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In this article, we propose a single mean chart to control bivariate processes.
The basic idea is to double the size of the samples, once only one of the two
quality characteristics, X or Y, is measured and only one of the two sample
statistics is computed, or the mean of the X observations or the mean of the Y
observations. The statistic that was used to obtain the current point and the
current point’s position define the statistic for the next sample. If the current
point is the mean of the X observations and it is in the central region, then
the control of X is relaxed and the focus goes to Y, that is, the charting
statistic for the next sample will be the mean of the Y observations. On the
other hand, if the current point is in the warning region, the focus remains on
X, that is, the charting statistic for the next sample will be the mean of the X
observations. A similar rule is applied when the current statistic is the mean
of the Y observations. Thanks to the adaptive feature of the proposed chart,
the degree of dependence between X and Y plays no hole in chart’s
performance. The adaptive chart is overwhelmingly faster than the Hotelling
chart in signaling all kinds of disturbances.

Palavras-chave: quality control, Variable charting statistic, Shewhart chart,
Hotelling chart;, Control charts
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1. Introduction

In many production lines, samples are regularly taken from the process to update the
information about the quality characteristics of the products, which are used to calculate the
plotting statistic of multivariate control charts. Recently, a great deal of research has been
done on the control of two quality characteristics. Leoni, Costa, and Machado (2015), Leoni,
Machado, and Costa (2015a, 2015b), and Simdes et al. (2016) considered bivariate processes
with autocorrelated data and the control of their mean vector. Melo, Ho, and Medeiros (2016)
and Ho and Costa (2015) designed attribute charts to control the mean vector of bivariate
processes. Saghir (2015), Saghir, Khan, and Chakraborti (2016) and Osei-Aning, Abbasi, and
Riaz (2016) also worked with the control of bivariate processes, but with the monitoring of
their covariance matrix. Machado and Costa (2008) considered a VMAX statistic to control
the covariance matrix of bivariate processes. The VMAX statistic is based on the sample
variances of the two quality characteristics. Ho and Aparisi (2016) proposed two new control

charts that are a mixture of attribute and variable charts to monitor bivariate mean vectors.

Since Reynolds Jr. et al. (1988) introduced the idea of varying the control chart’s parameters,
such as the sampling intervals or the size of the samples, researchers provided that the use of
variable parameters enhances the performance of all kind of univariate and multivariate
charts. Costa (1994, 1997, 1999), Nenes, (2011), He et al. (2014), Faraz et al. (2014), Lim et
al. (2015) and Naderkhani and Makis (2016) are some pioneering and recent work in this
field.

The idea of varying the number of variables to be monitored was considered by Aparisi,
Epprecht, and Ruiz (2012). They proposed the variable dimension 7> chart, in which the
number of monitored quality characteristics is variable; the position of the current 7> point
determines the next number of variables to be monitored. If the current 72 point is in the
central region, then, in the next sample of size n, only a subset of the all p quality

characteristics, say pi1, will be measured, consequently the next 72 value will be computed
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with reduced observations, that is, with np1 observations only. If the current 77 point is in the
warning region, then, in the next sample of size n, all p quality characteristics will be
measured and the next 72 value will be computed with the np observations. The p; variables
are, in general, the less expensive and/or the easier to measure. Subsequently, Aparisi et al.
(2014) proposed the variable dimension 77 chart with variable sample size, that is, a 7> point
is in the warning region not only triggers the measurement of all quality characteristics but
also schedules for the next sampling point a sample larger than n. The variable dimension 72
chart can be seen as a chart with variable charting statistic, once the T? statistic obtained with

np1 observations is different of the 77 statistic obtained with all the np observations.

In this article, we propose an adaptive mean chart with varying sample statistic (VCS chart) to
control bivariate processes as an excellent alternative to the Hotelling 7 chart. The basic idea
is to double the size of the samples, once only one of the two quality characteristics, X or Y, is
measured. That is, at each sampling point, only one of the two sample statistics is computed,

or the mean of the X observations or the mean of the Y observations.

