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ABSTRACT 

This report presents a me{thod of calculating the 

relative- amplitudes of Rayleigh waves as a function of 
• I .. 

frequenb.y at two observation points· located on surface 

laye·rs wi-th· differing thickness or physical properties. 

The analytic approach center? on a solution of the 

boundary value problem which allows the amplitude as a 

function of depth to be written. in terms of a single un-

known; the free surface amplitude. Then, under the assump-

tion of equality of energy flux at the two horizontal posi-

tions of interest, the ratio of the free surface amplitudes 

at the ·two locations can be computed as a function of fre-

quency. A computer program which has been written to com

pute these amplitude rat1os is described and a series of 

theoretical amplification curves are presented for models 

considered to be representative of the geology in and 

around the Nevada Test Site. Recommendations are made that 

the analytic model presented in this report be tested 

empirically U3ing data from the Ln8 Vegas valle~ ingtru

mentation line. 

-iv-
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'. CHAPTE~ 1 # ··' 

INTRODUCTION 

I 
! 

. . . . 

1.1 SCOPE OF THE REPORT 

The ef'f'ect of' a low-velocity surf' ace layer on the 

amplitude o£ observed seism1c motion has been investi-

gated in a number of' studies· at ERC. From a theoretical 

point of' view the problem is best treated separately f'or 

dif'f'erent wave modes. Body waves (P, SV, SH) have been 

discussed in Reference 1 and Love waves in Reference 2. 

This report completes the treatment of' surf'aoe waves by 

presenting a method f'or calculating the relative ampli

. tudes of' Rayleigh waves at two stations lOcated on sur-

f'ace layers with dif'f'ering thickness or physical prop-

erties. The ratio of' these amplitudes, referred to here 

as the amplification, is a function of' the frequency of' 

the incident wave. Some calculated amplification curves 

arc presented in Chapter· 3 f'o:t models considered to be 

typical of' Nevada Test Site (NTS) geology • 

. 1.2 SEPARATION OF WAVE JVIODES 

In applying an analysis of' t~is type to actual · 

se.islr1ogra.ms, it .is f'irst necessary to identify the 

various wave modes. This is not an easy task. Our cur-

rent procedure is to separate the seismogram into P-wave, 

1-1 

... 
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. S~wav:~,: and surface-wave windows on the basis of exper~enced 
.. . 

judgment (References 1 and 9). The Rayle'igh waves are then 

<t 

assumed to correspond to the radial and'vertical components 

of the surface wave wi~dow, the transverse component cor

responding to Love waves. Thi.s identification is only ap

proximate but should suffice as a reasonable first attempt. 

The ratio of the Fourier amplitude spectra, smoothed if 

necessary, of corresponding surface wave windows at two 

stations should then correspond to the theoretical ampli-

fication curves calculated by the methods described here. 

Actual comparisons with observation have not yet been 90m-

.pleted and will be discussed in a later report . 

. . 

1.3 OUTLINE OF THE PROCEDURE FOR RAYLEIGH WAVES 

Although the mathematical formulation of the problem 

for Rayleigh waves is similar in principle to that for Love 

waves (Re~erence 2), it is considerably more complex. Only 

recently has an explicit expression been published for the 

energy density of a Rayleigh wave in a layer on a halfspace 

(Reference 3) and this contained several errors. Here a 

very brief description of the method will be given to il-

lustrate its ranQe of applicability; the details_ will be 

found in Chapter 2 and the Appendices. 

The wave equation and the appropriate boundary con-

ditions can be solved to give a dispersion equation, 

·~--- .. ·.······\--·.-·---·-
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~~e.~ating---~has~ velocity to wave number, and an express..ion 

··I for the amplitude of the Rayleigh wave at any point in the 
! 

ground. in. terms of the (unknown) surface amplitude. From 

the dispersion equation one can obtain the group velocity 

of the wave; from the amplitude one can form an expression 

for the energy density in the wave in terms of the surface 

amplitude. It is then necessary to assume that the energy 

flux in the waye- that is, the product·of group velocity 

times energy density - is the same at both stations of 

interest. Equating the expressions for the energy flux 

allows one to solve for the ratio of the surface ampli-

tudes at the two stations. The assumption on the energy 

flux implies that no energy is lost by the wave because 

of spreading, scattering or absorption between the two 

stations. Hence the method is limited to stations which 

are closely spaced relative to their distance from the 

source, and between which there are rio sharp geological 

discontinuities. As an example, the formulation may be 

applicable to adjac.ent stations along the Las Vegas 

Valley (SE) instrumentation line. 

