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Abstract. In this paper, we define and study a variant of multiple zeta values (MZVs)
of level four, called alternating multiple mixed values or alternating multiple M-values
(AMMVs), which forms a subspace of the space of colored MZVs of level four as Q[i]-
vector spaces. This variant includes the alternating version of Hoffman’s multiple ¢-values,
Kaneko-Tsumura’s multiple T-values, and the multiple S-values studied by the authors
previously as special cases. We exhibit nice properties similar to the ordinary MZVs such
as the duality, integral shuffle and series stuffle relations. After setting up the algebraic
framework we derive the regularized double shuffle relations of the AMMVs. We also
investigate several alternating multiple T- and S-values by establishing some explicit
relations of integrals involving arctangent function. In the end, we discuss the explicit
evaluations of a kind of AMMVs at depth three and compute the dimensions of a few
interesting subspaces of AMMVs for weight less than 7.

Keywords: (Colored) Multiple zeta values; (alternating) multiple mixed values; (alter-
nating) multiple T-values; (alternating) multiple S-values; regularization; duality; parity.

AMS Subject Classifications (2020): 11M32; 11M99.

1 Introduction

We begin with some basic notation. Let N, R and C be the set of positive integers, the set
of real numbers and complex numbers, respectively, and Ny := NU{0}. A finite sequence
s =8, :=(81,...,8,) of positive integers is called a composition. We put

|S| =81+t sy dep('S) =T,
and call them the weight and the depth of s, respectively. If s; > 1, s is called admissible.
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1.1 Multiple mixed values and alternating version

In [31], we define the multiple mized values (or multiple M -values, MMVs for short) for

an admissible composition s = (sy,...,s,) and € = (ey,...,&,) € {£1}" by
(I+ea(=1)m™) - A+e(=1)™)
ME(s1,...,8,) = eR
(Sl s ) Z m‘il P mi'r
my>->me>0
1
= / w81_1w€152w82_1w8263 e ngililwsr_lsrngilwsra (1'1)
0
where
dt 2dt 2tdt
wy = —, W_ji=——\) W = —.
0 n ) 1 1— t27 1 1 t2

The theory of iterated integrals was developed first by K.T. Chen in the 1960’s. It has
played important roles in the study of algebraic topology and algebraic geometry since
then. Its simplest form is

/01 fit)dtfa(t)dt - - - fp(t)dt := / fi(tr) fa(ta) - - - fo(tp)dtdts - - - dt,,.

1>t > >t >0

One can extend these to iterated integrals over any piecewise smooth path on the complex
plane via pull-backs. We refer the interested reader to Chen’s original work [8-10] for more
details. In particular, we have

e MMYVs satisfy the series stuffle relations and integral shuffle relations;

o Alle; =1in MMVs = MZVSXW§

o Alle; = —1in MMVs = MtVsx2";
o Alle; = (—1)"""7 in MMVs = MTVs;

o Alle; = (—1)™7 in MMVs => MSVs.

For s := (s1,...,s,) € N" and s; > 1, the multiple zeta values (MZVs) are defined
by (cf. [14,34))

C(s)=C((s1,...,8:) = Z %ER.

n P nsr
ni>>ne>1 1 T

For s := (s1,...,s,) € N"and s; > 1, Hoffman’s multiple t-values (MtVs) are defined
by (see [16])

t(s) =t(s1,...,8) = Z —_
7 o ny>->np>0 nil o 'nir
n; odd



1
= R.
D AT

ny>-->np>0

For s := (s1,...,s,) € N" and s; > 1, the Kaneko-Tsumura multiple T-values
(MTVs) are defined by (see [18/19])

1

n‘il - .nir

T(s)=T(s1,...,5):=2" >

ny>-->np>0
n;=r—i+1 (mod 2)

1
=92 R.
Z (2n1 — T)Sl . (2nT — 1)5r =

n1>-->n.>0

For s := (s1,...,s,) € N"and s; > 1, we defined in |31] the multiple S-values (MSVs)
by

1

s1 s
ng---nir
ny>->np>0 1 r
n;=r—i (mod 2)

1
=2" e R.
Z (2n1 —7r + 1)51 PPN (QnT)ST

n1>-->n,>0

As a normalized version of the multiple ¢-values, we call

N 1
t(81782,...78r) = Z (nl_1/2)51(n2_1/2)52---(nr—1/2)sT

niy>ng>-->ny>1
— 251+52+“‘+57‘t(

81,825 - - - 781“)
the multiple t-values. According to the definitions, t(s) = 2%t(s) = Cu(s;1/2) = (2° —
1)((s) for integer s > 2, where (y(s;a) is the Hurwitz zeta function and ((s) is the
Riemann zeta function.

The systematic study of MZVs began in the early 1990s with the works of Hoffman
[14] and Zagier [34]. Due to their surprising and sometimes mysterious appearance in
the study of many branches of mathematics and theoretical physics, these special values
have attracted a lot of attention and interest in the past three decades (for example, see
the book by the third author [38]). For Hoffman’s MtVs and Kaneko-Tsumura’s MTVs,
a number of mathematicians also studied their various formulas similar to MZVs by
applying various methods, some recent results can be found in [4}/6}7},20,22-24,27,30,37]
and references therein.

In general, let k = (kq,...,k.) € N" and z = (21,...,2.), where z1,..., 2. are Nth
roots of unity. We can define the colored MZVs (CMZVs) of level N by

Ny

Lig(z) = 3 Ao (1.2)

k.’
ny>-->n.>0 1 e Ty

which converges if (k1,21) # (1,1) (see [33] and [38, Ch. 15]), in which case we call
(k; z) admissible. The level two colored MZVs are often called Euler sums or alternating
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MZVs. In this case, namely, when (z1,...,2,) € {£1}" and (k1,21) # (1,1), we set
((k; z) = Lig(2). Further, we put a bar on top of k; if z; = —1. For example,

€(2,3,1,4) = ¢(2,3,1,4;-1,1,—1,1).

More generally, for any composition (kq,...,k.) € N, the classical multiple polylogarithm
function (MPL) with r-variables is defined by

l";}l DY an‘
Lig, g (21, ..., 2,) := Z kl—;; (1.3)
n DY ’,’L T
ny>ng>-->n.>0 1 r
which converges if |z; ---z;| < 1forall j =1,...,r. It can be analytically continued to a

multi-valued meromorphic function on C” (see [35]). In particular, if 3 = x,29 = -+ =
x, =1, then Liy, _j, (x,{1},_1) is the single-variable multiple polylogarithm function, also
called generalized polylogarithm in by some authors. Here the {l},, denotes the sequence
obtained by repeating [ exactly m times.

We now consider the MMVs in some more details. Denote by ev (resp. od) the set
of even (resp. odd) numbers. By abuse of notation it is sometimes more transparent to
write e = evif e =1 and € = od if e = —1. To save space, we may put a check on top of
s; if and only if €; = od. For example,

M(§1,82) = MOd’ev(Sl,SQ) = Z 514 5
m1>mo>0
m1€od,maEev
To extend the ideas in [32], we can also define the alternating multiple mized values
(AMMVs for short) for any composition s = (s1,...,S,), € = (¢1,...,&,) € {£1}", and
o= (017 s 70-7’) S {:l:]'}r with (81701) 7é (17 1) by

Z (1 + El(_l)m1>0_§2m1+1751)/4 L (1 + gr(_l)mr)0_£2mr+1fa)/4
m‘il v mf‘r :

M:(s) =

(1.4)

my>-->mg>0

As usual, we call s; + --- + s, and r the weight and depth, respectively. We may use
the convention for Euler sums by putting a bar on top of s; if and only if o; = —1. For
example,

M(a’ l_)’ é’ d) = Mg(i:eji?ld,iev(av b? c, d)
> 16(—1)(m+D/2(—1)m2/2

bnyCond
mimaomsm
m1>ma>ma>ma>0 1777277037004
m1,m3€od, ma,m4sEev

It is not too hard to see that the AMMVs can be is intimately related to level four CMZVs.
Set

., 2dt L —2dt

2tdt —2tdt
wWq = ?’ wyy = +1._ =7 +1 .

11— T YT i YT I e
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and

wib? := max{o,sgn(l + e — 1) Jwi'.

Namely, w5'*? = w;'*? unless 0 = €3 = —¢; = —1 when w:'*? = —w;'*2. It is straight-
forward to deduce that AMMVs can be expressed by the following iterated integrals

1
M;(s):/o wg'” lufgl"s?w(“(;2 lw?lj; ~wy 1w0102,,,w. (1.5)
For example,
- 4(—1)n= !
. od,ev . 2 +1
MED=MTED= 3 (2n1 — 1)3(2n,)? _/o REREL

and

. 8(—1)rtnst
M3 = D, G5, — o e 1)

ni1>ng>n3z>0
1
_ +1 —1 3,,.,—1
= / Wow _ 1w0( Wy )wpw .-
0
For o,e € {£1}" define
Sgn(o', 5) — (_1)ﬂ{1<7"|0'i:€i:€i+1€i+2"‘57‘:*1}‘

Then for all s = (sy,...,s,) € N with (s1,01) # (1,1), we have

o1 o 01,0201 ,..,07r0pr—1

1
/FWIw. cwy Tl = sgu(o, €) Mo T s). (1.6)
0

For example, if € = (1,—1,—1,1) and & = (—1,—1,—1,1) then sgn(o,e) = —1 and we
can easily verify that

1
s1—1, +1, sa—1 s3—1 sq4—1  +1 1,1,—-1,

_/ Wy wIiwy w_ 1w0 w 1w0 Wi, = M111—1(51782>S3754)

0

byt

By Chen’s theory of iterated integrals (see e.g., [38, Ch 4]) we know that AMMVs must
satisfy the integral shuffle relations. For example,

1 N 1
:/ w’y [ wow ) = / wjwew”] + 2/ wow_jw”] = —M(1,2) — 2M(2,1)
0 0 0



1 1 1 1 1
:/ wlw wowy ! +/ wow jwiw ] + 2/ wowjwowt] + 3/ wpwjwi + 3/ wiwt !
0 0 0
=M(3,2) + M(2,3) +2M(3,2) +3M (4,1) + 3M (4, 1).
It is apparent that AMMYVs also satisfy the series stuffle relations. For examples,

M(2,3,0)M(2) =M (2, 3,4,

and

Note that stuffing can happen only when the two composition components correspond to
two equal £’s. For each incidence of such stuffing, the two signs (i.e., ¢’s) corresponding
to the two composition components are multiplied and an extra factor of 2 is produced.

1.2 Alternating multiple 7'/S-harmonic sums

For positive integers m and n such that n > m, we define the following subsets of N™:

{neNm|n2n1>n22---2nm_2>nm_1an>0}, if 24 m;
Dn,m::
{nGNm|n>n12n2>---znm_2>nm_12nm>0}, if 2 | m,
\
)
{nENm|n>n12n2>--->nm_22nm_1>nm>0}, if 2+ m;
E, =
{nENm|n2n1>n22-~->nm_22nm_1>nm>0}, if 2 | m.
(
Here we have put n = (ny,...,ny,).

Definition 1.1. For positive integer m and o, := (01,09, ...,0,) € {£1}", define

22m 1O_n1 on2 ... gheme1
) = o o (2 Yo (2 ; (1.7)
neDn,2m—1 (HJ 1 (2n23 1 — 1)k2i-1(2n9;)%25) (2ngy—1 — 1)k2m- 1’
22m 51 sN2 | sN2m
TUQm 4 i na, -
"GDanm H 1 (2n25-1)k20-1(2ng; — 1)k2” (1.8)
22m 1 __n1 ng Nam—1
e = 2 Y — (1.9)
mEEn,2m-1 (HJ 1 (2n2] 1)k2i-1(2n9; — 1)k25) (2ngy, 1 )k2m—1
mo.n1 O,TLQ X O’an
50'27" k; m = 2 2m 110
)= 2 TG - 0P (oo (110

nEEn 2m



where 1,721 (kop—1) 1= 0 if n < m, and 772" (kay,) = ST> ' (kom-1) = ST (ko) =0
if n < m. Moreover, we set T7(()) = S7(0) := 1 for convenience. We call (1.7) and

(1.8) alternating multiple T-harmonic sums, and call (1.9)) and (1.10)) alternating multiple
S-harmonic sums.

