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Alice-Bob Physics: Coherent
Solutions of Nonlocal KdV Systems

S.Y. Lou'3 & Fei Huang?3

In natural and social science, many events happened at different space-times may be closely correlated.
© Two events, A (Alice) and B (Bob) are defined correlated if one event is determined by another, say,
Accepted: 16 March 2017 © B = f Aforsuitable f operators. Taking KdV and coupled KdV systems as examples, we can find some
Published online: 13 April 2017 : types of models (AB-KdV systems) to exhibit the existence on the correlated solutions linked with two

. events. The idea of this report is valid not only for physical problems related to KdV systems but also for
problems described by arbitrary continuous or discrete models. The parity and time reversal symmetries
are extended to shifted parity and delayed time reversal. The new symmetries are found to be useful not
only to establish AB-systems but also to find group invariant solutions of numerous AB-systems. A new
elegant form of the N-soliton solutions of the KdV equation and then the AB-KdV systems is obtained. A
concrete AB-KdV system derived from the nonlinear inviscid dissipative and barotropic vorticity
equation in a 3-plane channel is applied to the two correlated monople blocking events which is
responsible for the snow disaster in the winter of 2007/2008 happened in Southern China.
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It is known that various events happened in different places and times are closely correlated and/or entangled'.
For example, the decrease of ice at Arctic sea in the summer of 2007 (event A, A = A(x, t)) is considered to be
responsible for the heavy freezing rain in winter 2008 in Southern China (event B, B = B(x/, t') = fA)z’ 3. The
strong El Nino event occurred in 1997 (event A) induced the heavy Yangtze River flooding in 1998 (event
B(x', t') = f A)*. In the communication field, in order to safely get information from Alice (event A), Bob should
© have a private Key f such that he can find the thing he wants (B = f A). It is reported that the event B, the detec-
© tion of a signal of gravitational wave, is due to the event A, the merging of two black holes from 1.3 billion light
© years away’; In quantum physics, many faraway particles (atoms) may construct a completely entangled state, a
. measurement of one particle (event A) will affect the state of the other (event B = f A)°.
: Traditionally, physical models are locally established around a single space-time point, say, {x, t}. To describe
© the correlated events happened in two or more places, one has to establish some kinds of new physically signifi-
. cant models. In this paper, we restrict ourselves to study only two-place physical models, Alice-Bob (AB) models
. for simplicity. We say Alice-Bob physics if the physics is related to two correlated/entangled events occurred in
© two places {x, t} and {x’, '} respectively. The event at {x, t} is called Alice event (AE) (denoted by A(x, t)) and the
© event at {x, '} is called Bob event (BE) (denoted by B(x’, t')). The events AE and BE are called correlated/entan-
gled if AE happens, the BE can be determined at once by the correlation condition

B(x, t') = f(A) = A =fA, 1)

for suitable operator(s) f .

Usually, {x/, #'} is not neighbour to {x, t}. Thus, the intrinsic two-place models, the Alice-Bob systems (ABSs),
are nonlocal. Some special types of two-place nonlocal models have been proposed, say, the nonlocal nonlinear
Schrodinger (NLS) equation,

iA, + A, £ AB=0, B=fA=PCA=A(-x,1),

was firstly proposed by Ablowitz and Musslimani’. This type of NLS systems are also related to the significant PT
© symmetric Schrédinger equations®. The operators P and C are the usual parity and charge conjugation. Some
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types of other nonlocal nonlinear systems such as the coupled nonlocal NLS systems’, the nonlocal modified KdV
systems'® 1!, the discrete nonlocal NLS system'? and the nonlocal Davey-Stewartson systems'*~'* were also pro-
posed. Though the nonlocal NLS and the other known models mentioned above have been studied by many
authors, they are all proposed in the mathematical way from the integrability requirement without any possible
physical applications.

