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The main purpose of this paper is to study almost a-cosymplectic pseudo metric manifold satisfying certain 7-parallel tensor fields.
We first focus on the concept of almost a-cosymplectic pseudo metric manifold and its curvature properties. Then, we obtain some
results related to the #-parallelity of h, h, and 7. Moreover, the deformation of almost a-Kenmotsu pseudo metric structure is

given. We conclude the paper with an illustrative example of almost a-cosymplectic pseudo metric manifold.

1. Introduction

Manifolds known as almost contact metric manifolds have
been studied in [1-3]. The class of almost contact metric
manifolds which are called almost Kenmotsu manifolds is
firstly introduced by Kenmotsu. These manifolds appear for
the first time in [4], where they have been locally classified.
Kenmotsu defined a structure closely related to the warped
product which was characterized by tensor equations.
Recently, Kim and Pak have introduced a wide subclass
of almost contact metric manifolds called almost
a-cosymplectic manifolds [5]. The authors investigated ca-
nonical foliations of an almost a-cosymplectic manifold.
Later, most of the research is devoted to this topic [6-10].
However, the classical papers related to almost contact
metric manifolds are assumed to have a Riemannian metric,
and we notice that the almost contact manifolds furnished
with a pseudo Riemannian metric are introduced in [11-14].
On that account, Wang and Liu introduced the geometry
of almost Kenmotsu pseudo metric manifolds [12]. They
emphasized the analogies and differences in connection with
the Riemann metric tensor and obtained certain classifica-
tion results related to locally symmetry and nullity condi-
tion. Also, Naik et al. studied Kenmotsu pseudo metric
manifolds. In particular, the authors established necessary

and sufficient conditions for Kenmotsu pseudo metric
manifolds satisfying certain tensor conditions [13].

Furthermore, Boeckx and Cho studied #-parallel contact
metric spaces in [15]. They considered a milder condition
that h is n-parallel, i.e.,

9((Vxh)Y,Z) =0, (1

in contact metric manifolds for all X,Y, Z € D.

In [16], Ghosh et al. studied the #-parallelity of the
torsion tensor 7 for a contact metric manifold M***!. The
torsion tensor field 7 defined as

g(X,Y) =(Leg) (X.Y), (2)

for any vector fields X and Y on M?"**! was firstly introduced
by Hamilton and Chern [17].

In this paper, we consider the almost a-cosymplectic
pseudo metric manifold which is a wide subclass of almost
contact pseudo metric manifolds. We first give the concept
of almost a-cosymplectic pseudo metric manifolds and state
general curvature properties. We derive several formulas on
almost a-cosymplectic pseudo metric manifolds. These
formulas would enable us to find the geometrical properties
of almost a-cosymplectic pseudo metric manifolds with
n-parallel tensor h and ¢h. We study the y-parallelity of the
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tensor fields / and @h. Next, we obtain some results related
to the g-parallelity and #-cyclic parallelity of the torsion
tensor 7. Moreover, we investigate the deformation of almost
a-Kenmotsu pseudo metric structure. Finally, we give an
illustrative example of almost a-cosymplectic pseudo metric
manifolds.

2. Preliminaries

Let M?*! be a (2n + 1)-dimensional differentiable manifold
equipped with a triple (¢,&,#), where ¢ is a type of (1, 1)
tensor field, £ is a vector field, and 7 is a 1-form on M2
such that

N =1 ¢ =-I+nef (3)
which implies
9§ =0,
neg =0, (4)
rank (¢) = 2n.

A pseudo Riemannian metric g on M*"*! is said to be
compatible with the almost contact structure (¢,&,7) if
g(eX,9Y) = g(X,Y) —en(X)n(Y) where e = +1.

A smooth manifold M?***! furnished with an almost
contact structure (¢,&,7)and a compatible pseudo Rie-
mannian metric g is called an almost contact pseudo metric
manifold which is denoted by (M**1,¢,&,7, g). It is clear
that g(¢X,Y) = —g(X, 9Y), n(X) = eg(X,§), and g(&,§)
=e

On such a manifold, the fundamental 2-form @ of M>*+!
is defined by @ (X,Y) = g(X, ¢Y) for any vector fields X,Y
on M1 [18]. An almost contact pseudo metric manifold

(Vx®@)(Y,2) =

(V@) (Y, 2) + (V5 @) (¢Y, 9Z) =
(Vxn)Y = g(Y, V) =
2dn(X,Y) =

3dD(X,Y, Z) = Py y . (Vx@) (Y, 2).