According to the definitions of alternating multiple T-harmonic sums and alternating
multiple S-harmonic sums, we have the following relations

(72,03, +02m— 1<k2, kg, o k2m71> i 1 11
(2 . 1)k1 015 ( : )
J

Tg1o8om (e by ) = 2 Z

— 0’2,0'37 +02m (k2, ]{;37 ey ka)

Tgl,O'Q,.--,OQm(kl, kz, . ka — 2 Z <2j)kl 0'{7 (1.12)
_ 0'2,0'3, +02m— 1(]{?2, ]{?3, . ka—l) )
551,02,...,0277171(]{17 k27 . k2m 1 =2 Z (QJ)kl 0’{, (113)
o . n 502,03, -02m (kg, kg, e k2m) )
th o 2m(k1’ kQ’ o k2m =2 Z (2] - 1)k1 0-{. (114>
By direct calculations we obtain
Tk J, )
m—1
) 22m—10_n1 oh?. Unslm 1
H 02j-102;)" Z 2m—1 — e
j=1 n+m>n1>ng>>nom—1>0 H (2777 —2m =+ ])ki
j=1

m—1
1:[ (1 o (_1)7123‘71) Ué?ijfl+l)/2 (1 + (_l)TLQj) O-;Lj?j/2

= 2. —
o k1 ko kom—2, kom—1

2n>n1>ng > >nom—1>0 Ny No™ N9 Moy

X (1= (=) 533”11“)/2’ 1)
To'l,a‘z,...,azm (kla k‘2, Ce. k2m)

22m ni n2m

m—1 2
” (o J+1 .)m—j E 91 92 """ Oom
2j— 1 02; 2m
1 0 - — 1)K
j n+m>n1>ng>:->ngm> H (QTL] 2m 1 —I—j) 7
Jj=1

[T+ (=1)"-1) 0;323 1/2 (1= (=1)") Ué?2j+1)/2
j=1
a Z k1, k2 kom—1 kom ) (116)

2n>n1>n9 > >Nom >0 Ny Ng™ =+ Ny 1 Noyy

501702’~-~’o—2m*1 <k17 k2’ .. ka—l)

22m 1. n1 _n2 N2m—1

m—
—j—1 01 09" " " Ogm—q
0-230-2.7"!‘1 2m—1
j=1 n+m—1>n1>ng>>ngm_1>0 H (2nj —2m+ j + 1)kj
Jj=1




m—1
1:[ (1 + (_1)n2j—1) 0'7212111/2 (1 . (_1)n2j) U§?2j+1)/2

) =
- k1 ko kom—2 kom—1

2n>ni1>ng > >nom—1>0 nl nQ : n2m 2n2m 1
nom—1 n2m71/2
X (L4 (=1)"™m 1) 0957, (1.17)
Sguozomm (ke Ky, Kom)
m—1 2m nl n2 n2
~ [0 3 N N
- 275—1 2] om
j=1 n+m>ny>ng > >nom >0 H <2nj —2m +j>k3j
=1
m

[T (1 — (=1 oy 02 (1 4 (1)) oy
_ i=1
o Z k1 kz k2m 1 k:zm ' <118>

2n>n1>ng > >n9, >0 nl n2 ' n2m 1n2m

Hence, for any composition k = (ky,...,k,;) and o := (01,09,...,0,) € {£1}" with
(s1,01) # (1,1), we may define the alternating MTVs (AMTVs) and alternating MSVs
(AMSVs) as follow:

T (k) =T (ky, ko, ... k) = lm T2V (ky, ko, o, k), (1.19)
n—oo
S(k) = S0 (ky, ka, ..., k) = lim STV (kg ko, k). (1.20)
n—oo
We may compactly indicate the presence of an alternating sign as before: if o; = —1 then

we place a bar over the corresponding component k;. For example,

T(2,3,1,4) =T"""51(2,3,1,4) and S(1,3,2,4,2) = S~ 110 71(1,3,2, 4, 2).

Obviously, we have

o Allg; = —1in AMMVs Mg (k) = AMtVsx2";
o Allg; = (—1)""7 in AMMVs M¢(k) = AMTVs;
e Alle; = (—1)"7 in AMMVs Mg (k) = AMSVs.

For the detailed definition and introduction of alternating MZVs (AMZVs) and alter-
nating MtVs (AMtVs) , please see [16,38]. Let AMZV, be the Q-vector space gener-
ated by the AMZVs of weight w. Setting dimg AMZV, = 1, we have the dimension
bound dimg AMZV,, < F,, obtained by Deligne and Goncharov [12] and moreover a set
of generators of AMZV,, shown by Deligne [11, Thm. 7.2], where Fy = F; = 1 and
F, = F, 1+ F, 5 for all n > 2. In particular, in a recent paper, S. Charlton [5| proved
the AMtVs ¢({1},,1,{1};) (a,b € N) can be expressed in terms of log(2), Riemann zeta
values and Dirichlet beta values (see (4.1))).



According to the definitions of AMTVs and AMSVs, for any m € N, we have the
following iterated integral expressions:

01,02,...,02m—1 _ —-1,1 —1,—1
T m (khkg,...,k’gm_l) = 51702’.}.7027”71(]{?1,]{?27...,kgm_1>
m—1 1
_ ki—1, —1.  ko—1, —1 kom—1-1 —1
- H (01(72 . '(72]') / Wy Wy Wy Weg, Wy Woogeoom_1°
i=1 0
01,02,...,0° _ 1,—-1
Tovo2 2m(/€1, 1{52, cee k2m> = M§1,027}Tg2m(]€17 kg, cee ]{ng)
m 1
o ki—1 —1  ko—1_ —1 kom—1 —1
- | | (0—10-2 U 02j—1) / wO wo’1 w() wo’10‘2 U wO wo’10’2~-02m7
i1 0
j_
01,02,...,02m — _ 1,—1}m—1,1
Sova2 om l(kla k27 SR k2mf1) - M0{1,O'2,.}.TO'21m—1 (kl? k2’ T k2m71)
m—1 1
_ ) ki—1, -1 ko—1, —1 kom—2—1  —1 kom—1—-1_1
- H (0102 . '02j—1) / Wy Wy Wy Wy g, Wy Wo oo 09m—2 W0 w
iy 0
]_
01,02,...,0" — -1,1
SOOI (o kg ko) = ME DU (K ks, ko)
m—1 1
- ki—1, -1, ko—1, —1 kom-1—1_ 1 kom—1, 1
o H (0102 - 02) / Wy Wy, Wy We,q, * Wy Wo16y--02m—1 W0 Woyogoam*
iy 0
J_
[ B |: B can be expressed in Colored Multiple Zeta Values

terms of A

(CMZVs)

Alternating Multiple t-Values

(AMtVs)

\J

Alternating Multiple 7-Values |

(AMTVs)

Alternating Multiple S-Values

(AMSVs)

0102°:02m—1"

Alternating Multiple Zeta Values | _ Alternating Multiple Mixed Values o
(AMZVs) - (AMMVs) g
Y Yy v ~
Multiple Zeta Values | Multiple Mixed Values
(MZVs) - (MMVs)

1.3 Main res

—

—

Multiple t-Values
(MtVs)

Multiple T-Values
(MTVs)

Multiple S-Values

(MSVs)

t

}

ults

The primary goals of this paper are to study the explicit relations of AMMVs and its
special type, and establish some explicit evaluations of the AMMVs and related values
via AMMYVs of lower depths.
The remainder of this paper is organized as follows.
In Sections [2| and [3| we find the series stuffle relations and integral shuffle relations of
AMMYVs, and set up the algebraic framework for the regularized double shuffle relations



(DBSFs) of AMMVs.

In Section [, we first prove four integral identities involving the arctangent function.
Then we apply these formulas obtained to establish two explicit relations between AMTVs
and AMSVs.

In Section [5 we prove an reducibility theorem for AMMYVs at depth three by using
the method of contour integration and residue computations. Moreover, we give some
specific examples.

In Section [6] we compute the dimensions of AMMVs, AMtVs, AMTVs and AMSVs
for weight less than 7, and give some conjectures on relations between AMMVs, AMtVs,
AMTVs and AMSVs.

2 Algebraic setup for AMMYVs

For every decorated positive integer k € K (say k = s,5,8 or k = § for some s € N), we
define its absolute value, sign and parity by

1, it k=sors; ] 1, it k=sors;
k| = s, Sgn(’f):{_L if k=5 or 3, par(k)‘{_L if k=3 or 3,

respectively. For any k € K define the word of length ||

., |kI=1  par(s)
zk — UJO sgn(s)'

One can now define an algebra of words as follows.

Definition 2.1. Let X be the alphabet consisting of the letters wy and w (0,6 = £1).
A word w is a monomial in the letters in X. Its weight, denoted by |w|, is the number of
letters contained in w, and its depth, denoted by dep(w), is the number of wZ’s contained in
w. Define the AMMYV algebra, denoted by 2, to be the (weight) graded noncommutative
polynomial Q-algebra generated by words (including the empty word 1) over the alphabet
X. Let A° be the subalgebra of 2 generated by words not beginning with wj' and not

ending with wy. The words in 2(° are called admissible words.

By Eq. (1.5) every AMMYV can be expressed as an iterated integral over the closed
interval [0, 1] of an admissible word. Thus for w = zj, := z, ...z, € A%, we set

M(w) = /0 W, M(w) = M(k).

We also extend M and M to 21 by Q-linearity. Hence, if € = (par(k;),...,par(k,)) and

o = (sgn(ky),...,sgn(k,)), then from (1.5) and (1.6 one has

M(w) = M(p(w)) ::M<w§1_1w211’52w§2_1w§21f§ = -wlgﬁlwz@,,m), (2.1)
M(w) = M(q(w)) := sgn(o, s)Mji;;,';gff::;i:;,‘;_'ff*15’“’5T(/{:1, ko ... k),
= sgn(o, e)M(wgl_lwfrll"'a’"wgrlwiﬁ;f’" . -ng_1w§:710r>. (2.2)
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Here for empty word 1 we set M (1) =M(1) =1 and p(1) = q(1) = 1.
Let 2, be the algebra of 2 where the multiplication is defined by the usual shuffle
product L. Denote the subalgebra 2A° by A% when one considers this shuffle product.

Proposition 2.1. The map M: A% — R is an algebra homomorphism.

Proof. Similarly to the proof of the corresponding result for MZVs, this follows easily
from Chen’s theory of the shuffle product relations of iterated integrals by formula (2.1).
We leave the details to the interested reader. O]

On the other hand, the AMMVs also satisfy the series stuffle relations. To define the
stuffle relations of alternating multiple harmonic sums a double cover D of N is defined
in [38, Chapter 7]: D = NUN = NU{#n : n € N} which is equipped with a binary operation
@ as follows. For any a,b € N, set a®b=a®b:=a+banda®b=a®b:=a+b.

For the stuffle relation of AMMYVs, we define a double cover K of D: K=DUD =
DU{s: s € D} together with a map extending the binary operation @, still denoted by
@, as follows. For any a,b €D, a ® b := (a ® b).

Define M (()) = 1. Further, for d,l > 0 and s = (s1,...,54) € K&t = (t1,...,t4) € K!
it is easy to see that

M(s)M(t) = M(s t)

where the commutative stuffle product s * t is defined recursively by

D*xs=sx0=s,
(81,...,8d) * (tl,...,tl> :(81,(52,...,Sd) * (tl,...,tl)) + (t1,<81,...,8d) * (tQ,...,tl))
+ d(par(s1), par(t1)) (s1 @ t1, (s2,. .., Sa) * (b2, ..., 1))

for all d,1 > 1, where d(g,n) = |e + 1.

Definition 2.2. Denote by 2! the subalgebra of 2 generated by words zj . with k € N
and 0,¢ = +1. Equivalently, 2! is the subalgebra of 2 generated by words not ending
with wy. We then define another multiplication rm on A! by

umv = p(q(u) * q(v)), Vu,v e A (2.3)

where x is the ordinary stuffle which is defined by the following: (i) it distributes over
addition, (ii) 1w = wx1 =w, VYw € !, and (iii) Vu,v € A, s,t € Nand 01, 09,61,62 =
+1

€1 £2 __ €1 £2 €2 €1 €1
zg, uxzpt v=2zg (u * zt’gzv) + 2%, (zsmu * V) + 0(e1,e2)(u * V)Zs+t70102.

This multiplication 1 is called the stuffle product for AMMVs.

If we denote by 2! the algebra (2!, m) then it is not hard to prove the next propo-
sition.

Proposition 2.2. The polynomial algebra AL is a commutative weight graded Q-algebra.
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Proof. One can refer to |15, Theorem 3.2] for a similar proof. O

Now we can define the subalgebra 21 similar to 213, by replacing the shuffle product
by the M-stuffle product. Then by the induction on the word lengths and using the series
definition one can quickly check that for any wy, wy € A%

M(wq)M(ws) = M(wmwa).
This implies the following result.
Proposition 2.3. The map M : A%, — R is an algebra homomorphism.
Proof. One can refer to |15, Theorem 4.2] for a similar proof. O

Definition 2.3. Let w be an integer such that w > 2. For nontrivial words wy, wy € 2°
with |wy| + |ws| = w, we say that the equation

M(Wl L Wy — W1|_|_|W2> =0 (24)

provides a finite double shuffle relation (finite DBSF) of AMMVs of weight w.

