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1 Introduction

For a compact Kéhler manifold X with vanishing first Chern class, the
Beauville—-Bogomolov theorem [6,13] tells us that a (finite) étale cover of X
splits as a product of a complex torus, irreducible symplectic manifolds, and
irreducible Calabi—Yau manifolds. Work of Druel-Greb—Guenancia—Horing—
Kebekus—Peternell [24,28,34,37,48] over the past decade has culminated in
an analog of this theorem for projective varieties with log terminal singularities
and numerically trivial canonical class, see [48, Theorem 1.5].

Our main result is a generalization of the decomposition theorem to the
Kéhler setting:

Theorem A Let X be a numerically K -trivial compact Kéhler variety with
log terminal singularities. Then there is a quasi-étale cover X — X such that
X splits as a product

X=Tx[]vx[]z
i j

where T is a complex torus, the Y; are irreducible' Calabi-Yau varieties, and
the Z; are irreducible holomorphic symplectic varieties.

A morphism X — X ofnormal complex spaces is quasi-étale if it is étale on
the complement of an analytic subset which is locally of codimension at least 2
in X and a cover if it is finite and surjective. For convenience, we reproduce the
definitions of irreducible Calabi—Yau and irreducible holomorphic symplectic
varieties due to Greb—Kebekus—Peternell [39, Definition 8.16] here. Recall
that if X is a normal complex variety, the sheaf of reflexive p-forms Qg?] may
be equivalently thought of as either the reflexive hull (Qf()vv or the push-
forward j*Qfmg from the regular locus j : X™8 — X.If X furthermore has
rational singularities, it admits a third interpretation as Q’; for any resolution
m : Y — X by Kebekus—Schnell [52, Corollary 1.8].

' Greb-Kebekus—Peternell use the term Calabi—Yau for the irreducible factors in the decom-
position of the second type, but it seems natural to call them irreducible Calabi-Yau.
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Algebraic approximation and the decomposition theorem 1257

Definition 1.1 Let X be a compact Kéhler variety with rational singularities.
We call X irreducible holomorphic symplectic (IHS) if for all quasi-étale
covers g : X — X, the algebra H°(X, Qg]) is generated by a holomorphic

symplectic form o € H 0(§ , Q[;?]). We call X irreducible Calabi-Yau (ICY)

if for all quasi-étale covers ¢ : X — X, the algebra H 0(X, Qgg]) is generated
by a nowhere vanishing reflexive form in degree dim X.

Note that this is equivalent to the definition in [39]: in the presence of a
reflexive form of degree dim X the singularities of X are rational if and only
if they are canonical by [30, Théoréme 1] and [52, Corollary 1.8].

The proof of the decomposition theorem in the projective case uses algebraic
techniques (particularly regarding algebraic integrability of foliations, even
though the usage of characteristic p methods can be avoided by a recent paper
of Campana [16]) which at the moment cannot be directly generalized to the
analytic category. Instead, we reduce to the projective case via locally trivial
deformations. A crucial ingredient is therefore the following theorem, which
resolves the numerically K -trivial case of a conjecture of Campana—Peternell>
saying that Kdhler minimal models admit an algebraic approximation:

Theorem B Any X as in Theorem A admits a strong locally trivial algebraic
approximation: there is a locally trivial family X — S over a smooth base S
specializing to X over sg € S such that points s € S for which X is projective
are analytically dense near sy. O

It is natural to ask whether the Bogomolov—Tian-Todorov theorem holds
in this context—that is, whether locally trivial deformations of numerically
K -trivial X as in the theorem are always unobstructed (which would be suf-
ficient to prove Theorem B, see [46, Theorem 1.2]). On the one hand, flat
deformations of such X are known to be potentially obstructed by an example
of Gross [44]. On the other hand, the proof of unobstructedness in the smooth
case is fundamentally Hodge-theoretic, and from this perspective locally trivial
deformations are more natural as they are topologically trivial (see [3, Proposi-
tion 6.1]). While some special cases have been established (see [10,11,46]), it
is as yet unclear whether a locally trivial Bogomolov—Tian—Todorov theorem
should hold.

The main difficulty in the proof of Theorem B is therefore to produce suf-
ficiently many unobstructed deformations. Recall that by Kodaira’s criterion,
a compact Kéhler manifold (or compact Kéhler space with rational singulari-
ties) with no nonzero holomorphic 2-forms is automatically projective, so the
existence of 2-forms is the only obstruction to projectivity. The results of [47]

2 The conjecture has been attributed to Campana and Peternell in [19]. The authors are grateful
to Thomas Peternell for bringing this conjecture to our attention.
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1258 B. Bakker et al.

extending the polystability of Tx to the Kéhler category provide a splitting of
Tx into foliations and the symplectic foliations among the factors (precisely,
the weakly symplectic split foliations, see Definition 2.31) account for all of the
2-forms on X. It is therefore natural to try to deform to the symplectic direc-
tions inside H'(X, Tx). We show that locally trivial deformations obtained
by exponentiating the symplectic foliations of this splitting are always unob-
structed. As in the proof of the corresponding result for symplectic varieties
[10, Theorem 4.7], a crucial role is played by the degeneration of reflexive
Hodge-to-de Rham in low degrees [11, Section 2]. The general results we
prove about locally trivial deformations along foliations (Sect. 2) and the exis-
tence of simultaneous resolutions in locally trivial families (Corollary 2.27)
are of independent interest as well.

With Theorem B in hand, the proof of Theorem A proceeds as follows. We
first produce a locally trivial deformation 7 : X — A of X over the disk for
which projective fibers are analytically dense. By cycle-theoretic arguments
and Theorem A in the projective case [48, Theorem 1.5], after replacing X by
a quasi-étale cover it suffices to assume there is a splitting X'* = J* x p+ Z*
of the family X'* := X| o= over the punctured disk, and we must show that the
splitting extends over the puncture.

One first observes that local triviality of the family 7 : X — A implies the
Kiinneth decomposition of R¥7,Qux+ extends, in fact as a decomposition of
the variation of Hodge structures. By K -triviality, the factors of the splitting of
the tangent bundle Tx+,a+ are cut out by differential forms and extend, so we
have a splitting Ty /o = A © B. The leaves of the splitting of the family over
A* have well-defined limits in the special fiber which are therefore tangent to
the factors of the limit splitting Tx = Ao @ By on the regular locus X",

It remains to show that the limit leaves define a product structure in the
singular locus X*"2. There are essentially two types of phenomena that could
go wrong: the limit leaves could acquire new components in X*"2, or limit
leaves in the two directions could have positive-dimensional intersections in
X" To rule these out, we show that the splitting of the Ricci-flat metric w; =
wa, +wp, of X; fort € A* induced by the splitting of the family extends over
the puncture to a decomposition wy = wa, + wp, of the Ricci-flat metric on
Xop = X into closed semipositive currents with bounded potentials. This is the
key technical part of the proof of Theorem A and the latter condition is critical:
it implies that these currents can be restricted to cycles in the singular locus
and that one can compute intersection numbers with these currents. The fact
that the decomposition is compatible with the limit Kiinneth decomposition
and the semipositivity of the factors together imply neither pathology arises.

Patrick Graf informed us that he independently obtained a Kéhler version
of the decomposition theorem in dimension at most four, see [43].

@ Springer



Algebraic approximation and the decomposition theorem 1259

1.2 Outline

e Section 2. We collect some background on locally trivial deformations,
define locally trivial deformations along foliations, and prove unobstruct-
edness of deformations along weakly symplectic split foliations.

e Section 3. We recall the precise notions of K-triviality and prove Theo-
rem B. We derive some first applications about fundamental groups and
deformation of the irreducible building blocks.

e Section 4. We recall some foundational aspects of relative Douady spaces
and show that local product decompositions can be spread out over Zariski
open sets.

e Section 5. A locally trivial family X — A which is a product over A*
admits a limit product decomposition on cohomology. We deduce from
that a splitting for the relative tangent sheaf.

e Section 6. We prove that the Kéhler—Einstein metric in the limit splits as
a sum of positive currents with bounded local potentials corresponding to
the product decomposition of the family X — A over A*.

e Section 7. Building upon the previous results, we prove a global splitting
result for locally trivial families X — A that are a product over A*, under
some additional conditions.

e Section 8. We proceed to checking that the assumptions in the splitting
theorem from the previous section are fulfilled in our geometric setting,
thereby proving Theorem A.

Notation and Conventions

A resolution of singularities of a variety X is a proper surjective bimeromorphic
morphism 7 : ¥ — X from a nonsingular variety Y. The term variety will
denote an integral separated scheme of finite type over C in the algebraic
setting or an irreducible and reduced separated complex space in the complex
analytic setting. For a field k, an algebraic k-scheme is a scheme of finite type
over k. We will denote by A := {7z € C | |z| < 1} the complex unit disk and
by A* := A\{0} the punctured disk.

2 Locally trivial deformations along foliations and resolutions

Throughout we define Art; to be the category of local artinian k-algebras.
To simplify the notation, we agree that k£ will denote an algebraically closed
field when speaking about schemes and £ = C when speaking about complex
spaces.

@ Springer



1260 B. Bakker et al.

2.1 Locally trivial deformations

We begin with some background on locally trivial deformations.

Definition 2.2 Let f : X — S be a morphism of complex spaces (or algebraic
schemes?). We say:

(1) X islocally trivial over S if there is a cover X; of X, a cover S; of S such
that X; — S factors through S;, complex spaces (or schemes) X;, and
commutative diagrams

Xl-*%X,-xS,-
S:

<

where the diagonal map is the projection.
(2) X is formally locally trivial over S if for any T = SpecA — § with
A € Arty the base-change X7 — T is locally trivial.

Remark 2.3 (1) Of course, over an artinian base, the notions of formal local
triviality and local triviality are equivalent.

(2) In the analytic category, by results of Artin [2, Theorem (1.5)(i1)], X'/S
is locally trivial if and only if Ox x = Ox, x ®c Os, rx) as Os, f(x)-
algebras for all points x € X. Thus, in the analytic category X'/ is locally
trivial if and only if it is formally locally trivial. In the algebraic category,
local triviality is in general much stronger than formal local triviality over
nonartinian bases.

Definition 2.4 Let X/k be a complex space (or an algebraic scheme). The
locally trivial deformation functor F )1} : Arty — Sets is defined as follows:
F ;}(A) is the set isomorphism classes of locally trivial families X' /SpecA
together with a k-morphism X — X which is an isomorphism modulo my.
Here, we consider isomorphism classes for isomorphisms which are the iden-
tity modulo my4.

We recall that locally trivial deformations are controlled by the tangent sheaf
Tx/s := Hompo,, (Q}Y/S, Ox). This will be made precise in a way that can be
adapted easily to deformations preserving a foliation in Sect. 2.10. For A in
Arty let

Gx(A) ;== Auty(Ox ®r A)

3 or algebraic spaces, if we use the étale topology in the sequel.

@ Springer



Algebraic approximation and the decomposition theorem 1261

be the sheaf of A-algebra automorphisms of Ox®y A,andletUx(A) C Gx(A)
be the subsheaf of automorphisms which are the identity modulo my4.
The following proposition is immediate:

Proposition 2.5 Let X/ k be a complex space (or an algebraic scheme) and F )1}
its locally trivial deformation functor. Then we have a natural identification:

Fil(A) = HY(X, Ux(A)).

Note that in characteristic zero we have an isomorphism of sheaves of
pointed sets

exp : Tx ®r my — Ux(A)

where Ty ®j A is given the obvious structure of a sheaf of A-linear Lie algebras.
For any small extension*

0->J—->A —>A-0 (2.1)

with A, A’ € Arty, the first row of the following commutative diagram is then
exact:

0 —Tx®J — TxQrmy — Tx@rmy — 0

H Lo Jew 2.2)

0 — Ty @ J —28 Uyg(A) —— Ux(A) — 1.

Here the horizontal maps are morphisms of sheaves of groups and the right
and center vertical maps are isomorphisms of sheaves of pointed sets.

It follows that the bottom row is exact. Moreover, as the top row is exact on
global sections, it follows that the bottom row is exact on global sections as
well.

Corollary 2.6 Suppose X/k is a separated complex space (or a separated
algebraic scheme with char(k) = 0). Then the following hold.

(1) The functor F ;(t admits a tangent-obstruction theory with tangent space
equal to H' (X, Tx) and obstructions in H*(X, Tx).

(2) For any family X /S = SpecA in Fy(A), the lifts of X /S to Fy(Ale]) are
canonically parametrized by a functorial quotient of H' (X, Ty /S)-

4 Recall that a sequence such as (2.1) is a small extension if J.my = 0. In this case, the
A’-module structure of J factors through k = A’/m 4 = A/my.
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1262 B. Bakker et al.

Remark 2.7 It follows that F' }1} satisfies Schlessinger’s axioms (H{)—(H3), see
[59, Theorem 2.11]. Note that while F )1} may not satisfy (Hy), it does satisfy
axiom (Hs) of [45, § 1], since the fibered coproduct of two deformations may
be constructed by taking the fibered direct product of the sheaves of rings. Thus,
the deformation module 7'!(X /S) has the structure of an A-module, and in
part (2) we mean that it is a quotient of H X, Ty /s) as an A-module which
is compatible with restriction maps. If X'/S has no automorphisms restricting
to the identity on the special fiber, then H! (X, Tx/s) — T1(X/S) will be an
isomorphism. These remarks likewise hold for the other deformation functors
that will be defined in Sect. 2.10.

