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Almost Everywhere Convergence of a Subsequence of the
Logarithmic Means of Vilenkin-Fourier Series

György Gát and Károly Nagy

Abstract: The main aim of this paper is to prove that the maximal operator of a sub-
sequence of the (one-dimensional) logarithmic means of Vilenkin-Fourier series is of
weak type(1,1). Moreover, we prove that the maximal operator of the logarithmic
means of quadratical partial sums of double Vilenkin-Fourier series is of weak type
(1,1), provided that the supremum in the maximal operator is takenover special in-
dices. The set of Vilenkin polynomials is dense inL1, so by the well-known density
argument the logarithmic meanst2n( f ) converge a.e. tof for all integrable functionf .

Keywords: Vilenkin group, Vilenkin system, double Vilenkin-Fourierseries, loga-
rithmic means, a.e. convergence.

1 Introduction

THE n-th Riesz’s logarithmic means of a Fourier series is defined by

1
ln

n−1

∑
k=1

Sk( f )
k

,

where ln := ∑n−1
k=1

1
k . The Riesz’s logarithmic means with respect to the trigono-

metric system was studied by a lot of authors, e.g. Szász [1]and Yabuta [2], with
respect to Walsh, Vilenkin system by Simon [3] and Gát [4].

Let{qk : k≥ 1} be a sequence of nonnegative numbers, then-th Nörlund means
of an integrable functionf is defined by

1
Qn

n−1

∑
k=1

qn−kSk( f ),
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276 G. Gát and K. Nagy:

whereQn := ∑n−1
k=1 qk. This Nörlund means of Walsh-Fourier series was investigated

by Móricz and Siddiqi [5]. The case, whenqk = 1
k is excluded, since the method of

Móricz and Siddiqi do not work in this case.

If qk := 1
k , then we get the (Nörlund) logarithmic means:

tn( f ) :=
1
ln

n−1

∑
k=1

Sk( f )
n−k

.

From now, we will write simply logarithmic meanstn( f ). Recently, for the Walsh
system Gát and Goginava [6] proved some convergence and divergence properties
of this logarithmic means of functions in the class of continuous functions, and
in the Lebesgue space. They proved that the maximal norm convergence function
space of this logarithmic means isL log+ L.

The a.e. convergence of a subsequence of logarithmic means of Walsh-Fourier
series of integrable functions was discussed by Gát and Goginava [7, 8]. We will
generalize the results of Gát and Goginava for Vilenkin systems.

More results on this logarithmic means with respect to unbounded Vilenkin
system can be found in [9].

First, we give a brief introduction to the theory of Vilenkinsystems. These
orthonormal systems were defined by N.Ja. Vilenkin in 1947 [10,11] as follows.

Let P denote the set of positiv integers,N := P ∪ {0}. Let m =
(m0,m1, ...,mk, ...) (2 ≤ mk ∈ N,k ∈ N) be a sequence of natural numbers and
denote byZmk the mk-th cyclic group(k ∈ N). That is Zmk can be represented
by the set{0,1, ...,mk −1},where the group operation is the modmk addition and
every subset is open. Haar measure onZmk is given in the way thatµk({ j}) :=
1

mk
( j ∈ Zmk,k∈ N). Let Gm be the complete direct product of the compact groups

Zmk (k ∈ N). Gm is a compact Abelian group and called Vilenkin group. The ele-
ments ofGm are of the formx = (x0,x1, ...,xk, ...) with 0≤ xk < mk (k ∈ N). The
group operation onGm is the coordinate-wise addition, the normalised Haar mea-
sureµ is the product measure. The topology onGm is the product topology, a base
for which can be given in the following way:

I0(x) := Gm, In(x) := {y∈ Gm : y = (x0, ...,xn−1,yn, ...)} (x∈ Gm,n∈ P),

In := In(0) (n∈ N). Furthermore, letLp(Gm) denote the usual Lebesgue spaces on
Gm (with the corresponding norm‖.‖p), An the σ -algebra generated by the sets
In(x)(x ∈ Gm) andEn the conditional expectation operator with respect toAn(n∈
N).

Let Γ(m) := {ψn : n∈ N} denote the character group ofGm. We enumerate the
elements ofΓ(m) as follows. Fork∈ N andx∈ Gm denoterk thek-th generalized
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Rademacher function:

rk(x) := exp

(

2π ixk

mk

)

(i :=
√
−1).

