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Abstract

Saturation problems for forbidden graphs have been a popular area of research
for many decades, and recently Brualdi and Cao initiated the study of a saturation
problem for 0-1 matrices. We say that a 0-1 matrix A is saturating for the forbidden
0-1 matrix P if A avoids P but changing any zero to a one in A creates a copy of
P . Define sat(n, P ) to be the minimum possible number of ones in an n × n 0-1
matrix that is saturating for P . Fulek and Keszegh proved that for every 0-1 matrix
P , either sat(n, P ) = O(1) or sat(n, P ) = Θ(n). They found two 0-1 matrices P
for which sat(n, P ) = O(1), as well as infinite families of 0-1 matrices P for which
sat(n, P ) = Θ(n). Their results imply that sat(n, P ) = Θ(n) for almost all k × k
0-1 matrices P .

Fulek and Keszegh conjectured that there are many more 0-1 matrices P such
that sat(n, P ) = O(1) besides the ones they found, and they asked for a charac-
terization of all permutation matrices P such that sat(n, P ) = O(1). We affirm
their conjecture by proving that almost all k × k permutation matrices P have
sat(n, P ) = O(1). We also make progress on the characterization problem, since our
proof of the main result exhibits a family of permutation matrices with bounded
saturation functions.

Mathematics Subject Classifications: 05D99

1 Introduction

We say that a 0-1 matrix A contains the 0-1 matrix P if some submatrix of A is either
equal to P or can be turned into P by changing some ones to zeroes. Otherwise, we say
that A avoids P . The extremal function ex(n, P ) is defined as the maximum number of
ones in an n× n 0-1 matrix that avoids P . This extremal function has been applied to a
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wide range of problems including the proof of the Stanley-Wilf conjecture [33], the best
known bounds on the maximum number of unit distances in a convex n-gon [16], a bound
on the complexity of an algorithm for finding a minimal path in a rectlilinear grid with
obstacles [35], and bounds on extremal functions of forbidden sequences [38].

There is a long history of the study of extremal functions of forbidden 0-1 matrices,
see e.g. [40, 32, 2, 37, 26, 6, 24]. Marcus and Tardos [33] proved that ex(n, P ) = O(n) for
every permutation matrix P , and used this fact to resolve the Füredi-Hajnal conjecture
[17], which also resolved the Stanley-Wilf conjecture using an earlier result of Klazar [29].
In a different paper, Tardos finished bounding the extremal functions of all forbidden 0-1
matrices with at most four ones up to a constant factor [41]. Many connections have been
found between extremal functions of forbidden 0-1 matrices and the maximum possible
lengths of generalized Davenport-Schinzel sequences [5, 19, 21, 36, 39, 42].

Besides permutation matrices, other families of forbidden 0-1 matrices with linear ex-
tremal functions have been found including 0-1 matrices obtained by doubling permutation
matrices [20], 0-1 matrices corresponding to visibility graphs [11, 22], and 0-1 matrices
obtained by performing operations on smaller 0-1 matrices with linear extremal functions
[27, 38]. After the result of Marcus and Tardos, Fox [10] proved that almost all k × k

permutation matrices have ex(n, P ) = 2Ω(
√
k)n. Fox also showed that ex(n, P ) = 2O(k)n

for every k × k permutation matrix P , and these results for permutation matrices were
also generalized to extremal functions of forbidden d-dimensional permutation matrices
[30, 23, 4, 34].

Saturation problems have been studied for graphs [7, 9, 12, 31], posets [14, 28], and set
systems [13, 25]. Recently Brualdi and Cao initiated the study of a saturation problem for
0-1 matrices [3], which is different from the saturation problem for 0-1 matrices defined
in [8]. We say that a 0-1 matrix A is saturating for P if A avoids P but changing any
zero to a one in A creates a copy of P . Define the saturation function sat(n, P ) to be the
minimum possible number of ones in an n×n 0-1 matrix that is saturating for P . Brualdi
and Cao proved for n > k that ex(n, P ) = sat(n, P ) for all k × k identity matrices P .

Fulek and Keszegh [15] found a general upper bound on the saturation function in
terms of the dimensions of P , and proved for every 0-1 matrix P that either sat(n, P ) =
O(1) or sat(n, P ) = Θ(n). They found two 0-1 matrices P for which sat(n, P ) = O(1),
the 1× 1 identity matrix I1 and the 5× 5 permutation matrix

Q =


0 0 0 1 0
1 0 0 0 0
0 0 1 0 0
0 0 0 0 1
0 1 0 0 0

 .

