ALTERNATIVE EXPRESSIONS FOR PROBABILITY-GENERATING FUNCTIONS

CONCERNING AN INHERITED CHARACTER AFTER A PANMIXIA

By Ylsaku KOMATU

1. Introduction.

In a recent paperl) we have dis-
cussed from a stochastic view-point a
problem of estimating the distributions
concerning an inherited character
which consists of m. multiple alleles
at one diploid locus denoted.by

AL (L=1,,m)
and of which the inheritance is sub-
Jject to liendelian law. In succession,
we have also discussed a related
problem on mqther—cnlld combie
nations.%/,3/ Main tasks of these
papers have been to obtain the ex~
pressions for respective probability-
generating functions in explicit
manners.

In any case, the generating function
must be, of course, uniquely determined
in a definite manner. However, our
results have concerned not directly
the generating functions themselves
but somewhat indirectly the related
functions from which the generating
functions can be obtained as the
constant terms of respective Laurent
expansions with respect to parameters
involved. Under such circumstances,
it will be possible to find alternative
sources of generating functions. In
the present paper we shall illustrate
the circumstances by deriving some
alternative expressions for probabili-
ty-generating functions.

As in the preceding papers, we
consider a population of size AN
consisting of N females and N
males. Let the given distributions
of genotypes {A, Ay} in females and
in males be designated by

=R (i)
=My} (vhhom™)

and

respectively, so that

The order of genes in a genotype being
immaterial, any quantity accompanied
by a pair of suffices indicating genes
of a genotype should be supposed to be
understood as symmetric with respect
to the suffices; for instance, we
suppose F,¢ = Iy, , etec.

2. Mother-child combinations with
mothers of an assigned genotype.

We first consider the mother-child
combinations with mothers of an as-
signed genotype, A,Ap say. Intro-
ducing a set of 0n(mu4-l)/2 stochastic
variables

E=1X,) (Frbom)

we designate, in conformity with a
notation used in a previous paper
by

VEPIK )=l % 15 010

the probability that, after a panmixia,
the mother-child combinations (A, A,;
Aghg) ($,3=1,,m; $<3) amount to

respectively., Here, and also
in %%é subsequent dlscu351ons, each
mating is supposed to produce one
child so that in our present case
there holds

> X, =F,.

f £
Since a mother of any type A A can
produce, in general, merely a child of
a type involving at least a gene in
common with herself, the probability

(o | must vanish out unless

the g&'s are equal to zero for all
the impossible children' types j%‘A
i, e. for £ 3=+ o, B . The proha.—
bility-generating function is now
defined by



Bplg)= 2(plylF m)
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where ¥ =1{Zgg } designates a set of
m(/m,+l)/2 indeterminate variables
and the summation in the last member
extends over the whole range of

j,s}.

In a previous paper3) we have shown
that the generating function now in
consideration can be brought into a

form
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where the use is made of an abbrevi-
ation

L=

and the summation extends over all the
possible sets of m(m+ 1)/2 integers
%= {15'-»6} (w,{:):i,“-,m; =S 5D

satisfying the relations
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We thus have concluded that the
generating function @(ply) may
be represented by the constant term,
i. e. the coefficient of T[

za‘,(+ Za,p + zt,d‘f‘ ng
4

ath cdz

in the Laurent expansion around the
origin of the expression
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regarded as a rational function of
/m('m+ 1)/2 variables 1 ={t4} (a,b=l,
,m; ash) Or, our generating
function may be given also by the con-
stant term in the Laurent expansion
around the origin of the expression
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regarded as a rational function of
1+4m(m+ 1)/2 variables 4 and

i_‘: { tuﬁ}.

We now enter into a main discourse
of the present paper., The generating
function written above can be brought

into the form
@(dF‘ \‘ Ep (N ap)’ (Maﬁ) Yot
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In view of ZM L Yob

the last expression implies that it
is representable as the constant term
in the Laurent expansion around the
origin of the expression
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regarded as a rational function of a
variable T , where the asterisk above
the product symbol indicates that the
factor corresponding to (a,b)=(m-1,m)
must be omitted,
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Consequently, by introducing, with
a set of further m(m-+1)/2 variables
={4ap} (@, b=l m; a<h),

an expression defmed by
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our generating function is then also
given by the constant term in the
Laurent expansion around the origin of
the last expression regarded as a
rational function of m(m-+1)/2-+1
variables ¢”= {4} and t.

