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Abstract—Properties of the idempotently convex hull of a two-point set in a free semimodule
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Some asymptotic physical problems (such as quasiclassical approximation in quantum mechan-
ics [1]), as well as many problems of optimization theory, mathematical economics, etc., admit a
natural and simple formulation in terms of algebraic structures involving the operations of mini-
mization or maximization [2, 3]. Such algebraic structures are the object of the actively developing
field of idempotent mathematics [3-5]. Interesting, important and useful constructions and re-
sults of traditional mathematics over number fields and similar structures have counterparts over
idempotent semifields and semirings formulated in the spirit of Bohr’s correspondence principle
in quantum theory [6, 7]. This correspondence can be far from obvious, though. In this paper,
we consider the simplest problem of idempotent convex geometry (developed, in particular, in [§]
and [7]), the construction of the convex hull of a two-point set in an idempotent semimodule, and
prove that the algorithmic complexity of its solution increases with the growth of the semimodule’s
dimension.

We consider the number line with the operations & = max and ® = 4+ and the additional
element —oo, which plays the part of 0, i.e., is assumed to have the properties —oco @ a = a,
—00®a = —o00. The @ operation is commutative, associative, and idempotent (a ® a = a), the ®
operation is commutative and distributive with respect to &. In idempotent analysis, the above-
mentioned properties are considered to be the axioms of an idempotent semiring. The structure
defined above has also the property of invertibility of the ® operation and, for that reason, is
called the idempotent semifield Rpax 4 -

The idempotent semiring R,.xmin 1S an important example of a semiring which is not a semi-
field. It includes the entire number line with the additional elements —oo and 4oo and has
two operations @& = max and ® = min. The elements —oco and +oo are considered to be
the elements 0 and 1 of the semiring, i.e., are assumed to have the properties —oco $ a = a,
a® (+x) =a.

In any idempotent semiring, the @ operation induces a partial order: a =< b if and only if
a@®b=">b; a<bif and only if @ < b and a # b. In both semirings considered above, this order is
linear, because for any elements a and b, we have a < b or b < a; therefore, for any elements a
and b of these semirings the operation a A b of taking the lower bound is also defined.

In the paper, we consider semimodules S™ of column vectors of the form (a',...,a"), a’* € 9,
with coordinatewise operations of generalized addition and multiplication by a scalar from the
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semiring 5. They are idempotent analogs of vector spaces. The & operation induces a partial
order in these semimodules.

It is easy to carry the notion of convexity over to semimodules of this kind. A set C' C S™
is said to be idempotently convex if for any x,y € C and A, u € S such that A ® u = 1, the
combination Ax @ uy also belongs to C'. A point y is called an idempotently convexr combination

of points z1,...,zy, if y =@, \iz;, with ;" ; A\; = 1. From now on we omit the symbol ®
in the notation of the generalized multiplication of a “vector” from S™ by a scalar from S.
The idempotently convex hull of points z1, ...z, € S™ is the set of their idempotently convex
combinations.

In what follows, wherever it does not lead to misunderstanding, we shall call idempotently
convex sets, combinations, and hulls simply convex. All the following results are formulated for
semimodules S™, where S is the linearly ordered idempotent semifield or the semiring Rax min -

In semimodules over these semirings, convex combinations of points x1 and x5 can be linearly
ordered as follows: y =<,, ;, z if z belongs to the convex hull of {y,z2}. It is readily seen
that this relation satisfies all the order relation axioms. Now it is natural to give the following
definition: a sequence of convex combinations 1, ..., ¥ of points 1 and zy is called monotone
if yi =4y ,2, Yiy1 for i=1,...,m — 1. The proof of the following lemma is obvious.

Lemma 1. Let y1,...,ym € S™ be a monotone sequence of convexr combinations of points yq
and Ym+1, and let z be any other conver combination of yo and yYm+1. Then for a certain unique
i€{0,...,m}, the point z is a convexr combination of the points y; and y;y1 .