If we define the sequence(Mk : k∈ N) by M0 := 1 andMk := m0m1...mk−1 (k∈ P)
then eachn∈ N has a uniqe representation of the formn = ∑∞

k=0 nkMk, where 0≤
nk < mk (nk ∈ N). Let the order ofn> 0 be denoted by|n| := max{ j ∈ N : n j 6= 0}.
That is,M|n| ≤ n < M|n|+1.

Now, we define the Vilenkin functionsψn by

ψn :=
∞

∏
k=0

(rk)
nk.

We remark thatΓ(m) is a complete orthonormal system related to the normalized
Haar measure onGm.

Define the Fourier coefficients, the partial sums of the Fourier series, the Dirich-
let kernels, the Fejér means, the Fejér kernels, the logarithmic means and logarith-
mic kernels by

f̂ ψ(n) :=
∫

Gm

f ψ̄n, Sn f :=
n−1

∑
k=0

f̂ ψ(k)ψk, Dn :=
n−1

∑
k=0

ψk,

σn f :=
1
n

n

∑
k=0

Sk f , Kn :=
1
n

n

∑
k=0

Dk,

tn( f ) :=
1
ln

n−1

∑
k=1

Sk f
n−k

, Fn :=
1
ln

n−1

∑
k=1

Dk

n−k
,

wheren∈ P andD0 := 0,K0 := 0.

It is known [11,12] that

DMn(x) =

{

Mn, x∈ In,

0, otherwise
(1)

andEn f = SMn f (n∈ N).

Next, we introduce some notation with respect to the theory of two-dimensional
system. Let the two-dimensional Vilenkin group beGm × Gm and the two-
dimensional Fourier coefficients, the rectangular partialsums of the Fourier series,
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Dirichlet kernels, the Marcinkiewicz means and Marcinkiewicz kernels be defined
as:

f̂ ψ(n1,n2) :=
∫

Gm×Gm

f ψn1ψn2dµ ,

Sn1,n2 f (x1,x2) :=
n1−1

∑
k=0

n2−1

∑
l=0

f̂ ψ(k, l)ψk(x
1)ψl (x

2),

Dn1,n2(x
1,x2) := Dn1(x

1)Dn2(x
2),

Mn f :=
1
n

n

∑
k=0

Sk,k f , Kn :=
1
n

n

∑
k=0

Dk,k

wheren∈ P.

The two-dimensional logarithmic means and kernels of quadratical partial sums
are defined by

tn( f ) :=
1
ln

n−1

∑
k=1

Sk,k f

n−k
, Fn :=

1
ln

n−1

∑
k=1

Dk,k

n−k
.

Let An,n denote theσ -algebra generated by the setsIn(x)× In(y) (x,y ∈ Gm)
andEn,n the conditional expectation operator with respect toAn,n (n∈ N).

For two-dimensional variable(x,y) ∈ Gm×Gm we use the notations

ψ1
n(x,y) = ψn(x), D1

n(x,y) = Dn(x), K1
n(x,y) = Kn(x),

ψ2
n(x,y) = ψn(y), D2

n(x,y) = Dn(y), K2
n(x,y) = Kn(y),

for anyn∈ N. From now, let the sequencem be bounded.

2 The a.e. Convergence of a Subsequence of One-Variable Logarith-
mic Means

Theorem 1 Let{nk : k≥ 1} be a sequence of positive integers wich satisfies

∞

∑
k=1

log2(nk−nk
|nk|M|nk| +1)

lognk < ∞,

where nk = ∑∞
j=0 nk

jM j . Then the operator t∗( f ) := supk≥1 |tnk( f )| is of weak type
(1,1).

Analogue of this result on Walsh-Fourier logarithmic meanswas given by Goginava
[7].
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Corollary 1 Let{nk : k≥ 1} be a sequence of positive integers which satisfies the
condition of Theorem 1 and let f∈ L1(Gm), then

tnk( f ,x) → f (x) a.e. as k→ ∞.

Corollary 2 Let f ∈ L1(Gm), then

tMn( f ,x) → f (x) a.e. as n→ ∞.

The basis of the proof of Theorem 1 are the following lemmas.

Lemma 1 Let MA ≤ n < MA+1, then

lnFn(x) = lnDnAMA(x)

− ψnAMA−1(x)
MA−2

∑
j=1

(

1
n−nAMA + j

− 1
n−nAMA + j +1

)

jK j(x)

− ψnAMA−1(x)
nAMA−1

n−1
KnAMA−1(x)

+ ψnAMA(x)ln−nAMAFn−nAMA(x).

