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Abstract

A Hamiltonian walk in a connected graph G of order nis a
closed spanning walk of minimum length in G. For a
connected graph G, let h(G) be the length of a Hamiltonian
walk in G and call it the Hamiltonian number of G. Let i be a
non-negative integer. A connected graph G of order n is
called an i-Hamiltonian if h(G) = n+i. Thus a 0-Hamiltonian
graph is Hamiltonian. A 1-Hamiltonian graph is called an
almost Hamiltonian graph. We prove in this paper that for an
even integer n > 10 there exists an almost Hamiltonian
cubic graph of order n. Let P(k, m) be the generalized
Petersen graph of order 2k. We show that P(k, m) is an
almost Hamiltonian graph if and only if m= 2 and k =
5(mod 6). For a cubic graph G, we define G* to be the
graph obtained from G by replacing each vertex of G to a
triangle, matching the vertices of the triangle to the former
neighbors of the replaced vertex. We show that G is
Hamiltonian if and only if G* is Hamiltonian and if G is
almost Hamiltonian then G* is 2-Hamiltonian.
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1. Introduction

While certainly not every connected graph of order at least 3
contains a Hamiltonian cycle, every connected graph does
contain a closed spanning walk (in which all vertices are
encountered, possibly more than once). If G is a connected
graph of size m, there is always a closed spanning walk of
length at most 2m. In [6, 7] Goodman and Hedetniemi
introduced the concept of a Hamiltonian walk in a
connected graph G, defined as a closed spanning walk of
minimum length in G. They denoted the length of a
Hamiltonian walk in G by h(G). Therefore, for a connected
graph G of order n > 3, it follows that h(G) = n if and only
if G is Hamiltonian. Hamiltonain walks were studied
further
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by T. Asano, T. Nishizeki, and T. Watanabe [2, 3], J. C.
Bermond [4], and P. Vacek [9]. Thus h may be considered

as a measure of how far a given graph is from being
Hamiltonian.

In [5] an alternative way to define the length h(G) of a
Hamiltonian walk in a connected graph G was presented. A
Hamiltonian graph G contains a spanning cycle C : vj,vy, --- ,
Vn, Vet = V1, Where then viviyy € E(G) for 1 < i <n. Thus
Hamiltonian graphs of order n > 3 are those graphs for
which there is a cyclic ordering C : vy, Vo, «-+, Vp, Vyuy = Vg OF

V(G) such that 3" d(v,,v,,,) =n, where d(v;,vi.1) is the

distance between v; and v;,, for 1 < i < n. For a connected
graph G of order n > 3 and a cyclic ordering s : vy,Vy, ... ,Vp,
Vn+1=Vv; of the elements of V(G), the number d(s) is

defined as d(s) =Zi":ld(vi,vi+l). Therefore, d(s) > n for

each cyclic ordering s of the elements of V(G). The
Hamiltonian number h(G) of G is defined in [5] by
h(G) = min{d(s)}, where the minimum is taken over all
cyclic orderings s of elements of V(G). It was shown in [5]
that the Hamiltonian number of a connected graph G is, in
fact, the length of a Hamiltonian walk in G.

Vi

Us

Figure 1: A graph G with h(G) = 6

To illustrate these concepts, consider the graph G =
K, 3 of Figure 1. For the cyclic orderings S; : Vi, Va, Vs, Vg,
Vs, Vo and Sy @ vy, Vs, Vo, Vg, Vs, V| OF V(G), we see that d(s))
= 8 and d(s,) = 6. Since G is a non-Hamiltonian graph of
order 5 and d(s,) = 6, it follows that h(G) = 6.

Let i be a non-negative integer. A connected graph G
of order n is called an i-Hamiltonian if h(G) = n +i.
Thus a 0-Hamiltonian graph is Hamiltonian. An almost
Hamiltonian graph is a graph G of order n and h(G) =n
+ 1. Thus K, 3 is an example of an almost Hamiltonian
graph.