In this paper, we attempt to provide a possible physical application: They are special AB systems and can
be possibly used to describe some special types of AB physics. In the second section, we discuss the general
aspect of the AB systems via shifted parity and the delayed time reversal. In the third section, the detailed group
invariant solutions for general AB-KdV systems and symmetry breaking solutions for a special AB-KdV system
are studied. The multiple soliton solutions of the usual integrable systems have been applied in almost all the
physical fields and there are some types of formally different complicated expressions such as the Hirota forms,
determinant forms, Pffafion forms and so on'®. Here, a much more elegant form of the solutions for the KdV
type systems is presented. In the application section, a special AB-KdV system is derived from a rotating fluid
system via multiple scale method. A symmetry breaking soliton solution of the special KdV system is applied to
a two-atmospheric-blocking-events which is related to the heavy snow disaster in the winter of 2007/2008 in the
south of China. The last section is a summary and discussion.

General aspect of AB systems
There exist two possible ways to establish ABSs which may be used to describe AB physics in the future.

(i) The first way is to solve out two events AE and BE from traditional basic principle equation(s),
F(u) =0 (2)
by assuming
u=U(A(x, t), B/, t)) (3)

for suitable U, where u may be a scalar, a vector, a matrix or a tensor. Equation (2) may be arbitrarily known
principle systems, say, the Navier-Stokes (NS) equation for AB fluid problems, the Maxwell system for
electro-magnetic-optic AB problems, the Schrédinger equation in quantum physics, the Einstein’s equation
for the gravitational AB problems and the various types of their generating models such as the Korteweg
de-Vrise (KdV) equation, the NLS equation, the Kadomtsev-Petviashvilli (KP) equation and so on. If the
original principle system (2) is classical, then the derived AB systems should also be classical. Meanwhile,
if (2) is a quantum system, say the Schrédinger equation or Dirac equation, the derived AB systems are
naturally quantum.

(ii) The second way is to establish or derive new models by introducing suitable correlated/entangled condi-
tions for known coupled systems, for instance, the nonlocal NLS system obtained by Ablowitz and Mus-
slimani’ is just derived from a coupled system, the Ablowitz-Kaup-Newell-Segue (AKNS) system. More
examples of AB systems derived from coupled equations have been offered in the preprint paper?’.

To find out some concrete results, we introduce a principle'’, the AB-BA equivalence principle, which requires
U(A, B)=U(B, A) and
R A2
B=fA, A=fB, f =1 (4)

Substituting the two event assumption (3) into the original principle (2) and splitting the resulting equation
to two, we may have

F(A, B) =0, E(A,B)=0. (5)

Two equations of (5) should be reduced back to one equation because of the correlated condition (4). To reduce
two equations of (5) to one we can apply the operator f on one of them. The results should be

fE(A, B) = F(A, B), Ej(A,B) =fF(A, B) (6)

with the condition (4).
2
Generally, there are infinitely many solutions of f = 1. For instance, any solution of F(x, x') + F(x'x) = 0

A2 A
for arbitrary two-dimensional function F solves f = 1if we express x’ = f x. For linear transformations of N
variables x = (x,, x,, ..., xy)', the superscription T of a matrix means the transposition of the matrix, we have
the following theorem and conjecture.

Theorem. The linear transformation

X =Mx+x,=fx, x=Mx+x,=fx, 7)
possesses the solution
ra -1 r Xy
/ n n
/= i , n=0,1,..,N,
o -are g, - Qr]x’ * [—on,,] " )
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wherex; = (x;, X;, ..., X; )T is related to all the possible permutations of {i}, i,, ..., iy} = {1, 2, ..., N}, I, Q and
Xo, are arbitrary n x (NN— n), (N—n) X n and n x 1 matrices, respectively, I, and Iy_, are n X n and
(N — n) x (N — n) unit matrices.

Conjecture. All solutions of (7) have the form (8).