Here, @y y ,, denotes the cyclic sum over the vector fields
X,Y, and Z [1].

Lemma 1. Let M*"*! be an almost contact pseudo metric
manifold. Then, the following equation is held:
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satisfying the conditions d = 0 and d® = 2a(n A D) is said
to be an almost a-Kenmotsu pseudo metric manifold for
a#0and & € R. It is well known that the normality of almost
contact structure is expressed by the vanishing of the tensor
as follows:

N, (X, Y) = [pX, 9Y] - 9[9X, Y] - 9[X, 9Y] + ¢* [X, Y]
+2d5(X, Y)E,
(5)

where [¢, ¢] is the Nijenhuis tensor of ¢ [19].

An almost contact pseudo metric manifold (M?**!,
¢,.&,1,g) is said to be almost cosymplectic pseudo metric
manifold if dy =0 and d® =0, where d is the exterior
differential operator.

If we join these two classes, we obtain the notion of an
almost a-cosymplectic pseudo metric manifold, defined by
dy =0andd® = 2a(y A D), for any real number a [5].
When an almost a-cosymplectic pseudo metric manifold
M?*"*! has a normal almost contact structure, we can say that
M*"! is an a-cosymplectic pseudo metric manifold. In this
paper, we shall denote by I'(TM) and V the Lie algebra of all
tangent vector fields on M*"*! and the Levi Civita con-
nection of pseudo Riemannian metric g, respectively.

3. Certain Properties

In this section, we give the basic relations on almost
a-cosymplectic pseudo metric manifolds.

Proposition 1. Let M***' be an almost contact metric
manifold and V be the Riemannian connection. Then, the
following equations are held [3]:

9, (Vxp)Z), (6)
n(Z) (Vxn)pY = n (V) (Vxn)oZ, (7)
(Vx®@) (& 9Y), (8)
(Vxn)Y = (Vym)X, (9)

(10)

29((Vx9)Y,Z) =3dO (X, ¢Y, 9Z) - 3dD (X, Y, Z)
+g(N? (¥, 2),9X) +eNV (Y, Z)y (X)
+2edn (Y, X)n(Z) - 2edn (9Z, X)n (Y),
(11)
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for any tangent vector fields X,Y,Z e I'(TM) where
N©and N are defined by

NO(X,Y) = N, (X,Y) +2dn (X, Y)E, (12)

NYX,Y) =(Loxn)Y =(Loyn)X, (13)

respectively. Here, Ly denotes the Lie derivative in the di-
rection of X [20].

Proposition 2. Let M**! be an almost a-cosymplectic
pseudo metric manifold. Then, we have

1

(14)

h(§) =0,
Vi€ = —ag’X — phX, (15)

fo = O,
Vip=0, (16)
(po )X + (ho @)X =0, (17)
(Vxn)Y = aleg (X, Y) - n(X)n (V)] (18)

+eg (Y, hX),

tr(h) =0, h=0e Vi=—-ag’, (19)

for any tangent vector fields X,Y,Z € I'(TM).

Proof. Considering the Koszul formula (11), we have

29((Vx9)Y,Z) =3dP (X, ¢Y,9Z) - 3dD(X,Y, Z)

+g(NO(Y,2),0X) +eNV (Y, Z)n (X).

(20)
In view of (6), (7), and (10) for Y = &, we deduce
29((Vx9)& 2) = 29(9Z, X) + g(NV (&, 2), X) o
+eN (& 2)n(X).
Taking into account of (12) and (13), we get
N 2) = -[£ 2] + n([£ 2))E,
(22)

N (& 2) = n([9Z,&).
Then, making use of (22) in (21) and (20) reduces to
29((Vx9)E. Z) = 29(9Z,X) - g((Lew) Z. X)
+n(X)e((& 9Z] +n& ¢Z])
-29(9X,Z) - g((Lfgo)Z, X).

Here, if we choose the symmetric (1, 1)-type tensor field
h as follows:

(23)

1
hZ =~ (Lep)Z, (24)

for any vector fields Z, and Equation (24) takes the form
9(Vx9)8,2) = ~g(apX, Z) ~ g (hZ, X), (25)

which completes the proof of (15). From (14) and (15), the
first equation of (16) is obvious. Moreover, using (20) for
X = &and putting X = ¢X and Y = ¢Y in (13), we obtain the
following:

29((Veo)Y. Z) = —2g(¢Y, 2) - 2g(Y,9Z) + NV (Y, 2).
(26)
This means that V¢ = 0 for any nonzero vector field Z.

