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Abstract
Negative refraction, an unnatural optical phenomenon in which the incident and the refracted waves reside on the
same side of the surface normal, has been demonstrated with the invention of negative index media based on
artificially engineered photonic structures called metamaterials. It has received wide attention due to its potential
applications in imaging, nonlinear optics, and electromagnetic cloaking. However, it is highly challenging to realize
negative refraction operating at all angles and with the perfect transmission. In this work, leveraging the recent
development in topological photonics, we propose to realize reflectionless negative refraction for all incident angles
with a topological metamaterial. The proposed metamaterial possesses two Weyl points of opposite topological
charges. By interfacing the metamaterial with a perfect electric conductor (PEC) or a perfect magnetic conductor
(PMC), the Fermi arc connecting the two Weyl points can take the form of a half-circle possessing a positive or a
negative refractive index. Importantly, due to the topological protection, there is no reflection at the interface between
the PEC and PMC covered areas, leading to the observation of all-angle negative refraction without reflection at the
boundary. Our work provides a new platform for manipulating the propagation of surface waves, which may find
applications in the construction of integrated photonic devices.

Introduction
Negative refraction is a highly counter-intuitive elec-

tromagnetic effect that had been long believed to be
impossible1. The rapid development of metamaterials in
recent years has led to its demonstration in various
photonic systems, such as the double-negative metama-
terials2–7, photonic crystals8–11, chiral metamaterials12–14,
surface plasmons15–18, and hyperbolic materials19–23. This
novel effect has also been extended to other physical
systems, such as acoustic and electronic systems24–28.
However, most previous demonstrations of negative
refraction have suffered from low transmission due to
impedance mismatch and limited range of incident angle,
whereas a combination of all-angle and perfect

transmission will greatly facilitate the application of this
novel effect.
Recently, topological principles have been implemented

in photonics via the engineering of novel artificial pho-
tonic structures29,30, such as the Weyl and Dirac meta-
materials31–34 and photonic topological insulators35.
These new photonic systems host exotic surface states
with topology-protected propagation characteristics32–35.
It was reported in a seminal work by He et al. that
negative refraction of the surface waves without any
reflection could occur across certain hinges in phononic
Weyl systems36. However, this dispersion of the surface
modes is highly anisotropic, with negative refraction only
occurring for a very narrow incident angle, i.e., a negative
refractive index cannot be assigned. A physical system for
achieving All-angle REflectionless Negative refraction
(AREN) has yet to be discovered.
Here, we propose to realize AREN in an ideal photonic

Weyl system that contains only two ideal Weyl points
(WPs) located at the same frequency. The principle of
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AREN, together with that of conventional negative
refraction with a negative refractive index medium for
comparison, is illustrated in Fig. 1. The refraction and
reflection are governed by the momentum conservation in
the in-plane direction (illustrated by the dashed gray
lines), and the directions of their respective group velo-
cities. In the conventional negative refraction, reflection is
generally allowed, and its amplitude is determined by the
impedance mismatch between the incident and the
transmitting media (Fig. 1a). To realize AREN, we con-
sider the equifrequency contour (EFC) of a Fermi arc,
which is an open arc connecting between the projections
of a pair of WPs with opposite topological charges in the
surface Brillouin zone (BZ). With appropriate boundary
conditions at the surface provided by the carefully chosen
surrounding medium, the Fermi arcs can form a semi-
circle. Across the boundary, the Fermi arc can be con-
trolled to occupy only the top half or the lower half of the
circle, with the group velocity pointing outward or
inward, respectively, i.e., the sign of the effective refractive
index is flipped (Fig. 1b). As such, there would be no
reflection state across the boundary, and negative refrac-
tion of perfect transmission can be achieved. In contrast
to conventional all-angle negative refraction, our work
opens the door to a robust negative index flat lens which
collects all energy launched from the source.

