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AN ADAPTIVE STOCHASTIC GALERKIN METHOD FOR
RANDOM ELLIPTIC OPERATORS

CLAUDE JEFFREY GITTELSON

ABSTRACT. We derive an adaptive solver for random elliptic boundary value
problems, using techniques from adaptive wavelet methods. Substituting wave-
lets by polynomials of the random parameters leads to a modular solver for the
parameter dependence of the random solution, which combines with any dis-
cretization on the spatial domain. In addition to selecting active polynomial
modes, this solver can adaptively construct a separate spatial discretization
for each of their coefficients. We show convergence of the solver in this general
setting, along with a computable bound for the mean square error, and an
optimality property in the case of a single spatial discretization. Numerical
computations demonstrate convergence of the solver and compare it to a sparse
tensor product construction.

INTRODUCTION

Stochastic Galerkin methods have emerged in the past decade as an efficient
solution procedure for boundary value problems depending on random data; see
[141, 321 21, [30, 23], 18, BT, 28], 6} [5]. These methods approximate the random solution
by a Galerkin projection onto a finite-dimensional space of random fields. This
requires the solution of a single coupled system of deterministic equations for the
coefficients of the Galerkin projection with respect to a predefined set of basis
functions on the parameter domain.

A major remaining obstacle is the construction of suitable spaces in which to
compute approximate solutions. These should be adapted to the stochastic struc-
ture of the equation. Simple tensor product constructions are infeasible due to the
high dimensionality of the parameter domain in the case of input random fields
with low regularity.

Parallel to but independently from the development of stochastic Galerkin meth-
ods, a new class of adaptive methods has emerged, which are set not in the con-
tinuous framework of a boundary value problem, but rather on the level of coeffi-
cients with respect to a hierarchic Riesz basis, such as a wavelet basis. Due to the
norm equivalences constitutive of Riesz bases, errors and residuals in appropriate
sequence spaces are equivalent to those in physically meaningful function spaces.
This permits adaptive wavelet methods to be applied directly to a large class of
equations, provided that a suitable Riesz basis is available.
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For symmetric elliptic problems, the error of the Galerkin projection onto the
span of a set of coefficients can be estimated using a sufficiently accurate approxima-
tion of the residual of a previously computed approximate solution; see [8, 19, [16].
This results in a sequence of finite-dimensional linear equations with successively
larger sets of active coeflicients.

We use techniques from these adaptive wavelet methods to derive an adaptive
solver for random symmetric elliptic boundary value problems. In place of wavelets,
we use an orthonormal polynomial basis on the parameter domain. The coeflicients
of the random solution with respect to this basis are deterministic functions on the
spatial domain.

Adaptive wavelet methods extend to this vector setting, and lead to a modular
solver which can be coupled with any discretization of or solver for the deterministic
problem. We consider adaptive finite elements with a residual-based a posteriori
error estimator.

We review random operator equations in Section [l In particular, we derive
the weak formulation of such equations, construct orthonormal polynomials on the
parameter domain, and recast the weak formulation as a bi-infinite operator matrix
equation for the coefficients of the random solution with respect to this polynomial
basis. We refer to [22] for further details.

A crucial ingredient in adaptive wavelet methods is the approximation of the
residual. We study this for the setting of stochastic operator equations in Section 21
The resulting adaptive solver is presented in Section[3l We show convergence of the
method, and provide a reliable error bound. Optimality properties are discussed in
Section [ for the special case of a fixed spatial discretization.

Finally, in Section Bl we apply the method to a simple elliptic equation. We
discuss a suitable a posteriori finite element error estimator, and present numeri-
cal computations. These demonstrate the convergence of our solver and compare
the adaptively constructed discretizations with the a priori adapted sparse tensor
product construction from [5]; we refer to [2I] for a comparison with other adaptive
solvers. We discuss the empirical convergence behavior in the light of the theoretical
approximation results in [IT] [10].

1. STOCHASTIC OPERATOR EQUATIONS

1.1. Pointwise definition. Let K € {R,C} and let V' be a separable Hilbert space
over K. We denote by V* the space of all continuous antilinear functionals on V.
Furthermore, £(V,V*) is the Banach space of bounded linear maps from V to V*.

We consider operator equations depending on a parameter in I' := [—1,1].
Given
(1.1) A: T — L(V, V™) and f: =V

we wish to determine
(1.2) w: ' =V, Alyu(y) = fly) Vyel .

Let D € L(V,V*) be the Riesz isomorphism, i.e., (D-,-) is the scalar product in V.
We decompose A as

(1.3) A(y) =D+ R(y) Vyel
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and assume that R(y) is linear in y € I,
(1.4) Ry)=> ymBRm VY= (ym)po—s €I}
m=1

e.g., as in [5l [6 [I1] (10, 28]. Here, each R,, is in L(V,V*). We assume (R,,)m €
H(N; £L(V,V*)), and there is a v € [0,1) such that ||[R(y)||;,_y. < 7 for all y €
I'. By [22, Proposition 1.2], this ensures existence and uniqueness of the solution
of ([LI). For simplicity, we also assume that the sequence (||Rplly _ 1 +)5e—; is
nonincreasing.

1.2. Weak formulation. Let 7 be a probability measure on the parameter domain
I' with Borel o-algebra B(I'). We assume that the map I' 5 y — A(y)v(y) is
measurable for any measurable v: I' — V. Then

(1.5) Ac LD V) = LIV vesr [y = A(y)o(y)]

is well defined and continuous. We assume also that f € LZ(I;V*).
The weak formulation of (L2) is to find u € L2(I"; V') such that

10 [ (At dn) = [ G o) dnle) Vo 2V
The left term in (L.6) is the duality pairing in L2 (I'; V) of Au with the test function
v, and the right term is the duality pairing of f with v. We follow the convention
that the duality pairing is linear in the first argument and antilinear in the second.
By [22, Theorem 1.4], the solution u of ([L2)) is in L2(I; V), and it is the unique
solution of (L6l). In particular, the operator A is boundedly invertible.
We define the multiplication operators

(1.7) Kp: LA2(I) = LA(I1) , v(y) ~ ymo(y), meN.

Since y,, is real and |y,,| is less than one, K, is symmetric and has norm at most
one.

By separability of V, the Lebesgue-Bochner space L2 (I'; V) is isometrically iso-
morphic to the Hilbert tensor product L2(I') ® V, and similarly for V* in place of
V. Using these identifications, we expand A as A =D + R with

o0
(1.8) D:=idrzry®D and R:= Z K, @ R, .

m=1

This sum converges in L(L2(I'; V'), L2(I'; V*)) due to the assumption that (R,,)m €
C(N; L(V, V).

Lemma 1.1. [|R| ;2 rvyor2 (rvey) <7 < 1.

Proof. We note that, as in (LH), (Rv)(y) = R(y)v(y) for all v € L2(I;V) and
y € I'. Therefore, using the assumption ||R(y)|l, 1« <7,

IROIIZz ey = /F IR@)o(w)l7. dr(y) < /F IRV v- 07 dr(y) ,

and the assertion follows using the assumption ||R(y)||, - < 7- O
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1.3. Orthonormal polynomial basis. In order to construct an orthonormal poly-
nomial basis of L2(I"), we assume that 7 is a product measure. Let

(1.9) = ®7rm
m=1

for probability measures m,, on ([—1,1],B([-1,1])); see e.g. [4, Section 9] for a
general construction of arbitrary products of probability measures. We assume
that the support of 7, in [—1,1] has infinite cardinality.