Now, considering the sum of (¢oh) and (ho¢) for any
vector field X, we have

¢ (hX) +h(pX) = %(WE, 9X] - ¢’ [E X1 +[£ ¢°X] - 9§, 9X])

- (X (V0 eveg (. 08)

= n(Vx§)E.
(27)

Equation (27) shows that the sum of (¢<h) and (he @)
vanishes identically. In addition, from (8), we get

(Vi)Y = eag(X,Y) - €an(X)n(Y) - eg (Y, phX),
(28)

where 2 = 1. Thus, we can complete the proof of (18). Also,
from (14) and (15), we can easily obtain (19). Here, if h* is
defined by h* = —¢h, then we have h*¢ = —ph*,h* = h*?,
and h& = tr(h) = 0.

Now, we investigate the curvature properties of almost
contact pseudo metric manifolds. First, we have the fol-
lowing propositions. O

Proposition 3. Let (M*"',¢,¢,1,g) be an almost
a-cosymplectic pseudo metric manifold. Then, we have

R(X,Y)¢é = o’ (1 (X)Y —n(N)X] - aln(X)phY — n(Y)phX]
+(Vyph)X = (Vxoh)Y,
(29)

for any tangent vector fields X,Y € I'(TM).

Proof. Making use of the Riemannian curvature tensor and
(15), we obtain (29) such that (X) = eg (&, X). O

Proposition 4. Let (M*"',¢,&,1,9) be an almost
a-cosymplectic pseudo metric manifold. Then, the following
relations are held:



R(X, &) = a’¢’X + 2aphX — i’ X + ¢(Vh)X, (30)

(Veh)X = —pR(X, §)E - a’pX - 2ahX — ph’X,  (31)

R(X,§)E - pR(9X, )¢ = 2[a’ 9’ X - I’ X], (32)
(X, &) = —2na’n (X) — (div (ph))X, (33)
S(& &) = ~[2ne’ + te(n*)], (34)
divé = 2an, (35)
divyy = —2ane, (36)

for any tangent vector fields X,Y € I'(TM).

Proof. By the hypothesis, using (29) with Y = £ and con-
sidering the following equations:

(k)X = o{Veh)X.

(Vyoh)é = B X - ghX,

(37)

we obtain (30). Applying ¢ to (30) and remarking that
g((Veh)X, &) = 0, we get (31). Also, with the help of (30) for
X, we have

R(pX, &) = —(xz(pX - 2a<p2hX - q)hZX + gD(Vgh) (¢X).
(38)

Then, we get
R(X,E)E - pR(pX, )¢ = 20’9’ X = 21° X + ¢(Vh)X

+¢(Veh) (90,
(39)

which reduces to (32) where (Vih)og = —¢o (V¢h).
Now, we may take a local orthonormal ¢-basis as follows:

{Eps.. s Eyn &l =1eys. .. , e, £} (40)

From (29) and the Ricci curvature tensor, we have

2 € Per,s ...

2n+1

S(X,8) =) &g(R(E;

i=1

=Y sd(R(ep X)be) + Zewg (R(ge X)E, ge;)

i=1 i=1

X)§,E))

BN

+ Eomi19 (R(‘E’ X)f’ E))
(41)

where ¢,,,,9(R(&, X)& &) = 0. It follows that
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S(X,¢) = —2n(x2;1 (X) + an(X) Z &g (phe;,e;)
i=1
+ &9 (phoe;, ge;)

. Z [e:9 (Vxph)eie;) + &, (Vxph)pe;, ge;)]

M=:

[e g((V (ph)X e) s,»mg((Vq)ei(ph)X, goei)].