Note that any matrix P that can be obtained from Q by any sequence of vertical/horizontal
reflections or 90 degree rotations must also have sat(n, P ) = O(1), since vertical/horizontal
reflections and 90 degree rotations do not change sat(n, P ) or ex(n, P ). Fulek and Keszegh
also found infinite classes of 0-1 matrices P for which sat(n, P ) = Θ(n), including 0-1 ma-
trices P in which every column has at least two ones, or every row has at least two ones.
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This result implies that sat(n, P ) = Θ(n) for almost all k×k 0-1 matrices P , since almost
all k×k 0-1 matrices P have at least two ones in every row and at least two ones in every
column.

Fulek and Keszegh conjectured that there are many more 0-1 matrices P such that
sat(n, P ) = O(1) besides I1 and Q. They asked for a characterization of all permutation
matrices P for which sat(n, P ) = O(1). We affirm Fulek and Keszegh’s conjecture by
proving that almost all k× k permutation matrices P have sat(n, P ) = O(1). In order to
prove this result, we define a family of permutation matrices P for which sat(n, P ) = O(1),
and then we prove that almost all k × k permutation matrices are in this family. We say
that a permutation matrix Q is ordinary if no matrix that can be obtained from Q by any
sequence of vertical/horizontal reflections or 90 degree rotations is in any of the following
classes. We refer to the classes below as Class 1, Class 2, Class 3, and Class 4. We say
that Q reduces to the Class i if there is a sequence of vertical/horizontal reflections or 90
degree rotations from Q to an element of Class i. So, a permutation matrix Q is ordinary
if Q does not reduce to any of the following classes.

1. Class 1 consists of permutation matrices P for which the rows can be split into two
nonempty sets R1, R2 of contiguous rows (where the rows in R1 precede the rows
in R2) and the columns can be split into two nonempty sets C1, C2 of contiguous
columns (where the columns in C1 precede the columns in C2) such that P has ones
in the submatrices restricted to R1×C1 and R2×C2, and P only has ones in those
submatrices except for at most 2 ones in the submatrix restricted to R1 × C2. If P
has two ones in the submatrix restricted to R1×C2, then they are in adjacent rows.

2. Class 2 consists of permutation matrices P for which the rows can be split into three
nonempty sets R1, R2, R3 of contiguous rows (where the rows in R1 precede the
rows in R2, which precede the rows in R3) and the columns can be split into two
nonempty sets C1, C2 of contiguous columns (where the columns in C1 precede the
columns in C2) such that P has ones in the submatrices restricted to R1 × C2 and
R3×C2, P has at least two ones in the submatrix restricted to R2×C1, and P only
has ones in those submatrices except for at most 2 ones in the submatrix restricted
to R2×C2. If P has two ones in the submatrix restricted to R2×C2, then they are
in adjacent rows.

3. Class 3 consists of permutation matrices P which can be obtained by starting with
an element X of Class 2, taking the row r of X containing the rightmost one in the
submatrix restricted to R2 × C1, deleting r from its current position, and adding r
in front of the first row of X.

4. Class 4 consists of permutation matrices P for which the rows can be split into three
nonempty sets R1, R2, R3 of contiguous rows (where the rows in R1 precede the
rows in R2, which precede the rows in R3) and the columns can be split into three
nonempty sets C1, C2, C3 of contiguous columns (where the columns in C1 precede
the columns in C2, which precede the columns in C3) such that P has ones in the
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submatrices restricted to R1×C2, R2×C1, R2×C3, and R3×C2, and only in those
submatrices.

There is clearly some overlap between the classes. For example, in the definition of
Class 3, when we construct a permutation matrix P in Class 3 from a permutation matrix
X in Class 2, the only instances when P will not be an element of Class 2 are when X
has exactly two ones in the submatrix restricted to R2 × C1.

In the next section, we prove that every ordinary permutation matrix has bounded
saturation function and almost all k × k permutation matrices are ordinary. In the fi-
nal section, we discuss some possible directions for future research, including saturation
functions of forbidden d-dimensional 0-1 matrices.

2 New results

In this section, we will prove the main result below.

Theorem 2.1. Almost all k × k permutation matrices P have sat(n, P ) = O(1).