Proof 1 During the proof of Lemma 1 we will use the following equationin [11]:

DnAMA+ j = DnAMA + ψnAMAD j (2)

and the equation in [13]

DnAMA− j = DnAMA −ψnAMA−1D j , (3)

for 0≤ j < nAMA and0≤ nA < mA.

Let |n| = A, then

lnFn(x) =
nAMA

∑
j=1

D j(x)

n− j
+

n−1

∑
j=nAMA+1

D j(x)
n− j

=: I + II .

First, we discuss II by the help of (2).

II =
n−nAMA−1

∑
j=1

DnAMA+ j(x)

n−nAMA− j

=ln−nAMADnAMA(x)+ ψnAMA(x)
n−nAMA−1

∑
j=1

D j(x)
n−nAMA− j

=ln−nAMADnAMA(x)+ ψnAMA(x)ln−nAMAFn−nAMA(x).



280 G. Gát and K. Nagy:

By the help of (3) and Abel’s transformation we investigate I.

I =
nAMA−1

∑
j=0

DnAMA− j(x)
n−nAMA + j

=
DnAMA(x)
n−nAMA

+
nAMA−1

∑
j=1

DnAMA− j(x)

n−nAMA + j

=(ln− ln−nAMA)DnAMA(x)

−ψnAMA−1(x)
nAMA−2

∑
j=1

(

1
n−nAMA + j

− 1
n−nAMA+ j +1

)

jK j(x)

−ψnAMA−1(x)
nAMA−1

n−1
KnAMA−1(x).

This completes the proof of Lemma 1.

Lemma 2 Let lim
k→∞

log2(nk−nk
|nk|M|nk|+1)

lognk < ∞, then

‖Fnk‖1 ≤ c < ∞, k = 1,2, ...

Proof 2 In [14] we have

‖Kn‖1 = O(1) as n→ ∞. (4)

Moreover,
‖Dn‖1 = O(logn) as n→ ∞.

(see [10]). These give that

‖Fn‖1 ≤
1
ln

n−1

∑
j=1

‖D j‖1

n− j
≤ c

ln

n−1

∑
j=1

ln j
n− j

= O(ln).

Using Lemma 1, we immediately have

‖Fnk‖1 ≤ c+
1
lnk

nk
|nk|M|nk|−2

∑
j=1

‖K j‖1

j
+

1
lnk

‖Knk
|nk|M|nk|−1‖1

+
lnk−nk

|nk|M|nk|

lnk
‖Fnk−nk

|nk|M|nk|
‖1

= O

(

log2(nk−nk
|nk|M|nk| +1)

lognk

)

= O(1).

This completes the proof of Lemma 2.
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Proof of Theorem 1:The maximal functionf ∗ := supn∈N | f ∗DMn| is of weak type
(1,1) [15]. Define the operatorT by

T f := sup
n,A∈N
|n|≤A

| f ∗KnψnAMA−1|.

In the paper [13] Gát and Goginava proved that
∫

Ik

sup
n≥Mk

|Kn| ≤ c. (5)

(4),(5) and the definition

T f ≤ sup
n∈N

| f | ∗ |Kn| =: G f

give by standard argument that the operatorsT,G are of weak type(1,1). At last,
let f ∈ L1(Gm), suppf ⊂ Il and

∫

Il
f = 0. Setn(l) := min{ j : |n j | ≥ l}.

If k < n(l) then

tnk( f ,x) =
∫

Gm

f (y)Fnk(x−y)dµ(y) = Fnk(x)
∫

Gm

f (y)dµ(y) = 0.

Consequently, setk≥ n(l).

Define the operatorN by

N f := sup
n≥1

| f ∗ψnk
|nk|M|nk|

lnk−nk
|nk|M|nk|

lnk
Fnk−nk

|nk|M|nk|
|.

We have that

∫

Il
sup

k≥n(l)

lnk−nk
|nk|M|nk|

lnk
|Fnk−nk

|nk|M|nk|
|

≤
∞

∑
k=1

log(nk−nk
|nk|M|nk| +1)

lognk ‖Fnk−nk
|nk|M|nk|

‖1

≤
∞

∑
k=1

log2(nk−nk
|nk|M|nk| +1)

lognk ≤ c.

This implies

∫

Il

N f(x)dµ(x) ≤
∫

Il

| f (y)|







∫

Il

sup
k≥n(l)

|Fnk−nk
|nk|M|nk|

(x−y)|dµ(x)






dµ(y)

≤ c‖ f‖1.
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From Lemma 2 the operatorN andt∗ is of type(∞,∞). The operatorN is sublinear
and quasi-local, this gives by standard argument [16] that the operatorN is of weak
type(1,1).

