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Abstract

Let E be a uniformly smooth and uniformly convex real Banach
space and E* be its dual space. We consider a multivalued mapping A :
E — 25" which is bounded, generalized ®-strongly monotone and such
that for allt > 0, the range R(J,+tA) = E*, where J, (p > 1) is the
generalized duality mapping from E into 28 . Suppose A7H0) £ 0, we
construct an algorithm which converges strongly to the solution of 0 €
Ax. The result is then applied to the generalized convex optimization
problem.
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1. Introduction

Let E be a real normed space, E* denotes its dual space and let J, (p > 1)
denote the generalized duality mapping from E into 2F" given by

Jp(w) ={f e B« (a, f) = |, | £l = |l

where (.,.) is the generalized duality pairing. For p = 2, the mapping
Jo is denoted by J and it is called the normalized duality mapping from
E into 2F". If E is smooth, then Jp is single-valued and onto if E is
reflexive. For a uniformly smooth Banach space £ with J, : £ — E* and
J; : E* — E being the duality mappings with gauge functions v(t) = tp—1
and v(s) = s97! respectively, Jp_1 = J; (see e.g., Alber and Ryazantseva,
p. 36 [42], Cioranescu [10], p. 25-77, Xu and Roach [40], Zalinescu [42]).

The problem of finding zero points for maximal monotone operators
plays an important role in optimizations because it can be reduced to a
convex minimization problem and a variational inequality problem. The
approximation of solutions of these problems has also been studied by nu-
merous authors (see for examples, [1, 22, 23, 30, 31, 41].

Let E be a real normed space and A : E — 2P a multivalued mapping.
A is called monotone if for each z,y € E, the following inequality holds:

(" —y* e —y) >0V z% € Az, y* € Ay.

A is said to satisfy the range condition if in addition, R(.J,+tA) (the range
of (J, +tA)) is all of E* for all ¢ > 0. A is called maximal monotone if it is
monotone and its graph is not properly contained in the graph of any other
monotone mapping. A is said to be generalized ®-strongly monotone if
there exists a strictly increasing function @ : [0, 00) — [0, 00) with ®(0) =0
such that

(@ —yhe—y) 2 (|lz—yll) V 2" € Az, y* € Ay.

The mapping A is ¢-strongly monotone if there exists a strictly increasing
function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that

(@ ="z —y) 2 [l —yllo(lz —yl) ¥V 2" € Az, y" € Ay,
and it is strongly monotone if there exists a constant k € (0,1) such that

(" —y*,x —y) > k|z — y||2 V z* e Az, y* € Ay.
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Clearly, the class of strongly monotone mappings is a subclass of ¢-strongly
monotone mappings (by taking ¢(f) = kt ) and the class of ¢-strongly
monotone mappings is a subclass of generalized ®-strongly monotone map-
pings (by taking ®(¢) = t¢(t)). It is well known that the class of gen-
eralized ®-strongly monotone mappings is the largest, among the classes
of monotone-type mappings such that if a solution of the equation 0 € Az
exists, it is necessarily unique. We recall some important generalized mono-
tonicity properties which have been studied for multivalued mappings. Let
FE be a real topological vector space and E* be the dual space. Suppose
K C E is a nonempty subset of F and A : K — 2F" is a multivalued
mapping. For each z,y € K, A is said to be respectively pseudomonotone
and quasimonotone (see e.g., Karamardian and Schaible [25], Karamardian
et al. [26]), if for any z* € A(x), y* € A(y), the following implications
hold:
(y*,x—y> > 0= <$*,$—y> > 07

and
(1.1) 'z —y) >0=(z"z—y) >0

Also, A is said to be quasimonotone if

(1.2) min {(z*,z —y), (y",z —y)} <0.

The two definitions of quasimonotonicity coincide (see e.g., [33]). It is
clear that a monotone mapping is pseudomonotone, while a pseudomono-
tone mapping is quasimonotone. The converse is not necessarily true. In
the case of a single-valued linear mapping A defined on E (where E := R"),
for « € E*\ {0}, it is known that if A + « is quasimonotone, then A is
monotone (see e.g., [26]). This result has been extended by several authors
(see, e.g., Hadjisavvas [17], He [20], Isac and Motreanu [21]). The theory
of monotone multivalued mappings is nowadays well developed. Results
on generic single-valuedness and upper semicontinuity have been settled
several decades ago.

