ijCJ'+h e ')7 (4'40)
Frs,i)(z; Cl; e aan)el,m,en = F,,(:+1)(27; Cna Cla e aCn—l)sn,sl,m,en_l )



4.4. TRACE FUNCTIONS AND DIFFERENCE EQUATIONS 61

(4.41)
F(l)(z' Clv ot vcn)n. En = F (z Cl, 7Cn)—51,-~-.—e:m
F @51y vy —Cadeyyen = (=121 60 F (@3 C1 1 Gn)er vt
(4.42)
F(@501, 3G Gty Gnder e esnnenle p1mmg1g,

-1
= 5€j,—61+1g F( )z(z Cl, * ’Cj—lycj+2, e ’Cﬂ)Cly"'»EJ—l.£j+2.”',5n

Except for the last one, these formulas are similar to Smirnov’s axioms for

the form factors of massive integrable field theories [65].) Combining (4.40)
and (4.41) we have

F(i)(x;CI)"'7ijy""C'n) = Aj(CI”"vCﬂ)F(H.l)(x;Cl""7Cja""cn)a
Aj(C1y e i6n) R;is1(2Ci/Cin) ™" o Rin(2¢i/Ca) ™"
X R1;(C1/¢) - Rjm15(Gi-1/G5)-

Hence the combination

GE(@;Cry o Ga) = FO(z; Gy, Gy o Cn) £ FO (2 Cayee e, Gy ey )

satisfies the gKZ equation

G(i)(m;Clv”Wij"' * an) = :tAj(Clv" "Cn)G(i)(z;Cla" '7Cj," ’ ,Cn)-
(4.43)

We remark that by specializing ¢ = 0 only the highest weight contributes
to the trace, and hence (4.39) reduces to the ‘hlghest -to-highest’ matrix
element

FO(Gs 1 6o) = (@G () - @Iy, (40)

Unlike the trace functions, these are power series in the variables {3/(y, ---
Cn/Cn—

Along with the CTM the VO’s already appeared in Baxter’s paper [12],
where they are called half-column and half-row transfer matrices. Appar-
ently there has been no attempt to combine them with the idea of varying
the spectral parameters which plays such a crucial role in the Z-invariant

bl

!The precise analogues of the form factors are the trace functions involving type II
vertex operators. See the discussion in 11.3.
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inhomogeneous lattice [11]. All the graphical arguments we have been using
so far apply equally well to the more general cases, e.g. the eight-vertex
model [30]. We will develop in Chapters 5,6 a systematic method of obtain-
ing correlation functions for the six-vertex model. For the eight-vertex model
an analogous technique is not known, which makes it difficult to construct
solutions of the difference equations for the correlation functions except for
the one-point function [39)].



Chapter 5

Level one modules and
bosonization

From now on we turn to the mathematical construction of the structures that
emerged in the previous chapter. For that purpose we need to prepare more
about the representation theory of quantum affine algebra U = Uq(.;l 2). Our
goal in this chapter is a concrete realization of the level one highest weight
modules using free bosons.

5.1 Highest weight modules

As mentioned earlier, an important class of representations of U are the
highest weight modules. We shall consider here only the irreducible modules
with dominant integral highest weights. Thuslet A € P be such that (ho,A),
(h1,A) are both non-negative integers. For each such A there exists a unique
nonzero U-module V(A) characterized by the following properties.

there exists a vector vp € V(A) such that
eivp =0, tioy = ghihly,, f.-(h"A)+lvA =0 (i=0,1),
V(A') = U vy,
Moreover they are irreducible and (except in the trivial case A = 0) are
infinite dimensional .
By the definition V/(A) is spanned by elements of the form

fil"’fiNvA7 (il,"',iNZO,l).
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The element p acts on it as
p i finva = (=N +(p,A)) fi -+~ fixva.
The grading defined by D = —p + (p,A)
V()= ©2V(A)r,  V(A) = {v e V(A)| Do =rv)
is called the principal grading. The principally specialized character
XA(t) = tryy) (tD) (5.1)

is given by the same formula as in the affine Lie algebra case [43).

The module V(A) has level (ho + h1,A), and there are only two that has
level 1, namely V(A;) ( = 0,1). These are the cases of our interest. Their
characters are given by

xa(®) = 11 s (5:2)
n=1

Later we shall also consider the (restricted) dual module
VI(A) = &720 (V(A))".

As aright U-module V*(A) is a highest weight module of highest weight A
with level (A, hqg + hy). Viewed as a left U-module via the antipode, V*3(A)
is a lowest weight module of lowest weight —A with level —(A,ho + h1).
Sometimes we use the bra-ket notation for the pairing (ulv) = (u,v) for
u € V*(A), v € V(A). We will write vy = |A). We fix also (A| € (V(A)o)*
such that (AJA) = 1.

5.2 Drinfeld’s generators

The level one modules have much more concrete realization in terms of
bosons. Let us explain the construction following the work of [31]. For
that purpose the original generators of U are not convenient, and we need
to use another set of generators given by Drinfeld.

For convenience we shall enlarge U’ by adjoining a central element v!/2
such that (71/2)? = tot;. Thus v = ¢* on level k-modules. Drinfeld intro-
duced the following generators

ak (k € 2\{0}), =i (k€ 2Z), y*'/2, K+,
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They satisfy the following defining relations:

[2k] v* —y~*
[ak, a1} = Sxri0™— = (5.3)
KoK =ay, KiK' = ¢*%2f, (5.4)
[2%]
[ak,z,i] = :f:T’)‘:Flkl/zth, (55)
xfﬂ:v,i - qﬂzf:cfﬂ = qizzfz,ﬁl - :c,ﬁlmf, (5.6)
k-1 =k
YT Ykt = Y T Pk
{.’EZ',:BI ]= + -1 + ’ (5'7)
99
where 9, @i are defined by
o0 00
Z Yoz ™" = Kexp{(g—¢7") Y axz™*}, (5.8)
k=1
Zcp-kz = K 'exp{-(¢g—g¢ 1)Za xz*}. (5.9)
k=0 .
The old generators are related to them via
h=K, f=e, 15=f,
to=9K"", 2y =etr, 2 =1"fo
In terms of the generating functions (called currents)
X*(z) = Z gt
nez
the defining relations are written more compactly as follows:
2k
[ax, X% (2)] = i[—klﬁl“lﬂzkxi(z), (5.10)

(z - ¢FPw)XE(2) X (w) + (w - ¢F2) XE(w)XE(2) =0,  (5.11)

[(X*(2), X" (w)] = Kexp{(g— ¢~ ia”k/z —k}%
~K 'exp{—(¢g—q" )Za k722 k}—(LZ./llD'L (5.12)
k=1 (g~ g 1)zw

Here é(2) = ¥,z 2™ is a formal series, and we have used the formula

§(z/w)f(2) = 6(z/w)f(w).
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To obtain the full algebra U we impose the following.

¢t = 2, K= K,
glzfq = g¥at, (5.13)
g*axg™? = ¢kay. (5.14)

5.3 Realization of level one modules

In the sequel we concentrate on the level one modules. Since 7 = ¢, (5.3)
becomes
[2k](#]

PR

Thus apart from a normalization the aj constitute free bosons. Abbreviating
o) to a we set

(ak,ar] = bkyi0

Vl(Ai) = C[a-—l 1 @2, ] ® (@nGZCEA‘+nQ),

Here the e* are formal symbols satisfying e*e# = e**. On this space we
define the action of a) (k # 0) by

a(f®ef) = afoe® ifk<O,
[ax, fl®e® ifk>0

where f € Cla_;,a_4, -] and 8 = A; + na. Let further ¢* and 8 be the

operators acting on V/(A;) as
e*(f ® €)
of®e)

f®efte
(o,8)f ® €.

The actions of the other generators are as follows:

il

K =¢°,

7=4
Xi(z) = exp (j: i %;‘l_i‘.q—n/Zzn)exp (:F i [aTn]q—n/zz—n) ei“z*f’,
n=1 n=1
(5.15)

*(1@ eP) = ¢~ BA2H/4(1 g e’y forf=Ai+na,neZ. (5.16)

The action of ¢ on general vectors are defined via (5.14).
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The statement is that with these definitions V/(A;) coincides with the
irreducible level one highest weight module V(A;) where the highest weight
vector is given by

|A,’) =1® et

We shall verify below that these formulas indeed give a representation of U.
Let us check the defining relations (5.10), (5.11), (5.12). For the calcu-
lation we need the following normal ordering symbol : :

tagpa;: = agay ifk <O,
= aquar ifk>0,
tad: = :0a:= ad,
as well as the standard formulas
eteP = ABleBeA  if (A B]is a scalar, (5.17)
o0 zn
exp(£) =) = (1-2)F. (5.18)
( n; .

The relation (5.10) immediately follows from (5.3) and (5.17). To show
(5.11) and (5.12), we compute the normal-ordered products of the currents

Xt(2)X*(w) = (1-;)(1-(1—) X)Xt (w):,  (5.19)
X ()X~ (w) = 22(1—1:-)(1—%“1);){-(2))(-(10) . (5.20)

XH(2)X ™ (w) L XT()X"(w):,  (5.21)

X~ (w)X*(2) c XT ()X (w):. (5.22)

1YL £
w(1-3)0- %)
To illustrate the use of the formulas (5.17) and (5.18), let us compute

(5.19). To rewrite the product X*+(2)X*(w) into the normal-ordered form,
we must reverse the order of the products

exp(—;%q— ™Yexp Z 7] =g ?w™)

and
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Putting
Gn —n/2z-'n B= G-n -n/2 n
Z ] , Z o :

n (5.17) and using (5.18), we find

[A,B] = Z [2n]["] a” ( )”

L 0
> (ol + (w/ ")

It
~—
[l
|
N
~—r
—~
—
|
[
~
&l
~—

Therefore, we have

o (- S fyrreon (S ) -
(1 - -1—:-) (1 - quz-) : exp ( zz: [n] '"/22‘")exp (; a[ﬁq""/?w") i

Similarly, we have 2%¢* = 2? : 2%¢® .. Thus we obtain (5.19).
The relation (5.11) immediately follows from (5.19) and (5.20). Noting

that
1 _ 1 () -4(®)
A0-5)-5) w-5)0-5)  @-e

we can derive the relation (5.12) from (5.21) and (5.22).
Let us verify the relations (5.13). They are equivalent to

¢ X*(2)g ¢ = ¢ XE (7). (5.23)
Using (5.14) we can reduce (5.23) to
gle*q™4 = g le%g 0. (5.24)

With the normalization ¢%(1 ® e*) = 1 ® e?' we are thus led to (5.16).
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5.4 Principal vs. homogeneous pictures

Before closing this chapter let us give a remark about the different gradings
of U. Recall that on weight modules the action of h € P makes sense. In
this sense the elements d and p act as derivations on U:

[d7 ei] = 6i06i3 [da fi] = _6i0fi7 [d3 qh] = 0)
[l =€, [p,fi]l=~fi, [pd*]=0.

We refer to the grading of U defined by d (resp. p) as the homogeneous
(resp. principal) grading. The 0 & 1 symmetry is manifest in the principal
grading. '

The evaluation module V; considered in Chapter 3 is adapted to the
principal grading operator in the sense that p is realized as differentiation in
(. We call it the evaluation module in the principal picture.

In contrast, (5.23) shows that the realization of the level one modules is
adapted to the homogeneous grading. For that reason, in the construction
of the vertex operators we will choose to work with the evaluation module in
the homogeneous picture. By definition it is Vz(h) =V ® C[z,27!] equipped
with the following U-module structure:

eo(ve ® 2™) = (five) ® 2™, e1(ve @ 2™) = (e1ve) ® 27,
fo(ve ® 2™) = (e1v) @ 2™, fi(ve ® 2™) = (frve) ® 2™,
to=1t7", t1(ve ® 2™) = (t1ve) ® 2™,
d
d=z—.
zdz
(5.25)
The dual module V{M* = v* g C[z,27!] is defined similarly as in the

principal picture, where the pairing is (v} @ 2™, v ® 2™) = bee'Om4n, 0. The
analog of the isomorphism (3.32) takes the form

v, oyt (5.26)

q¥22 z ’
Q2" = "
1.®2" —qilv:_ ® 2".
In fact each irreducible piece Vc(i) of V¢ is equivalent to Vz(h) by the map

v °Q ym, 2oy, (5.27)

Ve ® Cm — Ve ® Cm+(i1_5)/2'
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Let
PR(a/z) : VP @V — VW @ VP

be an intertwiner in the homogeneous picture. The above equivalence (5.27)
implies that R(z) is related to the R matrix R({) (3.6) in the principal
picture by the formula

R(21/7) = scalar x (C(G1) ® C((2)) R(G1/¢2) (C(G) ® C(¢a)) ™"

Normalizing as R(z1/22)v4 ® vy = vy ® vy we have explicitly

(1-2)¢g (1-4¢%)
S0y 1-¢%22 1-¢22
Ba=1 g (12
1-¢%22 1-g¢%2

1

Here again the matrix structure is relative to the basis v, ® v, in the order
(575’) = (+’+)’(+v")’("1+)v(—v”)-



Chapter 6

Vertex operators

Along with the highest weight modules, another important ingredients are
the (g-deformed) vertex operators in the sense of Frenkel-Reshetikhin [32].
We proceed to constructing the vertex operators on the basis of the results
of the previous chapter.

6.1 The notion of vertex operators

In this chapter, except in the last section, we will deal with the homogeneous

picture. Thus let V") be the evaluation module (5.25) associated with the
two-dimensional representation. Consider the intertwiners of U-modules

Fa-id(z) . V(A) — V(A1) @ VR, (6.1)
TO-i90)  V(A) — VY @ V(AL (6.2)

We call (6.1), (6.2) vertex operators of type I and type II, respectively. Their

precise meaning is as follows. For instance, the type I operator is a formal
series

O-ii)(y) = Z 31-(2) ® v, (6.3)
a’,gl—i,i)(z) = Z igln—i,i)z—n’
nezZ

whose coefficients are linear maps
85 V(M) — V(Mn),
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such that it commutes with the action of U in the sense that
2820 @ (v ® 2") = As) {Z 1=y @ (ve ® z'")}

for all z € U and v € V(A)).

