7%
university of 5%,
groningen YL

R

University Medical Center Groningen

University of Groningen

Almost Disturbance Decoupling with Bounded Peaking
Trentelman, Hendrikus

Published in:
SIAM Journal on Control and Optimization

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
1986

Link to publication in University of Groningen/lUMCG research database

Citation for published version (APA):
Trentelman, H. (1986). Almost Disturbance Decoupling with Bounded Peaking. SIAM Journal on Control
and Optimization, 24(6), 1150-1176.

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/lUMCG research database (Pure): http.//www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 23-08-2022


https://research.rug.nl/en/publications/bb999d7b-b47c-4faa-867c-7b008a1c1a2f

SIAM J. CONTROL AND OPTIMIZATION © 1986 Society for Industrial and Applied Mathematics
Vol. 24, No. 6, November 1986 005

ALMOST DISTURBANCE DECOUPLING WITH BOUNDED PEAKING*

HARRY L. TRENTELMANY

Abstract. This paper is concerned with a generalization of the almost disturbance decoupling problem
by state feedback. Apart from approximate decoupling from the external disturbances to a first to-be-
controlled output, we require a second output to be uniformly bounded with respect to the accuracy of
decoupling. The problem is studied using the geometric approach to linear systems. We introduce some
new almost controlled invariant subspaces and study their geometric structure. Necessary and sufficient
conditions for the solvability of the above probiem are formulated in terms of these controlled invariant
subspaces. A conceptual algorithm is introduced to calculate the feedback laws needed to achieve the design
purpose.

Key words. almost disturbance decoupling, almost invariant subspaces, linear systems, geometric
approach, high gain feedback, output stabilization

AMS(MOS) subject classifications. G3-B28, G3-B50, G3-C05, G3-C15, G3-C35, G3-C45, G3-C60

1. Introduction. In this paper we are concerned with the problem of almost
disturbance decoupling by state feedback as introduced by Willems [20]. This problem
deals with the situation in which we cannot achieve exact decoupling from the external
disturbances to an exogenous output channel as, for example, in [22], but only
approximate decoupling with any desired degree of accuracy. In general, the feedback
gain necessary to achieve this will increase as the desired degree of accuracy increases.
It may then happen however that some of the state variables tend to peak excessively.
It is of considerable practical interest to know when it is possible to achieve disturbance
decoupling within any desired degree of accuracy, while this peaking phenomenon
will not occur.

The system that we will be considering in this paper is given by the equations

X =Ax+ Bu+ Gd,
(1.1) zl=H1x,
z,= H,x,

where the control u(t), the state x(t), the disturbance d(t) and the outputs z,(¢) and
z,(t) are real vectors of finite dimensions. We will assume that the vector z,(t) is an
enlargement of z,(t), i.e., there is a matrix M such that H, = MH,. If for any positive
real number ¢ a feedback matrix F, can be chosen such that in the closed loop system
with zero initial condition, for all disturbances d () in the unit ball of L,[0, o) we have

(1.2) lzille, =e

then we say that for the system under consideration the L,-almost disturbance decoup-
ling problem from d to z, is solvable. After choosing F, to achieve this approximate
decoupling, the output z,(¢) of course depends on ¢ and, for certain disturbances d(-),
it may then happen that || z,||,, > o as £ - 0, i.e., as the accuracy of decoupling increases.

* Received by the editors April 28, 1983, and in revised form June 1, 1985.
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As an example, consider the system (1.1) with
010 0

A= , B=|o]
1

Q

1
00 1 =0},
000 0
100
H,=(1 0 0), H,=[0 1 o}
0 0 1

Define a feedback matrix F, by

It can then be verified that the impulse response from the disturbance d to z, is given
by

3 9
W, (8)= H e PG = 6_3%(1 +—t+'2“512>
’ & £

and that | W, .||, = . Hence, for any 1 = p = oo, the above feedback matrix F, achieves
L,-amost disturbance decoupling from d to z,. On the other hand, however, the impulse
response from d to z, is calculated to be

3 9

1+=t+—¢
e 2¢°

WZ,S(t) = Hze(A+BFB)tG = e‘3t/€ ——t"

and it can be verified that | W, .||, = O(1/ &) > o0 as € > 0, i.e., we have obtained almost
disturbance decoupling from d to z, at the cost of highly undesired peaking behaviour
of the output z,(¢).

The question which we ask in this paper is this: When is it possible to choose F,
such that simultaneously (1.2) holds and there exists a constant C (independent of €)
such that for all disturbances d(-) in the unit ball of L,[0, ) we have

(1.3) ||22“LP§C

for all £? That is, the output z,(t) is bounded uniformly as & tends to zero. If this
behaviour is achieved, we say that we have L,-bounded peaking from d to z,. Problems
of this kind have been considered before. Francis and Glover [3] considered a bounded
peaking problem in the context of cheap control. More recently, Kimura [9] found
conditions that guarantee bounded peaking in the context of perfect regulation. We
will study the above problem using the by now well known concepts of almost controlled
invariant and almost controllability subspace [19], [20]. We will also use the approach
of frequency domain description of geometric concepts as initiated in Hautus [5].
The outline of this paper is as follows. In § 2 we will introduce some notational
conventions used in this paper and state some preliminary results and background.
Section 3 contains a description of the main problem we will be concerned with
in this paper. In § 4 we will introduce the disturbance decoupling problem with output
stability. This problem is an extension of the (exact) disturbance decoupling problem
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as treated in [22]. Its solution will be needed to solve our main problem, but is also
important in its own right. In § 5 we will derive a necessary condition for the solvability
of (ADDPBP),. This condition will be in the form of a subspace inclusion involving
an almost controlled invariant subspace. Section 6 contains an investigation of the
geometric structure of the almost controlled invariant subspace that was introduced
in § 5. In § 7 these structural results will be used to prove that for certain classes of
systems the subspace inclusion derived in § 5 in fact constitutes a necessary and
sufficient condition for solvability of (ADDPBP),. The sequences of state feedback
maps that achieve the design purpose will be constructed explicitly. Section 8 contains
some corollaries of our main result and some extensions. In § 9 a numerical example
is worked out to illustrate the computational feasibility of our theory. Finally, the
paper closes with some concluding remarks in § 10. Several technical details of proofs
in this paper are deferred to Appendices A, B and C.

2. Preliminaries and background. In this section we will introduce some notation
used in this paper and review some relevant facts on controlled invariant and almost
controlled invariant subspaces. Also some basic facts on the convergence of subspaces
will be given.

2.1. In this paper the following notation will be used: If & is a normed vector

space, we will write | - || for the norm on Z. If 1:[0, ©)~> & is a measurable function,
then we will denote
oo 1/p
(I Hl(t)”"dt) if1=p<oo,
I, =9 ""°
ess sup || /()] if p=co,
t=0

If [|1]|L, <co, we will say that le L,[0,0). If M is a square matrix then o(M) will
denote its spectrum. If A; and A, are sets of complex numbers then A, w A, will denote
their disjoint union. For any positive integer n, we will denote n:={1,2, - -, n}.

Consider the system (1.1). Let u(t) e U =R", x(1) e X=R", d(t) e D =R, z,(t) e
Z,=RP and z,(t) e &,'=R™. Let A, B, G, H, and H, be real matrices of appropriate
dimensions. We will write J;:=ker H; (i=1,2), B:=im B and Ap:= A+ BF. The
reachable subspace will be denoted by (A|B):=B+ARB+- -+ A" '%B. A collection
of subspaces B,, B,,- -+, B, will be called a chainin B if BoRB,>2B,> > By
If 0# be B we will denote 4:=span b.

If V'« & is Ap-invariant, the restriction of Ar to 7" will be denoted by AF| v.
We will write Ar|Z/ ¥ or Ar for the quotient map induced by Ar on the factor space
Z/V (see [22]). If ¥ and W are both Ap-invariant and % < ¥, then Ag| ¥/ W will
denote the map induced by Ax|¥ on the factor space ¥/ W. We define the canonical
projection P: %> %/ ¥ by Px = x+ ¥.1f B:= PB, then (Ar, B) will be called the system
induced in /Y. If H: %~ % is a linear map and ¥ cker H, then H:Z/V > % is
defined by HP = H. A distribution fe @', (i.e., the space of finite-dimensional valued
distributions with support on [0, 00)) will be called a Bohl distribution if there exist
vectors f; and matrices K, L, M such that f=Y 1 £8”+f_,. Here f_,(t):= Ke"'M,
8 denotes Dirac’s delta and 8” its ith distributional derivative. f will be called
regular if ;=0 (i=0, -+, N) and impulsive if f_;=0.

2.2. We will now review some basic facts from geometric control theory. If ¥ =« &
is a subspace, then ¥*(%) will denote the largest (A, B)- or controlled invariant
subspace in ¥ and R*(¥) will denote the largest controllability subspace in ¥ [22].
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If C, is a symmetric subset of the complex plane C (i.e., A € C,<>1 € C, and C, contains
at least one point of the real axis), then ¥*(¥) will denote the largest stabilizability
subspace in ¥ ([5] or [111).

A subspace ¥, < & will be called almost controlled invariant if for all x,€ ¥, and
for all £ >0 there is a state trajectory x,(:) such that x,(0)=x, and d(V,, x,(t))<e
for all . A subspace &, < & will be called an almost controllability subspace if for all
Xo, X1 € R, there is a T >0 such that for all £ > 0 there is a state trajectory x, () such
that x.(0) = x,, x.(T)=x, and d(R,, x.(t)) =¢ for all t. Basic facts on these classes
of subspaces can be found in [19] or [20] (see also [17]). A subspace ¥, < & is almost
controlled invariant if and only if ¥, =¥+ R,, where ¥ is controlled invariant and
R, is an almost controllability subspace. A subspace %, is an almost controllability
subspace if and only if there is a map F:% - 9 and a chain {®,;}*_, in & such that
Ro= B+ ApBy+- - -+ AE'B.. We will say that R, is a singly generated almost
controllability subspace if there is a map F: Z > U, a vector b€ B and an integer k>0
such that B, = 6@ Ab®- - - DAL 6.