Remark. The theorem can be simply proved by checking the conditions M?=1and Mx, = —x,. The conjecture
has been directly checked for N <4 in ref. 17. We believe the conjecture is also true for N> 4. (ii) For n=0,
I'=Q =0 the transformation (8) is a trivial identity transformation. For n= N, I' = Q=0 the transformation (8)
is a shifted parity transformation for all variables x;, i = 1, 2, ..., N. (iii) Because any similarity transformation
{x', x, x5, M}—{Ux’, Ux, Ux,, UMU™'} is also a solution of (7), the conjecture implies that the solution (8) is simi-
larity transformation invariant up to redefinition of the arbitrary matrices I, Q and x,,,.

AB-KdV systems and their coherent structures
To make it more clear, we take the well known KdV equation'®

KdV = u, + u,,, + 6uu, =0 9)

as a simple example.

The KdV equation was first introduced by Boussinesq'® and rediscovered by Diederik Korteweg and Gustav de
Vries®. The KdV equation has various connections to physical problems. It approximately describes the evolution
oflong, one-dimensional waves in many physical settings, including shallow-water waves with weakly non-linear
restoring forces, long internal waves in a density-stratified ocean, ion acoustic waves in a plasma, acoustic waves
on a crystal lattice'® and the 2-dimensional quantum gravity?'. The KdV equation can be solved using the inverse
scattering transform and other methods such as those applied to other integrable systems?2.

Furthermore, for simplicity, we take the symmetric U as a simplest form U = %(A + B). From the equation
(9), it is clear that the KdV equation is parity-time reversal invariant, space-time translation invariant and com-
plex conjugate invariant. Thus, we can take f as

f =BT, fA=A(—x+xp —t+1t) =B, (10)

for the real KV system and f = BT,C, fA = A*(—x + xp, —t + t;) = Bfor the complex KdV equation, where
P is a shifted parity defined by Px = —x + x, T, is a delayed time reversal defined by T;t = —t + t,, and Cis the
usual charge conjugate.
Substituting U = %(A + B)into the KdV equation (9), we have

A, + B, + A, + B, +3(A+B)A, +B)=0
which can be split to two equations

A, + A, +3(A+BA, + G(A, B) =0, (11)

B, + B, + 3(A + B)B, — G(4, B) =0, (12)

where G(A, B) may be an arbitrary functional of A and B. Applying f defined in Eq. (10) on Eq. (12) will lead to a
compatibility condition

G(A, B) = fG(4, B). (13)

In other words, G(A, B) is not an arbitrary functional but an arbitrary f' invariant functional.
Finally, we obtain a quite general nonlocal AB-KdV system

ABKdV = A, + A, + 3(A + B)A, + G(A, B) =0, B=A(—x + xp —t + f;) (14)

or B = A*(—x + x, —t + t,) with an arbitrary f invariant functional G(A, B).

It is known that the original KdV equation is a famous integrable model. However, the integrability of the
AB-KdV system (14) is not very clear because the introduction of the arbitrary f invariant functional G(A, B)
though there are some different formal Lax pairs. The first formal Lax pair possesses the form,

. I(A—/\ B—/\)w,

2\B—X A- ) (15)
. SA=h), + (h— A =209, B+ h), — (h+ B+ 200,
CMB R, — (- BE200, A -k, (- A 200, (16)
where
h = & '[G(A, B) + 3B(B — A),],, ®=(A — B).d,'+ 2(A — B) + 9%, (17)
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and @ is just the recursive operator of the classical KdV equation with the potential A — B.
If the arbitrary f invariant functional G is fixed, one may obtain more concrete Lax pairs, say, if we select

G=0, (A£B)BTFA),, (18)

the related AB-KdV systems are just ABKdV,, i=2, 3, 4 listed in ref. 17. The AB-KdV systems (14) with the
conditions (18) can be considered as special reductions of the coupled KdV system derived from two-layer fluid
systems®.