The following results are known (see [5, 7]).
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Theorem A For every connected graph G of order n>2,
n<h(G) <2n- 2.
Moreover,
1. h(G) =2n -2 if and only if G is a tree and

2. for every pair n, k of integers with3 < n < k<
2n-2, there exists a connected graph G of order n
having h(G) = k.

+

Thus for a connected graph G of order n, G is an i-
Hamiltonian graph for some i =0, 1, 2, ..., n—2. Moreover,
for integers n and i withn> 3 and 0 < i < n-2, there is
an i-Hamiltonian graph G of order n.

Let P(k, m) be a generalized Petersen graph such that
V(Pk, m)) ={u;, vi :i=0,1, ..., k=1} and E(P(k, m))
= {UUisy, ViViem, UiV 01 =0, 1, 2,..., k=1} where addition is

taken modulo k and m < g In [1] Alspach completed

the determination of the parameters k, m for which P(k,
m) is Hamiltonian as stated in the following theorem.

Theorem B The generalized Petersen graph P(k, m) is

non-Hamiltonian if and only if m = 2 and k = 5(mod 6).
+

2. Almost Hamiltonian cubic graphs

We have seen that a generalized Petersen graph is not a
Hamiltonian graph if and only if m = 2 and k = 5(mod
6). Thus in this case h(P(k, m)) > 2k + 1. We will show
in the next theorem that P(k, m) is an almost
Hamiltonian graph if and only if m = 2 and k =5 (mod
6).

Theorem 2.1 Let P(k, m) be a generalized Petersen
graph. Then

h(P(k,m)>={2k+1 It m=2and k =5(mod 6),

2k otherwise.

Proof. Let m =2 and k =5 (mod 6). By Theorem B, it is
suffice to show that h(P(k,2))= 2k+1. Consider a closed
spanning walk W : vq, Vo, .-+ Vi 1, Vi, Vg,--, Vg 2, U2,
Uk-3, Uk-4, ...,U1, Ug, Uk.1, Ug, Vo of P(k,2) It is clear
that W has length 2k +1. Thus h((P(k, m)) = 2k +1.

+

It was shown in [8] that all connected cubic graphs of
order n, where 4 < n < 8, are Hamiltonian. It was also
shown in [8] that the Petersen graph P(5,2) and the
Tietze graph (denoted by Ti,) are the only 2-connected

cubic graph of order 10 and 12, respectively, that are not
Hamiltonian. They are, in fact, almost Hamiltonian cubic
graphs of respective order. Note that the Ty, is obtained
from P(5,2) by replacing one vertex of P(5,2) to a
triangle, matching the vertices of the triangle to the
former neighbors of the replaced vertex. Thus Ty,
contains a triangle. Let G be a cubic graph and v € V(G).
We denote G *v to be the graph obtained from G by
replacing v to a triangle, matching the vertices of the
triangle to the former neighbors of v. Thus G*v is also a
cubic graph containing a triangle.

Theorem 2.2 Let G be a cubic graph of order n > 4 and
v € V(G). Then G is Hamiltonian if and only if G*v is
Hamiltonian.

Proof. Let G be a cubic graph and V(G) = {vy, vy, ---, Vo }.
Put v =v;. Thus G * v is the graph with V(G *v) = (V(G)
-Vv) u {X, Y1, 21}, {X, Vi, 2.} induced a triangle in G*v
and y\vz, V2 € E(G *V).

Suppose that G is Hamiltonian. Without loss of
generality we may assume that C : v, Vy, -+, Vp, VIS a
Hamiltonian cycle of G. Thus

Cy 2y, X1, Y1, Vo, V3, +++, Vi, 21
is a Hamiltonian cycle of G *v.
Conversely, suppose that G * v is Hamiltonian and let
Cy i Ug, Up, «ov, Upeo, Ug

be a Hamiltonian cycle of G *v. If X, is not a neighbor of
y: and z; in C,, then dg = (X)) > 4. Thus X, is a neighbor of
y1 or z;in C,. It is also true for y, and z;. Thus X, y;, Z; must
appear as consecutive vertices in C,. Deleting the three
vertices and replacing by vi, we obtain a Hamiltonian
cycle of G.