3 Regularization for divergent AMMYVs

It is well known that the finite DBSFs cannot imply the identity ((2,1) = ((3) even
at level one (i.e., the MZV case). However, it is believed that one can remedy this by
considering the regularized double shuffle relation (regularized DBSF) produced by the
following mechanism.

First, combining Prop. and Prop. and using the algebra structures of 2%
(resp. 2AL) over A% (resp. 2AJ) we can prove the following algebraic result without too
much difficulty.

Proposition 3.1. We have an algebra homomorphism:
Mo : (AL M) — R[T]

which is uniquely determined by the properties that they both extend the evaluation map
M:A° — R by sending z; to T and z; to T + 2log2. Further, we have an algebra
homomorphism:

My @ (A, W) — R[T]

which is uniquely determined by the properties that it extends the evaluation map M :
A° — R by sending z; to T —log2 and zj to T + log 2.

Proof. The proof is the same as that for the corresponding results of MMVs. See [31,
Prop. 2.7 and Prop. 2.8]. ]

We can now apply the same mechanism as in [17] to derive the following regularized
DBSFs.

12



Theorem 3.2. Define an R-linear map p : R[T] — R[T] by

n

p(eTu) — exp <Z (_1)n<(n)un) e(T—logQ)u’ |u’ < 1.

n=2

Then for any w € A one has

My(w; T) = p(Mm(w; 7). (3.1)

Remark 3.3. We know there should be Q-linear relations among Fuler sums or AMZVs
that are not consequences of the regularized DBSF, see [36, Remark 3.5]. The same should
hold for AMMVs.

Example 3.4. We illustrate the above theorem by a simple example. First,

M (1,2) =My (p(wflwowil)) = My (wy 'wow? )
=MW Wwew? ) — wowy Wl — wow? jwit)
=My (wy M (2) — M(q(wowy 'w! ) — M (q(wow! ;wi ™))

(T +1og2)M(2) — M(2,1) — M(3,T).

On the other hand,

Min(1,2) =M (P(2112 1)) =M (P(201 %251 = 25 1210))
=M, (zl_,imzé,—l - P(Zz 141 1)) (T + 2log2)M(2) — M(2,1),

since no stuffing can appear. By Theorem [3.2] we get

>—‘|

(T +1log2)M(2) — M(2,1) — M(2,1) :,0<(T+210g2)M() M(i,i))
= (T +1log2)M(2) — M(2,1)

—> M(2,1) + M(2,1) = M(2,1).
We can check this identity numerically that both sides are ~ —0.7739912.

Theorem 3.5. (Duality Relation) Let k = (ki,...,k.),l = (l1,...,l,) € N" and o,¢ €
{£1}" with e; = —1. Then
M (wp" (w3)" -+ (ws2) g (wo, )" ) = M ((ug) gt (ug2)™ - (ug) " ug”) (3.2)

o1 g1

= =w i gt = -1 +1 +1
where ug = wiy, ui] = wo, u_; = w_j, ul] = wotwl] —wij and ut} = wi —wi—wri.

1—t
Proof. Under the substitution ¢ — T3¢ we get

—2dt 4 2(1 4 ¢
dt - ————, 1-1* = : 1+t2—>g
(1+1¢)2 (1+1)2 (1+1¢)2

13



Thus

_dt 2dt 1 1 2dt . —2dt 1
S T A
odt  —(1—t)dt

1 —1 1
wil = 1 — ¢2 - t(]_ + t) =Wy — W — wil’

—2tdt 2(1 — t)dt

+1 wk
= —
w_q 1+ 2 (1 + tg)(l + t) W44 w+1 + w
The theorem follows immediately. O

Remark 3.6. Note that on the left-hand side of the duality relation (3.2)) the last 1-form
must be wi;. It is not difficult to adopt a regularization procedure to derive the duality
relation with ending 1-form equal to wf;. We will leave this to the interested readers.

Example 3.7. We have the duality relations

1 1
53 1) — +1 -1 -1, 4+1,,+1
M(Q,l,l)—/ wowtwtiwi] —/ u ululug
0 0

=M1, +ME L) +ME2,1,1)+M2,1,1)+M2,1,1)
— M(2,1,1) - M(3,1,1) — M(2,1,1) — M(2,1,1),
M (2, 1,5) = /01 wowjwiwow | = / u”jugutiul jug
= M(1,1,3) + M(1,1,1,2) + M(1,1,1,2),
M(2,3,1) = 1w0w+%w0w+1w 1:/ Trugugutiug
0M(1 2,1,1,1) = M(1,2,1,1,1) + M(1,2,1,1,1),

1
M(3,1,2,1) = / wiw T w” Twg (w+1) = / (u+1) upu”jut T ul
0 0
= M(3,1,1,1,1) + M(3,1,1,1,1) - M(3,1,1,1,1).
We end this section by the following parity theorem of AMMVs of arbitrary depth

which follows from the general parity result of Panzer on colored MZVs (see [26]).

Theorem 3.8. Suppose k is admissible whose depth r > 2 and weight w are of different
parity. Then MZ(k) can be expressed as a Q-linear combination of alternating multiple
M -values of lower depths and products of multiple M-values whose sum of depths are
smaller than r.

4 Some results on AMTVs and AMSVs

In this section, we will establish some explicit relations between alternating multiple 7-
values and alternating multiple S-values by using the integrals of arctangent function.
Recall that {i},, = ({,...,l) with [ repeating m times.

14



Lemma 4.1. (cf. [25, Egs. (2.2) and (2.3)]) For p € N, we have
71‘/2 P [p/] ' 1)
/0 2P cot(x)dx = <—) log(2 Z 27r s C(2k +1)
p!(—l)]"/2
op

+ Olp/2)p/2

pl(=1)F4* - 1)
(0 — 20 2

p!(—4)"B(2k)
(p+ 1 — 2k)In2k-1

C(2k+1)

| _1)p/2

ZlTC(p+1)7

where § is the Kronecker symbol, and the Dirichlet beta function [(s) is defined by

+ Opp/2] p/2

-y % (R(s) > 0). (4.1)

n=1
When s =2, 5(2) = G is known as Catalan’s constant.

Proposition 4.2. For p € N, we have

Ammmee@mwmﬁm«%M@«wmy (4.2)

Proof. Letting x = tan(t) and using integration by parts, we note that the integral on the
left-hand side can be rewritten as

1 w/4 T\P w/4
/ arctan® (z)dx = / tPdtan(t) = (Z) —p/ tP~ 1 tan(t)dt
0 0 0

w/2

= <%)p — p/ﬂ/4 (g - u)p_l cot(u)du
/2

= (%)p — pﬂ;jl log(2) — ppzj(—l)k (p ; 1) <g>plk/ u” cot (u)du. (4.3)

w/4

Thus, applying Lemma [4.1] yields the desired description. ]

As some examples, we have

! T 1
arctan(z)dr = — — = log(2),
; 42
! 9 w1
t dr = — log(2) — G
/0 arctan®(x)dx 16+47T 0g(2) — G,

15



1 3
/0 arctan®(z)dz = % + %71’2 log(2) — Zﬂ'G + 2—2{(3),
! L o 3
/0 arctan”(z)dr = 376 + 3—210g(2) - §7r2G - —WC( )+ 38(4)

Remark 4.3. In (1} p. 122], there is the Maclaurin series expansion

. oy whotp=2 pl (e 1
wetan’ (@) = 3 (Vg S I\ L e ) 0
ka=1""¢

ko=1 a=1

for p € N. Integrating (4.4) from 0 to 1 results in
1 0 (_1)k0_1 p—1 [ka—1 1
arctan?(x)dx =p!
[, memt@te =1 e San s (X s
kafl
(—1)ko-t A 1
=pl _ 7
7 Z 2k0+p—2H 2. %o +p—a—2

ka=1
kafl
(—1)ko-t AT 1
—pl - 7
Therefore, we have
P
—1)2p!
1 ulp if p is even;
/ arctan® (z)dxr = 20 (4.5)
0 (—1) 2 p!

o Jp if pis odd,

i -1
where (setting ¢ = £ and ¢’ = 21)

ev,od}q od,od,{ev,od}q_1
I, = METE (1) + MO (1)),

od,{ev,od} ev,{ev,od}
Jp = *M—L{l}p,1 ({1}p) — ]\4—1,{1}13,1 ({1}p).
For example,

1

/ arctan(z)dxr = —3 (M(1) — M= (1)),

1
/ arctan®(z)dr = — = (Me\icid(l 1)+ Mf(i’f{d(l, 1)) :

2
/ arctan
0
/ arctan x)dr =
0

C

A

MO, 1) = MO L L))

wloo q>|

(ﬁﬁWLum+W%T%mug

16



For positive integers m and n such that n > m, we set

Ts‘zm& e T;mel ({1}2m_1)7
Syt = ST ({1 am-1),
For any n € N we put T)7° = S7° := 1.

Theorem 4.4. For positive integers n and m,

g2 R
Toom =
g2 R
SO

(_

Tvgzm({l}2m)7
Sy ({1 am).

n™meEem)! oy, 11

L+ (=1)" oz

— "1

2n —1 ()
ml

+

1
/ 2% arctan® (x)dr =
0

22m(2n —

"
uT{l}Qu
A(2m — 2u)

n—l

(=D"(2Zm)!

70
Ll

(=

"> o

m — 2u)!12%u

1)v¢2m=2v(T) (T2 4 Va1

M

2n—1
(=1)"(2m)!

3 IS
[
—_ =

22v(2m — 2v)!

—1)v¢2m=2v-1() (S _ gilanm1)

+ 2n —1

Il
o

(2

2n —1

(=D"(2

1
/ 2 arctaan*l(:c)d:c
0

220%1(2m — 20 — 1)!

1+ (_1)nt2m71(1> _

m—1

(4.6)

(=™ (2m —1)!
22m—1(2n - 1)
)uT{1}2u

S{l}Q'm 2,—1

A(2m —2u—1)

n—l

(=1)™(2m —1)!

M

2m 2u — 1)122v

% 1
Ll

( 1)v+1t2m—20 1 (

2n —1
(=1)"(2m — 1)!

M

1)
T{1}2v T{1}2u717_1
22v(2m — 2v — 1)! ( i )

(-1 (1)

S
Il
—

PE
L

(Sil}zv—l o 521}21;—2,*1) ,

2n —1

1
/ 2?1 arctan® (x)dx
0

2v—1
< 22071 (2m — 20)!

S
Il

(4.7)

(7 m)! oy,

22m(2n)

)uT{1}2u+1

A(2m —2u — 1)

2m — 2u — 1)122u+1

ve2m—2v—1/(7
) t (1> (Tél}Qv—‘—l + Til}2v7_1>

220+1(2m — 2v — 1)!

( 1)v+1t2m72”(1) (ST{LI}QU . Sil}gv,l,—l) ’

22v(2m — 2v)!
(4.8)



1 n+m
an—1 2m—1 - 2m—1,7 (-1) (2m —1)! {1}om—2,—1
mn t m d —_ _ t m 1 T 2m—2;
/0 x arctan (z)dz —n (1) + Y1 (2] n

_1\n vzl qyep{tleua
(=)™ (2m —1)! (=1)"T, A(2m — 2u)

a 2n  (2m — 2u)122+!
m—1 =

(=D)"@2m — 1) ~ (=1 (D) -
T{l}Qv—l T{l}zu—Q, 1
* 2n ; 22v=1(2m — 2v)! (T, T )

n m—1 ve2m—2v—1(7
N (=1)™(2m —1)! (—1)vg2m—20-1(1) (S{l}% B 5{1}2%17_1)
2n c=220(2m —20 -1 V" " ’
(4.9)

where A(p) = / 1 arctan® (z)dz, and it can be explicitly expressed by and Lemma
73 :
Proof. Consider the integral
1 1
/0 2! arctan? (z)dx = E/o arctan? (z)dz®
~Drerd) p /1
0

1
( P

- k ko 1+ a2

_ =\ (=1)"
where we use the identity arctan(1) = —t(1) = % = — Z 2<n _)1 = B(1)
n=1
When k£ = 2n then
1 —1)PtP(1 Lo
/ *"!arctan® (z)dr = =) )2 W _ 2£ 1i s arctan’ ™! (z)dx
0 n n Jo x
—1)Pe(] (=) -
= —( )2n () — %/0 {i n ;2 + (=" Z(—l)’“x%_Q} arctan? ! (z)dx
k=1
(—=1)PtP(1)  p . [ arctan?~!(z) p e Yo _
=5 = %(—1) de — %(—1) Z(—l)k 2272 arctan® 1(gs)das
0 k=1 0
1—(=1)" - —1)" & !
. —2( " e - p T 2 ) Z(—l)k/ " arctan”" (v)dz. (4.11)
n L — 0

When k = 2n — 1 then

1 T 1 2n—1
—1)PtP(1
/0 2?2 arctan® (v)dr = ( 273_5 ) _ 2np— 1/0 1x+ p arctan” ! (z)dx
—1)rer(1 (= i
(=1)rer(l) __P / T (=1) + (=)™ 1Y (=1)F2**72 L arctan? ! (z)dx
2n — 1 2n—1 J, 1+ 2?2 p
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(=1)" |

d
TPy T

_(=1)Per(1) (—1)" /1xarctanp ()
+

1
= —1 k 2k—1 t p—1 dr.
am—1 Yo —1 1+ a2 ( )/Ox arctan”™ (z)dz

(4.12)

Integration by parts leads to

1 -1 1

tan?