For all m € N, let (PJ")72, be an orthonormal polynomial basis of L2 ([—1,1]),

n

with deg P;” = n. Such a basis is given by the three term recursion P"} := 0,
FPi" =1 and
(1.10) BBy (€) = (€ — ap )P (§) = Rl PLs(§) , meN,
with
1 cm
(1.11) am = / EP™(6)*dmpn(€) and BT = Z;ll ,
—1 n

where ¢ is the leading coeflicient of P, 87" := 1, and P, is chosen as normalized
in L2 ([0, 1]) with a positive leading coefficient.
We define the set of finitely supported sequences in Ny as

(1.12) A= {VENISI; #suppv<oo} ,
where the support is defined by
(1.13) suppv == {m eN; v, #0} , veNj.

Then countably infinite tensor product polynomials are given by

(1.14) P:=(P),c,. Po=@QQP", ved.

m=1

Note that each of these functions depends on only finitely many dimensions,

(1.15) P =1]Prwm)= I Prm), vea,
m=1

mesupp v

since Py* =1 for all m € N.
For example, by [22, Theorem 2.8], P is an orthonormal basis of L2(I"). By
Parseval’s identity, this is equivalent to the statement that the map

(1.16) T:0°(A) = LA(T) , (cv)vea Y_ Py,
veA

is a unitary isomorphism. The inverse of T is

L1 T =T LA 5 2(4), ge < X dvr(y))
veA
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1.4. Bi-infinite operator matrix equation. We use the isomorphism 7" from
(LI8) to recast the weak stochastic operator equation (L)) as an equivalent discrete
operator equation. Since T' is a unitary map from ¢*(A) to L2(I), the tensor
product operator Ty = T ® idy is an isometric isomorphism from ¢2(A;V) to
L2(I'; V). By definition, w € L2(I'; V) and w = (w,),ea € £?(A; V) are related by
w=Tyw if

(118wl =X whG) o w= [ w@RE) e,

veA

and either of these properties implies the other. The series in ([LI8) converges
unconditionally in L2(I';V), and the integral can be interpreted as a Bochner

integral in V.
Let A =Ty ATy and f =Ty f. Then u = Tyu for u € (2(A; V) with

(1.19) Au=§f

since u € L2(I"; V) satisfies Au = f.
By definition, A is a boundedly invertible linear map from ¢2(A; V') to £2(A; V*).
It can be interpreted as a bi-infinite operator matrix

(1.20) A=[Aulvpca, Ay V-oV",
with entries

(oo}
AW:D—FZaTmRm, veAa,

m=1

Ay = Br'r’fax(umwm)Rm , LWpeEA, v—pu=+te,,

(1.21)

and A,, = 0 otherwise, where €, denotes the Kronecker sequence with (e,,), =
Omm.- If Ty is & symmetric measure on [—1,1] for all m € N, then o) = 0 for all m
and n, and thus A,, = D. We refer to [22] 20] for details.

Similarly, the operator R :=T{;RTy can be interpreted as a bi-infinite operator
matrix R = [R,,] with R,, = A,, — D and R,, = A, for v # p.

Let K,, = T*K,,T € L({*(A)). Due to the three term recursion (II0),

(1.22) (Km€)u = By 41Cuten T Cu+ By Cu—ey s HEA,

for ¢ = (cu)uea € £*(A), where ¢, = 0 if p,, < 0 for any m € N. Furthermore,
Using the maps K,,, R can be written succinctly as

(1.23) R=> K, ®Rn,

m=1
with unconditional convergence in L£L(¢%(A; V), ¢?(A;V*)). By Lemma [LT]
(1.24) IRl 2 a5 )20y 7 < 1.

In particular, [|[A] < (1+7) and ||A7|| < (1—7)7%
We also define the operator D := Ty DTy,. This is just the Riesz isomorphism
from ¢2(A; V) to £2(A; V*). By [22, Proposition 2.10],

LD—l.
1—»v

(1.25) (1—-9)D<A<(1++)D and %D‘l <A<
Y
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In particular, using A = AA~1A, we have

(1.26) L AD'a <A< —AD A
147 1-—

1.5. Galerkin projection. Let W be a closed subspace of L2(I"; V). The Galerkin

solution u € W is defined through the linear variational problem

(1.27) /P (A(y)a(y), w(y)) dn(y) = /F @) w) dr@y)  VweWw.

Existence, uniqueness and quasi-optimality of @ follow since A induces an inner
product on L2(I';V) that is equivalent to the standard inner product; see [22|
Proposition 1.5].

For all v € A, let W, be a finite dimensional subspace of V', such that W, # {0}
for only finitely many v € A. It is particularly useful to consider spaces W of the
form

(1.28) W=> W,P,.
veA

The Galerkin operator on such a space has a similar structure to (L20)), with 4,,,
replaced by its representation on suitable subpsaces W, of V; see [22] Section 2].

2. APPROXIMATION OF THE RESIDUAL

2.1. Adaptive application of the stochastic operator. We construct a se-
quence of approximations of R by truncating the series (L23). For all M € N,
let

M
(2.1) Ry = Z K, ®R,,

m=1

and Rjg := 0. For all M € N, let ég ys be given such that

(2.2) 1R = Binnll 2 a2y < ERM

For example, these bounds can be chosen as
o0

(2.3) €R.M = Z [Bmlly e
m=M+1

We assume that (€g,a)37_o is nonincreasing and converges to 0, and also that the
sequence of differences (€r v — €r,am+1)57_0 is nonincreasing.

We consider a partitioning of a vector w € £*(A) into wp,) = wla,, p=1,..., P,
for disjoint index sets A, C A. This can be approximate in that w) + -+ + wp
only approximates w in £2(A). We think of wy as containing the largest elements
of w, wpy the next largest, and so on.

Such a partitioning can be constructed by the approximate sorting algorithm

(2.4) BucketSort|w, €] — [(w[p]);::l, (/lp)g:l] ,

which, given a finitely supported w € ¢2(A) and a threshold € > 0, returns index
sets

(2.5) = {p e A5 Jwal € @772 w27 FD72 ful]]}
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and wy,) = w|a,; see [24, [3, 19, 16]. The integer P is minimal with
P

(2.6) 27 P/ l[wllpoc 1y V#suppw < €.

By [19] Rem. 2.3] or [16] Prop. 4.4], the number of operations and storage locations
required by a call of BucketSort|w, €] is bounded by

(2.7) # supp w + max(1, [log([|wl| g 1) v/ # supp w/€)])

This analysis uses that every w,, ¢ € A, can be mapped to p with p € A, in
constant time by evaluating

(2.8) pi= {1+210g2<” ||‘Z°°| )J .

Alternatively, any standard comparison-based sorting algorithm can be used to
construct the partitioning of w, albeit with an additional logarithmic factor in the
complexity.