+

Let G be a cubic graph of order n with V(G) = {vy, v,,
e, Vo}. PUtG'=Gx*viand for 1< i<n-1, putG" =
G' * Viy. Thus from Theorem 2.2 we have the following
corollary.

Corollary 2.3 Let G be a cubic graph of order n. Then G is

Hamiltonian if and only if G' is Hamiltonian for all 1< i< n.
N

Now we consider when G is not Hamiltonian cubic
graph. Thus G *v is not Hamiltonian by Theorem 2.2. Let
K, be the graph obtained from K4 and a subdivision to an

edge of K, (see Figure 2).

Figure 2 : Graph K’,,

K'4 =

Let G be a graph obtained from three copies of K’; and
connecting three vertices of degree two to a new vertex v.
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Thus G is cubic of order 16 with h(G) = 21 but h(G*Vv) =
24, That is G is a 5-Hamiltonian while G * v is 6-
Hamiltonian. Note that G *w is 5-Hamiltonian, for each
vertex w of G difference from v.

Theorem 2.4 For an even integer n > 10, there exists an
almost Hamiltonian cubic graph of order n.

Proof. The Petersen graph P(5,2) is the unique almost
Hamiltonian cubic graph of order 10 and the Tietze graph
Ty, is also the unique almost Hamiltonian cubic graph of
order 12 and T1,= G *v, where G = P(5,2) and v € V(P(5,
2)). Let uy, vi, w; be the induced triangle of Ty,. Let Ty4=
Typ * vy, Thus for an integer i > 1, let u;, vi, w; be the
induced triangle of T12+2(i -1) and Tio42i = T12+2(i -1) *Vi. By
assuming that the graph Tip.z¢-1) is almost hamiltonian,
we have that h(T1z42) < 12 + 2i + 1. By Theorem 2.2 we
have that Ty,.5 is not Hamiltonian. Therefore h(T12.2i) =
12 + 2i + 1 and T1p45; is almost Hamiltonian.

+

A Hamiltonian graph is necessary 2-connected. The
same result is also hold in the class of almost Hamiltonian
cubic graphs. The following results can be considered as a
characterization of cubic graphs for being almost
Hamiltonian.

Theorem 2.5 Let G be a connected cubic graph of order
n > 10. If G is almost Hamiltonian, then G is 2-
connected.

Proof. Suppose G is not 2-connected and v is a cut vertex
of G. Since G is cubic, there exists a vertex u such that u is
also a cut vertex of G and u is adjacent to v. Furthermore,
uv is a cut edge of G. Let G — e = Gy U G,. It follows that
h(G) = h(G))+h(G;)+2 > n + 2. The proof is complete.

+

Theorem 2.6 Let G be a connected non-Hamiltonian
cubic graph of order n > 10. Then G is an almost
Hamiltonian graph if and only if for every Hamiltonian
walk W of G, W contains a cycle of order n -1.

Proof. Suppose h(G) =n + 1. Letvy, vy, «-., Visa = V1 be a
Hamiltonian walk of length n + 1. Thus there exist v; and
viwith 1 <i<j< nandyv;=v; and all other vertices are
distinct. Without loss of generality we may assume that i =
1. If j> 4, thend(vy) > 4. Thus j =3 and vs, Vg, -+, Vs
= vz isacycle in G of length n — 1. Suppose G contains a
cycle vy, vy, ---, Vo= vy of length n — 1. Let v € V(G) -
{v1 = Vp, Vg, V3, ---, Vo1 }. Thus there exists an integer k
with 1 <k < n - 1 such that v, is adjacent to v. We now
form a Hamiltonian walk vy, Vo, «--, Vi, V, Vi, «-- Vp = Vg

and this walk has length n + I. Therefore h(G) = n + 1.