In order to prove the main result, we first show that all ordinary permutation matrices
have bounded saturation functions, and then we prove that almost all k× k permutation
matrices are ordinary.

Theorem 2.2. Every ordinary permutation matrix P has sat(n, P ) = O(1).

Proof. For every permutation matrix P , we define a 0-1 matrix TP with an odd number
of rows and an odd number of columns such that the middle row and middle column of
TP have all zero entries. We will prove that TP avoids P for all ordinary permutation
matrices P . We construct TP so that changing a zero to a one in the middle row or
middle column of TP creates a copy of P . In order to obtain a 0-1 matrix T ′P from TP

that is saturating for P , change zeroes in TP to ones one at a time without creating a
copy of P until it is impossible to change any more zeroes without creating a copy of P .
By definition, the resulting matrix T ′P must be saturating for P . Note that any zeroes
in TP that we change to ones to make T ′P must be off the middle row and off the middle
column, or else it will create a copy of P .

In order to construct TP , we define four submatrices of P : PN is obtained by deleting
the row and column containing the bottom one in P , PS is obtained by deleting the row
and column containing the top one in P , PE is obtained by deleting the row and column
containing the leftmost one in P , and PW is obtained by deleting the row and column
containing the rightmost one in P .

We start with TP as an n × n matrix of all zeroes with n = 6k + 1. The exact value
of n in this proof is not important, just the fact that it is sufficiently large with respect
to k. We place a copy of P in the top k rows of TP , with the bottom one of this copy of
P in the middle column of TP and all columns in the copy adjacent, and then we delete
the bottom one of P in the copy to leave a copy of PN in the top k − 1 rows of TP . We
place another copy of P in the leftmost k columns of TP , with the rightmost one of this
copy of P in the middle row of TP and all rows in the copy adjacent, and then we delete
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the rightmost one of P in the copy to leave a copy of PW in the leftmost k − 1 columns
of TP .

We place another copy of P in the bottom k rows of TP , with the top one of this copy
of P in the middle column of TP . For any columns of P adjacent to the column containing
the top one, we put those columns in the bottom k rows adjacent to the middle column
of TP . However, any columns of P to the left of these columns go in the bottom k rows
directly to the left of the columns that contain the copy of PN in TP , and any columns
of P to the right of these columns go in the bottom k rows directly to the right of the
columns that contain the copy of PN in TP . After placing this copy of P in the bottom
k rows of TP , we delete the top one of P in the copy to leave a copy of PS in the bottom
k − 1 rows of TP . Note that if the top and bottom ones in P are not the leftmost or
rightmost ones in P , then the union of the columns containing PN and PS will consist
of two sets of contiguous columns, separated by only the middle column of TP , and the
intersection of the columns containing PN and PS will consist only of the two columns
that are adjacent to the middle column of TP .

We place another copy of P in the rightmost k columns of TP , with the leftmost one
of P in the middle row of TP . For any rows of P adjacent to the row containing the
leftmost one, we put those rows in the rightmost k columns adjacent to the middle row
of TP . However, any rows of P above these rows go in the rightmost k columns directly
above the rows that contain the copy of PW in TP , and any rows in P under these rows
go in the rightmost k columns directly under the rows that contain the copy of PW in TP .
After placing this copy of P in the rightmost k columns of TP , we delete the leftmost one
of P in the copy to leave a copy of PE in the rightmost k− 1 columns of TP . Note that if
the leftmost and rightmost ones in P are not the top or bottom ones in P , then the union
of the rows containing PW and PE will consist of two sets of contiguous rows, separated
by only the middle row of TP , and the intersection of the rows containing PW and PE

will consist only of the two rows that are adjacent to the middle row of TP . We call the
copies of PN , PS, PE, and PW the sections of TP . This completes the construction of TP ,

and Figure 1 shows TQ and TR for Q =


0 0 0 1 0
1 0 0 0 0
0 0 1 0 0
0 0 0 0 1
0 1 0 0 0

 and R =


0 0 0 1 0 0
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 1
0 1 0 0 0 0
0 0 0 0 1 0

.

We need to prove that TP avoids P if P is ordinary. Suppose that TP contains P ,
in order to show that P is not ordinary. It is impossible for the copy of P to be fully
contained in a single section of TP , since each section has too few ones. Thus the copy
of P must be contained in at least two sections of TP . If the copy of P is contained in
exactly two sections of TP , then there are six possibilities. If P is contained in PN and PE,
PE and PS, PS and PW , or PW and PN , then P reduces to Class 1, so P is not ordinary.