Lemma 1 and

t∗( f ) ≤ c f∗ +sup
k≥1

1
lnk

nk
|nk|M|nk|−2

∑
j=1

T f
j

+cT f +N f

≤ c f∗ +cT f +cN f

complete the proof of Theorem 1.�

Corollary 3 The operator t∗ is of type(p, p) for all 1 < p≤ ∞.

3 The a.e. Convergence of a Subsequence of Logarithmic Meansof
Quadratical Partial Sums

Define the two-dimensional maximal operatort♮ by

t♮ f (x1,x2) := sup
n∈P

|tMn( f ,x1,x2)|.

During the proof of Theorem 2 we will use that the two-dimensional maximal func-
tion f ∗ := supn∈P | f ∗ (D1

Mn
D2

Mn
)| is of weak type(1,1) and of type(p, p) for all

1 < p≤ ∞ [15].

Theorem 2 The operator t♮ is of weak type(1,1) and of type(p, p) for all 1< p≤
∞.

By standard argument we have

Corollary 4 Let f ∈ L1(Gm×Gm), then

tMn( f ,x1,x2) → f (x1,x2) a.e. as n→ ∞.

The analogue of this result with respect to Walsh-Fourier logarithmic means was
given by Gát and Goginava [8]. To proove Theorem 2 we need thefollowing
Calderon-Zygmund decomposition lemma [17].
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Lemma 3 (Calderon-Zygmund decomposition [17]) Let f∈ L1(Gm×Gm), λ >
‖ f‖1 . Then there exists(u(i,1),u(i,2)) ∈ Gm×Gm, ki ∈ N(i = 1,2, . . . ,) and a de-
composition

f = f0 +
∞

∑
i=1

fi ,

where

1) ‖ f0‖∞ ≤ cλ , ‖ f0‖1 ≤ c‖ f‖1 ;

2) supp fi ⊂ Iki

(

ui,1
)

× Iki

(

ui,2
)

,
∫

Gm×Gm

fi = 0, i = 1,2, ...;

3) µ
(

∞
⋃

i=1

(

Iki

(

ui,1
)

× Iki

(

ui,2
))

)

≤ c‖ f‖1/λ .

Proof of Theorem 2: First, we decompose theMn-th logarithmic kernels. by the
help of (3)

lMnFMn(x
1,x2) =

Mn−1

∑
j=1

DMn− j(x1)DMn− j(x2)

j

=lMnDMn(x
1)DMn(x

2)−DMn(x
1)ψMn−1(x

2)
Mn−1

∑
j=1

D j(x2)

j

−DMn(x
2)ψMn−1(x

1)
Mn−1

∑
j=1

D j(x1)

j

+ψMn−1(x
1)ψMn−1(x

2)
Mn−1

∑
j=1

D j(x1)D j(x2)

j

=:lMn(F
1
Mn

(x1,x2)−F2
Mn

(x1,x2)−F3
Mn

(x1,x2)+F4
Mn

(x1,x2)).

SinceF1
Mn

(x1,x2) = DMn(x
1)DMn(x

2) we have

t1
♮ f := sup

n∈P
| f ∗F1

Mn
| = f ∗.

To discussF2
Mn

we will use Abel’s transformation (F3
Mn

goes in the same way)

Mn−1

∑
j=1

D j

j
=

Mn−2

∑
j=1

(

1
j
− 1

j +1

)

jK j +KMn−1 =
Mn−2

∑
j=1

K j

j +1
+KMn−1.

These implies that

F2
Mn

= D1
Mn

ψ2
Mn−1

Mn−2

∑
j=1

K
2
j

j +1
+D1

Mn
ψ2

Mn−1K
2
Mn−1 =: F2,1

Mn
+F2,2

Mn
.
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Define the operatorst2,i
♮ andt2,i

n for i = 1,2 by

t2,i
♮ f := sup

n∈P
| f ∗F2,i

Mn
|, t2,i

n f := | f ∗F2,i
Mn

| (n∈ P).

From (1) and (4) we have that the operatorst2,i
♮ (i = 1,2) are of type(∞,∞). Now,

we will discuss the operatort2,1
♮ (t2,2

♮ goes in the same way). We follow the method
of Gát and Goginava [8].

