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AN ADAPTIVE EDGE ELEMENT METHOD
WITH PERFECTLY MATCHED ABSORBING LAYERS
FOR WAVE SCATTERING BY BIPERIODIC STRUCTURES

GANG BAO, PEIJUN LI, AND HAIJUN WU

ABSTRACT. An edge element adaptive strategy with error control is developed
for wave scattering by biperiodic structures. The unbounded computational
domain is truncated to a bounded one by a perfectly matched layer (PML)
technique. The PML parameters, such as the thickness of the layer and the
medium properties, are determined through sharp a posteriori error estimates.
Numerical experiments are presented to illustrate the competitive behavior of
the proposed adaptive method.

1. INTRODUCTION

We consider the prediction of the scattered modes that arise when an electro-
magnetic wave is incident on some biperiodic structure. The electromagnetic fields
in the whole space are governed by the following time harmonic (time dependence
e~ @) Maxwell’s equations:

(1.1) curl E — iwpH = 0, curl H 4 iweE = 0.

Here E and H are the electric field and the magnetic field, respectively. The
physical structure is described by the dielectric permittivity e(x) € (L>°(R3))3*3
and magnetic permeability u(x) € (L (R3))?>*3, 2 = (x1,22,23)T. The dielectric
permittivity e(x) and the magnetic permeability u(z) are assumed to be periodic
in the x1 and x5 direction with periods L; and Lo, respectively:

e(x1 +n1Ly, xe + noLo, x3) = (21, 22, 3),
w(zr +n1Ly, 20 +nolo, x3) = (1, 2, x3),

for all z1,x9, 23 € R, where ny,ng are integers. Assume that Ime(z) is a positive
semi-definite matrix and that Ree(x) and p(x) are positive definite matrices. As-
sume also that the medium is homogeneous away from the region {(x1,z2,23)T :
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FIGURE 1. Geometry of the grating problem.

(1)

b2 < x3 < bV} that contains the structure, i.e., that there exist constants
@ 1) j =1,2, such that

e(z) =W, p(z)=pMI, i QW = {z: 23>0V},
e(z) =PI, p(z)=pPI, in QP = {z: 25 <P},

where I is the 3 x 3 identity matrix. It is further assumed that ¢ > 0 and
9 > 0,5 = 1,2. However £®) may be complex according to the substrate material
used in ). Due to the periodic structure, the usual Sommerfeld or Silver-Miiller
radiation condition is no longer valid. Instead, the following radiation condition
based on diffraction theory is employed: (E,H) is composed of bounded outgoing
waves in Q1) and Q3 plus the incident wave (Er, Hy) in Q).

Scattering theory in biperiodic structures has many important applications in
micro-optics, where the biperiodic structures are also termed as 2D gratings or
crossed gratings. We refer to Dobson and Friedman [27], Abboud [1], Bao [7], Bao,
Dobson, and Cox [11], Bao and Dobson [10], Bao and Zhou [13], Li [33], Yachin and
Yasumoto [49], and Chang, Li, Chu, and Opsal [20] for the existence, uniqueness,
and numerical approximations of solutions to 2D grating problems. An introduction
to grating problems can be found in Petit [41]. A more recent review on diffractive
optics technology and its mathematical modeling can be found in Bao, Cowsar, and
Masters [9].

Recently, we have developed an adaptive finite nodal element method combining
with the PML technique (Chen and Wu [24] and Bao, Chen, and Wu [§]) for 1D
gratings (two-dimensional problems). The method can deal with extremely general
diffractive structures and materials. It is stable, quickly convergent, and easy to
implement by using existing FEM software for bounded domains. Moreover, the
method produces the approximate electric field or magnetic field near the grating
structure directly, which can be used in solving optimal design or inverse prob-
lems. There are two main difficulties in applying finite element methods to grating
problems. The first is to truncate the open domain into a bounded computational
domain. The second difficulty is concerned with resolving the singularity of the solu-
tions. Usually, the grating surface is piecewise smooth and the dielectric coefficient
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ADAPTIVE METHODS FOR WAVE SCATTERING PROBLEMS 3

e(x) is discontinuous across the surface. Thus the solution of (1) has singularities
that slow down the finite element convergence when using uniform mesh refine-
ments. In [24] [8], we applied a PML technique to truncate the unbounded domain
and employed modern techniques of adaptive finite elements based on a posteriori
error estimates to handle the second difficulty.

The PML technique, which was first proposed by Berenger [15] [16], is an impor-
tant and popular mesh termination technique in computational wave propagation
due to its effectiveness, simplicity, and flexibility [23] 25] [32] [45], [46]. The idea is to
surround the computational domain by a nonphysical PML medium which has the
remarkable property of being reflectionless for incident waves of any frequency or
any incident direction, and waves decay exponentially in magnitude into the PML
medium. In practical computations, the PML medium must be truncated and the
truncation boundary generates reflected waves which can pollute the solution in
the computational domain. We refer to [12, [18] 21] for convergence analyses of the
PML problems for 3D Maxwell’s equations.

A posteriori error estimates, which measure the actual discrete errors without
the knowledge of limit solutions, are computable quantities in terms of the discrete
solution. They are essential in designing algorithms for mesh modification that
equidistribute the computational effort and optimize the computation. One of the
main advantages of adaptivity is that it provides an effective approach for modeling
multiscale phenomena [0, 8, [14] 22] 24, [35, [37, 48, [47]. For the convergence of
adaptive finite element methods, we refer to Dorfler [28], Morin, Nochetto, and
Siebert [38 B9], Mekchay and Nochetto [34], and Chen and Dai [22]. For the
quasi-optimality of adaptive finite element methods, we refer to Binev, Dahmen
and DeVore [I7], and Stevenson [44]. The adaptive FEM is attractive for grating
problems whose solutions often have singularities due to the discontinuity of the
dielectric coefficient. We refer to related work [21I] 23] I9] for solving scattering
problems in general media (nonperiodic) by using finite element methods together
with the PML technique.

The purpose of this paper is to extend our previous work on 1D gratings ([24] [§])
to crossed gratings and to develop efficient numerical methods for solving the 2D
grating problems. However, the techniques differ significantly because of the more
complicated Maxwell’s equations model in the case of 2D gratings.

We obtain the following results:

e (Convergence of PML. Under assumptions for the uniqueness of the solution
to the original scattering problem and on the PML medium parameter, we
prove that the truncated PML problem attains a unique solution in H (curl)
and obtain an error estimate between the solution of the scattering prob-
lem and the solution of the truncated PML problem in the computational
domain. The error estimate implies particularly that the PML solution
converges exponentially to the scattering solution when either the PML
medium parameter or the thickness of the layer is increased.

e A posteriori error estimates of edge element methods and an adaptive al-
gorithm. To simplify the analysis and implementation, we first eliminate
the nonhomogeneous Dirichlet boundary condition on the upper truncated
boundary by subtracting the difference between the incident field and its
mirror reflection in the PML medium to obtain a modified PML prob-
lem. Then we use Nédélec’s edge element to discretize the modified PML
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problem and derive a a posteriori error estimate between the edge element
solution and the original scattering solution in the computation domain.
We emphasize that the a posteriori error estimate does not depend on the
PML solution. One benefit of the modification is that, unlike our work
for 1D grating [24, [§], we do not need the “exponential decay factors” for
error indicators in the PML regions because the fields in the PML region
already decay. The a posteriori error estimate, which consists of two parts,
the PML error and the finite element discretization error, is used to design
an adaptive algorithm to determine the PML parameters and choose ele-
ments for refinements. We present two numerical examples to illustrate the
features of our adaptive algorithm.

The layout of the paper is as follows. In Section 2, the properties of the quasi-
periodic functions in H(curl) are discussed, a variational formulation for the 2D
grating problem is introduced by using the transparent boundary condition, the
PML formulation is presented, and existence, uniqueness, and convergence of the
PML formulation are studied. Section 3 is devoted to the introduction of the edge
element discretization. A crucial a posteriori error estimate is also stated. In
Section 4, we prove the a posteriori error estimate, which offers the basis for the
adaptive method. In Section 5, we discuss the implementation of the adaptive
method and present two numerical examples to illustrate the competitive behavior
of the method. The paper is completed with the proofs of several technical lemmas
in the appendix.

2. PML FORMULATION AND CONVERGENCE

In this section, we introduce variational formulations for the 2D grating prob-
lem using the PML technique, which will be useful for subsequent edge element
approximations, and the convergence analysis of the PML solution.

Let (Ep, Hy) be the incoming plane waves that are incident upon the grating
surface from the top:

_gXp
_wu(1)7

where ¢ = (a1,a2,—8)T = wy/e@Wpu (sin by cos by, sin Oy sin bz, — cosf;)T, and
01,05 are incident angles satisfying 0 < 6y < 7/2,0 < 0y < 2w. We are interested
in quasi-periodic solutions, i.e., solutions (E,H) of (L) such that (Ey,H,) =
(E,H)e i(e1z1+a222) are periodic in 2, and xo with period L; > 0 and Lo > 0,
respectively.