1-3 
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CHAPTER 2 

I MATHEMATICAL FORMULATION 

In this chapter we will consider the mathematical. 

formulation for Rayleigh waves propagating in a surface· 

layer overlying a semi~infinite halfspace. The geometrical 

configuration is shown in Figure lo In this figure a rep-

resents the compressional (P) wave velocity, f3 represents 

the s~e-~E__(~)--~-~~~ velocitY and p represents the density. 

Assume a plane waves solution given by (Reference 4) 

-v 1 z v z . 
i(wt-kx) 

q>l = [Ae + Be 
1 

] e 

-v1'z V .I Z 
i (wt-kx) 

"'1- = [Ce + De 1 ] e ( 1) 

. -v z i(wt-kx) 
q>2 = Ee 2 

~ . 

, 

"'2 

-v2 z i(u.>t-kx) 
= Fe e 

·where the q>~, \jr. are the compressional and shear wave dis-
~ ~ 

.. 
placeme·nt potentials which satisfy the wave equations 

2-1 



~-.: .. '.. .--- : FRE~ SU.RF A~f · .. • 

~=ill ;~------------~~~~------~----~--------
.. ~ 

[]] 

.-~,-

· ! Z=i o I 
~'-'-' 

--------·--- -·------ --------------------------
Figure 1. 

L,- .. '" ..... 

1
------~ . 

. . ~::.2_:. 

. . . 
----- ------· ---.---. ,. _______ :·--'·--'--------·----·~--~---·---~--,....,..·--·--·----- ·- ----···--·~~ ·-~~~- .... -- --- ·-... 
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v2 cp. = 
l. 

1 

a.i2 

1 

= [3.2 
l. 

2 . 
a cpi 

at2 · , ··' 

(2) 

2 a ·ljl •. 
l. 

·a,t2 
• 

In the above expressions A, B, C, D, E and F are amplitude 

constants, w is the circular frequency, k is the wave 

2 - k2 2 
= w/a.i; 

,2 2 k2 number, v . -· - ka.. where ka,. vl = k[31 -
l. l. l. 

,2 = k2 
kp2 

2 
where k[3. = w/[3 .•. v2 

l. l. 

The boundary conditions for the present problems are 

that: 

(a) the normal and radial components of stress 

vanish at the free surfac.e;· 

p = 0 
·zxl 

(3) 

(4) 

(b) the normal and radial components of stress and 

displacement are continuous across the boundary; 

-:-· :·\.··· ·~·-· ·-- ~·---

' 
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I 
. .-_. --: Su~-~_!i tuting equations ( 1) int~ the. 'boundary condi-

1tions (3) - (8) we obtain six equations-in the six un

knowns A, B, c, D, E and F. Taking the determinant of 

the· coefficients and equating to zero we obtain the 

period equation in the form given by Sezawa and Kanai 

(Reference 5 ) : 

k 2) (31 
-- T] 

k2 

V I ( 

+ = . 2 -

_b_ . l k 2 )2 
k

2 f 

0 {-

4v 'v 2 
2 1 

k3 

, 
v 1 . 

cosh v
1

H sin v 'H + ---- s 
l. k 

2-5 

( 13) 



• 

where .. 
. . ··:·~·· 

T} = 

a. = 

(
~1 
~ -

2 
- a.y' e = 

k~2 2) = 
2 ' ~ 

k 

k 2) -~ 
2 • 

k· 

, ··' 

2 

a. ' 

v2v2' 2 
--~2-

2 1-' y ' 
k. 

k:~2)- 2, 
( 14) 

Equation (13) provides an implicit relationship be

tween the phase yelocity c- (= w/k) and the wave number k . 

