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Abstract

We establish alternative theorems for quadratic inequality systems. Conse-
quently, we obtain Lagrange multiplier characterizations of global optimality for
classes of non-convex quadratic optimization problems. We present a generaliza-
tion of Dine’s theorem to a system of two homogeneous quadratic functions with a
regular cone. The class of regular cones are cones K for which (KU—K) is a sub-
space. As a consequence, we establish a generalization of the powerful S-lemma,
which paves the way to obtain a complete characterization of global optimality
for a general quadratic optimization model problem involving also a system of
equality constraints in addition to a single quadratic inequality constraint. We
then present an alternative theorem for a system of three non-homogeneous in-
equalities by way of establishing the convexity of the joint-range of three homoge-
neous quadratic functions using a regular cone. This yields Lagrange multiplier
characterizations of global optimality for classes of trust-region type problems
with two inequality constraints. Finally, we establish an alternative theorem
for systems involving an arbitrary finite number of quadratic inequalities involv-
ing Z-matrices, which are matrices with non-positive off diagonal elements, and
present necessary and sufficient conditions for global optimality for classes of
non-convex inequality constrained quadratic optimization problems.

*Research of the first author was supported by the Australian Research Council. The sec-
ond author was supported by the Korea Science and Engineering Foundation NRL Program
grant funded by the Korea government (No. ROA-2008-000-20010-0).

"Department of Applied Mathematics, University of New South Wales, Sydney 2052, Aus-
tralia. E-mail: v.jeyakumar@unsw.edu.au

iDepartment of Applied Mathematics, Pukyong National University, Pusan 608-737, Ko-
rea. E-mail:gmlee@pknu.ac.kr

$Department of Applied Mathematics, University of New South Wales, Sydney 2052, Aus-
tralia. E-mail: g.li@Qunsw.edu.au



1 Introduction

Mathematical problems involving quadratic inequalities arise naturally in many areas
of optimization, control and engineering. For instance, they often appear in the form of
trust region problems or quadratic programming problems in mathematical program-
ming [23, 17, 18, 33|. Such problems also emerge in stability analysis of control systems
in engineering [4]. Moreover, solvability problems of quadratic inequalities arise in the
form of alternative theorems in continuous optimization [25].

Alternative theorems for arbitrary finite systems of linear or convex inequalities
have played key roles in the development of optimality conditions for continuous op-
timization problems [6, 16]. Although these theorems are generally not valid for an
arbitrary finite system of quadratic inequalities, recent research has established alterna-
tive theorems for quadratic systems involving two or three inequalities [9, 26, 33]. For
instance, an alternative theorem of Gordan form for a strict inequality system of two
homogeneous quadratic functions has been given in [33], where it was used in conver-
gence analysis of trust-region algorithms. The S-lemma, which is a version of Farkas’
lemma [15] for an inequality system of two non-homogeneous quadratic functions, has
been given in [4, 25]. For an excellent recent survey of S-lemma and its applications,
see [25]. These theorems mainly rely on the convexity of joint-range of homogeneous
quadratic functions [3] even though the functions may be non-convex. The well known
such joint-range convexity theorems are probably Dine’s theorem [12, 25| and Brick-
man’s theorem [7, 26, 20].

This paper makes the following three key contributions by exploiting hidden con-
vexity of certain quadratic systems. (i) We generalize Dine’s theorem to a system of
two homogeneous quadratic functions with a regular cone. The class of regular cones
are cones K for which (K U —K) is a subspace, and it includes convex cones such as
half-spaces and rays. As a consequence, we obtain a generalization of Gordan’s theorem
for two non-homogeneous quadratic functions, extending the corresponding theorem of
9] for two homogeneous quadratic functions. We also establish a generalization of S-
lemma, which paves the way to obtain a complete characterization of global optimality
for a general quadratic optimization model problem involving now a system of equality
constraints in addition to a single quadratic inequality constraint. (ii) We present a
Gordan type alternative theorem for a system of three non-homogeneous inequalities by
way of generalizing Polyak’s result on the convexity of the joint-range of three homoge-
neous quadratic functions [26] using a regular cone. This yields traditional (combined
first and second-order) Lagrange multiplier characterizations of global optimality for
classes of trust-region type problems with two inequality constraints. (iii) We also
establish an alternative theorem for systems involving an arbitrary finite number of
quadratic inequalities involving Z-matrices, which are matrices with non-positive off
diagonal elements, and present necessary and sufficient conditions for global optimality
for a class of non-convex inequality constrained quadratic optimization problems.

The outline of the paper is as follows. Section 2 presents basic results on the



joint-range convexity of quadratic functions and its implication to quadratic inequality
systems. Section 3 develops alternative theorems for systems of two inequalities and
obtains a complete characterization of global optimality for a quadratic optimization
model problem with a single inequality as well as a system of equality constraints. Sec-
tion 4 establishes alternative theorems for systems of three quadratic inequalities and
obtains global optimality conditions for classes of trust-region type quadratic optimiza-
tion problems. Finally, Section 5 provides a theorem of the alternative of Gordan form
for a system of finitely many quadratic inequalities involving Z-matrices and presents
global optimality conditions for quadratic optimization problems with finitely many
quadratic inequality constraints.

2 Preliminaries on Quadratic Functions

In this section, we fix the notation and recall some basic facts on quadratic functions
that will be used throughout this paper. The real line is denoted by R and the n-
dimensional Euclidean space is denoted by R". Let C' C R". The dimension of C' is
denoted by dim(C). The set of all non-negative vectors of R" is denoted by R’;, and
the interior of R is denoted by intR’. The space of all (n x n) symmetric matrices
is denoted by S™. The (n x n) identity matrix is denoted by I,,. The notation A = B
means that the matrix A — B is positive semidefinite. Moreover, the notation A >~ B
means the matrix A — B is positive definite. The positive semidefinite cone is defined
by St :={M € S*: M = 0}. Let A, B € S*. Denote the (trace) inner product of A
and B is defined by A- B = Tr[AB] = Y1, > 7", a;;b;; where a;; is the (4, j) element
of A and bj; is the (j,7) element of B. A useful fact about the trace inner product is
A (xza”) = 2T Az for all z € R" and A € S™. The set K C R" is a cone if \K C K,
for each A > 0. Clearly, subspaces, half-spaces, the set of all non-negative numbers,
R’ , and rays, {td : t > 0,d € R"} are examples of cones.

Definition 2.1. The set K C R" is a regular cone if K U(—K) is a subspace of R™.

Note that subspaces, half-spaces, rays are, in fact, regular cones. More generally, the
first order cone [1], K = S + R.d, where S is a subspace and d € R, is a regular
cone. Moreover, a regular cone is not necessarily convex. For instance, the cones
{(z1,20) € R* : 23 < 0} URE and {(21, 22, 23) € R? : 212023 < 0} are examples of
nonconvex regular cones.

The basic and probably the most useful result on the joint-range convexity of ho-
mogeneous quadratic functions is given as follows.

Lemma 2.1. (Dine’s Theorem [12, 25]) Let f,g : R — R be defined by f(z) =

sxT A and g(x) = a7 Agx, where Ay, Ay € S™. Then the set {(za7 Ayx, 327 Agx) -

x € R"} is convex.