Again, for < %, V(%) will denote the largest almost controlled invariant
subspace in # and R%(¥) the largest almost controllability subspace in %. We will
denote RE(H) =B+ ARX(HK) and VFE(H) = V*(H)+R¥(K). The subspace VF(H)
plays an important role in the problem of almost disturbance decoupling. In fact, in
{20] the following result was obtained:

ProrosiTioN 2.1. Consider the system X = Ax+ Bu, z = Hx. Then for all £ > 0 there
exists a map F.: &~ U such that |H exp [t(A+ BF,)]1G|,=¢ if and only if im G<
V¥ (ker H).

Let % = ker H. The space ¥ (%) will be called the space of distributionally weakly
unobservable states with respect to the output z. R¥() will be called the space of
strongly controllable states with respect to the output z. For this terminology see [6].

A proof of the following result can be found in [1, Lemma 1].

LEMMA 2.2. Let # <= Z. Then the following equalities hold :

(1) RE(H) NI =REK),

(il) RE)NV*(H) = R*(¥K),

(iii) REGONV*(H)=R*(K). 0

This paper will sometimes deal with a new system (A, BW), obtained by deleting
the part of the input matrix B lying in V*(). This system is obtained by taking BB
such that BD (BN V*(K)) = B and by letting W be a map such that % =im BW (see
also [1]). The supremal almost controllability subspace contained in ¥ with respect
to this new system (A, BW) will be denoted by RE(H). We will correspondingly denote
B+ ARK(K) by RE(HK). The following result follows from [1, Lemma 2]}:

LEMMA 2.3.

VHH) N RF(H) ={0}. 0

Assume now that V"< % is (A, B)-invariant. Let F be such that (A+ BF)¥V < 7.
Let (Ag, B) be the system induced in &/ ¥ and P: %~ %/ ¥ the canonical projection.
We then have the following result:

LEMMA 2.4. If R, is an almost controllability subspace with respect to (A, B), then
PR, is an almost controllability subspace with respect to (Ag, B).

Proof. Let Px, and Px, be in PR,, with x,, x, € R,. There is a T> 0 and, for all
&> 0, a trajectory x.(-) such that x,(0) = x,, x.(T)=x; and d(R,, x,(t))=¢ for all ¢.
It can be seen immediately that z.(t)= Px,(t) is a trajectory of the system (Ap, B).
Moreover, z.(0)=Px,, z.(T)=Px, and d(PR, z.(1))=inf, g, [|Pr—Px.(1)||=
|Pld(%ha, x.(1)=e|[P|. O
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We will also need the following proposition, which is proven in [17, Thm. 2.39]
(see also [15] or [16]).

ProrosiTION 2.5. Consider the system X = Ax + Bu. Let R, be an almost controllabil-
ity subspace. Suppose A is a symmetric set of dim{A|®)—dim R, complex numbers.
Then there is an (A, B)-invariant subspace V' and a map F:% - U such that VO R, =
(A|B) and o(A| V) = A.

To conclude this section, we shall recall some facts on left-invertibility of linear
systems. Again consider the system X = Ax+ Bu, z= Hx. Assume that the map B is
injective. We will say that the system (A, B, H) is left-invertible if the transfer matrix
H(Is—A)™'B is an injective rational matrix. The following result was proven in [22,
Ex. 4.4] (see also [6, Thm. 3.26]).

LEMMA 2.6. (A, B, H) is a left-invertible system if and only if ®#*(ker H)=0. 0O

2.3. In the following, we will review some basic facts on the frequency domain
approach to the geometric concepts of this paper. We will denote Z{s] (respectively,
Z(s), Z.(s)) for the set of all n-vectors whose components are polynomials (respec-
tively, rational functions, strictly proper rational functions) with coefficients in R. If
X< Z=R" then H[s] (respectively, H(s), . (s)) will denote the set of all £(s) € X[s]
(respectively, (s), Z.(s)) with the property that £(s) € ¥ for all s. Slightly generalizing
a definition by Hautus [5], if for a given x € & there are rational functions £(s) € Z(s)
and w(s) € U(s) such that x = (Is— A)&(s)+ Bw(s) for all s, we will say that x has a
(¢, w)-representation.

For a description of (almost) controlled invariant subspaces in terms of (£ )-
representations, we refer to [5], [12], [13] and [17]. We shall need the following fact:

LEMMA 2.7. Let < &. Then we have: xc RE(K) if and only if x has a (& w)-
representation with £(s) € H[s] and w(s)e U[s]. O

2.4. Finally, we will recall some facts on the convergence of subspaces. In this
paper we will use the common notion of convergence of subspaces in the sense of
Grassmanian topology. Let {7; ¢ >0} be a sequence of subspaces of ¥ of fixed
dimension. It can be proven that ¥, > ¥(¢ - 0) if and only if there is a basis {v,, * - -, v,}
for ¥ and there are bases {v,(€), - - -, v,(¢)} of ¥, such that, for all i, v,(¢)~ v; as
£ >0 (convergence in &). We will need the following lemma, which can be proven by
standard means:

LemMA 2.8. Suppose vy, - - -, v, are independent vectors and v,(¢) - v; for all i. Then
for & sufficiently small, v,(¢), - - -, v,(&) are linearly independent. Consequently, if V., >V

and W,.-> W, where V'(\ W ={0}, then for e sufficiently small V. N W.={0} and V., ®
W.>Voeow. 0O

3. Mathematical problem formulation. Consider the system (1.1). We will assume
that z,(¢) is an enlargement of z,(), that is, there is a matrix M such that H,= MH,
or, equivalently,

(3.1) ker H2=: %zc .7{1 = Kker Hl'
From now on, (3.1) will be a standing assumption. Throughout this paper we will also
assume that B is injective.

Consider the following synthesis problem. Fix 1=p=oc0. We will say that the
L,-almost disturbance decoupling problem with bounded peaking (ADDPBP), is solvable
if there is a constant C and for all ¢ >0 there is a feedback map F, : & - % such that,

with the feedback law u = F,x in the closed loop system for x(0) = 0 for all d € L,[0, o),
the following inequalities hold:

(3.2) lz:lle, = lld].,,
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(3.3) ||22||L,, = C“d”Lp-

Note that if we take H; = H,, we obtain the original L,-almost disturbance decoupling
problem, (ADDP),, without the requirement of bounded peaking (see [20] or [17]).
Another interesting special case is to take H, = I, which corresponds to the requirement
of bounded peaking of the entire state vector.

In the present paper, necessary and sufficient geometric conditions for the solvabil-
ity of the above problem will be derived for the cases p=1, p=2 and p =c0. We will
first show how the solvability of (ADDPBP), can be expressed in terms of the closed
loop impulse response matrices from the disturbance d to the outputs z, and 2z,
respectively. If F, : & - U is a state feedback map, then denote the closed loop transition
matrix by

(3.4) T,(t):= A+ Pr
and let ’
(3.5) T.(s)==(Is—A— BF,)™

denote its Laplace transform. We then have the following:

LemMA 3.1. Fix pe{l,}. Then (ADDPBP), is solvable if and only if there is a
constant C and for all €>0 a feedback map F,:Z - U such that |H,T.G||,,=¢ and
VH,T.G|,=C.

(ADDPBP), is solvable if and only if there is a constant C and for all ¢>0 a
Jeedback map FEAsuch that H, t(s)G and H, t Ss)G are asymptotically stable and such
that sup, g | Hy T,(iw) G|| = € and sup, g | HoT,(i0)G|| = C.

Proof. The proof follows immediately from the fact that for p=1 and for p=o
the L,-included norm of the closed loop convolution operator from d to z; equals
exactly the L,-norm of its kernel, i.e., | H;T,G| 1,. The second statement follows from
the fact that the Lz-inQuced norm of the convolution operator from d to z; equals the
H%”-norm sup,.g |H:T.(iw) G| (see, for example, [2]). O

4. Disturbance decoupling with stability constraints. Prior to considerations involv-
ing the peaking behaviour of the enlarged output z,, we should make sure that the
output z, is in L,[0, o) at all. Hence, an important part of the solution of the problem
posed in § 3 is to construct the required feedback maps F, in such a way that, for any
d e L,[0, ), in the closed loop system with x(0) =0 we have z,€ L,[0, ). Therefore,
in this section the following variation on the well known (exact) disturbance decoupling
problem [22] will be considered. Again, consider the system given by (1.1). The usual
disturbance decoupling problem is concerned with the determination of a feedback
map F:% - % such that in the closed loop system the external disturbance d does
not influence a specified output z,. We will consider the more general situation in
which simultaneously we demand stability of the second, larger, output z,.

In this section, C,, the stability set, will be a given subset of the complex plane
C which is symmetric. Asymptotic stability is thus obtained by taking C,=
{A €C: Re A <0}. A rational matrix or rational vector is called stable if all its poles
are in C,. We will consider the following problem: (DDPOS) the disturbance decoupling
problem with output stabilization is said to be solvable if there is a feedback map F
such that H,(Is—Ar) 'G=0 and H,(Is— Ag)"'G is stable.

In order to be able to formulate conditions for the solvability of the above problem,
introduce the following subspace:

DEerINITION 4.1. V,(¥,, ¥,) will denote the subspace of all points x € ¥, for
which there is a (£ w)-representation with £(s) € ¥, .(s), w(s) € U, (s) and H,£(s) is
stable.
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Thus, interpreted in the time domain, ¥,(3,, ¥,) is the subspace consisting of all
points in which a regular Bohl state trajectory starts that lies entirely in J;. The
components of this trajectory modulo ¥, are stable. It follows immediately from the
definition that ¥,(J,, %,) is contained in ¥™*(3,). By the assumption (3.1), if a
trajectory lies in ¥, the same is true for J,. Consequently we also have the inclusion
V¥H,) < Vi (91, Hy).

We note that Definition 4.1 is a generalization of a definition by Hautus [5]. His
space S5 (see [5, p. 706]) coincides with ¥, (%, X,) if ¥, is taken to be Z. The
following theorem can be proven to be completely analogous to [5, Thm. 4.3]:

THEOREM 4.2,

Vo (K, o) = VEH) + V(). ]

Note that it follows from the above theorem that ¥, (¥, ) is controlled invariant.
The next theorem provides the key step in the solution of DDPOS. The result states
that what can be done in Definition 4.1 by open loop control can in fact be done by
state feedback:

THEOREM 4.3. There exists a map F: % - U such that

(4.1) AV (A, H,) < Vo (I, ),
(4.2) AV < VH(H),
(4.3) o{Ar | V(Hy, H)] V*(H,)) = Cy

Proof. During this proof, denote ¥, = V,(¥,, ¥,). Since ¥*(¥,) = ¥, and since
both spaces are controlled invariant, they are compatible (see [22, Ex. 9.1]). Hence,
there is a map F,: 2> U such that Ag V*(%,) = V*(%,) and Ag¥V,< ¥, Let B:=
%NV, and let V be any matrix such that # =im BV.