Suppose that the copy of P is on PW and PE (the proof is analogous for PN and PS).
If the leftmost or rightmost one in P is also the top or bottom one in P , then P reduces
to Class 1, so P is not ordinary. So, we may assume that the leftmost and rightmost
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(b) TR

Figure 1: TQ and TR with zeroes as dots, ones as bullets, and middle rows and middle
columns in bold
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ones in P are not the top or bottom ones in P . If the copy of P only had a single one in
PE (resp. PW ), then the copy of P would have to use all of the ones in PW (resp. PE).
However, the leftmost or rightmost one would be out of position by how we constructed
TP , if the leftmost and rightmost ones in P are not the top or bottom ones in P . So there
is no copy of P on PW and PE with only a single one in PE or PW , if the leftmost and
rightmost ones in P are not the top or bottom ones in P . It remains to consider the cases
when the copy of P on PW and PE has multiple ones in both PW and PE. If the copy of
P has ones in PE above the rows that contain PW and below the rows that contain PW ,
then P is a Class 2 permutation matrix, so P is not ordinary. If the copy of P has ones
in PE above the rows that contain PW , but not below the rows that contain PW , then P
reduces to Class 1, so P is not ordinary. If the copy of P has ones in PE below the rows
that contain PW , but not above the rows that contain PW , then P is in Class 1, so P is
not ordinary. Finally if the copy of P had ones in PE only in the rows that contain PW ,
then the copy of P would only have the two ones in PE that are adjacent to the middle
row of TP , so P would reduce to Class 1 or Class 2. However, two of the ones in PW are
adjacent to the middle row of TP , so there are not enough remaining ones in PW to form
a copy of P . So, there is no copy of P on PW and PE with ones only in the rows that
contain PW .

If the copy of P is contained in exactly 3 sections (which will always have two opposite
sections and a middle section between them), then P reduces to a Class 2 permutation
matrix unless the copy of P only has a single one in the middle section. Suppose that the
copy of P only has a single one in the middle section. Let P ′ be the matrix obtained from
P by removing the row and column containing the one in the middle section. Suppose
that the copy of P ′ is on PW and PE (the proof is analogous for PN and PS). If the copy
of P ′ only has a single one in PE or PW , then P must reduce to Class 1 or Class 3. Now
suppose the copy of P ′ has multiple ones in both PW and PE. If the copy of P ′ has ones
in PE above the rows that contain PW and below the rows that contain PW , then P ′ and
P are in Class 2, so P is not ordinary. If the copy of P ′ has ones in PE above the rows
that contain PW , but not below the rows that contain PW , then P ′ and P reduce to Class
1, so P is not ordinary. If the copy of P ′ has ones in PE below the rows that contain
PW , but not above the rows that contain PW , then P ′ and P are in Class 1, so P is not
ordinary. If the copy of P ′ has ones in PE only in the rows that contain PW , then the
copy of P ′ only has the two ones in PE that are adjacent to the middle row of TP , so both
P ′ and P reduce to Class 1 or Class 2.

Finally if the copy of P has ones in all four sections, then P is a Class 4 permutation
matrix. Thus, in all possible cases P is not ordinary.

In order to see that sat(n, P ) = O(1) for every ordinary permutation matrix P , observe
that changing a zero to a one in the middle row or the middle column of T ′P will create a
copy of P . For any integer j > 0, we can add j rows of zeroes on the middle row of T ′P
and j columns of zeroes on the middle column of T ′P . The resulting 0-1 matrix must still
be saturating for P .

The next lemma completes the proof of Theorem 2.1.
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Lemma 2.3. Almost all k × k permutation matrices P are ordinary.

Proof. It suffices to prove that the number of permutation matrices in Classes 1, 2, 3,
and 4 is o(k!). For Class 1, we split the bound into three parts. First, consider Class 1
permutation matrices with no ones in the submatrix restricted to R1 × C2. The number
of these matrices with |R1| = j is j!(k − j)! since there are j! possibilities for the entries
in R1 ×C1 and (k− j)! possibilities for the entries in R2 ×C2. When j = 1 or j = k− 1,
j!(k−j)! = (k−1)! = o(k!). When 2 6 j 6 k−2, j!(k−j)! = O( k!

k2
), so

∑k−2
j=2 j!(k−j)! =

o(k!). Thus the total number of permutation matrices in Class 1 with no ones in the
submatrix restricted to R1 × C2 is o(k!).