Dine’s theorem is known to fail for more than two homogeneous quadratic functions.
Polyak [26] established the following joint-range convexity result for three homogeneous
quadratic functions under a positive definite condition on the matrices involved.

Lemma 2.2. (Polyak’s Lemma [26, Theorem 2.1]) Letn > 3 and let f,g,h : R" — R
be defined by f(x) = 50" Ayx, g(x) = 32T Agx and h(x) = a7 Apx, where Ay, Ay, Aj, €
S™. Suppose that there exist v1,72,7v3 € R such that

’ylAf + ’}/QAQ + ’YgAh = 0. (21)

Then the set {(307 Ayx, 327 Aga, a7 Apa) - € R} is conver.

Using Dine’s Theorem, Yakubovich (cf [25]) obtained the following fundamental
S-lemma which has played a key role in many areas of control and optimization. Note
that the S-lemma is a form of the celebrated Farkas lemma [15] for a system of two
quadratic inequalities.

Lemma 2.3. (S-lemma [25]) Let f,g : R" — R be defined by f(x) = j2" Apz+bla+c;
and g(z) = %xTAgx—i-bgm—i—cg, where Ag, Ay € S, bs, by € R", ¢, c, € R. Suppose that
there exists xg € R™ such that g(xg) < 0. Then the following statements are equivalent:
(i) g(x) <0 = f() >0 .

(i) (A >0) (Vo € R") f(z) + Ag(x) > 0.

The following alternative theorem of Yuan [9] for two strict inequalities can be
viewed as a generalization of Gordan’s theorem for linear systems to quadratic sys-
tems. This theorem turned out to be useful in the study of eigenvalue problems and
convergence analysis of trust-region algorithms.

Lemma 2.4. (Yuan’s Alternative Theorem [9, Lemma 2.3]) Let A;, Ay € S™.
Then, exactly one of the following two statements holds.
(i) Gz e R") 127A1z <0, 227 Ayx < 0.

3 Systems of Two Quadratic Inequalities

In this section we derive theorems of the alternative for inequality systems involving
two quadratic functions and establish a complete characterization of global optimality
of quadratic optimization problems. We obtain these results by generalizing Dine’s
theorem. We begin by examining homogeneous quadratic functions.

3.1 Homogeneous Quadratic Systems

We show that the joint-range of two homogeneous quadratic functions over a regular
cone is convex.



Theorem 3.1. (Generalized Dine’s Theorem) Let f,g : R® — R be defined by
f(z) = 327 Apz and g(z) = 327 Agx, where Ay, Ay € S™. Let K be a regular cone of
R™. Then,

{(f(x),g(x)) : x € K} is convex.

Proof. Let Q = {(f(x),g9(z)) : v € K} and let S = K U (—K). Then, by regularity,
S is a subspace of dimension m, where m < n. Also, {(f(x),g(z)) : x € =K} =
{(f(2),9(x)) : v € K} as (f(z), 9(x)) = (f(=2),9(=2)). So, @ = {(327 Ay, 52" Aga) -
x € S}. Since the dimension of the subspace S is m, we can find a matrix @) € R™*™
of full rank such that {Qa : a € R™} = S. This gives us that

1 1
Q = {(§CETAf£IZ', §£L'TA91') X e S}
1 1
= {(EGT(QTAJ”Q)@, §GT(QTA9Q)(1) ca € R™}.
So, from Dine’s theorem, ) is a convex set in R2. n

The following example shows that Theorem 3.1 is, in general, not true for a homo-
geneous quadratic system with a non-regular convex cone.

Example 3.1. Let K =R3 and let f,g: R* — R be defined by f(x) = x7 + 22129 — 23
and g(x) = =22} + 2x125 + 23. Then, f(x) = 27 Az and g(x) = 27 Ay, where

Af:<§ _22> cmdAg:( 24 g)
Clearly, K U (—K) = RY U (—R2) is not a subspace, and so, the convex cone K is
not reqular. Next, we show that Q = {(327 Asx, 30" Agz) : @ € K} is not convex.
To see this, note that f(1,0) = 1, g(1,0) = =2, f(0,1) = —1 and ¢(0,1) = 1. It
follows that a = (1,-2) € Q and b := (—1,1) € Q. However, 2 = (0,-1/2) ¢ Q.
Otherwise, there exist x1, 1o > 0 such that x% + 2x1709 — 23 = (21 + 22)* — 222 = 0 and
—202 4211 w9 +a3 = —1/2. Thenay = (V2—1)xy and hence —1/2 = =222 422 29+ 23 =
[1+2(v/2—1) —2(v/2 - 1)422. Note that 1 4+2(v/2 1) —2(v/2—1)2 > 0. This is a

contradiction. Thus, £ is not convex in this example.

As a consequence of Theorem 3.1, we derive a form of Gordan’s theorem of the
alternative for quadratic functions, extending the corresponding result of Yuan [9].

Theorem 3.2. (Generalized Yuan’s Theorem) Let f,g : R* — R be defined by
f(x) = 22T Apx and g(x) = La" Ay, where Ap, Ay € S™. Let K be a regular cone.
Then exactly one of the following statements holds.

(i) (Jz € K) f(z) <0, g(z) <0.

(i) (3(A1, A2) € RIN{(0,0)}) (Vo € K) Aif(x) + Aag(x) = 0.



Proof. 1t suffices to show [Not(i) = (ii)]. Suppose that (i) does not hold. Then
QN (—intRY) = 0,

where Q = {(327 Az, 327 Agx) 1 € K}. Since Q is a convex set in R?, it follows
from the convex separation theorem, there exists (A, A\2) # (0,0) such that for each
(y1,92) € —intR? and for each z € K,

1 1
)\1y1 + )\ng S O, Al(él’TAfZE) + )\2(§ZETA9ZE) Z 0.

These inequalities give us (A1, A2) € R2\{(0,0)} and (ii) holds. O

Theorem 3.2 was well known in the following particular cases: it was established
by Yuan [9] when K = R"™; whereas the theorem was given in [1, Corollary 3.2] when
K is a first order cone.

Corollary 3.1. (Homogeneous S-lemma) Let K be a reqular cone and let f,g :
R" — R be defined by f(z) = 327 Az and g(z) = ST Az, where Ay, A, € S™
Suppose that there exists xog € K such that g(x¢) < 0. Then the following statements
are equivalent:

(i) g(z) <0,z € K = f(z) >0,

(ii)) (A >0) (Vz € K) f(x)+ Ag(x) > 0.

Proof. 1t suffices to show [Not(i) = (ii)]. Suppose that (i) does not hold. Then, the
system g(x) < 0, f(z) < 0, z € K has no solution, which, in turn, gives us that the
system ¢(z) < 0, f(x) <0, z € K also has no solution. Now, it follows from Theorem
3.2 that there exists (A, A2) € RT\{(0,0)} such that for all z € K, \i f(z)+A29(z) > 0.
If A\; = 0 then A\ag(z) > 0 for all x € K. This contradicts the assumption that there
exists zp € K such that g(zp) < 0. So, A\; # 0 and hence (ii) follows. O

As another corollary, we obtain a Motzkin type alternative theorem for a system
involving two homogeneous quadratic strict inequalities and a single linear inequality.