Let us introduce one more notion. Let S be the idempotent semifield or the semiring Ry ax min -
The set of pairwise distinct points 1, ..., ym+1 € S™ will be called the vertex sequence of the
convez hull of the points y; and y,,41 if it meets the following three requirements:

(1) all y; belong to the convex hull of y; and y,41;

(2) forany i € {1,...,m}, the points y; and y;11 belong to the line specified by the equations
Yy = ¢! =const for j € I; and 3/ = A ©® yZJ for j ¢ I; if S is the idempotent semifield,
and the equations 3/ = ¢/ = const for 5 € I; and v/ = X\ for j ¢ I; if S is the
semiring R ax min ;

(3) forany ¢ € {1,...,m — 1}, the sets I; and I;;; do not coincide.

Lemma 2. The verter sequence y1, ..., Ym+1 € S™ is monotone and unique.

Proof. If m = 1,2, then the statement is trivial. Now suppose that m > 2. Let us prove by
induction that the vertex sequence is monotone. The base of induction is also trivial: y1 =<y, 4.,
y2. Now suppose that y1 =y, .01 " Syiymss Yk Let us prove that yp =y, .. Ykr1 by
contradiction. Then the vertex yiy1, by Lemma 1, belongs to either {yx_1,yr} (then the third
requirement of the definition is not true) or {y;_1, y;}, where i < k (then the second requirement
of the definition is not true). Thus, yx =y, ... Yk+1, and the vertex sequence is monotone by
induction.

Let us prove the uniqueness of the sequence of distinct vertices. Suppose that this is not true,
and their exists another vertex sequence zi,...,zs. Then this sequence of points cannot be a
subsequence of y1, ..., ym, because in that case, for z; = y; and 2;11 = y;+r, where k > 1, the
second requirement of the definition is violated. It remains to assume that, e.g., the point z; does
not coincide with any of the vertices y. Then, by Lemma 1, this point belongs to the convex
hull of one of the pairs {y;, y;+1}. The points z;_; and z;;1 must belong to the same convex
hull, otherwise they do not satisfy the second requirement of the definition. But in this case
the points z;_1, z;, and 241 do not satisfy the third requirement of the definition. Hence the
sequence 21, ..., 2zs coincides with y1,...,yr. O

Let us construct the vertex sequence of the convex hull of the points x; and z5. We shall
consider two cases: x; < xo and the case in which z; and x, are incomparable. Notice that
without loss of generality we can assume that x? # x% for all 4.
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In the case x1 < x5, we shall prove the following theorem:

Theorem 1. Suppose that x1, o € S™ and xi < x4 for all i. Then the vertex sequence y; of
the convex hull of x1 and xo exists, and the following statements hold up to coincident vertices:

(1) if S is the linearly ordered idempotent semifield, then i = 1,...,n+ 1, y,11 = x2, and
yi =1 D Njxo for i £n+ 1, where \; is the ith term of the sequence

o)< 2o ),

and {ly,...,l,} is the suitable permutation of {1,...,n};

(2) if S is the semiring Rmaxmin, then i =1,...,2n and y; = x1 ® \jxa, where \; is the ith
term of the sequence

xll(l) <= xi(z) <. = x12(2n)

and i — (u;, (1)) is the suitable bijection of {1,...,2n} onto {1,2} x {1,...,n}.

Proof. By choosing a representative from each equivalence class of coincident convex combinations
of y; and arranging them in order of increasing parameter A, we obtain a sequence 21, ..., 241,
where z1 = r1, 241 = w2, and z; = y,(j), where r(j) is the corresponding map of the set
{1,...,1+ 1} to theset {1,...,n+ 1} in the case of a semifield and to the set {1,...,2n} in
the case of a semiring Riaxmin- Now the statement of the theorem reduces to the fact that the
sequence 21, ..., 7141 is the vertex sequence of the convex hull of 1 = z; and xo = 241

Let us prove this statement in the case of a semimodule over the idempotent semifield.