In case where A A, is homozygous,
AA, say, we nave

) a.lu i “m;
Zah: Z.,a.’;:ZJ: ( )

while in case where AzA, 1is hetero-
zygous, A;A; (v#4) say, we have

] =Zet L*z;nd’zlb a,b=1,"
u= (Mot

Hence, by distinguishing the cases
according to whether A A, is homo-
zygous or heterozygous, the final
expression derived above for
@(plz 4% t)  can be brought into
more precise forms, namely

&(iilgld; t)
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It would be noted, by the way, that
the generating ru.nction S@pl3)
itself is expressible, for instance,
by means of a contour integral, In
fact, if we consider for a while the
indeterminate quantities t and 4,4
(a,b=1,--,m; a<}) as complex
varlables » We may write

.‘.
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where the integration is taken around
the unit circumference on respective
complex planes in the positive sense,

Here we restrict ourselves to this
brief account, since such integral
representations will not be availed
in the subsequent discussions., How=
ever, analogous remarks apply, of
course, also to the generating func-
tions which will appear later, though
they will not be repeated explicitly,

The generating function having been
thus established in an explicit manner,
it is now ready to compute the means
or variances and other statistics for
the stochastic variables,

For instance, logarithmic differ-
entiation of the expression
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with respect to 2z, yields
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whence follows, after putting
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Further, by separating the const,ant
term in the Laurent expansion of the
last expression, we obtain
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Thus, the mean of the variable )(
in caae of mothers of the genotype
is given by the formula

jz(Li;LL):Z:E; ﬁnni

in conformity with a result previously
derived, where P‘”i) is defined by

.(M) (MLJ‘Z MLL

In quite a similar manner, we can

again derive the corresponding formulas
for remaining mother~child combinations,
They are set out as follows:

X :0=F, P
X(LL, L&) = Ew F M
X(L'j,} ‘:".')ZFL"}%: FfM:
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Here the different letters i ,' 4 and
are supposed to indicate different
genes,

The same result can also be obtained
in a similar manner by means of the
expression for @(d{il}I{' t) .
In fact we get
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whence follows
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Consequently, separation of the COlle

stant term in the Laurent expansion of
the last expression leads to

¥ (i 000= 2 BGln)
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Similarly for the remaining types of
mother-child combination.

The variances of the stochastic
variables as well as the covariances
between them can also be derived in a
similar manner by means of either ex~
pression obtained above. However,
since actual procedure of computation
based on the present formulas is,
compared with that explained in a
previous paper3 s rather troublesome
and hence not preferable, it will
here be passed over,

3. Mother-child combination with
both members of assigned genotypes,

We now observe a mother-child
combination in which both constituants
are of assigned genotypes, ( AAp
A A, ), 1. e. a mother of A A,
and hee child of fkgj&,], say. “Intro-
ducing a single stochastic variable
Y extending over all integers con~
tained in an interval 0=X = [,
we now designate by ¢

V(aip; g1 X)="Yep; 57X IS5 )

the probability that after a panm1x1a
the mother-child combination { A A,
f& A ) amounts to > in conforml—
ty w11h a notatjion availed in a
previous paper2 . The probability-
generating function is then defined by

b @p; £nlz)= B (ip; §11zl 7 9T)
Fp "
=2 e X
=0

Z designating an indeterminat.
variable.

Before entering into the main
discourse, we make here previously
an agreement. Similarly as in the
previous section, we shall concern in
the following lines, instead of the
generating functions themselves,
related functions from which the
formers are obtained as the constant
terms in the Laurent expansions.

