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Abstract 
Controlling an antilock braking system is difficult due to the existence of nonlinear dynamics and the uncertainty of its characteristics and 
parameters. To overcome these issues, we propose two controllers. The first controller is designed under the complete knowledge of the 
parameters hypothesis. Then, an adaptive nonlinear controller is designed using an estimate of the tire–road friction coefficient. This second 
controller is implemented in an ABS laboratory setup in order to test its performance, and the results show that the adaptive controller 
ensures the tracking of the desired reference and identifies the unknown parameter. 
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Control adaptivo aplicado a un laboratorio de un sistema de frenos 
antibloqueo 

 
Resumen 
El control para un sistema de frenos antibloqueo (ABS) es un problema complejo debido a la existencia de dinámicas no lineales y 
perturbaciones en algunos parámetros.  Para hacer frente a estos problemas, se proponen dos controladores. El primer controlador es 
diseñado bajo la hipótesis de que se conocen todos los parámetros. Enseguida, se diseña un controlador adaptivo usando una estimación 
del coeficiente de fricción neumático–carretera.  Este segundo controlador es implementado en un laboratorio de ABS para probar la 
eficacia del mismo, y los resultados muestran que el controlador adaptivo asegura el seguimiento de la referencia deseada e identifica el 
parámetro desconocido.  
 
Palabras clave: Control Adaptivo; Sistema de Frenos Antibloqueo, Sistemas en Tiempo real, Control de Deslizamiento en las ruedas. 

 
 
 

1.  Introduction 
 
The Antilock Braking System (ABS) is an electronically 

controlled system that helps the driver to maintain the control 
of the vehicle during emergency braking. It achieved this by 
preventing the wheels from locking–up. This prevents the 
slippage of the wheels on the surface, adjusting the brake 
fluid pressure level of each wheel, and helps the driver to 
keep the control of the vehicle [1]. Increasing the braking 
efficiency and maintaining the vehicle’s maneuverability, the 
ABS reduces driving instability and decreases the braking 
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distance by adjusting the maximum braking power applied to 
the brake pad. Modern ABS systems aim to obtain maximum 
wheel grip on the surface while the vehicle is braking [2] as 
well as preventing the wheels from locking–up. 

Several algorithms have been designed to control ABS 
systems. These control algorithms can be grouped in two 
main categories: wheel acceleration and tire slip control. The 
first category approaches slip control indirectly by 
controlling the deceleration/acceleration of the wheel 
through the brake pressure from the actuator. The second 
control is a direct wheel slip control. This kind of controller 
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is not easy to design because of the highly nonlinear and 
uncertain structure of the ABS system. 

One of the main issues is that the controller has to operate 
at an unstable equilibrium point in order to achieve optimal 
behavior. Small perturbations of the controller input may 
induce drastic changes in the output. The performance of the 
ABS system is not always satisfactory due to the high 
dependency of the system parameters on the road conditions, 
which may vary over a wide range and in an unexpected 
manner. All these factors complicate the development of an 
accurate mathematical model for the ABS system. Therefore, 
advanced control design techniques are required so that the 
wheel slip control can cope with uncertainties in the dynamic 
models.  

Different (linear and nonlinear) techniques have been 
developed to control ABS systems. The design of braking 
control systems faces important challenges, generally 
associated with velocity and vehicle parameters estimation. 
In [3] an extended Kalman filter is used to estimate the 
friction coefficient with the corresponding simulations in 
CarSim. Using intelligent control, in [4], a self–learning 
fuzzy sliding–mode control (SLFSMC) design method was 
proposed. In [5], a fuzzy model reference learning controller, 
a genetic model reference adaptive controller, and a general 
genetic adaptive controller were designed. Another ABS 
control technique is the hybrid control that was introduced by 
[6,7]. Moreover, [8] describes the analysis, modeling and 
simulation of an electric vehicle (EV) focused on developing 
a test bench to reproduce EV dynamics using de ABS system. 
In [9], an ABS for an electric vehicle was designed, whereas 
[10] introduces an electrical ABS actuating in wheel motors.  