Here the action on v, ® 2~ is understood in V,(h). The type II operator
is defined analogously. When there is no fear of confusion we will suppress
the superscripts (1 — 7,) that indicate the relevant spaces.

The VO’s have been introduced and studied by Frenkel-Reshetikhin {32]

in a more general setting where highest weight modules have arbitrary level.
It was shown that the product of VO’s

561 (Zl) e 5En(z'")

is analytic! in the region |z1] > --- > |24, extends to a meromorphic
function on (C\{0})", and that its highest-to-highest matrix elements satisfy
the ¢KZ equation.

In our situation such operators exist, and are unique up to multiplication

by a scalar. (See [32, 21] for a general statement.) In the sequel we adopt
the normalization

(

(DlAoy =1,  (Ao@4(2)|A1) = 1, (6.4)
( (= 1.

A|B-
MI¥_(2)Ao) =1,  (Ao|¥4(2)|A1) = (6.5)

More generally an intertwiner of the form V(A;) — V(Aitn) ® Vz(lh) ®
e ® Vz(“h) is unique up to scalar.? This is a special feature of the present

situation, reflecting the fact that the two-dimensional module is ‘perfect’
with respect to the level one modules [44].

6.2 Type I vertex operator

We now construct the type I VO (6.1). We define the components of :I;(z)
as in (6.3). From the intertwining relation

A(z)o&(2) = &(2)oz forz el (6.6)

'In the sense of matrix elements.
2The suffix i + n is to be read modulo 2.
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with the choice z = t;,¢% we obtain

K3:()K™' = g¥'84(2),
¢8s(2)g" = Ba(g2).
With the choice z = f, ey, fo,e0 we obtain respectively
&1 (2)a5 — ¢ '25 B4 (2) =0,
B4(2) = 8-()5 - 425 8-(2),
K®_(z) = 24(2)rd — 25 4(2),
&_(2)zt - 23 ®_(2) =0,
(¢zK)7'8_(2) = ®4(2)z¥, — 2%, 84(2),
d_(2)zt, —2%,8.(2) =0,
84(2)zy —qzy84(2) =0,
¢*2®4(2) = - (2)e7 - ¢ 2y 8- (2).
We will solve these equations for $4(z2).
First, assuming (6.9)-(6.16), let us derive

~ ~5n/2 ~
[@-n,®-(2)) = -qn—[n]z'"é_(z),
where n € Z50. From (6.10) and (6.16) we obtain

¢’2(8_(2)25 - g258_(2)) = (B-(2)e] — g 'z7 8-(2)) = 0.

Set
Aw) = exp((g-q) Y ang™w™),
n=1
B(w) = exp(~(g-97") Y a-ng"?w").
n=1

Using (5.12) we have

(= ¢7H[X*(w), 23]
(g - ¢~ HIXF(w), 7]

w K A(w) - w K B(w),
¢ K A(w) - ¢K 7' B(w).

1}
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(6.9
(6.10
(6.11
(6.12
(6.13
(6.14)
(6.15)
(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)
(6.22)
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Thanks to (6. 12) and (6.14), the equation (6.17) is already true for the
coefficients of w® and w™!. Commuting (6. 20) with X*(w) and using (6.21),
(6.22), we then obtain

3 ~

% _(2)(K A(w) — K~ B(w)) - q—wf(KA(w) - K~'B(w))3_(z)

$_(2)(g K A(w) ~ K B(w)) + (¢ K A(w) - K B(w))3_(2)

0, : (6.23)
which holds to the orders w® and w™!. Thus we obtain (6.18) and (6.19)
for n = 1. Starting from this, taking commutators with a4, repeatedly and
using (5.5), one can show (6.17) to all orders. This in turn implies that
(6.23) is true to all orders. Finally, expanding (6.23) in w, we get (6.18) and
(6.19).

The commutation relations (6.17), (6.18), (6.19), the normalization (6.4)

and the relation (6.7) altogether determine the operator ®_(z) uniquely:

—ty - A-n n n - n -n
B0 = exp (3 rd ™ exn (- Z e )

n=1
x e/ (—q2)®+9/2, (6.24)

The other component ¢I>(1 b (2) is determined via (6.10).
Yet we must check that (6.24), (6.10) satisfy the rest of the intertwining
relations. We use the following formulas for the operator products.

Xt(w)d_(2) = 3_(2)XF(w) = (w - ¢®2) : XT(w)B_(2) ,
X (w)d_(z) = m t X (w)B-(2)
B_()X"(w) = B ()X (w):.

P2(1 - w/q?z)

We need to show (6.9}, (6.11), (6.13), (6.15), (6.16). To prove (6.9) and
(6.15), we need to compute

= - dwy [dwy ., .=~ - _
¢_(2)znz, = fQ_m 5 Vi wi®_(2) X (w1)X ™ (we)

j{‘fﬂ dwp w2 wE (1~ wy/wr)(1 =~ gPwy/w1)
2ri J 2mi 822%(1 - wy/q?2)(1 — wa/q%2)
3_()X (w) X (wa) : .
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Using the equalities

Wy — We _ 1 . 1
P2(1 - w1/g%2)(1 — wy/q?2) ~ 1-wi/g?z  1— wy/q?z

and renaming the integration variables for the second term noting

: ()X (w1)X ™ (wy) =2 B_(2) X~ (wo) X~ (w1) 5,

we have

dw1 d‘LU2 ~ - - .
(2)znzs fm e _(z)X (01) X~ (ws) :

m+1 _ q w] ,wn+1 +q wn+1 _ ,wn,w;n+l

X ¢z2(1 - wi/g%2)

Similarly, we have

- =}§d_“’% D02 § ()X (w) X~ (w2)

2m1 27rz
« —wiwy 4wl g(—wPwp + Wl t))
7°2(1 — w1/¢%2) 1—g*zfw ’

send(a)= § 5 § 9§ (a)x (wn) X~ (wr):

2, n—-1 m+1 m—1 n+1 2, m. .n
—— wiwl +q¢°w +w wyw )
1 q z/w1 ( 1%2 Ty -4 2

The equalities (6.9) and (6.15) immediately follow from these formulas. The

equality (6.16) is equivalent to (6.20). The latter is proved by a similar
calculation.

Finally, let us prove (6.11) and (6.13). We have

Be(2)ety] = 3 (2)a5,oh] - gleg, ot ]B_(2)
= —ql/ZE[;_(z)K“]a_l+q3/2]('_1a_1<f>_(z)
= —q3/2K_1[$_(z),a_1]

= (gzK)7'e_(2),

showing (6.13). The proof of (6.11) is similar.
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6.3 Type II vertex operator

The construction of the type II operator (6.2) is quite parallel. On V(A;)

they are given by the formulas

]

= (1—i,4) o G—n n/2_m = Gn -3n/2,-n
¥ z exp (— — z"Jex —_— 2
@) p( ,;[27;]" ) p(ng,l[zn]q )
xe—a/2(__qz)(—8+i)/2(__q)i—l,

Ty = FE0)ed - gt M),

The intertwining relations are

-(z) = \IJ+(z)z0 - g2 ¥4 (2),
()t - e E-(2) =0,
j(z)xl "-"1 Vi(2) =0, 5
Ty(2)K = T_(2)e5 - 27 ¥-(2),

Yy (2)zp — 25 \IJ_,_(z) =0, 5
E74(2) = §-(2)ay — a5 ¥(2),
(g2) 8- (2) = qUa(2)et; — 2t T4 (2),
gV _(2)zt, — e, ¥ _(z)=0.

S '6( 'el

™

!

For the proof, we use the following product formulas.

X~ (W)¥(z) = F(2)X () = (w - g2): X~ (w)F4(2) 5,
XH)Ta(s) = —— X ()E4(5) 5,
w(l—a)
To()XT(w) = — g Ty ()X *(w) ;.
qz(l-gg)

We omit the details of the proof.

6.4 Commutation relations
Consider the product of the vertex operators

(@910 (zy) @idy, )8 (2) : V(A;) = V(A @ VIV @ VY.

(6.25)
(6.26)

(6.27)
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This is an intertwiner. Let us write it as

1 2
& (1= (5) & (1-3)(z,) = 373810 (2)8L ) (25) ® v, ® vy

€1,€2

In this notation, we have

2 . o e
& G199 (25) & U=9(2) = 37 3E1=9(2)80 ) (21) @ ve, ® v,

€1,€2

This is an intertwiner
V(A)—V(A) @ VM g VA (6.28)

where in the right hand side the action of z € U is given by 3~ z(1)®2(3®2(y),
with (A @id)A(z) = Zz(l) ® T(2) @ T(3)-
1 2

Consider now R(z1/z) & (1-9(z) & (-i9)(z;) where R operates on
V,(lh) ® V,(zh). This gives another intertwiner of the form (6.28). Thanks to

the uniqueness of VO’s mentioned above, it must be the same up to scalar
2 1

as ® ("1-9)(z,) & (1-44)(2,). The scalar can be determined by computing

il

(_q 2 )1/2(q 22/ 215 ¢*)oo

B ) (g422/ 215 q“)oo

x : @908 () (6.29)
. . ~ . (1-2:)/2  _ . . - ..
: (P(:’l")(zl)@(_l_"’)(n) P o= (i—l) : @9'1_1)(@)@(_1—"’)(21) 5
2
(6.30)
where we used -
LI (500
o n(2n] log (92:9%)c0

We thus find

1 2 .
R(z1,20) & G179(21) & (-0)(2)
_ (3)1“ (g*21/22; ¢")oo (¢%22/215 ¢*) o

2 1
& (1=0(5y § (i) (5 ).
z2 (q%21/ 225 ¢ oo (¢%22/ 215 ¢%) oo (z2) (z1)

(6.31)
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In the same way we have
\i‘(:,l—i)(zl)\"ﬁs}—f,i)(zz)

172 (22/213¢%)00

—(_ LGt g (i) .

= (—qa1) (q222/21;q4)oo'\p+ (20)85 7" (29):,  (6.32)
B (21)80 ) (2y)

= ~1/2(8°22/ 2150 )oo G010, 809 ) (633

= (—qz1) m- + (21)®2 (22):, (6.33)
10 (7)) ()

.4 . o
= (=qPay) AL Do 610 )00 2) - (6.34)

(21/922;4%)oo
From these identities follow the commutation relations

2 1
R(Zl,ZQ) {I:' (i’l_i)(ZQ) fI} (l‘i"')(zl)

- (ﬂ)’ (¢*21/22;¢%)o0 (¢%22/ 215 ¢*)oo ;117 (i.1-4)

2
2) § (=5,
29 (q2zl/22;q4)oo (‘1422/21;‘14)00 ( l) ( 2)

(6.35)
ro 2
U (1,1—1)(21) d (1—:,1)(22)

1—¢ 4 3 4 2 1
2! (922/21,6)00 (P21/2210%) 00 % (1107, \ & (1=is)
= (2 $ (1=0)(2) § (=5 (),
<22) (®22/21;¢% )0 (q21/22;¢%)00 (z2) (z1)

(6.36)

Notice that the type I and type II operators mutually commute up to a
scalar factor.

6.5 Dual vertex operators

Let us consider the intertwiners of the form
-2 ¢ V(A) @ VM o V(ALL),
T 0 VN @ V(A = V(A=)

We call them dual vertex operators. Define their components by

B = B0 w)
EO@) = TO() (0, @ o).



6.5. DUAL VERTEX OPERATORS 79

We choose the normalization
(MIBL()A0) =1, (Aol (2)|Ar) = 1,
(MlP3(2)IA0) =1, (Ad¥(2)|A1) = 1.

Using the relations (3.29-3.30) and the isomorphism (5.26) we obtain

§:0-10(2) = (~qf* T UM (g22), (6.37)
V00 = (—g R (). (6:38)
We have also
agi,l—i)(z)izl(l-i-‘)(z) — g—lgu,, (6.39)
ﬁ’,gi,l—i)(zl)(f,:l(l—i,i)(zz) = gé,yl—_;—/z—i— regular at z; = 2,

(6.40)

where g is as in (4.28).
Let us prove the second. First we consider the case ¢/ = —¢. Using the
commutation relation, we have

{I',gi,l—i)(Zl){f,gl—i,i)(qQZz)

_ (fﬁ)’ (21/223 4*)oo(9%22/ %11 4% )0

FE1-0(g22) T 050 (1),
(@221/ 22, ¢V )oo(q 22/ 2134V )00 © (¢722) (z1)

Suppose first that ¢ = + and consider \"I;S:’l_‘)(qzn)\fl&l—"’)(zl) given by
(6.32). Its simple pole at z; = 23 is cancelled by the factor (z1/22; ¢*)co-
Therefore, this is regular. For ¢ = —, we need to compute the product with

& by using (6.26) and (6.27). An explicit calculation shows that there is no

further pole at z; = 2;. We have shown g 1-’)( )\I»"(1 i) (22) is regular at
2, = z3. Next consider the case ' = ¢. We have

\i(_i,x—i)(zl)ﬁ;:(l—i,i)( )
= (T (z)zd — ged TG () (— ) T (g% 2)

%z 215 dw X (1,114 -1,
=(—qzl)‘”w o B )T (g2 29) X H (w) -

-1 1 1
W 2,
gz(l - ——) w(l-—) _ix
q w(l © )
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The pole at z; = 2; appears only in the first term of the integration. Using
F(51-1 F (11—, -
. \I,S_ )(Z)‘«I/g )(qZZ)X+(qZZ) = (—q) 1/221/2’

we have (6.40). The other case is shown similarly.
Using (6.31) we obtain also

Z ('S:(i,l—i)(z)igl-i,i)(z) = g-l‘
ex=+

6.6 Principal picture

By the isomorphism (5.27) between the principal and the homogeneous pic-
tures, the corresponding VO’s are connected by

o) = (TR,
L) = (TR,
This amounts to choosing the normalization

(A1]@-({)lA0) = 1, (Aol @+({)lA1) = 1,
(AMY_(OlAo) =1, {Ao]¥4({)|Ay) =1

The parity property (4.30) is manifest.
By the definition of highest weight modules, there is a Z,;-symmetry

exchanging 0 and 1. This means that we have the isomorphism of vector
spaces

v:V(Ag) — V(Ay),
v(|Ao)) = A1), v(zu) = zv(u) z € U,u € V(Ag).