Consider the controllability subspace (AFolg}). By the facts that B< ¥, and
AV, < 7, this controllability subspace is contained in #;. Since any controllability
subspace is also a stabilizability subspace, it must be contained in the largest stabilizabil-
ity subspace ¥*(%,) in . It then follows that B < ¥¥(¥,), so

(4.4) BOVH(H,) = B.

Next, we claim that ¥"5(%,) is Ag-invariant. First, since it is (A, B)-invariant,
we have Ag V()< VE(H,)+%B. On the other hand, ApVH(H,)c AgV,< 7.
Hence, again using ¥V3(K,)c ¥, we obtain AgVH(H )< (VEH)+B)NV,<
VEH)H(BNYV,)=VEH,). The last equality follows from (4.4).

Using (4.4) and [5, Prop. 2.16], we deduce that the pair (Ag|V¥(%,), BV) is
stabilizable.

Let P,: ¥, > ¥,/ V*(9,) be the canonical projection. Let (A, BV) be the system
induced in ¥,/ V*(%,). It can easily be seen, for example, by using a rank test (see
[4] or [5, Thm. 2.13]), that the latter system is stabilizable. Hence, there is a map F,
on the factor space such that o(Ag+BVF,) = C,. Now, let F, be any map on ¥, such
that F,= F, P, and define F, arbitrary on a complement of Vs Define F:= F;+ VF,.
Since F|V*(%,) = Fo| V*(3,) (“*|” denotes “restriction to”’), we then have Ag¥V*(,) =
V*(%,) and it can be verified that Fig. 1 commutes.

We are now in a position to prove the main result of this section.

THEOREM 4.4. DDPOS is solvable iff im G < YV, (¥, &,).

Proof. (<) Choose F as in Theorem 4.3. Then (A |im G)< %, which yields the
decoupling from d to z;.
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y v, A+ BF Ve \H‘
2
U P, P, %,
. A,

Vel V¥IH) —5 557 Vel V()
F 1

F1G. 1

Let H, be as in the Fig. 1 and let Ap:= Ag |V, (%, %,)/ V*(,). Then Hy(Is—
Ar)'G = Hy(Is— Ap) "' P, G, which is stable since o(Ap)<C,.

(=) If F is such that H,(Is— A) "G =0 and H,(Is— Ar)"'G is stable then for
de® let &(s)=(Is—Ap)"'Gd and w(s)=F¢(s). Then clearly Gd=
(Is — A)£(s) + Bw(s) and H,£(s) is stable. O

Remark 4.5. 1If in the above problem we take H,= H,= H, DDPOS reduces to
the ordinary disturbance decoupling problem DDP (see [22]). In this case we have,
denoting ¥ =ker H, YV (¥, #,)= VEH)+ V*(H) = V*(KX). If we take H,=0 and
H,= H, we arrive at OSDP as studied in Hautus [5]. The solvability of this problem
requires the existence of a state feedback F such that H(Is— Ag) 'G is stable.
Necessary and sufficient conditions can be found by noting that V,(¥,, ¥,)=
VEZ)+ V*(K). As also noted in [5], if we take H,=0, H,=H and im G=, the
above theorem provides necessary and sufficient conditions for the solvability of the
output stabilization problem, OSP.

5. A necessary geometric condition for the solvability of (ADDPBP),. In this section
we shall establish a necessary condition for the solvability of (ADDPBP),. This
condition will be in the form of a subspace inclusion. The proof is rather technical
and some of the details are deferred to Appendix A. In the rest of this paper, the
stability set will be taken to be C,={A € C|Re A <0}.

Consider the system x=Ax+ Bu, z;= H,x, z,= H,x and assume that (3.1) is
satisfied. The following subspace will play an important role in the sequel:

DeFINITION 5.1. ¥, (9, #;) will denote the subspace of all x€ X that have a
(& w)-representation with £(w) € #,(s), w(s)€ U(s) and H,£&(s) is proper and stable.

Interpreted in the time domain, ¥, (%, ¥,) consists exactly of those points in ¥
that can serve as an initial condition for some Bohl distributional trajectory that lies
entirely in %, while the vector of components of the trajectory modulo %, is the sum
of a stable regular Bohl function and a Dirac delta.

It follows immediately from the definition and [12, Thm. 4.1] that ¥,(9,, %>) is
contained in ¥ (%), the subspace of distributionally weakly unobservable states with
respect to the output z;. It is also immediate that ¥, (J(,, #>) is contained in ¥, (¥, >).
We are now in a position to state the main result of this section:

THEOREM 5.2. Fix pe {1, 2,0}. Then the following holds:

{(ADDPBP), is solvable}=>{im G = V},(¥,, X,)}.

In the remainder of this section we will establish a proof of the above theorem.
Again, consider the system x = Ax + Bu, z; = H,x, z, = H,x. Assume that for £ >0, u,(?)
is a regular Bohl input. Let x,€ X. Let z, .(¢) and z, .(¢) be the outputs corresponding
to the above input and initial condition x(0) = x,. Denote Z; .(s) for the corresponding
Laplace transforms of z;.(¢). We then have the following lemma:

LeMMA 5.3. Suppose that either of the following conditions is satisfied:

(i) |z1,c]lz,~ 0 as € > 0 and there exists a constant C such that ||z, .| ., = C for all e.
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(ii) Z,.(s) and %, .(s) are stable for all €, sup,cg ||Z,,.(iw)| >0 as € >0 and there
exists a constant C such that sup,,.g ||2,,.(iw)| = C for all e.
Then xqe Vi (K, ). O

A detailed proof of Lemma 5.3 can be found in Appendix A. The idea of the
proof is the following. First we note that the initial condition x, above has for each
£>0 a (& w)-representation x,= (Is — A)&,(s)+ Bw,.(s). Here w.(s) is the (rational)
Laplace transform of u.(t). Using the asymptotic behaviour as described by the
condition (i) or (ii) above, we then analyse the limiting behaviour for ¢ >0 of the
sequences of rational vectors & (s) and w,.(s). This will lead to a (£, @)-representation
for x, with the properties described in Definition 5.1. To conclude this section we
apply Lemma 5.3 to obtain the following:

Proof of Theorem 5.2. Assume that (ADDPBP), is solvable. Let x,€im G. Let F,
be as in Lemma 3.1 and define u,(t):= F,T,(t)x,. Then, depending on p, one of the
conditions (i) or (ii) in Lemma 5.3 is satisfied. It follows that x,e€ ¥, (¥, #,). O

6. The geometric structure of ¥, (o {, ;). In the sequel, it will turn out that under
certain assumptions on the system (1.1) the subspace inclusion in Theorem 5.2 is also
a sufficient condition for the solvability of (ADDPBP),. In order to prove this and to
be able to construct the required feedback maps, we need more detailed information
on the geometric structure of the subspace ¥, (%), ¥>) as introduced in the previous
section. In the present section, we will first show that the subspace ¥V, (¥, #,) can
always be written as the sum of the subspace ¥, (3, ;) (see §4) together with an
almost controllability subspace depending on %, and %,. Using this result, we will
show that if either R*(,) = {0} or %, ={0}, then ¥, (3, ¥,) admits a decomposition
into the direct sum of ¥, (J,, X,) together with a number of singly generated almost
controllability subspaces, with a particular position with respect to the subspaces ¥,
and J,. The main result of this section will be the following theorem:

THEOREM 6.1. Assume that R*(%,) ={0} or that 3, ={0}. Then there is an integer

m’eN, there are integers r,, - - -, r,.€N and vectors b,,- - - , b,.€ B and there is a map
F:Z - U such that

(6.1) Vo(H1, Hy) = Vo (K, H) DD &L,
i=1
where

°‘(€i = @l Aj}:lﬁia
Jj=1

with

(6.2) eé: AR %,
iz

and

(6.3) @2 A8, %,

Jj=1

If in the statement of the above theorem one of the integers r; is such that r,—1<1
or r;—2<1, then the corresponding sums in (6.2) or (6.3) are understood to be equal
to {0}. It will turn out in the proof of Theorem 6.1 that in the case that R*(¥,) = {0}
the integer m’ may be chosen to be equal to m (=dim %). In the case that #,={0} it
will appear that m’ may be chosen to be equal to m —dim [ ¥*(%,) N %] and also that
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in this case the integers r; may be taken to be either 1 or 2. Since ¥,(%,, {0}) = V5 (%)
(see Theorem 4.2) the theorem thus states that ¥, (%, {0}) is equal to the direct sum
of V¥(¥,) together with a number of singly generated almost controllability subspaces
which are equal to either span {b;} (with 0# b, € RB) or span {b, Agb;}, with {b,, Apb;}
linearly independent and b; € 3,1 %.

The result of Theorem 6.1 will be instrumental in the next section, where we will
consider the sufficiency of the subspace inclusion im G < ¥, (¥, #,) for solvability of
(ADDPBP), and propose a “scheme” for calculation of the required feedback maps.
In the remainder of the present section we will establish a proof of Theorem 6.1.

We introduce the following subspace:

DEFINITION 6.2. R,(%,, %) will denote the subspace of all xe Z that have a
(& w)-representation with £(s)e ¥ [s], w(s)e U[s] and H,£&(s) is constant (i.e., if
E(s)=Y 1, xs' then Hyx,=0 for i=1).

Interpreted in the time domain, R, (%, #,) consists exactly of those points in &
that can be driven to 0 along a purely distributional Bohl trajectory that lies entirely
in J,, while the vector of components of this trajectory modulo %, is a Dirac delta.

It follows immediately from the definition and Lemma 2.7 that every point in
Ry (K, H,) is strongly controllable with respect to the output z,. Moreover, it is also
immediate that every point x that is strongly controllable with respect to the output
25, is an element of R,(¥,, ¥,). Hence, the inclusion RF(H,) < Rp (K, H>) = RE(K))
holds. In fact, we have the following nice result:

THEOREM 6.3.

(1) Rp(H1, H2) = B+ ARE(H) NI,

(i) V(3 )= CVg(-%’l, I+ R (K, H).