In addition to the AB-KdV system (14), there are other types of AB-KdV systems which can not be directly
solved out from the KdV equation. For instance, the following AB-KdV system

1 3 PT
A, — —A =B.. — 3(A — B)A AB, =0, B= A+4.
¢ 2m+2m 3( )x+6 X 0 (19)
can be obtained from the reduction of coupled KdV systems, say, the Hirota-Satsuma system?*. The Lax pair of the
AB-KdV system (19) can be directly read out from that of the Hirota-Satsuma system (where A = u + v,
B=u— V)17’25.
The most general real AB-KdV systems may have the more general form

K(A, B) =0, B=PTA=A(—x+ xp —t + 1), (20)
with the condition
K(u, u) = KdV,

where KdV is defined in Eq. (9).

Now a natural question is how to solve the AB-KdV systems listed in this paper. To solve complicated nonlin-
ear systems, the symmetry methods play essential roles. In fact, the powerful Darboux and Bicklund transforma-
tions are essentially special symmetry approaches®®?’. Usually, one uses continuous symmetries to find group
invariant solutions of nonlinear systems. Here we have derived many AB-systems by using discrete symmetries,
the shifted parity and the delayed time reversal. Thus it is interesting that if we can find some nontrivial shifted
parity and delayed time reversal invariant solutions for all the AB-KdV systems (20). The group invariant condi-
tion B = PT;A = A implies that to look for the PT; invariant solutions of the AB-KdV systems (20) is equivalent
to find the 13372 invariant solutions of the usual KdV equation (9).

For nonlinear systems, soliton excitations are most important exact solutions. For the KdV equation (9), its
well known multiple soliton solutions possesses the form?®

>

u=2(InF),, F=> exp
I

N N
2o+ D0 b
j=1 1<j<l

(21)
where the summation of y should be done for all permutations of B, = 0,L,i=1,2...,Nand
£ =kx —kt+¢ 0 = |59 a
=kx — k; » exp(y) =
T ki + ki (22)

It is clear that the solution (21) is not BT} invariant. The reason is that the KdV equation is space-time transla-
tion invariant and then every soliton of the KdV equation can be located at anywhere &, However, the AB-KdV
is space-time translation symmetry breaking. Thus we have to fix the arbitrary constants 50] such that the multiple
soliton solution is 2T, invariant but not the space-time translation symmetry invariant.

After finishing some detailed calculations, we find that if we rewrite 51 as

L R R (R KA SR S TR SR Soy )

2 i=j+1 i=j+1 (23)

the soliton solution of the KdV equation can be equivalently rewritten as

1N
U= ZInZKy cosh[zzvjnj] ,
v - xx (24)
where the summation of v = {1}, v, ..., vy} should be done for all permutations ofy; = 1, —1,i=1,2..., N,
andK, = Hl> (k; — w/k)
Now, it is stralghtforward to see that
A =l (25)

solves all the AB-KdV system (20) including Eqs (14) and (19).
Similarly, all the BT} invariant solutions of the KdV equation are also solutions of all AB-KdV systems. Here
we list two more examples, the Painlevé II reduction and the soliton-cnoidal periodic wave interaction solutions.
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The AT, invariant Painlevé II reduction possesses the form,

2 1

62t — 1, 2 2 (26)
where U= U(§) satisfies
3,1 -3

which is equivalent to the Painlevé II equation.

A simple P, invariant soliton-cnoidal periodic wave interaction solution?-*' can be written as

2
A = 2w, tanh(w) + W tanhz(w) —4 + 2 Woer lw—";‘ - iwj,
wx 3w, 2w, 3 (27)

h e s — i l s — " N — _ X _ ( — L”) N
w re k{ + Jarc tanh(msn(k§,, m)) k= 2(1—m) 3 (x 5 ) vt =3
§=(x— ﬁ —nlt—2 w1th arbitrary constants vy, v, and m.

It should be also emphas1zed that though we have obtained many f invariant solutions for many models, there
are various other solutions which are f symmetry breaking. Usually, f symmetry breaking solutions may not be
same for different models. Here we just write down an f symmetry breaking soliton solution for the AB-KdV

equation (19),
3dk — 4k4[t B t_O]
2k 2) (28)

where k and a are arbitrary constants. More about f symmetry breaking solutions will be reported in our near
future studies.