/ x arctan (Sc)dx _ / x arctan?” ! (z)d(arctan(z))
0 1+ 22 0

! zarctan?~! ()

1
and hence:
1 p—1 !
p/ T arctan ($)dx:( 1)ptp(1> /arctanp(x)dx. (4.13)
0 14 a2 0

Substituting (4.13)) into (4.12)), we obtain

1
/ 2?2 arctan® (z)dx
0

L+ =D" (_1)n(—1)ptp(i) _ e /01 arctan?(x)dz + p Dk nZ(_l)k /01 2~ arctan? ™ (x)da.

2n—1 2n — 1 2n —1
(4.14)

Using the two recurrence relations (4.11]) and (4.14)), we can imply the desired evaluations
immediately. O]

Theorem 4.5. For positive integer m,

| Laretan®™(w) s 3y 2) + 12)) + ST Do 11y, )

T 22m

m— 1

1)“A(2m — )
l
2m 2u — )'22u+1 T2 {1}2)

I
I
o

3
.L

( )v+1t2m—20—1(1)
220+1(2m — 20 — 1)!

(22@1()%% %()1) (5(2,{1}20-1) — S(2,{1}20-2.1)),

(4.15)

—(2m - 1)! (T2, {1}20) + T(2, {1}20-1, 1))

M

T i
LH

—(2m —1)!

S
Il

/1 Mdm = —t""(1)(H(2) +1(2)) — MT(Z {1}am-1,1)

T 22m+1

m— 1

l
u=0

1)*A(2m — 2u)
— o) 1220

T(2,{1}2u)
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+1(2m — 2v)!

Y W 7, (1) + 7@ 11, 1)

m

— (2m)!

1 _1)ut2m—2u—1<i)
22042(2m — 2v — 1)!

(S(2, {1}2u+1) — S(2, {1}, 1)),
(4.16)

v=0

where t(k) = —B(k) for k € N.

Proof. Multiplying (4.6]) and ( - by 7711):7 " and summing n from 1 to infinity, we can

deduce the desired results by (1.11] - )-(1.14) and the definitions of AMTVs and AMSVs. [
Example 4.6. Let m = 1,2 in (4.15)) and (4.16]), we can obtain the following examples:

1 2 2
I <”U)d =TG- Tog(2) - 1S(2.T)

16
arctan( 2 3 1 -
r=——G+ —log(2 T(2,1,1 S(2,1) —S5(2,1
[ 2 gy = TG+ Dhog(2) + 17,11 + 3 (S2,1) - 5(2.1).
arctan’( 637> 573 3t 3 3
3) — —G+ —log(2) + = log(2)T'(2,1,1 T(2,1,1
A =)~ TG S dog(2) 4+~ log@)T(2,1,1) + T2 1,T)

2

3 _ 3 _
/ ! arctan 32 1174 7o

i =3 B4 )—EC( ) — 256G+%10g(2>

2
iT(2, 1,1,1,1) + (3G - %ﬂ log(Z)) T(2,1,1) + %T(Q, 1,1)

+13(S(2,1)—S(2,i)) 3§ (S(2,1,1,1) — S(2,1,1,1)).

Proposition 4.7. For positive integer r,

/%ﬂﬁﬂﬁhx=<nwﬂﬂ T(2,{1},-1). (4.17)

X

Proof. According to the definition of arctan(x), we have

arctanr(x)zr!/ ( dt )
o \1+1¢2

= > (ymTe . (418)

(2ny —7)(2ng —r+1)---(2n, — 1)

n1>ng > >np>0

Hence, multiplying it by 1/z and integrating over (0, 1) yields

Yarctan”(z) (—1)m-r
/0 D DR s T e ooy s LR )

n1>ng>-->n, >0
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Further, from the definition of AMTVs ((1.19) give
T(2,{1}om—2)
—1)™
— (_1)m+122m—1 Z ( )

n1>ng > >Nom—1>0 (2711 —2m+ 1)2(2n2 —2m+ 2) T <2n2m*1 - 1)’

T(2,{1}2m-1)
= (—1)m22™ > (=D

ni>ng > >nam—1>0 (2711 o 2m)2(2n2 o 2m + 1) o (2n2m o 1)

Thus, we obtain the desired result with an elementary calculation. O]
From [32, Thms. 3.16 and 3.17], for p € N we have
T(L{1},1.1) = T@ {1},1) € QIB(1), C(2), B2),C(3), B(3).C(4), .. ]
Hence, we deduce the following cases (5(2) = G):

1
/ arctan(z) )
0

T
L arctan?(x) 1 7
Darctan®(x) 9 3

| = = e - 3o
Larctant(x) 93 3 1,

Corollary 4.8. For positive integer m,

S(2,{1}om—2,1), T2, {1}2m-1,1) € Qlog(2),7,¢(2), B(2),¢(3), 8(3),¢(4), .. ].  (4.20)

Proof. The corollary follows immediately from Theorem and Proposition and no-
tating the fact that 7'(2,{1},,—1) = T (m+1) and S(2,{1}2,—1) can be expressed in terms
of a linear combination of products of Riemann zeta values (see [31, Eq. (3.17)]). O

As four examples, we have

S(2.1) = 1¢(3) — 7G = T log(2),

T(2,1,1) = —68(4) + 3¢(2)G,
S(2,1,1,1) = 510(6) — 2 (1) log(2) — S-C(2)(3) — mB(),
T(2,1,1,1,1) = %g@)a +3¢(2)B(4) — 108(6).

Question 1. From the second and fourth examples, we can find that log(2) does
not appear. Is it true that

T(27 {1}2m—1> i) S Q[T‘-a C(Q), 5(2)7 C(B)a ﬁ(?’)a C(4)? s ]?
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Remark 4.9. (i) Recall that the convoluted T-values T'(k®1) (see [31, Defn. 1.2]) can be
regarded as a T-variant of Kaneko—Yamamoto MZVs ((k®1*) (see [21]). Similarly, by us-
ing the alternating multiple T-harmonic sums and alternating multiple S-harmonic sums,
it is possible to define the alternating convoluted T-values so that the first factor in the
sum is alternating multiple T-harmonic sums and the second is either alternating multiple
S-harmonic sums or alternating multiple 7T-harmonic sums. (ii) For positive integers k
and m, it is possible to establish some explicit relations between S(k + 1, {1}2,,_2,1) and
T(k+1,{1}2_1,1) (even more general alternating convoluted T-values) by considering

the following iterated integral

/1 arctan? (t)dt (@)m arctan?(t)dt (.1 € No.q € N).
o t t t
Clearly, the above iterated integral can be expressed in terms of AMMVs.

Applying Au’s Mathematica package 23], we can find many explicit evaluations of
AMTVs and AMSVs. We listed some cases, please see Examples [4.10] [4.11] and [4.13]

Example 4.10. We have

o 1
T(2,1,1) = —4G* + —7*,

32
3 ™ 1 22 O .
T(2,1,1,1,1) = 57°G? + =’ — 8GA(4),
1 1
S(2,1,1) = -2 2——JELW4+2Gng@)——ﬂjbg%%—%—kg%2f+4LMﬂ/m,
1440 6 6
o 61 1 1
o 2 7= 4 -2 2 . 4 :
S(2,1,1) 2G Te0" + G log(2) Tl log“(2) + 7 log™(2) + 2 Lig(1/2),
. 31 1, _ 3
S(2,1,1,1,1) = 50160" 4GB(4) 12G7r log(2) + 2m5(4) log(2) +2¢(5,1) + 2G7r(’(3)
33 , 31
— 165 (B) = ¢ 108(2)¢(5),
ST = — B 6 4GBA) — 2 G log(2) + 78(4) log(2) + C(5.1) + 2G¢(3)
) T 309560 gq T OB TR s T
195 31
~ 195" 8) = 75 108(2)¢(5).
Noting the fact that
g@n——i#—iﬁl%m+11%m+ﬂuym+5 (2)¢(3)
D TTRT T8 2% ! 1 %8 ’

hence, we would like to conclude this section with the following question.
Question 2. Is it true that for m € N,

T<27 {]‘}27’7‘&—17 i) S @[7’(’, C(2>’ 6(2)7 C(S)v 5(3)7 ((4)7 e ]

and S(2,{1}s,,) and S(2,{1}2,,_1,1) can be expressed in terms of a linear combinations
of products of log(2), m, ((2k + 1,1),{(2l + 1) and S(2p), where k,l,p € N.
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Example 4.11. We have

L 1 7 03
T(3,1,1) = —=7G — —=7*¢(3) + —((5
o 589 7 1 1
1,1) = 2Lis(1/2) — — - log?(2) — — log®(2) + — 7% log>(2
S(8.1.1) = 2Lis(1/2) - o0(3) — O I0g'(2) — - 10g’(2) + - log?(2)
151,
—90 4 00(2
+ oo™ 0g(2),
S 11) = C(3.1) + =2 Lis(1/2) — o2 (3(3) + = n2¢(3) log(2) — " (5)log(2)
A " 128 32" 8 16>\ 8
22776 1, 1
—712log*(2) — —7*1log?(2
967680 ~ ass” 108 (2) — g5 108°(2),
5 0 7 1 5o 134 | 27
T(3,2,1) = 12Gp(4) — 3T G* — rd Glog(2) — 1" X Lis (T) + 7% Liy(1/2) log(2)
7, 257 & 1 o 13,
! 0 6 20004(2) — —2 1t 102 (2).
T33O ~ oappp™ T g™ e (D) - g lee’(2)

Remark 4.12. For explicit evaluations of more general (alternating) triple T-values and
(alternating) triple t-values, please see [30].

Example 4.13. We have

T(1,2) = Gr — gg(:a),
S(1,1) = —2G + mlog(2),

N
—
=1
=
N~—
I

—2G + %Wlog(Z),
- 1
7(1,2,1) = —ZGH +65(4) — £7TC(3),

T(1,1,2) = ~65(4) + LnC(3)
S(1,1,1) = 7 log(2) — 1C(3)

S(1,1,1) = %ﬁ log(2) — gg(:a),

_ 1 1
T(1,2,1,1) = —o-Cr® + 3n5(4) - %wg@),

T(1,1,1,2) = m(4) + 2=7°C(3) — 2 C(5),
7 93

T(L 1,2, 1) = _37]-6(4) - ﬁﬂ-QC(B) + gg(‘S)a
_ 1 3
S(1,1,1,1) = —28(4) — ﬂﬁ log(2) + ch(:%),
_ _ 1 21
S(1,1,1,1) = —23(4) — 4—87r3 log(2) + 57rg“(3),
T(1,2,1,1,1) = %QG# — %rzﬁ(él) +108(6) — g—;wC(5),
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T(1,1,1,1,2) = —108(6) — 9—767r3c( )+ 31<( 5),

T(1,1,2,1,1) = i 2B(4) — 208(6) + —w<(5),

T(1,1,1,2,1) = ~{7B4) + 205(6 )+ r;w?’a )= 2emCo),
S(1L1,1,1,1) = — o wtlog(2) + —rC(3) — 52(5),

S LLT) = o log(2) + oom(3) — 2 C(5),
S(1,1,1,1,1,1) = —26(6) + ﬁw log(2) — %7?3((3) + E7rg(5),
S(1,1,1,1,1,1) = —28(6) + ﬁw” log(2) — 2—g6w3¢(3) + ;%wg(&s).

From Example we end this section by the following three Theorems on the
evaluations of AMTVs and AMSVs of special forms.

Theorem 4.14. For m € Ny, we have

S(1{1}m) € Qllog(2), 7, ¢(2), 8(2),¢(3), B(3),¢(4), - - ]. (4.21)
Proof. According to the iterated integral expressions of AMSVs, one obtain

S, {1}) = (1) / wl o wlwt

H,_/
1 m
— ( (m+1 /2gm+1 tdi
0 1 + t2 14 t2
(—1 [(m+1 /2]2m+1 — — arctan t) tdt
B /0 1+ ¢2

(— 1)[(”‘“)/2]2erl — L /1 (arctant)®t
= -1 —dt
m! kz; ( ) ( ) 0 1+1¢2

0

mfk( DF e »
= (=1)lm+1)/2Agm+1 kz k<;—|—>1 G {<Z>k —/0 (arctant)"" dt},

where [x] denotes the greatest integer less than or equal to x.