The concept of quasimonotone multivalued mapping is younger. It
broadly generalizes monotone mappings (see e.g., Aussel and Fabian [8],
Phelps [34]). Quasimonotone mappings are closely related to the so-called
demand functions in mathematical economics (see e.g., Levin [29], Karlin
[27] for more details). Let £ and F' be two real topological vector spaces,
fr denotes the zero vector of F, K is a nonempty convex subset of £ and
T: K — L(E,F) is a set-valued mapping, where L(F, F') denotes the space
of all continuous linear mappings from £ into F. For z and y in K, we
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recall from [15] that S C L(E, F) is said to have the surjective property
on [z,y] ={z+t(y —x):t €[0,1]} ( for short, on = and y), whenever the
following equality holds:

(S, —y) ={(z"x—y)=a"(x—y) : 2" € S} = F,
where (z*,x —y) = z*(x — y) denotes the value of z* at (x — y). Let
K C FE be anonempty set and S C L(E, F), S is said to have the surjective
property on K, if for every z € K, there exists y € K such that S has the
surjective property on x and y. For =,y € K, consider z — y as a linear
functional (denoted by  — y) on L(E, F) as follows:

<x/_\yvf>:<fax_y>>

where f € L(E, F). Thus, the surjective property of S C L(E,F) on z,y
implies that the image of S under the linear functional z — y is F. For more
details on this, (see Farajzadeh and Plubtieng [15]).

Classical examples of quasimonotone mappings are the subdifferentials
of lower semicontinuous quasiconvex functions. The interest in quasimono-
tone mapping stems mainly from the fact that the derivative and more
generally, the subdifferential of a quasiconvex function is quasimonotone.
This is similar to the link between convex functions and monotonicity of
their (generalized) derivative (see, Aussel et al. [6], [7] for more details). A
subset K of E is said to be convex if for every x,y € K, and X € [0,1], we
have

A+ (1-ANy e K.

A function f : K — R defined on a convex subset K of E' is convex if for
any z,y € K and X € [0, 1], we have

fQz+ (1 =Ny) <Af(z) + (1 =N f(y).
If we have strict inequality for all  # y in the above definition, the function
is said to be strictly convex. The first type of generalized convex function
was considered by De Finetti [13]. However, he did not name this class
of functions. The term ”quasiconvex function” was given subsequently by
Fenchel [16] after six years. A function f: K — R is quasiconvex if

fQz+(1-Ny) <max{f(z), f(y)}, V z,y € K and X € [0,1].

Clearly every convex function is quasiconvex but the converse is not always
true. Just consider the function f : R — R defined by

f(:n):{ rx—1, x<1,

Inz, z>1.
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Then f is quasiconvex but it is not convex. In fact it is concave. A function
f: E — RU{+o0} is convex if and only if for each v € E* the function u —
f(u)+ (o, u) is quasiconvex. A classical tool to study lower semicontinuous
functions is the Clarke subdifferential. Let f: E — R U {400} be a lower
semicontinuous function. The Clarke subdifferential of f is the operator
df : E — 2F" defined for each u € E by

Of (u) = {U*GE*1<U*,U>§fT(u;v), v UEE}, if u € domf
RN it u ¢ domf,

where

flz+ty) — flz)

fN(u;v) :=supinf  sup inf

e>07>0  2eB (u) VYEB(v) t
>0
f@)<f(u)+6
A>0 te(0,\)

is the Rockafellar directional derivative (see e.g., Aussel et al. [7], Clarke
[11], pp. 308, Rockafellar [37]). It is known as an axiom of a subdifferential
that if f attains at u a local minimum, then 0 € df(u) (see e.g., J. P. Penot
[32]). A function ¢ : [0, 00) — [0, 00) such that 1) is nondecreasing, 1(0) = 0
and v is continuous at 0 is called a modulus of continuity. It follows that a
mapping A : X — Y is uniformly continuous if and only if it has a modulus
of continuity, where X and Y are real normed linear spaces. Recall that
a function having a bounded set range is called a bounded function and
given a convex function f, if u € int dom f then Jf(u) is nonempty and
bounded.

For 2-uniformly convex real Banach space with uniformly Gateaux dif-
ferentiable norm, Diop et al. [12] studied the class of strongly monotone
mappings and applied their result to the convex minimization problem.
Chidume and Idu [9] considered the class of maximal monotone mappings
in uniformly convex and uniformly smooth Banach spaces and obtained the
minimizer of a convex function defined from a Banach space E to R.

