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Università di Napoli Federico II, Dipartimento di Scienze Fisiche and INFN, I-80126, Napoli, Italy

52NIKHEF, National Institute for Nuclear Physics and High Energy Physics, NL-1009 DB Amsterdam, The Netherlands
53University of Notre Dame, Notre Dame, Indiana 46556, USA

54
Ohio State University, Columbus, Ohio 43210, USA

55University of Oregon, Eugene, Oregon 97403, USA
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Università di Roma La Sapienza, Dipartimento di Fisica and INFN, I-00185 Roma, Italy

64Universität Rostock, D-18051 Rostock, Germany
65Rutherford Appleton Laboratory, Chilton, Didcot, Oxon, OX11 0QX, United Kingdom

66
DSM/Dapnia, CEA/Saclay, F-91191 Gif-sur-Yvette, France

67University of South Carolina, Columbia, South Carolina 29208, USA
68Stanford Linear Accelerator Center, Stanford, California 94309, USA

69Stanford University, Stanford, California 94305-4060, USA
70State University of New York, Albany, New York 12222, USA

71University of Tennessee, Knoxville, Tennessee 37996, USA
72University of Texas at Austin, Austin, Texas 78712, USA

73
University of Texas at Dallas, Richardson, Texas 75083, USA
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Using 385 fb�1 of e�e� collisions, we study the amplitudes of the singly Cabibbo-suppressed decay

D0 ! K�K��0. We measure the strong phase difference between the �D0 and D0 decays to K��892��K�
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to be �35:5� � 1:9��stat� � 2:2��syst�, and their amplitude ratio to be 0:599� 0:013�stat� � 0:011�syst�.
We observe contributions from the K� and K�K� scalar and vector amplitudes, and analyze their angular

moments. We find no evidence for charged �, nor for higher spin states. We also perform a partial-wave

analysis of the K�K� system in a limited mass range.

DOI: 10.1103/PhysRevD.76.011102 PACS numbers: 13.25.Ft, 11.30.Er, 12.15.Hh

The amplitudes describing D meson weak decays into

three-body final states are dominated by intermediate reso-

nances that lead to highly nonuniform intensity distribu-

tions in the available phase space. Analyses of these

distributions have led to new insights into the role of the

light-meson systems produced [1]. The K��0 systems

from the decay D0 ! K�K��0 [2] can provide informa-

tion on the K� S-wave (spin-0) amplitude in the mass

range 0:6–1:4 GeV=c2, and hence on the possible exis-

tence of the ��800�, reported to date only in the neutral

state (�0 ! K���) [3]. If the � has isospin 1=2, it should

be observable also in the charged states. Results of the

present analysis can be an input for extracting the

CP-violating phase � � arg��VudV
�
ub=VcdV

�
cb� of the

quark mixing matrix by exploiting interference structure

in the Dalitz plot from the decay B� ! D0
K�K��0K

� [4,5].

Singly Cabibbo-suppressed decays are also important be-

cause they might be sensitive to direct CP violation in

charm decays [6], the discovery of which might indicate

physics beyond the standard model.

We perform the present analysis on 385 fb�1 of e�e�

collision data collected at and around 10.58 GeV center-of-

mass (CM) energy with the BABAR detector [7] at the PEP-

II storage ring. We distinguish D0 from �D0 by reconstruct-

ing the decays D�� ! D0�� and D�� ! �D0��. The

event-selection criteria are the same as those used in our

measurement of the branching ratio of the decay D0 !
K�K��0 [8]. In particular, we require that the CM mo-

mentum of the D0 candidate be greater than 2:77 GeV=c,

and that jmD�� �mD0 � 145:4j< 0:6 MeV=c2, where m
refers to a reconstructed invariant mass. To minimize

uncertainty from background shape, we choose a sample

of very high purity ( 	 98:1%) using 1855<mD0 <
1875 MeV=c2, and find 11 278� 110 signal events. We

estimate the signal efficiency for each event as a function

of its position in the Dalitz plot using simulated D0 !
K�K��0 events from c �c decays, generated uniformly in

the available phase space. To correct for differences in

particle-identification rates in data and simulation, we

determine the ratio of these for each track and apply an

event-by-event correction factor.