In this article a mechatronic system, the ABS laboratory 
setup manufactured by Inteco Ltd, was used to test a 
proposed nonlinear adaptive controller. This experimental 
setup represents a quarter car model and consists of two 
rolling wheels. The lower wheel, made of aluminum, 
emulates the relative road motion of the car, whereas the 
upper wheel, made of rigid plastic, is mounted on the balance 
lever and simulates the wheel of a vehicle. In order to 
accelerate the lower wheel, a large DC motor is coupled on 
it. The upper wheel is equipped with a disk–brake system that 
is driven by a small DC motor where the control input is 
applied [11]. Encoders on the wheels allow their positions 
and velocities to be determined. The proposed control 
ensures that the desired references are tracked, using 
information available from the ABS sensors, i.e. the angular 
velocity of the upper and lower wheels. The main 
achievement of this article is regarding the parameter 
adaptation of the friction coefficient between the two wheels; 
this represents the tire–road friction coefficient in a real 
automobile. This is one of the most important parameters, the 
estimation of which can be difficult, for example in the case 
of sudden variations due to changes in road conditions. The 
adaptation in the controller guarantees the exponential 
convergence of the estimation to the real parameter value, as 
well as the exponential tracking of the reference. Finally, the 
nonlinear adaptive controller has been implemented and 
validated through real–time simulations on the ABS 
laboratory setup. 

 
Figure 1. Scheme of the ABS laboratory setup. 
Source: Inteco Manual [11]. 

 
 
Earlier works focused on ABS laboratory setups are 

mainly based on the assumption that all sensors´ information 
is available for measurement. Some works present linear and 
nonlinear controllers [12,13], whereas [14] proposes a fuzzy 
control. In [15] a control strategy based on sliding mode is 
proposed. Finally, some articles use intelligent control 
techniques [16,17].  

The article is organized as follows: section 2 briefly 
presents the mathematical model of the experimental setup. 
In Section 3, the control problem is solved to track a constant 
reference when the state variables are considered measurable. 
First, all the parameters are considered known. Then, the 
friction coefficient between the wheels is considered 
unknown, and an estimation is proposed. Section 4 shows 
some real–time results obtained using the ABS laboratory 
setup. The paper ends with some concluding remarks.  

 
2.  Mathematical model of the experimental ABS 
laboratory setup 

 
In this paper, an ABS laboratory setup manufactured by 

Inteco Ltd. was considered (see Fig. 1). Although simple, this 
setup preserves the fundamental characteristics of an actual 
ABS system in the range of 0–70 km/h [11]. 

 
2.1.  Mathematical model of the ABS laboratory setup 

 
The mathematical model of the ABS laboratory setup is 

derived under the assumptions of negligible lateral and 
vertical motions, and a rolling resistance force negligible 
with respect to braking (see Fig.2). The braking torque  
and the bearing friction torque  act on the upper wheel. 
The bearing friction torque  acts on the lower wheel. The 
tractive force  acts on both wheels.  

The dynamic equations of the ABS laboratory setup are  
 1

 1
 

(1) 
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where ,  are the angular velocities of the upper and 
lower wheels respectively, the inertia moments of which are 

,  and the radii of which are , . Furthermore, ,  
are the viscous friction coefficients of the upper and lower 
wheel, ,  are the static frictions of the upper and 
lower wheel, respectively,  is the braking torque, and  is 
the traction force between the wheels. The nominal 
parameters are given in Table 1. Finally, ,  and 

 are auxiliary variables used to determinate if the 
vehicle is in traction mode or in braking mode 

 sign  
                  sign , sign  

(2) 

 
with 
 sign 1			if		 00			if		 01	if		 0. (3) 

 
Here  represents the vehicle wheel velocity, 

whereas  represents the vehicle velocity. The 
tractive force  is generated on contact between the upper 
and the lower wheel. Various models are available in the 
literature to model the tire behavior [18]. Without loss of 
generality, since the same approach can be used with 
different tire models, in this work the simplified Pacejka’s 
“magic formula” [16] 

 sin arctan  (4) 
 
has been used to describe the tractive force, where 
 

 (5) 
 
is the wheel slip, i.e. the relative difference of the wheel 

velocities. This formula approximates the response curve of 
the braking process based on experimental data. It is widely 
used, and makes it possible to work with a wider range of 

 
Figure 2. Forces and torques acting on the ABS laboratory setup. 
Source: Inteco Manual [11]. 