2
A = atanh¢ — 2k*tanh®¢ + k? — iZ_Z = k[x - %

Derivation and application of a special AB-KdV system in atmospheric dynamics
In ref. 32, Jia et al. established a multiple vortex interaction model

w; = djz‘xx + wiyy’ (29)

N N
+ [, w] + ez[ s wj] = CYlw, w)l + By, =0,
i j=1 (30)

where [1),, w, ] = Y, — 1w, j = i denotes the i-jth stream-vorticity interactions (SVI) and [w;, w; ] denotes
the i-jth Vort1c1ty vort1c1ty interactions (VVI), Cis related to the strength of VVI and the (3 term comes S from the
coriolis force. In (30), the small parameter € is introduced by considering the fact that the stream-vorticity inter-
action between two faraway (both in space and time) events should be small.

For N=1, the model (30) is just the well known (2 + 1)-dimensional rotating fluid model (Euler equation with
rotating effect), such as the atmospheric and oceanic systems, which can be used to describe the nonlinear invis-
cid dissipative and equivalent barotropic vorticity equation (NIDEBE) in a 3-plane channel®*. The model (30) is
also derived from NIDEBE by neglecting higher order smaller interactions among different vortices.

In fact, the model can also be used to describe N-event problems. For the N=2 case, Eq. (30) becomes

w; = wixx + wiyy’ i=12, (31)

wyy + [V wi] + €[y, wy] — Clwy, wy] + By, =0, (32)

Wy + (U Wyl + €[1hy, wy] — Clw,, wy] + By, = 0. (33)

It is clear that the model (31)-(33) allows an AB reduction, the AB equivalent barotropic vorticity equation

(AB-EBVE)
R X n
Yy = fy=PB T =P(—x + xp y, =t + ),
Wy, = fwlzﬁsxfdwl:wl(—x—i-xo,y, —t+ ty). (34)

To get some approximate analytic solutions of the AB-EBVE, we utilize the multiple scale method (MSM) to
derive an AB-KdV system from Eqs (31)-(33) with conditions (34).
As in the standard MSM, by introducing some slow variables,

E=e*x— ), 7= (35)

the stream function 1), can be expanded as
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U= ug(y) — &y + A&y e + Ay (&, TE + O(), (36)

while the model parameters, C and 3, can also be expanded in some series of €. In this paper, we just take
C =6 f=pe (37)
which means for two far away events, the vorticity-vorticity interaction is in the same order as for the

stream-vorticity interaction while the effect of the coriolis force is smaller in the next order.
Substituting the expansion (36) with Eqs (34) and (37) into the original model (32) and (33), we have

3/2
(ugyyyAr — tgyAyyy)ee™ + [(MOWAZ = Ugy(Ayyy + Arge))e + (Bugy, — Ay A,

52 712
_[(6”%' + o)y — C]Blﬁyy + (toyyy + Ay + A + Alfyy]e = 0(e™), (38)

(tayy By — oy By €™ + [(”0}'}'}'32 = tgy(Byyy + Bie))e + (ugy, — By, By,
7\(6”% + o)y — C}Alﬁyy + (toyyy + Biyyy + 1By + Blfyy]em = 0("), (39)
where
B= BT A = A6+ &y —THm) =126 =0~ dty) 7= %), (40)

In the subsequent steps we will only treat Eq. (38) because Eq. (39) is only an AB dual of Eq. (38).
Eliminating the leading term (the term with €*') of Eq. (38), we have

(oyyyAy — tgyAyyy)e = 0. (41)
It is clear that Eq. (41) can be solved via variable separation

AE AT

A =fA 7) =fA, (and B, = fB = fB'T, A). (42)
Substituting Eq. (42) into Eq. (41) yields
Uoyyf = tgyf,, =0 (43)
with a special solution
f= couoy (44)

where ¢ is an arbitrary constant.