Unfortunately this symmetry is not at all clear in the bosonization as it is
based on the homogeneous picture. It is apparent rather in the principal
picture. In fact we have the relations

v@®V(w = 8U0(¢),  vIOY (O = 1I0(().
This implies, for instance,

{Ail26, (1) Ren(Ga)lAg) = (A1-il®oey (C1) -+ @en(Gn)lBaj)
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In the appendix, we summarize the properties of VO using the principal
picture.

One of the important differences between type I and type 1l operators
lies in the structure of poles. This is manifest from the formulas (A.16):
As an operator the product ®,((;)®,,({z) of type I operators is analytic
up to |(2/¢1] < ¢~? including {; = (3, whereas for the type II operators
U; (€1)¥:,(C2) is analytic only in |(2/¢1| < ¢* and has poles at (/¢ = q.

We end this chapter by giving a remark on the symmetry of matrix
elements. Let w be the involutive anti-automorphism of U given as follows:

w(g") = ¢, w(e;) = — fity, w(fi) = ~tte;.

It can be shown by a standard argument that the irreducible highest weight
module V(A) admits a unique non-degenerate symmetric bilinear form ( , )
with the properties

(va,va) =1, (u,zv) = (w(z)u,v) Ve €U, u,ve V(A).
Then the following relations hold for any u,v € V(A;):

(4, Pent) = (Pog,~nu,v), (u, 7 ,v) = (¥ u,v). (6.41)

—&,—n "

This can be verified by induction on the degree of u,v, but we omit the
details. Let

T:V(A) — V*(A)
be the identification map via ( , ), i.e. one such that T(JA)) = (A]| and

O(zu) = ©(u)w(z) for z € U and u € V(A). Then the properties (6.41) can
be rephrased as

D(Peyny - Pesyny|Ad)) = (Ail®—eyny " ey omy
and likewise for ¥*. In particular we have
(Ail2ey (G1) -+ @ep (COIAG) = (AG18-ef (GF1) -+ Boen (CTH)IAG)-

The same relation holds if we replace ®.(¢) by ¥3(().
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Chapter 7

Space of states—
mathematical
picture

In this chapter we return to the structures introduced in Chapter 4. We
begin by identifying H®), D) and (=i with objects in representation
theory. Using these as building blocks we shall define such notions as space
of states, transfer matrix, Hamiltonian, vacuum and excited states.

7.1 Space of states

Recall the formula (4.23) for the character of the space H(). The basic
observation is that it coincides with the principally specialized character of
the level one modules (5.2):

tr g (tD(‘)) =1tryva,) <t—p+i/2) .

This may seem rather accidental at first sight. Nevertheless this type of
coincidence between the characters of affine Lie algebras and the spectra of
CTM has been observed for a wide class of models [18, 19, 20]. Subsequently
it was established systematically by the theory of crystal bases [44]. We are
thus led to make the following identification:

HO =V (A,
DO = -p+ %

83
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Moreover, one expects that the VO defined as a half-column transfer
matrix should commute with the action of U. The argument goes in much
the same way as with the full-column transfer matrix at the end of Chapter
3. The only difference is that for the upper half column the boundary on the
top goes away in the limit but the central site does not. This is the reason
why VO is a map of the form H®) — H(-) @ V. Thus we identify the
VO’s defined as the half-column transfer matrices with (-4 (¢) defined
mathematically as intertwiners of type I. With this identification we have
already verified all the properties of VO listed in Chapter 4.

Roughly speaking, what we are doing is to regard the half-infinite tensor
product as representing the level one module

@ Ve ® Vo ~ V(AY),

where the choice of the i-th boundary condition is implied in the left hand

side. Then how should one understand the tensor product extending in both
directions?

To answer this question let us consider the following anti-automorphism
b(2) = (-g)a(z)(-9)* =zeU.
Explicitly we have
bled) = gt les, b(fi) = ¢ fiti, b(q*) = g7h.

A convenient feature of b is that b2 = id ., and that the following isomorphism
holds:
C:Ve — V' 0@ 0k @ (™
Moreover it is an anti-coalgebra homomorphism, so that
R »
Veu ®Vey @ = V3ovite. .. (7.1)
= (O Vi ® Vi) ~ V() (7.2)

where we put R = C®C ®---. Hence, assuming the s-th (resp. j-th) bound-
ary condition to the left (resp. right) end, we are led to the identification

@V ® Ve ®Vey @V @ ~ V(A)® V(M) (7.3)

Notice that V(A;)*® is a lowest weight module of level —1, and hence the
right hand side has level 0. We now define:!

'In [23] F was defined using antipode a in place of b. Here we followed the convention
of [59] which seems convenient to make contact with the naive picture.
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Space of states

F=HOH® = @01 F),
H = V(Ao)®V(A1), (7.4)
FON=V(A) @ V()™

Note that this is a level 0 module. To be precise the space of states
should be a proper completion of the algebraic tensor product (7.4), for
operating with the VO’s necessarily produces infinite sums. As we have
explicit formulas for the space and VO’s anyway, we will not discuss these
points here. Henceforth we regard the VO's as acting on the direct sum H,
and drop the superscripts (1 — 7,1).

7.2 Translation and local operators

At first glance the argument leading to the identification (7.4) seems artifi-
cial, as it breaks the translational invariance of the problem. One may also
take ’

V(A) @ VO @ V(A;)™ (7.5)
as an alternative of the F(i7) (with an appropriate choice of ¢/, '), since
after all what matters is only the boundary condition. Fortunately these
questions can be resolved by using the type I operators.

To simplify the notations we will suppress the index 7 and write D =
—p+i/2, etc.. Using the isomorphisms

VA)—V(A-)®Y, ur /G 8(Dud v,
£
VRV(A)P—V(A1-;)", u.@u" — /G8_.(1) v,
we may identify
V(A)®V(A;)* 5 V(A—)B®VOV(A;)™® =5 V(A1) OV (A1-;)™. (7.6)

It is also clear that (7.5) can be identified with F("). Composing (7.6) we
define

Translation operator

T=g) ¢.(1)®2_.(1),
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whose inverse is

T =g} (1)@ 2%, (1)

Using the middle realization of (7.6), one can define the local operators
on V as operators on F(¥). Let us label the tensor components from the
middle as 1,2,--- for the left half, 0,-1,--. for the right half. Then the
operators acting on the site 1 are defined by

Ee = g®(1)2.(1)®id, (7.7)
of = Esq, ol=E; —E__.

Here 0% = (0% £ 40¥)/2. More generally we set
og =T~ (=Dge=1 (¢ 7).
For instance
o = Y eM))eH(1)8.(1) ®id,
e

o5 gid ® (PL(1)@+(1))".

7.3 Transfer matrix

Let us consider how the column transfer matrix T'(¢) = Teai(€) looks like in
this picture. From the graphical definition of VO, its elements are given by

’ > I__ LY pll'"rpl_
T(omiwnts = 3 (Rupe(Q)E B x (B pow(C))0 2ot
PIIC X (9) ST C TN (9) Wil

—Pév"'r_P/_N.“
&

On the other hand, if we regard ®(¢) = ¥, ®.(¢) ® v, as a map

I

(- @V, ® Ve, ) — (- 0V, @Vew)® Ve,
then its transpose
b »b *b *b xb
Ve (V<H®ch®"') — (V(H®V<H®...)
is a map

Ve @ (v, ® vy @) = S (Upy B vy ® -+ 7) (@_E(C)):zz:::,—p-zvﬂ .

1
"TPoN+1
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Here we have used the identification (7.2).
This motivates us to define

Transfer matrix
T() =9 2()®(2-e(C)- (7.8)

The translation operator is T = T(1) as expected. Conversely, using the
homogeneity of VO we can write

T(¢)=¢PT¢P

where D denotes its action on H ® ’H“”, ie. D®id —id ® Dt Hence the
transfer matrices are manifestly commutative with each other. Notice also
that

T(() ™ =g, 2:(¢)® (B.(0))"- (7.9)
Comparing with the formula (3.14) we define

XXZ Hamiltonlan

1-¢% d
H = (e log T(0)

o (7.10)

7.4 Vacuum

Often it is convenient to regard a state f € F as a linear map on H according

to the relation H ® H** ~ End(H). ! In this language the left action of U
takes the form

:z;_f = Zz(l) (o} f ob(x(z)), A((L‘) = Z$(1) ® 1'(2) (7'11)

A linear operator of the form @ = ¢ ® % (¢ € End (H) and ¢ € End (H*®))
operates on a state f as

fr o forp (7.12)
The dual space is F* ~ H ® H*® via the pairing

{(frg)=tru(feyg).

!Strictly speaking ‘~’ should be understood properly as H is infinite dimensional.
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The right action of U is given by
fa= Zb(z(z)) o fozgy. (7.13)
Let PC) denote the projection H — V(A;). We call the element
vac)y = x~V*(~g)* PO) € F

the vacuum in the i-th sector, where x denotes the principally specialized
character (5.1)

o0
x=xa(e") = [I(1 - ¢* %) (7.14)

n=1
When regarded as an element of 7* it is denoted by (i){vac|. In what follows
we will suppress P() which should be clear from the context. For an operator
O on F its vacuum expectation value is the coupling of (;)(vac| and Olvac) ;.

In particular if O is of the type © = ¢ ®id or = id ® ¢!, then its vacuum
expectation value reads

try(ay) (qu(‘)¢)
tryay) (qw(i)) .

Physically one expects that the vacuum vectors are translationally in-
variant and a singlet (i.e. belongs to the trivial representation of U). These
are immediate consequences of the definition. In fact,

X% 3 8. (0)(-q)P 8. (¢)
= X723 @.(0)®-(~gC)(~g)P"

= |vac)u-y,

(¢)<vac|(9|va,c)(,») =

(7.15)

T|vac);

where we used (A.4.4). Similarly,

z.]va.c)(;) = X~1/2 Z x(l)(“Q)Dw b(x(2))

- i)
X2 zgya(z ) (-)P
e(z)lvac)(i).

il

il

In the third line we used (3.18).
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7.5 Eigenstates

In order to construct general eigenstates we employ the type II operators.
For £, +,&x with |£;] = 1 we define the n-particle states

s Eemersy = 9 IXTVRL () - W2 (€1)(~ )P (7.16)
gV}, (61) - U (6n)-(7.17)

These are vectors in F(+m#)  F*E+n4) regpectively. The product of opera-
tors such as (7.16) is understood as analytic continuation from the domain of
convergence [£,| > - -- > |£1] to the unit circle. The series obtained by ex-
panding the operators in power of the spectral parameters are not absolutely
convergent on the unit circles {£;| = 1 because in the analytic continuation
we encounter poles,

Using the commutation relation with the type I operators (A.4.3) one
verifies that

Tl Eemmens) = €3 Be(Q)UE (6) - U2 (E1)(— )PV 2(C)

(‘.);51 o yEn (511 A 7671‘

c ﬁ T(C/fj) \I/:"(En) e \I;:l (EI)(_q)D(l-.’)

i=1

XY 8e(~¢71¢)2(()

H T(C/f]) |§ny e ’§1>en,-~-,51;(1—i)-

i=1

Here we put ¢ = g*~/2x~1/2 and used 7(—¢¢) = 7(¢™1) = 7(¢)~!. Therefore
(7.16) are eigenstates of T(¢)?. Likewise for the bra vectors. In particular
the eigenvalues of the translation operator 72 and the Hamiltonian H on
the one-particle states |£),,(;) are given by

T8y = 77218y
Hlf)z;(i) = 6(5)[6):;(:’),

where
r _ =1 ®q4(‘152)
@ =¢ O (g6~
1-¢* d
€€ = gtz loer(o)
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Let us rewrite 7(£) and €(¢) in terms of Jacobi’s elliptic functions (35, 13].
We set

. i —rK!
§ = —ie g=—e " /K,

b

where K, K are the complete elliptic integrals. Because we are working in
the region —1 < ¢ < 0, the nome of the elliptic functions is chosen to be —g.
In this parametrization we have

7(€) = sn (%o} +icn (%9) ,

or equivalently

() =e*9,  p6)=am (%0) -2 (7.18)
By differentiation we also obtain
2K |,  nK' 2K
€(é) = TSlnh A dn (—7‘_—'0) . {(7.19)

These formulas coincide with the momentum [energy of the elementary ex-
citations derived from the Bethe Ansatz method [7].

Let us consider the action of U’ on the eigenstates. For f € End(H) we
define the left and right adjoint actions of z € U by

adz.f =) "z fa(zy), fadTz = Za‘l(:c(g))fx(l),

where A(z) = ¥ Z(1)®%(2). They are related to the left (resp. right) actions
(see (7.11) (resp. (7.13))) on F (resp. F*) via

o (f(-0) = (ade.N (0" ((~0)Pf) 2 = (~g)° (fad"a).

Moreover they are compatible with the composition of maps in the sense
that

adz.(fg) = Z (ad (:v(l)).f) (ad(a:(2)).g) ,
(fg)ad™z = Z (f.ad (x(z))) (g.ad (x(l))) .
Using (3.17), (3.18) one can verify

adz.97(¢€)
U (8)ad z

() (20 ® ),
({vez,-) ®@id) ¥(¢).

It
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Therefore, the left and right hand sides of the following share the same
transformation properties under the action of U':

Ifﬂa"'afl)en,---,q;(s’) — U, @ QT EV5"®"'®V{1,
(i);c;,m,c,.(el,"”fnl — 'U:l®"'®’0:n EV&@@V&

In other words the eigenstates give rise to the embedding
Ve, ® @ Ve, € HY@H ifn is even,
and ‘ .
Ve, ®-® Ve, € HED @ H if n is odd.

In [28] Faddeev and Takhtajan pointed out that the particles of the XXX

model in the anti-ferromagnetic regime transform as a two-dimensional rep-

resentation of s/(2). This means that, in the same way as above, the n-

particle states constitute the n-fold tensor of C? as a representation of si(2).