Finally, applying the Proposition [4.2] yields the desired result. O
Theorem 4.15. For a,b € Ny, we have
T(1,{1}e,2,{1}s) € Q[m, ((2),8(2),¢(3), B(3),¢(4),-. ] (4.22)

Proof. Applying the iterated integral expression of AMTVs gives

1
T(ky, ks, ... k) = (—1)“/2]/ wp'~twjwg T wI . wg T W
0

24



Hence, by an elementary calculation yields

1
T(1,{1}.,2,{1}) = (—1)[<a+b+2>/21/ wo e w wew 1wy

(.

-~

a+1 b+1

1 a+1 b+1
_ et _1)[(Bat30)/241 / dt dt (dt
o \1+¢2 t \1+¢

atb+2 [(3a+3b)/2]+1 1 <E — arctan t) aH(arctan t)ot1
_ 271 / 4
(a+ 1)I(b+1)! 0 t

_ 2a+b+2<_1)[(3a+3b)/2]+1 a+tl a+1 <E>“+1_k(_1>k /1 (arctant)k+b+1
(a+1)I(b+1)! k 0 t

dt

dt.

4

Thus, using Proposition 4.7| and noting the fact that

[ 0, 7@ (1) € QB €02, B2, ) BB G0 ] (€ T,

we arrive at the desired conclusion. O

Theorem 4.16. For any m € Ny, we have

S(1{1}m, 1) € Qllog(2),m,¢(2), 5(2),¢(3), B(3),¢(4), .- |- (4.23)

Proof. Similar to the iterated integral of S(1,{1},,), by definition of AMSVs, we obtain
the iterated integral of S(1,{1},,,1):

S(L {1}m7 D =

m—+1
(_1)[m/2]+12m+2 1 (% — arctan t) t
/ dt (m € No)
0

(m+1)! 1—¢t?

Integration by parts yields

dt.

B - (—1)lm/Agm+1 1 (z — arctan t)mlog(l — %)
S(1, {1}, 1) = / 4
0

m! 14 ¢2

Setting t = tan z gives

S, {1}, 1) = M /ﬂ/4 (% = x)mlog (Zgig?g) dt

m! 0
(_1)[m/2}2m+1 /7r/4 T m
= — — ) log(cos(2z))dt
m! 0 (4 >
(_1)[m/2}2m+2 /7r/4 T m
- — —xz) log(cos(x))dt.
m! 0 (4 )
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T i
Letting x = i in the first integral and x = 5 U in the second integral, one obtains

i (L \mgmt (p/a /2 -
S(1, {1}, 1) = % {/0 u" log(sin 2u)du — 2/ﬂ/4 (u - %) log(sin u)du

(_1)[7”/2] /2 m :
= / y" log(siny)dy
m! 0
(—1)lm/2gm+2 & (m) (ﬂ)m—k/”” E 1o (e
- - u” log(sin u)du,

where we replaced the 2u by y in the last step.
On the other hand, applying Lemma and notating the fact that for p € N,

/2 /2
/0 2P cot(x)dx = —p/o 2P~ log(sin x)dx € Qlog(2), 7, ¢(2), B(2),¢(3), B(3),¢(4), . ..

and

/4 /4
/0 aP cot(z)dr = —p/o 2P~ log(sin x)dx € Qlog(2), m,¢(2), B(2),¢(3), B(3),¢(4), . ..

we deduce the desired result.

5 Parity of alternating triple M-values

In |32, Conj. 5.2], we conjectured the following parity result.

Conjecture 5.1. For composition k = (ki,ks,..., k.), € = (e1,...,&,) € {£1}" and

o= (01,...,0.) € {1} with (ky,01) # (1,1),

{1 - f[ ((—1)kj+1sign(aj +e5+ 1)) } M: (k)

j=1

can be expressed in terms of products of AMMVs of lower depth.

In |30], we obtain the parity theorems of AMtVs and AMTVs by considering the
contour integral. Similar to [30], we will use the contour integral to evaluate the parity of

alternating triple M-values. First, we introduce some notations and Lemmas.

Let A = {ap}rez be a real sequence satisfying klim ar/k = 0. For convenience,
—00

denote A; and A as the constant sequence {1*} and the alternating sequence {(—1)%},

respectively.

For brevity, the following notations of sums related to the sequence A are used in the

sequel. Let 7 > 1 be a positive integer. Then for n € Ny, define
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An—k A — Qfe—p—
ENG) =Y =5 BV =0, ENG) =Y =5
k=1 k=1
E@A An—k EA (5 — EA () — Af—n—1
( ) Z(k_l/Q)J’ 0 (]) 07 n (]) Z(k—l/Q)J
k=1 k=1

and for n € Z, define

( oo ( oo
Z—a’”’"‘k_ ==t S e
FVG) =4 & V() =4 &
Ak4n a
> il >
\ k=1 k=1
( oo ( oo
Aftn ag
S (s %) -1 >
EN () =4 = V() =4 =
B D E L S
L (k—1/2)i ’ L (k—1/2)i”
\ \
Now, let
. —(A a A
GAG) = EDG) - ENG) -2, GiP() =0,
L) = FNG) + (17 EN ),

RO () =GPG) + (1LY G),  SUG) = N
and let
- ap—1 Qg . =
) Z(k—l/z_k)’]_l’ Z(
ARIOERES () = { k=t
ag—1
> - j>1, >
oo (F—1/2) = (K

{4 (j) = (1)1 () = ().
Note that in the above definitions, setting A = A; or A, yields
A%) = HY + (=1)C(j), MM () = () — B,
) = h + (=1YLG),  NIG) =) - h
Rn (J) = (14 (=1))¢0G),  SYG) = 1+ (=D))EG),
'G) =<¢G), tWG) =t 3G) =), TIG) = -




and

M) (j) = (=1)" " HY + (=1)"¢(5) — 65 log(2),

M) (5) = (—1)"HY, + (—=1)"¢(7) + 6,1 log(2) |

N () = (=1)" A + (=1)" 714 (5) — 651 1og(2)

N2 (j) = (=1)"B, + (= 1)"(5) + 611 log(2)

R(A2)<J):( D"(L+ (=17)¢(),  SP20) = (—1)"(1 = (-1))i()).
A)(5) = C(G) + djalog(2), ) (5) = —1(j) + 0,1 log(2),

%(AQ () = 1(7) + djalog(2), 19(j) = —(1 = (=1))t(7) -

where 9,, ; is the Kronecker delta and

oo 1 oo n
SRS d

Z (n—1/2) () and () Z n—1/2

n=1 n=1

Note also that we should interpret ¢(1) := 0 and #(1) := 2log(2) wherever they occur.
Here H\"” stand for the generalized harmonic numbers defined by

H()—O and H Zk for n,r € N.

Let A denote the odd harmonic numbers of order r defined by

n

1
h(()T) pry O and hg) = Z m 3 fOl" TL,T’ G N
k=1

Set H,, = 7Y and I z_hﬁf). The alternating harmonic numbers 1P and the alternating
odd harmonic numbers b are defined by

7" — o )21G) zn: (_1)k_1 d " —o AQ) . (‘Uk_l
= = _— n = = _—_—
0 ’ n kT ’ a 0 ) n (k - 1/2)7“ 9
k=1 k=1
respectively, for n,r € N.
Some sums presented here can also be found in a previous paper [29] of the first
named author. Moreover, in [29], the following two definitions were introduced.

Definition 5.1. The parametric digamma function ¥(—s; A) related to the sequence A
is defined by

a = (a a
W(_S;A>:£+Z(f_k—ks) , forseC\Np.
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Definition 5.2. The parametric cotangent function cot(ws; A) related to the sequence A
is defined by

meot(ms; A) = —% TU(=s5;A) —¥(s;4) = — — 252 L2 _ 32

Obviously, when A = A;, the parametric digamma function ¥(—s; A) reduces to the
classical digamma function ¢ (—s) + -, where v is the Euler-Mascheroni constant. By
setting A = A; or As, respectively, the parametric cotangent function cot(ws; A) turns
into

cot(ms; Ay) = cot(ms) and cot(ws; Ay) = cse(ms) .

Using these notations, we now recall a few series expansions appearing in [29] and [30],
which will be frequently used in the computation in the sequel. For the parametric
digamma function ¥(—s; A), we have

Lemma 5.2. (¢f. [29, Theorem 2.1]) Let p > 1 and n be nonnegative integers, if |s—n| < 1
with s # n, then

il G EO N P {an - i(—l)j (j e 2) MG +p—1)(s n)j“H} :

G- G- p1

(5.1)

Lemma 5.3. (c¢f. (29, Theorem 2.2]) For positive integers p and n, if |s +n| < 1, then

w1 (—s; A) oxm (TP =2\ Sy, -1
- Y ]Zl( p—1 )MT(LA)(JH?—U(SJF”)

Moreover, the next two lemmas hold.

Lemma 5.4. (cf 130, Lemma 2.2]) For integers p > 1 and n >0, if |s —n| < 1, then

N(A) y -1 . j—1 9
(p ; ( 1)n(3+p Ms—n) "t (5.2)
and if |s +n| < 1, then
v -5 A) j+p—2
: ! = (=1F Z ( )N1(l+)1(] +p—1)(s+n)t. (5.3)
(p— ].) = -1
Lemma 5.5. (¢f. (30, Lemma 2.3]) For positive integers p and n, if 0 < |[s—n+1/2| < 1,
then
-1 — s A)

(p—1)!

— 1 o0 j +p - 2 (A) i T

_(s—n—+<a" 1_; ( -1 )Mn—l(]+p_1)(3—n+§)]p .
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Setting n = 0 in (5.2)) and (5.3) gives

w1 _ g A =/ -2\ . ;
0 3 G LTRSS SN R ¥}

(p—1)! ~\ p-1
and setting n = 1 in Lemma [5.5] yields
lp(p_l)(% — 5 4) ) [(j+p—2 ,
— = -7 DW(j+p-1)(s— 3. (55
(p—l)! (3—%)p+( ) Z( p—1 ) (]+p )(8 2) ( )

j=1
For the parametric cotangent function cot(ws; A), Definition gives
meot(ms; A) = % _ QZD(A)(Qj)SQj_l, for |s] < 1. (5.6)

S .
J=1

Since R(()A) (5) = (1+(=1)7)DX(4), it can be found that the above expansion is the n = 0
case of the following result.

Lemma 5.6. (cf. [29, Theorem 2.3]) For integer n, if 0 < |s —n| < 1, then

meot(ms; A) = Sal_nln — Z(_Un)ij;?‘)(j)(S —ny,
j=1
where o, s defined by
B 1, n>0,
7= 1-1,n<0.

Additionally, we have the next result.

Lemma 5.7. (¢f. [30, Lemma 2.5]) For integers m >0 and n > 1, if |s —n+1/2] < 1,
then

m

i—m(ﬂcot(ws;A)) = (—=1)"m! ;(—1)1‘—1(

Jt+tm—1 : i
") s s =t

Flajolet and Salvy |13] defined a kernel function £(s) with two requirements: 1. £(s)
is meromorphic in the whole complex plane. 2. £(s) satisfies £(s) = o(s) over an infinite
collection of circles |s| = p, with pp — oco. Applying these two conditions of kernel
function £(s), Flajolet and Salvy discovered the following residue lemma.

Lemma 5.8. (cf. [153]) Let £(s) be a kernel function and let r(s) be a rational function
which is O(s™2) at infinity. Then

D “Res(r(s)é(s),a) + Y Res(r(s)é(s), B) =0, (5.7)

ac0 Bes

where S is the set of poles of r(s) and O is the set of poles of £(s) that are not poles r(s).
Here Res(r(s), «) denotes the residue of r(s) at s = a.
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In [13], Flajolet and Salvy used residue computations on large circular contour and
specific functions to obtain more independent relations for Euler sums. These functions
are of the form &(s)r(s), where r(s) := 1/s? and £(s) is a product of cotangent (or
cosecant) and polygamma function. Applying Lemmas and residue computations,
we can establish some new identities. The main results are as follows.