Vanishing the coefficient of e in Eq. (38) and using the relations (42) and (44), we have

Ay — g (Ayy, + Aree))e + (6ugy, — Ap,A

(t4gy, 25y 18y

- [wuw + tg), — C]BIEW + gy, + Ayyyy + WA + Ay, =0, (45)
To solve A, from (45), we can take the following variable separation form
Ay = ug,(mA + u, A"+ usAee + uyBee + usB> + ugB + u,AB) (46)

with u;,i = 1, 2, ..., 7 being arbitrary functions of y.
Substituting Eq. (46) into Eq. (45) leads to

e, A, — [(fzu7},)},A +2(f2us),B + (fPug), + cof,, (f + o, — cco)|Be
- [(2f2u2y +lf? = ciff, A + (P uy), B
(P, — cof o + 1) — cdf A
—[(Pusy), + cof A — (FPug),Beee = 0. 47)

Finally, as in the usual multiple scale method, taking an average for the fast variable y over the whole 3-channel
(from y, to y,), i.e., applying
1 f pe3 dy
B =Nn

on Eq. (47), we obtain the following AB-KdV system
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A+ Ay + @ AA + oA + B + asBBe + B + a7(BA)§ =0, (48)
A AT
B =174, (49)

where

%)
>

a = f,0) [, =/, ’

1 2 s Yy 2
a, = — u)—cf(cu—i— + 67 )dy|,
1 040502 (f 1y b 0 W of J.cf},}, fyy y
1 [ 2 2 2
Q, = _2[%%}, _fy) —2f uZy] >
ol 9
1 5 Y. Y2
Q3 = __z(f ”3y) 2+Cof frdy),
Lo % »
1 .
Q= *_202”4)/) g
a4 %
1 2 Vs
a; = —2 ug )|,
5 OKOCOZ(f 5y )y,
1 2 2,12 fyz
ag = ———|(f"us, —ccgf )|+ ¢ (+5)d,
6 %602 f 6y ofy B 0 A f},}, f f},}, y
1 2 "
Qa7 = __z(f ”7y) .
Q€ 4! (50)
Thus, the AB-EBVE (31)-(33) with the condition (34) possesses the approximate solution
Yy =uy —cy + uo},e[coA + e(wA + u, A + UsAee + UyBee + usB® + u B + u,AB)|, (51)
AX A A AT
¥, =R Ty = B'T;¢, (52)

where u;,i = 0, 1, 2, ..., 7 are arbitrary functions of y, and A and B are solutions of the AB-KdV system (48).
If B=A, the AB-KdV equation (48) will return to the standard KdV equation (9) after some suitable scaling and

AE AT
Galileo transformations. Then, the AB-KdV equation (48) possesses PfTS -invariant N-soliton solutions, Painlevé IT
reductions and interaction solutions between cnoidal periodic wave and soliton as mentioned in the last section.

In fact, there exist also some ﬁfff symmetry breaking solutions. For instance, it is straightforward to verify
that the AB-KdV system (48) with the condition
1 (503 + 7a)a, — as(5a + 7a)

2 a3 — oy

Q@7
possesses the following periodic wave solution
2m2k2(a3 — ay)
Q5 — Gy
1 1
k|l& — =& |+ w[r — —T]
[¢- 3¢ 0

3 22 2
- 2k°(1 + m ) (a; — o) n (7a3 + 5a )k C ok
S5as + 7ay 7a, + 503

A = ay+ asn(E, m) + sn’(Z, m),

=
=

(o, — ag)l(og + 20, — (2o + oz4)o¢5]a12
(5a5 + 7ay)(oy — a4)m2k

Km’(a; — a)K*(m” + 1)(3a; + 5a;) — 2a;]

(503 + 7ay)(o, — aS)mZk2

+

>

a():

_ allay(as + 2a,) — as(a, + 2a3)]
(5o + 7ay)(as — a)m’k? (53)

with the arbitrary constants a,, k, m and the Jacobi elliptic sine function, sn(Z, m). It is obvious that the solution

(53) is ﬁff‘: invariant only for a, =0. The periodic wave solution (53) will be reduced to a ﬁff": symmetry break-
ing soliton solution for m? —1and a, = 1.
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Figure 1. Theoretic result of A-event (a) described by ¢, of (51) and the corresponding real weather chart (b)
of geopotential height at 500 hPa on 19th November, 2007 from NCEP/NCAR reanalysis data. The contour
interval is 4 gpdm in (b), which is generated by using the charge-free software GrADS 2.0 download at http://
grads.iges.org/grads.