Il
—

(42)
Then, we have
2n+1
S(X, &) =-2na’n(X) - Y &g (R(E,X)EE)
i1 (43)
= —2na’n (X) - (div (ph))X,
such that
2n+1
div(ph) = Z eig((VEiq)h)X, Ei). (44)

i=1
Since tr (¢h) = 0, we deduce
0= Z &g (phe;, €;) + &:,,9 (phge;, pe;). (45)
i1

Thus, the proof of (33) completes. Moreover, putting
X =& in (33), we obtain (34) where (div(¢h))¢ = tr(h?).
This proof can also be given in another way. Consider the
local orthonormal g-basis on M*™*!. The sectional curva-
tures of nondegenerate planes spanned by {&, ¢;} and {¢, ge,},
respectively, are defined as

K(&e) = eeiR(E e ¢) = egig (I (e:), €;)s (46)
K (&, ge;) = e&iR(E, ey, §, e;) = —ee,9 (9lg (e:). €;),  (47)
where ¢ =g(e;e;) = g(ge;, pe;) = £1 for all indices

i=1,...,n and [ is the Jacobi operator defined by
I = R(,&)é&. Thus, we have

IX - gloX =2(a’9’X - W’X), (48)

and from (46) and (47), it follows that

S(E8) = ZR(fe,,fe) ZR((g¢e,,g¢e))

=Y e [K (B e) + K (6 9e,)]

i=1 (49)
—9lo(e;).e;)
= —2na’* - tr(hz).

It is well known that
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n

divy = —tr (V) = 6 = - Z{(Veiq)ei +(V¢Ei11)<pei}. (50)

i=1

From Equation (50), we obtain

divé = a Z &i[g(e; — phei ;) + g(ge; — phge;, pe;)],
i1

divyy = —tr (V) = —edivé,
(51)

which completes the proof. O

4. Main Results

In this section, we consider some certain parallel tensor
conditions on almost a-cosymplectic pseudo metric mani-
folds. Also, we study the deformation of almost a-Kenmotsu
pseudo metric manifolds with &> 0. Firstly, we study the
n-parallelity of the tensor fields # and ¢h on almost
a-cosymplectic pseudo metric manifolds. As we know that

we can take X = X7 + #(X)& where X7 is tangentially part of
X and 7 (X)¢ is the normal part of X. So, the symmetric (1,
1)-type tensor field B on a Riemannian manifold (M, g) is
said to be a g-parallel tensor if it holds the following:

g((VxB)Y", Z2") =0, (52)

for all tangent vectors X, YT, and ZTorthogonal to & [15].

Proposition 5. Let (M*"',9,&1n,g9) be an almost
a-cosymplectic pseudo metric manifold. If h satisfies the
n-parallelity condition, then we have

(Vxh)Y = n(X)(Veh)Y = n(Y)[ahX + ph*X]|

(53)
- eg(Y, ahX + (pth)E,

for any tangent vector fields X,Y € I'(TM).

Proof. Assume that h is 5-parallel. From (52), we have

0=g((Vxh)Y,Z) = n(X)g((Veh)Y, Z) - n (Vg (Vxh)é 2)
- 1(2)g(Vxh)Y, &) + 1 (X (Ng((Veh)E Z) + n(V)n(2)g (Vxh)E €) (54)
+ (2 (X)g((Veh)Y, &) = 1 (Xn (Vn(2)g((Veh )&, §),

for any X,Y,Z € I'(TM). It follows that
0= g((Vxh)Y,~9’Z) - 1 (X)g((Veh)Y, Z)
(Vg ((Vxh)§, 2).

From Equation (55), we deduce

(55)

(Vxh)Y = -1 (X)[glY + o’9Y + 2ahY + gh’Y |
-n(Y) [—ocgoth + q)th] +eg((Vxh)Y, &)L

(56)
Thus, it completes the proof. O
Proposition 6. Let (M*',¢,&,1,g) be an almost

a-cosymplectic pseudo metric manifold. If oh satisfies the
n-parallelity condition, then we have

(Vxph)Y = n(X) [lY - 2@’ - 2aphY + hZY]
-n(Y) [oc(phX - th] - eg(Y, aphX — th)E,
(57)

for any X,Y e I'(TM).

Proof. By the hypothesis, we suppose that ¢h is 5-parallel.
Then, we have

0 =g((Vxph)Y, Z) - n(X)g((Veph)Y, Z)
- n(Ng((Vxeh)d, Z) = n(2)g ((Vxh)Y,§)
+ 70N (Vg((Veph)&. Z)
+1(N1(Z)g (Vxph)é &) + 1(Zn(X)g((Veph)Y. )
—n(X)n(V)n(2)g((Vegh)E ),
(58)

forany X, Y, Z € T (TM). By a straightforward computation,
we obtain

9((Vxph)Y,9’Z) = -n(X)g((Veph)Y, 2)
- n(Ng((Vxph)§, 2).
With the help of (15) and (17), Equation (59) reduces to
(Vxph)Y = = (V) [aphX - *X| + 1 (X)(Veph)Y ()
+e[g (WY, hX)& + ag (Y, hX)E].