Denote (use the notation of Lemma 3)

g
(

t1, t2) :=
∞

∑
i=1

∣

∣ fi
(

t1, t2
)∣

∣

lMki

,

L(t) :=
∞

∑
i=1

|Ki (t)|
i +1

.

Let
(

y1,y2) ∈
∞
⋃

i=1

(Iki (ui,1)× Iki (ui,2)).

Since
∫

Gm
fi = 0 we have

t(2,1)
n fi

(

y1,y2)= 0 (6)

for n≤ ki .

Let y1 ∈ Iki (ui,1). Then from 1 we can write thatt(2,1)
n fi

(

y1,y2
)

= 0 for n > ki .

Hencet(2,1)
n fi

(

y1,y2
)

6= 0 implies thaty1 ∈ Iki

(

ui,1
)

. Consequently, we can suppose
that

y2 ∈
∞
⋂

i=1

Iki (ui,2).

Then we write

D := µ

{

(

y1,y2) ∈ Gm×
(

∞
⋂

i=1

Iki (u
i,2)

)

: t(2,1)
♮ f

(

y1,y2)> cλ

}

≤
∫

∞
⋂

i=1
Iki (u

i,2)

µ

{

y1 ∈ Gm : t(2,1)
♮

(

∞

∑
i=1

fi

)

(

y1,y2)> cλ

}

dµ
(

y2) .
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From (6), we have

∣

∣

∣

∣

∣

t(2,1)
n

(

∞

∑
i=1

fi

)

(

y1,y2)
∣

∣

∣

∣

∣

≤
∞

∑
i=1

∫

Iki (u
i,1)×Iki (u

i,2)

| fi
(

x1,x2) |DMn

(

x1−y1
)

|ψMn−1
(

x2−y2
)

|
lMn

×
Mn−2

∑
j=1

|K j
(

x2−y2
)

|
j +1

dµ
(

x1,x2)

≤
∫

Gm





∫

Gm

∞

∑
i=1

∣

∣ fi
(

x1,x2
)∣

∣

lMki

Mn−2

∑
j=1

∣

∣K j
(

x2−y2
)∣

∣

j +1
dµ
(

x2)



DMn

(

x1−y1)dµ
(

x1)

=

∫

Gm





∫

Gm

g
(

x1,x2)L
(

x2−y2)dµ
(

x2)



DMn

(

x1−y1)dµ
(

x1) .

Define the one-dimensional functionhy2 for every fixedy2 ∈ Gm by hy2(x1) :=
∫

Gm
g(x1,x2) L(x2 − y2)dµ(x2). The one-dimensional operator supn∈N |SMn f | is of

weak type(1,1). We apply this fact for the functionh∗y2 Consequently, by the above
we can write

D ≤
∫

∞
⋂

i=1
Iki (u

i,2)

µ

{

y1 ∈ Gm : sup
n

∫

Gm

hy2(x1)DMn

(

x1−y1)dµ
(

x1)> cλ

}

dµ(y2)

≤
∫

∞
⋂

i=1
Iki (u

i,2)

µ

{

y1 ∈ Gm : h∗y2 > cλ

}

dµ(y2)

≤ c
λ

∫

∞
⋂

i=1
Iki (u

i,2)

‖hy2‖1dµ
(

y2)



286 G. Gát and K. Nagy:

Now, we investigate‖hy2‖1 for a fixedy2 ∈ Gm. By the theorem of Fubini

‖hy2‖1 =
∫

Gm





∫

Gm

g(x1,x2)L(x2−y2)dµ(x2)



dµ(x1)

=
∫

Gm





∫

Gm

g(x1,x2)dµ(x1)



L(x2−y2)dµ(x2)

=
∞

∑
i=1

1
lMki

∫

Iki (u
i,2)







∫

Iki (u
i,1)

| fi(x1,x2)|dµ(x1)






L(x2−y2)dµ(x2)

and

D ≤ c
λ

∞

∑
i=1

1
lMki

∫

Iki (u
i,2)

[

∫

Iki (u
i,2)







∫

Iki (u
i,1)

| fi(x1,x2)|dµ(x1)







×L(x2−y2)dµ(x2)

]

dµ(y2)

≤ c
λ

∞

∑
i=1

1
lMki

∫

Iki (u
i,2)

[

∫

Iki (u
i,2)







∫

Iki (u
i,1)

| fi(x1,x2)|dµ(x1)







×
Mki−1

∑
j=1

|K j(x2−y2)|
j +1

dµ(x2)

]

dµ(y2)

+
c
λ

∞

∑
i=1

1
lMki

∫

Iki (u
i,2)