(2.1) E; = pel®, Hy=se'?" s p-q=0,

2.1. Notation. In this subsection we introduce some notation and discuss the
properties of quasi-periodic functions in H (curl). For any cuboid domain

G:{0<x1<L1,0<x2<L2,a<x3<b},
denote by L?(G) the space of complex square integrable functions in G, and let
H(curl, G) = {¢ € (L*(G))?, curlp € (L*(G))*}

with the norm

9 9 1/2
Il teunncy = (Ielizzeys + lowl@ltaays) -
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ADAPTIVE METHODS FOR WAVE SCATTERING PROBLEMS 5

Introduce the following periodic functional spaces:
Coo(@) ={f = fla: feC™(R?),
f(l’l + TL1L1, T2 —+ TLQLQ, Zg) = f~(.’£1, T, :cg),an, %) S Z},

Clper(G) = {f € C3&(G) : suppf C {a < w3 < b} },
Hpyer(curl, G) = the closure of (C52 (G))3 in H(curl, G).

per

By using a similar argument to that for characterizing the space Hy(curl) (cf. [31]
Theorem 2.12] or [36, Theorem 3.33]) and using the convergence theory of Fourier
series [29], we have the following lemma, which gives an alternative characterization
of functions in Hpe (curl, G). The proof is omitted to save space.

Lemma 2.1. Let vy = (1,0,0)T,v5 = (0,1,0)T. Then

Hper(curl, G) = {p € H(cwl,G) : ¢(0,22,23) x 11 = (L1, z9,23) X 11,
(2.2)
@(x1,0,x3) X vy = (21, L2, x3) X 12}

We remark that any ¢ € Hpe(curl, G) has a Fourier expansion which is conver-
gent in the H(curl, G) norm:

< 27nq 27wng
0= E Pnen, Where e, :el( Ty 17T, 12).
nez?

Next we consider the quasi-periodic functions. Define
(2.3) Hper(curl, G) = {(p o emlmmtasra), o (curl, G)} .

From Lemma 2.1]

(2.4)
Hyper(curl, G) = {(p € H(curl, G) : eialLlw(O,xg,x;;) X 1 = @(L1,x2,x3) X 11,

iOtQ L2

e o(z1,0,23) X v2 = p(z1, Lo, x3) X VQ}.

Let
Q={z:0<z <L,0 <xy < Ly, and b? < 25 < bV},
Denote by TU) = {z: 0 < 21 < L1,0 < 25 < Ly, x3 = bW}, j = 1,2, the upper and
lower faces of 2. For any smooth vector field ¢ = (¢1,%2,13)T, denote by

1/’1‘(9‘) = (wl('xthab(j))7¢2('r17x27b(j))70)T

its tangential component on the surface I'V). For any vector field ¢ = (@1, @2, 03)T
, 0 0
defined on I'V), curlp ¢ = 992 921 55 the surface scalar curl of the field ®.
3331 8$2

Introduce the following tangential functional spaces:
TL(ID) = {p € (L*(IV))* 3 = 0},
THZY2 (el 1D) = {p € (H™/2(00))?, curlyy o € H-Y2(T), g = 0,

e*i(alzﬁwm)cpm, m = 1,2, are periodic distributions

with period Ly in the z, (¢ = 1,2) direction}.
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6 GANG BAO, PEIJUN LI, AND HAIJUN WU

We refer to [29] for the definition of periodic distributions. It is well known that
any periodic distribution f with period Ly in the z, (¢ = 1,2) direction has the
following expansion [29] [42]:

f: Z bnei(%

nez?

where {b,}, ., is a sequence of complex numbers satisfying

(2.5) lbn] < cm(14|n|)™, n € Z2, for some m =0,1,2, ... .

Here ¢, is an appropriate positive number. Let

(2.6) af =2mn/Lj+aj, j=1,2, n integer.

Then any quasi-periodic distribution F' with period Ly in the z, (¢ = 1,2) direction

can be written
F = Z bnei(aﬁﬂfil+04§"’962)7

n=(l,m)eZ?
where b,, satisfies (2.3)).
For any quasi-periodic tangential vector field ¢, which has the expansion

T s, m
Y= Z (cplﬂmlv Plm,2, 0) el(o‘ller% wZ),
l,mez

its TL?(T'V)) norm may be represented as

2
lellzr2@oy = L1Le Z (

2).

l,meZ
Using series coefficients, the norm on the space TH(;ple/f(curl, I'4)) can be charac-
terized by
(2.7)
my2)—1/2
HC'OHTH;ple/f(Curl,F(j)) =L1Ly Z (1 + (al1)2 + (a2 )2)

l)meZ
2
X {\saz,m,llz + lprmel? + ol orme — a3 0 m] } :

The following trace regularity result for Hqper(curl, ) is useful in subsequent
analysis.

Lemma 2.2. Let vo = max{\/1+ (b() —b2))~11/2}. Then
H’l’/)F(J) ||THq 1/2(cur1,F(j)) =7 Hw”H(CurLQ) vw € quer(CUI‘l, Q)

per

Proof. First we have
(1) b

2 (1)
(b — p2) ‘g(b(J))’ = / |€(xs)|* das +/ - |§ ? drdas
b
p(» b

< A(z) |£($3)|2 dzs + (b(l) _ b(2)) /b(z) 2 |¢(xs)| |£/($3)| das,

which implies by the Cauchy-Schwarz inequality that

) N o L C
(2.8) 1@+ ) < (1) /bm € ()] dx3+1+(all)2+(a72”)2'
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ADAPTIVE METHODS FOR WAVE SCATTERING PROBLEMS 7

Since 1 is quasi-periodic, it has the following expansion:

T (.1 m
=" (Vrma(xs), Yim2(w3), Yim3(ws)) €108 w2),
lmezZ
A simple calculation yields that
b(l)

115 ey = LnLe / .1 (23)]* + [ 2(@3)] + [Yrms(2s)]?

1,mez 7 0®
(2.9) 105" 01,5 (23) — U 2 (@) [* + [0 1 (25) — 0 g3 (3) |
+ [ Y m 2 (xs) — a?‘/)l,m,l(ﬂf3)|2) dz3.
From the definition (2.7]),

196 HTH—1/2(cur1,r<j>) =

. 2 ) 9 . . ,
L Y 90m, 1 BN + [1,m,2 0] + [ 4hym 2 (09)) — @Bty 1 (B9D))]
1/2 .
l,mez (1 + (all)Q + (agz)g) /
Moreover, it follows from ([2.8)) that

’wl,rn,l(b(‘j))’2 + ’wl,m,Q(b(j))f + |01l1'¢)l,m,2(b(j)) - aglwl,m,l(b(j))|2
(14 () + (o)) *

p(1)
< /b o 100 (W @s)? + tm2(3)” + [0 2(3) = 0F 1 (23)] )
+ (14 ()2 + (05)2) 7 (2 (@5) — 10} tms(25)]

+ 2(ah)? [r,m 3 (23) | + 2 |iay i m,3(23) — ¢Z,m,2($3)‘2+2(a§n)2|¢z,m,g($3)|2

|04 1 2 () = 05O Vtm 5 (2) + H0LOF Prm 3 (25) = A5V ()] ) flas
b1
< [ {002 (s @)l + Wumatea) + lolsma(es) = aF v mates)|”)
+2(1+ ()2 + (a5)2) 7 (1 + (@5")2) [t (5) — i 3 25)

. 2
+ (14 (@1)?) [08 btm s () = ¥l 2(@)]” + (012 +(05)?) [m s (@) ) fdas,
which implies, together with ([2.9), that Lemma [22] holds. O

2.2. A variational formulation of the grating problem. Based on the capacity
operator [3], we introduce the variational formulation with transparent boundary
condition, which serves as the basis of the analysis in this paper.

We wish to reduce the problem to the bounded domain 2. The radiation condi-
tion for the diffraction problem insists that (E, H) is composed of bounded outgoing
plane waves in Q) and Q3| plus the incident wave (Ep, Hj) in Q). Denote by

E) =E, H"=H;, E”=H" =o.

)

Since (Eo,Hy) = (E,H)e (@@1+a222) s periodic, it follows from the Fourier
series expansion of (E,, H,) and the method of separation of variables that (E, H)
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8 GANG BAO, PEIJUN LI, AND HAIJUN WU

has the following Rayleigh expansion in Q(l) and Q)

E(J) Z p(]) 1q

(2.10) e 4
H-H = Y s i, 2eql)j=12,
l,meZ
where
: 1
(2.11) b = S X P Pi i =0
(2.12) g%), = (o}, 08", ()71 BET,
and Bl(f% satisfy:
(2.13) (B)? = w2eW ) — (a})? = (a2, MBI >0, j=1,2.