From Equation (60) and (Vph)Y = ¢ (V:h)Y, (57) is
easily seen. Then, the proof is completed. O

Theorem 1. An almost a-cosymplectic pseudo metric
manifold with y-parallel tensor h holds the following
equation:



R(X,Y)E = —(X)IY + (V)IX, (61)

for any X,Y € I'(TM) where I = R(.,&)¢ is the Jacobi oper-
ator with respect to &.
Proof. Making use of (29), we have
R(X,Y)E = &*n(X)Y — & (Y)X — an(X)hY + an (Y)phX
=1 (X)(Veph)Y + 1 (Y)[aphX - h*X]
+eg(Y, aphX - i’ X)¢
+ 1 (Y)(Veph)X = 1(X)[aphY - HY |
- sg(X, aphY — hZY)E.

(62)
Then, simplifying Equation (62), we obtain
R(X,Y)E = — (XY +n(VIX + n(X)a’’Y )
- q(Y)aZgozX + r](X)(sz -7 (Y)(xZX,
which is desired result. O

Theorem 2. Let (M**!,¢,&,1,g) be an almost a-cosym-
plectic pseudo metric manifold with n-parallel tensor @h.
Then, & is the eigenvector of Ricci operator on M*"!,

Proof. Let {e,,...,e,,, ¢} be an orthonormal basis of the
tangent space at any point. Taking the inner product of both
sides of (61) with respect to Z and contracting (61) for
1<i<2n+1 with X =W =¢;, we have

2n+1 2n+1
Z gg(R(epY)S ) = Z &[n(YV)g (e e;) —n(e)g (1Y, e)),
i=1 i=1
(64)
for any X,Y € I'(TM). This means that
2n+1
S8 = Z &g (lee;). (65)
i=1
Thus, it completes the proof. O

Theorem 3. Let (Mz"“,go, &, n,9) be an almost a-cosym-
plectic pseudo metric manifold. If h satisfies the n-parallelity
condition and V¢h = 0, then the eigenvalues of h are constant.

Proof. Let Z € D be an eigen unit vector field such that
h(Z) = uZ where p is an eigen function corresponding to
the vector field Z. Then, (53) can be written as

9(Vxh)Z,Z) = n(X)g((Veh)Z, Z) = n(X)E (), (66)
for Z € D. Also, we have
9(Vxh)Z,Z) = X (w). (67)

Taking into account of (66) and (67), we also get
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X(u) = n(X)&(w),

(68)
du=ne&w).
Furthermore, since V¢h = 0, we obtain
9(Veh) 2, Z2) = 0 = &(u). (69)

Follows from (68) and (69), we have du = 0. Thus, it
completes the proof. O

Proposition 7. Let (M*"',¢,&,1,9) be an almost
a-cosymplectic pseudo metric manifold. Then, the torsion

tensor field T holds the following:
X = 2V &, (70)

for any X e I'(TM).

Proof. From the definition of 7, we get
(ng) (X,Y) = g(—oc(sz - gth,Y) + g(X, —ag’Y - <th),
(71)

which completes the proof. O

Proposition 8. Let (M*',9,&1n,g9) be an almost
a-cosymplectic pseudo metric manifold. If T is y-parallel, then
we have

(Vxph)Y = n(X)(Veph)Y —n(Y)ph(V8)

(72)
+eg((Vxph)& Y)E,
for any X,Y e I'(TM).
Proof. The hypothesis is essentially same as
g((Ver)Y", Z2") =0, (73)

for all tangent vectors orthogonal to &. Putting X' = X -
7 (X)& and using the definition of 7, we obtain

(Vx1)Y = n(X)(Ver)Y + (V) (Vx7)E+ g((VxT)Y, E)E.
(74)

It follows that

(Vx1)Y = —2an(Y)Vx§ - 2an(Y)g (Vx& Y)E - 2(Vxph)Y.