Results
Effective Hamiltonian
A system consisting of only two Weyl points requires

the breaking of time-reversal symmetry (TRS)37,38. Here
the ideal Weyl metamaterial is constructed by embedding
a periodic metallic structure with non-symmorphic sym-
metry into magnetized cold plasma, wherein the TRS is
achieved via gyro-electric response of plasma under an
external DC magnetic field (B)39,40, as shown in Fig. 2a.
The unit cell consists of two I-shape metallic cut-wire

resonators along orthogonal directions with a dimension
of 5 × 5 × 2mm3. Because of the dispersion (ω-depen-
dence) of the permittivity tensor of the magnetized
plasma (see Materials and Methods), general eigenvalue
solvers (COMSOL and CST Microwave Studio) cannot be
applied to this metamaterial. To show the photonic band
structure, a complex k-band method is developed to cir-
cumvent the ω-dependent eigenvalue problem in our
simulations41,42 [see Materials and Methods, and Sec. I in
the supplementary information (SI) for details].
In the absence of the DC magnetized field (B= 0), the

band structure of the system along high-symmetry lines is
shown in Fig. 2c, where the positions of related high-
symmetry points are shown in Fig. 2b. This band structure
reveals that degeneracies are present in the kx–ky plane.
The band structure in the kx–ky plane shows the presence
of a circular nodal line (NL) (Fig. 2e), which is formed by
the crossing between the longitudinal bulk plasma (LP)
mode and the transverse electric (TE) mode (see SI, Fig.
S1 for field plots of the TE and LP modes). By introducing
a glide symmetry into the cut-wire metamaterial design, a
negative dispersion for the LP mode is achieved, leading
to NL of type-I43. Using TE mode and LP mode as the
basis, the effective Hamiltonian of this NL system can be
expressed as:

H ¼ w kr � kNLð Þσ0 þ v1 kr � kNLð Þσz þ v2kzσx ð1Þ

where v1,2 are the group velocities, σx,y,z are the Pauli
matrices, σ0, is the 2-by-2 identity, w is a factor that

accounts for the tilt of the crossing bands, kr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x þ k2y

q
is the wavevector along the radial direction in the kx–ky
plane, KNL, is the radius of the circular NL. Eigenstates of
the system can be generally expressed as c1 TEij þ c2 LPij ,
where c1 and c2 are real functions of k. In the kx–ky plane
(i.e., kz= 0), the eigenmodes are purely TE (c2= 0) and LP
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Fig. 1 Illustrations of negative refraction of different mechanisms. a Negative refraction with conventional negative index medium. The left and
right panels show the negative refraction in the momentum space and in the real space, respectively. Arrows labeled by i, t, and r represent the wave
vectors of incident, refracted, and reflected waves respectively. The direction of group velocity v is indicated by the hollow arrows. b All-angle
REflectionless Negative refraction (AREN) for surface states at the interface of a minimal ideal Weyl system. EFCs in the configuration of open
semicircles are illustrated, where the reflected wavevector (r) is forbidden because the reflection state does not exist. Therefore, all energy launched
from the source is collected to form the image
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(c1= 0) modes, where the TE mode and LP mode form
the linear crossings [see SI, Sec. V for the derivation of the
effective NL Hamiltonian, and Figs. S2 and S3 for the
corresponding 3D band structures and EFCs].
When a static magnetic field is applied in the x direction

(B ≠ 0), the permittivity of the magnetized plasma takes
the form of a gyro-electric tensor, which breaks the TRS
in our design. The solved band structure along high-
symmetric lines is presented in Fig. 2d, which shows the
presence of two band degeneracies (the WPs) marked by
colored points, red and blue for the opposite topological
charges, respectively. These two WPs reside at the same
frequency (fw ¼ 25:1 GHz) and are relatively far away
from the other bands, thus forming an ideal minimal
Weyl system. The linear crossing of the WPs is also
confirmed by the plots of the three-dimensional (3D)
band structure in the kx–ky plane, as shown in Fig. 2f. Due
to the breaking of TRS in the presence of an external
magnetic field, the NL is gapped everywhere except for
the location of WPs along the direction of the magnetic
field (kx direction).
The effective Hamiltonian of the magnetized system

around the Weyl frequency can be written as,

H ¼ wðkr � kNLÞσ0 þ v1ðkr � kNLÞσz þ v2kzσx þmðθÞσy ð2Þ

where m(θ) is a θ-dependent effective mass that opens up
bandgap everywhere except for θ= 0 and π, m(θ)= 0,

corresponding to the locations of the two Weyl points.
The bandgap is largest for θ= π/2 and θ= 3π/2, i.e., along
the ± ky directions, where the effective mass reaches its
maximum m0. Hence, the effective mass can be approxi-
mated as a sinusoid function m(θ)=m0sinθ, which is also
confirmed numerically [see SI, Fig. S4 for details]. The
opened bandgap arises from the coupling between the TE
mode and LP mode, leading to hybridized modes with a
transverse spin oriented along the azimuthal direction44.
Thus, in the ky–kz plane, there are two valleys located at
positive and negative ky, respectively, [see SI, Sec. IV for
the derivation of the effective Weyl Hamiltonian, and Figs.
S2 and S3 for the corresponding 3D band structures
and EFCs].