Our agreement now states that every
Laurent expansion of & related func-
tion under consideratic- which is

rational with respect to respective



varameters is supposed to concern ex-
c¢lusively the origin of the set of
parameters, as the centre of expansion
vhere the function possesses eventu-
ally a pole.

Now, the possible mother-child
combination may be classn‘led es-
sentially into five types:

AN CALA s ALA, (A

LA;,)) (A.. ~’ A A /1 and
(A, Ay A ;Ag), neré the suffices

Ay and f indicating different
genes, For these types of coambination
possible genotypea of a male who can
be the spouse of mother i. e. the
father of child are restricted to
those involving at least one gene
A, Ags A, A or A;, and
Aﬁ, respectively. Further, in every
type of combination, since the dis-
tinction among the genes other than
those respectively enumerasted above
is a matter of indifference, they may
be gathered to a single aggregate
which plays a role of an ideal imagi-
nary gene, 1}, say.

In the following, we shall deal
with the flrst type of combmation,
( A:A;; ALAD, especially in
detail. S:ane the remaining types
are treatable almost similarly, we
shall later write down only their
final results.

3

Now, as shown in a previous paperz),

we first have

L { '
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where M, and M, designate the
frequen01es of ideal genotypes A. AL
and A_A,, respectively, in the

male~-population, namely they are
defined by

M.'uzz' MLL »
b#r

and the summation affixed below by
extends over all the partitions of
Fu into three integers 4., ¥.,
and Y4,, , satisfying

E

by Yiw, “a‘w—z—oi Yot ot Yo L.

m—; Z.. Md:

L

- 47 -

Introducing a parameter w , the
generating function ®(i¢; iilz)
given by the constant term in the
Laurent expansion of an expression

MIMa M E;?(N“F;.)f
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Introducing a further parameter -r ,
the latter is given by the constant
term in the Laurent expansion of an
expression
i
@ (u wlziu,v) = M. ML’“ M!

N ¥y g Mue
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By putting u=t,/¢, and v=1{/t.
in the last expression, it is brought
into the form

§
@(LL A.A,‘thutw)—- I\Mi“’__@_ﬂﬁ"
N’t Au,-tM,‘,w
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Consequently, our generating func-
tion is thus represented by the con-
stant term in the Laurent expansion
around the origin of the last ex~
pression regarded as a rational func-
tion of two arguments T, and 1,
The final result just concluded is
nothing but the one availed in a
previous paperz), As remarked there
and indeed as readily shown, the
generating function is also expressible
by the constant term in the Laurent
expansion of an expression

BGisiilzlgt,te)= Ed- MMl Mol
N' 4 ut »tthu)
'{(42+1>(fb‘+~§)+(4+1)( Lo, 1)}

regarded as a rational function of
three arguments 4 , €, and Ty

Vie shall now proceed to construct
an alternative expression for de-
termining the generating function.



A glance at its own expression shows
that our generating function

®(ii; it]2) is given by the constant
term in the Laurent expansion, besides
of @(u) Wiz fw) , also of an ex-

pressidn
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regarded as a rational function of an
argument W . Introducing a further

parameter 4y , the latter is given by
the constant term in the Laurent ex-

pansion of an expression

MMM, Fu! (N-E)!
f{l

Z+1 Mo (“Z“"”W)

B, (ii; éilzlu, v)=

(wz+E5E
M.t (N-Mu)!

By putting again w = t,/t, and v
=1{/t,, it is brought into the form
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Consequently, our generating func-
tion is represented by the constant
term in the Laurent expansion around
the origin of the last expression
regarded as a rational function of two
arguments t, and T,

On the other hand, we can derive,
besides the one just obtained, another
form of an alternative expression pro-
ducing the generating function, In
fact, we can define, instead of
qkﬂi;ujzlu), another function
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which offers also the generating
function as the constant term in its
Laurent expansion. Without introw
ducing a further parameter, the
present expression can be brought
into a closed form

: El ’E; ! 1 ENeM,,
@zo(bt, Ma}Z’%): _E\L]’_'g\{:?’:‘-)- (_ZZ

w1, M 1 Moo

et ) S ur )