Once c has been determined as a function of k, the group 

velocity U can be determined by numerical differentia-

tion. Thus 

.. u = c + k .de 
dk 

. (15) 

From equation (13) it can be shown that at.the long

wave limit (k ~ 0), the phase velocity c approaches the 

2-6 
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l
·~~locity/of Rp.yleigh waves on a halfspace with the pro,p-

. erties of the underlying medium (:::::_ 0.92 -·(3;
2
), and at the 

·'short-wave limit (k ~ oo) c approaches the velocity of 

Rayleigh waves on a halfspace with the properties of the-

layer (::::: Oo92 (3
1
). Thus, the range of existence of 

Rayleigh waves in the fundamental mode is given by 

0 • 92 (3 1 . < c < 0. 92 (3 • 
2 

Therefore, v 2 , v2 ' are always real quantities and v 1 , 

v 1 ' may be either real or imaginary depending on the 

value of c. When v 1 is imaginary (c > a
1 

> (3
1
), the 

hyperbolic functions in equation (13) go over to the 

( 16) 

corresponding trigonometrics and when v ' is imaginary 
1 

(c < (3 1 < a
1
), the trigonometrics go over into the cor-

responding hyperbolic functions. 

Returning now to the six simultaneous equations in 

the six unknowns A, B, c, D, E and F, it is possible by 

successive elimination to express five of the variables 

in terms of-the sixth and consequently to write .the dis~ 
... 

. placements u and win terms of the one remaining unknown. 

Thus, schematically, 

2-7 
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··. ··,..; ... 

ul = A f 1 ( z} 
, ··' 

wl = A ~2 ( z) 

. ( 17) 
U· = A f3 ( z) ·2 

w2 = A . f4 ( z) 

-where the fi(z) are functions of the elastic parameters 

of the layer and the halfspace, the thickness of the layer 

and the frequency of the plane wave· under consideration. 

Now, evaluat.i_p_g u
1 

and w 1 at th~ _free surface. z = H, we 

have 

··u I - ul = A [f1 (z)] 
·l.z=H z=H 
--·-··· ---- -· 

( 18) 

w I - wl = A [f2 (z)] 
. 1 z=H z=H 

Therefore, 

= (19) 

z=H z=H 

2-8 
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\ 

'.and consequen,tly the exp·ressions :for the displacement~ can 

./ b{ writ t;n in terms oi' the i' ree surf ace. · ;U,p li tudes as 
i 

= 

:f4(z) =.[:f2(z)J :f4(z) . 

z=H 

The interest :u1 th12 present case lies in relating the 

:free surface amplitudes at two different horizontal posi-

tions where the thickness and the elastic parameters o:f 

the .surface layer may be different· at the two locations. 

The situation ·is presented graphically in Figure 2. Now, 

1£ the· slope o:f the line joining the points P 
1 

and P 
2 

is 

2-9 
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/
.~mall (~_:_e_··, .H

1
-H

2
' << x),. then the Rayleigh wave at .each 

· location can be considered to be pr.opagating in a layer 

existing for all x with the properties 'of the layer at 

' ! that station {Referenc~ 6 ) • Then the amplitudes as a 

·.function of depth at each horizontal position can be ex-

pressed in terms of their respective free surface ampli-

tudes as in (20). In order to relate the free surface 

amplitudes at the two positions we assume that the energy 

flux is equal at the two locations. That is, we assume 

that no energy has been lost from the system as the wave 

train propagates between x1 and x 2 • Thus, 

. {21) 

where U is the group velocity and E is the energy density 

given by 

w2 
E = 

·2 

H 

f 
-00 

·, 

2 2 
P (I ul + I w I > dz (22) 

in which the vertical bars denote the modulus of the ex-

pression. Thus, schematicall~ we have 

2-11 . 
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1-

UEI 
/
!x=x 

·1 

= I u 12 u . w22 
x=x

1 
x=x

1
. 

. I 

2 
w 

u -
x=x2 2 

.. / 

H . 2 

f P <I "x,;,.~1 .. 
-00 

.. :f 
+ I w ..:. I ) dz 

X-:-Xl· ... ·. 