Proof of Corollary 2.6 The following lemma describes how much of the long
exact sequence survives in the conomology of Ux (A):

Lemma 2.8 Let
0-T—->G —-G—1 (2.3)

be an exact sequence of sheaves of groups on a topological space where T is
abelian.

(1) If T is central in G, then we have a sequence

HY (X, T) — HY(X,G) — H'(X,G) -5 H*(X,T)

where
(a) The natural action ofI-VI1 (X, 7:) on H! (X, G') is transitive on fibers;
(b) The image ole(X, G') — H' (X, G) is the inverse image of 0 under
8.
(2) If (2.3) is split exact,” then for each o € I-VII(X, G) the natural action of
H' (X, T*) on the fiber of the map

HY(X,G) — HY(X,G)

above « is transitive, where T® is the sheaf obtained from T by twisting
by a.

Proof Easily checked with Cech cochains. O

Now, the first claim is immediate upon taking the long exact sequence on Cech
cohomology of the second row of (2.2) using the first part of the lemma (where

5 Meaning G’ — G has a section.
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Algebraic approximation and the decomposition theorem 1263

we used separatedness to identify Cech cohomology with sheaf cohomology).
For the second part, we have a split exact sequence

0 — Ty ®k A —2 Ux(Ale]) — Ux(A) —> 1 (2.4)

and the claim follows from the second part of the lemma, as the stabilizer of
an element (X’/S’) under the action of H Nx, Ty /s) is easily seen to be an

A-submodule. Note that for @ = (X/S) € HI(X, Ux (A)) we naturally have
(Txxsys)* = Txys- O

Remark 2.9 We would like to make a couple of remarks regarding (2.2).

(1) The restriction morphism Ux(A’) — Uyx(A) may fail to be surjective
in characteristic p. If we take X = Speck[x]/(x?), A = k[e]/(e?), and
A’ = k[e]/(ePt1), the automorphism x > x + € of X x SpecA does not
lift.

(2) Let A — A be a small extension in Art, let X’ — SpecA’ be
flat, and X = X’ XspecA’ SpecA. The same argument shows that
Auty (X') — Auty(X) is surjective whenever Tx1jar — Tx)a is. Exam-
ple 2.6.8(i) in [60] shows that for A’ = k[r]/t> — k[t]/t* = A and
X' = Spec (k[x, y,t]1/(xy —t,13)) the automorphism of X determined
by x > x +tx and y — y does not lift to X”. But neither does the vector

d
fieldt— € Tyya.
e o X/A

2.10 Locally trivial deformations along foliations

The above results now easily extend to the situation of deformations along a
foliation, provided we require char (k) = 0 in the algebraic case. For simplicity,
we therefore take kK = C in the remainder.

Definition 2.11 Let X be a separated complex space (or a separated com-
plex algebraic scheme). The fangent sheaf of X is defined by Tx :=
Homox(Qk, Ox). A foliation is a subsheaf E C Ty, such that E is sta-
ble under the Lie bracket and saturated in T, i.e. such that the quotient 7/ E
is torsion-free.

Definition 2.12 Let X be a separated complex space (or a separated complex
algebraic scheme) with a foliation £ C Tx. For A € Artc set Ug(A) :=
exp(E ®c my) C Ux(A). We define the deformation functor Fg 1 Arte —
Sets by

FI(A) .= H (X, Ug(A)).
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1264 B. Bakker et al.

We somewhat abusively refer to sections of F}Et as (X/S) e F};(A) even
though the natural map F }:f —- F )1} may not be injective on sections. Note that
the integrability of E is necessary in order for Ug(A) C Ux(A) to be a sheaf
of subgroups.

Proposition 2.13 Let X be a separated complex space (or a separated complex
algebraic scheme) with a foliation E C Tx. Then the following hold.

(1) The functor F}Et admits a tangent-obstruction theory with tangent space
H'(X, E) and obstructions in H*(X, E).

(2) Associated to any family X /S = SpecA in F }EE (A) there is a functorial
foliation Ex;s C Tx;s which locally agrees with the trivial extension
of E on any local trivialization of the Ug (A)-cocycle representing X /S.
The lifts of X /S to Fg(A[e]) are canonically parametrized by a functorial
quotient ole (X, Ex/s).

Remark 2.14 Note that the functor F }Et is not the functor of locally trivial
deformations for which E' lifts locally trivially: there may well be sections of
Uy (A) which stabilize £ ®c A but do not come from exponentiating £ @cmy.
Indeed, take X = Y x Z with the induced splitting

Tx =7TikTyGBJT;TZ

and E = mr{Ty. Then any locally trivial deformation of the two factors will
obviously yield a locally trivial deformation of X for which the two foliations
lift locally trivially, but such a deformation does not in general come from a
section of F,l;t. Moreover, in this case, the gluing maps for a section of Fg are
not required to preserve 5 7z—that is, they are not required to be constant in
the Z direction.

2.15 Locally trivial deformations of tangent splittings

Throughout we say that a subsheaf Q C E is locally split if it is locally a
direct summand.

Definition 2.16 Let X be a separated complex space (or a separated complex
algebraic scheme), and suppose we have O C E C Tx where E is a foliation
and Q is a locally split subsheaf of E. For A € Artc and S := SpecA we
define F}Et;Q(A) to be the set of (X/S) € F}E‘(A) together with a flat lift
Qx/s C Exys of Q, up to the obvious notion of isomorphism. We usually
write (X/S) € Fi}, ,(A) when we mean (X/S, Qx/s) € Fy.,(A). For E =
Tx itself, we denote F;E;Q = Fthx;Q‘
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Note that choices of a split complement to By ;s C Ex/s naturally form a
pseudotorsor6 for Home . (Ex/s/Bxs, Bx/s). Thus, on alocal trivialization
of the Ug(A)-cocycle representing X' /S over a cover U; where we have a
splitting E|y, = Qlu, ® Bi, the sheaf Qx/s is locally identified with (1 +
f)(Qly; ®c A) C Ely; c A for some f; € Homoy, (Qly;, Bi) ®c ma.

Given a locally trivial deformation X'/S over an artinian base S, the rela-
tive tangent sheaf T /g acts via the adjoint representation on Ty /s, and for
(X/S) e Fg; Q(A) and any local section e of Ey,s we obtain an O y-linear

map adE?Q(e) : Qx/s = Exys/Qx/s. We define a two-term complex

E;Q . ad®?
My == [Ex/s —> Homoy(Qxys, Ex/s/Qx/s)]

supported in degrees [0, 1]. For simplicity we write M EQ.— pm f/g

Proposition 2.17 Let X be a separated complex space (or a separated complex
algebraic scheme) with Q C E C Tx where E is a foliation and Q is a locally
split subsheaf of E. Then the following hold.

(1) The functor Fg, 0 admits a tangent-obstruction theory with tangent space

equal to H' (X, M® Q) and obstructions in H>(X, M Q).
(2) Forany (X/S) € F}Et; Q(A) the lifts of X /S to Fg; Q(A[e]) are canonically

parametrized by a functorial quotient of H' (X, M f,/g)

Before the proof it will be useful to explicitly describe the Cech hyperco-

homology of two-term complexes. For a two-term complex K = [A —f> B]

of sheaves on a topological space supported in degrees [0, 1] and a cover
U = {U;}, by taking the total Cech complex we see that the Cech cochains
and coboundary operators are given by

Cc'(U,K)=C"U, A e Cc (U, B),
é(a,b) = (ba, b + (—l)deg“f(a)).

We write
Y . ¢ 8 Ao+l
2, K) = ker (C'(U, K) > €U, K))
BY(U, K) := im <C£_1(Q, K> clw, K))

for the £-cocycles and ¢-coboundaries.

6 That is, a torsor if nonempty.
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1266 B. Bakker et al.

Proof of Proposition 2.17 Both parts are easily seen via Cech cohomology. By
Proposition 2.13, any (X'/S) € F}Et(A) is trivialized on a Stein (or affine) open
cover U := {U;} of X, and we may further assume we have E|y, = Ql|y, @ B;
for some sheaf B;. As nilpotent thickenings of Stein spaces are Stein, see e.g.
[41, Kapitel V, § 4.3, Satz 5], we may compute (hyper)cohomology in the
following using Cech cohomology with the cover {U;}.

For the tangent space claim in the first part, take a small extension A" — A
with kernel J, and assume (X'/S"), (X", S') € Fg;Q(A’) both lift (X/S) €
Fi, o (A). If (X'/S") € Fji(A) is given by gluing data g/; on U;, then X" /S’
is given by gluing data g/ j(l — e;j) for a 1-cocycle e valued in E Q¢ J, by
Proposition 2.13. With respect to those local trivializations we have Q y//s =
(1+fH(Q®cA’"), and therefore Q y /5 = (1+fl.’+(7r,-®1)_1v,-)(Q®@A’) for
a 0-cochain v valued in Homo, (Q, E/Q) ®c J, where r; : B; — (E/Q)|y,
is the obvious isomorphism. Now for the Q y7/g to glue we must have that
a1-7f Jf)glf 1+ f}) preserves Q, and likewise for the Q y /g to glue we must
have that

(1—fi—(@® 1)_1vj)g£j(1 —ei))+ fl+m 1) )
= (1= /e + fH)+ (—eij+ (@ @D~ — (r; @ D))

preserves @, and therefore that adf Q) = sv. Working backward,
A u,m EQy@c J naturally acts transitively on the set of lifts of (X'/S) €
F 11:3 0 (A), and the 1-coboundaries are easily seen to act trivially.

For the obstruction space claim in the first part, take (X'/§) € F}Et. 0 (A) with
gluing data g;; and such that Q y s is locally identified with (1 + f;)(Q ®c A).
Choose arbitrary lifts glfj of g;j and f/ of f;. Then taking 1 +¢;j; = glleg;.kglfj
and —v;; € HO(U;j, Homo,(Q, E/Q) ®c J) the map induced by (1 —
f j/ )8! 1+ f),the 2-cochain (e, v) is easily seen to be a 2-cocycle for M EQ®c
J and to have cohomology class in H? (X, M £ 2)®c J which is independent of
the choices. Ifitis a coboundary, say (e, v) = 8(x, y), then glf ; (I—x;;) satisfies
the cocycle condition and thus gives gluing data for a lift (X'/S") € Fi(A"),
and further v;j = —x;; +yi — yj, sothe (1 + fi + (m; ® 1)"'y:)(Q ®¢ A)
glue.

The second part follows by the same sort of computation as the proof of the
tangent space claim in the first part, and is left to the reader. m|

Definition 2.18 Let X be a separated complex space (or a separated complex
algebraic scheme) with a splitting Ty = @; E¥) @ P of the tangent sheaf
where E := @; E® is a foliation. For A € Artc and S := SpecA we define
Fi (A to be the set of (X/S) € Fg(A) together with a lift Ty/s =
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Algebraic approximation and the decomposition theorem 1267

®; Egé)/s @® Px/s of the splitting for which Ex ;5 = &®; Egé)/s’ up to the obvious
notion of isomorphism. We suppress the specification of the splitting from the

notation for F }Et split 35 it will be clear from context, and we once again abusively
write (X'/S) € Fg;spm(A) when we mean (X'/S, ES}S, el E;’;S, Px/s) €

Fg.spht(A) where n is the number of summands of E.

We have

it _ (gt It It
FE spte = (FE;Ea) X XFl FE;E(m) Xpl Fy, p-

The complex

E:split iad®E” @ad¥ P : /
MX/SSlDl = |:EX/S —_—> @HomoX(Egé)/s, Ex/S/Egé)/S)

1

®Homo,, (Px/s, TX/S/PX/S)i|

is easily seen to be

E;split (¢S] (n)

E E P
My)s = (MX/S OExs " DExs MX/S) Ory)s My /s

and it is straightforward to conclude:

Corollary 2.19 Let X be a separated complex space (or a separated complex
algebraic scheme) with a splitting Tx = ®;E® @ P of the tangent sheaf
where E := @; EY) is a foliation. Then the following hold.

(1) The functor F}Et;spm

equal to H' (X, MEPiY and obstructions in H2(X, ME:sPlity,

(2) Forany (X/S) € F};;Spm(A) the lifts of X/ S to Fg;sp]it(A[e]) are canoni-
E;split
)

cally parametrized by a functorial quotient of H' (X, M x/s

admits a tangent-obstruction theory with tangent space

By Schlessinger’s criterion [59, Theorem 2.11], Propositions 2.5, 2.13, and
Corollary 2.19, when X/C is proper, the functors F )1;, F}Et, and F lEt‘split all
admit miniversal formal families in the category of formal complex spaces

— 1 — 1
(or formal algebraic schemes), and we denote by Def t(X ), Def Et(X ), and

—_ lt
Def . ,1it (X) the bases of such a miniversal formal family, which is unique up
to (not necessarily unique) isomorphism.
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Corollary 2.20 In the setup of Proposition 2.17, assume further that X is
proper. Then there are maps

— 1t — 1t — 1t
Def g it (X) — Def g (X) — Def  (X)
of formal spaces whose derivatives are the natural maps

H'(x, MEsPiYy 5 gU(X, E) > HY(X, Ty).

2.21 Kuranishi spaces for locally trivial deformations

We recall some results in the analytic category realizing formal deformation-
theoretic objects as completions of germs.