Theorem 5.9. For integers m,p > 1 and q > 2, the following identity on sums related
to the sequences A, B, C holds:

mipta o= @M (m) NI (p) a1 MZ) (m) NI (p)
(O™ Y T g +Z (n—1/2)

n=1

ey (m+q—k—1) (p;ﬁi)z:an(;bif/vz)égtm

k=0 ¢—1

- Dty — 1\ (g4 ks — 1\ = bu R, (ke + DN (p + ko)
AP <p—1 )( )Z (0 — 1/2)7+

qg—1
k1+ko+ks=m—1 n=1
k1,k2,k3>0

NEY m+ky—1\ (q+ ks —1 ch WS ke + DN (m+ k)
m—1 nq+k?3

g—1

k1+ka+ks=p—1 n=1
k1,k2,k3>0
= IO )
where
To= (-1 > (—1)]1( . 8 ) ) ( _3 . Y0y + DEP (m+ 5)FLO(p + js).
Jit+jz+jz=q—1 p
J1,J2,73>0

Proof. In this case, use the kernel function

1
gm=1(—g; B)yr-1) (5 — 5 C’)

&(s) = meot(ms; A)

(m —1)lp—1)!
and the base function r(s) = (s +1/2)79. It is obvious that the function F(s) = £(s)r(s)
has simple poles at s = —n for n > 1, with residues

a, M (m)N (p)
(n—1/2)

where Lemmas [5.3) and are used. Next, F(s) has poles of order m + 1 at s = n
for n > 0. By Lemmas [5.2] and [5.6] we find that the residues are

Res(F(s),n) — mz(mw— —1) <p+k:—1) by NS (p + k)

q—1 p—1 (n+1/2)mtak

Res(F(s),—n) = (—=1)m*P*a
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m m—j+1 (A)/  Ar(C)
m m4+qg—k—j\(p+k—2\b,Ry ' (j)Nn ' (p+k—1

p—1 (n + 1/2)m+qfkfj+1

Moreover, F(s) has poles of order p at s =n — 1/2 for n > 1. By Lemmas [5.4 and
.7, we arrive at

Res(F(s),n — 1/2)
= (-1t Y (m + k2 — 1) (q + ks — 1) n1SE (k1 + DN (m + ka)

m—1 qg—1 natks

k1+ko+kz=p—1,
k1,kg,k32>0

Finally, F(s) has a pole of order q at s = —1/2. Noting the facts that

dm +1 .
- m 1F(A)
S_l>1r111/2 = weot(ms; A) = (=)™ e (m + 1),
dm
lim —wP (s A m+p— 1)1iA
Jim 00 (s 4) = (<1 (m +p = DD (m 4 p),

dm
— w1 _ 1@
s_l}llrllﬂ dSmW (1/2 — 5;A) = (=1)P(m + p — DIMY (m + p)

— (=1"(m +p— DIEN (m + p),

the residue Res(F(s),—1/2) is found to be Z, given in the theorem. Hence, combining
these four residue results to Lemma we obtain the desired result. O

Theorem 5.10. For integers m,p > 1 and q > 2, the following identity on sums related
to the sequences A, B, C' holds:

n

o) —r(B C)
(—pymera g~ Gl >< >N<H +Z an M) >N< (p)

n=

mi m+q—k—1\/p+k—1 ZanbnNn (p—l—k;)
q—l p—l nm+q—k

=0 n=1

. ptky—1\ (q+ ks — 1\ o= 0B (ks + DN (p + ko)
Seom o (R > i

-1 —1
ki1+ko+tks=m—1 p q n=1

k1,k2,k3>0
RS m+ky—1\ (g4 ks —1 Z k1+1)N£ (m + ks)
ko +ko+kg=p—1 m—1 ¢—1 n=1 (n —1/2)e+%
k1 ez k>0

- _t70 )
where

Jo = aobo(—l)p(

m+p+qg—1

po1 )f(c)(m+p+q)
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q+1 . .
+j—2\(p+a- o |
+ ag(—1)"*P E (m J )(p 1 j)D(B)(m+j ~D)iNp+qg—j+1)
=1

p m—1 p—1
{m_+q
’ +p+qg—27—1
m—+p — 27— N .
—2bo(=1)" ) ( b1 )D(A)(2J)t(c)(m+p+q—2j)
j=1

RN (mntﬂ_z 1— 2) (P+J'3 - 2)

= p—1
2j1+7j2+j3=q+2
J1,92,j3>1

x DA (25 )DB) (m + j, — DI (p+js — 1).

Proof. Similarly to the above results, to obtain this theorem, we apply the kernel function
&(s) to the base function r(s) = s79, and doing the usual residue computation, where

Jo = Res(£(s)r(s),0). u

From these two theorems, we can obtain two kinds of mixed type Euler sums, which
involve both the (alternating) harmonic numbers and the (alternating) odd harmonic
numbers. For simplicity, denote

F=1—-0(=1)% for o==+l,
I, = — (—1)"2P 972000 ((ms 0 ) M o M (g, p) — 0p(—1)P27 267 9 (0, ) M Y (g, m)

o OPUCI(_1)m+p+q2m+p+q_2M0'_p{;;7am (p + q, m)v

Ty = 004 (=1)" P (m; 000 )H(p + G5 0004) — 0p(=1)" P01 C(m; 0 )E(p; 0,)E (g5 0),

r-—cor () ()

k=0 ¢—1

% Up(_l)pﬂ{tv(p + k; Up)%v(m +q—k; Uq)
+2m+p+q—2Mg_q{c’,;1(m +q—k,p+k) ’

+ky—1 +ky—1
Z,=(—-1)™ Z (p 2 ) (q . _3 . )(54’“((/61 + 1;0m0,0,)

p—1
k14ko+kz=m—1
k1,k2,k3>0

" op(—1)PHR2t(p + ko; 0,)E(q + k3; 0y)
poptatheths 2 Mo (g 4 ey, p o+ )

b
a,0p

ko — 1 ks —1 ~
+0,0,(—1)P Z <m + ko ) ((] + K3 )5§;Upgqt(k1 + 1;0m0,0,)

m—1 qg—1
k1+ko+kz=p—1
k1,k2,k3>0

X Um(_l)m+k2f(m + ko 0)C(q + k33 04)
+2m+q+k2+k372M01_;’_0_1m(q + k,37m + ]{2) 9
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o 2 (0

Jitjetiz=q—1
J1,J2,5320

X 5glmopaqt(jl + 1; Umgpaq)t(m + j2; Um)C(p + j3; O_p)a

—0q,0m

Zs = log2 { = 0L 2IEM G (g,m) = (< 1) 0L, C(m; 0m)H(g; — )

(" i+ o)
# e 3 (M ) s om0~ oy
k=1

q .

m m + q—J— 1 j— ~ . -~ .

+ (_1) Z ( m—1 >5j—(rinaqt(j; _Umgq)t(m + q—7; Um)}7
7=1

where ((1) and #(1) should be interpreted as 0 and 2log 2, respectively. Applying Theorem
.9 we obtain the following result.

Theorem 5.11. For positive integers m,p and q > 2, we have

0o ppr(m) )
o"H, "1 (om)h, 1 (0
A (;;(_ 1;2)q 1(%) =T, + o + I + Ty + Is + 5,16, -1 L.

n=1

Note that Z;, for i = 1,2,...,6, are defined as above, op,, 0,0, € {£1}, the numbers
H,Sm)(a) represent the classical harmonic numbers H™ for o = 1 and the alternating
harmonic numbers H{™ for o = —1, the numbers hﬁf’)(o) represent the odd harmonic
numbers h¥ for o =1 and the alternating odd harmonic numbers hP foro=—1.

Proof. For integers m,p > 1 and ¢ > 2, letting (A, B,C) € {A;, Ay} in Theorem
yields the desired result. Note that the d,,1,0,1 appear when A, B, C are replaced by
As. By considering the four cases according to whether or not m,p equal 1, and using

the expressions of t(q,p; —o4,0,) [30, Egs. (3.3) and (3.4)], we can only eliminate the

combinations of the terms on the Kronecker delta d,, ;. O
Denote
Ji = — (=1)"2P 26809 (ms 0, ) M (g, ) — 0 (—1)P27 9260 (ps 0, ) MY, (g, m)
— QMR N L (m+q,p),

Jp=— Jp(_l)pz(ﬂ 0p)C(m + ¢;0m0y) — Op(_l)m+p5g_1<=(m§ Um)’tv(p§ 0,)C(q; 04)

m+p+q—1\~
—Up(—l)p< b1 )t(m+p+q;0p),

@=—<—1>mk2m;<p;le) ")

oD+ ko) m g — i o)
FomAPHa2 M) (g —k,p+ k) [
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VA (p+ ky — 1) (q + ks — 1) (s + Lomoron)

—1 —1
k1+ko+ks=m—1 p q
k1,k2,k3>0

(1D + R 0)(q + i)
optathatka=2 NI (0 4 kg p 4 k)

m—+ky—1\[q+ks—1 ~
+op(—=1)° Z ( o ) < -1 5§jﬂ0pgqt(k1 + 1;00m0,0,)
k1+ko+kz=p—1
k1,k2,k3>0
T (—1)" R0 (m + ks 0 )E(q + ks 04)
M A+ q + ko + ks 0n0g) + 2t atkatks 2 VL ke ) [

| = p—1
2j1+72+73=q+2
J1,52,3321

X (2513 0m0p0)C(m 4 jo — 1;00)t(p + jz — 1;0,)

=
m+p+q—2j—1 : ~ .
+20,(—1)7 Y < b1 C(24; omopog)t(m +p + q — 25; 0p)
j=1
g+1 . .
m m+j—=2\(p+q—J , ~ .
—op(—1) +pz< I )( b1 )C(m+J—1;crm)t(p+q—J+1;0p),

i=1

Js = log 2 x {57ln+q2m+q_2M1’;q7am(q,m) + (=)™ C(m; o) C (g =)

+ (1 - 26m+q,even)€(m + q; _Umaq)

# (" con g+ Com (T )+ dion)
3
m mtaq-2k=1 s —O0m0q)C(m — 2K;—0
SR M (A L
H .
—2(=n™ Z (m +;],L__21] - 1)C(2j; —0m0q)C(m +q — 27; O'm)}-

Then the following result holds.

Theorem 5.12. For positive integers m,p and q > 2,

o n py(m) (p)

o"H, 1 (om)hn’ (o))
srtrtaly o E 4 Tnol !
o mTp

n=1

=N +T+Ts+Ti+Ts + 0100, 1T

n4

Note that J;, fori=1,2,...,6, are defined as above.
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Proof. For integers m,p > 1 and ¢ > 2, letting (A, B,C) € {A;, Ao} in Theorem [5.10]
yields the desired result. Note that the d,,1,0,1 appear when A, B,C are replaced by
As. By considering the four cases according to whether or not m,p equal 1, and using
the expressions of T'(q, p; —o4,0,) [30, Egs. (3.6) and (3.8)], we can only eliminate the
combinations of the terms on the Kronecker delta d,, ;. O

Hence, we can obtain the parity theorem of (alternating) triple M-values.

Theorem 5.13. Let

{1 ifer=1;
T, =

o, ife,=—1,

then when the weight w = ki + ko + k3 and the quantity % have the same par-
ity, the (alternating) triple M-values MZ152%3 (ky, ko, ks), where ky > 2, are reducible to

;02,03
combinations of zeta values, the Dirichlet beta values, and (alternating) double M -values.

Proof. Note that by convention, (k1,01) # (1,1). when (g1, e9,¢3) = (1,1, 1), the quantity

l-—mimoms _ 1=1 __ n; : 1,1,1 :
ARE = 22 = ( is even, we can rewrite M:';  (ki, ko, k3) in the form

3 N1 N2 N3
2°0,'05% 03

(in)kl (2712)k2 (2n3)k3

Mo'li%é’127o'3(k:17 k27 k3) = Z

ni1>ng>n3>0

=M} (k)M (kg,kg)—23—’ﬂ—’f2—k32— R Nt

02,03
n=1 i=1 j=1

:21*]@1(:(]@’1; o'l)Ml’l (]Cz, k’g) +2M*! <k2 + ks, kl)

02,03 0203,01

n 23,k17k27k3<<k1 + ko + k3; 010203)

_ 93—ki—ka—ks - Hr(bkl)(al)HékS)(US)

0109073 oL,

k
n=1 ne
According to [29, Corollary 3.7], the (alternating) quadratic Euler sums are reducible to
the (alternating) linear Euler sums when k; + ko + k3 is even. And the (alternating) linear
Euler sums are expressible in terms of zeta values and double zeta values by [13, Theorems
7.1 and 7.2]. Hence M1UL (kg ko, k3) are reducible to zeta values and double M-values.

01,02,03

When (51,62’53) = (—]_7 —]_’ _]_>’ the quantlty 1*7'127'27'3 — 1*0'120'20'3’

M_l’_11_1<k:17 k:Qa k3) = 23t(k17 k27 k37 01,02, 0-3)'

01,02,03

And the triple t-values are reducible to combinations of zeta values, the Dirichlet beta
values, double zeta values and double t-values when the weight w = ki + ko + k3 and
the quantity 1_‘”% have the same parity by [30, Theorem 4.4]. According to the def-
inition, double zeta values and double ¢-values can be rewritten as double M-values.
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So ML -L=1(ky ko, k3) are reducible to combinations of zeta values, the Dirichlet beta

01, 0'2 0'3

values, double M-values.