 
Figure 3. Typical characteristic of the tractive force  as function of the 
wheel slip angle . 
Source: The authors. 

 
 

values, both in the linear and in the nonlinear region of the 
tire characteristic. 

The expression (4) of the tractive force  depends on 
positive experimental coefficients given by the stiffness 
factor ; the shape factor ; and the peak value , which 
are determined to match the experimental data. Moreover, ∈ 0,1  is the friction coefficient between the upper and 
lower wheel. Fig. 3 shows the characteristic of the tractive 
force calculated with (4), as a function of the wheel slip (5).  

The braking torque, , is modeled with a first–order 
equation [11], given by 

 
 (6) 

 
where  is a positive constant, and  describes the 

relation between the control input applied to the DC motor, 
which drives the action of brake pads, and the control input ∈ 0,1 , which generates the braking torque . This 
relation can be approximated by 

 								if				 		0																					if				 	 (7) 
 
where  is the operating threshold of the brake driving 

system. According to the mathematical model, equation (6) 
is similar to the brake pedal in an automobile [17,20–21].  

Under normal operational conditions, the wheel velocity 
 matches the forward velocity . When 

the brake is applied, braking forces are generated at the wheel 
interface and  tends to be lower than  (but always 
positive), this a slippage occurs. During the braking process, 
the wheel slip  is positive, as well as ,	 . Hence, 

 sign 	1																												     sign 1, 			 sign1 
(8) 

 
and equations (1) become 
 1

 1 .				 (9) 
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2.2.  Longitudinal vehicle force 
 
The tractive force  given in (4) can be rewritten as  
 ,			 sin arctan  (10) 
 
where  is the product of the road–tire friction 

coefficient with the tire stiffness coefficient , and where 
 is the normalized tire characteristics. This latter usually 

increases linearly with the wheel slip  up to a maximum 
value and then decreases, reaching an asymptotic value for 
high wheel slip angles, as shown in Fig. 3. The function  
is symmetric with respect to the origin. Hence,  reaches 
a minimum for negative values of  and then increases to an 
asymptotic value for high negative wheel slip angles.  

In real automobiles the friction coefficient is a parameter 
that may vary considerably according to the road and tire 
conditions. Also, the parameter  depends on the tire 
conditions. Considering (10), equations (1) can be rewritten 
in the following form: 

 1
 1 .				 

 

(11) 

In the following section it is assumed, that 0. The 
output to be controlled is the wheel slip  and the control aim 
is to design a controller such that  globally tracks a constant 
reference  in the presence of parameter uncertainties. The 
primary function of the controller is to prevent the lock–up 
of the wheel during an emergency brake. Ideally, it is desired 
that the ABS maintains the wheel slip at the peak of the 
maximum longitudinal (tractive) force . Hence, it is 
considered to be a constant reference  [19]. 

 
3.  Design of an Adaptive Nonlinear Controller 

 
In the following section it is assumed that only the 

parameter nominal values , ,  are known. Therefore,  is 
unknown, with a nominal value , . In this section 
a nonlinear dynamic controller is designed to force the error 

 
 (12) 

 
to zero in the presence of variations of . The control law 

needs to generate a control reference. Hence, instead of 
considering the wheel slip as the controlled variable, the 
auxiliary slip velocity  will be used. The 
slip velocity reference is given by , . Hence, the 
slip velocity error is defined as 

 , 1 . (13) 
 
Since 0, the control problem is equivalent to force 

 to zero asymptotically. The dynamics of the slip velocity 
error are 

 

1 1  
 

 1  

(14) 

 
where  
 1 . (15) 

 
Considering a constant slip reference , if the 

parameter  is known and , , ,  are measurable, 
the controller  

 																																																													 																																																								 	 																																 1  

(16) 

 
with , 0, ensures that the tracking error (13) and 

its derivative globally and exponentially converge to zero.  
In fact,  is easily reached and, 0 is easily derived. Hence, , 	tend 

globally exponentially to zero, as well as the error  in (12). 
Hence  tends to  globally and exponentially. 

Let us now consider the case in which the friction 
coefficient  between the two wheels is unknown.  