Neglecting CP violation in D meson decays, we define

the D0 ( �D0) decay amplitude A ( �A) in the D0 !
K�K��0 Dalitz plot of Fig. 1, as

 A 
D0 ! K�K��0� � fD0�m2
K��0 ; m

2
K��0�; (1)

 

�A
 �D0 ! K�K��0� � fD0�m2
K��0 ; m

2
K��0�: (2)

The complex quantum mechanical amplitude f is a coher-

ent sum of all relevant quasi-two-body D0 ! �r ! AB�C
isobar model [9] resonances, f � P

rare
i�rAr�s�. Here s �

m2
AB, and Ar is the resonance amplitude. We obtain coef-

ficients ar and �r from a likelihood fit. The probability

density function for signal events is jfj2. We model inco-

herent background empirically using events from the lower

sideband of the mD0 [8] distribution.

For D0 decays to spin-1 (P-wave) and spin-2 states, we

use the Breit-Wigner amplitude,

 ABW�s� � ML�s; p�
1

M2
0 � s� iM0��s�

; (3)

 ��s� � �0

�

M0
���

s
p

��

p

p0

�

2L�1
�

F L�p�
F L�p0�

�

2

; (4)

where M0 (�0) is the resonance mass (width) [10], L is the

angular momentum quantum number, p is the momentum

of either daughter in the resonance rest frame, and p0 is the

value of p when s � M2
0. The function F L is the Blatt-
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FIG. 1 (color online). Dalitz plot for D0 ! K�K��0 [2] data (a), and the corresponding squared invariant mass projections (b)–(d).

The three-body invariant mass of the D0 candidate is constrained to the nominal value. In plots (b)–(d), the dots (with error bars, black)

are data points and the solid lines (blue) correspond to the best isobar fit models.
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Weisskopf barrier factor [11]: F 0 � 1, F 1�1=
�����������������

1�Rp2
p

,

and F 2 � 1=
�����������������������������������

9� 3Rp2 � Rp4
p

, where we take the meson

radial parameter R to be 1:5 GeV�1 [12]. We define the

spin part of the amplitude, ML, as M0 � M2
D0 , M1 �

�2 ~pA: ~pC, and M2 � 4
3

3� ~pA: ~pC�2 � j ~pAj2:j ~pCj2� M�2

D0 ,

where MD0 is the nominal D0 mass, and ~pi is the 3-

momentum of particle i in the resonance rest frame.

For D0 decays to K��0 S-wave states, we consider three

amplitude models. One model uses the LASS amplitude

for K��� ! K��� elastic scattering [13],

 AK��S��s� �
���

s
p

p
sin��s�ei��s�; (5)

 ��s� � cot�1

�

1

pa
� bp

2

�

� cot�1

�

M2
0 � s

M0�0 
 M0
��

s
p 
 p

p0

�

; (6)

where M0 (�0) refers to the K�
0�1430� mass (width), a �

1:95� 0:09 GeV�1c, and b � 1:76� 0:36 GeV�1c. The

unitary nature of Eq. (5) provides a good description of the

amplitude up to 1:45 GeV=c2 (i.e., K�0 threshold). In

Eq. (6), the first term is a nonresonant contribution defined

by a scattering length a and an effective range b, and the

second term represents the K�
0�1430� resonance. The phase

space factor
���

s
p

=p converts the scattering amplitude to the

invariant amplitude. Our second model uses the E-791

results for the K��� S-wave amplitude from an energy-

independent partial-wave analysis in the decay D� !
K����� [14]. The third model uses a coherent sum of a

uniform nonresonant term, and Breit-Wigner terms for the

��800� and K�
0�1430� resonances.