When (g1, ¢e9,¢3) = (1, —1,1), the quantity 1= N 1720—27

3 n1 1 _no n3
2°0]' 0y 04

MEEL (ki ko, ky) =
0'170'270'3( 1, 2, 3) Z (2n1 — 2)k1 (277,2 — 1)k2 (2“3)k3

n1>n2>n3>0

00 n n—1 ; 00

B 207 207 207
— (2n — 1)k 2 (20)%s ; (27)"

o n—-1 _,; n—1 j
:Mil (k1>M02 o3 (k27 k ) — 2% hrketha Z I\ k2 _3 _1
n=1

:21_k1C(k3 X 0'1) k’g, ]{?3)

o2, 03(

(k1) (k3)
_ 93—ki—ka—ks 5 020321'[ ' (Ul)ffn?) (‘73> n
n=0 (n+3)

oy is the (alternating) quadratic Euler R-sums which are de-

> Hékl) H(kS)
where Z (1) (03)

ko
o ()
fined in [28]. And by [28|, Corollary 3.6] and the above equation, the sums MY 11 (ky, ko, k3)

01, 0'2 0'3

can reduce to combinations of zeta values, the Dirichlet beta values, linear Euler R-sums
and double M-values when the weight w = ki + ks + k3 and the quantity 1‘% have the
same parity. Note that linear Euler R-sums can be rewritten as double M-values.

When (£1,¢62,e3) = (—1,1,—1), the quantity = —RT = 1_‘;1"3, we have

My 5ok ko, k) = TV (ky, ko, k) = 0109T (ky, ka, ks 01, 02, 03),

where T'(ky, ko, k3; 01, 09,03) is defined in [30]. By the parity theorem of the Kaneko-
Tsumura triple T-values [30, Theorem 4.9], the triple M-values M. 'V (ky, ks, k3) reduce
to combinations of zeta values, the Dirichlet beta values, linear Euler R-sums and double
T-values. Note that linear Euler R-sums and double T-values can be rewritten as double
M-values.

When (e1,2,e3) = (1,—1,—1), the quantity =752% = 1=22%  According to their
definition we get

/ﬁ,kz,ks) 21%1((1{1;01)]\41 (k27k3)

01,02 03( 02,03

[e.e]

(k1) (ks)
_gihi—kakay Z oy H, (11(01)1f)b _31(03).
n=1 -9

By Theorem and the above equation, under the conditions of this theorem, the triple

M-values M 012 oa(k1, ko, k3) are expressible in terms of zeta values, the Dirichlet beta

values and double M-values.
When (g1, €2,63) = (—1,—1, 1), the quantity =325 = 1=21%2 We deduce
Mallo'g o3 (kl? k27 k3) lf(klv 01>M02 o3 (k27 k3> 2M0'1}721 o3 (kl =+ k?a k3)
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o _ppy(ks) (k1)
_ g3—hi—ke—ka g o Z 02 Hn—g1(03)1h22_1(01) _
n=1 (n—13)

Thus, Theorem [5.11] and the above equation assert that, when the weight w = ki + ko + k3
and the quantlty —3%% have the same parity, Mml(72 Js(kl, ks, k3) are reducible to zeta
values, the Dirichlet beta values and double M-values.

When (e1,¢69,e3) = (—1,1,1), the quantity 1= —ITTE = 1_2"1. According to their defi-

nition we have

MUY (B, ke, kg) =218 (K o0 ) ML (Ko, Kes)

01, 0'2 o3 02,03

o0 n k k
_gdki—haks g o Z op) Hflff(as)h,ﬁ 1)(01).

nkz

By Theorem [5.12| and the above equation, the triple M-values M-%UL (ki ko, k3) are
Yy

o1, 0'2 o3
expressible in terms of zeta values, the Dirichlet beta values and double M-values.

When (g1, €9,¢3) = (1,1, —1), the quantity = T = 1= 2. We deduce

MY (ky, ko ks) =2V (ko)) ME T (R, k) — 2METY (kg + ko, k3)

01,02,03 02,03 0102,03

n 1k k
_ 93—ki—ka— k‘go, o ZUQHT(L 12(‘7 )h( 3)(03).

nk2
n=1

Thus, Theorem [5.12| and the above equation assert that, under the conditions of this

theorem, Mj;' US(lﬁ, ko, ks) are reducible to zeta values, the Dirichlet beta values and

double M-values.
This completes the proof. O

Example 5.14. We have

MUTN(1,2,1) = — 21og(2) M 1 (2,1) — ng;:f(Q, 1)+ M; 5 (3,1) — 2M; 17 (3,1)
35 w2 mt
— M;77(2,2) + = log(2)¢(3) — = 1og?(2) — —
17 (22)+ -7 log(2)C(3) — - log™(2) — 1
2
M2, ) =5 M) + SMYT(2,2) + log(MI (2,2) + M 1 (2,9)

_ i e 7
+ M7 (3,2) +2M 17H(3,2) + 3M (4, 1) + TGC(3) + 7” log(2)¢(3)

2 ™
— Glog(2)5(4) — 15108(2)G — o7
2
MBI 2:8,2) == S M2+ zM};L(s, 2) +3MIyy (3,4) + 6MI T (4,3)
L B 572 17377
+6MN(5,2) + ML (5,2) + 21¢(3)B(4) + 35 660) ~ 15

1— 3 L T T T
Mfll,,fll,’ilu-? 27 3) :EC(3>M711,’711<27 1) - ﬂMfll,’fll<27 2) - EMfll,’fll(ga 1) - EMflLll(z? 3)
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- gM};il(z, 3) + log(2)M; M/ (2,3) — M2} (2,4) — 2M (3, 3)

1,1 -1,-1 1.1 31
- Ml,!l (3,3) — 3]\471}1 (4,2) — 4M71,771 (5,1) — a1 log(2)¢(5) +16G5(4)
_ 1972 S _ 3"

s

Tog 108(2)¢(3) + = G" = o,
2
T

2
M7 (2,4,2) IZMTi’f (4,2) + %Mif”l(ll, 2) + 7M7) (4,3) + 2r M, (5,2)
+3My T (4, 4) + 8M P T(5,3) + 10M ) TH(6,2) — My M (6,2)

217 3T 3 1378

— R 3)C) — ZEC(3)B(4) — —GC(3) + =

2
M (1,2,2) = - SMETH L) - SMIL (2,2) + MY (2,3) +2M171(3,2)

- _ 7
+3M T (4, 1) + ML (4,1) + ZG<(3),

+ 6rlog(2)B(4) + %&(3)

~1,1,1 3 1,-1 = 1,—1 s 1,1 s —1,-1
Ml,—l,—1<2’ 3a 3) :1_6C(3)M—1,1 (3> 2) + =M 1,1 (37 3) + ZM—I,—I(:S? 3) - ZM—I,—l (37 3)

M-
2
n %M:f (4,2) — AMY71(3,5) — OMY ) (4, 4) — 12M171(5,3)
1,—1 1,—1 m®
—10M 716, 2) + MITN6,2) — ——
OM=1(6,2) + M (6,2) 1020°
MYTH(1,2,1) = = 2log(2)M Y] 4(2,1) — M71(2,2) — 2M 5 (3,1) — My '(3,1)
27 .
ry log(2)¢(3) + T log™(2),
2
MPM(2,2,2) :% MIT1(2,2) + mMZITH(2,3) + wMI)y (3,2) + 3MLT(2,4)
49 7T 56
4M1,—1 2M1,—1 4 2 -7 2 R o
+A4AM7 3 (3,3) +2M 75 (4,2) + 16< (3) + 5 G((3) 31
1,1,—1 1,1 s —1,-1 = —1,-1 T r—1,—1
M—1,—1,—1<1a 2, 4) :25(4)M_1’_1(2, 1) - EM—L—l (2, 2) - gM—l,—l (37 1) - §M—1,—1 (2a 4)
3
— M7 (3,3) — gM:f;:f (4,2) — 2e M1 (5,1) — AMM1 (2, 5)
~ _ 13
= 2M2 24 (3,4) = M7y (3,4) + 2010g(2)5(6) + TC(3)8(4)
3 1177
8rGH(4) + —G? —
M (2.9.9) = — T2, 9) — T 9) - r M (2,3) — w23
1,1,—1( ) 4 )—_ﬂ 1,1 (2, )_g —1,1( ,2) = 1,-1 (2,3) —m 1,1 (2,3)

— My N(3,2) — aMTTN(3,2) — 3MYTN(2,4) — 3M T (2,4)

—4MN(3,3) — 4MI1(3,3) — 3M) ' (4,2) — 3M 11 (4,2)

— TrG((3) + 5—7r6,
192
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1 2 2 2
MITH(2,2,3) ==¢(3)MITH(2,2) + = METH2,3) + S MTEN2,3) + M3, 2)
4 12 12 24
3T 3T

+ TMif”l(Q, 4) +2r M 7N(3,3) + =My (4,2) — 2M 71 (2,5)

2
. . ) 1 2
+AM{ 7 (2,5) + 3M] 7 (3,4) — 4MYZH(5,2) = 2GC(5) + 2 GC(3)
49 7

-3 + g6

1,-1,1 3 -1,1 3 1,—1 w2 1,-1 m 1,1
M71,1,71<37 27 3) == 1_6C(3)M1,71 (27 3) - gC(3>M71,1 (37 2) - ngl,l (37 3) - ?Mfl,fl<37 3)
2 2
+ %M:f;:f(& 3) — %M};f (4,2) — 2M; "1(2,6) + 8MYL(3,5)
8
+18MY (4, 4) + 24MY 15, 3) 4+ 2005 1(6,2) — 2M1(6,2) + —.

960

6 Dimension computation of AMMYVs

Let AMMV,, be the Q-vector space generated by all the AMMVs of weight w and denote
all its subspaces similarly. Set dimg Vp = 1 for all the subspaces V' of AMMV including
AMMYV itself. Clearly, AMtVs, AMTVs and AMSVs are special cases of AMMVs, and the
AMMVs can be written as Q[iJ-linear combinations of the CMZVs of level four. In [3],
Au found the all Q-linear relations among CMZVs of level four with weight < 6. Hence,
applying Au’s Mathematica package [2,[3], we find the Table [1]

w 0[1]2[3][4]5]¢6
dimgAMZV,, [1[1[2[3] 5] 8 |13
dimgAMtV,, [1[1[3]6]12]24 48
dimg AMTV,, [1[1[2]4] 7 [13]24
dimgAMSV,, [1[1[3]6]|12]22]42
dimg AMMV,, [ 1[2[4[8] 163264
dimgCMZV, [ 1[2[4[8]16] 32| 64

Table 1: Conjectural Dimensions of Various Subspaces of AMMV.

For each weight w, we let MB,, be the conjectural basis of Q-vector space generated
by all AMMVs of weight w. Using Au’s Mathematica package [2,3], we obtain

MBl - {7Ta IOg(Q)}v
MB; = {G,7*,wlog(2), log*(2)},

MB; = {<<3>, SLis (1), Gr, Glog(2), 7, 7 1og<2>,mog2<2>,1og3<2>} ,
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>’}_

2

12
>,log(2)%Li3< pal

2
G2, G72, Grlog(2), Glog?(2), m, w3 log(2), 72 log?(2), 7 log*(2), log*(2)

>’7TC(3)’10g<2)<(3)77T%L13 (1 4

2

Lis(1/2), B(4), S Lis (1 il

Further, the set MB,, (1 < w < 4) can be taken in the following forms:

MB,

7 N —~
iy - — —~
- -~ ~
< — \L/ =~ 17 —
- ~ — - -~
S —_ - —_— 17 T - 17 —
o - ! - - P —_ <t ~ — - -
= PN o5 o == SIS T - - —
< — n '~ — o < =
m - N . - - N ~ 17 - L) o —
Q Nl = T 0 T o= — g
~— P - < — RN -~ ~ — o~ -~
= — e S oD N p— e e e N — ~ T —
| — = — | =] o g —
= 7 T Ay L o3 E L oS —
R — 1 -
= B i il A
— M — . lM M GG R R R R
n M — e S M -~ - o~ M» ,7 | _7 _71 —i— o~ -~ -~ 17
~ ~ A I A — =
= s /31 o~ e~ . o _,171: I O L A
A 1(.“17111__ 1217174 411M %,,11717(
T T e \Q—p - 7 N n —
N Tt o 2 = N et SR R i,
= — ~— - -~ — —~ = o T AN A~
s I 1111171 =~ _I_A = 17,4\ R L T R L N (1717
2 - — e IO S P I S PR s AR S
= — | _1, - o~ a2 T | —_ L e e
U T B MM.IA.I_A_ | " h on 7_I_A11:111,A1
—_—~ - - PO M = — -~ -~ — —
.Wu 71MM11 -~ 711.411\h — 7,3\1 1117_ _.I_Al _
—~ - - - —_— M -~ e -~ T
—~ — — ~ = o AN — M — /3\ P N e 17171 Ml 174
(=) P RN P - e 7171 111171_1(11 Py
" <t oy R o 10 \)\1/ .~ - _11J11111»1M M M —
0 ~— - (- ~— — ~ | ==
- = - — —_ i L <t PR N - - -
o~ 1 -~ i L R i e e e e I e
R s — I — | =%
__ — T (am)] 3117_ — 174171_. .;117.(111117M Ml | — ™ -
T T | ~ =H <f . = - - -
o A — M,_I./AL\(,‘I. | =~ PPN — -~
3 M M — M M - M —_ ,71717M T M - 77
= - L= -~ % R A R R e N S o NN
3 — TS~ e L RN e R A B R
~ o M - ~ o= M I — ~ e e e e
A N e i e e R i S o B e
M 4‘( ~ 17 1’11 .I,A( 7\|/1 - o ™ o 17111 —_
— — - ! — o~ —~ O — ~— | — e
~ - - —~ o - | — —
— — -~ -~ — i ~ -~ — LS
o 11 _7 T N N A 11 _71.; o s = _I_A_ .I_A3131_711111
i< (T S S 1T = = = TS o e L mm
+~ - PRI R o _ - - <t - D A A Ny BN R _7 |~
— M o 3 o= |~ < < <H e L _a.I_A AT D o S
i — /l\,‘li_l.l)l_‘l — ((1,41,.(1_1:,1717_1:, MMM
= ~ O - T - 7 — L e R )
m ~ '~ _.|_A1,A 1:M7M7171_A, ~ 0 1_‘1_‘ | = _Maﬂyl,m ST L
~ =l e e R R R Y A~ TN
L% M17417M;11:M — M71’517.I_A1111;I_.17M M PS 7M — o =
— ~—~ v - - —~—_ " T - - - PN PN -~
o MlleM)\-/l Ml»l_llM,MM_\l/\n/ll\n/llll
N InE= TR oo n il M iy — 17 1.; — T 1.; 17 17
= N R anian i A S Rt an it G D S S
O M PP © o= L= = LA =
= S i B S U B e B P S S RSN SN N
S R - S TN i ar Tl SN
S — o — n N S ~—t ~— A~
&) 47 — —_ = = 57 ,4\ M..\ — /AIT\ — _71 _7117117 | = -
W ~ — I I A AnE e Rl R R Rl L N I AR ie i N A ) I ==
o) o = = _7117 - 0 o~ _7 — ,7171717 — = _7 _71 T = _711717
-~ = _a I ,’171717 _,1:1 N2 ] _»17 | == (e i\ R i R I _,1 A ,’1 —
% D L R s T B e L o B I B L R e B
2 SEEESSSE SRR R R EEEEEEE
=
(@] - - 7
()
o Il Il

package:

o o
= =
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Example 6.1. We have

11
MH:;@JJ)——gwf@y—umébwgyﬂmﬁggg)
91 .
=ﬂﬁgﬁ+4ﬂb§()——bg()—6hdﬂﬂ—~4%(KB)

1 7
_ _Egﬂz —2B(4) + 1—67r log( )+ E”C@);

3 1 7 1
Mg i (L1 1 1) = = ME () = gMI 3, 1) = o ME L (3,1) + S My (3,1)
1 1 7
= 5 Gn* +25(4 ) — 57 log(2) — gm¢(3),
9 5) 9
MU (L1 1) = SMEH () = SMI (3, 1) + S ME L (3,1) = S M (3,1)
~ M5 (2, 1, 1)
2 141 1
::_gGWQ—Bm%®4%Q%Lu( ;Z)+Zw%%4m
141 1 21
+ 83 Li < —21-1) log(2) — Eﬁlog (2) + —7TC(3).
169 27 21 291
_M:EQALZLU—]OM;®y+2M*1@1ynZMfﬁ4n+7;M:L@U
1

1
2 Ml 1<4 1) 7M11,7:11,{1(37 17 1) - §M117:171<37 17 1)
- Mll,&li,il(B? 1’ 1) - 2‘]\411,711,,—711(37 17 1) - 7M11,77 (27 17 17 1)
—4Myy T (2,11, 1) = 2My (2, 1, 1,1),

1023 3 95
M (3,1,1,1) = == = M (6) = S M (4,2) = 136M2 (5, 1) = =M (5, 1)
1
—%Mﬁjﬁ&LU ;Mﬂfﬁ&LU—lwﬁﬂﬁMJJ)

Similarly, for each weight w, we let tB,,, TB,, and SB,, be the conjectural basis of
Q-vector space generated by all AMtVs of weight w, all AMTVs of weight w and all

AMSVs of weight w, respectively.
For convenience, let

t(S1,. .., 80:501,...,0,) = M{ 1}70 (1,003 8r) = 27t(S1, -, 89501, -+ o, OF),

-----

where (s1,01) # (1,1) and the AMtVs are denoted by

Ny

o o
t ey 8y Oy, Op) =
(Sl7 78 Ul o ) Z (2”1 . 1)51 . <2nr - ]_)57“
ny>...>n,>0
In particular, if oy = -+ = o, = 1, then #(sy,...,s,) = t(s1,...,8;{1},). Similar

to AMZVs, we may compactly indicate the presence of an alternating sign as follows.
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For

)7t<]‘7 ]'7 1)}7

£(2,3,1,4) =1(2,3,1,4; -1,1,—1,1).

—1, we place a bar over the corresponding integer exponent k;.
), t(L 1)},

),t(2,1),6(2,1),¢(

tB, = {t(1)},
{t(3),4(

{£(2),1(2

Using Au’s Mathematica package, we have the following results of tB,,, TB,, and
with 1 < w <6.

Whenever ¢;
example,
SB.,

tB, =

tB; =

} —~
- -~ [N}
iy — -~
— = : LI
— 17 7\.”17_1 —
o 17 ,\I/A.. 17 17 — _/‘lw
N— . -~
= T Bl
N =i 7 =
= = 7_n(A\_2 f—
+ T T -
-~ - —~ o J— -~
— —~ <t = -~ hy (@]
-1 N RN
e ~ @\ -~ o~ —
TN = = J— _r

P - P T 2./ — ﬂ\
o = 1.; <t < = “_17 -
= ,27 — = ,1’_2’ T A r\l*}

~ - ~ ~~ =~

~~ P T

MRS > o o
P s L N Moo I S
[T S b AR SR (o] N

T T~ o~
BN BT S R (AN N
TaN ~ I L - I -~ -~ -~

~— O ~— < ™M T T~
/:.ub\,/l\ ST TN
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),5(2,1),5(2,1),5(1,2)},

{r(3),73),7(2,1),T(2,1)},

15(2),5(1
SB; = {5(3),5(2,1), S(2,

TB, ={7(2),7(2)},

TB;
TBy
SB,



~

S(6), 8(5.1), S(5,1), (5, 1), S(5,1), S(1,5), S(1,5), S(4,2), S(4,2), S(4,
5(1,2),5(2.4), (4, 1,1), 5(4,1,1),5(4,1,1), S(4, 1, 1), S(4, 1,1), S(4, T
op. _ ) ST, S(1,41),8(1,4,1),8(1,4,1), S(1,4,1), S(1,1,4), $(3,2,1), 5
073 5(3,1,1,1),5(3,1,1,1), 5(3,1,1,1), 5(3,1,1,1),5(3,1,1,1),5(3,1,1, 1),
S(3,1,1,1),8(1,3,1,1), 5(1,3,1,1), 5(1,3,1,1), §(1,3,1,1), S(1,3,1,1),

| S(1,3,1,1),8(1,1,3,1),5(2,2,1,1), 8(2,2, 1, 1)

W — N
N—

o

—_

N—

J

Remark 6.2. In |32, we also studied the Q-vector space generated by the AMTVs of

any fixed weight w and provide some evidence for the conjecture that their dimensions

{dy}w>1 form the tribonacci sequence 1, 2, 4, 7, 13, ....

Example 6.3. We have

i@.1) = —%5(3) + %t‘(z, 1) = %T? 10g(2) - zg(g)
i(1,1,1) = —#(1,2) — %i‘(z )= —Gr+ 2 4‘( )
HILLT) = —5H(3) — H01,2) ~ 26(2,1) = ~Gr - éﬂ log(2) + %4(3),
i(3,1,1) = —gt'(z;) _#(2,9) - %1 3.1) + it(2,1,1)
= —-2G* - % + % log?(2) + 81og4(2) + 4 Lig(1/2),
£(1,2,1) = 2t(4) — 2t(2,2) +2t(3,1) — 4{5(3 1) —1(2,1,1)
— _168(4) + 163 Li, 1; ) + _w log )+ 1—127T10g 2) + ZWC(?)),
{(2,1,1,1) = 410t(5) Y@, 1) - 4 i) - (3, 1)+ ;t(z, L11)
= oot los(2) + %w log?(2) + %log (2) - 2Lis(1/2)
+ i m0(3) — 222C(),
t(1,1,1,1,1) = —%t(5) ;375(4 1)+ %t(zl 1) +i‘(2,i,é)+%i’(3,1,1)
—1(1,2,1,1) — %i’(z, 1 1,1)
= () — AnS Ty (o) — ol wtlog(2) — T log'(2) — 1< log’(2)
+ 2 Lig(1/2) = () + o(5).
Example 6.4. We have
T(2,1) = —2T(3) +2T(2,1) = —%W?’ + 83 Liz (1 i Z) + 4G log(2) — iﬂlog2(2),
T(1,1.1,1) = S7(1) + gT(i_% 1) = — 1G24+ 28(4)
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TG, 1) = gT(S) +9T(3,2) + 6T(3,T) — 67(4, 1) + 273, 1, 1)
= —%W‘r’ + 2723 Lis (1 i Z) + Gr*log(2) — 1—167r3 log?(2),
T(3.1,1,1) = —%T(& —T(5,1) + T(5,1) — %T(él, 1.1)
= _3252059607T6 — %71’4 log?(2) + %71’2 log*(2) + ¢(5,1) + ;17?2 Liy(1/2)
+ o5 10g(2)C(3) — 1 C*3),
T(1,2,1,1,1) = —%T(l, 5) + 1—23T(5, 1)+ 7(5,1).
Example 6.5. We have
S(1,2) = —gs@, 1)+ %S(i, 1) = %WS 49 Ly (1)~ 26 10s(2) + %ﬂ'logQ(Q),
S(,1,2) = gsﬁ, 3) — %S(I, 3) — 25(3, 1)+ 35(3, 1) — 2821, 1) + S(2,1,1)
— _6B(4) + 83 L, (1 - "+ as L (1 ) tog(2) + Glog(2) - 1—127r1og3(2>,
SLLTT) = 105(4) + £5(2,2) — 152, 1,1) + 35(1,1,1,1)
—2G? + %#‘ — 673 Liy (%) — 2Grlog(2) + 1367# log?(2) — Zlog(Z)C(?)),
S(3.1,1) = —1%5(5) - %5(3, %) - 1%5(4’ 1)+ }15(3, 1,1),
S(3.1,2) = %5(@ _ %5(2,4) + %5(4, %) — 35(4, L1) + é5(4, 1.1)
_ 962746780% + %87# log?(2) — ;@ﬁ log(2) — 1—127T2 Lis(1/2)
~ o 08(2)C(3) + - (3).

Theorem 6.6. For any w € Ny, we have
dimg AMMV,, ®q Q[i] = dimg CMZV,, ®qg Q[i].

Proof. Tt is clear that the AMMV,, C CMZV? ®4Q]i] as vector spaces over Q[i]. According
to the definition of colored MZVs of level four, we know that n; € {emi/2 i e3mi/2 2 —
{%1, £i}. Hence, for colored MZVs of level four, we have

ny [ {EL Fi(=1)=D/2}if ny odd,;
T T L, £ (-1)/2) if n; even,
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N My
Lzl{;l k2 ----- kr ("717 ’n?") = Z ]];-1 kr
ny>e>ne>0 T4 T
1 1 " -
:Z Z MEAMMV@)QQ[Z‘].
1 k
61=0 6r=0 ni1>->n,.>0 ny ...y
TLjE(Sj (mod 2) Vj
Hence, CMZV?} c AMMV,, ®q Q[i]. This concludes the proof of the theorem. O
Conjecture 6.7. (cf. @ Conj. 5.2]) We have the following generating function
nzzo(dlmQAl\/lTVn)t =T

Namely, the dimensions form the tribonacci sequence {dy}w>1 = {1,2,4,7,13,24,...},
see A000073 at oeis.ory.

Conjecture 6.8. Forn > 2, we have
dimg AMtV,, = 3 x 2" 2.

In summary, we have the following Venn diagram showing relations between all the
different variations of MZVs above.

AMTV

AMMV
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