Motivated and inspired by the above results and the ongoing research
in this direction, in this paper, we consider the largest class of monotone
mappings in uniformly smooth and uniformly convex Banach spaces. We
study the class of the generalized ®-strongly monotone mappings which is
the largest classes of monotone-type mappings such that if a solution of the
equation 0 € Az exists, it is necessarily unique. Assuming existence, we
construct an algorithm for the solution of the equation 0 € Az and apply
our result to the generalized convex optimization problem.
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2. Preliminaries

Let E be a real normed space of dimension greater or equal to 2 and let
S:={x € E: ||| =1}. E is said to have a Gateaux differentiable norm
(or E is called smooth), if the limit

t —
o+ tyl = ]
t—0 t

exists for each z,y € S, E is Fréchet differentiable, if it is smooth and the
limit is attained uniformly for y € S. Further, E' is said to be uniformly
smooth, if it is smooth and the limit is attained uniformly for each x,y € S.
The modulus of smoothness of E, denoted by pg is defined by

Ty +lz—y
ptr) =sup (LU0 g1,y = o} 20

Clearly, pg(7) < 7 for all 7 > 0. FE is said to be uniformly smooth if
lirgl+ pe(T) = 0. The modulus of convexity of E, g : (0,2] — [0,1] is

-
defined by
. r+y
spte) = int {1~ L8 oy = e =yl > )

E is uniformly convex if and only if 0z (€) > 0 for every € € (0,2]. A normed
linear space F is said to be strictly convex if

ol =l = Lo £y = 1220 oy

Every uniformly convex space is strictly convex. Typical examples of uni-
formly smooth and uniformly convex spaces are Ly,l,, W," spaces for
1 < p < oo and Hilbert spaces.

Definition 2.1. Let E be a smooth real Banach space with dual E*.
(i) The function ¢ : E x E — R is defined by
21)  dz,y) = |a)* = 2(x, Jy) + |ly|?, for all 2,y € E,

where J is the normalized duality map from F to E*, introduced by
Alber and has been studied by Alber [4], Kamimura and Takahashi
[24], and Reich [35].
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(ii) The function ¢, : E x E — R is defined by

p
Op(w,y) = Cl@ll” = p(z Jpy) + [yll", for all v,y € B,

where J, is the generalized duality map from F to E*, p and q are
real numbers such that ¢ > p > 1 and % + % =1.

(iii) The mapping V), : E x E* — R is defined by

Vp(z,z*) = BHach —plx,2*) + ||z*||° V x € E,z* € E* such that
q

1 1
g>p>1, —4+-=1.
p q

Remark 2.2. These remarks follow from Definition 2.1:

(i) For p = 2,¢2(z,y) = ¢(x,y). Also, it is obvious from the definition
of the function ¢, that

(2.2) (lzll = llyl)? < ¢p(a,y) < (=]l + llyll)” for all z,y € E.

(ii) It is obvious that

(2.3) Vp(z,2%) = ¢p(x, J, 'a*) V z € E 2" € E*.

We need the following lemmas and theorems in the sequel.

Lemma 2.3. [3]. Let E be a smooth uniformly convex real Banach space.
Ford >0, let B4(0) := {z € E : ||z|| < d}. Then for arbitrary x,y € By(0),

P 1 1
|z —yll” > op(z,y) — =[z[|?, ¢=p>1, —+—-=1
q P q

Lemma 2.4. [3]. Let E be a smooth uniformly convex real Banach space
with E* as its dual. Then,

(2.4) Vp(x,z*) +p <Jg1x* - a:,y*> < Vp(m,z* + y*)

for all x € F and x*,y* € E*.



66 M. O. Aibinu and O. T. Mewomo

Lemma 2.5. [3]. Let E be a reflexive strictly convex and smooth real
Banach space with the dual E*. Then,

Op(y, x)—0p(y,2) > p(z—y, Jpx — Jpz) =p(y — 2, Jpz — Jpx) forallz,y,z € E.
(2.5)

Lemma 2.6. [14]. Let E be a real topological vector space, K a nonempty
convex subset of E and A : K — 2% a multivalued mapping. Assume
S C E* is connected and has the surjective property on K. If A + « is
quasimonotone for all o« € S, then A is monotone on K.

Lemma 2.7. [42]. Let ¢ : Rt — R™ be increasing with Jim () = oo.
—0Q

Then J,, ! is single-valued and uniformly continuous on bounded sets if and
only if E is a uniformly convex Banach space.