By putting 2w =t (x+1), it is further
brought into the form

®, (i leIt)_w

(tz+1) ‘“ +1) “‘“(t+1)

Consequently, our generating func-
tion is represented by the constant
term in the Laurent expansion around
the origin of the last expression
regarded as a rational function of a
single argument T, As readily seen,
it is also expressible by the constant
term in the Laurent expansion of an
expression

EMN-EOM M M !
g(i‘:} LL‘Z,ALJAN, )= i ('Mz ) M‘“ MW‘FMW-
N' “'/j “’“’t ik
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regarded as a rational function of
three arguments 4, , 4, and t,

w

We have thus derived, for a type of
mother-child combination ( A A, ;
A, A_.), several analytical ex-
pressions, of which everyone yields
the generating function as the con-
stant term of its Laurent expansion
around the origin with respect to a
set of respective relevant parameters,
For every remaining type of mother-
child combination, a similar procedure
will leads to a corresponding result,

We set out in the following lines
the results which are derived in such
a manner, In every expression, the
generating function is obtained as
the constant term of its Laurent ex—
pansion around the origin of the
respective set of parameters,

I. Case of a homozygous mother

a i ®
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II. Case of a heterozygous mother
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By means of the formulas just ob-
tained, several statistics for the
stochastic variables are readily com-
puted, For instance, logarithmic
differentiation of the expression

E‘! (N’ F“)’
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with respect to 2 yields
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By separating the constait te m in the
Laurent expansion, we agai.. obtain the
mean of X in the form

Xy = ;z@ (ci; iel1)
== mM__."‘L
H; (M;;Jrﬁ% 7 )

Similarly for the remaining types of
canbination.

L., Distributions of genotypes.



In a previous paperl), the problem
of estimating the distributions of
genotypes after a panmixia has been
dealt with in full detail for general
case of any number of alleles, As
remarked there, the problem can be
reduced to one in which there concern
a fewer number of alleles, though the
argument has concerned there with the
general case for the sake of complete-
ness.

We shall now explain a possibility
of obtaining an alternative expression
from which the generating function also
follows, However, since the result
previously established is considerably
satisfactory, the present rather
primitive procedure will look to dis-
advantage compared with the previous
one,

For the sake of brevity, we illus-
trate here the simplest case m=2
somewhat minutely., Let accordingly
two alleles be denoted by

A and B

and the given distributions of three
genotypes AA, AB, BB in females
and in males be denoted by

F;_y E) E and Ml, Mz.’ M!;

respectively, so that

B+ E+E =M+ M+ M=N

N being fixed, F, and M, are
dependent. .

Introducing a set of three sto-
chastic variables X, and 7 of
which the range is given by

3"&._ X,Y,Z:?O,‘ X"'Y"Z':"Na

we designate by

VX, Z)=YXZIE F, M, M,)

the probability that. the distribution
of AA, AB and BB in the next
generation after a panmixia beccmes
Y and / , respectively;
being dependent. Our present purpose
is then to derive the probability-
generating function defined by

Olu,w)= %“Y(X,Z Juut

We first consider a partition of
the whole of males into three classes
according to three genotypes of females
to be married. Namely, let each of
M, (o=1, 2, 3) individuals be
divided into three claSSes, empty
classes being admitted, in such a

manner
3 3

M‘:—"té:i xo"c, E;:o;_ Lo -
Let the matings take place such that
the x_.'s (c=1, 2, 3) males are
cambined with E. females for T=1,
2, 3. Here, the suffix ¢ indicates
a genotype of a male, while the suffix
T 1indicates a genotype of a female
concerned; the suffices 1, 2 and 3
correSpond to AA, AB and BB,
respectively.