The atmospheric and oceanic phenomena are rich and multifarious. The richness and multifariousness of our
approximate solution comes from the introduction of arbitrary functions u, u, ..., u,. By selecting the arbitrary
functions appropriately, we can explain various two-place correlated events in atmospheric and oceanic dynam-
ics. For example, Fig. 1a displays the theoretic result of A-event (atmospheric blocking) described by v, of (51)
happened near 40 degree east longitude while the Fig. 1b is the corresponding real weather chart of geopotential
height at 500 hPa on 19th November, 2007, from the National Centers for Environmental Prediction/the National
Center for Atmospheric Research (NCEP/NCAR) reanalysis data™.

Figure 2a shows the theoretic density and contour plot of the B-event described by v, of (52) appeared near
130 degree west longitude while the Fig. 2b is the corresponding plot of the real weather chart happened after 65
days later after the A-event. The function and parameter selections related Figs 1a and 2a are as follows,

J;
ug = Gy + ?thanh(kly =) (f=f sech’(kyy — y), (54)

u; = Csin(ky(y —3,)), i=1,2,...,7 (55)
with

Co=m=p=k=1C=Cy=01C,=— 1043389, C,;= C; = {, = 7, = 0,

Cs = 2480, C; = —14.7,a, = ¢ = 0.01, ¢, = 10, f, = — 0.1, 3y = 3, , = 50,
1 1 1
=70,y, =40, k, =k, = —, 6, = —, € = —,
% € L TR 140 (56)

t=t,=12 (days) for A-event and t =tz =12+ 65="77 (days) for B-event.
The long time real atmospheric blockings evolving from November 2007 to January 2008 including the A
and B events mentioned above may be responsible for the heavy snow disaster of South China in the winter of
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Figure 2. Same as Fig. 1, but for B-event (a) described by 1, of (52), and real case (b) of geopotential height at
500 hPa on 23rd January, 2008 from NCEP/NCAR reanalysis data. The contour interval is 4 gpdm in (b), which
is generated by using the charge-free software GrADS 2.0 download at http://grads.iges.org/grads.

2007/2008. The blocking occurred at the north Europe in November 2007, which located at the upstream of
China, may favor to induce cold air outbreaks to China from Barents Sea and Kara Sea of the Arctic by northwest
wind in front of the blocking high ridge (Fig. 1b). After the cold surge which caused the heavy snow disaster in
the south of China in the winter 2007/2008, energy dispersed downstream and new blocking was developed in
eastern Pacific-north American region (Fig. 2b).

Summary and Discussions

In summary, a new physical fields, AB-Physics or even AB-Science, is opened. This is a first attempt to study
two-place physics and multi-place physics, which may be widely and deeply affect all other scientific fields. The
reason to introduce Alice-Bob physics is because there exist various two-place (and multi-place) correlated phys-
ical events in almost all natural scientific fields. For instance, all the teleconnection phenomena in atmospheric
and oceanic science belong to the category of the AB-physics/science.

A simple method is established to find huge amount of new physically meaningful nonlinear models,
Alice-Bob systems. The method can be applied to any known physics to find novel phenomena though here we
take only the celebrating KdV model as an illustration to find infinitely many Alice-Bob KdV systems. A special
type of AB-KdV systems, the functional KdV equations, with an arbitrary lssfi invariant functional G(A, B), can
be derived directly from the original KdV system. Some other types of AB-KdV equations can be directly
obtained from coupled KdV systems by using correlated relations between two components. The method can be
applied to any original principle physical models such as the Maxwell equations, Navier-Stokes equations,
Schrodinger equations, Einstein field equation and their integrable and nonintegrable derivative systems. In the
preprint paper!’, various other types of integrable AB systems have been listed by directly applying suitable cor-
related relations on coupled two component models.