However the action of the full affine algebra sl, was not discussed there.
We expect that these eigenstates satisfy further the orthogonality

()1, 6m (Ela te ,gmlgn T aE;)a(.,,m,e’l;(i) =0 (m 74 n)v (720)
and the completeness relations

. _ dén dé
dr = Y ) Z n'f2 P i (7.21)

§i=0,1n20en, L3

Xlsnv . 761)e,,,n-,sl;(i)(i);el,"-,en (fl) T v{nl'

Notice that thanks to the commutation relation (A.2) the combination

Z |£n’ Tt yfl )e,,,-n,sl;(i) (8)se1,6n <§1 P 3571]

Enity€l

is symmetric in the variables &;,--+,§,.
We will come back to these relations (including the case m = n of (7.20))
after deriving the integral formulas for the trace of VO’s.
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Chapter 8

Traces of vertex operators

We calculate the trace functions by using the bosonization of the vertex
operators. The resulting expressions are integrals of certain meromorphic
functions written in an infinite product form.

8.1 Calculating the trace
We will calculate the trace functions;

try) (780 (G) e (Gn) T, (60) - B, (6)) . (8D)

In this section, the parameter z is assumed to be sufficiently small. After
establishing that (8.1) is meromorphic in all the variables, we specialize
to ¢% by analytic continuation in order to obtain the correlation functions
discussed in Chapter 4.

We use the boson realization of the spaces V(A;) (i = 0,1) discussed in
Chapter 5;

V(A,) = C[a_l,a_z,. . ] ® (@[ezel\;+1a> )

To avoid confusion, let us use the (bra)cket notation such as a_1|0) to des-
ignate the vectors in Cla-y,a_g,--].

For convenience, we introduce operators ¢(¢{), ¥*(£), x~(w) and x*(v)
which are all of the form

62:11 A"a“"eZ:;l Bnﬂnecafal

The choices of A,, B,, ¢ and f are given in the following table. In the
subsequent calculation we use different letters {, £, w and v for the variables

93
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of these four operators, in order to distinguish contributions from each of
them.

An B, c f
©(C) %/]Zczn _g_;_:J/jC—zn L1 (g3
VO | et | e |-
X (w) | —1yn e | -1 (¢Pw) !
X0 | o | - o [ 1 [ g

Notice that x~(w) = X~ (¢*w) and x*(v) = X+(~¢2v). The operators
®8"(¢) and =4 e) are given as follows.

20(0) = (=)0, (8.2)
BT = ()7 f TR X () - ax (w)el()), (83)
v = (e ), (8:4)
VIO = (e f S O @) - o 08T, (85)

Here the integration symbol § & means taking the (—1)-th coefficient in
the Laurent expansion in w.
We use the formula

try () (20X Anen Dl Basn e 0) (55)
(o< o0
= 66’0(1‘2)0—01 fi@x‘("zl+2if2)exp (Z Z ™A, B, [2n7]l[n]> )
m=1n=1

where (z)o, and ©,(z) will be defined in (8.17).

Eq.(8.6) can be verified as follows. Clearly we must have &0 since the op-
erator e shifts e to e#+°®. We can calculate the contributions in the trace
for the tensor components (i) Tf2o Cak,[0) (n > 1) and (ii) 152, Cehitle,
separately. Notice that the operators D and & are diagonal on the bases
Gepy v @op, |0) ® €M+ with the eigenvalues

,
D:2y mj+2% 1 +2il
j=1
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and
0.1+ 2,

respectively. Therefore, for (ii) we have

Zz2lz—l+2ilfi+21 = ﬁ@z4(—z1+2‘f2).

l€Z

For (i) we use
k
eA"“'"eB"""a{‘_nIO) = eAna_n <a—-n + Bn [271;1[71]) lO)

Taking the coefficient of a*,|0), multiplying z*** (coming from the term
2) %=1 nj in the eigenvalue of D) and summing up with respect to k we get

i X Z"j k! et
Al = (D R ) A g
where
r=2z*" ands= A,B, [2n][n]
n
Let us introduce h;(z) (¢ = 1,2,3) by
hi(z) = exp (—i%) =1-z, (8.7)
n=1
ha(z) = exp (— i [2:[]:]") =(1-¢2)(1 —¢ 12), (8.8)
n=1
s nlz" 4 0o
o) = o (-3 557 = (o (59)

We also use h{®(z) = [[%%, hi(z?"2).
We wish to calculate try (4 ) (szaO) where O is a product (in a certain
order) of the operators

() (1<j<m),

P (&) (L<k<n),

X (wa) (a€ 4),

xt(vy) (b€ B), (8.10)
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where we define the index sets

A = {H1<j<mei=+}, (8.11)
B {k1 <k <mypp = +}.

1]

In fact, we must take care not only of products but also of sums and integrals
of the operators as we see in (8.3) and (8.5). We will come back to this point
later.

The procedure of the calculation goes as follows. First, we normal-order
the product, and then apply the formula (8.6). Thus we get a Laurent series
in the variables (j, &, w, and v,. We will see that the series has a certain
domain of convergence, and is equal to a meromorphic function.

Let us explain this procedure in detail by taking the product ¢((1)e((2)
as an example.

The normal-ordering gives rise to

P()P(G2) = Cp(Ci)hee(Cr,C2) s 9(C)P(C) (8.12)
cop(C1) = (=¢°G)Y?, (8.13)
hoo(C1yC2) = ha(qC3/¢). (8.14)

The factor ¢,,(¢1) comes from the product (=¢3(1)°7%e2/2 | and hy,((1,(2)
from exp (3" -¢=5n/2¢7 > a,/(2n]Jexp (3-4a™/?¢2a_n/l2n]). In summing up the se-
ries hyy((1,(2), we used the product formula (8.9). The convergence domain
is known to be |{2/(;] < ¢72.

In applying (8.6), we must take into account both of the contributions
from

Tn/2 —-5n/2
(4n, B.) = (q[_zchna —q[Tn]_Cl—h)

and

/2 -5n/2
(4n Br) = (r it~ T G ™)

They are h§°°)(x2qc§/cf) and h:(,,°°)(z2q§’12/g’§), respectively. The convergence
domain for the product of these two series is known to be zq% < |2/ <
(z¢®)™".

As a whole, the contribution from the product ¢((1)p(C2) is

(=g2C) 2R (gGR 1CRS (222 c2),
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and the convergence domain is

2¢® < G2/l < ¢72

For each pair of the operators in (8.10), we want to calculate the contribution
of the normal-ordering (8.12) and that of the trace operation (8.6). As above,
the latter is easily obtained from the former. We give the list of the c-terms
(8.13) and the h-terms (8.14) in the tables below.

Table of c-terms

(¢ Y*(¢') x~(w') xF(v')
Q) | (=2 | (=) V2| (=¢*¢H) |~
PHE) | (—P) V2| (¢ | —P¢ | (—P¢D)7!

x~ (w) w?! w w? w2

xt(v) v v1 v? v?

Table of h-terms (z = (%, 2/ = (%, u = ~£%, ' = —£)

P (C") ¥ (€) X~ (W) W)

PO) | hale[2) | ha(=u'/2) | m(w/2)7t | hi(=g71v/2)
() | ha(=#/u)"! | halg™W/u) | ha(=g7 w'/u) | ha(g™2'fu)™!
x~(w) | hi(@7 fw)! | hi(—qu'fw) | halqw'/w) | ho(=v//w)™?
(@) | hi(=g2/v) | m(/o)t | ha(—w/o) | ho(giv'/w)

Let us discuss the convergence domain. As we discussed, for each pair
of ¢(¢;) and ¢({;+) such that the former sits to the left of the latter in the
product, the condition for the convergenceis z2¢* < |z;/z;| < ¢~*. From the
table of h-terms, we can list such a condition for each pair. The condition
differs for each pair. Nevertheless, we can observe the following common
feature; For any pair z; and zg among the variables z; (1 £ j < m), ux
(1 <k <n),w, (a € A), vy, (b € B), where the operator corresponding to
z, sits to the left of the operator corresponding to zg, the condition for the
convergence is of the form

z2¢h < |2p/2L| < ¢



98 CHAPTER 8. TRACES OF VERTEX OPERATORS

for some j; and j,. Therefore, if z is sufficiently small, we can take a non-
empty domain of convergence common to all the variables. In this domain,
the Laurent series sums up to a meromorphic function as we can read from
the tables of the c-terms and the A-terms.

In the formulas (8.3) and (8.5) by the integration symbol we meant to
take the (—1)-th coefficient in the Laurent series expansion of the operator.
Now, after the calculation of the trace, we can take the (—1)-th coefficient
in the Laurent series expansion of the meromorphic function by an actual
integration with respect to an appropriate cycle in the convergence domain.
Thus, we have obtained an integral formula for the trace function. In the
next section, we write down the integrand and the cycles explicitly.

8.2 Result

Let us summarize the result for the trace. Notice the Z; symmetry

vine) (27072, (1) e (Gn) 5, (6) - 7, (61))

= v (2707 () B (G VT, (6) U7, (&)
(8.15)

Recall the definition of the index set 4 and B in (8.10). Set
s=44, t=1{B.
Because of the Kronecker symbol in (8.6), the trace (8.1) vanishes unless
m-—mn=2(s~t). (8.16)
In the sequel the indices Jyk,a,b are understood to run over
1€7<m, 1<k<n, a€ A, beB,

respectively. We set

Zj = ]2, Up = "fl%
We use the following notations:
{z} = (5¢" 2%, (2)oo = (2;2%)00, (8.17)

0(2) = (5P)eo(P2™i D)oo Ploo = 3 (—2)p"("1)12,
nez
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—g) 9222} {(—g)it 51
wo = IO

23;2 m ;132 "
e = 6m_n,2(3—t)(_q)N (g“ﬂi) ({f]%g})
X(z2)3+t 1(q2);°(q~2)20,

m n/in
N = ——2—<-—2—+1>+5<5+1)+ms—nt

Then for : = 0,1 we have

try(ag (6292 (G1) - B (G )W, () -+ 05, (60))
Hj<j' Y+(25/ 25 ) Tkair 7 (unr Jui)

I v0(25/uk)
X H( F+(1+ej)/24i Hgk (1+uk)/2-4

dwa dvb
X ]_;[}g Sriw. H}i v Fi(z,u,w,v) (8.18)

where the integrand is given by

R(e,u,w,0) = [Tz - 47w [T~ w) [T -

i<a i>a ja wa/zj)oo(qzzj/wa)oo

XH(’J”JI—‘I-IUZI)H(% “kl)H(q

k<b k>b

_ omn
- C.st

'va/Uk)oo(Uk/vb)oo

% ]:b[ :1:2 vb/z]) H :1:2 q';‘k/wa)

(a? )oo
* H ®z2("’qvb/wa)®1'7("q—l'vb/wu)

X H q wa/wa )oo(q Wq! /wa)oo wallexz(wa /wa)

a<a’ War = ¢*we (:1:2)00

- - _ O 2 (vp /vy
X IT (v — ¢ 20 )@ g 2vp/ v oo (2%g 2vb'/vb)°0—z£_/—)'
b<b (#%)eo

X O (—(—1)%1“'«1"‘ " er[[;:gz’z)

< (gl )



100 CHAPTER 8. TRACES OF VERTEX OPERATORS

The contours C, C are anti-clockwise circuit surrounding the poles of the
integrand by the following rule.

¢ : q2i212j (12 0) are inside and 7%z, (I > 0) are outside , (8.19)

C : z¥y, (I >0) are inside and g%z~ %y, (1 > 0) are outside ,

—¢*'2%w, (I > 1) are inside and — ¢*'z"%w, (1 > 0) are outside .

(8.20)

Figure 8.1: The contour ¢

The contours C and € are determined by the following argument. They
are chosen by examining the domain of convergence for the integration vari-
ables w, and v, as discussed in 8.1. In general, the product of operators in
(8.1) gives rise to a sum of products of the operators listed in (8.10). This is
because (8.3) and (8.5) contain two terms. Different products have different
domains of convergence. Therefore, the integral formula contains integrands
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with different contours. This is cumbersome though not serious. If we can
choose a contour commonly belonging to the convergence domains, we can

sum the integrands to get a single integrand. In other words, we can use the
following formula instead of (8.3) or (8.5);

WO = O Sy O ()

.. . ] — g2 v 2.
v = ()1, s G _(lgz)fv)_izfz) L (E)xF(v) ¢

Let us examine if this is true. First, consider w,. For the product

@(Ca)x™ (wa), the convergence domain is

w
x2q2 < |=

<1,

2q
and for x 7 (w,)e((a), it is

w
@< | <™

a

Therefore, we can choose the contour C for the variable w, in the common
domain

2 W
¢ <|—

a

Next, consider v,. For the product *(£,)x™ (v), the convergence domain is

<1

2 _ |9 2
2|2 <ah
and for xt(vs)¥* (&), it is

5 -2,2
1< lub‘ <z g

In this case, there is no common domain. Nevertheless, we can take the
contour € for the variable v, in such a way that the pole at u; lies inside of
C and the pole ¢~ %u; outside. In other words, we choose C in such a way
that it surrounds ux inside but g%u; should be outside it for all & .

For the product of type I operators alone the formula above simplifies as
follows.

wyag (6P¥ e (G1) - Bern(Gm)
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- .. i d
= C7 IT (/o) [T 70T § T
a

i<y j 2miw,
1
x [ (a5 — ¢ wa) T (27 — wa)
_7-I<1, ’ ‘ j];[a ’ : ja (Wa/25)o0(4%2; /[ Wa)oo
(q2wa/wa’)oo(q2wa’/wa)oo wa_ll 0,2 (wa'/wa)
x 1 z 2
a<a’ We! — q*Wq (:l: )oo
: HZ' —1\?
XG:‘ <—.’L’1+2 qmyz.H_w% X ((__q)m/ZyH,wa l) )

(8.21)

where

C™ = C™mO _ m?/4~m/[2 {‘12552} " 2\m/2-1, 2\m/2
s = Cso = 0mas(~q) W“}' (2)a S gh )

8.3 Examples

In the case ¢; = yx = — for all 5,k (and hence m = n), the formula (8.18)
involves no integrals. Accordingly we have
v (P8 (G) - 0GB (6) - U ()

= (¥ Ly 7+(CJZ/C]2') iew 7-(63 /€2
« IT;6 vo(~C3/€2)

i) s
X HC FEt H€11: 1 yzez4 (_zl+21y2__]2> .
7 ’ k Hék

(8.22)

In Appendix (A.4.7), we give the explicit formulas for the traces in the
simplest cases, which can be determined by solving the difference equations
and examining the analyticity by the integral formulas. The formulas (A.18)
and (A.19) are special cases of (8.22) but are listed for comparison. Notice
that the formula (A.18) vanishes at z = ¢2. In general, we have (see 8.4)

try(a,) (qw‘l’m Q) ‘I’un(Cn)) =0.