(75)
Putting Y = £ in (75), we have
Also, it is noted that
(Ver)Y = =2(Veph)Y. (77)

Finally, taking into account of (74)-(77), (72) holds.
Then, we complete the proof. O
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Theorem 4. Let (M*"',¢,&,1,g) be an almost a-cosym- Simplifying Equation (78), we get
plectic pseudo metric manifold. If T is n-parallel, then & is the 3
eigenvector of Ricci operator on M>"*1, (Vyoh)X = (Vxph)Y = W(Y)(Vf(Ph)X = 1(X)phVy§
-7 (X)(Veoh)Y + 1 (Y)phVx&.
Proof. From (72), we have 1 ( 4 ) e X(79)
Vyoh)X — (Vxoh)Y = n(Y)(Veph)X —n(X)ph(V
(Trgh)X = (Vxgh)Y = (") (Veph)X =1 (X9h (V) With the help of (29), (31), and (79), we obtain

+eg((Vyph)é, X)§

=1 (O(Vegh)Y +n(Vgh(VxE)

—eg((Vxph)&, Y)E.

(78)
R(X,Y)E = n(Y)[-¢’IX - &’ ¢’ X - 2a9hX — ¢’ W’ X]|
-1(X) [—gozlY — &¢°Y - 2ahY - ¢2h2Y] - W(X)goh(—oc(sz - gth) (80)

+a’q(X)Y + q(Y)goh(—ocgozX - (phX) -’ (V)X — an(X)phY + an (Y)phX.

By a direct calculation, the desired result is achieved. [

Theorem 5. Let (M*"',¢,&,1,g) be an almost a-cosym-
plectic pseudo metric manifold. If T is cyclically n-parallel,
then & is the eigenvector of Ricci operator on M*™*!.

Proof. According to the hypothesis, it means that
0=g((Vier)Y", Z") + g((Vyrr) 2", X1 ) + g(V 1) X', YT),
(81)

for all tangent vectors orthogonal to &. Simplifying Equation
(81), we obtain

0= @X,Y,Zg (Vx7)Y,Z2) -7 (X)®y 29 ((Vy1)Z,8)

~ (V@2 x:9(V21)X, &) —n(2)@xy g (Vx1)Y,E),
(82)

where @y , denotes the cyclic sum over X, Y, Z. It follows
that

Py 29 (Vxph)Y, Z) = (X)[g((Veph)Y, Z) + g (Vyoh)Z, &) — g (ph (V,£),Y)]
- (N[g(Veph)Z, X) + g (V,9h) X, §) = g(9h (VxE), Z)] (83)
-1(2)[g(Vxph)Y, &) + g((Veph) X, Y) — g (9h (VyE), X)] = 0.

Contracting (83) with respect to Y and Z, we have
n(X)[2na® + 3tr(h*) + tr (D] - 2(div(ph))X = 0. (84)

From (33), (84) reduces to
Q¢ = —% [tr(hz) + %tr(l) + Z(xzn]f. (85)

From (85), the proof is clearly seen.

Now, we investigate the deformation of almost contact
pseudo metric manifold. Here, our main goal is to study the
relationship between pseudo Riemannian metrics with
different signatures associated to the same almost contact
pseudo metric manifold.

Let (¢,&,7,9) be an almost contact pseudo metric
structure associated to a compatible pseudo Riemannian
metric where g (¢, &) = € on a smooth manifold M*"*!. With

the help of [20], we have the following pseudo Riemannian
metric formula:

9" (X,Y) =ag(X,Y) = 2en(X)n(Y), (86)

for any X,Y € T (TM) where g* ({,&) = ¢* = e(a—2), a>0.
This means that (86) is still compatible pseudo metric with
the same almost contact pseudo metric structure (¢, ¢, 7, g).

Thus, we give the following results. Here, we denote by
V* and R* as the semi Riemannian connection and the
curvature tensor of g* on almost a-Kenmotsu pseudo metric
manifold, respectively. O

Proposition 9. Let (M*"!,¢,&,1,g) be an almost a-Ken-
motsu pseudo metric manifold. Then, (M*™, ¢,&,1,g") is
also an almost a-Kenmotsu pseudo metric manifold in the
sense of (86).



Proof. According to (86), we denote by @ the fundamental
2-form with respect to (M*"*!, 9, &, 1, g*) and then we have
D" (X,Y)= g"(X,9Y) =a®(X,Y) with a>0. Further-
more, from ®* (X,Y) = a®(X,Y), we obtain d®* (X,Y) =
20 (qAD* (X,Y)) for any X,Y € I'(TM). Thus, it completes
the proof. O

N 2¢
VY =VyiY + ;g(vxf, Y)&,

R (X,Y)Z = R(X,Y)Z - % (9 (V& Z)VyE — g (Vy&, Z)VE]

2¢
Io4

for any X,Y € I'(TM).