A special AB-KdV system is derived from the multiple vorticity interaction model which is related to a standard
atmospheric and oceanic dynamic system, the nonlinear inviscid dissipative and barotropic vorticity equation in a
(3-plane channel. The AT, symmetry breaking soliton solution of the derived AB-KdV system is used to qualitatively
describe the two real events, the atmospheric blocking happened in November 2007 and January 2008 respectively
while the atmospheric blockings are responsible for the heavy snow disaster in Southern China in the winter 2007/2008.

Some types of physically important new symmetries such as shifted parity and delayed time reversal, are
found. It is well known that parity and time reversal are two very important symmetries in physics. Now these
two symmetries are extended to more general symmetries. These new symmetries exist in various physical fields
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which include not only the fields where the KdV equation is valid but also those where the Maxwell equations,
(linear and nonlinear) Schrédinger equations, Navier-Stokes equation and Einstein equation are valid. In addition
to the shifted parity and delayed time reversal symmetries, we have found more newly general symmetries given
in theorem 1. These symmetries will be very useful in two place physics and should be studied further.

Some types of group (shifted parity and delayed time reversal symmetry group) invariant solutions including
N-soliton solutions (arbitrary N), Painlevé II reductions and soliton cnoidal wave interactions are obtained for all
AB-KdV systems. The physical meaning of the group invariant solutions is that the event happened at {x, ¢} will
happen also at {x/, t'}. A

One special shifted parity (P) and delayed time reversal (T}) symmetry breaking soliton solution is also given
for special AB-KdV systems (14) and (48). The physical meaning of the group symmetry breaking solution is that
for Alice-Bob systems there are real physical phenomena where the event B at {x/, ¢’} is different from the event A
at {x, t}.

Infinitely many nonlinear excitations are found to be solutions of infinitely many models. This fact indicates
and emphasizes that to conclude a theory should be very careful even if you have observed various (may be
infinitely many) facts are valid for a theory without any parameters. For instance, even if you have observed
N-soliton solutions for an arbitrary N in a real system, there are still infinitely many candidate theories to describe
this system.

It is indicated that additional nonlinearities can be introduced by shifted parity and delayed time reversal
correlated constrained conditions. That means shifted parity and delayed time reversal correlation conditions are
nonlinear constraints. This implies that we can introduce useful nonlinearities from useful nonlocal nonlinear
symmetry invariant constraints. In our future studies, we will prove that various physically important nonlinear
systems (such as KdV, KP, NLS, sine-Gordon etc.) can be derived from linear systems by means of this types of
nonlinear and nonlocal constraints.

It is also indicated that there are infinitely many nonlocal physical functional models which have not yet been
studied by present physics and lack of effective methods to solve nonlocal and nonlinear functional physical
models. This fact arouses many challenges to the present physical society.

Though the multiple soliton solutions for many integrable systems have been obtained in some types of for-
mally different complicated expressions, in this paper, a much more elegant form for the KdV type systems is
proposed. The similar elegant forms for many other types of soliton systems can also be obtained'” by using the
same approach.

In addition to the beauty of the new soliton expressions, our forms display two new physical phenomena. The
first one is that the resonant soliton solution is analytical when the wave numbers k;, and k; are very closed to
each other, however, it is not analytical for the traditional multiple soliton expressions when resonance happens.
The second one is that if we take the positions of the solitons are wave numbers dependent, then we may obtain
various types of quite different resonant solutions which need to be further explored in future.

PACS numbers: 05.45.Yv 02.30.1k 11.30.Er 11.10.Lm 03.50.Kk 02.30.Jr 02.30.Ks.
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