Corollary 3.2. Let a € R™ and let f,g : R" — R be defined by f(z) = 12" Apz and
g(x) = %xTAgx, where Ay, A, € S™. Then, exactly one the following statements holds.
(i) (Fz € R") f(x) <0, g(x) <0, al’'z <O0.

(i) (3(A1, X2) € RIN{(0,0)}, n > 0) (Vo € R™) Ay f(z) + Aog(x) + pa’z > 0.

Proof. 1t suffices to show [Not(i) = (ii)]. Suppose that (i) does not hold. If a = 0
then the (ii) holds by applying Theorem 3.2 with K = R™. Without loss of generality,
we may assume that a # 0. Then, there exists T such that a’Z7 = —1 < 0. Let
K ={r € R":a"z < 0}. Then K is a regular cone of R". So, it follows from Theorem
3.2 that there exists (A, X2) € RZ\{(0,0)} such that for all z € K = {z € R" :
alz < 0}, M f(x) + Xag(x) > 0. Thus, [a’z < 0= A f(x) + Aag(x) > 0]. Note that
a’@ = —1 < 0. Now, by the S-lemma (Corollary 3.1), there exists u > 0 such that for
all z € R™ Ay f(x) + Aag(z) + pa’z > 0, i.e., (ii) holds. O



3.2 Non-Homogeneous Systems

We now derive alternative theorems for systems of inequalities involving non-homogeneous
quadratic functions.

Theorem 3.3. (Nonhomogenous Yuan’s Theorem) Let f,g : R" — R be defined
by f(x) = 52" Apz + bix 4+ ¢p and g(x) = f2" Agr + 0w + ¢4, where Ay, Ay, € S™,
by, by € R" ct,cy € R, Let ag € R™ and let Sy be a subspace of R". Then exactly one
of the following statements holds:

(i) (3o € ag + Sp) f(x) < 0, glx) < 0.

(i) (3(A1, X2) € RI\{(0,0)}) (V& € ag + So) Aif(z) + Aag(x) > 0.

Proof. 1t suffices to show [Not(i) = (ii)]. Suppose that (i) does not hold. Then, the
following system has no solution: fi(x) <0, g1(z) <0, x € Sy, where

1 1
filz) = f(z+ag) = ixTAfa: + (bf + Arag) @ + (¢ + §agAfa0 + b?ao)
and
L r T L 7 T
g1(x) = g(x + ag) = 3% Agx + (by + Agag) = + (¢ + 5% Agao + by ag).

Note that fi(z) = 52" Apw + 0w + &5 and g(z) = 327 Agx + bl w 4 ¢, where Af = Ay,

by = by + Ajag, ¢ = ¢; + 303 Arag + brag, Ay = Ag,~bg = b, + Agap and ¢, =
cg + %aOTAgaO + bgTao. Define two homogeneous functions fi, g; : R*** — R by

= 1 4= - 1 .- _
fi(z,t) = imTAfx + byxt + ¢t* and g (z,t) = §xTAgx + by wt + ot

Then, the system f;(z, t) <0, g1(z,t) <0, (z,t) € Spx Ry has no solution. Otherwise,
there exists (xg, tg) € Sox R, such that fl(xo, to) < 0 and gy (zo,tp) < 0. If g # 0, then
F($2 4 a0) = fi(§2) = tg* fi(wo,to) < 0 and g(32 + ag) = g1(2) = 152G (20, to) < 0.
This contradicts the fact that the system, f(x) < 0, g(x) < 0, x € ag + Sp, has no
solution. If ¢y = 0, then a8 Apzy = fi(zo,to) < 0 and 1xl Ay = g(zo,t0) < 0.
This implies that agrfoo fi(axy) = —oc0 and QETOO g1(axg) = —oo. Thus, there exists
v > 0 such that f(yzo + ao) = fi(yzo) < 0 and f(yxo + ag) = g(yxo) < 0. This is a
contradiction.

As Sy x Ry is a regular convex cone and fi, g are homogeneous functions. it
follows from Theorem 3.2 that there exists (A1, A2) € R3\{(0,0)} such that for all
(I,t) € Sy x Ry,

M fi(@,t) + Ao (z, 1) > 0. (3.2)
Thus, by setting ¢ = 1 in (3.2), we see that for each 2 € Sy Ay fi(z, 1) + Aoy (z,1) =
/\1f1 ($ + CLO> + )\Qfg(.r + CL(]) Z 0. Therefore, (ll) holds. ]

The following example illustrates that theorem 3.3 may fail for the system (i) even
with a first order cone R, ay + Sy, replacing the set ag + Sy.

7



Example 3.2. Let f,g: R — R be defined by f(x) = x — 2 and g(x) = 2* — 1. Let
ap =1 and Sy = {0}. Consider the following two statements:

(i) (Fz € Ryag+ So) f(z) <0, g(x) < 0.

(i) (3(A1, A2) € REN{(0,0)}) (Vo € Ryag + So). Aif(z) + Aeg(x) > 0.

Observe that Ryag + Sy = [0,+00) and that x — x* > 0 for all x € [0,1]. So, the
following system has no solution: f(x) <0, g(z) <0, x € Ryag+ So. Thus (1) fails.
But we see that (ii’) also does not hold. Otherwise, there exists (A1, A2) € RT\{(0,0)}
such that A\ f(x)+Xag(x) > 0, for allz > 0. In particular, 0 < A1 f(0)+A29(0) = —Xs.
Thus, As = 0 and Ay > 0 and so, f(z) > 0, for all x > 0 which is impossible.

We now derive a generalization of S-lemma which allows us to characterize global
optimality of a quadratic optimization model problem with a single quadratic constraint
and a system of linear equality constraints.

Corollary 3.3. (Generalized S-lemma) Let Sy be a subspace and let ay € R™. Let
frg:R" — R be defined by f(x) = %xTAf:E + b?:v +cs and g(z) = %xTAg:v + ng + ¢y,
where Ay, Ag € S™, by, by € R", ¢y, cq € R. Suppose that there exists xo € ag + So such
that g(xo) < 0. Then the following statements are equivalent:

(i) g(x) <0,z € ap+ Sy = f(x) >0 .

(ii) (A >0) (Vx € ag+ So) f(x) + Ag(z) > 0.

Proof. As [(Ii) = (i)] holds always, we only show [(i) = (ii)]. Suppose that (i) holds.
Then, the system g(z) < 0, f(z) < 0, z € ag + Sp has no solution, which, in turn,
gives us that the system g(z) < 0, f(z) < 0, z € ap + Sp also has no solution. Now,
it follows from Theorem 3.3 that there exists (A1, A2) € R3\{(0,0)} such that for all
T € ag+ So

M f(z) + Aag(z) > 0. (3.3)
If Ay =0 then A\pyg(x) > 0 for all = € ag+ Sp. By assumption, there exists xy € ag+ Sy
such that g(x¢) < 0. This forces Ay = 0 which contradicts the fact that (Ay, A2) # (0, 0).
Hence, A\; # 0 and (ii) follows by dividing (3.3) by ;. O

3.3 Necessary and Sufficient Global Optimality Conditions
Consider the following quadratic optimization problem.
1
(QP) min §xTAfx + b?:z; +cy
1
s.t. §$TA9$ + bgw +¢, <0, Hr =b,

where f(z) = 327 Apz + bfx + ¢ and g(x) = a7 Agx + bl x4 ¢4, where Ay, Ag € S,
H e R™" by, by, € R, cf,cq,€ R and b € R™. We assume that a global minimizer of
(QP) exists.