Note that Bélg = [ by definition. Here, we exclude resonances by assuming that
w?eW ) £ ()2 4+ () foralllme Z,j=1,2.
Let v stand for the unit outer normal to 9€). Noting that v = (0,0, (—1)7~!) on

I'0), it follows from (ZII)-(2I3) that

Sl({zl X vlror = 7)) (w up (]) 1 +ay’ (O‘llpl(ilﬂ agﬁbpl(,jr)n,l)7
(2.14) Wi By
N T
2D uOpfl) 5 = ol (alpihz — ad'pfh,1).0)
where p(] ) 1 and p(] ) o are the first and second components of the vector p(] )
respectlvely

For any tangential vector field ¢ € T Hqpes (curl, I¥)) which has the expansion
o= 5 el O 8
Lmez

define the following capacity operator T():
2.15 TG = P9 @) )T ilalertag as) —19
¥ lym,10 " l,m,2° y PR

lmeZ
where
G) 22Dl | + o (abpl?) , - agrel) 1)
l m,1 — (J) ,
wpd)
(2.16)
( ) 20 )p(ﬂ)ap(]) —« (alcpl(],)ng Qg 901(% 1)
Tm,2 wp@) B

With this notation in mind, it follows from (2I4) and the Rayleigh expansion
(E,H) in QU),j = 1,2, defined in (ZI0), that the following transparent boundary
conditions hold:

(217) (H-H) xv =TYO(E—-E)pa, on TV, Hxy=T®Ep: on I'®,
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ADAPTIVE METHODS FOR WAVE SCATTERING PROBLEMS 9

We next present a variational formulation of the Maxwell system (L] in the
space Hyper(curl, Q). By eliminating the magnetic field H from (LII), we obtain

(2.18) curl =t curl E — w?cE =0 in Q.

Multiplying the complex conjugate of a test function ¢ in Hyper(curl, 2), integrating
over (), and using integration by parts, we arrive at the variational form for the
scattering problem ([I)): find E € Hype,(curl, Q) such that

(2.19) AE,¥) = (fi,v) Yo € Hyper(curl, ),

where the sesquilinear form

2
(2.20) A(p,v) = / pteurlp - curly) — / wlep P — in/ TU)@FU‘) o)
Q Q =/

)
and

<f1,1/1> = iw/ (HI XV — T(l)(EI)F(l)) . er(l)
(2.21) re

— 2 [ TV (Er0) o
e

Here we have used the identity

(2.22) H; x v = -TW(Ep)pa on TW,

Throughout the paper, it is assumed that the variational problem (219 attains
a unique weak solution in Hper(curl, 2). Then the general theory in Babuska and
Aziz [Bl, Chap. 5] implies that there exists a constant v; > 0 such that the following
inf-sup condition holds:

Alp, ¢
(2.23) sp SO e V€ Hypalcurl, ).

0# € Hyper (curl,) HwHH(curl,Q)
See Bao and Dobson [I0] and Ammari and Bao [2] for additional discussions on
the solvability of the variational problem in the isotropic case. The questions on
existence and uniqueness in the present general case are open.

2.3. PML formulation. Now we turn to the introduction of absorbing PML lay-
ers. The computational domain € is surrounded with two PML layers of thickness
M and 6@ in QM and Q3| respectively. The specially designed model medium
in the PML layers should basically be chosen so that either the wave never reaches
its external boundary or the amplitude of the reflected wave is so small that it does
not essentially contaminate the solution in Q. Let s(7) = s1(7) + is2(7) be the
model medium property which is continuous and satisfies

(2.24) s1=1,s0 =0, if b <7 <bM, and 51 > 1,5, > 0, otherwise.

We remark that, in contrast to the original PML condition which takes s; = 1 in
the PML region, a variable s; is allowed in order to attenuate both the outgoing
and evanescent waves there. The advantage of this extension makes our method
insensitive to the distance of the PML region from the structure. Following the
general idea in designing PML absorbing layers [30], 45], we introduce the PML by
complex coordinate stretching:

(2.25) T3 = /:3 s(r)dr .

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



10 GANG BAO, PEIJUN LI, AND HAIJUN WU

Let
T = (xl, o, jg)T.

It is clear that 3 = x3 for x € € and

curldiag (1,1, s(z3))¢ = diag (s(x3), s(z3), 1) curl; .

Introduce the new field ( )
~ A €] 2 if x 7
" [ (01 + diog (11, oe) (B06) ~ B@), £z € 09
' s HY (@) + diag (1,1, s(z3)) (H(2) — HY(2)), if 2 € QU),
- B,

It follows from (II) and (Z25) that the field (E, H) satisfies the following Maxwell-
type equations:

curl(E — Eq(z)) = iwa(H — Hy(z)),
(2.27) curl(H — Hy(z)) = —iwé(E — Eq(z)), if z € QW
curl E = iwﬂﬁ, curl, H-= —iwéf], otherwise.
where
(2.28) € =diag (s(z3),s(x3),1/s(x3))e, [ = diag (s(z3),s(x3),1/s(z3))p.
Define the PML regions
QLPML) — {r:0< 2z <L1,0 <29 < Ly and b < x5 < bW 4 5(1)},
Q2PML) _ {r:0<x <L1,0 <29 < Ly and b — 5@ <« 4 < b(2)}.
It is easy to see from (m and the Rayleigh expansmn (m) that the outgoing
waves (E(z) — Ef(z), H(z) — Hy(z)) in Q) and (E(z), H(x)) in Q® decay ex-
ponentially as |z3| — co. The perfect conductor boundary condition can thus be
imposed on
PPMY) — (000 < 2y < L1,0 < @3 < Lo, @3 = b + 5V},
TEPML) — (2.0 <2y < L1,0 < 23 < Ly, 23 = b@ — 5P}

to truncate the PML media. We arrive at the following truncated PML problem:
Find a quasi-periodic field (EFMY(x), HPML(2)) such that

(2.29) curl EPME — o HPME = £ curl HPME 4§ gEPME = £
’ EPML x v = Ef(z) x v on T(LPML) - EPML oy, — (9 on T(2PML)]
where
(2.30) fu = curl Ey(z) — iwiHi(z), fg = curl Hy(z) + iwéE; (), if z € QLPML),
. fu=fe=0, otherwise.

We next present a weak formulation of the PML problem (2.29) in
D= {:c: 0<z1<L1,0<z9< Lo, b? — 63 < g5 <p® +5(1)}.

Eliminating the magnetic field HPML from (229) yields
2.31 curl(fit curl EPME) — (26EPME — in D
( g :

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ADAPTIVE METHODS FOR WAVE SCATTERING PROBLEMS 11

where

T — w2 ; (1,PML).
(2.32) g@){ curl (51 curl By (x)) — w26y (z), i 2 € QPN

0, otherwise.

For G = D, Q, QLPML) o Q(2PML) Hiptroduce the sesquilinear form ag : Hyper (curl,
G) X Hyper(curl, G) — C as

(2.33) ag (@, ) = / ot eurl g - curly — / w2ép 1.
el G

Define ﬁlqper(curl,D) = {¢ € Hyper(curl, D), o x v = 0 on TGFPML) 5 — 1 9},
The weak formulation of the PML model ([229) reads as follows: find EPML €
H_per(curl, D), such that EPME x v = By x v on THWPME) EPME ) — ( on T(2PME)
and

(2.34) an (B 0) = [ g6, Vi € Hoper(cunt, D),

We discuss the existence and convergence of the above weak formulation in the next
subsection, and introduce its edge element discretization in Section 3.

2.4. Convergence of the PML solution. Our goal is to prove the existence and
uniqueness of the solution of the above PML problem (234]) and derive an error
estimate between EFMI and E, the solution of the original 2D grating problem
@I9) in Q. To achieve this goal, we first find an equivalent formulation of ([2:34)
in the domain Q. For any vector v = (v1,v2,v3)T, denote v/ = (vy,ve, —v3)T.
Similar to the Rayleigh expansion (2I0), it deduces from (Z29) and (230)) that,
for x € QUPML) 45— 1 9

(2.35)

- i ) igt?), & j j l(nliT
EPML(x)—Eg)(x):dlag (1,1, s(x3)) Z @g%e a’n —Cz(,i)l(pl(f) )l eiafh) ) ’
l,mez

. | X
HOME () — HY (1) = ding (L L s(s) D2 (sEne i 4+ ()@ 2)
lmez

where q(J) is defined in (2.12), p(]) and 5(3) satisfy

; 1
== G — ) X Dy P o =0,

and
(2.36) Cl(;)I Q280 JORER s(rydr Cl(,Qn)L _ ezi,@f?jn Ity s(r)dr
It is clear that
(B () — BY (0)) 1,

_ () () T iqY).. (4) (=1)72i8Y) p()
= Z (P2 10y, 5,0) elaime (1 — Cl,me( Y AEY
l)meZ

(HME () - HY (2)) x v
— Z sl(i)n X V) el T(1+¢0, (1) (1216, b(j)) on IV,

(2.37)
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12 GANG BAO, PEIJUN LI, AND HAIJUN WU

For any tangential vector field ¢ € T'H, _ple{f(curl7 I'G)) which has the expansion

i(al m
Y= Z ((pl(jgm 1’ (;01(21 2 O)Tel(o‘1x1+a2 ;cz)’
l,meZ

define the following capacity operator 7'U-PML).

