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This paper provides an asymptotic value for the mathematical expected number of

points of inflections of a random polynomial of the form
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The coefficients ,  are assumed to be a sequence of independentÖ+ Ð Ñ× −4
8
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normally distributed random variables with means zero and variance one, each

defined on a fixed probability space Pr .  A special case of dependentÐEß ß ÑH
coefficients is also studied.
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1.  Introduction

Recently, there has been increasing interest in the study of mathematical behavior of random

algebraic polynomials of the form

T ÐBÑ œ + Ð ÑB Þ8 4

8

4œ!

4
8

"Î# 4ˆ ‰ =

It is assumed that the coefficients ,  are a sequence of random variablesÖ+ Ð Ñ× −4
8
4œ!= = H

defined on a fixed probability space Pr .  Motivated by their applications in physics,ÐEß ß ÑH
see for example [2] and [9], as well as, of course, mathematical and probabilistic properties,

we denote the expected number of real zeros of  by .  In [3] and [5] for the case ofT ÐBÑ IR8

normal standard distribution of the coefficients, it is shown that, in the interval Ð ∞ß∞Ñ
and for  large .  Also other properties of  such as the number of8 IRÐ ∞ß∞Ñ µ 8 T ÐBÑÈ 8

O T ÐBÑ œ O-level crossings, that is the expected number of real roots of , or the expected8

number of maxima of  are subsequently studied in [5-7].  A comprehensive study ofT ÐBÑ8

different types of random polynomials can be found in Bharucha-Reid and Sambandham [1].

More recent developments of the subject as well as particular  results on  can be foundT ÐBÑ8

in Farahmand [4].  As we can see from the latter, on account of the analytical difficulties, it

has not been possible to obtain any significant results for  by relaxing the aboveIR
assumptions on the distributions of the coefficients.  Therefore, it is of special interest to

reveal additional mathematical behavior of , albeit under the above assumptions ofT ÐBÑ8

normality for the distribution of the coefficients.  To this end, our main task here is to obtain
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the expected number of points of inflection of  by insisting on normal standardT ÐBÑ8

distribution for the coefficients.

 The point  is a point of inflection of the polynomial if there exists an openÐ-ß T Ð-ÑÑ8

interval, containing , such that the second derivative of  satisfies either of the- T ÐBÑ8

following inequalities

T ÐBÑ  ! B  - T ÐBÑ  ! B  -ww ww
8 8 if  and  if 

or

T ÐBÑ  ! B  - T ÐBÑ  ! B  -Þww ww
8 8 if  and  if 

It is known that, since  is differentiable on any open interval and if  is a pointT ÐBÑ Ð-ß T Ð-ÑÑ8 8

of inflection of , then .  We note, however, that even if  thenT ÐBÑ T Ð-Ñ œ ! T Ð-Ñ œ !8
ww ww
8 8

T ÐBÑ - T Ð-Ñ œ ! T Ð-Ñ œ !8 8
w
8 may not be a stationary point at .  For this to occur, ,  and

T Ð-Ñ œ ! -ww
8  must necessarily hold.  But the set of such parameter  has measure zero.

Therefore it is sufficient to obtain the expected number of real zeros of .  To this end,T ÐBÑww
8

we use the Kac-Rice formula [8] and [10] for .  Let  be the number of points ofT ÐBÑ M Ð+ß ,Ñww
8 8

inflection of  in the interval  and  its expected value.  Then from theT ÐBÑ Ð+ß ,Ñ IM Ð+ß ,Ñ8 8

Kac-Rice formula it is known that
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where
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We prove

 Theorem 1:  If the coefficients of  are independent normally distributed with meanT ÐBÑ8

zero and variance one, then for any  the expected number of points of inflection ofX  !
T ÐBÑ8  satisfies

IM Ð  X ß X Ñ µ ÐX ÑÞ8
# 8#È

1 arctan

 We conclude by showing our method can yield the expected number of real zeros of T ÐBÑ8

for a special case of dependent coefficients.

2.  Moments and Primary Analysis

In order to apply the Kac-Rice formula (1.1) to  and obtain the expected number ofT ÐBÑww
8

points of inflection of , we need to obtain the variances of  and  as well asT ÐBÑ T ÐBÑ T ÐBÑ8
ww www
8 8

their covariances.  To this end, we obtain the following identities, the first of which is well

known and the remaining are obtained by consequent differentiation of the previous one

multiplied by .B

Š ‹8
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8
4
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Now since the th coefficient of  has variance  we can use (2.3)-(2.5) to obtain4 T ÐBÑ Ð Ñ8
8
4

E œ ÐT ÐBÑÑ œ 4 Ð4  "Ñ B# ww # # #4%
8

8

4œ!