Semicircle Fermi arcs
Next, we derive the dispersion of the surface states

under perfect electric conductor (PEC), and the perfect
magnetic conductor (PMC) boundary conditions based
on the effective Hamiltonian formulated above. The
effective Hamiltonian of the ideal Weyl system is also
expressed as

H ¼ v1ðkr � kNLÞ v2kz � i m0sinθ

v2kz þ i m0sinθ �v1ðkr � kNLÞ

� �
ð3Þ

Tilting of the crossing bands can be neglected, i.e., w= 0,
without affecting the main results. Here, without losing
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Fig. 2 Realization of the minimal ideal photonic Weyl metamaterial. a Unit cell with in-plane period a= 5 mm and thickness h= 2 mm. The
lengths of the long and short arms of the metallic (PEC) structure are 1.1a and 0.5a, respectively. The width of all metallic (PEC) wires is 0.1a, and the
thickness is 35 μm. The metallic (PEC) structure is embedded in a magnetized plasma with electron density 2 × 1012 cm−1 under a 0.5 T static
magnetic field B in the x direction. b Bulk BZ with the high-symmetry points [involved in c and d] highlighted by black dots. The two WPs [red and
blue dots, observed in d] are located along the Γ−X and Γ−X′ directions. c Simulated band structure along high-symmetry lines when the TRS is
respected (B= 0). Three degenerated points are found at the frequency fn= 24.1 GHz, reminding us of the NL in the kx–ky plane. d Same as c but for
the broken TRS (B ≠ 0). Two WPs (red and blue dots) are observed at the frequency fw= 25.1 GHz. e, f 3D views of the band structures in the kx–ky
plane for the NL and Weyl metamaterials, respectively, wherein the NL and WPs are visualized
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generality, we set v1= v2= 1, and the eigen-equation
becomes

kr � kNL kz � i m0sinθ

kz þ i m0sinθ kNL � kr

� � c1
c2

� �
¼ E

c1
c2

� �
ð4Þ

where E is the eigenvalue. This equation can be further
expanded as,

kr � kNL � Eð Þc1 þ kz � i m0sinθð Þc2 ¼ 0 ð5Þ
kz þ i m0sinθð Þc1 þ kNL � kr � Eð Þc2 ¼ 0 ð6Þ

In general, the surface mode is a combination of the TE
mode and LP mode (i.e., c1;2≠0). However, for PEC
boundary (i.e., n × E= 0, n is the unit out-normal vector
of the boundary wall), the LP mode contains tangential
electric field component, and therefore it should be
excluded for the construction of the surface mode, i.e.,
c2= 0. As a result, Eqs. (5) and (6) can be solved as kz ¼
�im0sinθ and E ¼ kr � kNL. For 0 ≤ θ ≤ π, this solution
describes an evanescent wave into the Weyl material
(along −z direction) with a positive group velocity, which
is a physical solution for the surface state. While for π ≤
θ ≤ 2π, an unphysical solution describing a growing wave
into the Weyl material with a positive group velocity is
obtained. For illustration, linear dispersions across the
opposite valleys (θ= π/2 and 3π/2) are demonstrated in
Fig. 3a to show the physical (solid) and unphysical
(dashed) surface states. Thus, the surface Fermi arc at
different energy (frequency) can be solved as kr ¼ E þ kNL
in the 0 ≤ θ ≤ π region, which is semicircles as exemplified
in Fig. 3b.
On the other hand, for a PMC boundary (i.e., n ×H=