In Fig. 2 we compare the K� S-wave amplitude from the

E-791 analysis [14] to the LASS amplitude of Eqs. (5) and

(6). For easy comparison, we have normalized the LASS

amplitude in Fig. 2(a) approximately to the E-791 mea-

surements with
���

s
p

> 1:15 GeV=c2, and have reduced the

LASS phase, ��s�, in Fig. 2(b) by 80�. We then observe

good agreements in the mass dependence of amplitude and

phase for
���

s
p

> 1:15 GeV=c2. As the mass decreases from

1:15 GeV=c2, the E-791 amplitude increases while the

LASS amplitude decreases, with the ratio finally reaching

	1:7 at threshold. At the same time, their phase difference

increases to 	40� at threshold. This behavior might be due

to the form factor describing D0 decay to a K� S-wave

system and a bachelor �K. Since no centrifugal barrier is

involved, such an effect should be more significant for S
waves than for higher spin waves because of the larger

overlap between the initial and final state wave functions.

However, the inverse momentum of the K� system in the

D0 rest frame increases from 0.27 Fermi at K� threshold to

0.48 Fermi at 1:15 GeV=c2; therefore any form factor

effect would decrease with increasing K� mass. If the

effect is essentially gone by 1:15 GeV=c2, similar mass

dependence of amplitude and phase in D0 decay and K�
scattering would be observable at higher mass values, in

agreement with Fig. 2. In the present analysis, we make an

attempt to distinguish between the two rather different K�
S-wave mass dependences in the region below

	1:15 GeV=c2. In each case, we also allow the fit to

determine the strength and phase of these amplitudes rela-

tive to the K��892�� reference.

We describe the D0 decay to a K�K� S-wave state by a

coupled-channel Breit-Wigner amplitude for the f0�980�
and a0�980� resonances, with their respective couplings to

��, K �K and ��, K �K final states [15],

 Af0
a0��s� �
M2

D0

M2
0 � s� i�g21���
��� � g22�K �K�

: (7)

Here � represents Lorentz invariant phase space, 2p=
���

s
p

.

For the f0�980�, we use the BES [16] parameter values

M0 � 965� 10 MeV=c2, g21 � 165� 18 MeV2=c4, and

g22=g
2
1 � 4:21� 0:33. For the a0�980�, we use the Crystal

Barrel [17] values M0 � 999� 2MeV=c2, g1 �
324� 15 MeV=c2, and g21=g

2
2 � 1:03� 0:14. Only the

high mass tails of f0�980� and a0�980� are observable, as

shown in Fig. 3(a). They are similar, so we try a model for
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FIG. 2 (color online). LASS (solid line, blue) and E-791 (dots with error bars) K� S-wave amplitudes (a), in arbitrary units, and

phase (b). The double headed arrow (red) indicates the mass range available in the decay D0 ! K�K��0.
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each as a description of the K�K� S-wave amplitude. In

Fig. 3(b) we show, in the same mass range, the K�K�

P-wave amplitude parametrized by the ��1020� meson.

To fit the Dalitz plot, we try several models incorporat-

ing various combinations of intermediate states. In each fit,

we include the K��892�� and measure the complex ampli-

tude coefficients of other states relative to it. As a check on

the quality of each fit, we compare the number of events

observed in bins in the Dalitz plot with the number pre-

dicted by the fit. We compute residuals and statistical

uncertainties to form a �2, and take �2=	 (where 	 is the

number of bins less the number of variable parameters) as a

figure of merit. We also compare the distributions of an-

gular moments (described later) predicted by the fit and

actually observed in the data.

The LASS K� S-wave amplitude gives the best agree-

ment with data and we use it in our nominal fits (see next

paragraph). The K� S-wave modeled by the combination

of ��800� (with parameters taken from Ref. [3]), a non-

resonant term, and K�
0�1430� has a smaller fit probability

(�2 probability <5%). The best fit with this model (�2

probability 13%) yields a charged � of mass �870�
30� MeV=c2, and width �150� 20� MeV=c2, significantly

different from those reported in Ref. [3] for the neutral

state. This does not support the hypothesis that production

of a charged, scalar � is being observed. The E-791 am-

plitude [14] describes the data well, except near threshold

(�2 probability 23%). Though our data favor the LASS

parametrization for
���

s
p

< 1:15 GeV=c2, the insensitivity of

the fit to small variations in amplitude at these masses does

not allow an independent S-wave measurement with the

present data sample. Therefore, we use the E-791 ampli-

tude to estimate systematic uncertainty in our results.