2. The Shewhart mean chart with variable charting statistic

The Hotelling 77 chart is the usual Shewhart-type chart to control the mean vector of bivariate
processes. With the T2 chart in use, samples of size n are regularly collected and the two
quality characteristics (X, Y) of the selected items are measured. The two common
assumptions to study the performance of the bivariate 7> charts are: (I) The two quality

characteristics (X, Y) follow a bivariate normal distribution with the mean vector and the
covariance matrix given as p=(4,;L,) and Y=(2,,=02:2,=2,,=0 2 ,=0}),
respectively. (IT) The in-control and out-of-control mean vectors are p=p,=(t/,y , ,uoy)y, and
p=p,=(4,, 1,,) , respectively; the changes 8=(Jy,J,) are expressed in units of the standard

deviations: (1, £, )= (Hox T4 Oy, Moy £S6,0,), for further details about the Hotelling 77

chart see Montgomery (2009).
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In this article, we propose, as an alternative to the Hotelling’s chart, a Shewhart mean chart
with variable charting statistic: at each sampling point, 2n items are collected but only one of
the two quality characteristics (X, Y) is measured. This way, the average number of

observations required by the proposed Shewhart chart is the same one required by the 77
chart. As the X observations and the Y observations are always from different samples, the X

and Y values are always uncorrelated (p=0).

Figure 1 illustrates the Shewhart mean chart with variable charting statistic, hereinafter the
VCS chart. The X points are followed by X points as long as they fall in the warning
region, however, an X point in the central region changes the quality characteristic to be
monitored, that is, the next sample point will be an Y point. The same way, the Y points are

followed by Y points as long as they fall in the warning region, however, an Y point in the

central region changes the quality characteristic to be monitored, that is, the next sample point

will be an X point. The eight control limits of the VCS chart are:

(UCLg, LCLQ ;UWL)—(, LWL;():(,uOXikG§ oy J_rwo&) (1)

(UCL;, LCL; ;UWL,, , LWL, )=( oy Thoy, s thyy Twoy, )

Figure 1 - The VCS chart.
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The speed with the control charts signal is measured by the Average Run Length — ARL.
Expression (2) gives the ARLs of the VCS chart, see Appendix for details.

_a(1-0.5p, )+b(1-0.5p, )
pP+tpP,—P.D,

ARL

2

In expression (2), a=l/(1-g,), b=1/(1-g,), with the X statistic in use, 9y and py are,
respectively, the probability of a sample point falling in the warning region and the

conditional probability of a signal, given the sample point didn’t fall in the warning region;

the definitions of ¢y and P, are the same of ¢xand py , but with respect to the Y statistic:

qy =[D(-w— Sy \2n) — O(—k — 55 N2m)] +[@(k — 5 \2n) —~ D(w— Sy \2n)] 3)
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gy =[D(—w—8y\21) = O(—k — 5, N2n)] +[D(k — 5y 2n) — D(w— Sy \[2n)] (4)

Py D(—k+y A 2n)+D(—k—6 2) V(=g ) (5)
Py =D (—k+5,\2n )+ D(—k—5, \2n)V(1gy ) (6)

3. Comparing the charts performance

In this section, the performance of the VCS chart is compared with the performance of the 72
chart. When the 77 chart is in use, samples of size n are collected and the following statistic is

computed:

2
Ox Oxy

TZ :n(i_/qu’)_]_luOy) |: :|(X lqu’Y ’uoy) (7)

Oxy O-Y

During the in-control period, the 72 statistic is chi-square distributed with two degrees of
freedom ( }(22 ). The upper control limit (UCL) of the T2 chart is adjusted to obtain the desired
in-control ARL, that is, UCL= ;(22’1, arr, - After the assignable cause occurrence, the mean vector
changes from p, to p,and the distribution of the 7* statistic changes to a non-central chi-
squared distribution, z;(A), with the following non-centrality parameter:

) -1
Z=n8{o_x “X;} 8 ®)
Oxy

Oy
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The out-of-control ARL is the average number of samples (points in the chart) until the chart

signals a true out-of-control condition:

ARL={1-Pr[y; (A1) <UCL]}™ )

Tables 1-4 present the ARLs of the VCS and the 7° charts. In Tables 1 and 2 they were
designed to have in-control ARLs of 370.4 (k=3.0), and in Tables 3 and 4 they were designed
to have in-control ARLs of 780.1(k=3.22). The Tables show the ARLs of the 7° charts when
the two quality characteristics (X, ¥) are uncorrelated (p = 0), or not (p = 0.3, 0.5, 0.7). With
the variable charting statistic (VCS), the X and the Y observations are not from the same

samples, consequently, the X and the Y sample means are always uncorrelated (0=0).

According to Tables 1-4, the VCS chart outperforms the 7% chart in 98 percent of the cases. In
the few cases, where the T? chart signals faster, the two quality characteristics are highly
correlated (o = 0.7) and the disturbance affects only one parameter of the mean
vector (0,20 0r d,#0). In several cases, the VCS chart signals three times faster than the 7°
chart; for instance, Table 2 shows that, on average, the VCS chart needs 8.17 samples of size
six to signal a change in the mean vector of magnitude & = (0.75,0.75), the 77 chart, with

0=0.7, needs 28.03 samples of size three to signal the same disturbance.