0), one needs to set c1= 0, i.e., there should be no TE
component in the surface mode, and Eqs. (5) and (6) can
be solved as kz ¼ im0sinθ and E ¼ kNL � kr . For 0 ≤ θ ≤ π,
this solution represents an unphysical growing wave with
a negative group velocity, while for π ≤ θ ≤ 2π, the solution
is an evanescent wave with a negative group velocity. We
show the different solutions located at the opposite valleys
θ= π/2 and 3π/2 in Fig. 3e, where the solid and dashed
orange lines are the physical and unphysical solutions,
respectively. The surface Fermi arc kr ¼ kNL � E can only
be found in the π < θ ≤ 2π region, as shown in Fig. 3f.
Thus far, we have shown that the PEC and PMC

boundaries can incur the complementary surface modes
for the proposed Weyl metamaterial. Also, these surface
modes are located at the same locations as bulk TE mode
and LP mode of the original NL system, as schematically
shown in Fig. 3b, f, respectively. Moreover, the directions
of group velocity (small arrows) in these figures illustrate
that the PEC and PMC boundaries of the Weyl material
can be treated as positive and negative media, respectively.

Effective medium model
We next simulate wave propagation inside a large-scale

metamaterial system. To this end, we build a nonlocal
effective medium model for the minimal ideal Weyl meta-
material with the effective permittivity tensor expressed as:

ϵe ¼ ϵ0

ϵc � ϵmðkÞ 0 0

0 ϵc � ϵmðkÞ � ϵs �i ϵd
0 i ϵd ϵc � ϵs

2
64

3
75

ð7Þ
where ϵmðkÞ ¼ ϵcω2

q=½ω2 � ω2
0 þ αðk2x þ k2y Þ� takes into

account the nonlocal optical response of metallic
structure45–47 (∈c is the effective relative permittivity, α
is a constant for scaling the nonlocal effect, ω0 and ωq are
the effective resonance angular frequency); ϵs ¼
ω2
p= ω2 � ω2

1

� �
and ϵd ¼ ω1ω2

p= ω ω2 � ω2
1

� �	 

arise from

the gyro-electric response of magnetized plasma (ωp and
ω1 are the effective plasma and cyclotron frequencies
respectively). We highlight the k-dependence of the
parameters in this model because the nonlocal effect
plays an important role to form the type-I ideal WP in our
system, see SI, Fig. S5 for details of this analysis. A good
agreement between the effective medium model and the
practical construction is achieved around the Weyl
frequency, as shown in detail in the SI (Sec. II and Fig.
S6). In the following simulations, the realistic parameters
are chosen: ϵc ¼ 0:83, α ¼ 6:8 ´ 2π ´ 1015 rad2=s2, ωq ¼
1:8 ´ 2π ´ 1010 rad=s, ω0 ¼ 2:22 ´ 2π ´ 1010 rad=s, ωp ¼
5 ´ 1010 rad=s, and ω1 ¼ 1:22 ´ 1010 rad=s.
In the simulation, a dipole source is positioned close to

the surface of the Weyl metamaterial under different
boundary conditions. We numerically obtain the surface
electric field component Ez (real part) on the PEC and
PMC boundaries (both in the x-y plane), as shown,
respectively, in Fig. 3c, g. It is observed that the excited
field only propagates upwards in both cases, which is
characteristic of the topological properties of the surface
states of the Weyl system. The Fourier transformation of
the fields provides the distribution of the surface states in
the momentum space, which leads to the formation of the
Fermi arcs in the shape of semicircles, as shown in Fig. 3d,
h. These semicircular Fermi arcs are exactly what we
expect, which is also verified by simulations using the real
metallic structure, as shown in our SI (Fig. S7). Despite
the similarity between the real-space field plots between
the PEC and PMC boundary conditions, the locations of
the Fermi arcs in these two cases are dramatically differ-
ent: the Fermi arc of PEC boundary bends upward, while
that of PMC boundary bends downward. Consequently,
the Fermi arcs under these two different boundary con-
ditions are complementary to each other, i.e., they
represent different parts of a full circle. While most metals
serve as PEC at microwave frequencies, there are no
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natural media that can perform the same as PMC. On the
other hand, the boundary condition is mainly determined
by the impedance of the surrounding medium. A high
impedance (

ffiffiffiffiffiffiffiffi
μ=ϵ

p
) medium can replace the PMC in

practical applications48, indicating that the PMC bound-
ary can be replaced by a dielectric medium with very small
permittivity49. This is verified by a simulation using a
dielectric medium with ϵ ¼ �0:01, as shown in the SI
(Sec. III and Fig. S8).