(2.38) T(j’PML)gD _ Z ( (]n)@l’rl(Jvzlwo) COth(flﬂ(]) ) i(a’izlJra’;'acz),j =1,2,

lmeZ
where coth(7) = 2?:2:, ﬂgl , and 7"1“%2 are defined in (2.10), and
p(D) 4 5D xe)
(2.39) A :/ s(T)dr, e :/ s(r)dr.
b(D) (2) _§(2)
Since (1+<l(26(—1)12i5§f;’b<j>)/(1 <(J) 1)72ip7), b(J)) Oth(flﬂl 1), it follows

from [237)—-(Z39) that
(HPML _ HI) N T(I,PML) (EPML _ EI)

HPML o ,, — 7(2,PML) (EPML)

ray on F(l),

(2.40) on T

re
Introduce the sesquilinear form APML: H . (curl, Q) x Hyper(curl , ) — C,

(2.41)
2
APML(p ) = / pteurl p - curl g 7/ wlep - — in/ TUPML) oy b
Q Q : G
and the following variational PML problem: Find EFML € H, ., (curl, Q) such that
(2.42) APMEEPME g) = (AN 9) - Vi € Hoper(curl, ),
where

(FPME ) = i / (Hy x v = TEPMY (B o)) - dry
(2.43) e

= —iw/( : (T(l)(EI)F(l) + T(I’PML)(EI)F(U) o),
T 1

where the identity ([2.:22]) is used. The following lemma establishes the relationship
between this variational problem and the weak formulation (Z34]) straightforward
from the above derivations, and hence the details of its proof are omitted.

Lemma 2.3. Any solution of the problem (Z34) restricted to Q is a solution of
@22). Conversely, any solution of the problem (242) can be uniquely extended to
the whole domain D as a solution of [234).

Next, we turn to estimate the error between E and EPME. Clearly, it suffices to
estimate the error between the capacity operators 7) and TWPML)  For j = 1,2,

let
44) UV ={(,m): Re(8Y))? = w*Re (V) - (ad)? - (a§")? > 0},
and
. . 1/2 ,
ﬁg)min{‘Re( l(]n)@)z‘ :(l,m)GU(])},
(2.45)

pY) —mln{‘Re (J)) ‘/ :(l,m)%U(j)}.
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ADAPTIVE METHODS FOR WAVE SCATTERING PROBLEMS 13
Define ﬂf) =0 if UY) is empty. We have the following estimate for Z(QT.
Lemma 2.4. Let s(7) = s1(7) + is2(7) be the model medium property satisfying

@24). Then
( IB(J) (r )) Re,@(J) o(T )+Im,@<J) (7

2

. , 1/2
> max {min(ﬁﬂf)@(ﬂ, BDs1(1)), si(7) (% (|e9u9] - Re (6(j)u(j)))> } .

Proof. From the definition ([2I3) of ﬂ(j) we have Im (( () )2) = w?Im (e ),

and hence b b
1 . 1/2
Re 5\7) = f(¢<w2lm<e<j>u<j>>>2+<Re< 0)2)? + Re( m)) ,
(2.46) 12 1/2
tm 5, = 5 (i 002+ (Re (302 - Re(8)7)

Since Re (5;2)2 < w?Re (W) p9)), this yields

2 . . . . 1/2
m gl > ( ~ (|| - Re (amﬂ(a)))) ,

Furthermore,
Reﬁz(,j% > 553) if jeUY)  and Imﬂl(,jrl > Y if § ¢ U,
The proof is completed by combining the above two estimates. 0

The following lemma plays a key role in the subsequent analysis.

Lemma 2.5. For any ¢, € Hqper(curl, ),
‘w/ (T(j) - T(j’PML))SDNJ‘) Ppa)
TG

<M llora ”Tqule/rZ(curl,F(J) lYrw ||Tqule/rz(Curl,F(j)) ,
where
2max (|w25(j)u(j)| ) 1)
1O (A 1)
(1+w2Re (E<J>M<a‘>),(3<+j>)2)1/2 (szRe (D @) 4(89)
(@m0 3 7T (@t ()4 (501
A0 = max {2min(800 ), 890, o (2 (|20 0| — R (9, 9))) 2}

and og),ay) are the real and imaginary parts of o) defined in(@Z39), i.e., o) =

(J) + IU(J)

MG =

X max

Proof. For any ¢, € Hyper(curl, Q), their tangential components on ') have the
following expansions:

, , o o
Pro = Z (‘Pl(,]r)n,p@gfzb,QvO)Tel(alxﬁaQ @2),
l,meZz

; . l m
Yro = Z (‘/’lmv zm2vO)Tel(a1rl+% w2,

l,meZ
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14 GANG BAO, PEIJUN LI, AND HAIJUN WU

It follows from the definitions of 7@ and TUFPML) that

w/ (TV) — TUPMEN GGy - fpgy dadas
)

=L1Ly Z Tz m, 1¢l ma1 T 7"1(]%2 71(212) (1 - COth(_iﬁl(,ngU(j)»

(2 47) l,meZ
. (1 — coth( 1B(]) 7))
= L1L2 Z ) ( E(J) ( l,m, lwl ,m,1
I,meZ /L(J)ﬁ

et 2 a) — (el s — ag'el), ) (1o, » — a3 i) ) ).

To prove the lemma, it is required to estimate
< 0) (G ma2y 1/2 N oG
= |(1 = coth(=i0 D)) (1 + (ah)? + (05)2) 2 /(w52
o 1/4
(2.48) 9 (1 + w?Re (6D u)) — Re (ﬁ(j) ) )

e ‘efzwfilw - 1‘ (w?Im (e p@))2 + (Re (B7))2)2

From Lemma [2.4]

€] 205 . )
(2.49) ‘ 28 o 1‘ > ’e*ﬁﬁdma(’) —1>er -1

(1+ w?Re () p)) — 1)
(w?Im (g(j)u(j)»? + t2
for t < K = —(w?Im (6(j)u(j)))2/(w2Re (eWpd) + 1) and decreases for KU <

t < w?Re (€9 p9)). Therefore,

Let FU)(t) = . Tt can be verified that F)(t) increases

N LoN2

(1 + w?Re (D)) — Re w;;;y)

(@?Im (6D u))? + (Re (87),)2)?

{ (1+07Re (D u0)~(89)?)" (1407 Re (D) +(89)?)
max G a0 — e

(w?Im (e p(9)))2+(B7)* (w?Im (eG) p(9)))24 (B )*

(2.50) - if KO) > —(p49))2
. 14w?Re (@) (D)2

F(K(j)) = ( (w2Im (5((1')#5))))2) +1

(14w?Re (s(j)u(j)))(1+w2Re (E(j)ﬂ(j))Jr(ﬁ(_j))z)

(UJ2Irn (5(j)u(j)))2+(6£j))4

11w?Re (6@ 18912 (11w2Re (6@ 1)1 (80))2)?
<max{(+ Du)=(89)%)" (14w Re (Vp )+(3_>)+1}'

= FU(Re (5))°)

IN

+1 otherwise

(@?Im (£@Dp@))24 (BT 7 (wPlm (D)) (87)

We have by substituting (Z249]) and (Z50) into (Z48]) that
2
o) <t
l 'u(])(eA(]) B 1) 1/2 1/2
(14w2Re (D) (89)?) / (1+w?Re (D) +(89)?) /
((w2tm (@ p@))2+(P)1) ™ ((w2im (@ p@))2+(89)1) '

X max

The proof of the lemma follows from plugging this estimate into (Z47) and using
the Cauchy-Schwarz inequality. O
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ADAPTIVE METHODS FOR WAVE SCATTERING PROBLEMS 15

Theorem 2.6. Let vg and 1 be the constants in Lemma and in the inf-sup
condition @23)), respectively. Suppose (MM + M@)(y9)? < v1. Then the PML
problem (234) has a unique solution EPML. Moreover, it contains the following
error estimate:

A(E - EPME )
IIE - EPMY g = sup | |
(2.51) 0#£Y € Hyper (curl, ) H'(/}HH curl,Q)

< oMW [[EPME — EI”TH;ple/f(curl rmy T oM@ HEPMLHTquer (curl,[() *

Proof. By Lemma [23] it suffices to show that the variational problem ([2:42) has
a unique solution. We resort to the general existence and uniqueness results for
sesquilinear forms in [5], Chapter 5]. The key point is to show the inf-sup condition
for the sesquilinear form APML : H . (curl, Q) x Hyper(curl, Q) — C defined in
@41). Due to Lemma 2 Lemma 235 and the assumption (M) + M®2))(~4)?
71, it is obvious: for any ¢, 1 € Hyper(curl, Q),

Mm

|APME (o, 99)| > |A(, 0)

/( Dory — TUPME) 0 - dhran
J=1 e

> |A(e, )| = (MD + M) 70 10l g1 curt.) 191 5 eurr) -
It remains to prove the estimate (Z51). By EI0)-@2I), &40)-&43), and

Lemma [2.3] we conclude that
AE - EPME ) = fiw/ (TW(En)pay — TEPME (B po ) - o
e
+ APML(EPML’ w) _ A(EPML, w)

= iw/ (T — P EPMUYEPME B ay) - dhpay
e

(2.52) +iw / (T® — TEPMUYEPML o)) Vab € Hyper(curl, Q).
r@
The proof is complete after using Lemma and Lemma, O

Now let us take a closer look at the structure of the constant M), which controls
the modeling error of the PML equation towards the orlgmal grating problem. Once
the incoming plane wave is fixed, the numbers 37 ) , B G are fixed according to (Z45]).
Thus the constant M) approaches zero exponentially as the PML parameters

ag), 05] ) tend to infinity. From the definition ([Z39), the quantities ag), agj ) can be
calculated by the medium property s(7), which is usually taken as a power function:

i Wm
m(T=b" ~ )
1—|—a’ ( 5(1 ) 1fTZb s

s(t) = b - m > 1.
i (2)
1+o ( 5@ ) if 7 <b\%]
Thus we have
(4) (7)
G) _ Reom | i) G) _ Imom’ ;)
(2.53) og <1+m—|—1>6 , oy 1 oY),
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16 GANG BAO, PEIJUN LI, AND HAIJUN WU

It is obvious that either enlarging the thickness 61 of the PML layers or enlarging
the medium parameters Re U,(,]L) and Im 0,(%) will reduce the PML approximation
error.