Applyg(v, €] — 2

P €
[, (Ap)p—1] ¢— BucketSort |([|v.lly )uea, %}

forp=1,...,P do Vp] <— (UM)HEAP
[
Compute the minimal £ € {0, 1,...., P} s.t. § = ro [v — 3 v <3
p=1 22(A5V)
for p= 1 f do M «—0
. ‘
while Zp 1ER.M, ||V Hz? Av) = —ddo
q <— argmax,_; _ (6RM — €R,M,+1 HUP]H€2(A V) /#A
| My +— M, +1

I\

= (ZU)UEA +—0
forp=1,...,4do
forall the € A, do
form=1,...,M, do
w <+— Ry,
Zptenm € Zuten T B, 1 W
if gy, > 1 then 2, +— 24—, + B
if o} #0then 2z, +— 2z, + o w

#m

The routine Applyg[v,€] adaptively approximates Rv in three distinct steps.
First, the elements of v are grouped according to their norm. Elements smaller
than a certain tolerance are discarded. This truncation of the vector v produces
an error of at most ¢ < ¢/2.

Next, a greedy algorithm is used to assign to each segment vy, of v an approxima-
tion Ryz,) of R. Starting with Ry;,) = 0 for all p=1,..., ¢, these approximations
are refined iteratively until an estimate of the error is smaller than € — 4.
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Finally, the operations determined by the previous two steps are performed.
Each multiplication R,,v, is performed just once, and copied to the appropriate
entries of z.

Proposition 2.1. For any finitely supported v e (*(A; V) and any e >0, Applyg|v, €]
produces a finitely supported z € (2(A; V*) with

¢
(2.9) #supp z < 3ZMP#A,,
p=1
and
¢
(2.10) ||Rv — z|\£2(mv*) <o+nm <€, M= ZER,Mp HU[P]H£2(A;V) )
p=1

where My, refers to the final value of this variable in the call of Applygp. The
total number of products R,,v, computed in Applyg[v,€] is opm = Zi:l M,#A,.
Furthermore, the vector M = (Mp)f;:1 is optimal in the sense that if N = (Np)f;=1
with oy < oap, then gy > nar, and if ny < na, then oy > op .

Proof. The estimate (29]) follows from the fact that each K,, has at most three
nonzero entries per column; see (L22). Since || R,z p.v)—02(a,v+) < €R,05

L J4
HR’U—RZ’UM ’U—Z’U[p]
p=1

p=1
Due to (22)) and the termination criterion in the greedy subroutine of Applyp,

Il
>
IN

N

< €Rr,0

22(A;V*) 22(A;V)

4 L
YR = Riagopll e ey < D Rty 060l 2ary <€ =9
p=1 p=1

For the optimality property of the greedy algorithm, we refer to the more general
statement [20, Theorem 4.1.5]. O

2.2. Computation of the residual. We assume a solver for D is available such
that for any g € V* and any € > 0,

(2.11) Solveplg, €] = v, Hv - D_lgHV <e.

For example, Solvep could be an adaptive wavelet method (see e.g. [8, [0l [19]), an
adaptive frame method (see e.g. [27], [12] [13]), or a finite element method with a
posteriori error estimation; see e.g. [17, 25] [7].

Furthermore, we assume that a routine

(2.12) RHS¢[e] — f

is available to compute approximations }' = ( fl,),,e A of f with # supp }' < oo and
2.13 H 7 <

(213) £ =gy <€

for any € > 0.

The routine Residualy ¢ approximates the residual f — Av up to a prescribed
relative tolerance.
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Residualg fle, v, 1m0, X, w, o, ] — [w,n, (]

C— XMo
repeat
g = (gu)ue/l — RHSf[B(l - O‘)d - APP]-YR[Ua (1 - B)(l - a)d
w = (wv)ue/l — (SOlveD[guv CVC(# Suppg)il/Q])UGA
n+— |lw - ”||e2(A;V)
if ¢ <wn orn+ ¢ < e then break
(—wizZ(n+¢)

Proposition 2.2. For any finitely supported v = (v,),ea € £2(A; V), € >0, 19 >
0,x>0,w>0,0<a<1land0<f <1, acall of Residualy gle, v,no, X, w, @, ]
computes w € (2(A; V), n >0 and ¢ > 0 with

(2.14)

—v— D_l'rH@(A;V) = Hw - D_l(f - Rv)H52(A4V) =6

where = (r,),ea € 2(A;V*) is the residual 7 = f — Av, and ( satisfies either
(<wnorn+(<e.

Proof. By construction,
lg —(f - Rv)H@(AV ) = <(1-a).
Furthermore, using Hw — D~ gHe2(A;V) < ag,
[ =D F = Ro) gy < [0 = D g s+ 9 — (F = R0)lsgaey <€
The rest of (ZI4]) follows by triangle inequality with
1Pl g2 a0y = HDilTHZ?(A;V)' .

Remark 2.3. The tolerance ¢ in Residualy y is initialized as the product of an
initial estimate 7y of the residual and a parameter x. The update

1-—
(2.15) C%WT(U‘*‘Q =G
ensures a geometric decrease of ( since if { > wn, then
1-— 1-—
(216) G =0+ () < T+ wh) = (L= w)C.

Therefore, the total computational cost of the routine is proportional to that of the
final iteration of the loop. Furthermore, if ( > wn, then also

(2.17) G =W+ Q) > Wl = > = ).

The term 1 —( in the last expression of ([2.I7)) is a lower bound for the true residual
17112 A;vg)- In this sense, the prescription [2I5) does not select an unnecessarily
small tolerance.

Finally, if ¢ < 2w(1—w)~!n, then ¢; < wn. If the next value of 7 is greater than or
equal to the current value, this ensures that the termination criterion is met in the
next iteration. For example, under the mild condition ¢ < (144w —w?)(1—w) 27,
we have ¢; < 2w(1—w) . The loop can therefore be expected to terminate within
three iterations.
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Remark 2.4. In Residualy ¢, the tolerances of Solvep are chosen such that the
error tolerance a( is equidistributed among all the nonzero indices of w. This
property is not required anywhere; Proposition only uses that the total error
in the computation of D~ 'g is no more than a(. Indeed, other strategies for
selecting tolerances, e.g., based on additional a priori information, may be more
efficient. Equidistributing the error among all the indices is a simple, practical
starting point.

3. AN ADAPTIVE SOLVER

3.1. Refinement strategy. We use the approximation of the residual described in
Section @ to refine a Galerkin subspace W C L2(I"; V) of the form ([28)). For some
approximate solution v with Ty v € W, let w be the approximation of D~1(f— Rv)
computed by Residualy . We construct a space

(3.1) Wi=> W,P,OoW,

HEA

with Wu C V finite-dimensional, such that w can be approximated sufficiently in
W. A simple choice is W, := W, + spanw,,, where W = Eu W,P,.

We consider a multilevel setting. For each u € suppw C A, let W, =: WS -
W, C --- be ascale of finite-dimensional subspaces of V such that | J;2, W;L is dense
in V. To each space, we associate a cost dim WZL and an error ||wu — Hﬁwuui,
where 11, denotes the orthogonal projection in V' onto W. In the construction of

W, we use a greedy algorithm to minimize the dimension of YV under a constraint
on the approximation error of w.