[

∫

Iki (u
i,2)







∫

Iki (u
i,1)

| fi(x1,x2)|dµ(x1)







×
∞

∑
j=Mki

|K j(x2−y2)|
j +1

dµ(x2)

]

dµ(y2)

=: D1 +D2.
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Since (4) we have

D1 ≤ c
λ

∞

∑
i=1

1
lMki

∫

Iki (u
i,2)

[

∫

Iki (u
i,1)

∣

∣ fi
(

x1,x2)
∣

∣dµ
(

x1)

×
∫

Iki (u
i,2)

Mki −1

∑
j=1

∣

∣K j
(

x2−y2
)∣

∣

j +1
dµ
(

y2)
]

dµ
(

x2)

≤ c
λ

∞

∑
i=1

‖ fi‖1 ≤
c
λ
‖ f‖1 .

In [13] it was proved forA,k∈ N,A≥ k that

∫

Ik
sup

n≥MA

|Kn(x)|dµ(x) ≤ c
Mk(A−k+1)

MA
. (7)

Using (7) forD2 we have

D2 ≤ c
λ

∞

∑
i=1

1
lMki

∫

Iki (u
i,2)







∫

Iki (u
i,1)

∣

∣ fi
(

x1,x2)
∣

∣dµ
(

x1)

×
∫

Iki (u
i,2)

∞

∑
j=Mki

∣

∣K j
(

x2−y2
)∣

∣

j +1
dµ
(

y2)






dµ
(

x2)

≤ c
λ

∞

∑
i=1

1
lMki

∫

Iki (u
i,2)







∫

Iki (u
i,1)

∣

∣ fi
(

x1,x2)
∣

∣dµ
(

x1)
∞

∑
r=ki

Mr+1−1

∑
j=Mr

1
j

×
∫

Iki (u
i,2)

∣

∣K j
(

x2−y2)
∣

∣dµ
(

y2)






dµ
(

x2)

≤ c
λ

∞

∑
i=1

1
lMki

(

∞

∑
r=ki

Mki (r −ki +1)

Mr

)

∫

Iki (u
i,2)

∫

Iki (u
i,1)

∣

∣ fi
(

x1,x2)
∣

∣dµ
(

x1,x2)

≤ c
λ

∞

∑
i=1

‖ fi‖1 ≤
c
λ
‖ f‖1 .
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These imply

µ

{

(

y1,y2) ∈
∞
⋃

i=1

(Iki (ui,1)× Iki (ui,2)) : t(2,1)
♮ f

(

y1,y2)> cλ

}

≤ c
λ
‖ f‖1 .

From Lemma 3, we get

µ

{

(

y1,y2) ∈
∞
⋃

i=1

(

Iki

(

ui,1)× Iki

(

ui,2)) : t(2,1)
♮ f

(

y1,y2)> cλ

}

≤ µ

(

∞
⋃

i=1

(

Iki

(

ui,1)× Iki

(

ui,2))
)

≤ c
λ
‖ f‖1 ,

and consequently the operatort2,1
♮ is of weak type(1,1).

Now, we discussF4
Mn

. Abel’s transformation gives that

Mn−1

∑
j=1

D j(x1)D j(x2)

j
=

Mn−2

∑
j=1

K j(x1,x2)

j +1
+KMn−1(x

1,x2)

and

F4
Mn

=
1

lMn

ψ1
Mn−1ψ2

Mn−1

(

Mn−2

∑
j=1

K j

j +1
+KMn−1

)

.

Now, we will define the operatorG,M by the following way

G f := sup
n,A∈P
|n|≤A

| f ∗ψ1
Mn−1ψ2

Mn−1Kn| ≤ sup
n∈P

| f | ∗ |Kn| =: M f .

It was proved in [18] that
∫

Ik×Ik
sup

n≥Mk

|Kn| ≤ c (8)

and in [19] that
‖Kn‖1 ≤ c (9)

for all n ∈ N. (9) imply that the operatorM (andG) is of type(∞,∞). (8) gives
immediately the quasi-locality of the operatorM. These and that the operatorM is
sublinear give by standard argument [16] the operatorM (andG) is of weak type
(1,1) and of type(p, p) for all 1 < p≤ ∞.

t4
♮ f := sup

n∈P
| f ∗F4

Mn
| ≤ sup

n∈P

1
lMn

Mn−2

∑
j=1

1
j +1

M f +cM f ≤ cM f

imply the same properties of the operatort4
♮ .

This completes the proof of Theorem 2.�
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