Proof. (i) Suppose that x = (Is— A)¢(s)+ Bw(s), with &(s)e X,[s], w(s) <€ U[s]
and H,&(s) is constant. Let §(s)=2l0 x;s' and w(s) =Zf:;l u;s'. Obviously, £(s)=
Xo+ 5£,(s) and w(s) = uy+ sw,(s), where £,(s)e H,[s] and w,(s)e U[s]. Hence, x=
Buy— Axy+ sxo+ s°¢,(s) — Asé,(s) + Bsw,(s) and by equating powers it follows that
(6.4) x = —Axq+ Buy,

(6.5) —xo=(Is — A)&,(5) + Bo,(s).

Therefore, x,€ R¥(H,) (see Lemma 2.7). Since also x,e¥,, we obtain xe
B+ A(RE(H,)N ). Conversely, if x= Bu,— Ax, with xoe R¥(9,)N K, there is
&(s) e Hy[s] and w(s) € U[s] such that —x,= (Is — A)& (s)+ Bw,(s). Defining then
E(8) = xo+ 5£,(s) and w(s) = uy+ sw,(s), we obtain a (£ w)-representation of x with
E(s) e Hils], w(s)e U[s] and H,£(s) = H,x, is constant.

(ii) Assume that x € V,(%,, ¥,). There is a (£, w)-representation for x with £(s) e
HK.(s), w(s)e U(s) and H,£(s) proper and stable. Decompose £(s) = &,(s)+ &(s) and
o(5) = w,(s)+ w,(s), where £,(s) and w,(s) are polynomial vectors and &,(s) and w,(s)
are strictly proper. Obviously, &,(s) € H,[s], &(s) e Ky +(s), wi(s) e U[s] and w,(s) €
U.(s). Moreover, H,£,(s) is constant and H,&,(s) is strictly proper and stable.
Now, since the left-hand side of this equation is proper and the right-hand side is a poly-
nomial vector, both sides must, in fact, be constant. Thus, there is a vector x,€ ¥
such that x,=(Is—A)£,(s)+ Bw,(s)=x—(Is— A)&(s)— Bw,(s). It follows that
X1 € Rp( Ky, Hy) and x—x;€ V(¥H,, H,). Since x=x,+(x—x,), we obtain that xe
Vo (Hy, Ha)+ Ry (H,, H,). The converse inclusion follows immediately from the
definitions. [

The importance of the above theorem is that it shows, together with Theorem 4.2,
that

(6.6) Vo (3s, H) = V() + V*(H3) + B+ A(RE(32) N Iy).
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Thus, the space ¥,(¥,, ¥,) can, in principle, be calculated using existing algorithms.
The stabilizability subspace and the controlled invariant subspace appearing in (6.6)
can be calculated using the invariant subspace algorithm ISA [22, p. 91] and a
construction as in [22, p. 114]. The almost controllability subspace R¥(¥,) can be
calculated using the almost controllability subspace algorithm (ACSA)’ [20]. For any
fixed subspace ¥ < Z, this algorithm is defined by

6.7) TN H)=B+AT(H)NIK); T°(K)={0}.

It is well known, see [20], that (6.7) defines a nondecreasing sequence of subspaces
which reaches a limit after a finite number of iterations. Moreover, this limit equals
T (K)=RE(H). In the sequel, denote

(6.8) F(Hy, Hy) =T (H) N K.

Using the properties of the sequence J'() stated above, together with Theorem 6.3,
the following result is immediate:

LEMMA 6.4. F(%,, #,) is a nondecreasing sequence which reaches a limit after a
finite number of iterations. This limit equals F" (¥, I,) = R¥(¥,) N ¥,. Consequently,

(6.9) Ro(H1, Hy) = B+ AF"(H1, K). a

Other properties of the sequence F'(J,, %,) are proven in Lemma B.1, Appendix
B. Using these properties, we obtain the following lemma:

LEMMA 6.5. Assume that R*(3,) ={0}. Then there is a chain {B;}}_, in B and a
map F: & - U such that

(6-10) gib(%b ‘7[2):‘6/3@141?%1@' : '@A;%m
(6.11) P AR B ¥,
i=1
(6.12) D AR, < K,
i=2
(6.13) dim %, =dim A}:%,- =dim [?i(yfl, H)/ gi“l(%l, )]

Proof. See Appendix B. O

We are now in a position to establish a proof of Theorem 6.1 for the case
R*(Hy) ={0}:

Proof of Theorem 6.1 (Case 1: ®*(¥,)={0}). During this proof we will denote
Rp(Hy, H3) by Ry, Vipl(Hy, H,) by ¥y and YV (H,, X,) by V. According to Theorem
6.5 we have that ¥, = ¥, + R, We claim that the latter sum is a direct sum. Indeed,
this follows immediately from the facts that ¥, < ¥*(%,) and &, < R¥(%,), while
V*(H)NREH) = R*(H,) ={0} (see Lemma 2.2). By Lemma 6.5 there is a chain
{%;}/-1 in B and a map F such that (6.10) to (6.13) hold. Let %, be the first subspace
in the chain which is not zero, i.e., %, # {0} and B, ={0} for j=1+1,- -, n. Choose
a basis for A as follows. First choose a basis {b,,- - -, b,} for %, Extend this to a
basis {by, * -+, by, bgpe1, * * *, by,_} for B,_; (here, d;'= dim B;). Continue this procedure
until we have a basis for %.

By the fact that dim %; = dim AL, V,, the following vectors form a basis for &,,:

i 1
Ath tT Yy, Adep
1-1 1-1 1-1 -1
AF bl, T, AF bd,, AF bdrn, R AF bd,_l,

AFbl’ Y Adep Aderi'l, Y AF‘bdl_.l, T, Adep
bla...’bdpbdri-l,."5bd,~l’-.'7..';bd1,‘."bm'
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It may immediately be verified that the above list of vectors can be rearranged to
obtain m subspaces %, = span {b, Agb,, - - -, A% "'b;}, with

span {b, Arb, - -, AL b} < ¥,
and
Span {bis AFbiy T, ArFi—abi}C '7{2'
This completes the proof of Theorem 6.1 for the case that #*(%,)={0}. 0O
In the remainder of this section, we will set up a proof of Theorem 6.1, the case
that J, = {0}. In the following, let %’ be a subspace of 9% such that % S[BN "l/*(%l)] =
B. Let W be a map such that % =im BW and let RF(¥,):= B+ AR%(K,), where

%*(.7[1) denotes the supremal almost controllability subspace contained in J, with
respect to the system (A, BW) (see also Lemma 2.3). Define

(6.14) W(K,)=B+A(BNK,).

We will show that if 9, ={0}, then ¥,(¥,, %) has a decomposition into the direct
sum of ¥,(%,, #,) (which, in that case, is equal to ¥"#(,)) and the subspace ‘W(%l)
LEMMA 6.6. Let %, be a subspace of Z. Then

(6.15) Vi (91, {0}) = ¥ (9, {0) @ W (9¢,).

Proof. In this proof, denote ¥, := ¥, (¥, {0}). Also, let B,:= BN V*(¥,). Since
RF({0}) = B, it follows from Theorem 6.3 that

Vo (I, {0}) = ¥+ B+ A[B N K]
=V, +B+A[(B,DB) N K]
=V, +B+A[B,+(BNK,)]

Now, note that B, < B*(9,) (see [22, Thm. 5.5]). Consequently, A%, < B*(#,)+ B <
¥V, + 9. Hence we find

Vo (H1, {0) =V + B+ ABNK,)
=V + B, + B+ ABNIK,).
Again, by the fact that B, < R*(¥,) < ¥, we have
Vo (%1, {0) = Ve + B+ A(B N KY).

Finally, since ¥, = ¥*(J,) and W(H,) < REH,), it follows from Lemma 2.3 that the
sum in (6.15) is direct. 0O

Using the above lemma we may now obtain the following proof of Theorem 6.1,
the case that 3¢, = {0};

Proof of Theorem 6.1 (Case 2: ¥, ={0}). We claim that ‘W(%’,) %G—)A(% NJH).
To prove this, assume that there is a vector 0# x € % such that x = A%, with % a vector
in 4N %#,. Define ¥":=span {x}. Since AV’ ¥+ %R, ¥ is controlled invariant. Since
also V"< ¥, we find that ¥ < ¥*(%,). It follows that X e ¥*(%,) N % = {0} and hence
that x=0. This yields a contradiction. Next, we claim that dim BOKH, =
dim A(%‘ N J,). Assume the contrary. Then we may find a vector 0# x ¢ BOK , such
that Ax=0. It follows that span {x} is a controlled invariant subspace contained in
¥, and hence that x € V*(,) N B ={0}. Again, this is a contradiction. Now, choose
a basis for ‘W(?[l) as follows: first choose a basis by, - - -, b, of % N %,. Extend this
to a basis {b;,* *, b,, by, ", b} oOf . By the above, the vectors {by, ', b,,
Ab,, -+, Ab,, b,y -, b, } form a basis for W(H,). These vectors can be rearranged
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into one- and two-dimensional singly generated almost controllability subspaces with
the properties (6.2) and (6.3). This completes the proof of Theorem 6.1. O

7. The main result. In the present section we will combine our results of the
previous sections to show that if the system (1.1) is such that it satisfies at least one
of the following two properties:

(7.1) thesystem (A, B, H,) is left-invertible,
(7.2) the mapping H, is injective,

then the subspace inclusion im G < ¥, (3, ¥,) is both a necessary and sufficient
condition for solvability of the L,-almost disturbance decoupling problem with
bounded peaking (ADDPBP), for the values p=1, p=2 and p=o0.

Recall from § 5 that for these values of p the latter subspace inclusion was already
shown to be a necessary condition without the extra assumptions (7.1), (7.2). Here we
shall, in fact, prove that if either (7.1) or (7.2) holds then im G« ¥, (¥,,9,) is a
sufficient condition for solvability of (ADDPBP), for all 1=p=co.

The following result is the main result of this paper:

THEOREM 7.1. Assume that at least one of the two conditions (7.1), (7.2) is satisfied.
Let pe{1,2,0}. Then (ADDPBP), is solvable if and only if im G< ¥V, (¥, X,). O

In order to obtain a proof of the latter statement, we will prove the following:

LEMMA 7.2, Assume that at least one of the two conditions (7.1), (7.2) is satisfied.
Let T.(t) and T.(s) be defined by (3.4) and (3.5). Then the following statements are
equivalent:

(i) There exists a constant C and a sequence {F,; € > 0} such that | H,T,G|,~0
(¢-0) and |H,T,G|,=C Ve.