Theorem 2.22 (Grauert, Douady) For any compact complex space Z there
exists a miniversal deformation % — Def(Z) over a germ Def (Z) which is
a versal deformation of all of its fibers.

Proof This is [42, Hauptsatz, p 140], see also [27, Théoréme principal, p 598].
O

The family 2 — Def(Z) is called the Kuranishi family and Def (Z) is called
Kuranishi space. If Z is a complex space satisfying H(Z, Tz) = 0, then
every miniversal deformation is universal.

We recall the analog of Theorem 2.22 for locally trivial deformations.

Theorem 2.23 (Flenner—Kosarew) For a miniversal deformation 2 —
Def(Z) of a compact complex space Z there exists a closed complex sub-
space Def!'(Z) c Def(Z) of the Kuranishi space such that

% Xpet(z) Def'(Z) — Def''(2)

is a locally trivial deformation of Z and is miniversal for locally trivial defor-
mations of Z.

Proof This is [31, (0.3) Corollary]. m|

2.24 Locally trivial resolutions
Definition 2.25 Let S, X', Y be complex spaces (or complex algebraic

schemes), X — S and Y — § morphisms, and f : V — & an S-morphism.
We say:
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(1) f is locally trivial over S if there is a cover &; of X, a cover S; of S, and
morphisms g; : ¥; — X; together with diagrams (over S)

YVi—=Y; xS

fy,-l lgixid

Xi—=X; xS

where ), = f_l(Xi).
(2) f is formally locally trivial over S if for any T = SpecA — § with
A € Artc the base-change fr : Yy — X7 is locally trivial over T'.

If f is (formally) locally trivial and fiberwise a resolution, we say it is a
(formally) locally trivial resolution (over S).

Let X, Y be separated complex spaces (or separated complex algebraic
schemes) and 7 : ¥ — X a C-morphism. There is a naturally defined defor-
mation functor F)l,t x . Artc — Sets of locally trivial deformations X'/S
and Y/S of X and Y, respectively, together with a locally trivial deformation
Y — Xof . Let Uy, x(A) C mUy(A) x Ux(A) be the sheaf of subgroups
whose sections over U C X are pairs of A-automorphisms ( f, g) making the
following square commute over SpecA

Yy x SpecA L) Yy x SpecA

! !

U x SpecA — 5 U x SpecA

where Yy = 7~ 1(U). We have a natural identification
Fy x(A) = H' (X, Uy;x(A)).

There is also a natural map of functors F. )1} x> F )l(t coming from the projection
map Uy/x(A) — Ux(A).

For the next proposition, note that for any morphism 7 : ¥ — X we have
a natural map

i Derc(Oy, Oy) — Derc (. Oy, m:Oy).

In particular, if we have 7,0y = Oy (via the natural map), then there is a
natural map w7y — T¥x.
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Proposition 2.26 Let X be a separated complex space (or a separated complex
algebraic scheme). Lett : Y — X be a morphism for which m,Oy = Ox and
such that the induced map w,Ty — Tx is an isomorphism. Then the natural

map F)l}/ x—~ F }1} is an isomorphism.

Proof Itis enough to show that for all A € Artc the natural map Uy, x (A) —
Ux (A) is an isomorphism, and this is obvious by induction on small extensions
using the hypothesis on the tangent sheaves and the analog of (2.2) for Uy, x.

O

By [36, Corollary 4.7], for a reduced and normal complex space X, a log
resolution 7 : ¥ — X for which m,.Ty = Tx always exists, cf. also [66,
Theorm 2.0.1]. We deduce:

Corollary 2.27 Let X be a normal compact complex variety and let X —
Def''(X) be a miniversal locally trivial deformation. Then there is a locally
trivial log resolution @ : ) — X such that 70, T, Deft(x) = Tx/peflt(x)-

Note that by this we mean 7 : ) — X’ is a locally trivial resolution which is
fiberwise a log resolution, which by the local triviality of 7 is equivalent to
the special fiber being a log resolution. Moreover, it follows that the inclusion
D — Y of the exceptional divisor (and even the map D — X)) is locally
trivial.

Proof Set S = Def''(X) and take a log resolution wr : ¥ — X ,f\or which
Ty = Tx. From the proposition, we have a fgrmal Qeformation Y — S of
Y and a locally trivial formal deformation 77 : ) — X of & over S. We may
trivialize X'/§ on a Stein cover &; of X so that we have analytic gluing maps
gij as in the right side of the diagram below

~ i = Jij
Yi|jXS—j>Yj|iXS Yi|jXS———j—> Yjix$§
7xid] lrxia & Xidl ln xid

~ G N 8ij
X,'UXS—']>XJ'|,'XS X,‘|jXS—j>Xj|,'XS

where &} = X xx X}, X;)j = Xj)j xx S, Y4 = n_l(XiU), and all mor-
phisms are S-morphisms. By the proof of the proposition, the resulting cocycle
(X;, fg?,-j) of Uy (@5) = 1(31 UX(OS/mlg) gives a cocycle for UY/X(@S) (anal-
ogously defined), as in the left part of the diagram. As 7 is an isomorphism
on a Zariski open set and the Y;; x § are separated, the f;; in the diagram
on the right are locally uniquely determined, and if they exist they satisfy the
cocycle condition. By [2, Theorem (1.5)(i1)], the f;; exist locally, and so by the
previous remark we obtain a locally trivial resolution 7 : J — X. Since the
¢ij in the left diagram are also uniquely determined by gij.themap Y — X
in fact completes to ) — X. m|
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Recall that the Fujiki class € consists of all those compact complex varieties
which are meromorphically dominated by a compact Kidhler manifold, see [32,
§ 1]. Recall also that a normal complex variety X has rational singularities if
for some (hence any) resolution 7 : ¥ — X we have R97w, Oy = 0forg > 0.

Corollary 2.28 Let X — S be a locally trivial family of normal varieties of
Fujiki class € with rational singularities. Then for all p the function s +—>

ho(X;, QEZ]) is locally constant.

Proof Let Y — X be a locally trivial resolution. By Kebekus—Schnell [52,
Corollary 1.8] we have hO(Ys, Qp ) (X, Q p]) and so the claim follows
from the local constancy of Hodge numbers in smooth families of Fujiki class
manifolds. Note that as for Kiihler manifolds, the constancy of Hodge numbers
follows from the degeneration of the Hodge-to-de Rham spectral sequence [64,
Proposition 1.3] via Deligne’s classical argument [21, Théoréme 5.5]. O

Proposition 2.26 in particular applies to crepant bimeromorphic morphisms
of symplectic varieties; this greatly simplifies the approach of [11, Section 4]
and yields a generalization of [11, Proposition 4.5]:

Corollary 2.29 Let Y be a compact normal complex variety with a nowhere
degenerate form o € HO(Y™g, Q%,reg) and let 7 : Y — X be a proper
bimeromorphic map to a normal variety X with rational singularities. Then
there is a locally trivial deformation )) — X of w over Def'(X), where
X — Def''(X) is the miniversal locally trivial deformation of X.

Proof The symplectic form o induces a symplectic form on X™¢, and we have
Ty = Qg,l] and Ty = Qgg] by reflexivity. Vector fields therefore lift from X
to Y as reflexive 1-forms do by Kebekus—Schnell [52, Corollary 1.8]. The
existence of the formal deformation of 7 then follows from Proposition 2.26,
and it is effectivized as in the proof of Corollary 2.27. O

2.30 Deformations along weakly symplectic split foliations

In this section we show that locally trivial deformations along certain split
foliations are unobstructed, see Proposition 2.35 and Corollary 2.37. The fol-
lowing definitions will be useful.

Definition 2.31 Let X'/S be a locally trivial family of normal varieties. We
say a splitting Ty /s = @; E X/S @ Px/s is good if:

() Exys = G9iE;é/5 is a foliation;
(2) For each i we have either:

@ Springer



1272 B. Bakker et al.

(a) E gé)/ ¢ admits a nondegenerate reflexive 2-form; or
(b) EY)s = EY); for some j # i.
We will refer to Ex /s as a weakly symplectic split foliation.
Remark 2.32 Observe that the second condition in the definition is equivalent
to:
(2) For each i there is a reflexive 2-form aS(l) e HO(x, Q[)?]/ ) such that
contraction with oéi) yields an isomorphism EE{,)/ s E}’;\S/ for some j.

This is justifies the term “weakly symplectic split foliation”: Ex /s is not
necessarily a symplectic sheaf itself but every summand in the splitting is
either symplectic or embedded in a symplectic subsheaf.

Definition 2.33 Let X'/ S be alocally trivial family of normal varieties. Given

7 € HO(X, QL)) we define the radical

rad(t) :={r € Txys | ut =0} C Tays.

Remark 2.34 Note thatif t is areflexive p-form on a normal compact variety X
of Fujiki class € with rational singularities, then £ = rad(t) is automatically
a foliation. Indeed, for any u, v € E we have

Uuv]T = LytyT —ty Lyt
——
=0
= —iyplydT — tydiy, T = —tyt,dt = 0.
since dt = 0 by Kebekus—Schnell [52, Corollary 1.8]. In particular, any split-
ting of T into Ox-modules of trivial determinant is a splitting into foliations.
The main result of this section is the following:

Proposition 2.35 Let X be a compact complex variety of Fujiki class € with

rational singularities and a good splitting Ty = @&; E) @ P. Then Fllzt;split is
unobstructed.
Proof For (X/S) € F}Et; Spm(A), the deformation module of Fg;spht 1S canon-

ically a functorial quotient of H' (X, Mg;/ssplit) by Corollary 2.19. We will use
the T'-lifting criterion of [49,50,58]. While F Ilst; split is not necessarily pro-
representable, by Remark 2.7 we may use the version in [45, Theorem 1.8].
The claim follows once we know for any (X/S) € F}E‘; Split(A) and any lift
(X'/8") e Fg;split(A/ ) through a small extension A" — A that the restriction
map

E;spli E;spli
H' (X, M5 — HN (X MYy 5
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is surjective.
Step 1 For any A € Artc and for any (X/S) € Flt Spllt(A) the splitting
Tx/s = @[Eglc)/s @ Py/s is good.

It suffices to assume the splitting is good for (X/S) € Fj It spllt(A) and
to show that the splitting of any lift (X’/S") € Fj It Spllt(A ) through a small

extension A” — A is good. Note that in the notation of Remark 2.32, if cré’)
lifts to as(l;) e HOx', Q[z] ), then the induced map E(’)/S, — EEYJ)/VS, is also
isomorphism as both are flat.

We therefore reduce to showing the O'S) lift. For this we could appeal
directly to the degeneration of reflexive Hodge-to-de Rham in low degrees
[10, Lemma 2.4], but we also include a more direct argument using Corol-
lary 2.27. Let 7/ : ) — X' be a simultaneous locally trivial resolution
with special fiber 7 : ¥ — X. By Kebekus—Schnell [52, Corollary 1.8]
we have 7'[*52%, = Q[)?] via the natural map. By local triviality we then have
T, Qz s = Q[Z] /s via the natural map, as both are flat and the natural map
is an 1s0morphlsm on the special fiber. By Deligne [21, Théoreme 5.5] (see
also e.g. [10, Lemma 2.4] for the necessary changes in the analytic category),
HOX, Q[ﬂ / ¢)=H 0, Q y' / ¢) is free and compatible with base-change,

and it follows that the restriction map H o, Q ) - HO(X, Q[)g / g) s

surjective.
Step 2 For any A € Artc, any (X/S) € F}Et,P(A), and any lift (X’'/S") €
F}ZE p(A’) through a small extension A" — A the restriction map

X’ /S

HY X', Ex)ys) — H' (X, Ex/s)

is surjective.

From[11,Lemma?2.4] therestrlctlonmapH (X', Q S,) — HY(x, Q[)i]/s)
is surjective. As the splitting of X’/S’ is good by the prev1ous step, for each
i we have that Egé) s is a direct summand of QE\IJ /s = TV / g which is com-

patible with restriction, and therefore the restriction map H!(X’, E @

xiys) =

H'(x, E X/ S) is surjective. The claim then follows.

Step 3 For any (X/S) € F 115‘ spht(A) the natural sequence

0— @HomoX(EX/S, EX/S/E /S) ® Homop,, (Px/s, Tx/s/Pxys)
i

— H'(X, MyP") > H'(X, Ex/s) —> 0
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is exact.