We find that two different isobar models describe the

data well. Both yield almost identical behavior in invariant

mass [Figs. 1(b)–1(d)] and angular distribution (Fig. 4).

We use LASS amplitude to describe the K� S-wave am-

plitudes in both the isobar models (I and II). We summarize

the results of the best fits (model I: �2=	 � 702:08=714,

probability 61.9%; model II: �2=	 � 718:89=717, proba-

bility 47.3%) in Table I. We also list the fit fraction for each

resonant process r, defined as fr �
R jarArj2d
=

R jfD0 j2d
, where d
 � dm2
K��0dm

2
K��0 , in Table I.

Because of interference among the contributing ampli-

tudes, the fr do not sum to one in general. We find that

the K� S-wave is not in phase with the P-wave at threshold

as it was in the LASS scattering data. For model I (II), the

S-wave phase relative to the K��892�� is 	180� (150�) for

the positive charge and 135� (110�) for the negative

charge.

We have also considered the possible contributions from

other resonant states such as K�
2�1430�, f2�1270�,

0
P

0

100

200

1
P

-100

0

100

2
P

0

100

200

3
P

-100

0

4
P 0

100 5
P

-100

0

]
2

) [GeV/c0π+
m(K

0.6 0.8 1 1.2 1.4

6
P 0

100

]
2

) [GeV/c0π+
m(K

0.6 0.8 1 1.2 1.4

7
P

-100

0

0
P

0

200

400

1
P

-100

0

100

2
P

0

200

400

3
P 0

50

4
P

-50

0

50

5
P

-50

0

50

]
2

) [GeV/c+K
-

m(K
1 1.5

6
P

-50

0

50

]2) [GeV/c+K
-

m(K
1 1.5

7
P 0

50

FIG. 4 (color online). The mass dependence of the spherical harmonic moments of cos�H after efficiency corrections and

background subtraction: K��0 (columns I, II) and K�K� (columns III, IV). The circles with error bars are data points and the

curves (red) are derived from the fit functions (see text). For the sake of visibility, we do not show error bars on the curves.

]      2) [GeV/c+K
-

m(K
1 1.1

| S
 | 

  
  
  
  
 

0

20

40

60 (a)

]     2) [GeV/c+K
-

m(K
1 1.1

| P
 | 

  
  
  
  
 

0

20

40
(b)

FIG. 3 (color online). The phase-space-corrected K�K� S-

and P-wave amplitudes, jSj and jPj, respectively, in arbitrary

units, as functions of the invariant mass. (a) Line shapes for

f0�980� (solid line, blue) and a0�980� (broken line, blue), derived

from Eq. (7). (b) Line shape for ��1020� (solid line, blue). In

each plot, solid circles with error bars correspond to values

obtained from the model-independent analysis for jSj and jPj
using Eq. (8). In (a), the open triangles (red) correspond to values

obtained from the decay D0 ! K�K� �K0 (see text).
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f0�1370�, and f0�1510�. We find that none of them is

needed to describe the Dalitz plot; they all provide small

contributions and lead to smaller �2 probabilities.

Angular distributions provide more detailed information

on specific features of the amplitudes used in the descrip-

tion of the Dalitz plot. We define the helicity angle �H for

the decay D0 ! �r ! AB�C as the angle between the

momentum of A in the AB rest frame and the momentum

of AB in the D0 rest frame. The moments of cos�H, defined

as the efficiency-corrected and background-subtracted in-

variant mass distributions of events weighted by spherical

harmonic functions, Y0
l �cos�H� �

��������

2l�1
4�

q

Pl�cos�H�, where

the Pl are Legendre polynomials of order l, are shown in

Fig. 4 for the K��0 and K�K� channels, for l � 0� 7.

The K��0 moments are similar to those for K��0.