(ii) There exists a constant C and a sequence {F,; e > 0} such that, for all e, H, T G
and H,T.G are stable and sup,.a ||H1T (iw)G|>0 (e->0) and
SUpoer | Ho T, (i0) G| = C, Ve.

(iii) im G < V,(¥,, %>).

Note that the implications (i)=>(iii) and (ii)=>(iii)} follow immediately from
Lemma 5.3. Also note that once we have proven the above lemma, a proof of our main
result Theorem 7.1 may be obtained by combining Theorem 5.2 and Lemma 3.1. We
stress that the implications (iii)=>(i) in the above, in fact, yields sufficiency of the
subspace inclusion im G < ¥,,(¥X,, ,) for solvability of (ADDPBP),, for all 1=p =co.

The idea of the proof of the implication (iii)=>(i) of Lemma 7.2 is as follows.
First we note that left-invertibility of the system (A, B, H,) is equivalent to the condition
R*(9,)={0} (Lemma 2.6), while injectivity of the map H, is equivalent to %, =1{0}.
Thus, under the assumptions of Lemma 7.2, ¥, (¥, #,) may be decomposed according
to (6.1), (6.2) and (6.3). Each of the singly generated almost controllability subspaces
L; appearing in this decomposition will then be approximated by sequences of con-
trolled invariant subspaces {%,; £>0}. If we then define ¥,:= ¥, ®®D, %, the
sequence {7; € >0} will converge to ¥,(¥,, %,). In this sense, im G is ‘“‘almost
contained” in the controlled invariant subspace 7. The subspace ¥, in turn is “almost
contained” in %, (where the latter “almost” should be interpreted in the L,-sense, see
also [20]), while its distance from %, is uniformly bounded with respect to . Using
the structure of the £, above, we will construct a particular sequence of feedback
maps {F,; € > 0} such that (A+ BF, )V, c ¥.. Finally it will be shown that this sequence
has the properties required by (i) and (ii) in Lemma 7.2. To start with, we will show
how a singly generated almost controllability subspace can be approximated by control-
led invariant subspaces. Let be B and let £:=4®- - -® AL 4. For ick and >0,
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define vectors in & by
(7.3) x1(8)2= (I+8AF)—1b, x,~(e)1= (I+ EAF)_‘IAin_l(E).

Note that the matrix inversions in the above expressions are defined for ¢ sufficiently
small. Moreover, it can be seen immediately that x;(g) > A% 'b(e - 0). Thus it follows
from Lemma 2.8 that for ¢ sufficiently small, the vectors {x;(¢), i€ k} are linearly
independent. For each ¢, define a subspace £, by

(7.4) Z. =span{x,(e), - - -, x(e)}.
Assume u € U is such that b= Bu and define a map F,:¥,~» U by
(7.5) Fx(e)=—¢"'y, (iek).

The main properties of the sequences {£,; £ >0} and {F,; £ >0} are summarized in
the following lemma:

LeEMMA 7.3. For ie k we have x,(e¢)> A% 'b as € > 0. Consequently, £, %. Each
&, is controlled invariant and, with F, defined by (7.5), (Ag+ BF,)¥, < ¥.. Moreover,
a matrix of (Ap+ BF,)| %, is given by

el g2 . £~k
(7.6) Mo=-]0 ¢! -, )
0 e 0 e !

Finally, for each ¢, £, < (A|B), the reachable subspace of (A, B).

Proof. The claim x;(g) > A%'b is immediate. Since the vectors A% b are a basis
for %, it follows from §§ 2 and 4 that &, » . Using (7.3) and (7.5), it may be verified
by straightforward calculation that (Ar + BF,)x;(g) = =Y. ., &' 7'x;(¢). It follows that
Z, is indeed Ag+ BF,-invariant and that a matrix of the map restricted to %, is given
by (7.6). Finally, to prove that &, is contained in the reachable subspace, make a
Taylor expansion to find that (I +eAg) ' =Y _ (—&)™AF. It then follows immediately
that x,(g) € (Ar| B) for all £. The same follows for x,(&), x;(&) etc.

We note that a slightly different construction leading to an approximating sequence
for a singly generated controllability subspace was described in [13]. The construction
described by us however exhibits an important property which will be formulated in
the following lemma. The proof of this result is straightforward but rather technical
and will be deferred to Appendix C.

LEMMA 7.4. Let £:=@}_, AF'¢ be such that D¥_, AZ*6< K, and D*_; A4
H,. Let x;(e) and F, be as defined above. Then the following holds: there is constant C
such that for all ie k:

(1.7) | H, e47"BFx. ()|, >0 ase-0,
(7.8) | H, e4r B8R, (e)||, = C  foralle. g

Now, in order to complete a proof of Lemma 7.2, we need one more preliminary
result. Up to now we have constructed a sequence of controlled invariant subspaces
converging to a singly generated almost controllability subspace and defined a feedback
map on each of these controlled invariant subspaces. By applying the decomposition
theorem, Theorem 6.1, and applying the above construction to each %; appearing in
(6.1), we can find a sequence of controlled invariant subspaces %, converging to
@™, £. In the obvious way we can define a map F, on &,. Now the question is, can
we define F, appropriately on a subspace complementary to %, ? The next construction
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theorem states that, indeed, we can. It is here that we will use the results on exact
disturbance decoupling with stability constraints from §4. In the following, ¥, :=
Vo(Hy, H2), Vo= VK1, H,) and Ry = Rp(H,, KH,) are denoted:

THEOREM 7.5. Consider the system (1.1). Let A be a symmetric set of dim [({(A|B)+
Ve)/ V] complex numbers. Then there is a map F,: %~ 9 and a subspace Z = ¥ such
that the following conditions are satisfied:

(7.9) (A+BF)Y,< ¥,

(7.10) (A+ BF)V*(¥,) < V*(X>),
(7.11) o(A+BF| Y,/ V*(¥,)) = C,,
(7.12) V@ =V, +(A|B),

(7.13) (A+BE)(Y,® %)< V,®%,
(7.14) o(A+BE|(Y,©2)/Y,) = A.

Proof. Let Fy: ¥~ U be a map that satisfies the conditions (4.1), (4 2) and (4.3)
of Theorem 4.3. Let P: &~ &/, be the canonical projection. Let (AFO, B) be the
system induced by (Ag, B) in the factor space &/ V,. Since ¥},= ¥, + R, and ker P =
¥V, we have PV, = PR,. By Lemma 2.4 and the fact that R, is an almost controllability
subspace, it follows that P&, is an almost controllability subspace with respect to the
system (Ag, B). By [22, Prop. 1.2], P(A|%B)=(Ag|im B). Let A be as above. It can
easily be verified that #A =dim [(AF lim B)/ PR, ]. Thus, we may apply Proposition
2.5to find an (A, B)-invariant subspace F<Z/V,and amap F:Z/V,~> U such that

(7.15) PR, ®%=(Ag]|im B),
(7.16) (Ag,+BF)Z < Z,
(7.17) o(Ag+BF|%)=A.

Now let Z < & be any subspace such that P¥ =% and N ¥, ={0}. Define a map
F,:%- % by F,= Fy+ FP. We contend that the subspace Z and the map F, satisfy
the claims of the theorem. To prove (7.9) to (7.11), note that F,| ¥, = Fy| ¥,. The claim
(7.12) can be proven as follows: From (7.15) we have P(¥,+ %)= P(A|®). Hence,
since Vo< ¥V, Vot Z=V,+(A|B). Assume xe ¥, % Then Pxe PV,NZ={0}.
Thus, xeker PNZ =¥V, NZ ={0}. It follows that ¥,,+ % =V, ®Z.

To prove (7.13), note by wusing (7.16) that P(A+BF, )Y, ®@%)=
P(Afr,+ BFPNV,®%)=(Ar+BF)Z<Z=P(V,®%). Finally, (7.14) follows
immediately from (7.17). 0O

We are now in a position to complete the proof of Lemma 7.2:

Proof of Lemma 7.2. (i)=>(ii). This follows immediately from the fact that the
L,-induced norm of a convolution operator is bounded from above by the L,-norm
of its kernel (see, for example, [2]).

(iii))=>(i). In this part we will construct a sequence of feedback maps {F,; £ > 0}
such that, for each x € ¥}, | H, T.x||,» 0 and | H,T.x|| ., = C for all ¢, for some constant
C. The construction is divided into five steps:

1. Decomposition. Apply Theorem 6.1 to find a decomposition ¥, = ¥, ®@Dj~, £,
with &, =7, AF'4;, such that (6.2) and (6.3) hold.

2. Approximation of singly generated controllability subspaces. For each &, apply
the construction (7.3) to (7.6). Thus we find vectors x(¢) (i€ r;), subspaces %, =
span {x(e); i€ r;} and maps F, : %, - U such that

(7.18) x(e)»> AF'b;;, Lio> Li(e->0).
J gl J
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Moreover, by applying Lemma 7.4, there are constants C; such that
(7.19) | Hy e BRx D (e) |, - 0(e > 0),
(7.20) | H, e4r Brdix(g)|| ,= C forall e.

3. Composition. Since the %, are independent, it follows from Lemma 2.8 that for
¢ sufficiently small the &£, (je m’) are independent. Define R, =%, @+ - @ Lo It
follows that R, »@; ¥, Define now F2: R, U by defining F2| %, = (F+F.)|%,
(jem).

4. Construction of feedback outside R,. To define a map on a complement of &,
let A= C, be a symmetric set of dim [((A|B)+ V¢)/ V5] complex numbers and apply
the construction theorem Theorem 7.5 to find a subspace < & and amap F;: X > U
such that (7.9) to (7.14) are satisfied. In the remainder of this proof, denote @}“;1 %
by %, We may then prove the following:

LeEMMA 7.6. For all ¢ sufficiently small the following holds:

(7.21) V,0%DE=YV,OR,DZ.