We now derive a complete characterization of global optimality for (QP) under the
Slater condition, extending the corresponding results for (QP) without the equality
constraints [22, 29].



Corollary 3.4. For (QP), suppose that there exists xo such that Hxyg = b and g(xy) <
0. Then a feasible point T is a global minimizer of (QP) if and only if there exist A > 0
and p € R™ such that V(f + X\g)(T) + H 'u = 0, A\g(T) = 0 and d*(A; + ANA,)d > 0
whenever Hd = 0.

Proof. Let T be a global minimizer of (QP) and let Sy = {z : Hx = 0}. Then
lg(z) <0,z €T+ Sy = f(x) — f(T) > 0]. So, by the generalized S-lemma (Corollary
3.3), there exists A > 0 such that for each x € T + Sy

flx) + Ag(x) = f(7). (3.4)
This implies that Ag(Z) = 0 and so T is a global minimizer of f + \g over Hx = b.
Now, by the necessary optimality conditions at 7, there exists u € R™ such that
V(f+Xg)@)+ H =0 and d"(A; + AA,)"d > 0 whenever Hd = 0.

Conversely, suppose that there exist A > 0 and p € R™ such that V(f + A\g)(Z) +
HTj =0, \g(%) = 0 and, for each d € R" with Hd = 0, d"(A; + AA,)d > 0. Then for
each feasible z of (QP),

(f +A9)(x) = (f + A9) (@)
1
= V(I +2)@)" (x = 7) + 5 (& = 7) (As + M) (z — 7) 2 0,
as V(f +Ag)(@)"(zx — %) = —u"H(z —T) = 0 and H(z —T) = 0. This gives us that
for each feasible x of (Q P)
f@) +XMg(z) = f(7) + Ag(T) = f(2),
>

which, in turn, yields f(z) > f(Z) — Ag(x) > f(T). Hence, f(Z) is a global minimizer
of (QP). O

Below, we present an example verfying Corollary 3.4 where the Hessian of the
corresponding Lagrangian function is not positive semi-definite.

Example 3.3. Consider the following quadratic optimization problem:
o1
(E1)  min §$TAfI + b?w +cy
1
s.t. §xTAg:1: +bix4cy <0, Hr=b,

wheren =2, m=1,b; =b, = (0,0)7, ¢; =0,¢,=1,b=1,

0 -2 -2 0
Af—<_2 _2),Ag—< 0 0) and H = (1,1).

This problem can be equivalently rewritten as

min —x% — 21129
(z1,72)€ER2

st 1—22<0

I1+132:1.
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It can be verify that global minimizers of (E1) are T = (1,0) and Z = (—1,2). Let
=2, A=1and f(z) = ja" Apx + bfx + ¢; and g(x) = 27 Agx + bl x 4 ¢;. Then

Ap+MA, = ( :; :g)

and so, for any d = (dy,dy) € R? satisfying dy + dy = 0, one has
d"(A; + AAy)d = 0.
Moreover, since g(T) =0 and
V(f+A)@) + H'p=(A; + AT+ H p = (0,0)7,

the global optimiality condition is satisfied at T. Similarly, one can also verify that
g9(z) =0 and

V(f+A)E) + H = (Af + M)z + H = (0,0)".

Thus, global optimiality condition is also satisfied at zZ and our Corollary 3.4 is ver-
ified. Finally, we note that the matriz Ay + A\A, is not positive semidefinte since its
etgenvalues are —4 and 0.

4 Systems of Three Quadratic Inequalities

In this section we derive theorems of the alternative for systems involving three quadratic
inequalities and obtain global optimality conditions for trust-region type problems. We
obtain these results by generalizing Polyak’s Lemma (Lemma 2.2).

4.1 Homogeneous Systems

Using the similar line of arguments as in the proof of Theorem 3.1, we derive the
following generalization of Polyak’s Lemma.

Theorem 4.1. (Generalized Polyak’s Lemma) Let f,g,h : R" — R be defined
by f(z) = 32T Asz, g(x) = 22T Agz and h(z) = 327 Apz, where Ay, Ay, A, € S™. Let
K C R"™ be a regular cone with dim(KU—K) > 3. Suppose that there exist 1,792,773 € R
such that 1 Ap+v2Ay+73Ap = 0. Then the set {(%:BTAfx, %xTAgx, %$TAh:E) cx € K}
18 convex.

Proof. Let S := K U(—K). Then S is a subspace of dimension m, where 3 < m < n.
Let

1

1 1
Q = {(ﬁa:TAfm, ixTAg:v, §xTAhx) cx € K}

10



Using the same line of arguments as in the proof of Theorem 3.1, we can show that
Q= {(32a" Az, 12" Ay, LaT Ayz) : © € S}. So, we can find a matrix @ € R™™ of full
rank such that {Qa : a € R™} = S. This gives us that

1 1 1

Q = {(ixTAfx, axTAgx, §xTAhac) cx e S}

= {(%QT(QTAJ”Q)% %aT(QTAng, %aT(QTAhQ)a) :a € R™).

Since there exist 71,72, 73 such that v, Af + 124, + 734, > 0, for each v € R™\{0},
Qv # 0 and so,

v (1mQTArQ +712Q" A,Q +13Q" ArQ)v = (Qu)" (nAs + 724, +7341) (QU) > 0.

That is, QT A;Q + 12QTA,Q + 13QTALQ = 0. As m > 3, it follows by Polyak’s
lemma that € is a convex set in R3. ]

As a consequence of Theorem 4.1, we derive a form of Gordan’s theorem of the
alternative for three quadratic functions involving a regular cone K, extending the
corresponding result of Polyak [26] where K = R".

Theorem 4.2. Let f,g,h : R" — R be defined by f(z) = 2a7Apz + ¢4, g(z) =
%xTAg:v +¢,, h(z) = %xTAhx + cp, where Ap, Ay, Ay € S™ and ¢y, cy,cp € R. Let
K C R" be a regular cone with dim(KU—K') > 3. Suppose that there exist v1,v2,v3 € R
such that 1Ay 4+ v Ay +v3A, = 0. Then, exactly one of the following two statements
holds.

(i) (Jz € K) f(z) <0, g(x) <0, h(z) <0.

(i) (3(A1, A2, As) € REN{(0,0,0)}) (Vo € K)

M f(z) + Xag(z) + Ash(z) > 0. (4.1)

Proof. 1t suffices to show [Not(i) = (ii)]. Suppose that the following system has no
solution: f(z) <0, g(x) <0, h(z) <0, z € K. Define Q := {(f(x),g(z),h(z)) : z €
K} ={(3a"Apz, 30" Ay, 32" Apx) - © € K} +{(cy, ¢, )} Then, by Theorem 4.1, Q2
is a convex set and N (—intR3 ) = (. Now, by the convex separation theorem, there
exists (A1, A2, A3) # (0,0, 0) such that for all (y1,y2,y3) € —intR? and for all z € K

MY+ Aaye + Asys < 0, Arf(x) + Aeg(x) + Ash(z) > 0.