The mass dependent K�K� S- and P-wave complex

amplitudes can also be obtained directly from our data in

a model-independent way in a limited mass range around

1 GeV=c2. In a region of the Dalitz plot where S and P
waves in a single channel dominate, their amplitudes are

given by the following Legendre polynomial moments,

 P0 �
jSj2 � jPj2

���

2
p ; P1 �

���

2
p

jSjjPj cos�SP;

P2 �
���

2

5

s

jPj2;
(8)

using
R

1
�1 PlPmd�cos�H� � �lm. Here jSj and jPj are,

respectively, the magnitudes of the S- and P-wave ampli-

tudes, and �SP � �S � �P is the relative phase between

them. We use these relations to evaluate jSj and jPj, shown

in Fig. 3, for the K�K� channel in the mass range

mK�K� < 1:15 GeV=c2. The measured values of jSj agree

well with those obtained in the analysis of the decay D0 !
K�K� �K0 [18]. They also agree well with either the

f0�980� or the a0�980� line shape. The measured values

of jPj are consistent with a Breit-Wigner line shape for

��1020�. Results for cos�SP and �SP are shown in

Figs. 5(a) and 5(b). A twofold ambiguity in the sign of

�SP exists, as shown in Fig. 5(b). It is, however, straight-

forward to choose the physical solution. In this region, the

��1020� meson (P-wave) has a very rapidly rising phase,

while we expect the S-wave phase to be relatively slowly

varying. Thus, the upper solution, in which �S � �P is

rapidly falling, is the physical solution. We take the

Breit-Wigner phase of ��1020�, shown in Fig. 5(c), to be

a good model for �P and obtain �S, as plotted in Fig. 5(d).
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FIG. 5 (color online). Results of the partial-wave analysis of

the K�K� system using Eq. (8) described in the text. (a) Cosine

of the relative phase �SP � �S � �P, (b) two solutions for �SP,

(c) the P-wave phase taken from Eqs. (3) and (4) for the ��1020�
meson, and (d) the S-wave phase derived from the upper solution

in (b). Solid bullets are data points, and open circles (blue) and

open triangles (red) correspond, respectively, to isobar models I

and II. The number of simulated events used for the two models

is 10 times larger than data. Errors for quantities from the isobar

models arise from Monte Carlo statistical limitations, and differ

from errors derived from Eq. (8).

TABLE I. The results obtained from the D0 ! K�K��0 Dalitz plot fit. We define amplitude coefficients, ar and �r, relative to

those of the K��892��. The errors are statistical and systematic, respectively. We show the a0�980� contribution, when it is included in

place of the f0�980�, in square brackets. We denote the K� S-wave states here by K��0�S�. We use the LASS amplitude to describe

the K� S-wave states in both the isobar models (I and II).

Model I Model II

State Amplitude, ar Phase, �r (�) Fraction, fr (%) Amplitude, ar Phase, �r (�) Fraction, fr (%)

K��892�� 1.0 (fixed) 0.0 (fixed) 45:2� 0:8� 0:6 1.0 (fixed) 0.0 (fixed) 44:4� 0:8� 0:6

K��1410�� 2:29� 0:37� 0:20 86:7� 12:0� 9:6 3:7� 1:1� 1:1

K��0�S� 1:76� 0:36� 0:18 �179:8� 21:3� 12:3 16:3� 3:4� 2:1 3:66� 0:11� 0:09 �148:0� 2:0� 2:8 71:1� 3:7� 1:9

��1020� 0:69� 0:01� 0:02 �20:7� 13:6� 9:3 19:3� 0:6� 0:4 0:70� 0:01� 0:02 18:0� 3:7� 3:6 19:4� 0:6� 0:5

f0�980� 0:51� 0:07� 0:04 �177:5� 13:7� 8:6 6:7� 1:4� 1:2 0:64� 0:04� 0:03 �60:8� 2:5� 3:0 10:5� 1:1� 1:2


a0�980�0� 
0:48� 0:08� 0:04� 
�154:0� 14:1� 8:6� 
6:0� 1:8� 1:2� 
0:68� 0:06� 0:03� 
�38:5� 4:3� 3:0� 
11:0� 1:5� 1:2�
f02�1525� 1:11� 0:38� 0:28 �18:7� 19:3� 13:6 0:08� 0:04� 0:05

K��892�� 0:601� 0:011� 0:011 �37:0� 1:9� 2:2 16:0� 0:8� 0:6 0:597� 0:013� 0:009 �34:1� 1:9� 2:2 15:9� 0:7� 0:6

K��1410�� 2:63� 0:51� 0:47 �172:0� 6:6� 6:2 4:8� 1:8� 1:2

K��0�S� 0:70� 0:27� 0:24 133:2� 22:5� 25:2 2:7� 1:4� 0:8 0:85� 0:09� 0:11 108:4� 7:8� 8:9 3:9� 0:9� 1:0
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These results show little variation in the S-wave phase up

to about 1:02–1:03 GeV=c2, then a rapid rise above that.