For notational simplicity set

Hx/s == @HOWOX(EE\?/S, EX/s/Eﬁ?/S) ® Homo,, (Px/s, Tx/s/Pxs)

1

and Hy /g for the global sections. Using the long exact sequence associated to
the triangle

its sufficient to show that the induced maps

0] . .
ad®E" L HI(X, Ex/s) — HY(X, HOmOX(EE\lf)/S’ EX/S/E;)/S))
ad®" s HY(X, Ex/s) — H(X, Homo, (Px/s. Tx/s/ Px/s))

vanish forg = 0, 1. Temporarily set E;?;S = Py/sandletm; : Tx/s — Egé)/s

be the projection. Its then sufficient to show the induced map
mjoad: HI(X, Tu)s) — HU(X, Homo (EY)s, Egg;sn

vanishes forg = 0, 1 and alli # j with j # 0. Together with the degeneration
of reflexive Hodge-to-de Rham HY (X, Q[)?} ) = HPT (X, QE{,]/S) in the
range p + g < 2 [11, Lemma 2.4], it is enough to show the following:

Claim For eachi # j with j # 0 we have a commutative diagram

mjoad O]
Tx/;s — HomoX(EX/S, EX/S)

l T (2.5)

[1] d [2]
Qg —— Qs

Proof Fix i, j. Using Step 1, there is a reflexive 2-form og whose radical
contains Eﬁé)/ s and which by contraction gives an isomorphism Ef\f} s —
Eﬁ\f /)Sv. We then take the left vertical map of (2.5) to be the contraction
map t — ;o5 and the right vertical map to associate to a form « the map

f € Homo,, (Egé)/s, Egg}s) such that os(f (), v) = —a(u, v) foru € EE\lf)/s

and v € Efé;)s The latter is none other than the projection (up to a sign) of
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QE\%]/ g onto the E fé)/\g[@)]E f,g /)Sv factor in its natural splitting using the identifi-

cation E;{}S = E&f )SV.
For the commutativity of (2.5) we need to show for sections 7 of Tx /g, u of

EX,)/S, and v of E%;)S that
(dyos)(u,v) = —os([t, ul, v).

On the one hand, since oy is closed (again by the low degree degeneration of
reflexive Hodge-to-de Rham), we have

Lios =diog
by the Cartan formula. On the other hand, since og vanishes on E E\ﬂ)/ g We have

(LtUS)(M7 U) = t.US(M, U) _US(LIua U) - US(M, Ll’v)
~—— S————
=0 =0
= —os([t, ul, v).

Step 4 Final step of the proof.

Now for X’/§’ lifting X'/ S, we have a natural diagram

0 — Hyyy — H'(X, My %"y —> H' (X, Exys) — 0

| ! !

0 — Hys — H'(X, My)P") — H'(X, Exs5) — 0

using the notation of the previous step, where the vertical maps are restrictions.
The right vertical map is surjective by Step 2, while the left vertical map

is surjective since each Home X,(EEQ R Egg/)/sf
©)
E

Xy = Py;g) is a summand of HOx, Q[;}/S/) that is compatible with the

restriction map H o, Q[E / ¢) > H O, QE%]/ 5)» Which is surjective as in

Step 1. The rows are exact by Step 3, and it follows that the middle vertical
map is surjective, thus completing the proof. O

) (again using the notation

Remark 2.36 Without additional assumptions, Proposition 2.35 does not obvi-
ously generalize to arbitrary K-trivial splittings, and in particular cannot be
adapted to prove a locally trivial Bogomolov-Tian—Todorov theorem. For such

a splitting, each factor is identified with a direct summand of some Qg?il] via
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contraction with a p-form, and Step 3 of the proof still carries through. Indeed,

the mapd : 5255/_31] — Q[)‘?} ¢ still induces the zero map on zeroth and first coho-
mology using the Leray spectral sequence and the result of Kebekus—Schnell.
On the other hand, Step 2 may fail in general as reflexive Hodge-to-de Rham
does not necessarily degenerate in higher degrees (although see [20, Theo-
rem 3.4] and [61, (1.12) Theorem] for some special cases over a point).

Corollary 2.37 Assume the hypotheses of the previous proposition. Then
F}?t;split — F}Et is formally smooth and the functor F}Et is unobstructed. In
particular, there exists a locally trivial deformation 2~ — (H'(X, E), 0) of
X whose Kodaira—Spencer map is the natural map H' (X, E) — H'(X, Tx).

It
Proof As FE;split

the proof of Proposition 2.35 and F}Et, split

by induction on small extensions that F

E;split
The unobstructedness of Fg;spht then immediately implies that Fg is unob-

structed. By Corollary 2.20 we have a map on the level of formal spaces
- —

(HY(X, E), 0) — Def t(X ) with the required derivative, and by Artin approx-

imation [2, Theorem (1.2)] there is a map on the level of analytic germs with

the required derivative. O

— Fg is surjective on tangent spaces by Step 3 of
is unobstructed, it follows easily

— Fg is formally smooth.

3 K-trivial varieties and strong approximations

Let us fix terminology. For a normal variety X, we denote by wx the double
dual of det Q) and by a)g'("] = (0§™)VV its reflexive powers.

Definition 3.1 A numerically K-trivial variety is a normal complex variety

X with rational singularities such that wg;n] is a line bundle for some m > 0

and ¢j(wyx) = 0 as an element of H*(X, Q). If wy satisfies a)g'("] = Oy for
some m > 0 we say that X is K -torsion. We say X is K-trivial if wy” = Ox.

Remark 3.2 Let X be a compact Kéhler space with log terminal singularities.
By [18, Corollary 1.18], numerical K -triviality is equivalent to X being K -
torsion. Actually, the proof does not rely on X being Kéhler but rather on X
admitting a Kihler resolution; in particular, the result holds when X is merely
in Fujiki class . Note that by normality, ") = Oy if and only if @7, =
Oxreg. Moreover, by the result of Kebekus—Schnell ( [52, Corollary 1.8]), if
X is normal with rational singularities and wy" = Oy, then it has canonical

singularities (and is in particular K -trivial in the above sense).

It is easy to construct examples of numerically K -trivial varieties in the sense
of Definition 3.1. For example, any anti-canonical divisor with rational singu-
larities in a Gorenstein variety is K-trivial. Kdhler varieties with symplectic
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singularities in the sense of Beauville provide some other examples (in partic-
ular, see the primitive symplectic varieties of [10]).

3.3 Proof of Theorem B

We are now ready to prove Theorem B. Given the results of Sect. 2.30, the
main step is to show the following:

Lemma 3.4 Let X be a numerically K-trivial compact Kihler variety with
log terminal singularities. Then there exists a good splitting Ty = ®; E® @ P
in the sense of Definition 2.31 where P is the common radical of all reflexive
2-forms.

Proof We fix a Kéhler class on X; in the following, we always mean stability
with respect to this class. By [47, Theorem A(ii)] there is a splitting 7x =

D, E: into stable factors with slope zero. Note that for any reflexive 2-form

o we have a contraction map Ty — QE;] = T/, and by stability of the factors

it follows that for each i either E; C rad(o) or contraction with o induces
an isomorphism E; — EJv for some j. In particular, the common radical is
P = @ielp E; for a subset Ip C I. Finally, for each i we have that E;|xree
is parallel with respect to the Ricci-flat metric in the chosen Kéhler class, so
any sum of the E; is a foliation. We therefore conclude that

iel\Ip

is a good splitting. O

By the lemma, the hypotheses of Proposition 2.35 are satisfied and Corol-
lary 2.37 applies. In view of Graf-Schwald [46, Theorem 3.1], the proof is
completed by the following:

Lemma 3.5 For X as in the previous lemma, suppose there is a splitting
Tx = E & P such that every reflexive 2-form contains P in its radical. Then
for any Kdhler class w on X, the contraction map

lw: H' (X, E) > H*(X, Ox)

is surjective.

We refer to Sect. 6.1 for Kihler forms on singular spaces. To any such class w on
X, one may associate an element k (w) € H L(x, Q;), cf. (6.3). We then denote

by 1, the composition of the cup product H'(X, Tx) K@)_ H*(X,Tx ®

Q}) and the contraction H*(X, Tx ® Q%) — H*(X, Ox). Similarly, if t €
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H'(X, Tx), we have a contraction map i : HO(X, Qg?]) Ly HY (X, Qg?] ®
Tx) — H'(X, Q).

Proof Set n := dim X; one may assume n > 1. The contraction map
w: H' (X, Tx) - H*(X, Ox)

is already surjective by [46, Theorem 4.1], and the proof of the lemma follows
by a similar computation. We have a perfect pairing

HOx, QP @ H2(X,0x) = C: (o, ) > / 0" PAaNB
X

and so i, is identified with the surjective map f : H X, 1v) —
HO(X, Q[)?])V given by

f(t):a|—>/a)”_2/\a/\tt(a))=— ! /w”_l/\t,(a)
X X

n—1
using that "' A @ = 0 and
WA == D" P Au@) Aa+ 0" A L)

Now any « € HO(X, Qg?]) vanishes on P, so f kills H'(X, P), whence the
lemma.

The proof of Theorem B is now complete. O

3.6 Quasi-étale covers in families and applications

In this section we deduce some first consequences of Theorem B. We refer to
the introduction for the definitions of quasi-étale maps and quasi-étale covers.
We first prove two lemmas asserting that quasi-étale covers can be spread out
in locally trivial families, and that the resulting families are also locally trivial.
Because it is all we will need, for simplicity we only consider families over
the disk A.

Recall that a quasi-étale cover restricts to an étale cover of X™2, and con-
versely any étale cover of X™2 can be extended to a quasi-étale cover of X
[23, Thm. 3.4].

Lemma 3.7 Let m : X — A be a locally trivial family of normal varieties.

(1) Let f : Y — X be a quasi-étale cover. Then for any t € A, f induces a
quasi-étale cover f; 1 Yy — X;.
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(2) Conversely, lett € A and let f; : Yy — X; be a quasi-étale cover. Then
there exists a quasi-étale cover f : Y — X such that fly, = fi.

Proof The first part is straightforward; by Nagata’s purity of branch locus, f
is étale over X2 hence f; is étale over X™ N X, = X,%. As for the second
assertion, note that the canonical morphism 7 (X;eg) — 1 (X"™8) induced
by the inclusion X;°® < X2 is actually isomorphic since 7 is topologically
trivial. In particular, any étale cover ¥, — X% is the restriction of an étale
cover V'8 — X' gver A. O

Lemma 3.8 Let w : X — A be a locally trivial family of normal varieties
and f 1 Y — X a quasi-étale cover. Then f om : Y — A is locally trivial.

Proof One can cover X by (small) open subsets U where 7 is trivial; i.e.
U =Uy x A over A where Uy = Xo N U. We claim that up to shrinking
U, the space y|f71(U) is isomorphic over A to Vy x A where Vo — Up is a
suitable quasi-étale cover.

Since there is a 1 — 1 correspondence between quasi-étale covers of U and
étale covers of U™® (or, equivalently, finite index subgroups of 771 (U™#)), the
result follows from the 1som0rphlsm i (U™8) = my (erg)

Indeed, set V := f~1(U) and V° := f~1(U™®). The cover f induces an
étale cover flyo : V° — U, 1% x A. By the observation above, there is an
isomorphism of étale covers VO = Wy x A for some €étale cover hg : Wy —
U, '°€. We can uniquely extend hq into a quasi-étale cover & : W — U of
normal spaces and we will automatically obtain an isomorphism V =W x A
of covers over Ug x A. In particular, W is isomorphic to V N )y, and f ox
is indeed locally trivial as claimed. |

Corollary 3.9 Let X be a numerically K-trivial variety with log terminal sin-
gularities. Then X admits a maximally quasi-étale cover X — X; i.e. the
natural morphism w1 (X™8) — 71(X) is an isomorphism.

Proof By Theorem B, there is a locally trivial deformation X — A of X
such that for some r € A, the fiber X; is prgjective. By [38, Theorem 1.5],
there exists a maximally quagi—étale cover X; - X;. By Lemma 3.7, we
can ﬁnd a quasi-étale cover X — X inducing X; — X; and a quasi-étale
cover X — X. By Lemma 3.8, the cover X > Xisa locally trivial family,

so by [3, Proposmon 6. l] there is a homeomorphism X = X, inducing a
diffeomorphism Xree 5 X f £ by restriction. The corollary follows. O

Recall that for X a compact Kéhler variety with rational singularities, the
augmented irregularity g (X) [17, Definition 2.1] is

q(X) = sup{hl(i, Ogx) = hO(X, Q[)%]) | X — Xquasi-etale cover}
€ NU {o0}.
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If additionally X has kit singularities and trivial first Chern class, then g(X) <
dim X; in particular, it is finite [17, Corollary 4.2(i)].

Corollary 3.10 Let X — A be a locally trivial deformation of a K -trivial
Kdihlervariety X with canonical singularities. Then the augmented irregularity
q(X,) is constant, and one fiber is IHS (resp. ICY) if and only if every fiber is
IHS (resp. ICY).

Proof The first statement is immediate from the lemmas and Corollary 2.28.

For the second part, assume that one fiber, say Xg, is ICY or IHS. This
implies that g(Xo) = 0, and g(X;) = O for all z. We fix t € A. By [17,
Theorem C & Proposition 6.9] and Corollary 3.9, there exists a quasi-étale
cover X; — X; such that the tangent sheaf of X; has a decomposition Ty, =
(®ierCi) ® (DjesSj) where C; (resp. S;) is of ICY type (resp. IHS type).
Recall that this means that each C; (resp. ;) has full holonomy SU(rk C;)
(resp. Sp(rk S;)) with respect to a singular Ricgi—ﬂat metric. By Lemma 3.7,
one can find a quasi-étale X — X extending X; — X, and by Lemma 3.8
the family X — A is a locally trivial deformation. -

If one can show that T;(’ has a single summand, then X; will be either
ICY or IHS by [17, Corollary E] and the type of X, will then be determined
by the Hodge numbers ¢ +— ho()? t ngt]) which are independent of ¢, cf.
Corollary 2.28. By the same argument, X itself will be ICY or IHS, with type
determined by that of Xj.

Since each of the factors in the decomposition of T%, accounts for at least
one holomorphic form (in maximal rank), there can be only one such factor if
X is ICY.