3. THE DISCRETE PROBLEM

In this section we introduce Nédeléc’s element approximations [40] of the PML
problems (Z34)) and ([2:42). Let M), be a regular tetrahedral mesh of the domain
D. Note that any tetrahedron 7' € My, is considered to be closed. We assume
that any element 7" must be completely included in Q(.FPML) Q(2PML) or Q. To
deal with the quasi-periodic boundary condition, we assume further that the mesh
is periodic in both the z; and x5 directions; that is, the projection of the surface
mesh on any face of D perpendicular to the z;-axis (or the zo-axis) into its opposite
face coincides with the surface mesh on the opposite face. Denote by Fj the set of

[e]

all faces of tetrahedrons in My,. Let V(D) C Hgper(curl, D) be an edge element
space that contains the lowest order Nédélec’s edge element space
(3.1)

Vhl(D) = {vh € Hyper(curl, D) : vp|p = ar + by X z, ap, by € C3, VT € Mh}.

To simplify the theoretical analysis, we first eliminate the nonhomogeneous
Dirichlet boundary condition of the PML problem (Z34]) by subtracting Ej(x) —
E!(z) from EPME in Q(LPML) - where
(3.2) curl (" curl B () — w?€Ef (z) = 0 in QPMY),

. EfXI/ZEIXV, on F(l)7 EfXV:Oon r(.PML)

We notice that Ef may be regarded as a mirror reflection of the incident field Eg
in the PML medium. Then the PML problem (2.34]) can be rewritten as: Find

~ EPML _ g (.’L‘) + Er(x) in Q(I,PML) ~ o
PML __ 1 1 ) PML
(3.3) E = { EPML Otherwise7 E € quer(curL D),

such that

~ 1 _ o
(3:4) a,(EPME,¢) = /F<1> o) curl(Er — EY) X v3 - ¢pey, V¢ € Hgper(curl, D),
where v3 = (0,0,1)T. Tt follows from (B2 and the definitions of 7(") ZI5) and
TPML) ([@3]) that

1 .
o} curl(Ey — Ef) x v3 = —iw(TW(Er)pa) + THPMY(Ep) o))
i

= _W(l + COth(—iﬁa(l))) (p1B + p3ar, 23 + psaz, O)Teiq'x on 'V,

where (p1,p2,p3)T = p. We have from ([2.43) that

(3.5)

(3.6) ap (BPML ) = (fPML ) ip € Hgper(curl, D).

The edge element approximation to the PML problem ([34) reads as follows:
Find EPML € V(D) such that

(37) ap (EEMLawh) = < IPMLv'(/}h>7 v '(/}h € Vh(D)

The discrete problem ([B.71) is assumed to attain a unique solution EI;ML € V(D).
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ADAPTIVE METHODS FOR WAVE SCATTERING PROBLEMS 17

Given a face F' € Fj, hp stands for its length. For any T' € My, we denote by
hr its diameter and introduce the residuals

Ré}) — WQEAEEML’T — curl (ﬂ_l curl ESML‘T),
Rg?) = —div (w2§E£ML|T)'

Given an interior side F' € Fj,, which is the common side of T} and T5 € My, we
define the jump residuals across F' as

(3.8)

" A (curl EI;ML|T1 — curl ]T]EML|T2) X VR, if F ¢ T,
Jp’ = B 5
( | i (CUTIESML‘TI _c(m)rl E’F:ML|T2) XVF i Curl(EI?];lf)Xl% it Fcr®
3.9 m 1 m 1 I ’
2 (2 PML A PML : 1
S _ | WP EEY, - e ) v, it F g 7O,
e (ERMY |y, —ERMY;) -ve — we(Br — EY) - vy, if FC T

Here v3 = (0,0,1)T and the unit normal vector vz to F points from Ty to Tj.
Define

o ={(z1,22,23) : 21 = 0,0 < 23 < La,b b2 — 53 < T3 < b +5(1)}

I = {(z1,29,23) 121 = L1,0 < 29 < Lo, b b2 — 52 < g4 < pM) —1—5(1)}
( ): x2_00<x1<L1,b(> 6(2)<x3<b(1+61)}

Iy = {(z1,22,23) : 22 = L9,0 < 1 < L1,b — 6@ <y <b® 45 1)}

oo = {(21, 22,23

For some element T' € My, if F' =T, N 90T and the corresponding face F’ on I'j;
is a face of some element 7", then we define the jump residual as

(3.10) J(l) = A_l(curlf]PML‘ — e iyl curliﬁv)PML T,) X Vj,
. Jl(rl,) = _1(e‘°‘JLJ curl EPML’T — curl EpM* T,) X Vj.

Here v1 = (1,0,0)T and v, = (0,1,0)T. Moreover, we define
(3.11) JY =(0,0,0)T if F c TPML) T @PML)  and  JP) = 0if F C dD.
For any T' € My, denote by n, the local error estimator, which is defined as

follows:
2 2 1/2
= hr([|7) 127
o =P N gy TP N ey

1 }: 1|2 J@
2 h H ( H H ’
(2 F< Tr (L2(F))3

FcoT

The following theorem is the main result in this paper.

1/2
L2(F) ) '

Theorem 3.1. There exists a constant C' > 0, depending only on the minimum
angle of the mesh My, such that the following a posteriori error estimate holds:

IIE = B Jlo <03 M B — 3@ ||Bpe

H(curl,Q) H(curl,Q)

1/2
+ C[1+ 7o max|s(zs) (CV + )] (30 wd) ",
TeMy,

where the constants o, M), and CY),j = 1,2 are defined in Lemmas 22, 2.5,
and [A.3], respectively.
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18 GANG BAO, PEIJUN LI, AND HAIJUN WU

The proof of this theorem will be given in Section 4. We notice that when the

PML parameters 05%) and 0’; 7 tend to infinity, the constants M) decay exponen-

tially and the constants C'V) remain bounded.

4. A POSTERIORI ERROR ANALYSIS

In this section we prove the a posteriori error estimate of Theorem [B.11

4.1. Error representation formula. For any ¢ € Hgper(curl, ), we extend it to

be a function in H gpe, (curl, D). Denote the extension by 1 such that ¢) = 1 in Q
and

curl(f ! curl 1/1) —w 51/) =0 in QUPML)
(4.1) . ‘
Yx v =4 x W) onTW =172

where v(9) is the unit outer normal to QU:PML)

Lemma 4.1. For any ¢ and ¢ € Hqper(curl, 2),

. ) _ 1 . =
(4.2) 1w/ T(]’PML)@pu) “Yra) = / e (p x V(J)) - (curl ) pey).
&) RO

Proof. Define ¢ € Hyper(curl, QUML) a5 follows:

curl(i~! curl ¢) — w?ép =0 in QUPML)/
dx v =pxv) onTW, and ¢ x v =0 on TUPML)

It is easy to verify that (see (2.29) and (2.40)

1 . ) )
ol curl ¢ x vV = —jwT@PMB) ) on TO),
1

By noting that i~ is diagonal in QUML) and =1 = (u())~1T on T'W) we conclude

by integration by parts that

1 ) = 1
S @y . o )
/r(j) u(j) (¢ X v ) (curlw)rm /m') ,u(j) (curlw x vy . (¢r<a>)

=— /Q(j,PML) (ﬂ_l curh/:) -curl ¢ — wQéJ . (b)
=— /Q(j,PML) (ﬂ_l curl ¢ - curlzz —w?ég - 1,/:1)

1 - . |
= / G )(curl(b X V(J)) (Yra) = lw/ 7(5,PML) Yro - PYro,
o) pV IO
which completes the proof. O

From now on, for convenience, we denote 1/;, the PML extension of v, also by .

Lemma 4.2 (The error representational formula). For any ¢ € Hqper(curl, §2),

which is extended to be a function in H gper(curl, D) according to 1)), and ¢y, €
Vh(D)’
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ADAPTIVE METHODS FOR WAVE SCATTERING PROBLEMS 19
A BP0 = [ cunl(B B < T s — o (B0 )
+iw /pu)(T(l) — TWPMLYEPME By - oy
i [ (@0 - EPIYE) ).