First, since xf < % for any i, we have \; < 1, and so all y; and z; are convex combinations
of the points x; and x5.

Let us prove the second and third requirements of the definition of a vertex sequence. We
introduce the index sets

N*) = {i |21 © (3)7" = A},
NN = {i |21 @ (z3) 7" = A},
N=(\) ={ilz1© (a3)7" < A},

and set y(\) = x1 ® Ary. Then for i € NT(\) U N°(\), we have y'(\) = z¢, and for i €
N=(A)UNOY(N), we have y'(\) = A® % . This yields the second requirement of the definition with
I = NT(A\g)+1) UNO()\T(j)H) for any j =1,..., 1. Notice that the index [,(;) belongs to I; 1,
but does not belong to I;; therefore, the third requirement is also satisfied.

Let us prove the statement of the theorem for a semimodule over the semiring Rax min -

Since none of the elements of the semiring Ryaxmin €xceeds 1, the first requirement of the
definition of vertices of the convex hull is trivially true.

Let us verify the second and third requirements. We introduce the index sets

NY)={ifai =AY, N ={ilzi=A}, Ny (V) ={ila] <A},
Ny ={ilzy =AY, NJ)={ilay =2}, Ny (N)={i]ay <A}
Then for i € Ny (M) U NY(N), we have y*(\) = zi; for i € (NS (A)UNI(N) N (N (N)UNPN)),
we have y*(\) = z7; and for j € (N5 (A) UNS(N)) N (Ny (M) UNY(N)), we have y*(\) = A. This
yields the second requirement with
Ij = (Ny (Ar(5) U N2 (Ar(5)) U (V5 (Argy11) U N (Ary41)) 0N (A1) UNT (A1)
for any j=1, ... . The index I(r(j)) cannot belong to both I(j —1) and I(j); hence the third

requirement is true as well.
Lemma 2 ensures the uniqueness of the sequence zy,...,2;41. U

Now we shall prove a similar theorem for the second case. We shall use the notation

Mo={i|zi =23}, Mi={ilay<ai}, Mp={i]a} <aj}.
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Theorem 2. Suppose that points x1,x2 € S™ are incomparable and My = & . Then the vertex
sequence of their convexr hull exists and is unique.

Proof. In the case x1 < 2, the statement has already been proved. It remains to prove it for the
case in which z; and x5 are incomparable. In this case, {1,...,n} = M; U M,. Notice that the
point x1 @ zo is a convex combination of the points x; and xo distinct from them. By Lemma 1,
all convex combinations of the points x; and x2 belong either to the convex hull of {z1, 1 ® z2}
or to the convex hull of {z1 ® x5, z2}. Since 1 < z1 B 2 and zg < x1 B x2, for each of the two
convex hulls there exists the sequence of intermediate vertices. Joining the two vertex sequences
together by the point z1 @ x5, we obtain a vertex sequence of the convex hull of z; and x5. All
the vertices except x1 @ xo automatically satisfy all the requirements of the definition, and the
point x1 @ xo automatically satisfies the first two requirements. Let us verify the third requirement
for this point. The convex hull of {z1,z; ® 22} belongs to the plane z° = 2%, i € M;, and the
convex hull of {x; @ z2, 72} belongs to the plane z° = 2%, i € Ms; in addition, M; N My = 0.
This means that the sets I for the point z; @ xo and its neighboring vertices coincide.
The uniqueness is guaranteed by Lemma 2. [

In what follows, using Theorems 1 and 2, we propose algorithms for the construction of the
sequence of distinct vertices of the convex hull of points xz; and xs in the semimodule S™ over
the idempotent semifield and over the semiring Ry, ax min -