All the possible permutations of
N genotypes of males amount to
N'/MMM,!, while the permu-
tations of Et genotypes of females
to be married with males of T th
class amount to

E! /ot ! (e=1,2,3)

On the other hand, the matings

xAf, AAXAB, AAxBB, ABXAA
ABx AB, ABxBB, BBxAA,
BB x AR, BBxBB produce a child
of AA with probability 1, 1/2, 0,
1/2, 1/4, 0, 0, 0, O, a child of AB
with probability 0 1/2 1, 1/2, 1/2,
1/2, 1, 1/2, 0O, and a child of BB
with probability o, 0, 0, 0, 1/4,
1/2, 0, 1/2, 1, respectively. Con-
sequent.ly, we get.
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The range J{, of the first sum extends ®_ ™ @
over all the possible partitions of iran;—:xiﬁxaz—Z F X T %5,
males, while the range of. of the . ® ]
second sum is given by Xy =—Mg+ %+ Z‘*xai)* xai)}‘
x&% x,ff’: Kot x{f‘* x§2= X2, here the duality between the suffices

) Yo (D 1 and 3 is again noted.
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WKy b Lgg T+ X33 ™= 45 we thus obtain
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the letters indicating exclusively D (w,w)="
non-negative integers, N! ZM{’F;,
1

Among nine quantities X, ( 0, T Z u.XwZ 2 m
=1, 2, 3), only four are independent. % XX -t A3 e
We may take, for instance, x, , G, @
x,, and X, as independent variables. 2
The remaining five are then determined Z T " o 61 ooy oy .12
uniquely, i. e. there hoid the identi~ AT oMM SME R A
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By making use of multinomial
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the duality concerning interchange of identities
suffices 1 and 3 being here noted, %X ,WZ
On the other hand, among eleven quanti- Z e - .
ties indicating the numbers of children 17 bR Pl Sed e
produced, again only four are inde- ’
pendent for a fixed pair of X and Z . = 1 th—x13+ x®- xi(}-)(ﬁu)x“
We may take, for instance, x;i) s %, 1
21
3) ¢ @ C
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Xaa!
pendent variables, The remaining > @ @
seven are then determined uniquely, Z_“ e w_ T
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[€)] ) 9512,9531 ,

()]
L= =Myt xptX - x, 40

— 1 (“_u—l)xu. 1 (1+w~1)'r32.
@_ T _ W_ . @ x,,! Lo '
xz_] = Fi x31+x11 X+ X2~ %y, 12
W@
) Ly % 263
Xy =%, ~ X2 L Al
Y [ @) )
- A 23 2P 2
— 1) <3)
I;L—-— F;'_xu—xaz— xz.z - xz_a, 7
— x
@ @ = i (u+ 2+,w-) 22
x32_ =X3," %52, Laa? ’
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the generating function can be brought

into the form
B,y M ML B EE!
Nt 2MetFy

*Xyp

x X’
w (0w W)

4 1
jcxu Lyl Xy ! xiz-xzz!xn- 7&3! xza!'x‘ﬂ-

( w2+ w)

Next, we get a relation

x, x,
o S (L) P aw) B
xn'xasl 2yt %!

X3y

:wM 24 R (g )

(M xax)'(M F +Xyy x}z,l'
A (Ma'“’csz)( M;E-fxu-rxn) 1+ w )’(31

- - W (1+u)
E M %5 oy

M~ 23+,

in which the sum of the right-hand
member is equal to the constant term
in the Laurent expansion around the
orizin of an expression

é L+ i)M{xs? )M B+ Y, M5 F*‘xl‘s
wWlew) A A

regarded as a rational function of A .
On the other hand, we have

P i (L) e

Xya OC’DC '

Hence, ®(u,w) is given by the con-
stant term in the Laurent expansion
around the origin of an expression

MM IMIBIE'R!
@(’L‘.,W{A):: 1 N' ZM_ +—F

(1+4/~ 1+w>Mi(i+‘W 1+“)M3

F -
-(1+ Wl (l-;‘u—r) (1) B fuezeanB

{u+2+w (_u_ S )} {u+z+w WA [
3 Lol e (m@>(t+w gl
X, Tlxll"xzzyx31!(Ml‘xlz)!mz_Fz‘* fxsl,)'(M 9(32)'

12,%3.
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'(““) 20A) A

Further, the last sum is equal to the
constant term in the Laurent expansion
around the origin of an expression

U+ 24w w A 1
[{(ﬂ)\)(hu) {+u * 1+w)¥ +1

w2 +w (WA L1 }““g]r‘% (§+U§)N~F’“
+’(i+?\)(1+w) Lrw 1—*‘*) gMe oM

regarded as a rational function of

%and :)o

Thus, we finally obtain the desired
result: The probability-generating
function $Cuw, w) is representable as
the constant term in the Laurent ex-
pansion around the origin of the ex-
pression

® (w,wlr;5,0)=

MMM, ! E!E!
N (N-F)!