Thus, (A1, X2, A3) € R3I\{(0,0,0)} and (4.1) holds. O

In passing, note that it was shown in [9], without condition (2.1), that if ¢y = ¢, =
cp, = 0, K = R™ and if the system f(z) < 0, g(z) < 0, h(z) < 0, x € K, has no
solution, then there exist A;, Aa, A3 > 0 such that \; Ay + A2 Ay + A3A;, has at most
one negative eigenvalue. However, by imposing condition (2.1), we have obtained, in
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Theorem 4.2, a stronger conclusion that A\ Ay + Ay A, + A3Aj, is positive semidefinite
whenever the system has no solution with K = R".

We now present two examples where the first one shows the condition “dim(K U
—K) > 3” cannot be dropped and the second one shows that the condition (2.1) cannot
be dropped.

Example 4.1. Consider K = R?. Let f,g,h € R? — R be defined by f(x1,12) =
22 — 23, g(r1,10) = —22 — 11279 and h(xy,15) = —22 + 2129. Then,

2 0 -2 —1 -2 1
Af:(O_Q),Ag:(_l O)andAh:<1 0)

6 0
—Ap —2A, — 24, = ( 0 2 ) > 0.
Clearly, the system f(x) <0, g(z) < 0 and h(xz) < 0 has no solution. We show that
(ii) of Theorem 4.2 fails. To see this, we proceed by contradiction and suppose that

there exists (A1, A2, A3) € R3\{(0,0,0)} such that for all x = (x1, ) € R?

Now,

M f(2) 4 daog(z) + Ash(z) = (A — Ay — Ag)z? + (N3 — Ao)wy20 — Mz > 0.

If \1 =0, then Ay = A3 = 0 which is impossible. On the other hand, if \y # 0, then by
fizing x1 and letting xe — +00, we see that A1 f(x) + Aag(x) + Ash(x) — —oo. This is
a contradiction.

Example 4.2. Let n = 3, K = R® and let f(x1,29,73) = 231709 + 27 — 223 + 222,

g(x1, 29, 23) = —22% + 223 and h(xy, 19, 13) = —2x179. Then,
2 2 0 -4 0 0 0 -2 0
Af = 2 —4 0 ,Ag = 0 4 0 and Ah = —2 0 0
0 0 4 0 00 0 0 0

and; fO’l" each Y1572, Y3 € R)

21 =4y 21 =2y 0
NMAf + Ay + AL = 21 —2y —4yn+4y O
0 0 4’)/1

Thus, positive definiteness of the matrizx 1Ay + v A, + v3A, implies that v1 > 0,
Y1 > 279 and 1 < o which is impossible. Hence, there do not exist v1, 72,73 € R such
that y1 Ay +v2A,+7v3 A = 0. Note that the system f(x) <0, g(z) <0, h(z) < 0 has no
solution. Otherwise, there exist x1,xq, 13 € R such that —2x119 < 0, —22% + 222 < 0
and 2x119 + 73 — 223 + 222 < 0. This implies that either 0 < xy < x1 or 0 > x9 > 13
holds. It follows that 2x9(x1—x9) > 0. Thus, 2z, T9+x3 —2x3+2x3 = 2x9(1) —12) +27+
222 > 0 which is impossible. Finally, we show that (ii) of Theorem 4.2 fails. To see this,
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we proceed by contradiction and suppose that there exists (A1, A2, A3) € R3I\{(0,0,0)}
such that for each x = (11,9, 73) € R3,

/\1f(27) + )\Qg(l’) + )\3h(l’) = ()\1 — 2/\2)%’% + 2(—/\1 + )\2)1’3 + 2()\1 — /\3)1’11’2 + 2)\1.Z'§ > 0.
Thus, we must have Ay = Ay = A3 = 0 which is impossible.

As a corollary of Theorem 4.2, we obtain a Motzkin type alternative theorem for
three homogeneous quadratic strict inequalities and a single linear inequality.

Corollary 4.1. Let a € R" and n > 3. Let f,g,h : R" — R be defined by f(x) =
2T Apr + ¢y, g(x) = saTAgx + ¢y, h(z) = $2TApz + ¢ Suppose that there exist
Y1572,73 € R such that 1Ay + v2Ag + v3An = 0. Then, exactly one of the following
two statements holds.

(i) (Fz € R") f(x) <0, g(x) <0, h(z) <0, a’z <0.

(i) (3, s Ay) € REV((0,0,0)}, 4> 0) (¥ € RY)

Mf(@) 4+ Aag(x) + Ash(x) + pa’z > 0.

Proof. 1t suffices to show [Not(i) = (ii)]. Suppose that (i) does not hold. If a = 0,
then the conclusion follows by applying Theorem 4.2 with K = R". Without loss of
generality, we may assume that @ # 0. Thus, there exists T € R" such that a’7 =
—1. Let K = {z € R" : a’z < 0}. Then, K is a regular convex cone of R" with
dim(K U (—K)) = dim(R") > 3. Since (i) fails, it follows from Theorem 4.2 that there
exists (A1, A2, A3) € R2\{(0,0,0)} such that for all z € K = {z € R" : a"z < 0}

M f(z) + Aag(z) + Ash(z) > 0.

Thus, [’z < 0= A f(x) + Aag(x) + A3h(x) > 0]. Note that a’z = —1 < 0. Tt follows
from the S-lemma that there exists p > 0 such that for each z € R™ Ay f(x) 4+ Xag(z) +
Ash(z) + pa’z > 0. O

Optimality Conditions for Homogeneous Programming Problems

Consider the following homogeneous optimization problem
1 1 1
(HOP) min §xTAfa: s.t. ExTAgx <1, éxTAhx <1,

where f,g,h : R" — R (n > 3) are defined by f(z) = sa7 Az, g(z) = 2aTAjz — 1
and h(z) = 227 A,z — 1. Model problems of the form (HOP) arise in telecommunica-
tions and robust control (cf. [21, 28]). We now derive necessary and sufficient global
optimality condition for problems (HOP) satisfying v Af + 124, + 345 > 0.