It now remains to show the corollary in the case where X is IHS. Write
dim Xo = 2n. First, one observes that |J| = ho(y,, Q[}%t]) = 1.Leto €

H 0()? Q[z]) a nonzero element and let m := %rank(Sl) We have m < n,
and we want to show that this inequality is actually an equality. Clearly, one
has 0’"“ = 0. Remember that the cup product map Sym*H 2(Xo, Q) —

H* (Xo, Q) is 1n]ectlxe for any k < n, cf. [10, Proposition 5.15], so the same
statement is true for X; as locally trivial families (over A) are topologically
trivial. This implies that m 4+ 1 > n, and given that n > m, we have n = m as
desired. m|

4 Reminder on the Douady space

For a proper morphism f : X — § of complex spaces we denote by
2(X/S) — S the relative Douady space constructed by Pourcin [55], who
generalized the work of Douady [26] to the relative situation. Let us denote by
@Q (X/S) C 2(X/S) the union of all irreducible components whose general
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element parametrizes a pure dimensional reduced subspace of dimension g.
Let %,(X/S) be the relative Barlet space of dimension g cycles in the fibers
of f,see [4, Théoréme 5]. By [4, Théoréeme 8], there is a morphism of complex
spaces

0:(24(X/S))ea = By(X/S) 4.1)

where (Z,(X /S))rea denotes the reduction of 7, (X /S).

Remark 4.1 As the following example shows, pure dimensionality is not an
open property. The Hilbert scheme H = Hilb¥+!(P3) of closed subschemes
of P? with Hilbert polynomial p(n) = 3n + 1isaunion H = H' U H” where
H’ and H” are smooth and irreducible (of dimension 12, 15 respectively) and
intersect transversally with dim H' N H” = 11, see the main theorem of [56].
Generically, H' parametrizes twisted cubics and H” parametrizes plane cubics
in IP? union an additional point. Both may degenerate to a singular plane cubic
with an embedded point at a singularity. In particular, elements of H'N H” are
pure dimensional (with embedded points) while the general element of H” is
not.

Fujiki has obtained important properness results about the Douady and the
Barlet space. These results are fairly comprehensive for Kdhler morphisms. We
need however a slight generalization to weakly Kihler morphisms. Following
[8] we call a morphism X — § weakly Kdhler if for any so € S, there exists
a neighborhood §° C § of S and a smooth (1, 1)-form 6 on X° := X xg S°
such that for all s € S°, the restriction 6|xe is a Kéhler form. Here, X7 is
the fiber at s of X° — §°. See [9, Example 3.9] for an example attributed to
Deligne showing that a deformation of a Kdhler manifold need not be a Kéhler
morphism.

The following result is proven with exactly the same methods as in Fujiki’s
article [32]. We include a sketch of a proof as we could not find it anywhere
in the literature. The argument is similar to [40, Proposition 2.6].

Proposition 4.2 Let X, S be reduced and irreducible complex spaces, let f :
X — Sbeaproperlocally trivial morphism which is weakly Kdhler, let S° C S
be any simply connected relatively compact subspace, and denote X° :=
X xs S°. Then every irreducible component D C §q (X°/8°) respectively
B C %,(X°/S°) is proper over S°.

Proof By [32, Proposition 3.4], it suffices to show the statement for the Barlet
space as the morphism ¢ : D — %,(X°/S§°) will then be proper as well.
Let B C %,(X°/S°) be an irreducible component and denote by {F}},cp the
universal family of cycles parametrized by B. Let 6 be a weak Kihler metric
for f. The key point is to show that A(b) := [ F, 09 isbounded as b € B varies,
cf. the proof of [32, Proposition 4.1].
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By [3, Proposition 6.1], the sheaf (R%? £, Qx-)" is a local system, and the
argument of [33, Lemma 19.1.3] shows that b +— [ Fj] defines a section of the
pulled back local system along the projection 7 : B — S°. As S§° is simply
connected, the local system is constant and thus the [ F}] determine a global
section L of (R*? f,Qx-)". In particular, the continuous function A’ : §° — R
defined by A'(s) := Ly([0,]7) satisfies 7*A" = L. As A’ can be extended to the
closure S in S, we see that A is bounded. O

The following is an immediate consequence.

Corollary 4.3 Let S be a reduced and irreducible complex space, let [ :
X — S be a locally trivial deformation of a compact Kdhler variety X with
rational singularities. With the notation of Proposition 4.2, every irreducible
component D C éq (X°/S8°) respectively B C %,(X°/S°) is proper over
Se.

Proof By [8, Theorem 6.3], f is weakly Kihler. O

As a consequence of properness, we obtain the following result.

Lemma 4.4 Let X be anormal compact Kiihler variety with rational singular-
ities. Let f : X — S be a locally trivial deformation of X over an irreducible
and reduced base S. Suppose that for some nonempty Euclidean open V. C S
we have a product decomposition

XXS‘/gyV XVzV

for locally trivial Yy, Zy /V and suppose that V is contained in a relatively
compact simply connected subspace S° C S. Then up to replacing S by S°,
there is a finite morphism S’ — S, a Euclidean open V' C S’ mapping
generically isomorphically onto V, and a Zariski open U' C S’ containing V'
such that the base change X x s U’ — U’ has a product decomposition

XxsU ZYxy 2 (4.2)

forlocally trivial Y, Z /U’ that specializes to the pullback of the one of X x gV
over V'

Proof We may also assume S is normal by passing to the normalization. We
will proceed in three steps.

Step 5 Letv € V and z € Z, be smooth points. Then the relative Douady

space Z(X'/S) is smooth over S at Y (z) := Y, x {z} and dim[y ;) Z(X/S) =
dim Z, +dim S.
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The normal bundles form a short exact sequence 0 — Ny()/x, —
Ny@yyx — Na, xlyzy — 0 where the outer terms are trivial bundles of
rank dim Z, respectively dim S. We deduce

dim Ty /s) (v (o)) = dim H(Y (2), Ny()yx)
<dimZ, +dim S
= dim Zy
< dim[y(z)] 2(X/8S).

Note that the last inequality follows from the fact that the second projection
X xgV — Zy can be thought of as the family of fibers Y (z) and the resulting
classifying map Zy — 2(X/S) is clearly injective. We infer that equality
holds above and Z(X'/S) is smooth at [Y (z)].

Before the next step, we set some notation. By the previous step, there
is a unique irreducible component D C Z(X/S) passing through [Y (z)] €
2(X/S)andwelet DY — D beits normalization. We denote by F C DV x g X
the (pullback of the) universal family and consider the S-morphisme : 7 — X
induced by projection. Replacing S by S$°, we may assume that DV — § is
proper by Corollary 4.3 and therefore has a Stein factorization D" — §" — §.
Moreover, S’ is irreducible and S — S is surjective, as D respectively D — §
are.

Step 6 There is a nonempty Zariski open U’ C S’ and a Euclidean open V' C
U’'N (S x5 V) such that the induced morphisms e xid : F x g U' — X xgU’
and V' — V are isomorphisms.

Clearly, the classifying map of Zy factors as Z2y — D C Z(X/S). By
construction, Zy — D is injective and as the induced map Zy — D x5V is
proper (since Zy — V is), Zy maps bijectively onto an irreducible component
of DxsV.As D" x5V = (DxgV)", wehave afactorization Zy — D" — D
such that Zy is isomorphic to a connected component of DV x g V. The map
Zy — V factors through an isomorphism V' — V for a connected component
V' € § xg V.Indeed, V' — V is finite and bimeromorphic as Zy — V
has connected fibers and V is normal by assumption. Over V' C S’ we have
a diagram
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o

/\
XxsV —FxgV —= (X xs8) xg V' (4.3)
Zy D" xg V'
\i/

where « is the identity, so F xg V' — (X x5 8’) xg V' is an isomorphism.
The locus U" C S over which 7 — X xg §’ is an isomorphism, is Zariski
open (and nonempty as V' C U’).

Step 7 Final step of the proof.

We also apply the preceding steps swapping Y and Z, and thus obtain for

i =Y (resp. i = Z) finite morphisms S; — § and nonempty Zariski open

subsets U; C S; such that the following hold:

(1) Let D; be the unique component of Z(X/S) containing all points corre-
sponding to subspaces of the form Y (z) (resp. Z(y)). Let D; — D; be the
normalization. Then DZV — §; — § is the Stein factorization.

(2) Let 7; — D, is the pullback of the universal family to the normalization.
Then the morphism F; — X x g S; is an isomorphism over U;.

(3) The inclusion V C S lifts to V; C S; and the canonical map Zy —
D; xs, Vy (resp. Yy — D% x s, Vz)is an isomorphism over V.

Passing to S’ := Sy x 5 Sz and the intersection U’ of the preimages of U; under

S — S; we obtain morphisms F; x5, §" — X xg S’ whose restrictions to U’

are isomorphisms. In particular, we have projections X x5 U’ — D} x5, U’

Set Y = D} x5, U'and Z = D}, x5, U'. The product morphism

XxsU = YVxy Z (4.4)
is an isomorphism when restricted over V' C U’. Note that
Y xyr 2) xs VI =Yy xv 2y

by construction. By shrinking U’ we may assume that (4.4) is an isomorphism
and that ), Z /U’ are locally trivial, as the former is Zariski open and the latter
Zariski closed (by Theorem 2.23). O

Remark 4.5 The proof actually shows a little more, namely that X' xg S’ is
bimeromorphic to a fiber product whose factors are locally trivial families over
U cs.

@ Springer



Algebraic approximation and the decomposition theorem 1285

Let us record another consequence of the proof of Lemma 4.4, mainly to
set the notation for later use.

Corollary 4.6 Let X be a normal compact Kdhler variety with rational sin-
gularities. Suppose we have a locally trivial family X — A with special fiber
X such that X* := X xpx A* = YV* xax Z* where Y*, Z* | A* are locally
trivial. Then up to replacing A by a relatively compact open subset containing
the origin there is a reduced’ component Dy C 2(X ] A) which is proper over
A such that, setting D} := Dy xa A* and Fy := Fy X A* the restriction
of the universal family Fy C X xa Dy, the graph of the second projection
X* C X* xax Z* is isomorphic as a family of subspaces of X* over Z* to
Fy C X* xax Dy over Dy. Likewise for Dz, F7.

Proof By Corollary 4.3, we can shrink A and find acomponent Dy of Z(X /A)
which contains the generic fibers Y; x {z} and which is proper over A. As in the
proof of Lemma 4.4, the projection X* — Z* yields a bijective classifying
map Z* — D} and Dy is smooth at points ¥; x {z} if z € Z*. In particular, the
reducedness claim follows. The resulting pullback map X* — F7 isin factan
isomorphism, as the evaluation map 7y — X provides an inverse. It follows
that the Stein factorization of 7§ — D7 is identified with X* — Z* — D7,
but as X* — Z* is faithfully flat and 7§ — D7 is flat, it follows that
Z* — Dy is flat hence an isomorphism. O

5 Splittings of relative tangent sheaves

In this section we show that given a product decomposition on the general
fiber of a locally trivial family of K-trivial varieties, the induced splitting of
the tangent bundle extends to the special fiber.

Proposition 5.1 Letw : X — A bealocally trivial family of K -trivial Kihler
varieties with rational singularities. Let X be the special fiber. Assume we have
a product decomposition X* := X xp A* = Y* xa+ Z* for locally trivial
families w1 : Y* — A and my : Z* — A*. Then there is a splitting

Tx)h=A®B

into foliations such that Ay« = 7{ Ty a+ and Bl|y+ = n5Tz+/a+ as sub-
sheaves of Txx/ax.

Before the proof of Proposition 5.1 we make some preliminary remarks.
We start by observing that there is a limit Kiinneth decomposition on the level
of cohomology.

7 Note that Dy being reduced is equivalent to Z(X'/A) being reduced at the generic point
of Dy. For the applications, this is irrelevant and we could also just have used the reduced
structure.
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Lemma 5.2 Assume the setup of Proposition 5.1. Let j : A* — A be the
inclusion. Then we have decompositions of local systems

Rkﬂ*@k’ = @ j*anl*QJJ* QRQ j*RSNZ*QZ* (5.1)
r+s=k

extending the Kiinneth decompositions over A*.

Proof As 1 is topologically trivial, each R¥7, Q2 has no local monodromy,
and it follows that each ka*@y* and Rknz*(@ z+ also has no monodromy
(since for instance 71, Qy+ and 72,Q z+ have no monodromy). |

Note that the isomorphisms preserve the integral structure—that is, the torsion-
free quotients of cohomology with integral coefficients—and that we also have
the corresponding decomposition on the level of homology. The decomposi-
tions are also compatible with cup and cap products.

Next we upgrade Lemma 5.2 to a Kiinneth decomposition of variations of
mixed Hodge structures.

Lemma 5.3 Let f : X — S be a locally trivially family over a smooth base
S. Then for all k, R* f,Qx underlies a variation of mixed Hodge structures

Proof Note that because S is smooth, the normalization of X is locally triv-
ial and specializes to the normalization fiberwise. Following for instance the
proof of [57, Theorem 5.26], the family X — § then admits a locally trivial
semisimplicial resolution over S by Corollary 2.27, and this is enough. O

Corollary 5.4 In the setup of Proposition 5.1, the Hodge filtrations of
R'11,Cy+ ®c Oa* and R*m2,Cz+ @c Oax extend so that (5.1) holds as
variations of mixed Hodge structures. Moreover, the cup-product maps are
morphisms of variations of Hodge structures.