2' 

·~ lux=xl I . 

H 

f. I 1

2 

.P ( ux=x2 
-00 

where the multiplication and division by the u's'is intro

duced to cancel the common factor u in the numerator (see 

equatio~ (20)). Therefore, using equations (21) and (23), 

WEf·'·._c·an express the ratio of the free surface amplitudes ..... 

at x=x1 and x=x as 
2 . 

H 

·I 
-00 

(23) 

= .:. 
(24) 

Ux-x . - 1 

2-12' 

2. 

+ lwx=x I ) dz 
. 1 . 

... 
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.. ·'" 

Similarly, for the vertical comporte;nt, 

I 
1 

= 

H 

[ 
2 

. p (I ux=x I 
. ·. ~ 

. ··' 

2 

+ I wx=x I . ) dz 
2 

The energy integrals in equations (24) and (25) are evalu-

.ated in detail ·in Appendix I'. Having evaluated the inte-

grals, equations (24) and (25) in conjunction with equa~ 

tio?s (~3) and ( 15) can be used to compute the ratio of 

·the vertical and horizonta 1 free surface displacements 

.(also velocity and acceleration) for.any two horizontal 

positions as a function of frequency • 

·2-13 
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CHAPTER 3 

· PARAMETRIC . STUDY OF THE MATHEMATICAL MODEL . . 

·In this chapter the variation in th~ horizontal (U) and 

vertical (W) amplification with variations in the parameters 

of the modelwill be analyzed •. In general, one is free 

to consider, at both horizontal positions, variations in 

t.he thickness and elastic parameters of the layer and 

variations in the elastic parameters of the halfspace. 

In the present case it will be assumed that the elastic 

p·arameters of both the layer and the halfspace are the 

same at both observation points .. This assumption is made 

because it is felt that any appreciable change in the 

elastic parameters from one horizontal position to the 

next would, in nature, correspond to the existence of a 

discontinuity of·rock type which would probably lea? to 

a violation of the equality of energy flux condition of 

Chapter 2. This decision leave~ twu ~I:! ls uf elastic 

parameters (one for the layer and one for the halfspac.e) 

and the two layer thicknesses to be varied. A further 

simplif.ication can be made if the results are presented 

versus a dimensionless quantity defined by the wavelength 

divided by the thickness at position 1. In this case only 

the ratio of the.thickness at position 2 to that at 

3-1 
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position 1 need be considered and1;1ot. the individual 
; 

values o:f the thicknesses. This mode ~f 'presenta.tiot;l is 

not· used. in this report since the frequency rang~. con·-
/ . . . . . . . . . ·. 

si~ered with regard to surface ~aves is fixed at 0.1 -

0.8 Hz ~n the distance ranges of interest with regard to 

prediction. Generally, our i~terest centers on the ef-

fects o:f relatively thin, lav velocity_ alluvial layers 

overlying Paleozoic rocks. ·Consequently, only layer 

thicknesses over the range o:f 0.2 -. 2 km, shear wave 

velocities :for the layer in· the range of 0.75 - 1.5 km/ 

sec· an·d shear wave velocities for the half space in the 

range o:f 1.5 - 2.5 km/sec will be considered. The com-

pressional wave velocities are determined from the 

shear wave velocities assuming that Poisson's ratio,-

v = 0.25 (i.e. ~ = 0.6 a) and the densities of the 

layer and- the hal:fspace a:re held constant at 1.5 and 2.5 

j . -
gm/cm respectively.- · · -·- · 

The ampli:fication curves as a function of frequency 

are shown in Figure 3 for the "standard" model de:fined by 

the elastic parameters and layer thicknesses shown on 

the rigure. Thi$ model is the standard in the sense that 

as one o:f the parameters is varied the values of the other 

~~rameters are held constant at the values given in the 

standard model. The effects of variations in layer 



·. ~ . 

. /'~hicknes~es a·re displayed .in Figures 4-~.: . The effect-; 

1 of variations in the shear wave velocity of. the layer are 

i shown in Figures 9 and lp and the effects of variations 

' 
! in the shear wave velocity of the half space are shown in 

Figures '11 and 12. 