Corollary 4.2. For (HOP), suppose that there exist v1,7v2,73 € R such that v Ap +
Y2 Ay + v3Ap = 0. Then, a feasible point T is a global minimizer of (HOP) if and only
if there exist \y > 0, Ay > 0 such that V(f 4+ Aig + X2h)(ZT) =0, \g(T) = Ah(T) =0
and Af + /\1Ag + )\gAh >_' 0.
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Proof. Suppose that T is a global minimizer of (HOP). Define fx) = flz) — f(@).
Then the following system f(z) < 0, g(z) < 0 and h(z) < 0 has no solution. Now, it
follows from Theorem 4.2 (replacing (f, g, h) by (f, g, h)) that there exists (u1, p2, p3) €
RI\{(0,0,0)} such that for all x € R" puy f(x) + pag(x) + psh(z) = pu (f(z) — f(T)) +
p2g(x) + psh(x) > 0. In particular,

1129(T) = p3h(T) = 0. (4.2)

So, p1f + peg + psh attains its minimum at 7 over R®. We now show that p; > 0.
Otherwise, psg(z) + push(z) > 0 for all x € R™. As g(0) < 0 and h(0) < 0, it follows
that ps = pg = 0. This contradicts the fact that (pq, o, 3) # (0,0,0). Hence

f(x) + Aig(x) + Xah(z) > f(7),

where A\; = po/py and Ay = pz/ 1. This implies that A g(Z) = A\h(Z) = 0. Therefore, T
is a global minimizer of f4M\;g+Agh over R™. This gives us that V(f+Ag+A2h)(Z) = 0
and V2(f + Mg + Mh)(T) = Af + M A, + XA, = 0.

Conversely, suppose that there exists (A1, \2) € R7\{(0,0)} such that V(f +A\1g+
Ah)(T) = 0, \g(ZT) = Mh(Z) = 0 and Ay + M A, + XA, = 0. Let the function
L : R" — R be defined by L(z) = f(x) 4+ Mg(x) + A2h(x). Then L(-) is a convex
function on R™ as V2L(z) = Ay + M A, + AaA, = 0 for all 2 € R". Now, it follows
from VL(Z) = V(f + A\ig + \2h)(T) = 0 that T is a global minimizer of L. Therefore,
one has for each z € R",

f(@) + Mg(x) + Aoh(z) = Lz) = L(T) = [(T) + Mg(T) + Ah(T) = f(7T).

Therefore, f(7) < f(x) for all x such that g(z) < 0 and h(z) < 0, i.e., T is a global
minimizer of (HOP). O

It is worthy noting that Corollary 4.2 was established in [26] under the following
slightly stronger condition: there exist v1,v, € R such that v, A, + 72 A > 0.

4.2 Non-Homogeneous Systems

Let f,g,h : R" — R be defined by f(z) = 2" Ajz+bir+cy, g(x) = 307 Agz+blz+c,
and h(z) = 327 Az + bz + ¢, where Ay, Ay, A, € S™, by, by, by € R™, ¢p,¢q,¢ € R.
We define Hy, H,, Hy, by

. Af bf . Ag bg . Ah bh
Hf = ( b? 20f ) ,Hg = < bg« 209 and Hh = b;; 20h . (43)

We derive a nonconvex Gordan-type alternative theorem for three nonhomogeneous
quadratic functions by way of homogenization.

14



Theorem 4.3. Let n > 3 and let f,g,h and Hy, Hy, Hy, be defined as above. Suppose
that there exist v1,7v2,7v3 € R such that

NHy+v2Hy +v3Hy = 0. (4.4)

Then exactly one of the following statements holds:
(i) (3z € R") f(z) <0, g(x) <0, h(x) <0.
(i) (31, A2, A3) € REN{(0,0,0)}) (Vo € R")

M f (@) + hag(x) + Ash(x) > 0. (4.5)

Proof. 1t suffices to show [Not(i) = (ii)]. Suppose that (i) does not hold. Then the
system f(z) < 0, g(x) < 0, h(z) < 0 has no solution. Define three homogeneous
functions f,g,h: R"! — R by

1 1
flx,t) = §$TAfx +bpat + cpt?, glx,t) = §xTAgx + byt + cyt?

and

~ 1
h(z,t) = §mTAhx + bl ot 4 cpt?
Then, f(z,) = 3, ) Hy(a, 1), §(w,t) = S, 0)7 Hy (1) and bz, £) = Sz, ) Hy(z, ).
Moreover, the system f(:c,t) <0 g(x,t)N < 0 and ﬁ(m,t) < 0 has no solution. Oth-
erwise, there exists (xg,to) such that f(zo,to) < 0, glxo,to) < 0 and h(zg,ty) <
0. If ¢ 7é 0,~then f(l’o/to) = ta2f<$0,t0) < 0, g((lfo/to) = ta2§<l’0,t0> < 0 and
h(xo/to) = ty>h(xo,t9) < 0. This contradicts to the fact that the system (f(z) < 0,
g(z) < 0, h(z) < 0) has no solution. If ¢, = 0, then fadArzy = f(wo,t9) < 0,
sxt Agro = (2o, to) < 0 and 32 Apzo = h(wo,to) < 0. This implies that

liI_’I_l flaxy) = —o0, hI_"I_l g(axg) = —oo and hrf h(axy) = —o0.
Thus, there exists o > 0 such that f(agzg) < 0,g(apzro) < 0 and h(a0x0)~< 0. This
is a contradiction. So, it follows from Theorem 4.2 (replacing (f, g, K) by (f, g, R*™))
that there exists (A1, A2, A3) € R2\{(0,0,0)} such that for all (x,t) € R**!

Mf(z,t) + Xog(x, t) + Ash(z, t) > 0. (4.6)

Thus, by setting ¢t = 1 in (4.6), we see that (ii) holds. O

4.3 Optimality Conditions for Trust Region type Problems

Consider the following trust region type problems

(TR) min f(z) s.t. g(z) <0, h(z) <0
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where f,g,h : R" — R (n > 3) are defined by f(z) = sa7Apz + bz + cf, g(z) =
seT Agw + blz + ¢4 and h(z) = 32T Az + bl x + ¢, The problem (TR) is said to be
regular whenever there exist v;,72 € R such that

YHg + 2 Hp, > 0, (4.7)

where H,, Hj, are defined as in (4.3). Let us now derive necessary, and sufficient global
optimality conditions for regular (TR) problems. Such conditions for possibly non-
regular problems are given in Section 5.2.

Theorem 4.4. Suppose that problem (TR) is reqular and that T is a global minimizer.
Then, the following Fritz-John type necessary condition holds, that is, there ezists
(1, A1, A2) € R3N{(0,0,0)} such that V(uuf + Mg+ Ah)(T) = 0, Mig(T) = Ah(T) =0
and

[LAf + )\1Ag + )\QA]—L i 0.

Moreover, if the Slater condition holds, i.e., there exists xo € R™ such that g(x¢) < 0
and h(zg) < 0, then a feasible point T is a global minimizer if and only if there exist

A1, A2 > 0 such that V(f + Mg+ Xh)(T) =0, \g(T) = Ah(T) =0 and
Ap+ MAy + A Ay = 0,

Proof. Suppose that T is a global minimizer of (TR). Then the following system f(z)—
f(@) <0, g(r) < 0 and h(x) < 0 has no solution. Since (TR) is regular, (4.4) holds
with 41 = 0 and so, from Theorem 4.3, there exists (u1, po, p13) € R3\{(0,0,0)} such
that for all z € R” 1 (f(z) — f(Z)) + pog(z) + psh(x) > 0. In particular,

129(T) = psh(T) = 0. (4.8)

So, p1f + pog + psh attains its minimum at T over R™. Thus the Fritz-John type
necessary condition holds with u = py and \; = p;, 1 =1, 2.