Proof. By Lemma 6.6, V,®%=Y,®%,®%. Since, for each &, R, < (A|B)
(Lemma 7.3), it follows from (7.12) that ?/2 =Y, DR, D Z. Since R, > 92,,, we obtain
from Lemma 2.8 that R, N (¥, D %) ={0} for & sufﬁmently small. The equality (7.21)
now follows immediately by noting that for ¢ sufficiently small dim &, = dim Ry,

5. Definition of the sequence {F,; ¢ >0}. Let W be an arbitrary subspace of &
such that =V, ®R.@ZDW. In this (e-dependent) decomposition of & define
F,:Z->UVby F,|Y,®%=F|V,®%, F.|®.=F2|R, and F, arbitrary on #..

We contend that the sequence {F,; £ > 0} defined in this way satisfies the condition
(i) of Lemma 7.2. To prove this, first let x € ¥}. Since F,|¥, = F,|¥,, we have by (7.9)
and the fact that ¥, = ¥, that xe(Ag, | V,)< ¥, for all &. Thus, for all &, H,T.()x=0
for all t. Let Ar, and H, be defined by the following commutative diagram (Fig. 2),
in which P, is the canonical projection:

A,
v, : v,
4 8\\\52\‘
P, P1J %,
< H,
ch/cV ('%{2) oI/lg/(y/‘*(‘?{.Z)
Fy
FiG. 2

We then have H,T.(t)x = H,e”r:'x for all & It follows from (7.11) that H,T.x is
in L,[0, c0) with, obviously, L,- -norm independent of e. To complete the proof it now
suffices to show that for all xe B, | Hy T.x| 1,0 and || H, T.x| ., is uniformly bounded
with respect to ¢. Since 92,, is spanned by the vectors A} 'b, it suffices to take x = A¥ 'b,.
By (7.21), we have Ry © YV, DR DZ. Thus, there are vectors v(e)e V,®Z and
coefficients 7;(¢) R such that

(7.22) A b= o)+ 3 ¥ 1y(e)xP(e).

j=1i=1

Since x{’(g)> A 'b;, it can be proven by standard means that v(g)->0, 7,;(¢)=>0
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(i, j) # (s, 1) and that 74(e) > 1(e > 0). Now, for o =1, 2 we have

” Ha TSA;:’_I bl " L, = “ Hae(A+BF1)'U(€) " L
(7.23)

+ 3 % Iry(e)l | Hae 205 o),
j=1i=1
By (7.19), note that for a =1 the last term converges to 0 as & > 0. Using (7.20), it
follows that for a =2 the last term is bounded from above, independent of &.
Finally, we will show that for both @ =1, 2 the first term on the right in (7.23)

tends to 0 as € > 0. For this, let /i,.—l and ﬁl be defined by the commutative diagram
(Fig. 3) (P, is the canonical projection):

Ap,
V,0F ——— Y,0%

&‘
P, Pz‘

%,
H,
Y, 0% Y, D%
CVg AFI CV‘S
FiG. 3

By (7.14), note that O’(AFI) = A<= C,. Moreover,
| Hye*rio(e)||y, = | Hye?ri! Pyo(e)|| o, = | Hie?ri! Pyl flv(e)|.

Since u(s)—>0, this expression tends to 0 as (e-0).
Let A, and H, be defined by the commutative diagram (Fig. 4) (P; is the canonical

projection):
Ap,
V. % V. DZ &A
P, Py %,
Ve ®Z V., ®Z
V*(3t2) A, V*(3t>)
Fic. 4

It can be verified that o(Ar) = 0(Ag)w a(Ag | ¥/ V*(%,)), which, by (7.11) and
(7.14) is contained in C,. It follows that

| Haye?r ' v(e)||., = | Baeni Pyo(e)|| ., = [ Bren Py Lo (e)],

which again converges to 0 as £ » 0. This completes the proof of Lemma 7.2. 0O

Remark 7.7. 1t is worthwhile to point out which freedom in the spectrum assign-
ment we have in A+ BF, when we use the construction of the sequence {F.,; ¢ >0} as
in the proof of Lemma 7.2.

The lattice diagram (Fig. 5) shows the hierarchy of the relevant subspaces in
combination with the freedom in the spectrum of A+ BF.,.

Denote ¥, =V (#,, #,)®R..
Note by Lemma 7.3 that the spectrum of the map A+ BF, |, consists of an eigenvalue
in —¢™" with multiplicity equal to dim [ ¥,/ ¥,].
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% E
} fixed, independent of ¢
Ve (Hr, H) +(A| B) ]

assignable, independent of ¢
vV,
tends to —o0 as € >0
Ve (K1, H2) A
stabilizable, independent of &
V*(3) 1

fixed, independent of ¢

{0} =

FiG. §

8. Some special cases and extensions. In this section we will consider some special
cases of the main theorem, Theorem 7.1, and spend a few words on some extensions
of this result. One interesting special case of (ADDPBP), is the situation that we take
H,=H and H,= I This corresponds to the almost disturbance decoupling problem
with bounded peaking of the entire state vector. Denote X = ker H. Since, by Theorem
4.2, Vo (K, {0}) = VEH)+ V*({0}) = V(%K) and since, by Theorem 6.3, &, (¥, {0}) =
B+ ARTEOD N H) =B+ A(B N K), we have the following corollary of Theorem 7.1:

CoROLLARY 8.1. Fix pe{l,2,}. Then the L,-almost disturbance decoupling prob-
lem with bounded peaking of the entire state vector is solvable if and only if im G¢<
VEH)+ B+A(BNK).

Next, we will spend some words on possible extensions of the results of this paper.

First we would like to point out that, while (ADDPBP), is a nontrivial extension
of (ADDP),, we might also consider an extension of the L, — L, almost disturbance
decoupling problem (ADDP)’, see [20] or [17]. This would lead to the following
synthesis problem:

We will say that the L, — L, almost disturbance decoupling problem with bounded
peaking (ADDPBPY)’ is solvable if there is a constant C and, for all € >0, a feedback
map F,: % - U such that with the feedback law u = F,x, in the closed loop system for
x(0) = 0 there holds, for all 1=p=g=o0, for all d e L,[0,0)

lz:lle, = €lldliL, lz2l., = Clid]|L,

It may be shown that the solvability of the above problem is equivalent to the existence
of a sequence of feedback maps {F.; € >0} and a constant C such that for both p=1
and p=o0 |H,T.G|.,»>0(¢ > 0) and | H,T.G||, = C for all &.

A theory analogous to the one above may be developed around this problem. It
can be shown that, again under the assumption that either (A, B, H,) is left-invertible
or that H, is injective, a necessary and sufficient condition for the solvability of this
problem is that

im G < Vi (¥,, 3,) +(RE(H) N IHy).

For more details, the reader is referred to [17].

A final extension of the results of the present paper is the situation in which we
require internal stability of the closed loop system. This would lead to the following
synthesis problem: We will say that the L,-almost disturbance decoupling problem with
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bounded peaking and strong stabilization (ADDPBPSS),, is solvable if the following is
true. There is a constant C and for all £ >0 and all real numbers S a feedback map
F,s: &~ % such that, with the feedback law u = F, sx, in the closed loop system for
x(0) =0for all d € L,[0, c) the inequalities (3.2) and (3.3) hold and such that Re o(A+
BF,g)=S.

Thus, we require that the spectrum of the closed loop matrix can be located to
the left of any vertical line Re s = S in the complex plane. It may be proven that if at
least one of the conditions (7.1), (7.2) hold, then for p € {1, 2, 0} the latter problem is
solvable if and only if (A, B) is controllable and

(8.1) im G B*(H,) + R (K1, H>).
We note that if (A, B, H,) is a left-invertible system then the inclusion (8.1) becomes
im Ge B+A[RF(H,) N K],
(see Theorem 6.3). If H, is injective then (8.1) becomes
im Ge R*(H)+B+A[BNH,].
Again, for details the reader is referred to [17].

9. A worked example. To illustrate the theory developed in this paper and to
demonstrate its computational feasibility, in this section we will present a worked
example. We will consider a linear system with two outputs and check whether
(ADDPBP), is solvable for this system. Next, we will actually compute a sequence of
feedback mappings that achieves our design purpose. The system that will be considered
is given by x(r) = Ax(¢) + Bu(¢)+ Gd(¢), z,(t) = H,x(t), z,(t) = Hyx(t), with

0 0 0 00 10
0 -1 0 0 0 00
A=10 0 0 1 0), B=|0 0], H,=(00010), H,=1I;s
0 0 0 0 1 00
0O 0 0 0 0 01
and
0
0
G=|0].
1
0

Thus, £ =R’ and % =R Denote ¥; = ker H; The route that we will take is as follows.
First, we will check whether the subspace inclusion im G < V3, (%, %,) holds to see if
(ADDPBP), is solvable. It turns out that this is indeed true. After this, we will follow
closely the lines of the development in § 7 and construct a required sequence {F,}. As
before, C, ={A € C|Re A <0} and the subspaces ¥*(%,) and ¥, (%,, ,) are taken
with respect to this stability set. Let the standard basis vectors in R® be denoted by e,

Using the algorithm ISA (see [22, p. 91]) and a construction as in [22, p. 114],
we calculate that V,(,, %,) = V(%) =span {e,, e;} (since ¥*(¥,)=1{0}). Thus, by
Theorem 4.4, DDPOS is not solvable for the above system. Since ¥, = {0}, by Theorem
6.3 we should check if the subspace inclusion im G < V¥(3,) + B + A(B N X,) holds.
It may be calculated that V(%) + B + A(B N ¥,) =span {e,, e, e,, es}. Since im G is
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indeed contained in this subspace, (ADDPBP), is solvable for all 1= p = . Unfortu-
nately, (ADDPBPSS), is not solvable because (A, B) is an uncontrollable pair. We
will now construct a required sequence of feedback mappings: = .

Step 1: decomposition. We decompose ¥, =¥, ® W, with W =B+ A(BN%K,)
and % such that @D (BN Y*(%,))=B. Then W =span {e,, es}. Since esc B and
e, = Aes, W is equal to the two-dimensional singly generated almost controllability
subspace 6@ A4, where b= es. Note that indeed (6.2) and (6.3) are satisfied.

Step 2: approximation. Approximate 6@ Aé by (A, B)-invariant subspaces &, =
span {x,(&), x,(g)} according to (7.3). In our case it can be calculated that x,(g)=
(00—-¢2—¢1)T and x,(¢) = Ab=(00010)". Note that b = Bu with u = (}). Following
(7.5) for £ >0 define F2: R, > U by Fx,(e)=—¢7'(}) and Flx,(¢)=—¢e*(}).