Table 1 - The ARL values for the VCS chart and the 7° chart with n=1 (2), ARL=370.4
P 0.0 0.3 0.5 0.7 0.0 0.3 0.5 0.7

Sample size 2 1 4 2
w 1 1
6, & | VCS T’ vCS Y
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0.00 0.00 | 370.40 370.40 37040 370.40 370.40 370,40 370.40 370.40 370.40 370.40
0.00 0.50 | 138,50 20224 192.53 172.24 131.83 69,38 129.82 12030 101.63  68.83
0.00 0.75 | 59,99 11797 108.77 9090  60.22 21,88 58.86 5258  41.19 24.04
0.00 1.00 | 26,39 6732 6048 47.89  28.53 8,43 2773 2417  18.04 9.72
0.00 1.25 | 12,72 39.02 3436 26.14 14.50 4,28 14.05 12.07 8.80 4.66
0.00 150 | 6,97 2334 20.25 14.99 8.00 2,79 7.75 6.62 4.82 2.64
0.50 050 | 90,65 129.80 157.11 17224 185.41 43,89 67.34  88.68 101.64 113.59
0.50 0.75 | 51,48 8396 104.63 114.39 117.75 20,46 37.04 4985 5638  58.71
0.50 1.00 | 25,66 51.88 64.15 6732 6181 8,75 1992 2605 2773 2485
0.50 125 | 1291 31.88 3846 3834 31.26 4,55 11.06  13.81 13.76  10.80
0.50 150 | 7,16 1991 2330 22.11 16.32 3,04 6.50 7.73 7.29 5.26
0.75 0.75 | 38,09 58.85 78.69 9090 102.31 14,97 2334 3398 41.19 4835
0.75 1.00 | 23,08 39.02 5330 6149  66.96 8,29 1405 20.60 2468 27.54
0.75 1.25 | 12,73 2539 3436 3834  38.03 4,70 8.51 1207 1376  13.62
0.75 150 | 17,31 16.60  21.89 2334  20.84 3,27 5.36 7.21 7.75 6.83
1.00 1.00 | 17,73 2773 3983 4789 5582 6,30 9.41 1440 18.04 21.83
1.00 125 | 11,59 19.17 2789 3347  38.03 4,23 6.24 9.47 11.71 13.62
1.00 150 | 7,22 13.19 1895  22.11 23.26 3,15 4.23 6.16 7.29 7.72
125 125 | 9,18 1405 21.14  26.14 31.26 324 4.51 6.94 8.80 10.80
125 150 | 6,53 10.18 1537 1894  22.18 2,54 3.29 4.94 6.16 7.32
1.50 1.50 | 5,27 774 1192 1499 1824 2,00 2.57 3.83 4.82 5.92

It is interesting to observe that, in Table 1, the VCS chart is faster in signaling a shift of
(&; Oy) = (0;1.5) than shifts of (dx; dy) = (0.5;1.5), (0.75;1.5), (1.0;1.5). These counterintuitive
results are explained by the fact that the monitoring statistic alternates, from X to Y, or from
Y to X , whenever a sample point falls in the central region. If &=0, the X statistic has high
probability to fall in the central region, consequently the monitoring statistic rapidly goes to
Y ; with the sample mean of the Y observations the VCS chart signals very fast because their

average is far from the target value (6y=1,5). When ¢« increases to 0,5, 0.75, or 1.00, the X

statistic has less and less chance to fall in the central region. Therefore, reduces the speed with

which the monitoring statistic goes to Y , consequently the ARL increases.
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Table 2 - The ARL values for the VCS chart and the 7° chart with n=3 (4), ARL=370.4