Refinep[W, w, | — [W,w, o]

forall the ;. € suppw do j, +— 0

while Y > ¢? do

. 2
J— T
HESUpp w lei HN wy,
. . 2
Jut1 i
HH# wy, — I w, v

v ¢— argmax —— i "
pesuppw  dim(Wp"" "\ Wi')

L jl/ — ju + 1
forall the p € supp w do
W, «— W

- ju
| Wy, — I wy,

/
_ 2
0<— (Z,uGsuppw ||wl1« - wHHV)

Proposition 3.1. If for every p € suppw,

i i 2 j j 2
(32) |‘Hﬂ+1w# ‘_ Hﬂw“HV HHAJL-‘Flw# '_ Hljlw'uHV V’L <‘7
dim(WiH \Wi) = dim(WjiH\ W) o
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then for any € > 0, a call of Refinep[W,w, €| constructs a space W of the form
BI) and Tyw € W satisfying

(3.3) 0= llw—wlp,, <e.

Furthermore, dim W is minimal among all spaces of the form (B0 with Wu = Wﬁ
and satisfying (B.3)).

Proof. Equation (B.3)) follows from the termination criterion in Refinep. Conver-
gence is ensured by [B3.2) and W, 1V for all . For the optimality property of the
greedy algorithm, we refer to the more general statement [20, Theorem 4.1.5]. O

3.2. Adaptive Galerkin method. Let |||, denote the energy norm on ¢%(A; V),
ie., [[v||4 = +/(Av,v). We assume that a routine

(3.4) Galerking ¢[W, g, €| — [, T]

is available which, given a finite-dimensional subspace W of L2(I"; V) of the form
(C2]), and starting from the initial approximation g, iteratively computes @ €
(2(A; V) with Ty @ € W and

(3.5) la—aly<7<e.

where Ty u is the Galerkin projection of u onto W. An example of such a routine,
based on a preconditioned conjugate gradient iteration, is given in [22].

We combine the method Residualy ¢ for approximating the residual, Refinep
for refining the Galerkin subspace and Galerking s for approximating the Galerkin
projection, to an adaptive solver SolveGalerking s similar to [8 19, [16].

SolveGalerking gle, v, x, ¥, w, 0, a, B] — u.

WO «— {0}

a0

o «— V(L =) 1 Flle2ayvs)

for k=0,1,2,... do
[wka Tk Ck] — R’eSj'dua:I-A,,f[E \% 1- Vs ﬂ(k)a 6k7 X, W, &, B]
Ok «— (i + G)/VI—7~

if min(dy,dx) < € then break

WERD oy, o1] <— RefinepWH) wy, /n2 — (G + 90k + (k)2
Ok «— (Vi — 0 — Gk)/ (e + Ck) i

[ﬂ(k+1), Tk—&-l] — GalerkinA_,f[W(k'H), Wy, 0 min(ék, 5;€)]

Bt = That + 41— 31— 2)(1+7) " min(dy, 5)

U — a'®)

3.3. Convergence of the adaptive solver. The convergence analysis of the
method SolveGalerking s is based on [8, Lemma 4.1], which generalizes to our
vector setting for Galerkin spaces W of the form ([28). Let ITyy denote the or-
thogonal projection in ¢2(A;V) onto T‘;lw, and let IIyy = DII,y,D~! be the
orthogonal projection in ¢2(A; V*) onto DT‘;lV\/ =Ty DW.
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Proposition 3.2. Let W be as in (L28), and ¥ € [0,1]. Let v € W with

(3.6) | (s — Av) pn 2 O IF = Al

Then the Galerkin projection w of u onto W satisfies

_ 1—7v
(3.7) lu—al 4 < \/1—?921+7 lu—wvlly -

Proof. Due to (3.0),
[ —vlla > A1 A@ = 0)lp - = AL || Dw(f - Av)

02(AV*)
—1/2 —1/2 —1—1/2
> |AIT 29 NF = Avl a2 1172l A7Y|
By Galerkin orthogonality,
_ 2 2 _ 2 —1 4—1]-1 2
lu—aly = llu—wvly —lla vl <Q-9 A AT ) lu—-ol} -

The assertion follows using the estimates ||A|| < (1+7) and [[A7!|| < (1—~)71,
which follow from ([24]). O

Lemma 3.3. Lete >0, x >0 and a,8 € (0,1). If 9 >0, w > 0, and w+ 9+ wd <
1, then the space W+ in SolveGalerking ¢ is such that

Vlu -2y

(3.8)

ﬁw(k+1)’l'kH Zlgk ||rkH€2(A;V*)

£2(A;V)
where T, = f — Aa®) s the residual at iteration k € Ny, and 9, > 9.

Proof. We abbreviate z := wi—ua®). Due to Cx < wng, the assumption w+d4+wd <
1 implies Cx + 9 (i + (i) < nr. Thus the tolerance in Refinep is nonnegative. Since
a® e wk) c Wk+D | Proposition Bl implies
o = [lwi, — ﬂ’kHeZ(A;V) = [lwi — Hw<k+1>wk||z2(A;V) = |z - Hw<k+1>z\|e2(/1;v> :
Consequently,
[ I7 = ||z —llz—1I I7 =i — oi
W(k+1)z [2(/1,‘/) = |Z [2(/17‘/) z W(k+1)z [2(/17‘/) = T]k Qk} .

Furthermore, since IIy+1) has norm one, Proposition implies

ﬁw(k+1)rk < HHW(k+1)(z - Dil’r'k

[yt 2|l g2 4,97y — )He2(/1;V)

24V
<|lz- DilrkHZ?(A;V) = Q-

Combining these estimates, we have

HW“‘*””’kH ) > ||Hw(k+l)z||52(/1;v) - Ck = 77/3 - Qi - Ck s

£2(A Vv
and B.8) follows using |[7|[p2(p,y+) < Mk + (k- Finally, ok < — (G + 0 (e +Ck))?
implies \/n7 — 07 > Ck+9(nk+x), and therefore O = (Vi — 05 —Cr)/ (e +Ce) >
. O

Theorem 3.4. Ife >0, x>0,9>0,w>0, w+94+widI<1,0<a<1l,0<p<1
and0<o<1—y/1 —92(1 —v)(1 + 7)1, then SolveGalerking f[e, v, x,V,w, 0, a, 3]
constructs a finitely supported u, € (2(A; V') with

(3.9) lu—ucl, <e.
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Moreover,

T 71w - _
(3.10) 1/ﬁ : +: 5 < Hu - ﬂ(k)HA < min(dy, 5)

for all k € Ny reached by SolveGalerking f.