Both algorithms begin with dividing the initial index set {1, ..., n} into the three subsets M,
Ms, and My. Further, if S is a semifield, then for the indices i from M;, we sort the products
2t © (x)~! in ascending order to obtain the sequence A; < --- < A, , where \; = 2% © (z5)~1.
For the i from My, we sort 24 ® (z})~! to obtain the sequence p3 =< -+ < py, where p; = 25" ©
(xlf)_l. If S is the semiring R axmin, then for the indices ¢ from M;, we perform simultaneous

ascending sorting of 3:’1 and x’é, which results into the sequence A\; < --- < Ay, , where \; = mi(l )
For the i from My, we perform similar sorting to obtain the sequence p; < --- =< uor, where
i = :c;’j(”. Then we construct the vertex sequences of the convex hulls of {z1,z; ® z2} and
{z1 ® x2, x2}. We shall give the construction algorithms for the vertex sequence of the first of
these convex hulls. The construction algorithm for the second one can be obtained by replacing x

by zo, M7 by M, and (in the case of the semiring Ruax min) Nf“_’o by N;’_’O.

CONSTRUCTION ALGORITHM FOR THE VERTEX SEQUENCE
OF THE CONVEX HULL OF z; AND z; & 22
IN A SEMIMODULE OVER THE IDEMPOTENT SEMIFIELD

State of the computation process. The set {1, ..., n} is partitioned into disjoint sets M;, M,
and My, the first of which is partitioned into disjoint sets N~ , N°, and NT. The coordinates of
vertices are computed depending on the membership of the corresponding indices to these sets.

Initial state: N° = {l1}, N* = M;\{l1}.

Standard step of the algorithm. If \;;; = )\;, then the index I;,; is placed in N, the index I;
is placed in N~ , and the coordinates of the vertices y;y+1 are computed by the following rules:
Yl =N @a if j€ (NTUNY), and y/,, =2 if j € N* UM, UMPO.

If A\jy1 = A, then the index /;4; is placed in N 0 and no other actions are performed.

CONSTRUCTION ALGORITHM FOR THE VERTEX SEQUENCE
OF THE CONVEX HULL OF z; AND z; & 22
IN A SEMIMODULE OVER THE SEMIRING Ry,ax min

State of the computation process. The set {1,...,n} is partitioned into the disjoint sets M,
My, and My, the first of which is partitioned into disjoint sets N; , N?, and N1+ , as well as
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into Ny , N9, and N5 . The coordinates of vertices are computed depending on the membership
of the corresponding indices to these sets.

Initial state: NY = {l1}, N = M;\{l;}, N$=0, N =M.

Standard step of the algorithm. If A\;y1 > A;, then the index [(i + 1) is placed in NSHl, the
index [(7) is placed in Ny, .., and the coordinates of the vertex y; 11 are computed by the following

rules: yirl = X1 if 7 € (Ny UND) N (NS), yfﬂ =2} if j € (Ny UNYD), and ng =2 if
j € (NS NN UMy UM,.

If Ait1 = Ai, then the index (i + 1) is placed in Ny, ., and no other actions are performed.

The algorithms thus constructed are of computational complexity n?. This follows from the
fact that the number of vertices (not counting the initial points) can be as large as n — 1 for the
semifield and 2n — 2 for Riax min -

In conclusion, let us mention the connection between the vertex sequence of a convex hull and
the theory of (idempotently) linear functionals in idempotent semimodules developed in [7]. In
this paper, the functional defined by the formula

y+— x*(y) =inf{k € S| kz = y},

where S is an idempotent semiring, and z, y are elements of a semimodule over this semiring,
is called the z-functional. It is proved that if S is an idempotent semifield and the semimodule
satisfies some natural conditions, then the z-functional is linear and any linear functional is rep-
resentable in the form of an z-functional. Now we notice that in the semimodule S™, where S
is an idempotent semifield, we have z*(y) = @,(z")' ©® y*. Then, if 2% < 2% for any i, then
Yn = x1 O x5(x1)22 = x5(x1)z2. One of the coordinates of y, coincides with the corresponding
coordinate of x1; hence all the other vertices inherit it automatically. Considering x; and vy, as
points on the (n — 1)-dimensional plane, we find that y,—1 = y}(x1)y,. All other vertices are
found similarly.
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