M
GFL i+w)M1(1+}\) Lwr L:u_) ’

(iwf)é ) (iwr)

2w +u 1+W) i+w J.+

(1+5+ €)N"FL
) £My gMa

regarded as a rational function of
three arguments A, § and § .

It would be noted that there holds
a remarkable quasi-symmetry. Namely,
if we replace in P(u,wlar; % 5) the
quantities w , w; A by w, «;
A~!, it remains unaltered except the
interchange of % and % and of
suffices 1 and 3.

Now, the generating function having
been established in an explicit manner,
several statisties on stochastic vari-
ables can be obtained merely by differ-
entiation together with separation of
the constant term from Laurent ex-
pansion, though actual procedure of
computation will be considerably
troublesome,

We give here a brief sketch. Loga-
rithmic differentiation of @(w,wlA;¢, 1)
with respect to « leads to



D log Bluwin; g, 0)

i ~1
2 2
=Mi (L+ay +M3 {1+w)
w A WA + i
1w Ltw 1+w  {+m
“w A 1 f+w
jw. v 1P% (1+u)
2
L 1 » (tm ) ( im)
11 2 2ausw {4+ {+w
S+ £+ S
A W a7 WA
+

T fw 1+w h-w
3

whence follows
3—1)(11!?\;,,2)
CMIMIMIBIE! @ (a5

NIO-R) A5 5™
{ L A5+ 5§
.1{ E F (Z(ﬁi"‘;) +(if)\)(i"r £+%) }

1+ A

Thus, by separating the constant term
of Laurent expansion, we get, after a
stitable rearrangement of terms, the

mean of X in the form

X=srdnn

:f\li_( 1" %)(Mﬁ 2

In view of symmetry, we have
fog p:
7 =55 P00
By 14 M,
~I\I_(E'+7:XM3+T

and hence further
Y=N-X-7
i
=X B2

(B2t )
~N_(

~ N_(E-F)M~M,)
2 2N .

Hence, putting
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F)
B 21’\11” {E +‘§‘ )

) (M)i(+M

=i E+Ff);

/4
we obtain

X NF F)

(M)
A

Z NI’(F) (M)
Y N(f’m rM) (F)F(M)-

Next, in order to derive the
variance of X , we further differ-
entiate dlog® (w,wlA;5,5)/on with
respect to 1w . We then get, after
putting w«w =w==1, substituting the
expressions derived above for dlogd/ou
and then separating the constant
term of the Laurent expa.nsion,

CP(i 1)= N(N )
{ E*f‘)—(ﬁ"'f {(M1+ zl)‘(MF%&)}

(P +N oY M,+N B
N(N-i){(N )= L g
The variance of X is then given by

VarX~-—@(11)+X X

Similarly, we obtain

h‘.’"

2 _ L
-awL©<i) 1)“"N(N~i)

~f(F+ B (5 S 63
1 | M M)
S e A (R
and the variance of Z is given by
varz = 5“;1@(1,1)‘* Z— Zl
Finally, we get in a similar manner

ww@“ D= N(N y
+E)paB)- (T e

&



F (p)

N(N BN b by

Z (M)

-2 Hivgys

and the variance of‘\f is given by

varY var X + var Z
{3113«!@“ - XZ}

in which the last term except the
factor 2 is nothing but the covariance
between ¥ and 7 :

cov (X, Z)=—;‘—c§(t,1)—f(z.

o) _ M}

Of course, all these results corre-
spond to the lowest particular case,
m==2, of the general ones 3lready
derlved in a previous pape
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