Proof. Due to the termination criterion of SolveGalerking g, it suffices to show
. _11/2
(B.10). For k =0, since [[w/[p2(4.y) < A= (]l 4,

2
~ 2
=], = el = (F whizavy < U lgane) Nl iy < 8o lulg -

Let Hu — ﬁ(k)HA < 6 for some k € Ng. Abbreviating 71, == f — Aa® | using (20)
then ([ZI4), we have

1
o= :

< ——lIrkllezav < S _ k-
a5 =5 ey = =3

If min(dy, 0x) > €, then ¢, < wmy by Proposition Due to Lemma 3.3l Proposi-

tion implies
_ 1—'}/ _
u—1al, <4/1—192—L min(dy, o)) ,
| la <4/ = (Ok, Ok)

where @ is the exact Galerkin projection of w onto W+, By (@), alk D
approximates @ up to an error of at most 7,41 < o min(dy,dx) in the norm ||| 4.

It follows by triangle inequality that Hu — qF+h) HA < Ot1-
To show the other inequality in (BI0), we note that for any k € Ny,

o=

> 1 ||rk|| > Tk _Ck 1 — 7Tk Ck gk
Z 20 A1) 2 = N
AT VIdy Hewv = s TN Ty + G

and (e — Ce) (e + k)™ = (1 —w) (1 +w)
Finally, since

O < (U+ V1 —192(1—7)(1+fy)*1)k50

and o+ +/1 —92(1 —7)(1 +7)~! < 1 by assumption, the iteration does terminate.
O

4. OPTIMALITY PROPERTIES

4.1. A semidiscrete algorithm. The algorithm SolveGalerking ¢ is derived in
Section Bl with arbitrary Galerkin subspaces of the form ([L28). We consider opti-
mality properties of this method in the special case of a single spatial discretization,
where a Galerkin subspace W C ¢%(A; V) is fully determined by its set of active
indices = C A.

Since the spatial discretization is fixed throughout, only the part of the residual
pertaining to the random part of the error needs to be computed to construct refine-
ments. In particular, no adaptive solver is needed to invert D, making this a viable
approach if no such solver is available, or whenever only a single spatial discretiza-
tion is desired. It is not our intent to suggest that such spaces should generally
be used in practice. The adaptive method SolveGalerking ¢ in its full generality
has the potential to construct much sparser approximations of w. However, the
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heuristic distribution of tolerances in Residualy s precludes provable optimality
statements in this setting; see Remark 2.4

In this section, we think of the operator A from (1)) as being already discretized
in space, and V is, e.g., a finite element space. Thus, abstractly, we consider a
semidiscrete version of the algorithm SolveGalerking f.

The Galerkin subspaces W) have the form ¢2(Z(*); V') for finite sets =(*) C A.
In the subroutine Residualy f, we assume that Solvep inverts D exactly in V.
The parameter o can thus be set to zero.

In the subsequent refinement step, =*) is augmented by sufficiently many ele-
ments of supp wy, to represent wy to the desired accuracy. The method Refinep
reduces to ordering supp wy, according to |lwg, ||, and selecting the most important
contributions.

In Galerking ¢, an iterative solver such as a conjugate gradient iteration is used
to approximate the Galerkin projection of u onto ¢2(Z (k+1), ; V). Operations within
V' are assumed to be exact.

4.2. Optimal choice of subspaces. For v € (?(A;V) and N € Ny, let Py(v)

be a best N-term approximation of v, that is, Py(v) is an element of ¢2(A;V)

that minimizes [|[v — vn||p(4,1) OVer vy € 62(/1, V) with #suppvy < N. For
€ (0,00), we define

(4.1) vl gs 4,y = sup (N +1)° [[v = Pn(v)[| 22,1
NeNy

and

(4.2) AS(AV) = {v € PV 5 0]l geary < oo} :

By definition, an optimal approximation in £2(A;V) of v € A*(A;V) with error
tolerance € > 0 consists of O(e~'/*) nonzero coefficients in V.

For any & C A, let IT= denote the orthogonal projection in ¢2(A;V*) onto
(2(Z;V*). The following statement is adapted from [I9, Lemma 2.1] and [I6]
Lemma 4.1].

Lemma 4.1. Let 5©) be a finite subset of A and v € (2(E©; V). If

. I—~
4.3 0<Y < y/—
(43) <i<yim3

and 2@ c 2O < A with
(4.4)

#5) < emin {#5 ; EO0 C 5, | T=(f — AV) |l pipyey 2O IF - AU”ﬂ(A;V*)}
forac>1, then

(45)  #EO\ZO) <emin{#Z:Ec A, Ju-al, <7lu-vl,)

for T = \/1 - 192(1 +9)(1 —~)~t, where @ denotes the Galerkin projection of u
onto (2(Z;V).

Proof. Let = be as in (@) and = = =2 U Z. Furthermore, let and @ de-

note the Galerkin solutions in 2(Z; V) and ¢2(Z; V), respectively. Since = C =
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lu —al| 4 < |Ju— ul| 4, and by Galerkin orthogonality,

it — )3 = lu—vl} —u—a|3 >0 -7")u—wv|y = 192 ek || —vly -
Therefore, using k(A) = [|[A| [|[A7Y|| < A+ —~)7,
1T=(F = AD)|| 12 goyey = 1A= 0) g2y > |47 7 12— 0] 4
> DA u— vy 20 f - Avnp(m
By @), #5(1) < ¢#Z and, consequently,
#(ED\ 2Oy <2\ 2O) <z 0

We use Lemma [£7] to show that, under additional assumptions on the parame-
ters, the index sets =(%) generated by the semidiscrete version of SolveGalerkin Af
are of optimal size, up to a constant factor.

Theorem 4.2. If the conditions of Theorem B4l are satisfied,

A (1 2 1-—
(4.6) gt +a 1o
1-—w 1+7

and w € A*(A; V) for an s > 0, then for all k € Ny reached by SolveGalerking ¢,

= (o/DV* (A+N(+w)\"* _
4.7) #“(k)§21_91/s((1—~y)(1—w)> H“_“(k)

with 0 =0+ /1 =921 —3)(1 +7) "L and 7 = \/1 — D21+ 7)1 =)

(e
2(A;V)

Proof. Let k € Ny, r = f—A'&(k). Also, let 0 = (0)vean, 0v = Hwk,y - ﬁz(/k)

‘ for
%

the approximation wy, —a® = (wk,y—al(,k)),,e/l of D~ 'r), computed in Residualy f,
and let A C supp wy, denote the active indices selected by Refine D-

We note that for a = w + ¥ + w?, we have ¥ = §72 and 0 = O‘:‘u" Let

2k ¢ 5 c A satisfy | [Tz =Tklle2(a v 2 79”7%”152(/1\/ «y- Also, if @™ is used to
refine the discretization, then the tolerance € is not yet reached, and thus [|o|| 24y —
I7elle2 a4y < wll@llg2(4) Py Proposition 2.2l Therefore,
ellezay < Vlrelleave) + 9w llellea
< ||Hé7'k||z2(/1;v*) + Jw ”QHZ?(A) < ||H§Q||z2(/1) + (1 +Pw ||QH£2(A)
and since J — (1 + 9)w = a, it follows that [I=z0ll 21y = allellpzgry- By con-
struction, A is a set of minimal cardinality with [[ITaell;z(4y > @llellpz() for

a = Gmy '+ 91+ Cknlz_l) < a. Consequently, #(EED\ Z(R)) < HA < #5.
Since this holds for any =, using #=*) < =, it follows that

#k+) < Qmin{#é; EW CE A, [ Tzrilpaye = O lrklle AV*)} :
Lemma [£.1] implies

#(=*+D\ M) < 2 min {#é

ZCA, fu—al, gTHu_W)HA}
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with 7 = \/1 —92(147)(1 —~)~1 , where @ denotes the Galerkin projection of u
onto 2(Z;V).