Proof Let Uy, V,, W, be the special fibers of R¥m,Cy, Js« R m1.Coy, ju RS0y
C z+, respectively. Now denoting by FI the appropriate flag varieties, the period
map A — [], FI(Uy) associated to R*m,Cx maps A* to the image of the
closed embedding of [[, FI(Vi) x []; FI(Wy) via taking the graded tensor
product. It therefore maps A into [ [, F1(Vi) x [; FI(Wy), and the first claim
follows. The second claim is obvious as it is true fiber-wise. O

For simplicity, in the following we denote the Hodge filtration on
R f,.Cx ®c Op (resp. jiR'g:Cyr ®c Oa, jsR'hCz+ ®c Oa) by
F*RF f,Cx (resp. F*j R" gCyx, F® j, RSh,Cz+).

Proof of Proposition 5.1 Letm = dim }* — 1 andn = dim Z* — 1. By Corol-
lary 2.27 there is a locally trivial resolution f : X — X'. By Kebekus—Schnell
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[52, Corollary 1.8] we have f, Q2 = Q[)f} A Via the natural map, and like-

P
X/A
wise for Y* and Z*. In particular, we naturally identify F” RPr,Cy = Q[)?} A

for each p. Moreover, both F" R"1,Cy+ = Qg’,’fﬁ]m* and F"R"m7,Cz+ =
52[2'31 /ax are line bundles as )* and Z* are both families of K -trivial varieties.
From Corollary 5.4 it follows that F™ j, R™m1,Cy+ is a vector subbundle of
F™R"7,Cy, and so there is a ty € HO(X, Q[;’?/]A) which specializes to the
pullback of a nonzero top-dimensional reflexive form on the fibers of J* and
which is nonzero on the special fiber of X'. Likewise for 7z € H O, QE{Z]/ A)
and Z*.

We claim that A = rad(zrz) and B = rad(ty) provides the desired splitting.
Note that the radical can only increase in rank under specialization, and that A
and B are generically complementary. The claim therefore follows provided
Ty A Tz is nonzero on the special fiber. But Corollary 5.4 implies the Kiinneth
decomposition provides us with an identification

FM" MR g Cy = F™ ju R"1,Cyr @ F" j, R" 124 C 2+

where Ty A Tz on the left-hand side is identified with 7y ® tz on the right-hand
side, and the claim follows. |

6 Splittings of relative Kiihler-Einstein metrics

By the results of the last section, given a locally trivial family which is generi-
cally a product, there is both a limit splitting of the cohomology of the special
fiber and a limit splitting of the tangent sheaf. We show in this section that the
decomposition of the Kéhler—Einstein metrics carries over to the limit.

6.1 Forms and currents on singular spaces

The references for this section are [22] or [7, § 4.6.1]. Let X be normal complex
space. We introduce the following sheaves on X:

. L}( is the sheaf of locally integrable real-valued functions on X,
o CY is the sheaf of real-valued functions which are locally the restriction
of a smooth function under a local embedding X Cl—> cW,
ocC

e PHy C CY is the subsheaf made of pluriharmonic functions. A plurihar-
monic function can be equivalently defined as being locally the real part of a
holomorphic function (which by definition comes from a local embedding)
or a function in the kernel of the dd° operator.

We recall the following definitions.
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— A (1, 1)-form on X is a smooth (1, 1)-form on X" that extends smoothly
under local embeddings.

— A (1, 1)-form is said to have local potentials if it arises as a global section
of C¥°/PHy via the dd operator. In particular, it is closed.

— Aclosed (1, 1)-current with local potentials is a global section of L}( /PHx.

— A plurisubharmonic function (psh for short) on X is a locally integrable
function on X which is the restriction of a psh function under a local
embedding. If 6 is a (1, 1)-form with local potentials on X, a function ¢ on
X is said to be 6-psh if it is locally the sum of a smooth and a psh function
and it satisfies 8 + dd“¢ > 0 weakly. We denote by PSH(X, 6) the set of
6-psh functions on X. If we do not specify 6, we also speak of quasi-psh
functions.

— A Kdhler metric on X is a (1, 1)-form with local potentials whose local
potentials are strictly plurisubharmonic, i.e. they are the restriction of a
(smooth) strictly psh function under a local embedding.

Remark 6.2 A closed (1, 1)-current 7 with local potentials on X enjoys the
important property that given a surjective morphism f : ¥ — X of complex
varieties, one can define its pull-back by f*T by lifting its local potentials.
The current f*T is again closed, of type (1, 1) and admits local potentials on
Y. Moreover, f*T is positive if and only if T is positive.

We have the following exact sequences
0 — PHy — Ly — L} /PHy — 0 (6.1)
and similarly with C§° in place of L, as well as
0— Ry -5 Ox X9 PHy — 0 (6.2)

Composing the exterior differential mapd : Ox — Q}( with the isomorphism
PHx = Ox /Ry, and passing to cohomology, we get a natural map

d:H'(X,PHy) - H'(X, Q). (6.3)

Next, the exact sequences (6.1)—(6.2) above yield exact sequences in coho-
mology

HO(X, L) /PHy) 15 H'(X,PHy) — 0 (6.4)
and

H'(X,PHy) -%> HX(X.R) -5 H2(X, Oy) (6.5)
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A class in H'(X, PHy) (resp. in H*(X, R)) is said to be Kihler if it is the
image of a Kdhler metric under the map [-] in (6.4) (resp. under the map o o[-]).
According to [10, Proposition 2.8], the Kéhler class ends up in H LI(X,R) :=
F'H?(X,C) N H%(X, R). The following elementary result is very useful.

Proposition 6.3 Let X be a compact, normal variety of class € with rational
singularities. Then o is injective and B is surjective; i.e. we have an exact
sequence

0 — H'(X,PHy) - H2(X.R) -*> HX(X.0x) — 0.  (6.6)

Proof The injectivity of « is proved in [35, Remark 3.2 (2)]. Surjectivity of
B follows because the Hodge structure on H?(X, C) is pure and 8 can be
identified with the projection on the (0, 2)-part. Clearly, for« € H 0.2(X) the
class o + « is real. O

6.4 Continuity of the relative KE metric

For the remainder of this section, we work with the following setup.

Setting 6.5 Let X be a normal complex space with canonical singulari-
ties equipped with a proper, holomorphic, surjective map m : X — A
and a smooth hermitian positive definite (1, 1)-form 6 such that, setting
X, := 7" Y(@t) and X = X, one has

(l) w)(/A = O)(.
(ii) The map 1 is locally trivial and H'(Xo,R) = 0.
(iii) The restriction 0; := 0|, is a Kdhler form.
(iv) There is a splitting X X A* 2 YV* xa+ Z* with my : Y* — A* and
o 2% — A* locally trivial.
(v) The relative tangent sheaf splits: Tx;n = A ® B and Alx~ = nf‘Ty*/A*
and By~ = ﬂsz*/A* as subsheaves of Txx/ax.

As mentioned before, this in particular implies that w is topologically, even
real analytically trivial by [3, Proposition 6.1].

In Setting 6.5, we can consider for any # € A the unique singular Kihler—
Einstein metric w; € {6;}, provided by [29, Theorem A]. One can write @, in
a unique way as

Wy = 9t + ddcgﬁt

where ¢; is a 6;-psh function normalized by f X, ¢1 0/ = 0. Moreover, it is
known from loc. cit. that ¢; € L°°(X,) and from [54, Corollary 1.1] that wy; is

@ Springer



1290 B. Bakker et al.

a genuine Kihler form on X ;eg , the regular locus of X,. Up to shrinking A, it
follows from [25, Theorem F] that there exists a constant C > 0 independent
of t € A such that

sup¢; — inf ¢; < C. 6.7)
X, Xi

Actually, the quoted result requires 6 to be relatively Kéhler (hence globally
Kéhler on X, possibly after shrinking A). However, taking a closer look at the
proof reveals that the only (truly) global argument appears in Theorem 2.9 in
ibid., where one needs to control away from 0 and +oo the masses || X, 6; +

ddyr) A 9,”71 uniformly for any 6;-psh function v, and any ¢+ € A. In our
situation, this property is clearly satisfied since 6, is Kihler (hence closed) and
| x, 07 1s a continuous function of 7 € A.

Let us also observe that the normalization condition || X, 9t 6! = 0 implies
that Supy, ¢r > 0 and infy, ¢; < 0. The bound on the oscillation (6.7) thus
implies that with the same constant C, we have

—-C=<¢ =C (6.8)

forallt € A.

Up to shrinking A, by local triviality one can assume that there exists a finite
covering (Uy)qer of X by Euclidean open subsets such that if we set Uy o :=
Uy N X; fort € A, there exist biholomorphisms Fy, : Uy o x A — Uy over
A and such that Fy |y, ,x {0} coincides with idy, , via the natural identification
Ug.0 % {0} = Ug0. In other words, restriction to a fiber gives a family of
biholomorphisms

FO{,[ . U(X,O —> U(X,t (69)

depending holomorphically on 7 such that Fy, ; converges toidy, , whens — 0.
In the following, we will replace each U, by a slightly smaller open set so
that we can assume that the biholomorphisms F, ; extend to a neighborhood
of 0Uq,0.

Proposition 6.6 For any o € T, the currents Fy .|y, converge to wolu,,
whent — 0, weakly on Uy, o and locally smoothly on the regular locus of that
set.

Proof Letus write F; ,w; = 0y ¢ +dd“Ya,; on Uy o wWhere 0y := F; ,6; and
Yot 1= @; 0 Fy ;. First observe that ¥ ; is a 6 ,-psh function. We are going to
show at the same time the following three assertions, which altogether prove
the proposition.
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e The family (v, ) is precompact in the LllOC topology.

e Any weakly convergent subsequence () actually converges locally
smoothly on U;eg.

e The only cluster value for (Ya,r) whent — 01is goly, -

Note that even though the results above are local (i.e. on Uy,), we need a
global argument to identify the sequential limits and obtain the last item.

The first item follows directly from classical pluripotential theory given the
estimate

Vel LWy < C (6.10)

inferred by (6.8) and the fact that 6, ; converges (smoothly) to 6y on Uy,.
We now proceed to prove the remaining two assertions. Let us first observe
that if «, B are two indices such that Uyg o := Uy N Upgo # @ and Woz.tj
converges to a quasi-psh function ¥, 0 on Uy o, then any sequential limit
wﬂ,,} — g0 for a subsequence (t;.) of (¢;) will satisfy V40 = ¥p,0 on

Uqgp,0- This follows from the fact that (FatlUgg0) © (Flg,tlywm)_1 converges
to idy,, , when t — 0. Since the set I' of indices is finite, we can iterate this
construction and out of any sequence #; — 0, one can find a subsequence (tJ/.)
and a function g € PSH(Xy, 6p) N L°°(Xy) such that for any o € T, the
current F;ﬁ ;. converges to 0o + dd“yrg on Uy o in the weak topology.

In order tjo finish the proof of the proposition, we will show the following.

e The weak convergence F; gy = B0 4+ dd g is locally smooth over
djd
reg,
XO ’ o . . .
e The current 8y + dd“yry coincides with wy.

Since 7 is locally trivial, the functorial resolutions p; : )~(, — X, can be
patched together to induce a simultaneous resolution p : X — X’ that restricts
to p; over X, forany t € A, cf. [10, Lemma 4.8]. As the simultaneous resolu-
tion is a projective morphism, one can reproduce verbatim the argument in [54,
§ 3] (see also [5, Appendix B]) relying on Tsuji’s trick [63] to get laplacian
estimates

(trg,w1)|k, < Cx (6.11)

for any compact subset K € X" where K, := KN X, and Cx > Oisa
constant independent of 7. From (6.11), one can get higher order estimates

leellck g,y < Cr ok (6.12)

for any integer k > 0 using standard results (Evans-Krylov and Schauder
estimates, cf. e.g. [12, § 5.6] and [62, § 2.3]).
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Now,let2 € H O(X , wx/A) be atrivialization. We know from e.g. the proof
of [25, Theorem 6.1] that there exists a constant ¢; > 0 uniformly bounded
away from 0 and 400 when ¢t € A such that

O +ddo)" =c;-i"Q AQ, onX,. (6.13)

By (6.12), the function v, ; is locally bounded for any C¥-norm on U gfg =
Uy oNX (r)eg. Therefore, the Arzela—Ascoli theorem guarantees that one can find
a subsequence (t}’ ) of (t;.) such that ¥, / converges locally smoothly on U ;fg.
Since wa,t}/ already converges weakly to {9 on Uy o, we have wa,o|U:§ =

w0|Ure§. This shows that v, ; converges locally smoothly to ¥9 on U gf% when
t — 0. Applying F;,t;/ to (6.13) and passing to the limit on each U, Orf(g), one
finds that '

(00 + ddyo)" = co - i" Q0 A on XpE. (6.14)

As Y9 € L (Xp), the uniqueness of the Kihler-Einstein metric [29, Propo-
sition 1.4] guarantees that 6y + dd“y¥y = wy. O

6.7 Decomposition of the KE metric on X

We now prove the splitting of the Kidhler—FEinstein metric.

Proposition 6.8 In Setting 6.5, one can decompose the Kdiihler—Einstein metric
w; on X, 8 as

Wy = wa, + wp, (6.15)

where

(1) The forms wa,, wp, are closed, semipositive smooth (1, 1)-forms on X ;eg.