Proof. First from (ZI9)-@21), (Z41)-243), and (B6) we have
A(E o EEML,’L/)) _ A(E, q/)) - APML(EPML’ q/)) + APML(EEML, q/)) o A(EEML, ,(/})

+ APML (E]PML7 w) _ APML (E}l}jML7 w)

= (fi — fiME ) le/ T(j) - T(j’PML))(EI}jML)FU) “Pro

(3)
+a, (EPME, ) — APME(EPME y)
= iw/ (T — PEPMUYEPMY B ) - hpay
€Y
* iw/ (T® — TEPMEYEPME) ) - e
T(2)
+a, (BPME ) — APMEEPMY ).

It follows from (233)), Lemma [£1] (#I]), and integration by parts that

APML(EEML’¢) =a, (EEML le/ T(g PML) EPML)F(J-) '&F(ﬂ
€]

~ 1 ~ , _
_ PML o PML (@) . )
Qg (Eh aw) E \/F(J') :u(j) (Eh ) X v (Curlw)r‘(])

2
= Qg (EEMLa V) + Z EERIVED) (EI;MLv ¥)
j=1

=ap (EEMLa 7/’);
which completes the proof by using ([B.6]) and B1). O

We remark that evaluating the various terms in the error representation formula
would yield the desired a posteriori error estimate in Theorem B.Il To achieve this
goal, we need to prove stability estimates for the extension (.1 of the function ¢ in
QUPML) We have the following lemma, whose proof will be given in Appendix A1l

Lemma 4.3. For any ¢ € Hqper(curl, ), let ¢ be extended to the whole domain
D according to (&1]). Then the following estimates hold, for j =1,2:

1 2 _1 2 1/2 ()
(HS wH(Iﬁ(Q(j,PML)))?’ + ||S Curlq/}H(L%Q(JFPML)))?’) <%C ||wHH(curl,Q) )
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20 GANG BAO, PEIJUN LI, AND HAIJUN WU

where 7y is defined in Lemma and

(‘/16(50‘))2 (1+w2Re (a<1‘m<9‘>))+4 w?Re (0 @) 4|w2e@) ) ‘2

o) = :
1_67/\(]) . . . J) )
\/(wQIm (e(])u(”))2+“““{(ﬂ+ ) (B2 )4}

+2,

where AY) is defined in Lemma 25

4.2. Proof of Theorem [3.7l Noticing that D is a cuboid, we have the following

Hodge decomposition (cf. Theorem 3.45 in [36]): For any 1 € Hqper(curl, D), there
exist (1) € (H'(D))? and 4 € H}(D) such that

(4.3) P =yW 4 grady®,  divy® =0,

and by a similar argument as Theorem 2.3 in [26] the following identity holds:

N I
H,(/} (HY(D))3 w H(curl,D)
It is clear that
2 2 2 2
“) e | o)
‘1/) (Hl(D))SJr ¥ HY(D) — v H(curl,D)Jr ¥ H(D)
) = et g+ 15 o + 15,
curly (L2(D))3 Y (L2(D))3 Y H'(D)

2 2 2
= [leurl ¥z (pyys + 1¥1(L2(py)2 = 1915 cur,b) -

Notice that grad ¢(?) x v = 0 on 9D, where v is the unit outer normal to dD. Since

Y € Hyper(curl, D), we have from Z4) that (1) € Hper(curl, D) N (H(D))>.
Denote by U, (D) C H}(D) the standard continuous piecewise linear finite ele-
ment space. Clearly,

(4.5) grad Uy, (D) C V;}(D).

Here V;! (D) is the lowest order Nédélec’s edge element space defined in (B.1]). For
any element T' € My, denote by T the point sets that contain all elements in My,
sharing at least one vertex with 7. For any face F' € F}, denote by F = U{T1 :
F C dT}. Let P, : H}(D) — Uy(D) be the Scott-Zhang interpolation operator
[43]. Then

HW) _ ph¢<2>‘

schT\w@)\ N
L2(T) HY(T)

<Ch1/2‘ <2>‘ .
)~ F v H(F)

(4.6) HW) B Pm‘”‘

Here C' is a constant depending only on the minimum angle of the mesh, and hp

and hp are the diameters of T" and F', respectively.
o

The following lemma introduces an interpolation operator Q : H qper(curl, D) N
(H'(D))3 — V;}(D) satisfying the estimates ([8) and [@J). The operator is similar
to the operator introduced by Beck, Hiptmair, Hoppe, and Wohlmuth [14] for
the non-quasi-periodic boundary condition. The proof of the lemma is given in
Appendix [A2
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o

Lemma 4.4. There ezists a linear projection Qp, : Hgper(curl, D) N (H'(D))?
V,H(D) satisfying the following estimates:

1) WD Loy <o way TPV <H1(T>>3>
48 H M _ Q™ <Chyplp®|

(45) O @ gy = O sy

4.9 H M _ <1>H < Ch1/2‘ <1>‘ .

(49) L L L TPy

Next we turn to the a posteriori error estimate. For any ¢ = ¢ 4+ grad ¢
satisfying the Hodge decomposition ([£3)), let

(410) = Qe P = Pw®, uy =l ¢ grady?.
It follows from the error representation formula (Lemma [A.2]) that
AE - BN 9)
1
:Amﬁﬁwmﬂ—EDmem i)+ grad (@@ — o)) ra

(411) —ap (B0 — g grad(u® — o))

+ iW/ (1) = TP EP — Br)ro) - dro
T

i /(2) (T(Q) - T(ZPML))(EEML)F@) : QZ)F(@
r
=14+ II4+1IV+ V.

First, we have from (233)) that

1
11 + 111 _/ o curl(By — EF) x vg - () — 'Y 4 grad (@ — o)) pa)
(1)

+/ w2 eEPME (1/)(1) - 1/);(:) + grad (@ — w,(f)))
D
- /D At curl EPMU - curl () — M)

1 —_———
:Amﬁfmmvﬂﬂmwww—wmm

1
+/ o) curl(E; — E}) x v3 - (grad(¢(2) — 22)))1@)
ra p
n Z / WXEEPML L (p() — ) 4 / W2EEPMY - grad (p@ — V)
TeM, T

—/[flcurlEEML curl (¢p(1) ¢ )}
T
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A direct calculation and B.2) yield

1

/ —y cwrl(Er — Ef) x vg - (grad(y*) — i)
rao p
! r )

= curl curl(E; — EY) - v3(¢(2) — ;™)

rw N(l)
T / | WPe(Br =B s (0 — ;).

r

Therefore by integration by parts and using (B8)—(EI1l),

1
mem= Y[ cul(® - B xm - 00 — o)
FeF, ,Fcr F

- D /FWQE(EI —EY) us(@ — )

FeF, ,Fcr@

+ Z / w eEPML curl( L eurl EEMLD () — 1/)21))

TeMy,
- / div (WQéEEML)-(w@) — )
T

Y [ e B 00— o)
FEF,,FCOT F

+ [ wreBp e )}
F
- > { [ RGO+ [ B e i)

TeMy,

D SRR § R NUCET AR R

FeFy , Fgr11Uly

Here (™) 71/121))}7 = —vx(vx@@®- ;Ll))) is the tangential component of (1) —
wg) along F'. It follows from (.6]), (£8)—({9), the Cauchy-Schwarz inequality, and

4] that
|TT 4 111
(1)H <1>‘ H (2)‘ ‘ 2)‘
< Chr ||R
TXA; {OhTHR (L2(T))3 (Hl(f))ﬁ+ Tt L2(T) H! T)}
h
nid® 2] o] e |7 [0
+FZ {C (L2(F))? v (HY(F))? L2(F) v Hl(ﬁ>}
2 1/2
<C (1)‘ ’ <2‘
= ( nT) (‘1/) (H(D))? v Hl(D))
1/2
<o( X m) Il -
TeM,;
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From Lemma [£.3] we obtain

1/2
(4.12) |11 4 I11] §C[1+’yomax|s(x3)|(0(1)+C(2))]( S n%) 1 11 cart.) -
TeM,;

Secondly, the estimate of |IV + V| follows from Lemmas 2.5 and
(4.13)
IV + V] < 93 (MO || B - By + M@ || 0 £ eusn

H (curl,) H (curl,Q) )

Combining ([AI2) and [@I3)) yields the desired estimate.