A general observation which can be made based on 

these figures is that significant. amplifications do 

occur within the frequency range of interest. More 

specifically, as indicated in Figures 4-8, variations in 

·layer thickness for a fixed velocity cause the frequency 

of the peak amplification to shift in such a way that as 

the thickness decreases the peak amplification shifts to 

higher frequencies. This can best be understood by con-

sidering the dimensionless parameter wavelength divided 

by layer thickness mentioned 'previously. In terms of 

this parameter, the amplification depends only on the 
. I 

. . 
ratio of the layer thicknesses and not on the actual 

thickness. For a given ratio of layer thicknesses the 

peak amplification wi 11 always occur at the same value 

of this parameter·. Consequently, as' the layer thickness 

decreases the wavelength must decrease, cor'responding to 

a shift to higher. frequency. Variations in the elastic 

parameters of the layer lead to a modification of both 

the amplitude and frequency of the peak amplification as 

. '3-3 
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indicated in Figures 9 and 10 • . The change in frequency 
I 

'; 

of the peak a~plification is related to· changes in the 

effective wavelength similar to that noted for variations . I 
in', layer thickness. The variation in the magnitude of 

the peak amplification is related to the magnitude of the 

impedance mismatch at the boundary. These interpreta-

tions are supported by Figures 11 and 12 which indicate 

that a change in the elastic parameters of the halfspace 

leads to a change in the amplitude but not the frequency 

of the peak amplification. 

.. 
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CHAPTER 4 

·SUMMARY AND RECOMMENDATIONS 

4.1 SUMMARY 

_The present work, together with References 1 and 2, 

completes the formulation of a mathematical model for 

describing the effect of a low-velocity surface layer on 

observed seismic motions for all the principal wave modes 

and for the entire frequency range of interest. The ex-

amples presented in Chapter 3 show that significant am

-plifications of Rayleigh waves can be expected under 

conditions prevailing at numerous NTS instrumentation 

sites. The amplifications are marke_dly frequency depen-

dent; the nature of this dependence is determined by the 

thickness and physical properties of the layer • 

4.2 RECOMMENDATIONS 

a. The model developed here should be verified as 

outlined in Chapter 1 using availabl~ data. Data from 

pairs of adjacent stations along the Las Vegas instru-

mentation line appear to be suitab~e for this purpose. 

At the same time comparisons with the results for Love 

waves can be made to check the consistency of the pre-

dictions .. If the present models prove to be inadequate, 
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various. refinements are possible' such as the proper 
.. ·' 

treatment of successive arrivals of sep~rate wave trains . 

. 
·b.· If the empirical verification of the mode 1 is 

satisfactory, techniques will be develqped for applying 

.the method to routine prediction procedures. The primary 

area of application would. be frequency dependent quanti ties, 

such as PSRV curves. Given adequate information on the 

geophysical characteristics at the sites of interest, it 

should. be possible to predict variations in such curves 

from station to sta~ion. 

--- - -· --
~-. --- --~ 
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APPENDIX I . ··' 

EXPLICIT EVALUATION OF THE ENERGY INTEGRALS 

The energy integrals in equations (24) and (25) can 

be Qroken down into a sum of four integrals (Reference 3 ) 

with 

where 
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and as usual i = v:l . 

In the remaining portion or the derivation it will be 

assumed tha~ both v 1 and v
1

' are real (i.e., p
1 

< c < a.
1

) . 

. The results ror the other two cases are similar except 

that the trigonometric functions go over to hyberbolics 

and the hyperbolics go over to trigonometrics. 

From equations ( I-2) we hr~.vP., 
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in which the asterisk (*) denotes the complex conjugate' of 

the quantity. 

Substituting equations (I-4) through (I-7) into equa

tion {22) we find: 
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i. 