Next, consider Class 1 permutation matrices with a single one in the submatrix
restricted to R1 × C2. The number of these matrices with |R1| = j + 1 is at most
(j + 1)j!(k − j)!. We must have j 6 k − 2 since j + 1 < k. When j = 1 or j = k − 2,
(j + 1)j!(k − j)! = o(k!). When 2 6 j 6 k − 3, (j + 1)j!(k − j)! = O( k!

k2
), so∑k−3

j=2(j + 1)j!(k − j)! = o(k!). Thus the total number of permutation matrices in Class
1 with a single one in the submatrix restricted to R1 × C2 is o(k!).

Next, consider Class 1 permutation matrices with two ones in the submatrix restricted
to R1 × C2. The number of these matrices with |R1| = j + 2 is at most (j + 1)j!(k − j)!.
We must have j 6 k − 3 since j + 2 < k. When j = 1, (j + 1)j!(k − j)! = o(k!). When
2 6 j 6 k− 3, (j + 1)j!(k− j)! = O( k!

k2
), so

∑k−3
j=2(j + 1)j!(k− j)! = o(k!). Thus the total

number of permutation matrices in Class 1 with two ones in the submatrix restricted to
R1 × C2 is o(k!).

For Class 2, we again split the bound into 3 parts. First we bound the number of
permutation matrices in Class 2 with no ones in the submatrix restricted to R2 × C2.
When |R1| = i and |R2| = j, there are at most j!(k − j)! permutation matrices in Class
2 with no ones in the submatrix restricted to R2 × C2. By definition of Class 2, we must
have 2 6 j 6 k − 2. When j = 2 or j = k − 2, j!(k − j)! = 2(k − 2)! = O( k!

k2
), so

kj!(k − j)! = o(k!), covering all possible i for j = 2 and j = k − 2 since i < k. When
3 6 j 6 k−3, j!(k−j)! = O( k!

k3
), so

∑k−3
j=3 j!(k−j)! = O( k!

k2
) and k

∑k−3
j=3 j!(k−j)! = o(k!),

covering all possible i for 3 6 j 6 k − 3. Thus the total number of permutation matrices
in Class 2 with no ones in the submatrix restricted to R2 × C2 is o(k!).

Next we bound the number of permutation matrices in Class 2 with a single one in
the submatrix restricted to R2 × C2. When |R1| = i and |R2| = j + 1, there are at
most (j + 1)j!(k− j)! permutation matrices in Class 2 with a single one in the submatrix
restricted to R2 × C2. By definition of Class 2, we must have j > 2. When j = 2,
(j + 1)j!(k − j)! = O( k!

k2
), so k(j + 1)j!(k − j)! = o(k!), which covers all possible i for

j = 2. We cannot have j = k − 2, since i > 0 and i + (j + 1) < k. When j = k − 3,
(j + 1)j!(k − j)! = o(k!) and i = 1 since i > 0 and i + (j + 1) < k. When 3 6 j 6 k − 4,
(j + 1)j!(k− j)! = O( k!

k3
), so

∑k−4
j=3(j + 1)j!(k− j)! = O( k!

k2
) and k

∑k−4
j=3(j + 1)j!(k− j)! =

o(k!), which covers all possible i for 3 6 j 6 k−4. Thus the total number of permutation
matrices in Class 2 with a single one in the submatrix restricted to R2 × C2 is o(k!).

Next we bound the number of permutation matrices in Class 2 with two ones in
the submatrix restricted to R2 × C2. When |R1| = i and |R2| = j + 2, there are at

the electronic journal of combinatorics 28(2) (2021), #P2.16 8



most (j + 1)j!(k − j)! permutation matrices in Class 2 with two ones in the submatrix
restricted to R2 × C2. By definition of Class 2, we must have j > 2. When j = 2,
(j + 1)j!(k − j)! = O( k!

k2
), so k(j + 1)j!(k − j)! = o(k!), which covers all possible i for

j = 2. We cannot have j = k − 2 or j = k − 3, since i > 0 and i + (j + 2) < k.
When 3 6 j 6 k − 4, (j + 1)j!(k − j)! = O( k!

k3
), so

∑k−4
j=3(j + 1)j!(k − j)! = O( k!

k2
) and

k
∑k−4

j=3(j + 1)j!(k − j)! = o(k!), covering all possible i for 3 6 j 6 k − 4. Thus the total
number of permutation matrices in Class 2 with two ones in the submatrix restricted to
R2 × C2 is o(k!).