+

Let G be a Hamiltonian cubic graph. We have shown in
Theorem 2.2 that for every v V(G), G * v is
Hamiltonian and vise versa. We have also mentioned that
there is a 5-Hamiltonian graph G and v V(G) such that
G * v is 6-Hamiltonian.

Let G be a connected cubic graph of order n with V(G)
= {vy, Vy,---, Vp}. Let G* = G". Figure 3 shows the graphs
P(5,2) and P*(5,2).

W

Figure 3: Graphs P(5,2) and P*(5, 2)

Theorem 2.7 If G is an almost Hamiltonian cubic graph of
order n, then h(G*) = 3n + 2.

Proof. By Theorem 2.2, it follows that h(G*) > 3n + I. As-
sume, to the contrary, that h(G*) = 3n + 1. By Theorem 2.6,
let C : Xq, X, -+, Xan_1, X1 b€ @ cycle of length 3n — 1 of G*,
where V(G*) = { Xy, Xy, -+, X3n}. Without loss of generality
we may assume that xs, is adjacent to x;. Since G* is non-
Hamiltonian, Xs.Xp, XswXan1 € E(G*). Since G* is cubic,
there exist i, j with 1 <i <j< 3n -1 such that {Xs,, X, X}
induced a triangle in G*. Since G* is cubic, j =i + 1 and
G* is Hamiltonian. This is a contradiction.

Zk+1

Y XK+1
Figure 4: Part of G*

In order to show that h(G*) = 3n + 2, we will construct
a Hamiltonian walk of G* of length 3n + 2. In the proof of
Theorem 2.6, let

W vy, Vo, eee, Vig V, Vi oeey Vit = V3
be a Hamiltonian walk of G.

Foreachi, 1 <i<n, we replace vertices v; and v in W
by triangles x, v, z and X, Y, z respectively, and then
arrange them in such a way that x; is adjacent to y;, , for all
i=1,2,...,n- 1. Without loss of generality we may
assume that z, is adjacent to x as shown in Figure 4. Thus
the Hamiltonian walk
Wz, X, Yo 2o, X2 ooy Yiets Zikcts Xt Yoo Zao X0 Yy Zy X, Zg
Ko Yirdy Zerts Xiwdy == 5 Yoo Znts Xno Yoo Zn= 2p
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has length 3n + 2.

+

The following result can be obtained as a direct
consequence of Theorem 2.7.

Corollary 2.8 h(P*(k, 2)) = 6k + 2, for every positive
integer k withk 5 (mod 6).

+

3. Conclusion

A Hamiltonian walk in a connected graph G of order n is a
closed opening walk of minimum length in G. Let h(G) be
the length of a Hamiltonian walk in G. The graph
parameter h is called the Hamiltonian number of G. Thus
h(G) may be considered as a measure of how far the graph
G is from being Hamiltonian. A connected graph G of
order n is called an i-Hamiltonian if h(G) =n +i. Thus a
0-Hamiltonian graph is Hamiltonian. A 1-Hamiltonian
graph is called an almost Hamiltonian graph. Some
characterizations of almost Hamiltonian cubic graphs are
obtained in this paper. In other words, we proved that a
cubic graph G of order n is almost Hamiltonian if and only
if G is 2-connected containing a cycle of length n =1. In
particular, we proved that the generalized Petersen graph
P(k, m) is almost Hamiltonian if and only if m = 2 and k

5(mod 6). Let G be a cubic graph of order n. we denote
G* the graph obtained from G by replacing each vertex of
G to a triangle, matching the vertices of the triangle to the
former neighbors. We proved that G is Hamiltonian if and
only if G* is Hamiltonian and if G is almost Hamiltonian,
then G* is 2-Hamiltonian.
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