 
Theorem 3.1 Consider a constant slip reference . If 

the disturbances ,  are known and constant, ,  
are measurable, and the parameter  is unknown, the 
dynamic controller  

 																																																																																		 1
 													 																																																				 

(17) 

 
with 
 																																																 	 																													 								 1  

    (18) 
 
and with k  as (15) and , , 0,	ensures 
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that the tracking error (13) and the estimation error 
 globally exponentially tend to zero along their derivatives. 

 
Proof 1. The dynamics of the error (14) rewrite 
 																					 1  					 . 
 
Hence, using (17), (18), the error dynamics are  
 

  

 
with the matrices 
 0 1 ,     01 . 
 
Let us consider the following Lyapunov candidate 
 

 
 
with 
 12 ,				 12   

 
and where 0. Deriving along the trajectories of 

the system 
 

 

 
And 
 1

 

 
so that one obtains 
 1

 

 
with 0 fixed, and  solution of the Lyapunov 

equation 2 . Since , and 
considering the dynamics of , one obtains 

 . 
 
Therefore, one obtains 
 

 

since 0 , and where  is the minimum 
eigenvalue of Q. Therefore, , , and  tend to zero 
globally and exponentially.  Hence,  tends to ,  globally 
and exponentially. Since the adaptive controller (17) ensures 
that → ,  globally an exponentially, one concludes that 
also  tends to  globally and exponentially. 

 
Theorem 3.2 Assume that the parameter  remains 

bounded, varying with bounded derivative Δ, for a 

certain Δ 0. Hence, the controller of Theorem 3.2 ensures 

global practical exponential stability of the tracking error 

(13) and of the estimation error dynamic  to a ball 

of the origin of arbitrary radius 0. 
 
Proof 2. Following the proof of Theorem 1, one obtains 
 																														 ∆																													 

∆ 

 
for Δ. Since 
 

   

 
with min , , max , , then 
 1 √  

 
or, setting , 
 ,				 2 , 12  

 
so that 
 √ 																																	 
 																																								 0 → .	

 
Setting  , i.e. 

 

 
one ensures that 
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i.e. global practical exponential stability to an arbitrary 

ball of the origin. 
 

4.  Experimental Results 
 
In order to compare the performance of the proposed 

controller with another that is available in literature, we 
present a comparison with a sliding–mode controller that was 
proposed in [16], which uses an estimation  of . The 
sliding–mode technique is a very efficient control technique 
because of its properties concerning order reduction and low 
sensibility to disturbances and parameter variation [22]. This 
is important in the control of nonlinear systems such as the 
ABS. The high–frequency nature of the SMC signal is its 
main drawback because the control can excite non–modeled 
system dynamics and wear out mechanical parts.  

Experimental tests on the ABS laboratory setup (see Fig. 
4) have been conducted to evaluate the braking performance 
of the proposed controller (17) using the data in Table 1. 
These tests represent maneuvers in a straight line. The initial 
conditions were 0 0 1625 RPM (170 rad/s) 
and 0 0. 

When the maximal velocity of the upper wheel is 
detected, the system disables the DC motor coupled to the 
lower wheel, and the braking process begins. It is worthwhile 
noting that this work considers 1, but in terms of the 
real system its variability can be taken into account, varying 

 in the interval of interest. 
 

 
Figure 4. The ABS laboratory setup [11]. 
Source: Inteco Manual [11]. 

Table 1. 
The ABS laboratory setup´s coefficients and system variables of the. 

Variable Description Value 
 Angular velocity of the 

upper wheel 
rad/s 

 Angular velocity of the 
lower wheel 

rad/s                        

 Braking torque  Nm 
 Radius of the  

upper wheel 
0.0995 m 

 Radius of the  
lower wheel 

0.0990 m  

 Upper wheel  
inertia moment 

7.54x10 	kg	m   

 Lower wheel  
inertia moment 

25.60x10 	kg	m  

 Upper wheel viscous 
friction coefficient 

118.74x10 	kg	m /s 
 Lower wheel viscous 

friction coefficient 
214.68x10 	kg	m /s 

 Friction coefficient 
between wheels 

1 

 Static friction of the 
upper wheel 

0.0032 N m 

 Static friction of the 
lower wheel 

0.0925 N m 

 Constant  15.24 
 Constant  -6.21 

 			 31 Constant  20.37	s  
     Constant  0.415 
     Control input  

 Peak value  23 
 Peak value  1.68   
 Stiffness factor  28 
 Adaptive Gain 21 
 Controller Gain 19 
 Controller gain 32 

Source: Inteco Manual [11]. 
 