Step 3: a feedback mapping outside R,. Note that for our system (A|B)+ ¥, =Z.
It can be verified that the conditions (7.9) to (7.14) are satisfied with A={-3};
% =span{(001-39)"} and F,: ¥~ U given by

-1 0 0 0 0
F, = .
! ( 0000 —3)
Step 4: definition of the required sequence {F,; ¢ >0}. Note that =V, ®R. D .
In this decomposition define F,|(¥,® %)= F,|(V,®%) and F,|R, = F|®,. It can

be verified that the matrix of Fs with respect to the standard bases in ¥=®° and
U = R* is given by

F.:(—l 0 0 0 0 )
N0 0 fule) —1/& fos(e))
where

—27¢*+18s -3 273 =3¢ -2

fole) = e2+9g* and  fos(e) = 9e3+¢

Finally, by valuating A+ BF, in the basis suggested by the decomposition &= ¥, &®
R. D%, we can calculate the closed loop impulse response matrices from d to z, and
z,, respectively:

t
Wi (1) = H e PG = (—+ 1) e”t's,
&

0
0

W,, (1) = H,eA"BRIG = t e e
t/e+1
~t/ €*

A standard calculation shows that || W;. ||, =2& - 0 and that

[e o}

”er”Ll:J “W2s(t)|| dt§1+28+82.

0
Here, || - || denotes the Euclidean norm. From this it can be seen that indeed for every
1=p=oothe L,~ L, induced norm of the closed loop operator from d to z, tends to

zero as € - 0 and that the induced norm of the operator from d to z, is bounded with
respect to £. Note that | F,|| >0 as £ > 0.
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10. Conclusions. In this paper we have developed a theory around the almost
disturbance decoupling problem with bounded peaking. Necessary and sufficient
conditions for the solvability of this synthesis problem were formulated in terms of a
subspace inclusion involving a certain almost controlled invariant subspace. We showed
that this almost controlled invariant subspace can be calculated using existing
algorithms. We also provided a conceptual algorithm to calculate the sequence of
feedback maps that achieve the design purpose. The calculations involved were illus-
trated in a numerical example.

Several questions remain to be answered. As a first direction for future research
we mention the extension of the above results to the case that the system under
consideration does not satisfy one of the conditions (7.1), (7.2), i.e., the system (A, B,
H,) is not left-invertible and the map H, is not injective. Another interesting issue
would be to extend this theory to the more general situation that we allow only output
feedback instead of state feedback. In this context we mention [21] and recent results
in [18]. Finally, connections between this work and results on bounded peaking in the
context of the nearly singular optimal control problem [3] remain to be worked out.

Appendix A. In this appendix we will establish a proof of Lemma 5.3. The proof
will proceed through a series of lemmas. The first lemma is concerned with the
convergence of sequence of rational functions and was proven in {7]. In the following,
if f(s) is a strictly proper rational function, then deg f will denote its McMillan degree.
We have:

LemMA A.1. Let {f.} be a sequence of strictly proper rational functions. Suppose
that there exists reN such that def f, =r for all e. Assume that lim,_ f.(s) exists for
infinitely many s € C. Then there exists a rational function f such that f,(s) > f(s) (¢ > 0)
for all but finitely many seC. 0

We can then prove the following:

LEMMA A.2. Suppose that either the condition (i) or (ii) in Lemma 5.3 is satisfied.
Then there are a rational vector 2(s), proper and stable and, for i =1, 2, subsequences
{%,.(8)} such that 2, .(s) >0 (&¢'>0) and 2, .(s) > Z(s) (¢’ > 0) for all but finitely many s.

Proof. If the condition (i) of Lemma 5.3 holds, then for o:=Re s =0:

oo

(A1) |2 ()] _S_j' e 7z () dt =]z |

0
If the condition (ii) of Lemma 5.3 holds, then by the fact that 2, .(s) is strictly proper
and has no poles in Re s =0, applying the maximum modulus principle [8] gives, for
all Re s =0,

(A2) 1Z:.(s)l| = sup 12, ().

Hence, in both cases we have Z, .(5)>0 (¢ >0) and ||, .(s)]| = CVe. Since, for all &,
2,.(s) is analytic in Re s> 0 and since the sequence {Z,.(s)} is uniformly bounded
there, by Vitali’s theorem [8] there exists a function Z(s), analytic in Re s >0, and a
subsequence {Z, .(s)} such that %, .(s)-> Z(s) (¢'>0) uniformly on each compact set
K in the open right half plane. Therefore, 2, ..(s) - Z(s) (¢’ 0) pointwise in Re s > 0.
By Lemma A.1, we may assume that %, .(s) - 2(s) (¢’ 0) for all but finitely many s
and Z(s) is rational. We contend that 7(s) cannot have poles in Re s =0, for define
J:={s|Re s =0, s is not a pole of 7(s) and %, .(s) > 7(s) (¢'>0)}. Then the complement
of J in Re s =0 s a finite set. Suppose s, € J. For ¢’ sufficiently small, || Z, ..(s0) — Z(s0) || =
1. Hence we have

(A3) " 2(5’0)" = " f(so) - 2\2,5'(3'0)" + ”22,5'(30)" =1+C
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Therefore, Z(s) is bounded on J and hence bounded on the entire imaginary axis.
Also from (5.3) there follows that Z(s) is proper. Finally, Z, .(s)>0(¢'>0) in Re s=0
and hence, again by Lemma A.1, for all but finitely many s. 0

We will now complete the proof of Lemma 5.3. Recall that u,(¢) is a regular Bohl
input and z, .(¢t) = H,x,.(t), z,.(t) = H,x.(t), where X, = Ax, + Bu,, x,(0) = x,. We will
prove that if either the condition (i) or (ii) in Lemma 5.3 is satisfied, then x,¢c
Vo 3y, H2):

Proof of Lemma 5.3. Let F:%-> 9 be such that AV*(¥H,)< V*(3,). Denote
v.(2):=u,(t) — Fx.(t). Then %, = Agx, + Bv,. Note that x, and v, have rational Laplace
transforms. Let P: & - %/ ¥V*(,) be the canonical projection and let Ar be the quotient
map of Ar modulo ¥*(3,). Let B:= PB and let H, and H, be mappings such that
H,P = H, and H,P = H,. Decompose U = U, ® U, with %, = ker B and %, an arbitrary
complement. Accordingly, partition B=(0, B,). Then B, is injective. Let G(s):=
H,(Is— Ap)"'B,. Let R*(%,) be the supremal controllability subspace in %, with
respect to (Ag B). By [22, Ex. 5.8], we have %*(%,) ={0}. Hence, by [22, Ex. 4.4],
G(s) is a left-invertible rational matrix, with left-inverse G*(s). Now, let £.(s) and
w.(s) be the Laplace transforms of x, and v, respectively. Let £ (s):= P£ (s) and

Xo:= Px,. Partition
Wy e(s)
w.(s) =( ’ )
w2,e(s)

and conform the decomposition U = U,® U,. The following relations then hold

(A4) xo=(Is — Ar)£.(s) — Bw.(s),

(A.5) o= (Is = Ap)£.(s) — B, . (s),

and hence

(A.6) 03,(5) = G*(8)[2,,.(s) = Hx(Is ~ Ap) ' %0),
(A7) £&(s)=(Is = Ap) " (%o + Bow; o (5)).

Apply Lemma A.2 to obtain Z(s) such that Z, .(s)-> 2(s) (e~ 0) for all but finitely
many s (write ¢ in the subsequence for which this holds). It follows that there are
rational vectors w,(s) and £(s) such that w, . (s) > w,(s) and £.(s)-> &(s) for all but
finitely many s. Define now
)
w(s)= .
(s) (0)2(5)

Then we have %, = (Is — Ar)£(s) — Bw(s). Moreover, since H,£,(s) =, .(s)>0(g~>0),
we have H,£(s)=0. Also, since H,£,(s)= %, .(s)~> #(s), H,&(s) is proper and stable.

Finally, let £(s) be any rational vector such that £(s)= P£(s). Then H,£(s)=0,
H,£(s) is proper and stable and, for some vector x,€ V*(H,), xo=
(Is— Ap)é(s) — Bw(s)+x,. It follows that xo—x;€ ¥p(H,, *;). Since V*(¥H,)c
Vo (H1, H,) we thus obtain x,€ ¥V, (¥,, #,). This completes the proof of Lemma 5.3. [

Appendix B. In this appendix we will state and prove a result on the geometrical
structure of the sequence of subspaces F'(9,, %), given by (6.8). Our result is a
generalization of [19, Thm. 7.1] and deals with the representation of subspaces in
terms of chains in the input space 9. Related results can be found in [14] and [10].
Further, in this appendix we will prove Lemma 6.5.
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- Lemma B.1. Given the system X=Ax-+Bu and subspaces H,< X< Z, let
F(H,, H>) be defined by (6.7) and (6.8). Then the following holds: for all i€ n, there
are a chain {B};-, and a map F: ¥ - U such that

(B'l) g;i(%la ‘7{2) = @ AIF—I%I,
1=1

(B'2) @ A 2%1 < ‘7[29

(B.3) dim B, =dim AL'B, = dim [F'(%K,, H,)/ F' (1, )] (lei).

Remark. In the above, for consistence define @j_, A%?%,={0} if i=1. In the
following we will denote F' = F' (¥, I>,).

Proof. The proof is by induction. For i=1, the lemma is trivially true: take
B, = BN HK,. Suppose now the lemma is true for i. Let {%B,}j_, be a chain in B and
F be a map such that the conditions (B.1), (B.2) and (B.3) are satisfied. We will show
that ' can also be represented as above. This will be done by constructing an extra
term B, , for the chain {%,}|_, and by defining a new feedback map F.,.,. First, let B},
1€ i, be subspaces such that B;® B, = B,_, (define B,:= B). Using (B.1) we then have:

FNA,= ( Y AR (Bt %1+1)+A'F1%‘.~> N,
I=1

i1 i1
= ( 2 A?I%Hl*‘ ’Z Allr_l%;ﬂ'*'A;:l%i) N A,
=1

=1

Using the modular distributive rule [22, p. 4] and (B.2), it follows that
i i—1
(B.4) FNH,=Y AF‘%,+1+( Y. AFI%‘§+1+A§;‘%> NH,.
1=1 1=1

On the other hand, by (6.8),
(B.5) FN=F"NHINH, = (B+A(T(H) NI N Hy.