P 0.0 0.3 0.5 0.7 0.0 0.3 0.5 0.7
Sample size 6 3 8 4

w 1 1.7

5, &, | vcs i Vs T2
0.00 0.00 | 37040 370.40 37040 370.40 370.40 | 37040 37040 370.40 370.40 370.40
0.00 0.50 | 40,66 90.92 82.75 6734 4227 | 29,19 6734 6048 4790  28.53
0.00 0.75 | 11,18 35.19  30.87 23.34 12.82 | 7,711 2334 20.25 14.99 8.00
0.00 1.00 | 4,52 14.99 12.89 9.41 498 | 3,18 9.41 8.05 5.85 3.15
0.00 1.25 2,69 7.24 6.19 4.51 249 | 2,02 4.51 3.88 2.88 1.72
0.00 1.50 | 2,07 3.98 343 2.57 1.58 1,67 2.57 2.25 1.76 1.23
0.50 0.50 | 26,36 41.19 57.12 6734  77.12 | 17,73 27.73 39.83 4790  55.83
0.50 0.75 | 11,11 20.70  29.03 33.48 35.08 | 7,35 13.20 18.95 22.11 23.27
0.50 1.00 | 4,90 10.46 14.00 14.99 13.29 | 3,33 6.50 8.76 9.41 8.31
0.50 1.25 3,05 5.66 7.11 7.08 5.53 2,17 3.56 4.43 4.41 348
0.50 150 | 2,43 3.38 3.98 3.76 2.78 1,83 2.22 2.56 2.44 1.88
0.75 0.75 8,17 12.42 1879 2334  28.03 5,27 7.75 11.92 14.99 18.24
0.75 1.00 | 4,67 7.24 10.85 13.20 1488 | 3,08 4.51 6.75 8.24 9.33
0.75 1.25 3,17 4.37 6.19 7.08 7.01 2,17 2.79 3.88 4.41 4.37
0.75 150 | 2,65 2.82 3.72 3.98 3.54 1,88 1.90 2.42 2.57 2.31
1.00 1.00 | 3,44 4.82 7.43 9.41 11.55 2,32 3.06 4.62 5.85 7.19
1.00 1.25 2,54 3.25 4.85 6.00 7.01 1,78 2.15 3.08 3.76 4.37
1.00 1.50 | 2,18 2.30 3.21 3.76 3.97 1,58 1.61 2.12 2.44 2.56
1.25 1.25 1,91 242 3.59 4.51 5.53 1,42 1.68 2.34 2.88 3.48
1.25 1.50 1,61 1.86 2.63 3.21 3.77 1,26 1.38 1.79 2.12 2.45
1.50 1.50 1,33 1.55 2.11 2.57 3.09 1.12 1.21 1.51 1.76 2.06
Table 3 - The ARL values for the VCS chart and the 72 chart with n=1 (2), ARL=780.1

P 0.0 0.3 0.5 0.7 0.0 0.3 0.5 0.7
Sample size 2 1 4 2

w 1 1

5, &y | vcs i vcs i

0.00 0.00 | 78909 780.10 780.10 780.10 780.10 | 78999 780.10 780.10 780.10 780.10
0.00 0.50 258,94 398.56 377.58 334.22 249.58 120,89 24541 225.89 187.99 123.05
0.00 075 | 19305 22113 20244 16653 10643 | 3495 10379 9183 7039  39.12
0.00 100 | 4785 12015 10693 8296 477 | 1175 4573 3935 2856 1445
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000 125| 1363 6638 5778 4287 2247 | 53¢ 2171 1837 1294 636
000 150 | 946 3788 3243 2332 1165 | 353 1123 944 661 334
0.50 050 | 16583 24541 30226 33422 36232 | 7563 12015 16210 187.99 21217
050 075 | gogg 15274 19406 21384 22069 | 3337 6269 8665 99.06 10351
050 100 | 4108 9049 11399 12015 10948 | 139 31.84 4272 4573 4056
050 125| 1903 5325 6534 6512 5212 | 594 1667 2129 2121 1625
050 150 | ¢74 3184 3781 3569 2559 | 35 925 1121 1051 729
075 075 | gqg5 10379 14234 16653 18938 | 5341 3788  57.09 7039  83.80
075 100 | 373 6638 9319 10886 11944 | 1799 2171 3304 4026 4538
075 125 | 1397 4154 5778 6512 6453 | g4 1248 1837 2121 2098
075 150 | 1901 2607 3531 3788 3346 | 3g5 744 1038 1123 977
100 1.00 | 5879 4573 6788 8296 9799 | ggg 1394 2231 2856 352l
100 125 | y74¢ 3055 4603 5615 6453 | 56 884 1405 1775 2098
100 150 | 1904 2026 3015 3569 3775| 399 571 871 1051 1119
125 125 | 1366 2171 3398 4287 5212 | 454 613 994 1294 1625
125 150 | 951 1521 2396 303 3582 | 333 429 680 871 1055
150 150 | 736 1123 1811 2332 2892| 54 323 509 661 832

Table 4 - The ARL values for the VCS chart and the 7° chart with n=3 (4), ARL=780.1

P 0.0 0.3 0.5 0.7 0.0 0.3 0.5 0.7
Sample size 6 3 8 4
w 1 1.5
&y &y VCS T’ VCS T’