We will give the derivation of the formulas (A.17) and (A.18). Essentially
it is a repetition of the argument in 4.2. In 4.2 the parameter z was set to
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¢®. We also assumed a certain analyticity property, which we derive here

from the integral formula in this section.
Set

££(0) =ty (sP(@8M ()28 () £ 80V ()2V(()))

where { = (2/¢;. Then, as in 4.2, we have

~©) = f+(=0), (8.23)
fe(=Q) _ 144C
Q- arc e (824)
From (A.6) we have
-1
f+(_q) = (zxg)oo

It is easy to check that (A.17) gives a solution to these equations. On the
other hand, the solution is unique if we further demand that it is holomorphic
for ¢ < |¢| < z7'¢7!. Let us show this property by using the integral
formula. Specializing to the present situation and setting z = (2, we have

2,212/ ,.2 1
v iaey (2PN (C)BEV () = (i)

{g*z?}?
dw O,4(-z¢%z7 Jw?) « { (1-w)
¢ 2miw (W2)oo(W)eo (2271 /W)oo(4? / W)oo ((g/z—-w/q)
The contour for w is pinched when z = ¢%, z2¢%,...,or z = ¢"2, 27 %¢72,. .,

where the integral may have poles. However, the pole at z = ¢~2 is cancelled
by the zero of 74 (271). Therefore, f1(() is holomorphic if ¢ < |} < z72¢~ 1.
The derivation of (A.18) is similar. Instead of (A.6), we use (A.9).

8.4 Orthogonality of the eigenvectors

We will state the orthogonality relation (see (7.20) for the case m # n) for

the eigenvectors created by the type II vertex operator. We also give a sketch

of proof, although we have not worked out the complete details of the proof.
Before going into the general case, let us consider the special case,

GO(6,6) = trvay (2P UL (E)V(E)) -
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This is a meromorphic function of ¢ and ¢ as given in (A.18). We are
interested in the poles of GSL,(f, €') that are located near the submanifold

€] = |¢’] when z is close to ¢%. The formula (A.18) shows that there are
poles at £2 = €2 and €2 = ¢*z~2¢"2, From (A.9) we see that

i 1
GL.);;’(fvf,) ~ 5##' 7 X gtrV(Ai) (zD) 52 i 6/2-
g

On the other hand,

vy (PPUOBE) = v, (PEE)(0))

GUZY (—qt,—g7'2¢).

Therefore we have

i 1 _
G‘(h)“:(f,fl) ~ —5#“1——1 e X I v(a,y) (zD) €2 — gtz
LY

Since try s, (zD) = try(a,_y) (zD) = (z;2%)3}, these two poles cancel
each other at z = ¢, Thisis easily seen from (A.18) since it is identically zero

at z = ¢%. A question arises: Is the norm of the eigenvector (;),,(€]€") (i),
identically zero? The answer is NO, but

(1€ ) Gy = 8,06(E2/€7),

where 6(€?/¢"?) is Dirac’s delta function in the sense given below.

We assume the reader knows the definition of Dirac’s delta functions as a
sum of boundary values of holomorphic functions. Take the real coordinate
6 on S = {£ €] = 1} where £ = e*. By 6(€?) we mean the delta function
on S! supported on £2 = 1;

1 1
AN
5 = 1 — e2i(0+i0) — 7 _ e2i(6—-10) "
We have
by dw 1 N 1
V. C 2miw (1 _ %)(1 _ %Ug') 1 — e2i(61—02+10) "

Here the integration contour C is such that £2 = €2 is inside and £2 = %2
is outside. The symbol b.v. means taking the boundary value near the real
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manifold || = |€;] = 1, the integral defines a function holomorphic in the
imaginary direction |&] < €], i.e., Im8; > III102 Therefore, we take the
boundary value of the meromorphlc function 1—?;—/—7 from that direction. In
other words, the left hand side can be replaced by the integral on the real

manifold S = {w = "},

d\ 1
21 (1 — ¥ (21-A+10))(1 — ¢(A=263+i0))’

With this understood let us proceed to the general case.
Consider the trace function

trya (2P un(én) - V(&)

The integral formula tells us that this is a meromorphic function. We claim
that it is identically zero if £ = ¢%. The reason is as follows. Set

FO(2;6,--,6) = trya,) (xD\I!(En) ...w(&))
Z T v(Ay) (zD\I’un(fn) Wy (51)) Vyy @+ @ Vpy-

Byl

This is a meromorphic function taking its valuesin V®---® V. Suppose that

(€n,---,€1) € (C\{0})" is a regular point of F()(z;¢,,---,&). Consider the
actionof ' on V®---®V,

P=py® ® P

where, for a comlex number £ € C\{0}, p¢ denotes the representation of U’
such that

p(to) ™! = p(ts) = (g q‘fl) :

peo)=(§ o)s si=(% o),
oen= (3 8), sm=() ).

The vector F)(g?;€,,---,£;) behaves as a singlet, i.e., a vector in the one-
dimensional representation, under the action of U’. For example, take e; €
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U’. Because of the intertwining property of ¥(¢) we have
p(ej)F(i)(.’L‘;é'n, e v&l)
- D . . D,.
=tr V(A,) (.’L‘ W(En) cee ‘«Il(fl)e]) - p(tJ) tr V(A:) (:L' CJ\I’(f") i \I/(fl)) .
Using the properties
zDej = z“leja:D,

weight of (tr V(A'.)(:cDej‘Il(fn) e \I!(fl))) = weight of e;,

we have

p(t5) v iny (sPe; 9(6) - 0 (&1))
= ¢*a vy (2P &) - U(E)e;)

Therefore, letting 2 — ¢% we have

p(tJ)F(i)(q2)€n7' o aé]) =0.

On the other hand, if (&, -,&1) is generic, the representation p has no
singlet [17). Therefore, the vector F()(g2;¢,,, - -,&1) itself is zero.
Now, consider the meromorphic function

G#ly"',#mﬂﬁn'"-#i (l‘; 61’ e afm:éyl‘n e )f{)
= trvin) (£ W (60) W (E) U3, (€1) -+ W3, (€1)

and set

G(i)(x;fla o '76771)51/17"'16;)
= Z Guh-".#mu;,,"-,u; (IZ};§1, T a§m7€;n T 761) X

Ly b by oo,
XV @ @ Uy, ® vyt @ Qv

We will examine when z is close to ¢* the singularity structure of G near
the real submanifold

61 =161 =1 Vi,k, (8.25)

which is equal to (S1)™*”, Using the integral formula, we can show that in
the vicinity of (8.25) the only poles are =¢&%org? = x2q~42. These
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poles are simple. They arise because the contour for an integration variable,
say v, is pinched by the simple poles of the integrand of the following types:
v—fza,ndv-fk,v—q"zfza.nd'v—z g%, or v = £2¢7%¢? and
v = qgfjf. Looking at the contours more closely, we see that the pinching
by the poles v = 52 and v = £,% is such that the integral has a well-defined
boundary value on (8 25) from the imaginary direction €3] > |€;?|. Similarly,
the pmchmg by the poles v = ¢72£% and v = z72¢%¢;2, (or v =z%¢ %€} and
v = ¢%¢,?) is such that the mtegra.l has a well-defined boundary value from
1€42] > |§2| Summing up, the integral has a well-defined boundary value,

bv. GO(g% 61, sy 60) (8.26)
n (S1)™t",
For an element w of the n-th symmetric group let
W= Wigj, - Wirj

be a reduced expression in terms of elementary transpositions w;y; (¢ < 7).
We set

R = Riyiu (G /65,) - Bivin (6, /651)-
With this notation we claim that (8.26) is equal to 0 if m # n, or equal to

¢ itk
0" T sgnwRe H( ) 562 )

wESn
le-‘l Q@ ® Vun ® U—uw(,‘) ®--- ® v"”’w(l)’ (827)

if m=n.
To show (8.27) the key observation is the residue formula

trviay (22 (6) - W (Em) ¥ (61) - U (€1))
_ géum,#n('&:)t—*’n-{'—_n
- - &2/

XAy (A;) (xD\I’(El)""I’(Em—-l)\l"(E;-‘l)""‘I’(Ei)) 4 (regular).

This is formally a consequence of (A.9), and can also be derived from the
integral formula (8.18). Because of the R-matrix symmetry the calculation
of the residues at the poles €2 = £;% can be reduced to the special case
(8.28). In any event, the residues of these poles are obtained inductively.
Noting this and using the fact that G (g% &1, -+, &m, & -+, €)) is zero as a
meromorphic function, we have (8.27).

(8.28)
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Chapter 9

Correlation functions and
form factors

In this section we study various specializations of the formula in the previous
chapter. They are the correlation functions, i.e., the vacuum-to-vacuum
matrix elements of local operators for the XXZ model, the form factors, ie.,
the matrix elements of Pauli spins with respect to the eigenvectors of the
XXZ Hamiltonian, and the matrix elements of the products of type I vertex
operators with respect to the highest weight vectors. We also discuss the
completeness of the eigenvectors created by the type II vertex operators.

9.1 Correlation functions

First let us consider the correlation functions for local operators. We will
specialize the trace function (8.1) to

in order to apply the formula (7.15).

Recall that the matrix unit operator Ei,re) acting on the site r is realized
as (7.7):

ED) = 709 (487,(1)8,(1) ®1d ) T (9.1)

We generalize the situation slightly by introducing the spectral parameters
¢; for each column j. Let us set

EQN Gy ,6) = AdT(G) ™ AdT(Gror) ™ (985(C)8:(Cr) ®id ) (9:2)

109
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Then, by using (7.8), (7.9), (7.12), (A.6), we have the following formula for
the correlation function

{vacl B (G-, 6a) - BS) (Go)lvackyy = x~'g™ x
Xty (a,) (qw‘l’-e; (=07 By (=472 0n) B (Gr) -+~ By (G2 )) :

The integral formula for this is obtained from (8.21) by letting m — 2n and
specializing variables as

(1’" ' >Cm - “‘J-ICI," ')-q_ICn)C'rn" : ’Cl'
Notice that the specialization ¢; — —q~1¢; (7 < k) in (8.21) causes no
pinching of the integration contour (8.19) because of the factor [Ti<.(g2; -

¢ wa) [Tack(2k — we) in the integrand.

The resulting formula reads as follows. Set z; = C} again, and set further

h2) = ("2 6*)oo(4%2 75 ¢%)co,
A={l1gi<n ef=-1), A={j|1<j<n, ¢j=41),
=44 s= 1A.

The selection rule (8.16) this case reads as
s +s5=n.
For each o' € A’ (resp. a € A) prepare an integration variable w!, (resp.
we). Writing A" = {a},---,d,}, 4 = {a1,--+,a5} with @} < -+ < &/,
a1 < -+ < a4, we arrange them as
(771""77771) = (w;'l’“"w;',:’wau"'vwal)' (9'3)

Then we have

OVaclES (G 6 BY) () lvac),

dw’ dw
. , _1\N+s _ N a’ a
= bgrqsm X (—1) (=9)"g H fé, 27ri(w(’1, — Z41) ag}g 2mi(w, — 24)

a’eA’
2.,/ 2 .
x ]:[C(f«‘;—ff,)/2 H i~ qw,, H Wa — q°2; H Mk — 7
J 2 —w W, — 2. 771:—(]277'
J a'<jgn J a' agj<n a 7 i<k 7
aleA’ aCA

RO T < 25/ 2k )h(n; ) i) i T 200 (ﬂﬁ)t
X s h(ns/ 2k) 0, ( q I]I J/n,) T ) (9.4)
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Here (n+1)
N = ! _mrr)
DI EDILE R
a'€A’ a€A
The contours C’, C are such that

¢’ : ¢¥z(j > 0) are inside and ¢~ %z;(I > 1) are outside,
C : ¢¥z(1 > 1) are inside and ¢~ ¥2;(j > 0) are optside‘
Notice that the formula reduces to 1 if n = 0 because of the equality
O (_q2+4i) =g
The correlators of the homogeneous lattice are given by setting (; = 1 for

all §.

9.2 Form factors

In much the same way as with the correlation functions, the form factors of
a local operator O

@{(vac|Oln, 1 61) sy (m 2 even)

are specializations of the formula (8.18). Note that the cyclic property of
the trace and (A.5) imply the relation

(i)itmt1,bin <£m+l, T fnlolgl’ Tt ,gm )ul»"'|#m§(i) =
(i4+n-m) (va.c|(9|§1, T 1€m> “Q£m+ly Y _q§n>u1,~--,p.m,—um+1,~~~,—u";(i+n—m)

as a meromorphic function in &,---,&,. We consider here the form factors
of the Pauli spin operators O = of. Thanks to the Z, symmetry

(,-)(vaclal" lﬁn, te >§l>un,-‘-,u1;(i) = (1_,')<Va,C|0'i+.|§n, e 7§1>—#m'“v"#1;(1—i)
(9.5)
it suffices to consider of and o%. We give below the results for the n-particle
form factors of of where n is even and a = +,2. Here we use

(0'u3 0% 0%)oo (5 0% 6%
(Pu; 0% ) oo (Pu Y 4% %),
(g% ¢4 ¢")oo
(6% 6% ¢* )0

7(u)
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As before we set
Bz{k,ISkSn,pk=+}, t:ﬂB$

and the indices b,d’ run over the set B.

iy (vaclof |€ns 3 €1) i)
Hk<kr7(uk'/uk) Hf —(14px) /2
nk( quk)q4)oo( q uk ,94)00
T o T -2 [ 57

k>b

H( q 'vbl 2)00( qa/vbaq Yoo

1
. H 5 (uk/v63 6% )oo (47208 / ki 4*)oo =

X H vy vy — 7 205) (V8/ V573 €)oo (@20 /63 6% Yoo X G (v, 1).
b<b

Here uj = —¢# and

G+ _ 2—-n+41 Hbvb
T(v,u) = H( vp) ' x Og < Theur )’
_n2 _ (8-in —o\B n n

C:,,' = 5t,n/2-1("‘1) B - : 1(1 - q 2)’ 1(‘12;‘14)00(114;‘1 Joo o,

: dw W T(-w)
Gi(v,u) = Cyz;‘f : .