Theorem 2.8. [38]. Let E be a real uniformly convex Banach space. For
arbitrary r > 0, let B,(0) := {x € E:|z| <r}. Then, there exists a
continuous strictly increasing convex function

g: [07 OO) - [07 OO), g(()) =0,

such that for every x,y € B,(0), jp(x) € Jp(z), jp(y) € Jp(y), the following
inequalities hold:

@) Nz +yll” = =" + p (v, Jp(2)) + 9(llyl);
(i) (& =y, jp(z) = jp(y)) = g(llz —yl)-

Lemma 2.9. [39]. Let {a,} be a sequence of nonnegative real numbers
satisfying the following relations:

An+1 < (1 - an)an + anon + Y, NE Na

where
(1) {a}n C (07 1)7 Z Qp = 00,
n=1
(ii) limsup {c}, <O0;

oo
(iii) Y >0, Yy = o0.
n=1
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Then, a, — 0 as n — oo.

Lemma 2.10. [36]. Let E be a reflexive smooth Banach space and let A
be a monotone operator from E to E*. Then A is maximal if and only
if R(J +tA) = E* for all t > 0. That is, every maximal monotone map
satisfies the range condition.

Theorem 2.11. [28]. Let E* be a real strictly convex dual Banach space
with a Fréchet differentiable norm and let A : E — E* be monotone and
R(J +tA) = E* for some t > 0. Suppose A~10 # (), then for every x € E,
the tli)rg) Jyx = tli)lglo((] + tA)_lx converges strongly to Px, where P is the

nearest point retraction of E onto A~10.

Lemma 2.12. [24]. Let E be a smooth uniformly convex real Banach
space and let {x,} and {y,} be two sequences from E. If either {x,} or
{yn} is bounded and ¢(xy,yn) — 0 as n — oo, then ||z, — yn|| — 0 as
n — 0.

Lemma 2.13. [9]. Let E be an arbitrary real normed space and E* be its
dual space. Let A : E — 2F" be any mapping. Then A is monotone if and
only if T := (J — A) : E — 2F" is J-pseudocontractive.

Lemma 2.14. [7]. Let f : E — R U {400} be a lower semicontinuous
functional on a Banach space . Then, 0f is quasimonotone if and only if
f is quasiconvex.

3. Main Results

Theorem 3.1. Let E be a uniformly smooth and uniformly convex real
Banach space and E* be its dual space. Let A : E — 2E" be a multivalued
mapping which is bounded, generalized ®-strongly monotone and such that
for all t > 0, the range R(J, + tA) = E* and A~(0) # 0. Let {\,} and
{0,} be real sequences in (0, 1) such that,

(i) lim60,, = 0 and {0,} is decreasing;

o0
(ii) Z Anbp = 00;
n=1

(iii) lim ((n-1/6n) = 1) /A =0, DN < oo.

n=1
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For arbitrary x1 € E, define {x,} iteratively by:

Tyl = J;l (Jpxn, — A (1, + On(Jpxy, — Jpz1))), p € Az, n €N,

(3.1)

where J), is the generalized duality mapping from E into E*. There exists
a real constant vy > 0 such that (A, My) < 79, n € N for some constant
My > 0. Then the sequence {x,} converges strongly to the solution of
0€ Ax.

Proof. We divide the proof into two parts.

Part 1: We prove that {x,} is bounded. Let z* € E be a solution of
0 € Ax. It suffices to show that there exists r > 0 such that ¢,(z*, z,) <
r,¥ n € N. Let ¥, be the modulus of continuity of Jljl : E* — FE on
bounded sets of E* and ¢ € (0, 1) be arbitrary but fixed. Let r > 0 be such
that

(3.2) 7 > max {¢p($*7$1), &P + g\\x*HQ} .

The proof is by induction. By construction, ¢p(z*,z1) < r. Suppose
that ¢,(z*, x,) < r for some n € N. We show that ¢,(z*, x,41) < 7. Sup-
pose this is not the case, then ¢,(x*, x,41) > 1.