8
4var Š ‹
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Similarly using (2.3)-(2.7) yields
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3.  Expected Number of Points of Inflection

Now that we have obtained the required identities for the Kac-Rice formula, we can proceed

to derive the expected number of points of inflection.  Although for what follows, we do not

require the exact value of , for convenience and perhaps future use we give its value.  As?#

we will see in (3.2) and (3.3), we only need an estimate of  valid for all sufficiently large?#

8.  From (2.8)-(2.10) and simple algebra we obtain:

?# # # # #8"! # &œ 8 Ð8  "Ñ Ð8  #ÑÐB  "Ñ "#ÐB  "Ñ 

 $'Ð8  $ÑB ÐB  "Ñ  "#Ð8  #ÑB ÐB  "Ñ# # % # # %

 ")Ð8  $ÑÐ8  %ÑB ÐB  "Ñ  'Ð8  #ÑÐ8  $ÑB ÐB  "Ñ% # $ % # $

 #Ð8  $ÑÐ8  %ÑÐ8  &ÑB ÐB  "Ñ  ")Ð8  #ÑÐ8  $Ñ B ÐB  "Ñ Ð$Þ"Ñ' # # # ' # #

 %)Ð8  #ÑÐ8  $ÑÐ8  %ÑB ÐB  "Ñ  %Ð8  #ÑÐ8  $ÑÐ8  %ÑÐ8  &ÑB ÐB  "Ñ' # # ) #

 $Ð8  #ÑÐ8  $Ñ Ð8  %ÑB ÐB  "Ñ  Ð8  #ÑÐ8  $Ñ Ð8  %ÑÐ8  &ÑB# ) # # "!

 Ð8  #ÑÐ8  $Ñ Ð8  %Ñ B Þ# # "!Ÿ
Now for  large the leading terms in (3.1), that is the terms involved with  inside , are8 8& ef
eliminated.  Therefore, we require consideration of the terms with  as their leading term.8%

Then we can easily show that for all sufficiently large ,8

?# # # # #8"! % ) # % "!µ 8 Ð8  "Ñ Ð8  #ÑÐB  "Ñ Ö8 B ÐB  "Ñ  8 B ×
Ð$Þ#Ñ
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µ 8 Ð8  "Ñ Ð8  #ÑB ÐB  "Ñ Þ' # ) # #8"!

 Now from the Kac-Rice formula (1.1), (2.8) and (3.2) for all sufficiently large , we8
obtain

IM Ð  X ß X Ñ œ .B µ8
" .B

X X

X X
E B "

8#
1 1

?' '         

     

# #

È

Ð$Þ$Ñ

œ ÐX ÑÞ# 8#È
1 arctan

This completes the proof of the theorem.

4.  Dependent Coefficients

Here we study the effect of certain dependency of the coefficients .  We assume that,T ÐBÑ8

although as before the coefficients 's are normally distributed with means zero they possess+4
the moment matrix with  for all .  In other words,3 334

8 8
3 4
"Î# "Î#œ Ð Ñ Ð Ñ 3ß 4 œ !ß "ß #ßá ß 8

Ö+ ×4
8
4œ! is a sequence of dependent normally distributed random variables with mean zero

and joint density function exp a a , where  is the momentÈ ± ± ÎÐ# Ñ Ö  Ð"Î#Ñ ×C 1 C C8 w "

matrix with elements  as above.  With these assumptions, we can evaluate the moments of334
T ÐBÑ T ÐBÑ8

w
8 and .  First

E œ ÐT ÐBÑÑ œ B IÐ+ Ñ  B IÐ+ + Ñ# #4 # 34
8 3 4

8 8 8

4œ! 4œ! 4œ!

8 8 8
4 3 44
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Similarly,
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8

8
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4
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3 var  3 Š ‹
and

G œ ÐT ÐBÑß T ÐBÑÑ œ B 4B Þ Ð%Þ$Ñ3 cov   8
w 4 4"
8

8 8
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8 8
4 43 Š ‹ Š ‹

 It is obvious from (4.1)-(4.3) that  and therefore .  This is?# # # #
3 3 3 3œ E F G œ ! IR œ !

interesting as it shows that the expected number of zeros of  is zero.  However, theT ÐBÑ8

above assumptions are critical for obtaining results.  Any slight derivation from our above

assumptions yield terms in (4.1)-(4.3) which are not possible or difficult to evaluate

analytically.
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