Note that each permutation matrix in Class 3 is created from at least one permutation
matrix in Class 2, and each permutation matrix in Class 2 creates only one permutation
matrix in Class 3, so the number of permutation matrices in Class 3 is o(k!).

Finally we bound the number of permutation matrices in Class 4. When |R2| = j for a
permutation matrix in Class 4, we must have |C2| = k− j, so the number of permutation
matrices in Class 4 with |R1| = i, |R2| = j, and |C1| = r is at most j!(k − j)!. We must
have 2 6 |R2| 6 k − 2 for a permutation matrix in Class 4, since both the submatrix
restricted to R2×C1 and the submatrix restricted to R2×C3 must have ones, as must the
submatrices restricted to R1×C2 and R3×C2. If j = 2, then |C2| = k−2, so r = 1 and the
number of permutation matrices in Class 4 with |R2| = 2 is at most k2!(k − 2)! = o(k!),
covering all possible i for j = 2. If j = k − 2, then i = 1, so the number of permutation
matrices in Class 4 with |R2| = k−2 is at most k2!(k−2)! = o(k!), covering all possible r
for j = k−2. If j = 3, then |C2| = k−3, so r = 1 or r = 2 and the number of permutation
matrices in Class 4 with |R2| = 3 is at most 2k3!(k − 3)! = o(k!), covering all possible i
and r for j = 3. If j = k− 3, then i = 1 or i = 2, so the number of permutation matrices
in Class 4 with |R2| = k − 3 is at most 2k3!(k − 3)! = o(k!), covering all possible i and r
for j = k − 3. If 4 6 j 6 k − 4, then j!(k − j)! = O( k!

k4
), so

∑k−4
j=4 j!(k − j)! = O( k!

k3
) and

k2
∑k−4

j=4 j!(k − j)! = o(k!), covering all possible i and r for 4 6 j 6 k − 4. Thus the total
number of permutation matrices in Class 4 is o(k!).

3 Discussion

We showed that almost all k×k permutation matrices have bounded saturation functions,
but Fulek and Keszegh’s problem of characterizing all permutation matrices P for which
sat(n, P ) = O(1) is still open. We made some progress on this problem by showing
that every ordinary permutation matrix P has sat(n, P ) = O(1). Ordinary permutation
matrices are the permutation matrices that do not reduce to any of Class 1, Class 2, Class
3, or Class 4, so the remaining problem is to characterize the permutation matrices P in
Classes 1, 2, 3, and 4 for which sat(n, P ) = O(1). Fulek and Keszegh showed that all
permutation matrices P in Class 1 with no ones in the submatrix restricted to R1 × C2

have sat(n, P ) = Θ(n) [15]. What about the rest of Class 1, Class 2, Class 3, and Class
4?
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As for specific 0-1 matrices, we did not determine whether sat(n, Z) = O(1) for

Z =


0 0 1 0
1 0 0 0
0 0 0 1
0 1 0 0

 .

This was another open problem from [15]. Observe that Z is the matrix obtained by
removing the middle row and middle column of Q. In this case we may construct TZ ,
but Z is in Class 4 and TZ contains Z. Right after this paper was first posted online,
another paper on saturation functions of forbidden 0-1 matrices was also posted online
[1]. In [1], Berendsohn found a different infinite class of 0-1 matrices with bounded
saturation functions (including both permutation matrices and non-permutation matrices)
and proved that sat(n, Z) = O(1).

Let Lk denote the number of k×k permutation matrices P for which sat(n, P ) = Θ(n).
The proof of Lemma 2.3 implies that Lk = O((k − 1)!). We also have Lk = Ω((k − 1)!),
since Fulek and Keszegh showed that sat(n, P ) = Θ(n) for all permutation matrices P in
Class 1 with no ones in the submatrix restricted to R1 × C2. Thus, Lk = Θ((k − 1)!). It
would be interesting to sharpen the bounds on Lk.