Since, by the fact that %, < %,, T (%) N K, = F' N HK,, it follows by combining (B.4)
and (B.5)

i—-1
(B6) Fit= (9/3 + z AF%,+1+AF[( ¥ A’;‘%;+1+A';‘93,-> N 9{2]) N,
. =1

l=
=(F+9NKA,.
Here, we defined
G:= %HAF[( ¥ AL;‘%;+1+A§;‘%,.> N %2].
1=1
Again using the modular distributive rule and %' < %, we obtain
(B.7) F=F +(940NK,).

Let (gc 9N I, be a subspace such that F*'=F' D & and let {vy,- -+, v} be a basis
for 4. By definition of ¥, each v; can be represented as v, =Y,_, A 1b ;+Akb, with

(B.8) z AF?b);+ AT b e I,

1=2
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Here, b;e B; and bi;e B} (jer, lei). By the assumption that GngF= {0}, it can be
verified that for fixed I {0, - - -, i}, the vectors {Akb,, - - -, Akb,} are linearly indepen-
dent. Define now

(B.9) Biv1=span{by, -, b}

Note that B;,, < B, Also, for l< i, define vectors x;; by

I-1
(B.10) X =b,x = Y AFTb i+ AR D,

k=1
From (B.10), for I=2,---,i we have x;,;=Apx;;.1+bi_.; and v;=Apx;; +b};.
Moreover, by the independency of the vectors {A'Fbj; je€r} and by the fact that the
spaces A% !9, (1€ i) are independent (the sum in (B.1) is direct), it can be shown that
the vectors {x;;; jer, l € i} are linearly independent. Extend this system to a basis for
Z. Let u; € U be such that b!_,, ;= Bu;, and define a map F": %~ U by defining it
in the above basis by F"x;;=u;; and F"” arbitrary on the extension. It can then be
seen that for /e i

span {x, " "+, X} =(Ag+ BF")lﬁl%H—l’
(B.11) . ,
('g = Span {vl’ T, vr} = (AF + BF")I%Hd
and, for I=1,---,i-1
(B.12) BF"(Ag+BF") ' B0, B'ryo1S B,
Let {B7}i_, be a chain in % such that B,,,D B! = B, Since F "= F D E, by (B.1)
and (B.11) we obtain

FHl= z AF'%B+(Ap+ BF")' B,
=1

=’Z AlF_l%i+l+(AF+BF")i%i+l+lZ AIF_I%?/-
=1 =1
Thus, by (B.*"):
i+1 i
(B.13) F =Y (Ap+BF") B+ Y AL'BY.
I=1 I1=1

We contend that all sums in (B.13) are, in fact, direct sums. To prove this, assume the
contrary. Then the following strict inequality must hold
. i+1 i
dim F*'< ¥ dim (Ag+ BF") 'R+ ¥ dim AL BY
1=1 1=1
=Y dim B;,,+dim €+ 3 dim B/ =Y dim %, +dim §,

=1 I=1 I=1
where the last equality follo_ws frorr} the fact that 9%,,,® %7 = %,. On the other hand,
however, dim ' =dim %' +dim %, which by (B.3) and (B.1) equals },,_, dim %, +
dim ¥ Hence we obtain a contradiction. It follows that

i+1 i

(B.14) Ftl= I@ (Ap+BF") " '®,,,® l@ ARy,
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Define ¥V =@}, (Ar+BF")'"'®,,, and W=D}, AF'B}. By (B.14) we have that
V' N W ={0}. Decompose £ = V'® WD R, where R is arbitrary. In this decomposition,
define F,..:Z - AU as follows

(B.15) Fool Vi=(F+F")|V,  FoulW=F|W

and F,., arbitrary on R. It can now be seen immediately from (B.14) that

+1
(B16)  F*'= @ (A+ BFp) 1%,+1@@ (A+ BFyo)' "' B = @ (A+ BF,0)" "',
=1 =1
This already verifies (B.1). Next, we will verify (B.3).
It is claimed that for I=1, 2, -+, i+1, dim (A+ BF,.,)' ' ®,=dim %, Suppose
the contrary. Then we have

i a X i+1
Y dim B,+dim §=dim "' = ¥ dim (A+ BF,..,)" ' ®,

I=1 =1

i dim (A+ BF,..)""'%,+dim ¢

<Y dim %,+dim ¢,
I=1
which is a contradiction. Equation (B.3) then follows immediately by noting that
dim (A+ BF,...)'®,., = dim %= dim [%'*'/ #']. Finally, it can be verified using (B.2),
(B.8), (B.11) and (B.15) that P} (A+ BF,.,,) *®B,c ¥,. O

Remark B.2. Note that the proof of the above lemma is straightforward but
notationally rather involved. An alternative proof could be given using the concept of
train basis, see [14].

The above lemma is needed in the following:

Proof of Lemma 6.5. By Lemma B.1, there is a chain {%;}/_, in # and a map
F:%- % such that F" =@}, AF'%B; and such that (6.12) holds. Since F" < %, also
(6.11) holds. By (B.3), to prove (6.13) it is sufficient to show that, for i € n, dim A% '%®; =
dim AF%, Suppose the contrary, i.e., suppose that dim Ax'%®; > dim Ar%; for some
i. Then there is a vector v 0 in AF 1923 such that Agv=0. Since a subspace V' = & is
controlled invariant iff AV < ¥+%B [22, Lemma 4.2] it follows that span {v}
is controlled invariant. Since also ve ¥,;, v must be contained in ¥*(¥,), the
largest controlled invariant subspace in ¥,. On the other hand, ve F"=
R¥H)NHyc RE(H,)NH,. By Lemma 2.2 it follows that be R¥(H,). Thus, ve
RE(H,) N V*(,), which by Lemma 2.2 contradicts the assumption that R*(%,) = {0}.
Thus, we have proved formula (6.13).

Finally, to prove (6.10), note from (6.9) that R, (¥, H,)=B+AF"=
B+ ApB,+- - -+ AEB,. It will be shown that this is, in fact, a direct sum. Suppose it
is not. Then there are vectors b; € B; and b, € B, not all zero, such that ¥ |_, Axb, =0.
Define wi=Y_, Ai'b. Then we have Apw=—bye . Since also we ¥;, w must be
contained in ¥*(%,). On the other hand, we R*(%,), and it follows as above that
w=0. Hence, b,=0. Repeating this argument with w=Y|_ AF'b; replaced by w=
Y, A% %b; then yields Apw=—b,, and thus b, =0, etc. In this way we find b,=0
(i€ n), which is a contradiction. [

Appendix C. This appendix will be devoted to a proof of Lemma 7.4. The proof
will be given through a series of smaller lemmas. For £ >0, let x;(¢), i € k, a subspace
Z. and a map F,: %, > U be given by (7.3) to (7.5). Recall from Lemma 7.3 that a
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matrix of the map (Ar+ BF,)| %, with respect to the basis X, = {x,(g)," -+, x,(&)} is
given by (7.6). Now, let D,:¥%,->%. be the linear map with matrix
diag (—1/g,- -+, —1/¢) with respect to X,. Define a nilpotent map N,:%, > ¥, by
N, = (Afg+ BF,)| %, — D,. Obviously, the matrix of N, with respect to X, is given by

0 —&2 -
(C.1) mat N, = 0 0 _;_2 .
0 0 “ .o 0

The following lemma is then immediate: '
LemMA C.1. Letie k. Thenforj=i,i+1,- -, kwehave N.x;(g¢)=0. On the other
hand, for j=1, 2, --,i—1 the following holds

i—1 L—1 L_,-1
(c2) Nix(e)= T ¥ o+ % (-1Yeh™x,(e).
L=1bL=1 =1
(For consistency, define ly:=1.)
Proof. Use (C.1)to obtain an expression for N.x;(&). Apply N, to theresult,etc. 0
Another technical ingredient we will need in our proof is:
LeEMMA C.2. Letic k. Then we have

(C.3) x(e)=A5'b—¢ 2_': A x (6).

Proof. This follows immediately from (7.3), using induction. 0

Finally, we will need the following result:

Lemma C.3. Under the assumptions of Lemma 7.4, the following holds for all
ick: Hyxi(e)= O(e*™") and H,x,(¢)= O(e* " Y).

Proof. By iterating formula (C.3), we obtain

i i )
x(e)=A%'b—e ¥ Akb+e* Y Y AY'b+-

L=1 L=1hL=1

2

h

1 1
1 k—i—2
k-2
z e z AF b)
15L=1 hei_1=1

(C4) +(—e)"“‘”‘(

i L -
+(—-£)"—"< )IEDNEERED) A’E"“"Xxk_,(E))
L=1hL=1 Leoi=1
(assume that 1=i=k-2). Under the assumptions of Lemma 7.4 we have
AL - A be A, K, and A b e K. Thus, in (C.4) all terms but the last are
in ¥, and all terms but the last two are in %,. It follows then that lim, .o ' ™* - H,x;(¢)
exists and that lim,,, ¢ 7' 7% - H,x;(¢) exists.
For i = k—1, the existence of the former limit follows again from (C.4), while the
existence of the latter is obvious. For i = k, the existence of both limits is obvious. 0O
Proof of Lemma 7.4. By the nilpotency of N,, note that for iek
k=1 ¢ NJT
e(AF+BF*)'x,~(£) — eNO'eDin(a) - ( Z tjﬁs)e—(l/e)lxi(s).
=0 J:

By the triangle inequality it therefore suffices to prove the following: forj=0,1,- -+, k—
1, the sequence ||e /" H,Nix,(¢)|l,, tends to 0 as £ >0 for @ =1 and is uniformly
bounded with respect to e if @ =2. Since [, e /' dt=jle'*, it suffices to prove
this asymptotic behaviour for ||e*! H,N% x;(¢)]| (Euclidean norm!). Apply now Lemma
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C.1 to obtain a representation of N”x;(&). Again by the triangular inequality, it is then
sufficient to prove that lim,_o &’ H,e' " “/x;(¢) is 0 for @ =1 and exists for @ =2. (I
is some index ranging between 1 and k.) Now, by Lemma C.3 H,x;(¢)= O(¢*"') and
H,x,(¢) = O(e*"'""). Thus, indeed lim, o e " ""H,x,(e)=0 for all Ic k and ie k and
lim,.o """ H,x;(¢) exists for all l€ k and i€ k. This completes the proof of Lemma
74. O
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