5. IMPLEMENTATION AND NUMERICAL EXAMPLES

The implementation of the adaptive algorithm is based on the Comsol Multi-
physics software package. The second-order Nédélec’s edge element is used in the
numerical tests. Numerically, we consider nonmagnetic materials, i.e., pu(z) = I
and p™) = 4 = 1. We use the a posteriori error estimate from Theorem [31] to
determine the PML parameters. Recall that we choose the PML medium property
as the power function, and thus we need to specify only the thickness §; of the
layers and the medium parameters o7 (see (Z53)). Theorem [B.1shows that the a
posteriori error estimate consists of two parts: the PML error Epyr, and the finite
element discretization error Epgn, Where

51 £ — 2 HEPML _E H 27/(2) HEPMLH
(5:1) PML =0 h " i (eurLo) 0 h H(curl,)
1/2
(5.2) ErEM = ( Z 77%) .
TeMp

Notice from the definition of M) in Lemma that M(j)/(Q/(eA(J) — 1)) is
bounded. In practice, we first choose J; and o7 such that 2/(eAm —1) <1078,
which makes the PML error negligible compared with the finite element discretiza-
tion errors. Once the PML region and the medium property are fixed, we use
the standard finite element adaptive strategy to modify the mesh according to the
a posteriori error estimate ([2)). The adaptive algorithm used in this paper is
described as follows:

Algorithm 5.1. Given tolerance TOL > 0. Let m = 2.

e Choose 61,62, and o} such that 2/(6[\(]) -1) <1078 (j =1,2).
e Generate an initial mesh My, over D.
o While Eppv > TOL do -

— Choose a set of elements My C My, such that

1/2

1/2
Z 7772- >0.6< Z ni) ;

TGM\},, TeMy,

then refine the elements in M\h. Denote the new mesh by My, also.
— Solve the discrete problem &) on My,.
— Compute error estimators on Mjy,.
end while

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



24 GANG BAO, PEIJUN LI, AND HAIJUN WU

We remark that, due to the periodic structure of the grating problem, we mod-
ified the local tetrahedral mesh refinement algorithm by Arnold, Mukherjee, and
Pouly [4] to maintain the periodicity of the meshes in both the x1 and x5 directions,
which either the algorithm of COMSOL Multiphysics or the algorithm of [4] does
not take into account.

We report two examples to demonstrate the competitiveness of our algorithm.
In all of the experiments, let A, 61, 8o, and p = (py, p2, p3)T denote the wavelength,
the incident angles, and the polarization of the incident wave, respectively, and let
n denote the refractive index. We scale the error estimator by a factor of 6 x 1073
in the following examples.

Example 5.1. To test our code, we consider the simplest grating structure, a flat
plane. Assume that a plane wave (Ep, Hy) is incident on the flat plane {z3 = 0},
which separates two homogeneous media: vacuum (n; = 1) and silver (ny = 0.22 +
6.71i). In our experiment, the parameters are chosen as A = lum, 6, = 7/6,605 =
w/6,p1 = pa = 1. For this problem, the exact zero-order reflection efficiency is
0.9784459. The computation domain is chosen as Q = [0,0.5]x [0, 0.5] x[—0.25, 0.25].
The mesh plot and the surface plot of the amplitude of the field ]T],P;ML after 13
adaptive iterations are shown in Figure The mesh has 36118 tetrahedrons and
the total number of degrees of freedom (DoFs) on the mesh is 235476. Figure
shows the error of EEML in the H(curl, ) norm (left: solid line), the a posteriori
error estimate (left: circles), and the error of the zero-order reflection efficiencies
(right) as a function of the total number of DoFs. It is shown that the decay
of ||E§ML — Ellg(cur,0) is O(1/N?/3) and the convergence rate of the zero-order
reflection efficiencies is about O(1/N*/3), where N is the total number of DoFs.

0.6 3
0.4 25
0.2 5
0 15
0.2 1
-0.4 os
0.4 '
0.2 00 04
0o

FIGURE 2. The mesh plot and the surface plot of the amplitude
of the field EPML after 13 adaptive iterations for Example .11

0o

Example 5.2. Consider the checkerboard grating that was analyzed by Li [33]
using a new Fourier modal method. A top view of it along with the unit cell and
the computational domain are shown in Figure @l The length, width, and height
of the shadowed cubic are 1.25um, 1.25um, and 1pm. The grating parameters are:
A= 1lpum,0; = 0,05 =0,p; = ps = 1, the refractive indices of the shadowed cubic
and the superstrate are 1.5, and the refractive index of the other part is 1.
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10

Slope: -2/3

H(curl,Q) error of electric field

10
3 4

10 10

DoFs

FIGURE 3. The error of E

PML

Error of zero—order reflection efficiency

Slope: -4/3 -

DoFs

in the H(curl, Q) norm (left: solid

line) and the a posteriori error estimate (left: circles), and the
error of the zero-order reflection efficiencies (right) versus the total
number of degrees of freedom for Example B.Il The dotted line

gives the reference slope.

15

FIGURE 4. A top view of the grating along with the unit cell (left),
and the computational domain (right) for Example

Figure [ shows that the efficiencies are convergent (left) and that the decay
of the a posteriori error estimates is O(1/N?/3) (right). The mesh plot and the
surface plot of the amplitude of the field
shown in Figure The mesh has 60042 tetrahedrons and the total number of
DoF's on the mesh is 391244. The meshes near the upper PML boundary are rather
coarse, which shows that the total computational cost is insensitive to the thickness
of the PML absorbing layer. Recall that thicker PML layers allow a smaller PML
medium property, which enhances numerical stability. Table[Ilshows the diffraction
efficiencies of the transmitted orders of the checkerboard grating. The maximum

T PML
E,

error between our results and those of Li [33] is about 8.13 x 1074,
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0.25
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o =
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. e
kb* 8
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e Co e <
0 P
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DoFs x10° DoFs
FIGURE 5. Transmission efficiencies (solid lines) and reflection ef-

ficiencies (dotted lines) versus the total number of DoF's (left), and
the a posteriori error estimates versus the total number of DoF's

(right) for Example
2
1
0
-1
1.5
1.5
6.5 00 05!

FIGURE 6. The mesh plot and the surface plot of the amplitude
of the field EXML after 10 adaptive iterations for Example

a

w

(%]

-

TABLE 1. Diffraction efficiencies of the transmitted orders of the
checkerboard grating in Example

Diffraction order -1 0 1
-1 0.0431 0.1287 0.0623
0 0.1284 0.1757 0.1288
1 0.0622 0.1287 0.0430

APPENDIX A. PROOFS OF TECHNICAL LEMMAS
A.1. Proof of Lemma 4.3l By a similar argument for ([23%]), v satisfies the
following expansion in Q(-PML);
- . Ny —ifa@ Y s NG —ie@ s\ T
(A1) b =ding (1L s(as)) Yo (/e @) — () pll e ?)
l,meZ
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where g = (al, a5, (~1)"' AT is defined in @I2), p’), = (o), 1.01)

pl m, l’pl m,2°
pl(]T)n 3)T satisfies pl(]T)n ql(jsz =0, and

() _ 2i(=1y a0 (ryar

is defined in (2.36). Denote by

(A.2) I (g5) = el (DB s(dr _ 0) o=i-1T T80, [5? s(ryar,
Then v can be rewritten as
(A.3)
_ j j— T —ialz—ia'z
b= (&l (@), b0 o8l (w3), s(wa)p0), o€l () ) b iod e,

l,meZ
It is clear that
d s
d—%'fz],m(x?)) i(~1)787) s(x3)€l T (x3).

Therefore
(A4)

—[iogp) +i(-1)7 a;ngaz ) s(a3)el (3)

o j— —iatz,—iaTx
cwrld = 37| [ialp?) , +i(—1)180p0) Js(as)el (wg) | etoimiodee,

lmeZ [ lalplu?; , +ial pg,;l] It (x3)

Let I = 6™ pM) 4+ §M] and I?) = b2 — 52 p(2)]. From a direct calculation,
we deduce from (A3) and (A4) that

||871wH?L2(Q<JnPML)))3 +ls™ Cuﬂd)”?L%Q(ﬁPML)))?’

(Bl .
:/ |s(z3)| / / (|¢‘ + [curl | )d$1dx2d$3
16) 0 0

. 2 2
= LiLy /ﬂ_) s Y [ Jen | + || e ]

lmeZ
R INE R el P RN L BN ) () TN
s oo Jeimtes)| + [atpiha — agw | |ein o)

- 2 ol i
o p s + (18RI, | Is(we) |l o)

‘2
L2 . 2
+|atplih s+ (1B | Is(ea) |6 (s |das.
Since |s(z3)]”! < 1, we have

||5711Z)||?L2(Q(LPML)))S +[|s™ curl 7’[;||?L2(Q(LPML)))3

. 2 . 2 . . 2
/ Dl (e L R L g =
meZ

(A5) (18D @) * |l p@ 4 (Z1yig)pli) |
: a2 pl m 3 l,mpl,m,2 alpl,m,S l,mpl,m,l

o] ) leim )| Jas
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On the other hand, from (A.3), the tangential component of 1) on the surface I'7)
is

7 . T | .
b = 3 (Pa€ln (09).plh), 585, (69),0) e o,
l,meZ

Hence, it is follows from (2.7) that

_ , L2
[¥ra HTHq 12, r)) —L1le Z (14 (ah)? + (a5")?) 1/2 ‘5{’;(1)(”)’

per

(A6) lmeZz
G PLLo P () G |2
X ‘pl,m,1’ +‘pl,m,2‘ +‘a1plm27a2 pl m 1‘ :

From Lemma [2.2] it suffices to prove that

(A7) Hs_liﬁuzm(m ) [C Cuer?m(Qu.PMM)f

< (C er(”||TH_1/2(curl,F(j)) :

gper

To this end, we will estimate the terms on the right-hand side of (A).
() @ _

Since Pl Qo = 0, We have

(_1)j m, (J

(A8) Pions = g (@i, +as'pi)), o)
/Bl,m

and

2 1 . L2 )
(A9)  |phg| < P (@12 + @) (o] +[pPhs| )-
ﬁl m

From (A.8) and the definition ( l(%)Q = w2e@W ) — (ah)? = (ag*)? in ZI3), we
conclude that

_1)3' N s :
Qg pl(]r)n 3 + (-1 )Jﬁ(ﬂ)pl m2 ( ) [MZE(])M(])pl(,jT)n,Q - all (allpl(% o T Qg pl(% 1)} )

—1)J N
alptd)  + (~1780 0, = CW 20,000 4o (alpld),, — g, )]
l,m

From the identity |a + b]> = |a|® +|b]* + 2Re (@b), the fact that Re (w2 u()) > 0,
and some direct calculations, we have

. 2
\ayp;f;3+ V9900, + atol?) s + (1752080
2
s e ([ -+ [pt2nal )

2
+ (@) + (05)?) |akpf2), 5 = a'pZh| } :

<

(A.10) ’51( ‘
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, 2
Next we estimate [}, flji(xg)‘ dzs. From (A2) and Lemma [2:4] we conclude

that

) . , 1 0G) @) a(—1ydi—1s()
’Efi (xg)\ _ |78, f52 s(ryar DI B, Jy T s(nar
,m

. ‘il _ A

ACDTTBE 5% s(r)dr

IN

2

)

-
(1 _ e_A(j)) .