1
From inequality (2.2), we have |z, || < r? + ||z*||. Let
B:={x € E: ¢p(z*,z) <r} and since A is bounded, we define

My = sup {||p” + 0 (Jpx — Jpz1)]| : 0,, € (0,1),z € B, pu* € Az} + 1.
(3.3)

Let ¢, : [0,00) — [0,00) be the modulus of continuity of .J,*. Observe
that by the uniform continuity of J, 1 on bounded subsets of E*, for all
uy € Axy,, we have

ngjl(t]pmn) - J1;1<Jp$n = An (i, + On(Jprn — Jpz1)))|| < Yu(AnMo).

oL
Yo := min {1, ﬁ} where ¥, (A, Mp) < o and (A, Mp) >
0

N>
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Applying Lemma 2.4 with y* := X, (¢ + 0, (Jpzn, — Jpx1)) and by us-
ing the definition of x,1, we compute as follows,

bp(2*, Tny1) = ¢p (37*» J;:I (Jpn — An (g + On(JpTn — Jpxl)))>

= Vp (2%, Jpmn — An (ki + On(Jpzn — Jpz1)))

< Vp(z", Jpzn)

=pAn (5 (Tpn = A (1 + On(pn — Jyw1))) = &, i + On (T = Jp1) )
= ¢p(z™, Tn) — PAn (Tn — 2%, pyy + On(Jpzn — Jpz1))

= (T Ty = A (1 + On(Tpn = Jp1))) = T, 15+ On(Tpn — Jp1) )

By Schwartz inequality and uniform continuity property of .J, 1 on
bounded sets of E* (Lemma 2.7), we obtain

Op(z”,ant1) < Gp(@" @) — PAn (n — 2%, iy + On(Jpwn — Jpw1))
+pAn s (A Mo) My (By applying inequality (3.4))
< 9p(@" ) — A (0 — 2,y — i) (for pf € Az”
since z* € N(A))
—pAnbn (xn — &, Jpxy, — Jpx1) + pAns (A Mo) M.

By Lemma 2.5, p (* — zp, Jpxn — Jpz1) < ¢p(a*, ) — dp(z*, z1) <O.
Also, since A is generalized ®-strongly monotone, we have,

Op(2”, Tnt1)
< dp(a™, ) — pA@(||zn, — 2*||) — pAROn (Tr, — &%, Jpxn, — Jp1) + pAth (A Mo) Mo
- (bp(x*? mn) - p)‘n(I)(Hxn - Z*H) + pAnby <$* — Tn, men - Jp331> +p)\nw*()\nM0)M0

(3.5) < Op(@%, @n) = PAD([|zn — 27[|) + pAnts (AnMo) Mo.

By the uniform continuity property of J 1 on bounded sets of E*, we
have

[Zn41 = @nll = [T (J2ng1) = T (Jzn)|| < u(AnMo),
such that
[Zns1 — "] = lzn — 2" < Yu(AnMo),

which gives

(3.6) lzn =27 =zt — 2" = Pu(AnMo).
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From Lemma 2.3,

p
H-'L'n+1 - x*”p > ¢p(1‘*,$n+1) - EHw*H
> =L
q

D D
> (5P 4 —||x*||) Py

q q
> 4P

So,
[#n41 — 27| = 6.

Therefore, the inequality (3.6) becomes,

lzn — 2% > & — (A Mo)
)
> —.
- 2
Thus,
. )
(37) B —al) > @(3).

Substituting (3.7) into (?7?) gives

* 3 5
r < ¢p($ 7xn+1) S ¢p($ >xn) _p)\nq)(g) +p)\nw*()\nM0)M0

" 1)
¢P($ >xn) - p)‘nq)(_) + pAnyoMo

= 2
. PAp - 0
< gp(a*, @) — > ‘5(5)

_ . _Plag 9
= 7 2@(2)<7’,

a contradiction. Hence, ¢,(z*,241) < r. By induction, ¢p(z*,z,) <
r ¥V n € N. Thus, from inequality (2.2), {zy} is bounded.

Part 2: We now show that {z,,} converges strongly to a solution of

0 € Az. Since A is generalized ®-strongly monotone and the range R(.J, +
tA) = E*, by the strict convexity of E, we obtain for every ¢ > 0, and
x € E, there exists a unique z; € D(A), where D(A) is the domain of A

such that

Jpr € Jpxs + tAxy.
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If Jp,® = ¢, then we can define a single-valued mapping J,, : £ — D(A)
by Jp, = (Jp + tA)~1J,. Such a Jp, is called the resolvent of A. Therefore,
by Theorem 2.11, for each n € N, there exists a unique y, € D(A) such
that

1
On,
Then, we have (J, + %A)yn = Jpz1, such that

Yn = (Jp + )71Jp$1‘

(3.8) On(Jpyn — Jpz1) + 3, = 0, pif) € Ayn.