Also, in Fig. 3(b), we observe that jPj follows the ��1020�
curve well up to about the same mass, with a significant

deviation above that. The behavior observed matches well

to that obtained from the isobar models-I or II. No dis-

tinction between them appears possible from this analysis.

The partial-wave analysis described above is valid, in the

absence of higher spin states, only if no interference occurs

from the crossing K� channels. The behavior observed in

both S and P waves above 	1:03 GeV=c2 can, therefore,

be attributed to high mass tails of the K��892� and low

mass tails of possible higher K� resonances.

Systematic uncertainties in quantities in Table I arise

from experimental effects, and also from uncertainties in

the nature of the models used to describe the data. We

determine these separately and add them in quadrature. In

both cases, we assign the maximum deviation in the ob-

served quantities (i.e., ar, �r, and fr) from the central

value as a systematic uncertainty, taking correlations

among fit parameters into account. We characterize the

uncertainties due to K� S-wave amplitudes and resonance

mass-width values as model dependent. We estimate them

conservatively taking symmetric errors from the spread in

results when either the LASS amplitude is replaced by the

E-791 amplitude, or the resonance parameters are changed

by 1 standard deviation (�). Similarly, we estimate the

experimental uncertainty from the variation in results when

either the signal efficiency parameters are varied by 1�, or

the background shape is taken from simulation instead of

the data sideband, or the ratio of particle-identification

rates in data and simulation is varied by 1�. Model and

experimental systematics contribute almost equally to the

total uncertainty. As a consistency check, we analyze dis-

joint data samples, in bins of reconstructed D0 mass and

laboratory momentum, and find consistent results.

Neglecting CP violation, the strong phase difference,

�D, between the �D0 and D0 decays to the K��892��K�

state and their amplitude ratio, rD, are given by

 rDe
i�D � aD0!K��K�

aD0!K��K�
ei��K��K���

K��K� �: (9)

Combining the results of models I and II, we find �D �
�35:5� � 1:9��stat� � 2:2��syst� and rD � 0:599�
0:013�stat� � 0:011�syst�. These results are consistent

with the previous measurements [19], �D � �28� �
8��stat� � 11��syst� and rD � 0:52� 0:05�stat� �
0:04�syst�.

In conclusion, we have studied the amplitude structure

of the decay D0 ! K�K��0, and measured �D and rD.

We find that two isobar models give excellent descriptions

of the data. Both models include significant contributions

from K��892�, and each indicates that D0 ! K��K� domi-

nates over D0 ! K��K�. This suggests that, in tree-level

diagrams, the form factor for D0 coupling to K�� is sup-

pressed compared to the corresponding K� coupling.

While the measured fit fraction for D0 ! K��K� agrees

well with a phenomenological prediction [20] based on a

large SU(3) symmetry breaking, the corresponding results

for D0 ! K��K� and the color-suppressed D0 ! ��0

decays differ significantly from the predicted values. It

appears from Table I that the K��0 S-wave amplitude

can absorb any K��1410� and f02�1525� if those are not in

the model. The other components are quite well estab-

lished, independent of the model. The K� S-wave ampli-

tude is consistent with that from the LASS analysis,

throughout the available mass range. We cannot, however,

completely exclude the behavior at masses below

	1:15 GeV=c2 observed in the decay D� ! K�����

[3,14]. The K�K� S-wave amplitude, parametrized as

either f0�980� or a0�980�0, is required in both isobar mod-

els. No higher mass f0 states are found to contribute

significantly. In a limited mass range, from threshold up

to 1:02 GeV=c2, we measure this amplitude using a model-

independent partial-wave analysis. Agreement with similar

measurements from D0 ! K�K� �K0 decay [18], and with

the isobar models considered here, is excellent.
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