Let N € Ny be maximal with [|u — Py (u)|[;2(44,) > 7(1 + y)~1/2 Hu - &(k)HA
where Py (u) is a best N-term approximation of w. By (41,

—1/s
N+1< H'u, — PN(U)HZQ(Q V) ||u||.A5(/1 V)
T (1 4 )12 “_f‘(k)HA i a) -

For Zn41 = supp Pn+1(u), by maximality of N,
[ —tniil 4 < [luw—Prnir(u)l,

<@+ u = Pya (@ p gy <7 Hu —a® H

A
for the Galerkin solution @y 1 in £2(Ex.1;V), and thus
—_ —_ —1/s s ~ —1/s 1/s
#EED\EW) <oV + 1) <2071+ DY Ju—a®| Il -

Furthermore, by Theorem [3.4]

—1/s
1/5 1—~1-— _
= a“f)H < (=225, .
I1+y1+4+w
We estimate the cardinality of =) by slicing it into increments and applying
the above estimates,
k-1 1/s

#20 = 3 HEVN D) <o V(14 ) V> ul XSS<AV>ZH“ ],

=0
—1/s k—1
(1= )21 = ) PR <
<2 . 0. .
< (" s Il 25

By definition, §; < gk*jgj. Therefore,

g < g ks _ gy e - 2000
_ pl/s
7=0 =0 =1 1 Q/
The assertion follows using
(1- ’yl/zHu ) SHU—ﬁ(k)H <0 . O
£2(A;V) A

4.3. Complexity estimate. We first cite an elementary result due to Stechkin
connecting the order of summability of a sequence to the convergence of best N-term
approximations in a weaker sequence norm; see e.g. [I1}, [I5]. Note that, although
it is formulated only for nonnegative sequences, Lemma applies directly to,
e.g., Lebesgue-Bochner spaces of Banach space valued sequences by passing to the
norms of the elements of such sequences. Also, it applies to sequences with arbitrary
countable index sets by choosing a decreasing rearrangement.
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Lemma 4.3. Let 0 < p < q and let ¢ = (¢,)3%; € 2 with 0 < ¢c,01 < ¢, for all

n € N. Then
> Ve 11

(4.8) ( > CZ) <(N+1) el s r=-—-20

n=N-+1 p q
for all N € Ny.
Proposition 4.4. Let s > 0. If either
(4.9) |Rmlly v~ < $0ms(m+1)"5""  ¥YmeN
or

0o .\ s+1
(4.10) (Z | R ‘S,_iv*> < ORs
m=1

then
(4.11) IR = Rinll o povy vy < ORs(M +1)7° VM €Ny .

Proof. By (L23) and 2.1)), using [|Km[s2(4)—e2(a) < 1,

||R_ R[M}Hp(A;V)%?(A;V*) < Z [Bomlly e -
m=M-+1
If @3) holds, then ([{IT) follows using
oo [e') 1
> (m+1)l< / At == (M +1)"° .
m=M-+1 M+1 §
If (£I0) is satisfied, then
0o o . s+1
> Bl < (Z ||Rm||a*_;w) (M +1)7*
m=M+1 m=1
by Lemma [£.3] a

Remark 4.5. If the assumptions of Proposition 4] are satisfied for all s € (0, s*),
then the operator R is s"-compressible with sparse approximations R[ys. In this
case, R is a bounded linear map from A*(A4; V) to A®(A; V*) for all s € (0, s%); see
[8, Prop. 3.8]. This carries over to the routine Applyp in that if v € A%(A; V') and
z is the output of Applyg[v, €] for an € > 0, then

1/s —1/s
(4.12) #suppz ”v”A/S(/l;V)E Ve
(4.13) 120l as a5y S N0las vy

with constants depending only on s and R. Moreover, ([{EI2)) is an upper bound for
the total number of applications of operators R,, in Applyg(v,e€]. This follows as
in the scalar case (see e.g. [16, Prop. 4.6]), where the additional term 1 + # supp v
is only due to the approximate sorting of v.

We make further assumptions on the routine RHSy. If f € A%(A;V*) and fis
the output of RHS¢[e] for an € > 0, then f should satisfy

(4.14) #supp F S FIL a7
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This is clearly satisfied for deterministic f, and is achieved for the right-hand sides of
the form Rw for a finitely supported w, stemming for example from inhomogeneous
essential boundary conditions, by using Applyg to approximate this product. Note
that if w € A*(A;V) and R is s*-compressible with s < s*, then also A is s*-
compressible, and therefore || f| 4« v+ < 1wl 44,1

Lemma 4.6. Under the conditions of Theorem L2,

415 ~<’“>] < Clull g4 Vk € Np
( ) u AS(AV) [l 4 (A;V) 0
with

21+s 1 1
(4.16) C=1+ ot 7)(1+w)

Tl =)l =71 -w)’

o0=0+/1-P1—-7)(1+v) ! and 7= \/1—192(1—%7)(1—7)*1.

Proof. Let k € Ny. For any N > #=0) Hﬁ(k) —PN('&(]“)) 2O = 0. For
N<#=2F) 1, ’
Hﬁ(m — Py(a®) < Hﬁw) s,a®
22(A;V) 2(AV)
k
o el 2o 5

where =y = supp Py (u), such that IIz,u = Py(u) and
lw = Hzyullpa) < (V+ 177 [l gy -
Furthermore, Theorem 2] implies

~ 2001110 o
_ 5k e v =(k)y—s
Hu u AV = 7_(1 _ Ql/s)s(l _ ’Y)(l _ w) (#‘—‘ ) ||’U’H.AS(A;V) )

and (N +1)° < (#5®)s by the definition of N. Consequently,
k) — PN(fL(k))

11 = sup (N +1)°
H HAS(A;V) Ne]I\I)O( )

with C from (@.I6]). O

Theorem 4.7. Let the conditions of Theorem be satisfied. If (A1) and
the assumptions of Proposition Al hold for all s € (0,s*), then for any e > 0

and any s € (0,s*), the total number of applz'cations of D, A, and D' in
—1/s

e V) ||U||As (A4;V)

SolveGalerking ¢le, v, x, ¥, w, 0,0, 8] is bounded by H'u,\ AS(A v) € up to a con-
stant factor depending only on the input arguments other than €. The same bound
holds for the total number of applications of R,,, m € N, up to an additional factor
Of maXuEsuppue #Supp M-

Proof. Let k € Ny; we consider the k- th iteration of the loop in SolveGalerking f.