Observe that the sequence {y,} is bounded because it is a convergent
sequence by Theorem 2.11. Moreover, {x,} is bounded and hence {Ax,}
is bounded. Following the same arguments as in part 1, we get,

¢p(yn7 anrl) < gbp(yna ivn)_p)\n <xn — Yn, :UJ;CL + Hn(Jpxn - Jpxl)>+p)‘n70M0'
(3.9)

By the generalized ®-strongly monotonicity of A and using Theorem
2.8 and Eq. (3.8), we obtain,

(Tn — Yn, by, + On(Jpzn — Jpz1))
= (Tn — yn»,u;cz + Hn(Jpxn — JpYn + Jpyn — Jpl'l)>
= On (Tn — Yns JpTn — JpYn) + (Tn — Yn, ki, + On(Jpyn — JpT1))
= On (Tn — Yn, JpTn — Jpyn) + (Tn — Yn, i, — 1)

1 2 Ong(lzn = ynll) + @(llzn — ynll)

> —0p,¢p(Yn, xn) (by Lemma 2.3 for some real constants p > 1).
p

Therefore, the inequality (3.9) becomes

(3-10) ¢p(ym $n+1) < (1 - )\nen)¢p(yn> xn) +p)\n'}’0M0-

Observe that by Lemma 2.5, we have

Gp(Yn> Tn) < Gp(YUn—1,Tn) — P (Yn — Tn, JpYn—1 — Jpyn)
= ¢p(yn—17 xn) +p <$n — Yn, prn—l - prn>

(3.11) Pp(Yn—1,n) + [ Jpyn-1 = JpynllllZn — ynll

IN
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Let R > 0 such that ||z1]| < R, ||lyn|| < R for all n € N. We obtain from
Eq.(3.8) that

1 01 — On
Tpyn—1 = Jpyn + 5= (-1 = H3) = 197

By taking the duality pairing of each side of this equation with respect to

Yn—1 — Yn and by the generalized ®-strongly monotonicity of A, we have

Hn—l - 9n
On

(Jpx1 — Jpyn—1) -

<prn—1 — JpYn, Yn—1 — Yn) < HJpxl - prn—IH||yn—1 — Ynl|,

which gives,

On—1
(312 s = Tyl < (F52 1) s = Tyl
n

Using (3.11) and (3.12), the inequality (3.10) becomes
enfl
On,

for some constant C' > 0. By Lemma 2.9, ¢p(yn—1,2,) — 0asn — 0
and using Lemma 2.12, we have that =, — y,—1 — 0 as n — 0. Since by
Theorem 2.11, y, — z* € N(A), we obtain that z,, — «*. O

¢p(yna xn—‘rl) < (1 - /\nen)ﬁbp(yn—la xn) +C ( - 1) + pAnyo Mo,

Corollary 3.2. [3]. Let E be a uniformly smooth and uniformly convex
real Banach space and E* be its dual space. Suppose A : E — E* is
bounded, n-strongly monotone and satisfies the range condition such that
A7L(0) # 0. Let {\,} and {60,,} be real sequences in (0,1) such that,

(i) lim60,, = 0 and {0,} is decreasing;

(i) > Anbn = 00;
n=1

(iii) lim ((Bn-1/0n) = 1) /Anbn =0, Y X, < co.

n=1

For arbitrary x1 € E, define {x,} iteratively by:
(3.13)  pg1 = Jp " (Jpn — An (A + On(Jpxn — Jp21))) ;0 € N,

where J), is the generalized duality mapping from E into E*. There exists
a real constant ey > 0 such that ¥ (A, Mp) < €9, n € N for some constant
My > 0. Then, the sequence {x,} converges strongly to the solution of
Ax = 0.
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Proof. Take ®(||z — y||) := nf|z — y[|” in Theorem 3.1, then the desired
result follows. O

Corollary 3.3. [9]. Let E be a uniformly convex and uniformly smooth
real Banach space and E* be its dual space. Let T : E — 2F" be a J-
pseudocontractive and bounded map such that (J —T') is maximal mono-
tone. Suppose FL(T)={v € E: Jv € Tv} # 0. For arbitrary z1,u € E,
define a sequence {x,} iteratively by:

Tpp1 = JF (1 = Ap)Jxn + Aty — MO (Jxp, — Ju)) , 1y € Tz, n € N,
(3.14)

where {\,} and {0,} are real sequences in (0,1) satisfying the following
conditions:

(i) Y Anbn = o0,
n=1
(j) )‘nM()k < 70971; 551()‘71M(>)k) < '709m

551 (en—elfen K) 6Ei (enfelfen K)
ees n . n
(iii) pw — 0; o — 0 asn — oo,

(iv) 2K € (0,1),

for some constants M > 0 and p > 0, where g : (0,00) — (0, 00) is the
modulus of convexity of E and K := 4RLsup {||Jz — Jy|| : ||z|]| < R, ||y|| < R}+
1, z,y € E, R > 0. Then the sequence {x,} converges strongly to a J-
fixed point of T.

Proof. Define A := (J —T), then by the Lemma 2.13, A is a bounded
maximal monotone map. Therefore, the iterative sequence (3.14) is equiv-
alent to

(3.15) w1 = J (Jxn — Ay (Azpy + 0, (J2p — Ju))),n € N,

where J is the normalized duality mapping from FE into E*. Since the
generalized ®-strongly monotone implies monotone, the result follows from
Lemma 2.10 and by Theorem 3.1. O



74 M. O. Aibinu and O. T. Mewomo

Corollary 3.4. [2]. Let E be a p-uniformly convex real Banach space with
uniformly Gateaux differentiable norm such that % + % =1,p>2 and E*
its dual space. Let A : E — E* be a bounded and n-strongly monotone
mapping such that A='0 # (). For arbitrary z; € E, let {x,} be the
sequence defined iteratively by

(3.16) Tpy1 = Jp_l(Jp:Bn — MAzy,),n € N,

where J, is the generalized duality mapping from E into E* and {\,} C
(0,7),70 < 1 is a real sequence satisfying the following conditions:

(j) Z )‘n = 00,
n=1

o0
(i) Y A2 < oo.
n=1
Then, the sequence {z,} converges strongly to the unique point z* € A~10.

Proof.  Observe that uniformly convex and uniformly smooth real Ba-
nach spaces are more general than the p-uniformly convex real Banach
spaces with uniformly Gateaux differentiable norm. Also, by taking 6, = 0
in Theorem 3.1, we obtain the desired result. O

Corollary 3.5. [12]. Let E be a 2-uniformly convex real Banach space
with uniformly Gateaux differentiable norm and E* its dual space. Let
A : F — E* be a bounded and k-strongly monotone mapping such that
A~10 #£ (). Forarbitrary z1 € E, let {x,,} be the sequence defined iteratively
by:

(3.17) Tpp1 = J Y(Jz, — anAx,),n € N,

where J is the normalized duality mapping from E into E* and {a,} C
(0,1) is a real sequence satisfying the following conditions:

oo

(i) Z Qp = 00;
n=1
o0

(ii) Z a? < oo.
n=1

Then, there exists oy > 0 such that if o, < 9, the sequence {x,} converges
strongly to the unique solution of the equation Az = 0.
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Proof. By taking p = 2 in Corollary 3.4, we obtain the desired result.
O

4. Application to the generalized convex optimization prob-
lem

Let E be a real Banach space with the dual E* and A, a multivalued
mapping from E into 2¥". According to Hassouni [18], for K subset of E,
and T € K, A satisfies the variational inequality below if and only if

(4.1) VoeK, (ax—z)>0 V u*e Ax.
Consider now the quasiconvex minimization problem

4.2 i

(4.2) min f(x),

where f: E — RU{+4oc0} is lower semicontinuous and quasiconvex. Let N
be a convex open neighborhood of Z. The necessary and sufficient condition
to obtain a solution of 4.2 is given in the Lemma 4.1 below.

Lemma 4.1. [19]. If K = N or K = E, then following assertions are
equivalent:

(i) Z is an optimal solution of (4.2),

(ii) Of satisfies (4.1).

Remark 4.2. For any single-valued quasimonotone operator df, the oper-
ator h(z) := {adf(x) : a > 0} is also quasimonotone and Gr(df) C Gr(h)
provided Of # 0, where Gr(9f) and Gr(h) denote the graph of Of and of
h respectively. It follows that for every non-constant smooth quasiconvex
function f, the single-valued quasimonotone operator 0f is not maximal
(see e.g., Levin [29)]).