{) H et ve- 2miw (w3 9%)oo (62 /w5 ) oo
o T gui /oo (=P 0/ ki o0 ( N | )

qs —q ’

Hb( Lo /w5 ¢2) oo (— P w/ Vb3 4%) oo w? [T uk
_n (-in _
Coi=bpnp(~0)" Tt 3 (1- ¢ D)2(¢%¢)%(e* ¢")ad o™
The contours are
24l

C : ¢"ug (I >0) areinside and ¢°~*u; (I > 0) are outside ,
¢t . ¥ (1> 0) are inside and g~ ¥ 1 (1 > 0) are outside ,
—¢~ %y, (I > 0) are inside and — g~3"%4y, (1> 0) are outside .

We remark that because of (8.22) the 2-particle form factors for of has
the simple form

(i)(vac|af“|§2,gl)__;(1,)/(__[])1_;6%_;&%_':
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3 2 7(52/51) ( 5125—2 4:)_

= (% ¢")oo(a*; ¢*)3p I—Ik_”@q‘(qa/fz)

9.3 Matrix elements
We will give the integral formulas for the matrix elements ?,

(Ail@e; (1) Bem(Gm)Aigm)

and
(A;I‘I’;l (fl) tor ‘I’;m (fm)lAHm)-

If m is even, we set £ = 0 in (8.21). Then only the highest weight
vector contributes to the trace, and we obtain the highest-to-highest matrix
element. The case of odd m can be handled by specializing this further to
(m = 0. To see this, consider for example

(Ao|®e, (C1) -+ Bepy (Cm—1)|A1)  (m :even). (9.6)

This is non-zero only if §{j;¢; = +} = §{j;e; = —} + 1. If it is the case, we
get (9.6) by specializing

(AOIQ.‘:](CI) e:m 1(Cm l)q) (Cm)|A0>

to (;n = 0.
The integral formula reads as follows. Following the notation in (8.21)
we have

(A0|‘I)e1 (Cl) e (I)em(Cm)lA"J
= (A1 P-e; (C1) - P (G )AL 4m)

m . 202 /¢2, g4
= (—q)SQ—z:aGA“(l _ q2)s H <§1+€,)/2—]+23 H .((]_CJ_{&——?_)—Q

i=1 i< (q“Cf//C};q“)oo
dwa {lag wa Wgr)(Wa — ¢*war) ( )
a<a 6m, s We + 6m,2s—1
H j{ 27 [Tjca(C? — wo) Tagj(wa — 2¢H) \ ™ ag,

(9.7)

The contour C is given by |¢*C?| < |w,| < [¢?| for all 7, a

!For convenience we extend the suffix for the highest weights by A; = Aiy2
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For instance we have

(Am|@(1ym(1) -+ @4 (1)@ (1)|Ao)
m(m-1)/2 ,

(4% ¢%) ) dwy
=(1=-¢?) 221 00 ]{ —k
( e ) ((q4’q4)oo kI;[l q2<|wk|<1 27”

ek (wx = wi)(wi — wy) s
[Ties (1 = we )51 (wy, — g2ym-2h42 bm 20 kl;ll Wa + &m 201

We conjecture that the m-th root of this quantity has a limit when m — oo.
(See Section 2 and Appendix 3 in [23].)
In principle, we can obtain a formula for the matrix element

(Ai]‘in(cl) T QCm(Cm)lAH-m)’

that contains no integration: Using the R-matrix symmetry (A.1), we can
reduce the general case to the extreme case ¢; = -+- = ¢, = + and Es41 =
© = €m = —. For the latter, the integrals in (9.7) can be performed
successively. Consider the integration for w;. The only pole in the variable
w; that lies outside of the contour C is wy; = (. By taking the residue at
wy = (%, the integrand reduces in such a way that the pole at wy = (¥ is
cancelled by the zero arising from the factor w; — w,. Thus we continue the
process of integration. The explicit formula is as follows. Let i,5 = 0,1,
t—J =m mod 2, and )
m+1-:1
s = [————2 J.
Then we find

<Ai|q)+(cl) Tt ¢+(C3)¢—(Cs+l) T (P—(Cm)lAJ')
- (_q)s(s—1+2i)/2 H C:—m+1—j H Ct—m+j
1<k<s s<k<m
(%R /¢h4*)oo 2 _ 2,2 2 _ 2,2
" lfkg’srn (Q4Cf:/€§; 7)o 15k1<_‘1[c'5s(6k o )a<k£}['5m(Ck Tk

The matrix elements for the type Il operators are quite similar. We have

(AT (6n) - W (Eeq1) W (&) - - O3 (60)]Ag)
___(_q)—t(t—1+2i)/2 H Ek—k+1+i H E}:k+2—i (98)
1<k<t t<k<n

(€8/&83 0*)oo 2 _ =202 2 =22
x ] (q—2§g/§g,;q4)wlsn (b -q7%0) ] (€h-a%0)

1<k<k' <n E<kI<t t<k<k'<n
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where 1,7 =0,1,i— j = n mod 2, and

-2

9.4 Completeness relation

The completeness relation (7.21) amounts to the statement that for any
f, f' € F we have

g d¢, d
(i f) = _2(;11;);4».2,;41 n' 27r€z'§n 275161
Xtry(ay (FU5(6) - ¥, (E1)(=0)P)
XA v (a;) ((—Q)D‘I’m () ‘I’un(fn)f') -
Here the integration is taken on the unit circle |&] = 1. Let
by € V(A), [ohe VA, (W)€ ViAD, (V)€ V(A
be arbitrary weight vectors. Taking f = |u){v| and f' = |v){«'| we obtain

/ ! 19" eg ut+degu’ dﬂ d
Whoolo) = 2 x‘%(—q)d‘”d“ s f
T 103, (6 ¥ €N T 6 T
' (9.9)

At present we do not have a mathematical proof of these statements.
Here we give a plausibility check of the simplest case choosing |u), etc. to
be the highest weight vectors. Eq.(9.9) then reduces to the equalities

_ d, de
X = ; 'n’ f 27”671 e 27['2'61 (910)
X Z (Aol W3, (€n) -+ W% (€)|A0){ Aol ¥, (1) Wy (€4)IA0)
_ g [ dén dé;
- ; n! f orit, ) 2mig, (9.11)

nodd

X3 (A8 (€)W (60 A0) (Aol iy (€1) -+ ¥ (Ea)IA).
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Let us estimate the order of the summand as ¢ — 0. From the explicit
formulas in the extreme case (9.8) one verifies that

(Aol (£2e) -+ U641 UL(E) -~ TL(61)|Ao) = O(¢7/2),
(9.12)
(M| W% (Eat-1) - W€y ) VR (&) - - WL (&)|Ao) = O(g3*-30/2y,
(9.13)

In the last line ¢’ = ¢ for the upper sign and ¢ = t — 1 for the lower sign.
Define al—‘l:‘".#n(&l’ T £n) by

. . (E2/&8: 0%
n|Y n)c e ¥ = —E s w1rmn &1y En).
<A | pn(€ ) 751 (El)lAO) kI;{[ (q_2£z/€]zlaq4)oo Xa (El £ )

They satisfy

202
a’"‘:Fi:'"('"3£k+1a£k7"') q]é( d gg)a T ( "7Ek1£k+17"')
£1-¢%)

+ iz 52)a---;t¥--~(' &k, 8k ),

where £ = &/€kp1- Thus each time the neighboring +— or —+ is inter-
changed one picks ¢~! at worst. Let S, stand for the sum Dm0 AN
(9.10), (9.11), respectively. Using (9.12) or (9.13), and taking into account
the remark at the end of Chapter 6, we find that

Sn o(¢'*1y  (n =21),
o(¢"+)-?y  (n=2t-1).

For small n, the above recursion formula along with (9.8) allows us to
calculate the a,; ..., (&1, -, €,) explicitly:

at(f) =1
(1_+(§17E2) =1, a+_(fl,§2) = —q”lg_:’
2
a’++—(€1a§27§3) = —(]—1-5z (1 - q—2§_;> ,
€3 &;

a4-4(6,6,86)=1-¢7*=% El

3

2
a—++(€1,82,63) =._q—1% (1 - q‘2%> .
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Hence if the first two terms are taken, (9.10), (9.11) becomes respectively

M (£7%9Y)o0

_ 92 2
x o= 14504 )}{27ri£(q"£2;q“)oo(q“2§‘2;q“)w+
= 1+¢+g'+-
and
_ 1.9 & (€&/€ki9 0 (ER/€R 0 )
X = 9% Hf?’”fk 1<k<k'<3( -251;/61;:,‘14)00 (q'2§k,/£k,q)

-8 (1+2q2+2q6+q8—q4 > 62/53')+

1<k#k'<3
= 1+ +d* +2¢°+ 2%+,

which agrees with the formula for x (7.14).
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Chapter 10

The XXX limit ¢ —» -1

In this chapter we give integral formulas for the correlation functions and the
form factors for the XXX model by taking the limit ¢ — —1 in the formulas
for the XXZ model.

10.1 The XXX limit and the continuum limit

We begin by a remark on the meaning of the limit ¢ —» ~1. Let us transform
the XXZ Hamiltonian (1.1) in the naive picture into an equivalent form, by
conjugation under the operator X = [];.,qq9 0. Since 0%, 0¥ anti-commute
with 0%, we have

KHxxzK™ = 53 (of0fy1 + ofol,, - Adfofy,).
k

[\

Namely the result is again the XXZ Hamiltonian but with A negated and
the overall sign in front is changed. In particular, in the limit ¢ — -1,
the transformed one gives rise to the negative of the XXX Hamiltonian
—Hxxx. Of course, such a difference by an overall sign is irrelevant for
a finite lattice. It matters however in the large lattice limit, where one
focuses attention on the lowest eigenvalues of the Hamiltonian and the “finite’
deviations from them. For instance the ground state energy for — Hxxyx is
the largest eigenvalue in the context of Hxxx. The Hamiltonian — H xxy
is usually referred to as the XXX Hamiltonian in the anti-ferromagnetic
regime. We will obtain below its correlation functions and the form factors
as the limit of the corresponding quantities for the XXZ model. We will
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find that the parameters C}, —E?- (entering the type I and type II operators,
respectively) must be scaled near the point 1.

Let us mention here about a similar but different limit, namely the limit
to the continuum field theory. Consider for example the two-point correlation
function (0%, ,0f). Inserting the identity operator (7.21) we have

d¢, d - -
@fvaclokoilvac)yy = Y Z n'f 27rf§,, 2751& HIT(EJ') N
]:

n>0, &g,
n:even

X (i+N)<VaC|af |£‘m RN )en,---,e1;(i+N)(i);c1 ;' En (fl, toe ,{nlaflvac)(,-).

To take the continuum limit we let ¢ — —1 and N — oo at the same
time. Because of the oscillatory nature of 7(£) = =) (7.18), the main
contribution comes from the point p(6) = 0, or equivalently £ = 1, as opposed
to the choice in the XXX limit —£2 = 1. Setting £ = (—¢)~%/™* with g8
fixed, we find that the momentum and energy functions (7.18), (7.19) scale
respectively to

p(8) = K sinh B + -+, €(€) =7k'coshf +---.  (10.1)

Here k' = /1 — k? denotes the conjugate modulus for the elliptic functions
with nome —g. Setting 7'/ K = ¢ we have in the limit e — 0 (i.e. K" — %
and K — o0),

k/ ~ 46-—1\'2/25.
In view of (10.1), we must let the lattice spacing N tend to co by keeping

k’'N finite. This means

2
N ~ const.e™ /2%,

Naturally we expect that the limiting relativistic field theory is the
SU(2)-invariant Thirring model (or the chiral Gross-Neveu model) treated
in [65]. In this volume we will not discuss this limit any further.

10.2 Scaling

For later use let us first list the behaviors of basic functions. In the limit
p — 1 we have

1-pt—

I'z) ~
0,(-p%) ~ (2m)/*(1-p)7H/2 (10.3)

(P*iP)oe ~ (PiP)oo (10.2)
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We use also the following asymptotics:

L A\1/2-0/4 .
1o() ~ (g4 ql) v :U(Z)’ 2= ()P, (104)
T (_2_ + _> a( 2 )

where for 0 = +,0,— we set

Aa(ﬁ) = exp (— '/000 ESinh? z(l — ﬂ/"”.) e—-az) .

z sinh2zcoshz

To verify (10.4) we note first that

b

n Nm 1 4
log JI (t-app-pim)= Z(1~pl) -

ny,,nm >0 (1 - picn) k

Substituting —¢ = e~¢, z = ¢?*/™ and using the definition of v,(2) (8.17)
we have

sinh 2ks cosh ke k

70(q—2) & sinh¥(ke/2) ehee
((-9)**°;¢%),, = sinh2kecoshke k

_2) _ kz: sinh?(ke(1 — B/mi)) e7Feo

log

Setting z = ke and letting e — 0 we find that the left hand sides of these
equations tend to log A,(B) and —log A,(7i/2), respectively. The formula

(10.4) follows from these and (10.2).
10.3 Critical values of the correlators

The XXZ Hamiltonian reduces to the XXX Hamiltonian when ¢ = —1, i.e.,
A = —1. To get a non-trivial limit of the corresponding R-matrix, we must
scale the spectral parameter { at ( = 1: We set

¢ =(g") P

The R-matrix then scales to

P+ —1I
+ ors ]
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where P is the transposition and I is the identity. For simplicity we ignored
a scalar factor in the scaling. We employ the same scaling for the variables
= (? in the integral formula (9.4).
Let us examine the behavior of the integrand of (9.4) in the limit ¢ — —1.
The crucial factors are the function h in the last line. We have

hz) 1
(@5 )2, r(1- £)ra+ &)

if z = (g?)~A/™",

If we keep z away from z = 1 and let ¢ — -1, then the left hand side
diverges. Since we scale the variables z; it is also necessary to scale the
integration variables 7; in (9.3). In other words, in the limit ¢ — —1, the
main contribution to the integral comes from the integration near n; = 1.
Therefore, we put

—a! 1 — {
wy = ()70, e = ()7
As in (9.3) we arrange them as
(711" '7771) = (a;’l""90:;:[300,1"'7001)

In the limit ¢ — —1 we find the following.

lim ; (vac|E JGa) - EEI(Cl)Iva'C)(t)

- MH/+27M a,——ﬁa)H/c 27rz

ag€A’ a€A )

B — o, + i aq — B + i
N Pji—ay+m Qa— PjT M
H By = o H % = fj
a <]S" a<jgn
« H (sinh('y;c — v;) sinh(8; — ﬂk)) H Vi — Bk

o=+ Bi—PBr )y sinh(y; = Bk)

i<k
Here

M= Za+2a+s n(n+1)

a’€A! a€A
The contours C* are such that for all k and o € C* we have

ct . Imﬂk<Ima<Imﬂk+7r,
C™ : ImfBy— 7 <Ima < Im Gy,
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and their orientation is from Rea = oo to Rea = —00. As we expect, the
result is independent of the sector 4+ = 0,1. Setting all the spectral parame-
ters Bk to zero, we get the integral formula for the correlation functions for
the XXX model. These formulas were obtained in [60, 50].