The routine Residualy fley/1 — 7, @) 6k, x,w, B] begins with #Z®) applica-
tions of D. Due to the geometric decrease in tolerances, the complexity of the
loop in Residualy y is dominated by that of its last iteration. By Remark and
Lemma .6, up to a constant factor, the number of applications of D~! and R,,, is

bounded by ||u||}4/:A V) k_l/s, and (g > 6.
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Next, assuming the termination criterion of SolveGalerking s is not satisfied,
the routine GalerkinAJ[E(’H‘l),'w,Umin(ék,gk)] is called to iteratively approxi-
mate the Galerkin projection onto ¢2(Z(*+1); V). Since only a fixed relative error
reduction is required, the number of iterations remains bounded. Therefore, the
number of applications of D~! and A,, is bounded by #=(**1) and the total
number of applications of R,,, m € N, is bounded by 2\(Z*+)#Z(* 4+ where
M(E®*+1) denote the average length of indices in Z*+1); see [22, Proposition 3.5].
Since the sets Z*) are nested, A\(Z*+1) < MaX,csuppu. # SUPP p. Furthermore,

by Theorems Bl and B2, #5%) < [ul {5 1.y 01

Let k£ be such that u. = @®). Due to the different termination criterion, the
complexity of the last call of Residualy ¢ can be estimated by HuHXf(A;V) CI:I/S
with ¢ > €. This bound obviously also holds for #=*), and thus for the complexity
of the final call of Galerking f.

Combining all of the above estimates, the number of applications of D~!, D,
Ay, and R,,, m € N, in SolveGalerking s is bounded by

k—1
1/s —1/s <—1
HuHA/S(A;V) eV "'Z‘Sj e

3=0

Furthermore, 0,_1 > €, and using 0,_1 < gk_l_JSj,

k—2 ) /k—Q /k—l / Ql/s
=—1/s —1/s k—1—1)/s —1/s i/s —1/s

ST SN SRR

=0 3=0 =1 ¢

where ¢ = 0 + /1 —92(1 —y)(1+~)~! < 1. The assertion follows since d_1 >
€. ]

5. COMPUTATIONAL EXAMPLES

5.1. Application to isotropic diffusion. We consider the isotropic diffusion
equation on a bounded Lipschitz domain G C R? with homogeneous Dirichlet
boundary conditions. For any uniformly positive a € L>(G) and any f € L*(G),
we have

(5.1) -V - (a(z)Vu(z)) = f(x), z€G,
u(z) =0, ze€dG.

We view f as fixed, but allow a to vary, giving rise to a parametric operator
(5.2) Ao(a): HY(G) = HYG) , v~ —V-(aVv) ,

which depends continuously on a € L*>(G).
We model the coefficient a as a bounded random field, which we expand as a
series

(5.3) a(y,z) = a(z) + Z Ymm (T) .

Since a is bounded, a,, can be scaled such that y,, € [-1,1] for all m € N. There-
fore, a depends on a parameter y = (Y, )2, in I' = [—1,1]°°.
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We define the parametric operator A(y) := Ag(a(y)) for y € I'. Due to the
linearity of Ao,

(5.4) Ay)=D+R(y), Ry =Y ymRm VyeTl

with convergence in L(Hg(G), H Y(@G)), for
D= Ag(a): Hy(G) - HY(G) , v~ -V -(aVv) ,
Ry = Aglan): HYG) = HHG), v+ —-V-(amVv), meN.
To ensure bounded invertibility of D, we assume there is a constant § > 0 such that

) infa(z) > 1.
(5.5) ezselcr}f a(x) >0
We refer, e.g., to [22] 20, 26] for further details.

5.2. A posteriori error estimation. Let the spaces W, from Section be
finite element spaces of continuous, piecewise smooth functions on meshes %, which
contain at least the piecewise linear functions on ¥,,. We assume that these meshes
are compatible in the sense that for any 7}, € €, and T, € T,, the intersection
T,,NT, is either empty, equal to T},, or equal to 7T},. We denote the set of faces of T,
by §, and define hy and hp as the diameters of T' € ¥, and F' € §,, respectively.

In Residualy g, a generic solver Solvep is used to approximate D 'g, uptoa
prescribed tolerance. In the present finite element setting, this requires a reliable a
posteriori error estimator to verify that the desired accuracy is attained.

The vector g = (g )vea is the approximation of f — Rv computed with RHSf
and Applyg. For the call of Residualy y inside SolveGalerking ¢, v is the ap-

proximate solution @™, Thus g, has the form

k
(56) gy = fy - Z HiRmivi y
=1

where f, is the approximation of f, generated by RHSf, v; = v, for some u; =
v £ €, selected by Applyg, and r; refer to the constants o' and 3"

from (22)). We abbreviate T, :=T,,,.

Standard error estimators have difficulties on faces of ¥; that are not in the
skeleton of ¥, since g,, is singular on these faces. For all i, let ¥; be an approximation
of v; that is piecewise smooth on ¥,. Replacing g, by

maX(um st )

k
(57) gy ‘= fy - Z HiRmﬂ_)i

i=1
induces an error

k
5.8 D_l v — D_l_l, < Kj V; — Vs = ESTP
58 1070 =D aly < 3l |, e ally =BT
since
sup /ava Vzdx <H H sup /\aVv Vz| dz
lzlly=11/G L (@) ||z =1

= v
=% HMG) o]l
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for all m € N and all v € H}(G).
Let w, € W, be the Galerkin projection of D~1g,, i.e.,

k
(5.9) / aVw, -Vzdr = / fl,z do — Z m/ Qpn,, VU; - Vzdo
G G Py G

Abbreviating

k
(5.10) o, = aVw, + Z KiCm,; VU; |

i=1

the residual of w, is the functional

VzeW, .

1535

(5.11) r,,(u?l,;z)z/g,,z—deD,,-Vzd:E:/ foz—0,-Vzde, ze HHQ) .
G G

Due to the Riesz isomorphism,

(5.12) ||D_1§,, - wl’Hv = sup I (@y: 2)] <V6  sup

cemyanfoy |zl 2eHY(G)\{0}

with § from (G5).
Forall T € %, let

(5.13) Ryr(@,) = hr ‘ fo+V-o,

L2(1)

where the dependence on w, is implicit in o,. Also, let

_ 1/2
(5.14) Ry r () = hil* [Tou] 12y

[ (@, 2)|

|Z|H1(G)

where [-] is the normal jump over the face F' € §,. These terms combine to

1/2
(5.15) EST®(w,) = (Z Ry,r(w,)’ + Y R%F(w,,f) )

TeT, FeS,

b

The following statement is a straightforward adaptation of the standard result

from, e.g., [29] 25] [I] on reliability of residual error estimators.
Theorem 5.1. For all z € H} (G),

(5.16) Iy (@5 2)] < CESTH (@) |2] 1 )

with a constant C depending only on the shape regularity of <, .
Corollary 5.2. The Galerkin projection w, from (9] satisfies
(5.17) |D~'g, —w,], <EST] + V6CEST] (w,)

for § from [BX) and C from Theorem Bl

Proof. The assertion follows by triangle inequality using (5.8)), (512) and (G.10).
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5.3. Numerical computations. We consider as a model problem the diffusion
equation (B on the one-dimensional domain G = (0,1). For two parameters k
and ~y, the diffusion coefficient has the form

[ o0
(5.18) a(y,x)zl—l—zn;ymmsm(mwx), ze€(0,1), yel =[-1,1]>,

where c is chosen as

— 1

5.19 c= el
(5.19) 77; —
such that |a(y, z) — 1| is always less than ~. For the distribution of y € I', we con-
sider the countable product of uniform distributions on [—1, 1]; the corresponding
family of orthonormal polynomials is the Legendre polynomial basis.