 
The results are summarized in Figs. 5–10, in which it can be 

seen that the proposed controller (17) ensures better 
performances with respect to the sliding–mode controller [15]. 
It is important to emphasize that after the braking phase, between 
6.2 and 7.4 s, which correspond to the maximum braking 
efficiency, the performance is no longer relevant since the 
longitudinal velocity is low, and the setup is no longer working 
in the appropriate range of velocities. In fact,  will grow when 
the longitudinal velocity tends to zero. Figs. 5 and 6 show that 
both controllers maintain deceleration in both velocities. The 
difference can be found in the time the controllers require to 
complete the braking process. The proposed controller (17) 
manages to stop a few tenths of a second before the sliding–
mode controller.  Furthermore, as shown in Fig. 7, the proposed 
controller (17) reaches faster the reference 0.15, and 
keeps the estimated slip closer to the reference.  

Another positive effect of the proposed controller is shown 
in Fig. 8, in which the absence of chattering, typical of the 
sliding–mode control can be seen. This ensures better wear 
resistance, less noise, and an increased passenger comfort with 
lower jerk effects. Fig. 9 shows, for both controllers, the 
estimate  of the real parameter. At the end of the braking 
process, the estimate is not reliable since  depends on the slip 
velocity , which is not properly controlled at the end of the 
braking process. This has already been commented upon. 
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Figure 5. Upper wheel angular velocity : Proposed controller (17) (black) 
and sliding–mode control (gray). 
Source: The authors. 

 
 

 
Figure 6. Lower wheel angular velocity : Proposed controller (17) (black) 
and sliding–mode control (gray).  
Source: The authors. 

 
 
As a final indication of the better performance of the 

proposed controller, Fig. 10 shows that the proposed 
controller (17) accomplishes the braking process in 
approximately 6.7% less time and distance in comparison 
with the sliding–mode controller. 

 
4.  Conclusions 

 
This article presents an adaptive controller for an ABS 

laboratory setup. The proposed controller allows the friction 
coefficient between the two wheels to be identified. It is 
assumed that the bearing friction torques are known. The 
adaptive controller is designed to ensure the exponential 
stability of the system. In addition, the dynamic controller 
ensures the desired tracking of the wheel slip, and is 
implemented in real–time. 

A series of experiments have been performed on the ABS 
Laboratory setup to show the performance of the proposed  

 
 
Figure 7. a) Wheel slip  Proposed controller (17) (black), sliding–mode 
control (gray) and wheel slip reference  (dashed); b) Tracking error 

: Proposed controller (17) (black), sliding–mode control (gray). 
Source: The authors. 

 
 

 
 
Figure 8. Input control applied to system 	 N	m	vs	s : Proposed controller 
(17) (black); sliding–mode control (gray). 
Source: The authors. 

 
 

adaptive controller. The experimental results also show the 
performance of this dynamic controller in comparison with a 
sliding–mode control that was proposed in the literature. 

The sliding–mode controller suffers from chattering, 
which is absent in the proposed controller and thus shows 
better behavior. Moreover, the proposed controller achieves 
shorter braking distances in shorter times, hence increasing 
safety. Finally, thanks to a smoother signal to the actuator 
with respect to the sliding–mode control, the proposed 
controller ensures longer durability of the pads, less noise, 
and an increased passenger comfort with lower jerk effects. 
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Figure 9. a) ABS laboratory parameter:  Real  (dashed) and estimated : 
Proposed controller (17)  (black), estimated with sliding–mode control 
(gray); b) Tracking error : Proposed controller (17) (black), sliding–
mode control (gray). 
Source: The authors. 

 
 

 
Figure 10. Braking distance: Proposed controller (17) (black), sliding-mode 
control (gray). 
Source: The authors. 
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