All-angle reflectionless negative refraction
We finally investigate the refraction of the surface waves

at a straight boundary formed between two regions cov-
ered by PEC and PMC, respectively, as shown in Fig. 4a. A
point source is placed in the region covered by PEC to
excite the surface field. The real part of the field and the
amplitude distribution are shown in Fig. 4b, c. It is
observed that all the surface waves emitted by the pointed
source are negatively refracted at the boundary, leading to
a sharp focal point in the region covered by the PMC.
Meanwhile, there is no reflected wave, demonstrating the
topological protection of the negative refraction. There-
fore, the AREN predicted in Fig. 1b is observed in our
system. By replacing the PMC layers with approximated

dielectric layers (ϵ2 ¼ �0:01), a similar effect is obtained,
as shown in Fig. 4d, e.
In order to show the robustness of AREN, the material

loss and the equivalent PMC boundary conditions are
investigated via simulation. Firstly, by including a material
loss in our effective medium model, ϵc ! ϵc þ i γ, we
examine the robustness of the AREN, as shown in Figs.
S9, S11A, and S11B of the SI. By increasing the material
loss γ from 0 to −0.05, It can be seen that the magnitude
of the focused field is reduced while the shape of the focal
point is unaffected, illustrating that AREN is not sensitive
to the material loss. Secondly, we examine the perfor-
mance of AREN by changing the value of ∈2, i.e., the
permittivity of the dielectric layer for replacing the PMC
boundary. The simulated negative refractions are pre-
sented in Fig. S10 of the SI. Despite a slight shape
deformation of the field distribution when the value of ∈2
deviates from zero, AREN can still be observed for a large
range of parameter values (from −0.1 to 0.2). See SI (Fig.
S11C, D) for the transverse profiles of the focused fields.

Discussion
In conclusion, we have realized a minimal ideal Weyl

system by introducing the magnetic gyro-electric material
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(cold plasma) to a nodal-line metamaterial, and shown
that the surface modes under PEC and PMC boundary
conditions mimic the wave propagation inside a positive
and negative index medium, respectively, but with topo-
logical protection that can eliminate reflection at the
interface. Different from the schemes of all-angle negative
refraction in previous studies, impedance-match at the
interface between positive and negative media will not
change the reflection in our approach. The presented all-
angle reflectionless negative refraction can be extended to
other frequency regimes by introducing the gyro-electric
response with different magnetic media, such as InSb in
the terahertz regime50. Our work shows that a flat lens
that collects all energy from the source is possible, which
opens up new opportunities in electromagnetic imaging
and beam steering.

Materials and methods
Magnetized plasma
The magnetized plasma applied in the metamaterial is

simulated by an effective model with gyro-electric
response. Expression of the effective relative permittivity
tensor can be written as

ϵ ¼
sðωÞ �i dðωÞ 0

i dðωÞ sðωÞ 0

0 0 pðωÞ

0
B@

1
CA

where s ωð Þ ¼ 1� ω2
p

ω2�ω2
c
, dðωÞ ¼ ωc

ω

ω2
p

ω2�ω2
c
, and pðωÞ ¼ 1�

ω2
p

ω2. The plasma frequency is defined as ω2
p ¼ N q2

ϵ0me
, where N

is electron density, q is electron charge, ∈0 is vacuum
permittivity, and me is electron mass. The cyclotron

frequency is defined as ωc ¼ q B
me
, where B is the steady-

state magnetic field. The relative permeability of the
magnetized plasma is fixed as μ= 1. In our simulations,
N= 2 × 1012 cm−3 and B= 0.5 T are applied, which can
both be readily achieved under laboratory conditions.

Numerical simulations
The complex k-band method used in our simulations

can be implemented in the following steps: Firstly, an
equivalent field equation is obtained by replacing the field
function H (r) with Bloch-wave function
h rð Þ exp i ωt� k � rð Þ½ �, which makes the wavevector k
become a priori unknown quantity similar to the fre-
quency ω. Then, we write the weak form of the field
equation by introducing a test function, which makes sure
that the electromagnetic field equation can be solved in
software (COMSOL is used in our simulations) based on
finite-element method (FEM). In the next step, the real
structure of the unit cell (as shown in Fig. 2a) is con-
structed in the software, periodic boundary conditions are
applied for all of the boundaries, and the eigenvalues of k
(magnitude in a selective direction) are solved at fixed
frequencies. The field equations used in our simulations
can be found in our SI, Sec I.
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