Next, we give a useful definition and establish a lemma which is necessary
in establishing our main result in this section. Let F be a real topological
vector space, K a nonempty convex subset of £, A: K — L(E,R) = 2F"
a multivalued mapping and S C 28",

Definition 4.3. A multivalued mapping A : K — 2F" is said to have
the surjective property if the range of A excluding the zero vector (i.e
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R(A)\ {0}) has the surjective property. Indeed, suppose S has the sur-
jective property on K and f € R(A)\ {0}, then a multivalued mapping
foS C L(E,R) = 2F" is said to have the surjective property on K pro-
vided

(foS,z —y) :={(fox*,x —y) : z* € S} = R.

Lemma 4.4. Let E be a uniformly smooth and uniformly convex real Ba-
nach space, K a nonempty convex subset of E and A : K — 2F" a mul-
tivalued mapping. Suppose S C 2F" is connected and has the surjective
property on K. Then A satisfies the range condition if and only if for each
a € S, A+ « is quasimonotone and has the surjective property on K.

Proof. 7 = 7 Suppose A satisfies the range condition. That is, A is
monotone and R(J, +tA) = E* for all ¢ > 0. Therefore for each o € X*,
the operator u +— A(u) 4+ « is obviously monotone, hence quasimonotone.
Next, suppose for contradiction that A + « has no surjective property, that
is 3 x € K, a convex subset of F such thatV y € K

(A+a,z—y) ={(fou" +a,z —y),u",a € S} # R.
It follows that for each u* € S, the range of
g(t) == —t(fou",x —y) — (u",x —y)
is not equal to R. Recall that monotonicity of A gives that
(¥ —y*x—y)>0= (" z—y) >y x—y) V z¥€ Az, y" € Ay.
Therefore, there exists tg € R such that
(@, x —y) = —to (fou,x —y) = (W' x —y) = (y", 2 —y).
Setting a := to fou™ + u*, we deduce that
(¥ +a,z—y) >0,

while
(V" +a,z—y) <O0.

Thus contradicting the pseudomonotonicity and hence quasimonotonicity
of the map A + a.

7 <7 Suppose that A+« is quasimonotone and has the surjective property.
We show that A satisfies the range condition. By Lemma 2.6, A is monotone
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since A 4+ a is quasimonotone. Next is to show that R(J, + tA) = E*
for all ¢ > 0. Since A 4+ « has the surjective property on K, for every
u* € R(J,+tA), the line L = {u* + tfou* : t € R} has surjective property
on K. But L C E*, therefore

R(J, +tA) C E.
Also, for a given u* € S and each v* € E*, define
whr—y) = (WHtfou,y—x)

for every z,y € K. Therefore, v* := u* + tfou* € R(J, + tA). Hence
R(J,+tA)=E* O

Theorem 4.5. Let E be a uniformly smooth and uniformly convex real
Banach space with dual space E* and S C 2F" is connected and has the
surjective property. Let f : E'— RU{+o00} be a bounded lower semicontin-
uous quasiconvex function with nonempty interior. Suppose for each o € S,
Of + « is quasimontone and has the surjective property with (8f)_1 0 # 0.
Then, for arbitrary x; € E, the iteration {z,} defined by

(4.3) zp41 = J;l (Jpxn, — A ((Of )29 + On(Jpxr, — Jpx1))),m € N.

converges strongly to some z* € (9f) "1 0.

Proof. f is a bounded quasiconvex function with nonempty interior,
therefore by Lemma 2.14, df is a bounded quasimonotone operator. Also,
0 € 9f(u) if and only if f attains at u a local minimum. By Lemma 4.4, 0 f
satisfies the range condition. Thus, the result follows from Theorem 3.1.
O

Remark 4.6. Prototype for our iteration parameters in Theorem 3.1 are,
/\n:m and@n:m, where 0 < b<a and a+b < 1.

Conclusion 4.7. Most of the existing results on the approximation of so-
lutions of monotone-type mappings have been proved in Hilbert spaces or
they are for accretive-type mappings in Banach spaces. Unfortunately, as
has been rightly observed, many and probably most mathematical objects
and models do not naturally live in Hilbert spaces. We have considered the
class of generalized ®-strongly monotone mappings in Banach spaces, the
class of monotone-type mappings such that if a solution of the equation
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0 € Ax exists, it is necessarily unique. Therefore, our results have general-
ized the recent and important results of Aibinu and Mewomo [3], Chidume
and Idu [9] and Diop et al. [12]. Moreover, our techniques of proofs are of
independent interest.
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