(2) One has kerwa, = B; and ker wp, = Ay.

(3) Whent — 0, we have local smooth convergence wa, — wa, (resp. wp, —
wp,) on X(r)eg under any local trivialization of the family.

(4) If t # 0, then wa, (resp. wp,) is the pull-back of a KE metric on Y; (resp.
Z;). In particular, they extend to X; as positive currents with bounded local
potentials satisfying the identity (6.15).

Proof Items (1) and (2). The decomposition of the tangent sheaf Ty, = A;® B;
induces a decomposition of T'yrez into parallel subbundles with respect to w; by
[34, Theorem 8.1.2]. That result was stated for projective varieties but the proof
of that particular result is purely analytic and does not rely on the projectivity
assumption, cf. [17, Remark 3.5].
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This implies that the Kihler—Einstein metric w; splits canonically on X,
as follows

Wy = w4, + wp,

where w4, (resp. wp,) is a smooth, closed semipositive (1, 1)-form on X;eg
whose kernel is By | X (resp A¢| X;eg) and which is positive definite in restriction
to A;|X;Eg (resp. Bt|X;eg).

Item (3). This is an easy consequence of the local smooth convergence of w;,
to wp on X(r)eg via the local biholomorphisms Fy ; shown in Proposition 6.6
combined with the definition of wy,, wp, and the fact that the summand A; of
Tx, coincides with the restriction of the subbundle A C Tx/a to X,°%.

Item (4). From now on, we assume ¢ # 0. We will need the following

Lemma 6.9 For anyt € A*, the natural map
H'(Y,,PHy,) ® H'(Z;,PHz,) — H'(X,, PHy,)

is an isomorphism.

Proof Recall from Proposition 6.3 that H L(X,,PH x,) is the kernel of the
natural map H*(X,,R) —> H*(X,, Ox,). We claim that this map is given by
the sum map H?(Y,, R) ® H*(Z;,R) — H*(Y,, Ox,) ® H*(Z;, Oy,), from
which the lemma follows.

Now, since 7 is locally trivial and H' (X, R) = 0, wehave H!(X,, R) = 0.
Since X; has rational singularities, this implies that H 1 (X:, Ox,) = 0as well.
The claim now follows from Kiinneth decomposition formula. O

Therefore, one can decompose [6;] € H ! (X:, PHy,) as
[6:] = Pri]at + Pr;k,zﬁt

for some classes oy and B; on Y; and Z; respectively. Since [6;] is Kéhler, so are
a; and B;. By [29], there exists a unique singular Kidhler-Einstein metric wy, €
a; (resp. wz, € B;). Since pr;"’]wyt + pr;“yzwzt € [6;] is smooth, Kdhler and
Ricci-flaton X ;eg and has bounded potentials, it coincides with w;. In particular,
one has wy, = pr;"’ |wy, and wp, = pr;"ﬁ |wz, on X ,reg, hence everywhere since

sin;
none of these currents puts any mass on X, . O

6.10 Properties of the currents w4, and wp,

In this section, we fix a functorial, simultaneous resolution p : X — X
inducing fiber-wise resolutions p; : X; — X;, we set T := 7 o p. Since
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p«Tw = Ty and X — A islocally trivial, one can find a cover (Uy) of X and
holomorphic vector fields v, on U, such that

. tovg = 2.
e vy = P4y for some holomorphic vector field 7, on p~1(Uy,).

Using a partition of unity ( Xa) subordinate to (Uy), one can construct a smooth
vector field v on X (resp. ¥ on X ) such that p,v = v and 7,v = <. The
flow of these vector fields yields diffeomorphisms F' : Xo x A — X and
F: ?0 X A — X commuting with p;ie. po F=Fo (po x idpa). With a
slight a}puse, we c}venote 13y F; (resp. Fy) the restriction F|x,x} @ Xo — X;
(resp. F|)?0><{z} : Xo — X))

For t # 0, the currents w4,, wp, have local potentials by Proposition 6.8,
hence they induce cohomology classes «;, By € H 2(X ¢, R) such that

ar + B = [6]. (6.16)

Lemma 6.11 With the notation above, there exist ag, fo € H 2(Xo, R) such
that Fjoay — ag (resp. F*B; — Po) whent — Q.

Proof From Lemma 5.2 we have R?m,Ry = jR*m1,Ry @ ju R2m,Rzx,
using (ii) of Setting 6.5. The sections ¢ +— «; (resp. t — B;) of the vector
bundle (R? 71+ Ry+) ® CX (resp. (R%m3,Rz+) @ C3%) over A* are such that
their sum extends to a smooth section of (RZJT*RX) & CZO. As each section
lives in a different direct summand, both extend separately across the origin,
proving the claim. O

Another helpful result is the following

Lemma 6.12 In Setting 6.5, there is a sub-vector bundle H C RZJT*RX(X)RCZO
and the inclusion is fiberwise canonically identified with H'(X;, PH x,) C
H*(X;, R).

Proof By topological triviality and purity of the weight two Hodge structure,
the family X — A givesrise to a variation of Hodge structures with underlying
R-local system R%>m,Rx. We denote V := R*m, Ry ®Candby FP C V®C
the C*°-sections of the Hodge filtration. Then the base change of V — F/F!
tot € Aisthesurjection 8 from (6.6), soif we define H := ker (V — FO/FI),

we have canonical identifications H, = H'! (X:, PHy,). O

Proposition 6.13 With the notation of Proposition 6.8, then the currents
w4, @B, extend to positive currents on X having local bounded potentials
and satisfying (6.15) on Xy.
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Proof Let us first prove that wa,, wp, can be extended across Xgmg with
local potentials. We prove the claim for w,4,, since the argument for wp, is
entirely similar. First of all, since the singularities of X, are rational, p real-
izes R®*m.Ry ® CX° as a sub-vector bundle of RZ%’*R/? ® C, see e.g. [11,
Lemma 2.1]. In particular, Lemma 6.12 provides a sub-vector bundle

P*H — RZﬁ*Rg ®CY

whose fiber at ¢ is p*H' (X, PHy,) C Hz()?,, R).

ByLemma6.11, the section — p;«; is a continuous section of R*%.R ®
CX° whose image lies in p*H over A*. It follows that the latter holds across
the origin too. In particular, we get

podo € pyHo. (6.17)

Moreover, the arguments laid out in [1, Appendix] show that one can find
a sequence 7 — 0 and a closed, positive (1, 1)-current 7" on X such that
F;‘; pZ wa,, converges to T weakly when #; — 0. Since X is a smooth, com-
pact Kéhler manifold, one can write T = ¥ + dd“v where ¥ is a smooth,
closed (1, 1)-form on X¢ and v e L'(Xy). Since the cohomology class in
H?(Xo, R) of a closed current depends continuously on it (with respect to the
weak topology), we have [}'] € p§Ho. Said otherwise, the local potentials of
y actually come from X via po modulo a global function on X, i.e. one can
write ¥ = piy + dd“w where y is a (1, 1)-form on X with potentials and
e L' (X).Setii ;=7 +wsothat T = pyy +ddeu.

Given a fiber F of pg, u|F is either identically —oo or it is a psh function.
Since F is connected and compact, u| r has to be constant. That is, there exists a
y-psh function u on X such that ¥ = y*u or, equivalently, T = p{(y +ddu)
on Xo.

Now, recall from Proposition 6.8 that F,*ws, — w4, locally smoothly on
Xgeg when ¢t — 0. By uniqueness of the limit, this shows that T agrees with
Po@wa, on )N(O\Exc(po). Therefore, we have wa, = y 4+ ddu on X(r)eg. This
shows that w4, extends to a closed positive (1, 1)-current with local potentials
on X.

In the following, the extensions just constructed to X will still be denoted by
w4, (resp. wp,), and we aim to prove that their local potentials are bounded.
Pick a Stein open subset U C X where wa,|y = ddv; (resp. wp)lu =
dd‘vy) and wy|y = dd“v where v, v; € PSH(U) and v is bounded on U, say
lvllL=@) < Ci. Up to shrinking U slightly and subtracting a constant, one
can assume that the upper semicontinuous functions v; are nonpositive on U.
The function v — (v1 + v2) coincides almost everywhere with a pluriharmonic
function 4 on U. Up to shrinking U, one can assume that / is bounded; i.e.
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|h|| Loy < Ca. Then, one has 0 > v; > —(C + C3) almost everywhere on
U, hence everywhere on U since v; is psh. Finally, the closed (1, 1)-current
wo — (wa, + wp,) is supported on X(S)lng while it has local bounded potentials,
so it vanishes everywhere thanks to the support theorem applied on X, which
is legitimate by Remark 6.2. Indeed, p;(wo — (w4, + ®p,)) would have to be
a current of integration along a divisor, which violates the boundedness of its
potentials unless it vanishes identically. m|

7 Splittings of locally trivial families

In this section, we show using the results of the previous section that the
limit tangent splitting of Sect. 5 induces a product decomposition. The key
technical result of the previous section is the existence of a splitting of the
Kihler-Einstein metric as a positive current with bounded potentials.

The boundedness of the local potentials of a closed, positive (1, 1)-current
T on X allows us to do two things that we cannot do with closed positive
(1, 1)-currents in general, even when they admit local potentials.

(1) One can define the Bedford-Taylor Monge-Ampere operator 7", which is
a positive measure satisfying | x IT" = [T]" where the right-hand side is
computed in cohomology, cf. [14,15] or [22, § 2].

(2) If Z C X is a closed analytic subvariety of X, then one can define T'|z :=
0|z +dd u|z, whichis again a closed, positive (1, 1)-current with bounded
local potentials on Z.

We assume we are in Setting 6.5 and adopt the notation of Corollary 4.6.
Thus, after shrinking A we have the reduced irreducible components Dy, Dz
of 2(X/A) which are proper over A, generically parametrize fibers ¥; x {z}
and {y} x Z;, respectively, and furthermore Dy xao A* = Z* and Dz xa
A* = Y*. Let (Dy)o, (Dz)g be the fibers over 0 (endowed with the reduced
structure), and set m = dimY* — 1, n = dim Z* — 1. Let Fy, F be the
restrictions of the universal families to Dy, D .

The map F7 —5 Xisan isomorphism over A*, hence it is surjective by
properness. For dimensional reasons, X ¢ e(Exc(e)) so one can consider the
proper transform (F; z)a' of X by e. This is the unique component of the special
fiber (Fz)o for which the map to X is surjective and generically one-to-one.
We endow (F Z)(')F with the reduced structure.®

8 One can actually prove that (F, Z)(J)r is reduced with its given structure, i.e. the one for which

the inclusion in the special fiber is an isomorphism at the generic point of (F; Z)(J)r . Just notice
that F7 is reduced by [32, Lemma 1.4] and that e is an isomorphism at the generic point of
(F Z)S' . We will however not need this.
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We have a diagram
(Fog —— X.
» l (7.1)
(Dz)o

Let (Dz)aL = p((]—"z)ar). Note that for any [Vy] € (DZ)(J{, we have that
Vo N X' 8 is either empty or tangent to B|xre, since by choosing the germ of a
curve C in Dz passing through [ V] and dominating A, we obtain a flat family
V/C specializing to Vj, embedded as V C X’ := X x C, and generically
tangent to B. Likewise we define (.’/T-"Y)(')F and (Dy)a_ .

Lemma 7.1 Let X be as in Setting 6.5. Then for any point [Vy] € (Dz)ar

(resp. [Up] € (Dy)ar ) we have that Vg (resp. Uy ) is irreducible and generically
reduced.

Proof Its enough to prove the claim for Vj, as the one for Uy is the same after
switching factors. With V/C as above, the argument of [33, Lemma 19.1.3]
yields an integral section v of (R¥'7.Qx)Y with v, = [V;]. Using the
decomposition of Lemma 5.2, we in fact have an integral generator n of
(j«R*m1:Qz~)Y and v = n ® pt, where pt is the integral generator of
(Jxm2:Qyr) Y. Set

I':= @ (j*Rrﬂl*Q)}/*)v X (j*RSTFZ*QZ/*)v-

r+s=2n
r>0

Now, note that Vj is pure-dimensional, and assume that we have an effec-
tive decomposition [Vo] = [V'] + [V"]. In H»,(X, Q) one has an integral
decomposition [V'] = A'vg + yp (resp. [V"] = A vg — yp) for ', A € Z with
1 =2+ 1" and yy € Ty, where I'g is the fiber of " over the point 0. Note that
the coefficients A, A" are integral since vy is a primitive vector in the integral
cohomology of X¢. Generic reducedness is equivalent to the multiplicity of the
associated cycle being equal to one, so proving the lemma amounts to showing
that either [V'] =0or [V"] = 0.