Suppose further that the Slater condition holds. Then gy > 0. Otherwise, pusg(x) +
psh(xz) > 0 for all x € R™. Note that g(zo) < 0 and h(zy) < 0. It follows that
pa = p3 = 0. This contradicts the fact that (uq, o, u3) # (0,0,0). Hence

f(@) + Mglx) + Xoh(z) = f(7),

where A\; = po/p1 and Ay = pg/p1. This implies that A1 g(T) = A\h(T) = 0. Therefore, T
is a global minimizer of f+\;g+Ayh over R™. This gives us that V(f+A1g+X2h)(T) =0
and

V2(f 4+ Mg+ Ah)(T) = A + M A, + A Ay, = 0.

Conversely, suppose that there exists (A1, \2) € RZ\{(0,0)} such that V(f + A\1g+
Xh)(ZT) =0, \g(ZT) = Aoh(T) = 0 and Ay + M A, + A2 A, = 0. Consider the function
L :R" — R defined by L(z) = f(z) + Mg(x) + Ah(z). Since V2L(x) = Ay + M A, +
AAy = 0 for all x € R", L(-) is a convex function on R". It follows from VL(Z) =
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V(f+ Mg+ Ah)(T) = 0 that T is a global minimizer of L. Therefore, one has for each
r € R",

f(@) + Mglz) + Xoh(z) = L(x) = L(T) = f(T) + Mg(T) + Ah(T) = f(T).

Therefore, f(z) < f(x) for all x such that g(z) < 0 and h(z) < 0, i.e., T is a global
minimizer of (TR). O

We note that the following positive independent condition on Vg(Z) and Vh(T) at
a feasible point 7,

[aVg(T) + fVh(T) = 0,a9(Z) = fh(T) =0, > 0,8>0] = [a=0F=0], (4.9)

implies that the Slater condition holds. To see this, let T be a feasible point satisfying
(4.9). Suppose that the Slater condition fails. Then, by Theorem 3.3, there exists
(A1, A2) € R2\{(0,0)} such that for all x € R™ A\g(z) + XAoh(z) > 0. Note that
g(T) < 0 and h(Z) < 0. It follows that T is a global minimizer of A;f + A\og over R™.
Thus, one has \Vg(Z) + \oVh(Z) = 0, \1g(T) = A2h(Z) = 0. This together with (4.9)
yields that A\; = Ay = 0 which is impossible. We also note that the condition (4.9)
includes several interesting cases which were studied in [24]. (For example, (1) Vg(Z)
and Vh(Z) are linear independent; (2) Vg(Z) = tVh(z) with t > 0 and VA(T) # 0;
(3) g(T) =0, Vg(T) # 0 and h(T) < 0). In [24], without assuming (4.7), it was shown
that at a global minimizer, there exist A, Ay > 0 such that V(f + A1g + \2h)(ZT) = 0,
Mg(T) = Ah(T) = 0 and Af + A\ A, + A2 Ay, has at most one negative eigenvalue in the
above 3 cases. Our optimality condition is stronger than the ones in [24] for regular
trust region type problems (TR).
Consider the following trust-region problem, considered in [30, 32]:

(TR1) min 2" Apx + Zb?x +cp st a<al Az < B,

where Ay, A, € S™, by € R" ¢r,a,0 € R(n >3), A, > 0and 0 < a < 3. Let
flx) = 2T Apz + 2b7x + ¢f, g(x) = —2"Agr + o and h(z) = 2" Agz — 3. Let T be
a feasible point of (TR1). Then 7 is a global minimizer of (TR1) if and only if there
exist A\; > 0, Ay > 0 such that V(f + A\g + X\2h)(T) =0, \1g(T) = \2h(T) = 0 and

Ap — M Ay + MA, = 0.

To see this, let 71,72 < 0 be such that % < 1—’;’ < 1. Since Ay > 0, it follows that

2(— A 0
’Yng+V2Hh=( (=71 +72)4 )>O.

0 2(71a — 728)

This gives us that the problem (TR1) is regular and so, the optimality condition follows
from Theorem 4.4.
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5 Systems of Finitely Many Quadratic Inequalities

In this section, we present an alternative theorem for a system of finitely many quadratic
inequalities, and obtain necessary and sufficient global optimality conditions for a class
of quadratic programming problem involving Z-matrices.

Recall that a matrix A = (A;j)1<ij<n € S™ is called a Z-matrix if A;; < 0 for all
i # 7 (S™ is the set consisting of all real n X n symmetric matrix). From the definition,
any diagonal matrix is a Z-matrix. The Z-matrix arises naturally in solving Dirichlet
problem numerically, and play an important role in the theory of linear complementary
problem (cf. [5, 13, 14]). Let f; : R® — R be defined by fi(z) = 127 Az + bz + ¢;,
t=1,...,m, where A; € S, b; € R", ¢c; € R. We define H; by

A b
w0, 5
Define a set €y by
Qy = {(éa Hla,...,,ia H,a) :a € R"} 4+ intRY.

In the following, we give a sufficient condition for the convexity of €}y in terms of
Z-matrices.

Theorem 5.1. Let H; be Z-matrices i = 1,...,m. Then y is a convex set.
Proof. Since z" Hyx = H; - (xz”) i = 1,...,m, it can be verified that
1 T 1 T n+1 : m
Qo: = {(§x Hlx,...,§ac Hyx):x € R"} 4 intR”
1 1
= {GH- X, G Hy - X)X = zz”, x € R™'} + intR7
1 1
C {(§H1 X o X)X € SEHY + intR7.

Note that {(1H;-X,...,1H,,-X) : X € S} } is convex (and hence { (3 H1-X, ..., H,,-
X): X € ST} + intR? is also convex). To conclude the proof, it suffices to show
that, if each H; is a Z-matrix, then

1 1
{(GH X, SH - X) 1 X € ST} + intRY
1 1
C {(§H1 'X,...,éHm'X) X =ua2l, z € R"H} + intR’".

To see this, take (z1,...,2,) € {(%Hl-X, . %Hm-X) X € Sﬁ“}%—intRT. Then,
there exists a X, € Sﬁ“ such that Hy - Xog < 2z, kK = 1,...,m. We now show that
there exists a vector ug such that for each k =1,...,m

Hy - Xo > ud Hyug = Hy, - (uoud).
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To see this, we use x;; to denote the element of X which lies at the i* row and j™

column. Since X, € Sﬁ“, one has z;; >0 (i=1,...,n+ 1) and
Tixi — x>0 i,je{l,...,n+1}. (5.2)
Now, define uy = (\/Z11,- - - /Tntint1)- Then, the (j,i) element of uoul is \/Z;;7u,
and hence for all kK =1,...,m, one has
ud Hyug — Hy, - Xo = Hy, - (uoud) — Hy, - Xo = Hy - (uoug — Xo)
n+1 n+1
= > di(VET — )
i=1 j=1
n+1
= Y al(yEmh — )
ij=1,i#j
< 0

where afj is the (7,7) element of Hj and the last inequality follows from afj < 0 for
all i # j (since Hy is a Z-matrix) and (5.2). Hence, Hj, - (uoul) < 22;. Therefore,

(21, 2m) E{GH: - X,...,iH,, - X) : X = 22", 2 € R} + intR7. O

In the following we establish a Gordan type alternative theorem for systems of
arbitrary finite number of quadratic inequalities involving Z-matrices.