10.4 Form factors in the limit
We expect that
1
(i (vac|of &, - vfl)un,-".m;(i)(dgn e dby)?
scales to a finite limit. The correct scaling is given by
u(=-g) = (@™,
vy = (q2)—ab/7ri+l/2‘

The shift 1/2 in the exponent of v; is chosen to make the formulas neat. The
crucial point is that the scaling is taken at ux ~ 1 and vy ~ 1.
To see that ux ~ 1is the correct scaling let us examine the simplest case

(o) {vaclof [€2, 1) - 0)

= (o0 e () O )

[Ti=12(— 0%/ uk; @)oo (—qtki §%)oo

Notice the following behavior in the limit ¢ —» —1;

(@40 ~ Ci(g%q")oot?,

14(07%) ~ Cala%a%)set

Y-(u2/u) ~ Cs(g*q oot

(=2 /uk; ¢ )oo (—qui; §*)oo ~ Cu(g*;q?)
Ogp(—1/uju) ~ Cse™2,

’
o€t
26

%

[ME

where C; are finite. Therefore, we have

(o (vacloy [€2,€1)__0) ~ Co el

Since

(deadéa)} ~ Z=(dfadf ),
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the scaling for uy is correct. In fact, if we keep uj away from 1 in the scaling
process, the factor (o) (vaclof |€2,£1)——;(0) is rapidly decreasing.

We scale the form factor at ux ~ 1 in general. Since u; = —-6,3, there are
two choices of the limiting value of £; & = +i. Since

|£n’ e aEl)c",m,n;(i)(i);gl,...,5" (El’ e afﬂl

is even with respect to the sign change & — —§&; separately, without loss of
generality we set {x ~ 1 in the scaling.
Now that the scaling for uy is fixed it is easy to see that the scaling for

the integration variables vy (and w for 0f) must be taken at 1. We have the
following.

(I' (VaC|Ula|€TH e 751)}‘1\) ol :/-‘11(")

- A-(Bw = Bx)
~ 12 H 7‘.2;2){‘ 1k/4)H smh(m/‘l Bi/2)

ki A
dab
<1 5t s o= pt 3 )gk(ﬁk—awg)
ﬂk 1 ap— Pk
XHF<——+ ) (_Z 21 >

X Hsmh oy, [] (@ — o + i) sinh(ap — o)
b<d!

XG (a, B).

Here

. ; -n/2
5"’(01,[3) = in2/4+n—21 (%) 2'3"2/4+n/27r—7n2/8+9n/4—1,

: -n/2
(_1)n(n+2)/8+1 (A;"((;r/zif)> / 2—3n2/4—n7r—-7n2/8—-n/4

da 1 1 ) a 3 7ri)
/;‘1+02 27t sinh I;[ sinh( N Ikl sin ( 2'6 -

The contour C is shown in the following figure.

G (e, 8)

X
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X X X
Br— %

Figure 10.1: The contour C

Tt X ap + T
'672 X X X
0 X Qay
— X X X
C, -
—miX ay — i
X X X

Figure 10.2: The contours C, and C,
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Chapter 11

Discussions

We end these lectures by mentioning some related works. There are various
classes of models to which at least part of the present method is applicable.
We will briefly survey these extensions and the difficulties that arise. We
also touch upon mathematical works concerning vertex operators and the
g-difference equations.

11.1 Other models

So far we have been focusing our attention on the six-vertex model in the
anti-ferroelectric regime and its spin-chain equivalent, the XXZ model with
A < —1. Here we wish to discuss the possibility of extending the present
scheme to other known models, and difficulties as well. Specifically we will
touch upon the following different categories of models.

(1) Vertex models associated with various quantum affine algebras and
their representations,

(2) RSOS models of Andrews-Baxter-Forrester and their Lie-theoretical
generalizations,

(3) Eight-vertex model,
(4) Ising-type edge interaction models.

The category (1) is a straightforward generalization of the six-vertex
model. In principle the present method is applicable to such models when the
underlying finite-dimensional module V is ‘perfect’ [44]— loosely speaking
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this means that the highest weight module of a fixed level can be realized as
a half-infinite tensor product of V. The representative examples of this sort
are the higher spin analog of the six-vertex/X X Z model based on the (k+1)-
dimensional representation of Uy(slz). It has been known from the Bethe
Ansatz method [69] that, in the anti-ferroelectric regime, the excitations of
these models always carry spin 1/2 irrespective of k, and that the single-
particle eigenvalues of the transfer matrix are given by the same function
7(¢) as in the case k = 1. Moreover the multi-particle states do not have
a simple tensor product form but obey an RSOS type restriction [62]. In
[34] these models are studied in the framework of the present method. The
relevant highest weight modules are level k& integrable representations of
U (312) The particle picture provided by the VO’s is in agreement with
the known results mentioned above. The case of k = 2 has a particularly
nice feature, for the level two modules of Uq(.;lg) have explicit realizations
in terms of bosons and fermions [15]. The corresponding VO’s and integral
formula for the correlation functions are worked out in [33, 16].

As an example of higher rank algebras, the X X Z type model correspond-
ing to the n-dimensional representation of U,(sl,) is studied in [51] (see also
(22]). On the basis of the Frenkel-Jing bosonization [31], the formulas for
the VO’s and the spontaneous staggered polarization are derived.

All these works concern the anti-ferroelectric regime of the models. In
exactly the same way as for the six-vertex model the correlators are expressed
as traces of type I VO’s and the eigenstates are described by the type Il VO’s.
However, it is a rather non-trivial problem to solve the difference equations
for the correlators and form factors. We will come back to this point in the
next subsection. In practice the bosonization is the most efficient method
for that. In the case of general level, there exists also a bosonization based
on the Wakimoto modules, but the expressions for the currents become far
more complicated than for level 1 [54, 57, 64, 5, 6, 46, 1]. To our knowledge
the treatment of integrable modules and the calculation of the traces of VO’s
have not been accomplished so far (see however [48)).

As we already mentioned, our method is not applicable to the massless
regime |A] < 1. The model being critical there, the corner transfer matrix is
no longer well defined. We have no direct hint concerning the representation
theoretical picture of the space of states.

Next let us come to the second category (2) cousisting of Interaction-
Round-A-Face(IRF) models, or face models for short. In contrast to the
vertex models we have been discussing, here the Boltzmann weights are
associated with configurations around each face (an elementary square) of
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the lattice. While the local ‘spin’ variables of the vertex models live on the
edges, those of the face models live on the lattice sites. In the models based
on Lie theory the states that the local variables assume are identified with
the weights of the Lie algebra. The Boltzmann weights of these face models
are written in terms of elliptic theta functions [3, 18, 19, 42, 38]. Their
true nature was subsequently clarified to be the connection matrices for the
qKZ equation [32]. In [40, 30] the present framework is extended to these
models, again in the anti-ferroelectric regime usually referred to as regime
II1. The mathematical formulation is a relative, or coset, version of that of

the six-vertex model. In place of the highest weight modules themselves, we
consider a tensor product of two such:

V(&) ® V(1) = U @ V),
A
where

Ump={vEV() V(1) |eiv =0, tiv=gM)yVi}

denotes the space of highest weight vectors of a definite weight A. The corner
transfer matrix of a face model splits into blocks in which the local variable
at the central site is fixed to a state A. The Q¢p.» is the space on which the
corner transfer matrix is acting; in other words it is the piece of the ‘left
half’ of the space of states where the central site is in a fixed state A. The
choice of (£,7) accommodates that of the boundary conditions. The whole
space of states is @x{ena @ Qfry.y- This formulation has been guided by
the foregoing results concerning the spectrum of the corner transfer matrix
[18, 19, 42, 44, 21]. The VO’s for the RSOS models can also be formulated
mathematically. Their relation to the VO’s for the vertex models is discussed
in [30].

Beyond the models discussed so far, the representation theoretical inter-
pretation of the space of states is not known. Nevertheless there are examples
for which the corner transfer matrix along with the ‘physical’ arguments in
Chapter 4 enables us to formulate the VO’s {39, 30].

The construction of Chapter 4 carries over almost word-to-word to the
third category (3), the eight-vertex model. By solving the simplest difference
equation, the conjectured formula for the spontaneous staggered polarization
for the eight-vertex model can be recovered [39] (see also [61] as for the s,
case). Very recently an elliptic extention of the quantum affine algebra was
proposed {29], which is conjectured to admit a natural deformation of the
whole structure including highest weight modules and VO'’s.
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The last category (4) comprises models where the Boltzmann weights are
associated with each edge of the lattice. The simplest example is the Ising
model. In fact it can be formulated as the simplest case of the ABF models
as well, so the mathematical formulation of its space of states is known. An
equivalent, yet more direct, approach is also possible: to use the Jordan-
Wigner fermions. In this case the ‘left-half’ of the space of states can be
identified with the fermion Fock space. This exercise is worked out in [30].

Within the category of edge-interaction models, the Ising model has ex-
tensions in two different directions: the Kashiwara-Miwa models [45] and the
chiral Potts models [4, 58, 14]. The Boltzmann weights of the Kashiwara-
Miwa models are written in terms of elliptic theta functions. Though the
mathematical framework for the space of states is not known, the struc-
ture of the corner transfer matrix is very similar to the cases we have been
discussing, and its spectrum can be interpreted in terms of Lie algebra char-
acters [41]. The difference equations for the correlators are worked out on
the basis of the physical arguments in [30]. The chiral Potts models are more
difficult to handle. In all the other models the spectral parameters live on
P! or a genus 1 curve, and enter the Boltzmann weights as the difference
uy — ug of the additive spectral parameters u;.! This ‘difference property’
was crucial for the corner transfer matrix to have the simple structure in the
infinite lattice limit. In the case of the chiral Potts models, the spectral pa-
rameters live on algebraic curves of high genus, and the difference property
dose not make sense. It is a challenge to unravel the structure of the chiral
Potts models, in particular that of the corner transfer matrix to begin with.

11.2 The ¢-KZ equation

In conformal field theory, the vertex operators as intertwiners between high-
est weight modules first appeared in the paper by Tsuchiya-Kanie {75]. It
opened a way to many interesting topics in mathematics centering around
the representation theory, differential equations and special functions. Sub-
sequently the g-deformation of vertex operators was discussed by Frenkel
and Reshetikhin [32] and the difference-equation version of the Knizhnik-
Zamolodchikov (KZ) equations was derived. A rather remarkable fact is
that the same difference equations arise in different contexts.

To make comparison, let us recall the results of [32]. For simplicity we
restrict the discussion to the case of U,(slz) and the evaluation module V,

!We have been using multiplicative spectral parameters {; = e%*.
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with V' two-dimensional. Consider the compositions of type I VO’s between
irreducible highest weight modules V(y;) of level k,

V{pn) = V(pn-1) @ Ve — - — V() @V, 8- ® V.
Define the highest-to-highest matrix elements

F(G1yv+56n) = (uo]@Wor)(¢y) - - @lrn18n) (¢, )| hn)

which are V®".valued functions. Then they satisfy the following system of
difference equations!

F(Gyoo s By 2Gn) = RS, (070G /G) ™ R (07 /)
X D3RG /C) -+ RS (Cil i) PGy oG- (11.1)

Here p = ¢**2, and the R matrix is a scalar multiple of (3.6)

() = o2 =) 1/2(‘12 11000 (2715 0o
RO = o HCHR(EC),  p7N(z) = ST .

The D; are diagonal operators acting on the j-th space

D] = q_¢]+k_2(u]1/\l)+1/2’

P

Fo + fin — kp,

where in the last line & = I(A; — Ag) denotes the classical part of u =
(k = 1)Ao + IA;. Let us call (11.1) the ¢-KZ equation of level k.

The case of level 0 appeared earlier in Smirnov’s works on the form
factors of massive integrable field theory models. In particular the form
factors of the sine-Gordon model satisfy (11.1) with D; = 1. In this context
the parameter ¢ is related to the coupling constant of the sine-Gordon model
but with |¢| = 1.

As we have already seen, the trace functions for type I vertex operators
also satisfy the ¢-KZ equations (4.43). The case relevant to the correlation
functions is ¢ = ¢%, so the ¢-KZ equations are of level k = —4 (here 2h = 4
is twice the dual Coxeter number for sl3). Unlike in Smirnov’s case the
relevant region is |¢| < 1.

!The original equations are presented in the homogeneous picture in [32). We have
rewritten them in the principal picture.
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We noted earlier the difference in the analytic structures between the
highest-to-highest matrix elements and the trace functions: the former are
power series in the variables (;41/(; but the latter contain both positive and
negative powers. The derivation of the ¢-KZ equations for the former makes
serious use of the structure theory of the quantized affine algebras, whereas
for the latter it is based simply on the commutation relations of VO’s and
the cyclic property of the trace. Combining the two methods, Etingof [25]
derived two independent difference equations for the trace functions (see also
(26, 27] for related works).