Proof. According to the Koszul formula, we have
29" (VyY,Z2)=X(g9" (Y,2)+Y (9" (X,2)) - Z(g9" (X,Y))
+9" (X, Y], 2)+g" (1Z,X],Y)
+9°([2,Y],X).
(89)
Using (86) and (89), we get
9" (VxY.2) = ag (VxY, 2) = 2en(2)g (V&.Y),  (90)
where X (7(Y)) = g(V4&Y).

On the other hand, making use of (86) in (90), it follows
that
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Proposition 10. Let (M*"',¢,&1,9) be an almost
a-Kenmotsu pseudo metric manifold and g* the pseudo
Riemannian metric given by (86). Then, the following
equations are held:

(87)

(88)

[9((Vyph)X = (Vxoh)Y, Z)E] + 2¢[g((Vyo )X —(Vx9? )Y, Z)E],

ag(VyY = VY, Z) = 2en(2)[n(VyY) - X (n(Y))] = 0.
(91

Then, taking into account of (90) and (91), we obtain
(87). Moreover, using the definition of Riemannian curva-
ture tensor and (87), we have

R*(X,Y)Z = v;(vyz + %fg(vyf, Z)E)
- v;(vxz + % 9(VyE, Z)E) (92)

. 2
“VixnZ - ;8 (9(Vixn 2)E).

From (92), we obtain

R*(X,Y)Z = R(X,Y)Z + %ng (Vy&, 2)E + % 9(V4EVyZ) + % 9(V4E 8)g (Vo 2)E

2¢

- %Vyg (Vx& 2)& - %9(%/5’ VxZ) —% 9(Vy§.8)g(Vx& 2)E - ;(g(v[x,y]& Z)E)-

Finally, substituting (15) into (92), it reduces to (88).

Then, we complete the proof. O
5. An Example
Consider the M c R} manifold such that M =

{(u,v,w) € R}: w+0}, where (u,v,w) are the standard
coordinates in R;. The vector fields are

Zwa
e =e —

o’

(94)

Moreover, the following equations hold:
g= e_4w(sldu2 + szdvz) +edw’, 4 =dw,
9§ =0,
¢(e)) = ey
¢(e;) = —ey,
0*X = -X +1(X)es,
n(X) = eg (e, X),
n(es) = gles,e3) =e=es,
99X, 9Y) = g(X,Y) —en(X)n(Y), & =g(epe)i=123
(95)

From Equation (95), there exists an almost contact
pseudo metric structure (¢, &, 4, g) on M. In order to check,
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whether it is almost a-cosymplectic pseudo metric or not, we
verify the condition d® = 2a (A ®). On the other hand, all
®;;s vanish except for @ (e;,e,) = —¢;. Hence, we have

0 0 _ 4w
(GG

O = —ge ™ (dundv).
It follows that
dd = 4e,e™™ (duAdv A dw). (97)

Since # = dw, we have
d® =2(-2¢) (A D). (98)

Here, it is noted that N_ =0. Therefore, M is an
a-cosymplectic pseudo metric manifold.

6. Conclusion and Discussion

Since Kenmotsu introduced the notion of Kenmotsu
structures in [4] which can be regarded as an analogy of
almost contact metric structures, numerous authors studied
such structures under some certain conditions [1-3, 7-10].
In particular, Dileo and Pastore studied certain parallel
tensors, local symmetry, and nullity distribution on almost
Kenmotsu manifolds [21]. Also, Kim and Pak introduced a
new definition which combines almost Kenmotsu and al-
most cosymplectic manifold called almost cosymplectic
manifold [5].

On the other hand, a systematic study of almost
a-cosymplectic pseudo manifolds has not been undertaken
yet. The main purpose of this paper is to contribute to future
studies on this subject. We introduce the geometry of almost
a-cosymplectic pseudo metric manifolds and underline the
differences and similarities in the sense of Riemannian
metric tensor. For this purpose, many results are given in the
third and fourth sections. This study will shed light on our
future investigations. Our further studies will be devoted to
nullity distributions, local symmetry, semisymmetric con-
ditions, and the other curvature tensor fields on almost
a-cosymplectic pseudo metric manifolds.
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