Our construction implies that sat(n, P ) = O(k2) for any ordinary k × k permutation
matrix P . Another interesting problem would be to bound the maximum possible value of
sat(n, P ) for any k×k permutation matrix P with sat(n, P ) = O(1). A more general open
problem from Fulek and Keszegh is to determine whether there exists a decision procedure
to answer whether sat(n, P ) = O(1) for any given 0-1 matrix P [15]. An approach would
be to bound the maximum possible value of sat(n, P ) for any k × k 0-1 matrix P with
sat(n, P ) = O(1). It would also be interesting to investigate the complexity of computing
sat(n, P ) and determining whether sat(n, P ) 6 m, both in general and for special families
of 0-1 matrices P such as permutation matrices.

Finally, a natural direction for future research is to investigate saturation functions of
forbidden d-dimensional 0-1 matrices. Extremal functions of forbidden d-dimensional 0-1
matrices have been investigated in [4, 21, 23, 30, 18, 34]. As with the 2-dimensional case,
we say that a d-dimensional 0-1 matrix A is saturating for the forbidden d-dimensional
0-1 matrix P if A avoids P but changing any zero to a one in A creates a copy of P . For
any d-dimensional 0-1 matrix P , we define the saturation function sat(n, P, d) to be the
minimum possible number of ones in a d-dimensional 0-1 matrix of dimensions n×· · ·×n
that is saturating for P .

Given any 2-dimensional 0-1 matrix P of dimensions r×s, we can create a d-dimensional
0-1 matrix Pd corresponding to P for which all dimensions are of length 1 except the
first and second dimensions which are of length r and s respectively. We define entry
(i, j, 1, . . . , 1) of Pd to be 1 if and only if entry (i, j) of P is 1. We have sat(n, Pd, d) =
nd−2 sat(n, P ). To see that sat(n, Pd, d) 6 nd−2 sat(n, P ), consider any n × n 0-1 matrix
A with sat(n, P ) ones that is saturating for P , and let B be the d-dimensional 0-1 ma-
trix of dimensions n× · · · × n obtained from A by defining entry (x1, x2, x3, . . . , xd) of B
to be 1 if and only if entry (x1, x2) of A is 1. Clearly B avoids Pd, since a copy of Pd
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in B would imply there is a copy of P in A. Moreover if we change any zero in entry
(x1, x2, x3, . . . , xd) of B to a one, then we create a copy of Pd in B for which the last d− 2
coordinates of all entries in the copy are x3, . . . , xd. This is because the entries of B with
last d − 2 coordinates equal to x3, . . . , xd form a copy of A when restricted only to the
first two dimensions, and changing any zero in A to a one creates a copy of P . Thus B is
saturating for Pd, and B has nd−2 sat(n, P ) ones, so sat(n, Pd, d) 6 nd−2 sat(n, P ).

To see that sat(n, Pd, d) > nd−2 sat(n, P ), suppose for contradiction that sat(n, Pd, d) <
nd−2 sat(n, P ). Then there exists a d-dimensional 0-1 matrix C of dimensions n× · · · × n
that avoids Pd with fewer than nd−2 sat(n, P ) ones such that changing any zero in C to a
one creates a copy of Pd. By the pigeonhole principle, there exist x3, . . . , xd such that the
entries of C with last d − 2 coordinates equal to x3, . . . , xd contain fewer than sat(n, P )
ones. Let T be the 2-dimensional 0-1 matrix for which entry (i, j) of T is 1 if and only
if entry (i, j, x3, . . . , xd) of C is 1. Then T is an n × n 0-1 matrix that is saturating for
P , but T has fewer than sat(n, P ) ones, a contradiction. Thus we proved the following
lemma.

Lemma 3.1. Given any 2-dimensional 0-1 matrix P of dimensions r × s, let Pd be the
d-dimensional 0-1 matrix of dimensions r × s× 1× · · · × 1 for which entry (i, j, 1, . . . , 1)
of Pd is 1 if and only if entry (i, j) of P is 1. Then sat(n, Pd, d) = nd−2 sat(n, P ).

It would be interesting to investigate the saturation functions of d-dimensional 0-1
matrices for which more than two of the dimensions have length greater than 1. For
example, what is sat(n, P, d) for every d-dimensional permutation matrix P?
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mutations. Proceedings of the Twenty-Eighth Annual ACM-SIAM Symposium on
Discrete Algorithms (2017) 2280-2293.
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