In all of the following computations, the parameters are k = 2 and v = 1/2.
A few realizations of a(y) and the resulting solutions u(y) of (&1l are plotted in

Figure [
1.3 0.08
1.2
0.06
/gl.l =
2 3
< | = 0.04
0.9
0.02
0.8
0.7 0
0 02 04 06 08 1 0 02 04 06 08 1
T x

FIGURE 1. Realizations of a(y,z) (left) and u(y, z) (right).

The parameters of SolveGalerking s are set to x = 1/8, ¥ = 0.57, w = 1/4,
o =0.01114, o = 1/20 and 8 = 0. These values do not satisfy the assumptions of
Theorem however, the method executes substantially faster than with parame-
ters for which the theorem applies. All computations were performed in Matlab on
a workstation with an AMD Athlon™ 64 X2 5200+ processor and 4GB of memory.

We consider a multilevel discretization in which the a posteriori error estimator
from Section is used to determine an appropriate discretization level indepen-
dently for each coefficient. A discretization level j,,, which represents linear finite
elements on a uniform mesh with 27» cells, is assigned to each index u with the
goal of equidistributing the estimated error among all coefficients. In particular,
different refinement levels are used to approximate different coefficients w,,.

In Figure [ on the left, the errors are plotted against the number of degrees
of freedom, which refers to the total number of basis functions used in the dis-
cretization, i.e., the sum of 2/» — 1 over all u. On the right, we plot the errors
against an estimate of the computational cost. This estimate takes scalar products,
matrix-vector multiplications and linear solves into account. The total number of
each of these operations on each discretization level is tabulated during the com-
putation, weighted by the number of degrees of freedom on the discretization level,
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FIGURE 2. Convergence of SolveGalerking g.
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FIGURE 3. Comparison of SolveGalerking s and the sparse ten-

sor construction, for a multilevel discretization (left) and with a
fixed finite element mesh (right).

and summed over all levels. The estimate is equal to seven times the resulting sum
for linear solves, plus three times the value for matrix-vector multiplications, plus
the sum for scalar products. These weights were determined empirically by timing
the operations for tridiagonal sparse matrices in Matlab.

The errors were computed by comparison with a reference solution, which has
an error of approximately 5-107°. The plots show that the error bounds §; are
good approximations of the actual error, and only overestimate it by a small factor.

We compare the discretizations generated adaptively by SolveGalerking y with
the heuristic a priori adapted sparse tensor product construction from [5]. Using
the notation of [26] Section 4], we set v = 2 and 7, = 1/(rym + /1 +r2,) for
rm = cm?/2 and ¢ from ([GI9). These values are similar to those used in the
computational examples of [5]. The coarsest spatial discretization used in the sparse
tensor product contains 16 elements.

In order to isolate the stochastic discretization, we also consider a fixed spatial
discretization, using linear finite elements on a uniform mesh of (0,1) with 1024
elements to approximate all coefficients. This mesh is sufficiently fine such that
the finite element error is negligible compared to the total error. We refer to these
simpler versions of the numerical methods as single level discretizations.
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FIGURE 4. Slices of index sets generated by SolveGalerking s
(left) and [5] (right) with single level discretization (top) and mul-
tilevel discretization (bottom). All sets correspond to the right-
most points in Figure Bl Active indices with support in {1,2} are
plotted; the level of the finite element discretization is proportional
to the radius of the circle.

The single level versions of SolveGalerking ¢ and the sparse tensor method con-
struct discretizations of equal quality, with only a slight advantage for the adaptive
algorithm. However, with a multilevel discretization, SolveGalerking ; converges
faster than the sparse tensor method, with respect to the number of degrees of
freedom. At least in this example, the adaptively constructed discretizations are
more efficient than sparse tensor products.

As index sets = C A are infinite dimensional in the sense that they can contain
indices of arbitrary length, they are difficult to visualize in only two dimensions. In
Figure[d we plot two-dimensional slices of sets generated by SolveGalerking s and
the sparse tensor construction from [5]. We consider only those indices which are
zero in all dimensions after the second, and plot their values in the first two dimen-
sions. The upper plots depict index sets generated using single level discretizations;
dots refer to active indices. The lower plots illustrate the discretizations generated
with multilevel finite element discretizations. The radii of the circles are propor-
tional to the discretization level.

The bottom two plots in Figure[illustrate differences between the discretizations
generated by SolveGalerking ; and the sparse tensor construction. The former
has many fewer active indices, but higher discretization levels for some of these.
For example, the coefficient of the constant polynomial is approximated on meshes
with 4096 and 256 elements, respectively. Also, while the sets constructed by sparse
tensorization appear triangular in this figure, the adaptively generated index sets
are somewhat more convex. All of the sets are anisotropic in the sense that the
first dimension is discretized more finely than the second.

We use the convergence curves in Figures 2l and ] to empirically determine con-
vergence rates of SolveGalerking y. The convergence rate with respect to the
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total number of degrees of freedom is 2/3, which is faster than the approximation
rate of 1/2 shown in [T} [10]. It also compares favorably to the sparse tensor con-
struction, which converges with rate 1/2. However, when considering convergence
with respect to the computational cost, the rate of SolveGalerking ; reduces to
1/2 also. We suspect that this is due to the approximation of the residual, which
is performed on a larger set of active indices than the subsequent approximation of
the Galerkin projection.

For the case of a single finite element mesh, [I1] 0] show an approximation
rate of 3/2, wheras we observe a rate of 1 for both SolveGalerking s and sparse
tensorization. In principle, it is possible that SolveGalerking, ; does not converge
with the optimal rate in this example, since the parameters used in the computa-
tions do not satisfy the assumptions of Theorem Alternatively, due to large
constants in the approximation estimates, the asymptotic rate may not be perceiv-
able for computationally accessible tolerances.

CONCLUSION

The adaptive method SolveGalerking ¢ efficiently constructs Galerkin spaces
and approximations of the corresponding Galerkin projections for elliptic boudary
value problems with random coefficients. It is proven to converge, and provides a
reliable and efficient bound for the mean square error. In the case of a fixed spatial
discretization, the Galerkin subspaces are shown to be optimal, and the algorithm
has linear complexity with respect to the number of active polynomial modes, up
to a logarithmic term in the computation of the Galerkin projection.

This solver has a modular structure, which allows any discretization of the spatial
domain. For a model problem, we consider finite elements with a residual-based a
posteriori error estimator. A minor modification of standard estimators is needed
to account for finite element functions in the source term.

Numerical computations show that adaptively computed approximate solutions
can be sparser than a sparse tensor product construction. Convergence with respect
to the total number of degrees of freedom or the total computational cost agrees
with or surpasses approximation estimates shown by nonconstructive means in the
case of a multilevel spatial discretization.
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