Here A is defined in Lemma Therefore

_ ) . P
eQi(—l)Jfl,Bl(fT)n fb(J)'H_l)J 5@ s(T)dr

b(3)

‘ﬁiﬁ (bu))} > =118, i s(ryar

)

> |08, 12 s(ryar

. . . 2 s 1\i—120)
+ i(—1 s(T)dT
‘gzj,m(fﬂ?))‘ / ‘5;’2(1,(]))‘ < — ACDITIBIL [ s(r)
2 —1)- lj 3. Re 1B(j) s(7))dr
=7 x¢ b() tm
1— (3471\(1)
2 o VT (8 ) s (r)dr
—1— (3471\(j)
2 j-1 [€) ©))
s — (=17 Im (87, ) (xs—b")
— X e » .
- 1- 67A(J>

Here we have used s1(7) > 1 to derive the last inequality. Thus
(A.11)

. 2 X . 2 4 ] 1
f]i x3 ‘ dzs ‘fJ; b ‘ < ———— min 5O, _ .
Jo o s 65,0 < = 21m (37

Combining the estimates (A5) and (A9)-(AIIl), we attain that
(A.12)

HSilQZ’HQL%Q(J‘,PML)))?’ +ls7 Curl’(ZH?LQ(Q(J,PML)))S

1)2 my2 2,.(5),,() >
+ + 1
< L1L2 Z ( al (a2 ) - |2w ° /’L | )mln 26(]) ﬁ
() Im (53)7))

lmeZ ’Blm‘

9 2 L2 L2 2
X (1— e—AD) ‘fﬁ b(J ‘ (‘Pl(]n)u’ +‘pl(,]7)n,2‘ +‘al1pl(%2—a2 pl(Jr)nl‘ )

It remains to estimate (cf. (A6) and (A))

oh)2 + ()2 + |w2el) @) 2 m . j 1
(@))% + (af ‘ ‘ and (1+(all)2_|_(a2 )2)1/2m1n{26(ﬁ 7@))}

‘B(J) m( Im

First, it follows from (2.I3]) and the definitions of ﬁsrj) and Y in (2Z3) that
12 N 1/2
| = (@ En)) + (Re (57)))?)
- ; , 1/2
> (@ Im (€960 + min { (501, (59)}) .
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Thus from ZI3]),
(a))? + (a")? + |w25(j)u(j)|2 _ w’Re (eWp) — Re (/35721)2 + |w2e@ ) 2
12 - N2
2] 12
2Re (e ) + |w2e0) @) 2
(A3 < CReEHT) i“ L
2Re (e@) () + |w2el) () 2
< w?Re (€D p)) 4 |w?e@ @) 1/24_1.

((wzlm (W) u@))2 4+ min {(ﬁf’)‘*, (B(_j))‘*})

lm m
(Ozl1)2 + (a?)2 > w2Re (E(j)ﬂ(j)) + 1/(25@))2’ then from |
L+ (P () 1 () (g
’Im( l(Jn)l)’Q = (ah)? + (a7")? — w?Re (W) pl))

L2 ,
Secondly, it is clear from (2:4€) that ‘Im( (]))‘ > —Re( l(j))z. Therefore, if

< (20D)2(1 + w?Re (9D p))) + 1.
On the other hand, if (a})? 4 (a§")? < w?Re (eW)p)) 4+ 1/(261))?, then
(14 (ah)* + (aQ”)Q)(%U))Q < (25(j))2(1 + w’Re (E(j)u(j))) +1.

By combining the above two estimates we deduce
(A.14)

(1+(ah)2+(ag")?)"? min {269,

1 ‘ ‘ .
m} < \/(2(5(]))2(1 + w?Re (E(J)u(]))) 41,

Now, (A7) follows from plugging (A13) and (A1) into (A-12). This completes

the proof upon using Lemma

A.2. Proof of Lemma [ 4l For each face F' € Fj, with edges {e1, e, e3}, let
wj,j = 1,2,3 be the nodal basis function of V! corresponding to e;. Suppose that
F'is the face fi23 of a tetrahedron element T" with vertices 4,7 = 1,2, 3,4 and that
e1, ez, ez are the edges AsAs, A3A;, Ay As, respectively. By using the barycentric
coordinates (A1, A2, A3, Ag), wj, j = 1,2,3 may be expressed as

wr = A2VA3 — A3V, w2 = A3VA1 —AiVAz, w3 =AMV — A VAL
We construct a dual basis {¢r} of {w; x v} as follows:
(A.15) /F(wj X V) - O = Ok, J,k=1,2,3.
Here v is a unit normal vector to F. We claim that
(A.16) 19kll (oo (ryys < Chp'  and hence  [|¢gll (12 gy < C.

Without loss of generality, we shall prove that (AI6]) holds for £ = 1. We find
y = (y1,y2,93)" such that

¢1 = y1w1 X V + yawa X V + yzwsz X v, /(ijV)'¢1= i1, J=1,2,3.
F
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It is clear that y is the solution of the linear system:

(A.17) Apy = (1,070)T, where Ap = (/F(wj X v) - (wg X V))ng'

We shall show that Ar is invertible.
Let bjr, = (VA; x v) - (Vg x v). Since Z?zl VA; =0 and V), is perpendicular
to the face fi23, we have, for j,k =1,2,3,

3
> bip=0 and by =by;.

Therefore, Ar can be rewritten as
3bag + 3b3z — b11 —3bzz + b11 +baa  —3baa + b3z + b1y
Ap = % —3b33 +b11 +baz  3bi1 + 3bzz —baa  —3b11 + baa + b33
—3ba2 + b3z + 011 —3b11 + b2 + b33 3biy + 3ba2 — b33
It follows from Vi L fo34 that
V1] = 1/the height of T' to the face fas4,

which implies that

2
by = |V x v)? = o1l . Similarly, bae = [e2| , : €3]
11 ‘ 1 ‘ 4 ‘F‘Q Y 22 4 |F|2 33 4 |F|2
Straightforward computations show that
lex]* + Jea|” + Jes|”
det A
ear= 576 F| = 0

where ¢g is a positive constant depending only on the minimum angle of the elements
in the mesh. Thus Ap is invertible. Since Ap = O(1), we have A" = O(1), which
implies that y = A.'(1,0,0)T = O(1), i.e., (AI6) holds.

Now for each edge e, we assign one of those faces with edge e and call it F..
We have to comply with the restriction that for e on the boundary, F. also on the
boundary, and that if e is on I'1g (or I'sg) and €’ is the corresponding edge on I'1q
(or I'y1), then F. is also the corresponding face of F.. Then we can define

1 — (€]
Qu ggjﬁ/wlxu ",

where &), is the set of all edges in My, w, is the basis function corresponding to
the edge e, and ¢f* is the dual basis function corresponding to w.. By virtue of
(A-15) this defines a projection. Obviously the boundary condition is respected.
Let T, € M, be an element with F, as one of its faces. Then

1) (1) Fe (1)
/Fe(w xv)-9 Hw H(LQ(F)V o H(L?(F))?’SCH H

where we have used (A6). By the scaled trace inequality, we have

2
Y e o)
L R

(L2(F.))®

w(”]

(L? T))3 (H* T))3
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Therefore,
2
Q|| < / <)ol
|- ey = ; )
eCOT
< Gt 32 G o g e[,
< Chr (0 (L2 , The ¥ ) )
eca’%
< U g+ 2 1 )
< O aeay )

This proves the first estimate in the lemma.

Since @)y, is a projection, we know that Qcy = cp for any constant ¢p. Thus

) _ (1)” —inf ‘ (1) _ 1) ’
|60 = @uu |, = inf @0 +er) —@uw® +en)| ,
< Cint ([0 +ex| 90 ] gy ) < Chr [0
< CIE( e gy HAT V0] g0 ) S ORT[EP]

where we have used the Bramble-Hilbert Lemma to derive the last inequality. This
proves ([L]). The estimate (@3] is a direct consequence of (L) by the scaled trace
inequality.
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