( 
"1' ] z

2
z

4 
. ) sinh v 

1
H cos v 'H 

v 2 + v ,2 1 . 
1 1 

2v ' . 2 

· Now, replacing the amplitude constant A in ( I-7) by 

either ul or wl gives a computational form in terms of 

known quantities.which can be used to evaluate the expres-
,. 

sions for the amplificati.on given by equations (24) and 

(35) • 
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. APPENDIX II 
. ··' 

DESCRIPTION OF THE COMPUTER PROGRAM 

A·computer program has been written for the CDC 3600 

·computer wfiich performs the calculations needed to com-

pute the amplitude ratios given by equations (24) and 

(25). The program has been written using t!'Ie complex 

arithmetic features under Fortran IV. The operations 

performed in the program can be grouped. into four main 

sections: (1) solution of the dispers.ion equation (i.e. 

equation ( 13)) :for the frequency range of in teres~, (2) 

determination of the group velocity ·as a function of 

.frequency by a numerical differentiation of the phase 

velocity, (3} numerical evaluation of the energy integrals 
.. - -

and {4) outputting of the dispersion and amplification 

curves in plotted and printed form. Some of the details· 

involved in these operations will now be briefly out-

.lined. 

( 1) Solution of the Dispersion Equation 

In this initial sect1on pr the program the 

phase velocity is computed as a function of frequenc.y by 

locating the roots o'f equation ( 13). Curuputationally 
1 

-·-·-·----·c-~. --~·- --· ,· ~-· •• 



·. 

I 
I 

an initial value o£ :frequency is specified: and then the 
I 

value o£ the phase velocity vyhich sati~fies equat.ion ( 13) 

for that frequency is determined using standard-numerical 

I . 
techniques. Output fr~m this portion of the program has 

been checked against the results obtained by several 

-
other investigators (References .4 and 5 ) and the 

comparisons have be.en satisfactory. 

(2) Determination of the Group Velocity 

In this section the group velocity is calcu-

lated by a differentiation.of the phase velocity using a 

version of equation (15). Using the relationship between 

'k and :!) (i.e. k = w/c) equation ( 15) can be rewritten: 

1 

u ( II-1) 

in which the only unknown (at a given frequency) ·is 

dc/dw. The numeril.:al differentiation !iChPrnA used is 

such that the jth value of dc/dW is given by (Reference 

7 ) : 

8 (cj+l- Cj~l) ·- Cj~~'+·dj~~ 

12 ( wj . - w j _ 1 ) 

-II-2 

(II-2) 



.. 

This·:portion'o.f the program was also checked against ·the 
• .. 1 

results of other investigators as in ~1). 

(3) Evaluation· of· ·the· Energy. Integrals 

Once the phase and group velocities have been 

determined as functions of .frequency, the energy integrals 

giv12n by equation (I-8) can be evaluated. Computationally., 

the integral is evaluated for the .first horizontal posi-

tion as a function of .frequency and the results are stored 

internally. The program then recycles to compute the 

phase and group velocities and evaluate the energy inte-

gral .for the second horizontal position. The. ratios o.f 

the .free surface amplitudes at the two horizontal posi-

tions are then calculated using equations (24) and (25) . 

This portion of the computational scheme has been checked 

in two ways. First, the results of an intermediate com-

' 
putational step (i.e., the ratio of the horizontal to 

vertical free surface amplitudes at a given horizontal 

position) have been compa:r;ed with those published in the 

literature by Sezawa and Kanai (Reference 8 ) . Secondly, 

a check has been made against the theoretical asymptote' 

of the energy integral. Specifically, it would be'antic

ipated that at very ·long wavelengthi the computed out-

put would be equal to the result which would be computed 

·analytically for a Rayleigh wave on a halfspace with the 

elastic properties of the halfspace used in the two-layer 

II-3 
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f.orm\lta·tion. Both of th~se c.hecks were satisfactorily 
·-,·· 

. ' 
completed using output obtained from the' program • 

. (4) Output Specifications 

At the present time the options are available 

to both print and plot the dispersion and amplification 

curves as a function of frequency. Examples of typical 

plotted output are shown in Figures II-1 - II-3 for the 

standard model described in Chapter 3. 

The program in its present form occupies 55,000 

memory locations and the average run time is about two 

seconds for each frequency . 

II-4 
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