The construction of solutions to the ¢-KZ equations is also an interesting
and important problem. At the moment three different types of integral
representations are known:

(1) Jackson integral [55, 56, 63, 76, 72, 48]
(2) Smirnov’s integrals [65, 37, 47]
(3) Contour integrals from bosonization.

The Jackson integrals (1) are actually infinite sums of special type, rather
than genuine integrals. They have been investigated for general highest
weight modules and evaluation modules of Uq(sAlg) and Uq(sAln). In order to
get actual solutions one has to determine the possible choices of integration
cycles. To our knowledge this issue has not been settled. In [48] the trace
functions were studied on the basis of the Wakimoto module construction.

So far Smirnov’s integrals (2) have been known only for level 0 case. As
opposed to Jackson integrals these are ordinary contour integrals. Here one
makes a specific choice of the contours and the integrand admits certain
freedom, which accommodates the freedom of choosing different solutions.
Finally the integral formulas (3) presented in Chapter 8 apply only to this
particular solution.

In this connection we wish to mention Smirnov’s works on the classical
limit of the form factors. He gave an intriguing interpretation to his integral
formulas as the quantization of period integrals on Riemann surfaces {66, 68,
67). See also [60] for related discussions.

11.3 Related works

In closing let us mention some other works directly related to the present
volume.
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We defined the eigenstates of the Hamiltonian by applying the type II
operators on the vacuum. Though these eigenstates themselves have canoni-
cal meaning, the operators that create them are by no means unique. In fact
the type II operators are not the most natural ones for the following reason.
As operators on the space of states they act only on the left half, i.e. they
have the form O ®id. If we apply the type II operators to arbitrary vectors
of the highest weight module then there appear negative powers of ¢ which
is hard to control. This is because the type II operators do not preserve
the crystal structure as opposed to the type I operators [21]. From physical
considerations the eigenstates should have a well defined limit as ¢ tends to
0, but it is hard to see from the construction using type II operators. Miki
introduced two kinds of creation operators which act on both the left and
right halves of the space [59]. When acting on the vacuum, each one of these
new operators create the same set of eigenstates as do the type II operators.
They satisfy some simple commutation relations with each other, and in ad-
dition they seem to be well defined as ¢ — 0. Using these he showed that the
form factors of the X XZ model satisfy properties analogous to Smirnov’s
axioms for the form factors of massive field theory models [65].

Lukyanov’s works [53] are concerned with massive field theory. Using
a method similar to the bosonization for our lattice models, he discussed
a construction of the form factors directly in the continuum. He also gave
an interpretation of the type I vertex operators as the analogue of the Jost
functions in classical inverse scattering method [52].

We remark that Korepin and others have developed an approach to the
lattice correlation functions on the basis of the quantum inverse scattering
method. For these works the reader is referred to the monograph [49].



134 CHAPTER 11. DISCUSSIONS



Appendix A

List of formulas

A.1 R matrix

(A.1.1) Parameterization

(1-¢*g (-4
-1— 1 - q242 1-— q2C2

K(() (- (1-¢*g
1- q2<2 1— q2<'2

4(2; 4 o 2(—2; 4 -
(O 484(_2"?;4):‘1((]242;24;00’

where we set

R(¢)

]

[>2]

(%P)oo = [](1 - 2p™).

n=1
(A.1.2) Initial Condition
RQ1)=P
(A.1.3) Unitarity Relation
R12(G1/G)Raa((2/C1) = 1
(A.1.4) Crossing Symmetry
Ron((2/G1)" = 0 Ria(—q7 (1 /C2)of

135
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(A.1.5) Convention of indices

R(Q) v ® v = ) ve, ® ve, R(Q)ed 3

£€1,82

A2 Usly)
(A.2.1) Weights, roots

P=ZAc®ZA ® Z6,

ao + ay = §, A1=Ao+%, p=Ao+ Ay,
(A07A0) =0, (A()aal) =0, (A016) =1,
(al,a1)=2, (a1,6)=0, (6,(5):0.

(A.2.2) Identification
1
ho:do, h1=a1, d:Ao, p=2d+ Ehl

(A.2.3) Defining relations

=1 ¢ =,
greig™h = qhoe;, gt figTh = g
leis fi] = 51‘1%,
q9—9q
ele; — [3leleje; + [3leeje? —ejel =0 (i # ),
Rr =B+ B - K =0 (i #7)
where we set

n

" -4
n)=1—1
) g—g¢7!
(A.2.4) Hopf algebra structure

ti=gq

A =d"®d",
Alg))=e®1+14Qe, Afi)=fi®t7'+1® fi
d") =1, ele)=¢ef)=0,

a(g")=q", ae)=-t71ei, a(fi) = - fits.
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(A.2.5) Axiomatic properties

Azy) = A(@)A(Y), e(zy) = (2)e(y),  a(zy) = a(y)a(2),
(A®id)oA =(id ® A)o A,

(e®id)oA=id =(id ®€)o A,
mo(a®id)ocA=e=mo(id @a)oA.

where m(z @ y) = zy.
(A.2.6) Square of antipode

a®(z) = ¢ %z¢* VzeU.

(A.2.7) Dual modules The dual space M* of a left U-module M is nat-
urally a right U-module by

(v*z,v) = (v°,zv).
For an anti-automorphism ¢ the left module structure M*? is given by
(zv*,v) = (v",¢(z)v).
If ¢ is also a coalgebra anti-homomorphism, then

(My © M) = M;* © M7°,
Homy(L,M ® N) = Homy(M™ ® L, N),
Homy(L ® N,M) = Homy(L,M ® N**).

(A.2.8) Two-dimensional module V = Cv; @ Co_:

e1v4+ =0, ev- = v,

f1v+:'l)._, flv— =0a
*1

tivy = ¢ Ui

(A.2.9) Evaluation module

~
[

vecik.=vPev,
span {vy ® Czn,v:F ® (1 (n € 2)},

il
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with the action:

60(1), ® Cm) = (flve) ® Cm+11 el(”z ® Cm) = (61’0,;) ® Cm+1’
fO('Ue ® Cm) = (elvc) ® Cm—17 fl(ve ® Cm) = (flve) ® Cm—l’

to=1t7", (v ®(™) = (tio) ®(™,
p= :Z: * %
(A.2.10) Dual evaluation module
Ve =V ClC (7Y = V<(+)'° o V((—)m’
V((i).a = span {v} ® Czn’v; ® (21 (n € Z)},
(v ®C™,ver ® (™) = beetOmn.0,

4l (£)+a
p—CE4:2 on V; .

We have an isomorphism

V(s) R V(-—s)*a,:i:l v ®<n — ®Cn
—gF1¢ ¢ ) e — .

(A.2.11) Drinfeld generators

[2k] % — v+
ag,a;} =46 —_——
[ak,a1] = Skt10 PRp—
KarK™'=ay, KzfK™' =¥t
(2] =ik
[akaz?:] - i-k—’)’;l V2zf+1a
£ o+ 22+ & _ 42 & & £
Te1Tl T Ty T T~ T Tk

k=t ik
Y Z Ykt — Y 2 iyl

+ .o

[z, 2] = = )
¢t =42, K= K,
¢‘zrg? = g*ef, fag? =

where 1k, @i are defined by

D ke F = Kexp{(g—g¢") Y arz™F},
k=0

k=1

(e ) oo
Yokt = K lexp{~(g— ¢ Y ax2*).
k=0 k=1
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(A.2.12) Relation with Chevalley generators

— + -
tl—K) Ty = €1, Zg —flv

to = ‘7.K—1, 231— = eotl, (L’_l = tl lfo.

A.3 Currents and vertex operators
(A.3.1) Currents
X*(z) =Ytz
neZ
fas, X%(2)) = £ 2072k %)

(z = ¢F2w)XE(2) XE(w) + (w - qizz)Xi( )XE(2) = 0,
(X*(2), X~ (w)] = Kexp{(g =) 3 apy/2 o éz/yw)

k=1 “Hew

—~K~exp{-(¢g—-¢~ Za kY2 k}______('yz/w)

—qM)zw
Here 8(2) = ez 2™
(A.3.2) Vertex operators
2(0) : V(M) — V(A1-) ® Vg, = ;‘1’5(0@)%7

O Ve ®VI(A) — V(Ai),  THO=Y"(()(v®").

They are normalized as
(M1|2-(O)Ao) = 1,
(M- (O)lAo) = 1,

(A.3.3) Fock space

(Ao]®4(O)iA1)
(Aol ¥+ (Q)Ar)

It

L
1

I

V(A;) = C[a_l,a_Z’ .. ] ® (@nezce/\,~+na> )

(A.3.4) Bosonization

X:h(z) = eRi(z)esi(z)ed:aZ:tB’
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q)(_l-i,i)(<) - eP(<2)eQ((2)ea/2(_q3<2)(8+i)/2c—-i’
—ii dw (1- q2)wC
=+ = —
I P o (e
pr-iey = e P ) e=Qlat?) g=a/2(_ B3¢2)(-0+i)/2 01~

0O X (w)

—i dw *(1 - ¢*)¢ -
‘1’*(1 1,1) - . *(1 i,1) X+ (w .
+ (C) Cr 27[_1 (,w _ q2C2)(w q4<-2) (C) ( )
where
P(2) = zn_ BRI Q) = - D e
Ri(z) - 2021 9Ii]rqu:n/zz ’ Si(z) =F Z?:l fﬁq;nﬁz-n‘
The contours encircle w = 0 in such a way that
C1 : ¢*C?is inside and ¢?¢? is outside,
Cy :  ¢*C?is outside and ¢2¢? is inside.

A.4 Properties of Vertex operators
(A.4.1) Homogeneity

EPo®(()0€P =.(¢/6), EP oW ()0l =u((/0).
(A.4.2) Zo-symmetry
v = 880(), by = L)

(A.4.3) Commutation relations

RG/G) () 8 (G) = (G)d(¢r), (A.1)
V) TG) = =BG Y (GRGG), (A2)
Q)T (C) = HG/) T (). (A3

where
(©) (f—(f}f%
0,(2) = (2P)oa(Pz™"; D)oo (D5 P)oo-
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(A.4.4) Dual VO

() = ®-(-¢7'0), (A4)
\I/:(C) = ‘I’:E(—q_lC)y (AS)
92 2UO2AC) = id, (A.6)
chl(C)(p:z(C) = beye,id, (A’7)
(A.8)
:1 i) *(1-4,4) gbe1<2 G2 . }:’jn- —
(Gee-i9(G) = e (2 SR TR
(A.9)
where - -« means regular terms and

_ %Yo

I ) (A-10)
(A.4.5) Parity

gU-(=¢) = (-1 EI(), (A.11)
V() = ()PF R (A1)

(A.4.6) Two-point functions

6
(Aol®+(C1) 2+ (¢2) o) E—qig—z%?ﬁ%fx{l—gﬁ . (A13)

* * — (C?/C 1
(Mol UL (C)TL(C)A0) = -————( S x{% (A.14)

. _ PGGiee [
(Rol@£(Q)V2(@NAo) = rtn {%1  (A19)

(A.16)

ol

3 2
(Aol ¥%(C1) 05 (G)lAo) = (__C_/L__)_x{

(QC%/CIZ;‘]4)00 ¢

(A.4.7) Trace functions Let { = (2/(1, {2} = (2;¢*, 7).

{g*=?}? {¢*¢*} {¢*2?("?}

ey o) (=7 22(0)92(%2)) = Lo (o) (rerer)
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1 (¢*2;2%)oo (¢%2;2%) 0o
2 ((—qc;w)m(—qwC“l;w)m £ (qC;z)oo(qu‘l;x)oo> (A7)
32 2 21 . 2,2
tr V(Ao)(zD‘I’i(Cl)‘I’x(CZ)) = {22751}2 {f]g(z} {f;’fxgc-l'}
oL ( (47%2;2%)00 (07%2;2%) o0 )
2 \(=4712)oo (=712 )0~ (471(2)oo(g712¢ 15 2)00 )

2 5z2 -2
trV(Ao)(xDQ-i-(Cl)\I’—((?)) = {éggcz} EZ:;zgg_zi@r‘(—a:q_ch)a

(A.18)

2 zz -2
v (2000 () = TR LALE o (e

x(=¢71¢). (A.19)

A.5 Principal vs homogeneous pictures

(A.5.1) Evaluation module

V((i) () v, 2=y
Ve ® Cm - v, ® Cm+(i:l—s)/2,

(A.5.2) R matrix

R(¢F/¢3) = K((1/Ca) x
X (C(¢) ® C(G2)) R(G1/¢2) (C(G) @ C(¢2)) ™,

1
(1-2)¢ (1-4°
BN 1-¢%2 1-¢2%
=1 a-gr (-2
1-¢22 1-¢%z

(A.5.3) Vertex operators

e1=(¢) = ¢
vty = ¢%



A.6. SPACE OF STATES 143

A.6 Space of states
(A.6.1) Space of states

F=HQH" = @ =01 F,
H = V(Ao) ® V(Ay),
FED = v(A) @ V(A

where b(z) = (—¢)Pa(z)(—q) P forz € U.
(A.8.2) Translation operator

T = gz Qg(l) ® Q—E(]‘)t’

T = gZCP(l ® *,(1)".

(A.6.3) Local operators

Ee = ¢3:(1)%.(1)®id,
of = Eiz, oi=FE, -E__,
of = T-Ngepn-t,

(A.68.4) Transfer matrix

(9] g Z 2.(0)® (2-(C)),

(A.6.5) Vacuum

(A.6.6) Expectation value For O = ¢ ®id orid ® ¢t

try(ay) (qw(i)¢>

(;)(va,c|(’)|vac)(‘) = T TN
i tr Vit (qu( ))
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(A.6.7) Eigenstates

g—n/zx—l/zq,:n(gn) . \pzl (51)(_q)D(") ,
g )PV 0, (6) - Ve, (6n).

&ns €00 e, e0i60)

]

(i)ie1,en (517 to »£n|
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