Theorem 5.2. Let f; be defined by fi(z) = éxTAix +b0fw+c;, i =1,...,m. Suppose
that H;, i = 1,...,m are all Z-matrices. Then, exactly one of the following two
statements holds.

(i) (Fz eR") fi(z) <0,i=1,...,m.

(i) (31 € RP\{0}) (Yo € R") 0%, Asfi(a) = 0.

Proof. 1t suffices to show [Not(i) = (ii)]. Suppose that (i) fails. That is, the following

system has no solution: z € R", fi(z) <0, i = 1,...,m. Define m homogeneous
functions f; : R"*! — R by

- 1 1
fi(z,t) = §(x, O H;(z,t)" = §:UTA,-:B + bl wt + ¢;t?.

Then 0 ¢ €. Otherwise, there exists (o,?o) such that filzo,to) < 0. If to # 0, then
fi(zo/to) = ty%fi(wo,to) < 0,i=1,...,m. This contradicts our assumption (i). If
to = 0, then %ngixO = fi(zo,t0) <0,7=1,...,m. This implies that

lim f;(azy) = —o0.
a——+00
Thus, there exists ag > 0 such that f;(capxo) < 0,4 =1,..., m which means assumption

(i) holds. This is a contradiction.
The set €29, is convex, and so, by the convex separation theorem, there exists

A € R™\{0} such that for all (y1,...,,ym) € Qo, Doy Niy; > 0. This implies that
A € RP\{0} and for all (z,t) € R, S X\;(527 Ajz + bl xt 4 ¢;t*) > 0. Thus, by
setting ¢t = 1, we see that (ii) holds. O
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In passing, we observe that Theorem 5.2 extends the corresponding result in [4,
Exercise 4.57], where A; is a diagonal matrix and b; = 0.

5.1 Optimality Conditions for General Quadratic Programs
Consider the following general quadratic optimization problem
(QOP) min fo(x) s.t. fi(z) <0,i=1,...,m,

where each f; : R” — R is defined by f;(x) = %xTAix +bl'z + ¢;. Let H; be defined as
in (5.1),i=0,1,...,m.

Corollary 5.1. For (QOP), suppose that each H; is a Z-matriz, i = 0,...,m. LetT
be a global minimizer. Then, the following Fritz-John type necessary condition holds,
that is, there exists (Ao, ..., Am) € RTTN\{0} such that V(31" g N\ifi)(T) = 0, X fi(T) =
0, i =1,....,m and Y "  NA; > 0. Moreover, if the Slater condition holds, i.e.,
there exists xg € R™ such that f;(xy) < 0, i = 1,...,m, then, a feasible point T is a
global minimizer if and only if there exists (A1,..., \n) € RP\{0} such that V(fy +
S NS)E) =0, Mifi(@) =0,i=1,....,m and Ay + > 1", NA; = 0.

Proof. Suppose that T is a global minimizer of (QOP). Let f(x) = fo(z) — fo(T) and

o AO bO
Hi= ( by —zTAgT — 2T ) '

Then the following system f(x) <0, fi(x) < 0,4 =1,...,m, has no solution. Note
that H 7 Is a Z-matrix if and only if Hy is a Z-matrix. Thus, from Theorem 5.2, there
exists (Ao, ..., Am) € RTTIN\{0} such that for all z € R™ \of(z) + S0, Mifi(x) =
Mo(f(z) — f(@)) + D7, Nifi(z) > 0. In particular, one has \; f;(Z) = 0,i=1,...,m.
Thus, Y"1, A\ f; attains its minimum at T over R™. Thus the Fritz-John type necessary
condition holds. If the Slater condition holds, then, using similar arguments as the
proof of Theorem 4.4, we see that the sufficient and necessary condition holds. O]

5.2 Applications to CDT Problems

Finally, we see that Corollary 5.1 can be used to examine possibly non-regular trust-
region type problems. For instance, consider the following CDT problem which plays
an important role in the trust region algorithms for nonlinear programming in [8, 27].

1 1 1
(CDT) min §$TB$ +b'r st §||ATx +al* < €%/2, §||1'||2 < A?)2,

where A € RV B € S" a € R, b € R*" and A,§ € [0,+00). Let f(z) =
LT Ba + 07, g(x) = (| ATz +al — ), h(z) = 3(]al]* — 22). Define

B b AAT Aa I, 0
= (e o) o= (e e )t = (5 ) 09
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Corollary 5.2. For (CDT), suppose that B, AAT are Z-matrices, Aa,b € =R} and
the Slater condition holds. Then, a feasible point T is a global minimizer if and only
if there exists (M, A2) € RIN{0} such that (B + M AAT + \o1,)T + (b + MAa) = 0,
M(|AT + al|? — €2) = 0, (||Z)|* — A%) =0, and B + M AAT + X1, = 0.

Proof. Define f; : R" = R, i =1,2,3, by fi(z) = f(x), fo(x) = g(x) and f3(x) = h(z).
Since B, AAT are Z-matrices and Aa,b € =R, Hy, H, are Z-matrices. Note that H,

is a diagonal matrix and hence is also a Z-matrix. Thus, the conclusion follows by
Corollary 5.1. O

The following example illustrates an application of Corollary 5.2 to a two-dimensional
CDT problem.

Example 5.1. Consider the following CDT problem
1 1 1
min —z’ Bz + bz s.t. =||Az +a® < €2/2, <||z||* < A%/2,
z€R? 2 2 2

where n =m =2, a = (0,—6)T, b = (0,—6)T, A =5, £ =5,

-2 0 1 0
B—( 0 2)@ndA—<0 1).

This problem can be equivalently rewritten as

min  f(x) s.t. g(z) <0, h(z) <0,

r=(x1,r2)€ER2

where f(x) = —a?+ 23— 6xs, g(x) = 121+ (22— 6)2 — 25) and h(z) = (a3 + 23— 25)
with global optimizer T = (£4,3). We can easily verify that

-2 0 0 1 0 0 1 0 0
H=0 2 —6|.H=0 1 6| adH, =01 o0
0O —6 O 0 —6 11 0 0 —25
and, for any pu1, p2 € R,
p1 + pro 0 0
prHg + poHp = 0 1+ e —6411
0 —6[11 1].,[11 — 25/1,2

Note that (py + po)(11py — 25p9) — 36u2 = =252 — 2503 — 14uips = —T(p1 + p2)* —
18(u? + p2) < 0. Thus it is not a reqular (TR) problem. However, it is easy to verify
that B, AA" are Z-matrices, Aa,b € =R’ and the Slater condition holds. Letting
A1 = Ay =1, we see that

, 2 0 10 10 00
s — -—
B+ MAAT 1 A, ( R S (P o 04 ) =0

9(Z) = h(Z) =0 and
(B + MAAT + M 1)T + (b4 M Aa) = (0,12)7 4 (0,—-6)" + (0, —6)" = (0,0)".
Thus, the global optimality conditions of Corollary 5.2 holds.
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