By Propositions 6.8 and 6.13, the Kédhler—Einstein metric w; € [6;] can
be decomposed as w; = wja, + wp,, and we set o; = [wa,] € H*(X,,R)
(resp. By = [wp,] € H 2(X,, R)). Recall that these currents have bounded local
potentials, hence one can take their wedge products, cf. the beginning of this
section. We claim that the cap product

By - uo =0 forany ug € I'p. (7.2)
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Indeed, any such uq can be written as limit of elements u; € I'; but for ¢ £ 0
we have B/ - u; = 0 almost by definition and ¢ +— B - u, is continuous by
Lemma 6.11. Similarly, we have

apBy " -vo =0 foranyr > 0. (7.3)

By Proposition 6.13 we have
0= [ @) =¥
V/

and so 0 < A’. By the same argument, we also have 0 < A”, and therefore
without loss of generality we have A" = 0; i.e. [V"] = —yy. Combining (7.2)
and (7.3), we find

n n r ph—r
/ wo:_ﬁo'VO_E agBy - vo
" N — e’

-0 r>0
=-> / (@a0)" A (@5y)" "+ _apBy ™ - vo.
/
r>0 14 r>0
<0 =0
hence [, wfj = 0,s0 [V"] =0. ]

Proposition 7.2 Let X be as in Setting 6.5, and let [Vp] € (Dz)(')|r and [Up] €
(Dy)aL. Then we have

waolvy =0 and wp,ly, = 0.

In particular, woly,ny, = 0.

Proof Since the w,, and wp, have bounded local potentials by Proposi-
tion 6.13, it makes sense to restrict them to Uy or V. The last statement
follows from the main one thanks to Proposition 6.13.

First assume Vo N X™8 £ &. Set V7 := Vo N X8 which is a dense Zariski
open subset of Vp. Since w4, |ve = 0 by Proposition 6.8, it follows that the
restriction wa,|v, 1s a positive (1, 1)-current with bounded potentials on Vj
supported on Vp\Vy. By Lemma 7.1 and the support theorem applied on a
resolution say (cf. Remark 6.2), the current wa, |y, has to be a nonnegative
combination of currents of integration along the codimension one components
of Vo\Vy which is only possible if w4,|v, vanishes identically since it has
bounded potentials.
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Now for Vj arbitrary, take the germ of a smooth pointed curve (C, 0) with
a nonconstant morphism C — (Dz)o sending 0 to [Vp] and consider the
pullback diagram

F X

|
C

where we abusively use the same letters e, p for the restrictions of the cor-
responding maps in (7.1). By the previous paragraph, e*w,, vanishes in
restriction to F; for ¢ general. Since p is smooth at a generic point xo of
Fo = Vp by Lemma 7.1 and e*w4, has local bounded potentials, Lemma 7.3
below implies that e*w,4, vanishes in restriction to a neighborhood of x¢ in
Vo, hence e*w4, |G, is supported on a proper analytic subset. Since its local
potentials are bounded, this implies that e*w4, |G, = 0 as before. |

In the course of the proof above, we used the following lemma about psh
functions on the total space of a trivial fibration that are pluriharmonic on all
but one slice.

Lemma 7.3 Let ¢ be apshfunctionon A" x A. Assume that ¢ is pluriharmonic
inrestriction to each slice D; := A" x{t} fort € A*. Then, either ¢|p, = —00
on Dy or ¢|p, is pluriharmonic.

Proof Assume that ¢|p, # —o0. We use the coordinates (z, ..., z,) for the
first factor A" and (¢) for the second factor A. The lemma is local, and it is
sufficient to prove that for every one-dimensional disk D C A" centered at
0 € A" of small enough radius r, we have

¢(0,0) = ]][DJ" ¥(z,0)dV (2). (7.4)
For that purpose, we introduce the function u : A — R U {—o0} defined by

u(t) = ][ ©(z,)dV (2).

-

The function ¢(z) := ¢(0, ) is a psh function on A that satisfies
u=g¢ onA* (7.5)

since ¢|p, is pluriharmonic for any ¢ # 0. To show (7.4), we thus have to
extend the identity (7.5) across the origin. This will be achieved if we show
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that u is psh on A since psh functions are determined by their value almost
everywhere and ¢ is psh.

First of all, u is upper semicontinuous by Fatou’s lemma since ¢ is upper
semicontinuous as well (one can assume that ¢ < 0 without loss of generality).
Next, if 7o € A and s is small enough, setting D% := {r € A | |t — 19| < s} we
have

u(to) = ]é 9 10)dV (@)

5][ ][ 0(z,H)dV (t)dV ()
: Joy

= ][ u(t)dv(t)
D

!
s

where the inequality follows from ¢(z, -) being psh while the last identity is a
simple application of Fubini’s theorem. This shows that u is psh, and concludes
the proof of the lemma. O

We will specifically need the following corollary of the previous proposition.
Let I = (fy)g X x (]—"Z)(J)r be the universal intersection, and consider the
resulting diagram

r—71 x
gl (7.6)
(Dy)§ x (D2)§

where /7 is the unique irreducible component of / dominating X, endowed
with the reduced structure.

Corollary 7.4 In (7.6), f is surjective and generically one-to-one, and g is
finite, surjective, and generically one-to-one.

Proof The statements for f follow from the fact that the natural maps
(.?’-"y)ar — X and (.7-"2);{ — X are generically one-to-one and surjective
by definition and the surjectivity of g is clear as (fy)g — (Dy)g and
(F, Z)ar — (Dz)ar are surjective. The fibers of g are the intersections Ug x x Vp
in the notation of Proposition 7.2, so the finiteness is immediate from there
and the Kéhlerness of [wp].

For the rest of the claim, as £~ (X*"€) does not dominate (Dy)aL X (DZ)BL,
for generic [Uy] € (Dy){ and [Vo] € (Dy){ we have Uy N Vy C X™8. We
may take the germ of a smooth pointed curve (C, 0) with a nonconstant map
C — Dz sending 0 to [Vp] and dominating A, as well as a nonconstant
map C — Dy sending O to [Up] and dominating A. If we let F> (resp. F1)
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be the pullback of F7 (resp. Fy) to C, then both F| and F, are naturally
embedded in X' := X x C. Every component’ of F; N F, N X™¢ has
dimension at least dim F; — codimy/F> = (m + 1) —m = 1, as for example
the intersection is equal to the intersection of F; x F» € X’ x X’ with the
diagonal embedding of X"*8, which is regularly embedded in X8 x X8,
The fact that (F1);N(F>); isasingle pointfor ¢ # 0 implies that there is at most
one zero-dimensional component of (F1)g N (F2)o N X™8 = Ug N Vo N X8,
which is zero-dimensional. The claim then follows. |

The following two lemmas will be key to obtain the main result of this sec-
tion, Proposition 7.7. This first result below states that, under some reasonable
assumptions, a compact Kéhler space which is bimeromorphically covered by
a nontrivial product is already a product itself. Similarly flavored results have
been obtained in the algebraic setting, see e.g. [51, Proposition 18] and [28,
Lemma 4.6].

Lemma 7.5 Let X, Y, Z be normal compact complex varieties with a bimero-
morphic morphism f : Y x Z — X and assume X is Kdhler with rational
singularities and H' (X, Ox) = 0. Then X = Y’ x Z' where Y’ (resp. Z') is
the normalization of the image of a general fiber Y x {z} (resp. {y} x Z).

Proof By taking resolutions we may assume Y and Z are smooth. Observe
that from the rationality of the singularities and the exact sequence

0— H' (X,0x) > H'(Y x Z, Oyxz) — H°(X, R' f,Oyx2)
coming from the Leray spectral sequence, we obtain
HY(Y x Z,0yxz) = H'(Y,Oy) ® H' (2, 0z) = 0. (7.7)
For a general fiber Y, ;=Y x {z}letY” = f(Y;) and ny : Y — Y” the

normalization; likewise for nz : Z' — Z”. Note thatthe map g : ¥ x Z —
Y’ x Z' is birational. The situation is summarized in the diagram below

YxZ 15 x
gl //’?

Y x 7'

For the claim it is enough to show that f factors through g and vice versa; note
that such a factorization is obviously unique provided it exists. As both f and

9 When we take intersections we mean the intersections of the reductions.
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g are proper with connected fibers and map to normal targets, by the rigidity
lemma it is sufficient to check the following claim:

Claim f and g have the same fibers.

Proof Let v € H?*(X,R) be a Kihler class X. By (7.7) we have that
h'(Y, Oy) = 0, so the Kiinneth decomposition yields

ffo =prya +pryp (7.3)

where @ € H?(Y,R) and B € H?(Z, R). Identifying Y, with Y (likewise for
Z), we find that @ = (f*w)|y, = f*wly» and B = f*(w|z~). Since we have
a factorization

Y. fly; v

lezJ/ A(
Y’

we find that f*w|y» = g*njwl|y and f*w|z» = g*n%w|z». In the end, (7.8)
becomes

ffo=g*(w + w) (7.9)

where w; = njwl|y» and w, = n%,w|z». Note that w| and w; are Kéhler classes
by [65, Theorem 1], see also [35, Proposition 3.6].

Since w (resp. w1 + wy) is a Kéhler class, a subvariety V. C Y x Z is
contracted to a point by f (resp. g) if and only if f*w|y = 0 (resp. g*(w; +
@2)|y = 0). The claim now follows from (7.9). O

As explained above, the lemma follows from the claim. O
The next lemma allows one to spread a product structure of a given variety
to its locally trivial deformations.

Lemma 7.6 Let Y, Z be compact irreducible and reduced varieties with
HY (Y,Oy) = 0 = H'(Z,0y). Let X = Y x Z. Then the natural map
Def''(Y) x Def''(Z) — Def'(X) is an isomorphism. In particular, the uni-
versal locally trivial deformation of X is the product of the pullbacks of the
universal families of Y and Z.

Note that H'(X, R) = 0 in our case so that the hypotheses on ¥ and Z are
fulfilled.
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Proof It suffices to show the map on tangent spaces is an isomorphism and that
the map on obstruction spaces is injective. By the Kiinneth decomposition, the
map on tangent spaces is the natural map

H' (Y, Ty) @ H'(Z,T7)
— H'(Y, Ty) @ H*(Z, 07) ® H'(Y, Oy) @ H'(Z, Tz)

since the other Kiinneth factors vanish:
H' (Y, 0y) @ HY(Z,T7) =0=H(Y, Ty) ® H'(Z, O2).

In particular, the map on tangent spaces is an isomorphism. The map on
obstruction spaces is likewise identified via the Kiinneth decomposition with
the inclusion of the Kiinneth factors

H*(Y, Ty) ® H(Z,07) ® H*(Y, Oy) ® HX(Z, T7)

and is therefore injective. O
We are now ready to prove the main result of this section:

Proposition 7.7 Assume Setting 6.5. Then after shrinking A there is a splitting
X =Y xa Z forlocally trivial ), Z | A restricting to the given splitting over
A*.

Proof The map g of Corollary 7.4 is an isomorphism on normalizations, and
s0 X is a product by Lemma 7.5. Now, thanks to Lemma 7.6, after shrinking A
we have a product decomposition X = )’ x o Z’ where ), Z’/A are locally
trivial. Let us denote Y := ))j and Z := Z. By construction, the subspaces
Y x {z} and {y} x Z for general y € Y, z € Z are obtained as fibers of the
families 'y — Dy respectively Fz — Dz which over A* coincide with
X* — Z* and X* — Y*. As one fiber of Fy — Dy is contracted under
the projection Fy — [e]X — Z’, so are all the fibers thanks to the rigidity
lemma. In other words, J* = )’* and likewise for Z*. O

8 Proof of the decomposition theorem

In this section we prove Theorem A. Let X be a numerically K -trivial Kdhler
variety with log terminal singularities. By [17, Corollary 4.2], there exists a
quasi-étale cover X — X that splits as X = T x Y where T is a torus and
Y is K-trivial with vanishing augmented irregularity, g(Y) = 0. Replacing X
with Y, we may thus assume X is a K-trivial Kédhler variety with canonical
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singularities and vanishing augmented irregularity. Moreover, by Corollary 3.9
and [17, Theorem C & Proposition 6.9], we also know T’y has a splitting

x=PcaoPs; (8.1)

iel jeJ

into foliations such that with respect to some (hence any) singular Ricci-flat
metric on X the sheaves C;|xre (resp. S;|xre) are parallel with holonomy SU
(resp. Sp). We may assume (8.1) has at least two factors (or X is IHS or ICY
and there is nothing to prove) and at least one symplectic factor (or X is already
projective and we apply [48, Theorem 1.5]). It suffices to show by induction
that there is a quasi-étale cover of X which splits as a product.

Given Proposition 7.7, it is enough to show we are in Setting 6.5. We obtain
the weakly Kihler metric 6 by [8, Theorem 6.3], see also [53, Proposition 5].
It thus remains to show the following:

Claim After replacing X with a quasi-étale cover, there is a locally trivial
deformation X — A of X such that we have a nontrivial product decomposi-
tion X* = Y* xa+ Z* over A* for locally trivial families J*, Z*/A* and a
splitting Tx /A = A ® B compatible with the decomposition over A*.

Proof Taking E = P, Sj and P = (P;,; Ci, then the family X' — §
guaranteed by Corollary 2.37 is a strong locally trivial approximation of X by
Lemma 3.5. By Corollary 3.10 every fiber has vanishing augmented irregu-
larity. A projective fiber has a BB decomposition on some quasi-étale cover
[48, Theorem 1.5], so by Lemmas 3.7 and 3.8 we may assume a fiber X, of
X — § has a BB decomposition which is nontrivial by Corollary 3.10 and
which has no torus factor. By Lemma 7.6 this product decomposition persists
in a neighborhood of ¢, and by Lemma 4.4 after taking a finite base-change
S’ — § and choosing a curve A — S’ through the special point we have
a locally trivial family X — A with a locally trivial product decomposition
over A*. By Proposition 5.1 the claim follows. O

The proof of Theorem A is now complete. O
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