0.00 000 | 78909 780.10 780.10 780.10 780.10 | 7gg g9 78010 780.10 780.10 780.10
000 050 | g725 16653 15035 12015 7240 | 4504 120.15 10693 8296 4717
000 075 | 1614 5929 5142 3788 1962 | 191 37.88 3243 2332 1165
000 100 | 574 2332 1975 1394 685 | 375 1394 1173 821 408
000 125| 395 1042 875 613 312| 55 613 517 368 201
000 150 | 555 533 450 323 18| 176 323 277 207 133
050 050 | 4346 7039 10048 12015 13923 | 5919 4573 6788 8296  97.99
050 075 | 1639 3321 4808 5615 5910 | jo; 2026 3015 3569 3775
050 100 | gp7 1568 2162 2332 2042 | 497 925 1289 1394 1214
050 125 | 35 792 1021 1017 T2 | 49 469 601 599 457
050 150 | 264 442 532 499 353 | 503 272 322 304 224
0755 075 | 1399 1894 2988 3788 4626 | 536 1123 1811 2332 2892
075 100 | 21 1042 1632 2026 2312 | 394 613 964 1204 1382
075 125| 383 591 875 1017 1005 | 563 355 517 599 592
075 150 | 395 360 493 533 466 | 553 227 301 323 285

100 100 | 454 661 1072 1394 1749 | g8 394 631 821 1034
100 125| 34 423 666 845 1005 | 533 262 397 499 592
100 150 | 563 283 417 499 531 yg5 186 258  3.04 3.2
125 125 | 559 302 473 613 772| g 196 290  3.68  4.57
125 150 | yg7 222 331 417 501 | 139 153 212 258 3.05
150 1.50 | 148 177 256 323 399 | g8 131 172 207 249
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4. Conclusions

The use of the T? statistic to control bivariate processes requires 21 observations per sample, n
of the first quality characteristic and another n of the second quality characteristic. In this
article, we proposed a competing univariate Shewhart mean chart with variable charting
statistic. The univariate chart works with one quality characteristic per time, consequently, all
the 2n observations are the same quality characteristic. The power of the univariate Shewhart
mean chart substantially increases when the size of the samples is doubled and, even with the
charting statistic varying, it is much faster than the 7° chart is signaling all kinds of changes in

the mean vector.
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Appendix. The ARL of the VCS chart

The speed with which the VCS chart signals an out-of-control condition depends on the first

point plotted on the chart, just after the assignable cause occurrence. This first point has a
fifty-fifty probability of being an X point or an Y point. Thus, the ARL is computed as
(ARL,+ARL,)/2, where ARL, is the ARL value when the first point is an X , and the ARL, is
the ARL value when the first point is an Y. When the chart is initialized, the first quality
characteristic to be controlled is randomly selected, with fifty-fifty probability of being the X

or the Y quality characteristic. After a false alarm, the same procedure decides the next quality

characteristic to be controlled.

If the current point is an X , then the expected number of points until the first one falling
outside the warning region, is E(M,) =a Equally, if the current point is an Y, then the

expected number of points until the first one falling outside the warning region is E(M,) =b:

1
l-g

a=Smgy(1-qy) = (AD)

X

b= Zﬁlmq;f’*l (I-gy) = (A2)

1-g,

In expression (Al) and (A2), ¢,is the probability to obtain a warning signal with the X
statistic (given by an Ypoint falling in the warning region), and ¢, is the probability to

obtain a warning signal with the Y statistic.
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The ARL, is the expected number of points on the chart until the chart signals, given that the

first point on the chart, just after the assignable cause or the false alarm occurrences, is an X

sample mean:

ARL,=ap, +(a+b)(1-p,) p,+2a+b)(-p, )A-p,) py +(2a+2b)(1-p, ) (d-py)py
+(3a+2b)(1-py )*(1=p,)* px+(3a+3b)(1—p, )’ (1-p, )’ p +...

=3 m(a+b)[(1=py)A=p) 1" [px+(1=py) py 1= S bIA=py ) (=p )" by (&3)
_ a+b-bp,
P.+DP,~P.P,

In expression (3), px and p, are, respectively, the conditional probabilities to obtain a

signal with the X statistic and with the Y statistic, given a reduced number of possibilities: or

a signal or a sample point falling in the central region.
Similar development leads to the expression for the ARL, :

ARL, __atb-ap, (A4)
P.tP,—DP.P,
From (A3) and (A4), it follows that:

ARL,+ARL, a(1-0.5p,)+b(1-0.5p, )
2 p.+p,—p.D,

ARL= (AS)

14
% ABEPRO

Ao e I
AN O LA



