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AN ALGEBRAIC CLASSIFICATION OF

SOME LINKS OF CODIMENSION TWO

CHAO-CHU LIANG '

Abstract. For q > 2, J. Levine proved that two simple (2q — l)-knots are

isotopic if and only if their Seifert matrices are equivalent. In this paper, we

will prove the analogue of Levine's result for simple boundary (2q — 1)-

links; we will show that: "For q > 3, two simple boundary {2q — l)-links

are isotopic if and only if their Seifert matrices are /-equivalent (defined by

some algebraic moves)."

An n-link of multiplicity m, denoted by £ = Kx u • • • U Km is an

embedding of m disjoint copies of the «-sphere (or homotopy spheres) K¡ into

the (n 4- 2)-sphere S"+2. L is called boundary if it extends to an embedding

of m disjoint orientable compact (n + l)-manifolds M„ called the Seifert

manifolds, with 3M¡ = K¡. Let X denote the link complement. Gutiérrez [1]

showed that an n-link of multiplicity m is boundary if and only if there is an

epimorphism from irx(X) onto Fm, the free group in m generators, sending

meridians to generators. An (2q - l)-link £ is called simple if ir¡(X) =

ir,(VmS') for i < q; in case £ is a boundary link, we require that the

meridians be sent to generators.

For q > 2, Levine [5] proved that two simple (2q — l)-knots are isotopic if

and only if their Seifert matrices are "equivalent" (defined by certain

algebraic "moves" in [5], also called 5-equivalent in [7]). In this paper, we will

prove the analogue of Levine's Theorems 1-3 for simple boundary (2q — 1)-

links, q > 3: two simple boundary (2q — l)-links are isotopic if and only if

their "Seifert matrices" are related by certain algebraic "moves".

Since our proofs are almost the same as those of [4] and [5], we will only

give the outlines here.

1. For simplicity, we will consider only the (2q — l)-link of multiplicity 2.

Everything considered here is in the smooth category.

Let £ = Kx u K2 be a boundary (2q — l)-link. According to [1], there exist

two disjoint 2c7-dimensional Seifert manifolds A/, and M2 for £, that is,

8A/, = Kx and dM2 = K2. Let A, be the corresponding Seifert matrix for the

Received by the editors January 13, 1977 and, in revised form, February 28, 1977.

AMS (MOS) subject classifications (1970). Primary 57C45, 57D40, 57D65.
Key words and phrases. Simple boundary link, Seifert manifolds, Seifert matrices, /-equivalence,

equivalence (S-equivalence).

'Supported by the University of Kansas General Research Fund.

© American Mathematical Society 1977

147

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



148 CHAO-CHU LIANG

knot Kx (in S2q+l) with respect to the basis {ax, . . . , an) of the torsion-free

part of HqiMx), and A2 the Seifert matrix for K2 with respect to the basis

{^,...,Z>Joftt,(M2)/Torsion.

A linking from 9: iHq{Mx) © Hq(M2)) <8> (Hq{Mx) © H^M^) -» Z is

defined by letting 0(a ® /?) be the linking number Lizx, z2) (in 52,+1), where

z,, a cycle in Mx (or M2), represents a and z2 represents i+ ß, the translate in

the positive normal direction off A/, (or M2) into S2q+1 — Mx — M2 of a

cycle representing /?. With respect to the basis {ax, . . ., a„, bx, . . ., bm) of

the torsion-free part of HqiMx)® Hq(M2), the matrix 8 has the following

form:

D =
-tP'

P

A,

also written as D = [Ax, A2, P], where e = (- l)q and P' denotes the trans-

pose of P. We call D a Seifert matrix for the boundary link L. It is obvious

that D + tD' is unimodular. Algebraically, we will call D = [Ax, A2, P] a

Seifert matrix of type 2 ii Ax + tA\, A2 + tA'2 and D + tD' are unimodular.

Here A' denotes the transpose of A.

Actually, D is a Seifert matrix for the link L corresponding to the manifold

A/, # M2 with 9 (A/, # AQ = Kx l) K2 in the sense of [6, Theorem 3.2]. The

in X m)-matrix P = (p¡j) in D can be obtained as follows: let {c,,..., c„} be

a basis for Hq{S2q+l - Af,)/Torsion, which is the Alexander dual of {a,},

that is, L(a¡, cf) = ¿L. In S2q+l - A/,, we have bj = ^pkjck, hence

L(ah i+bj) = L(a¡, bj) = 2 £(«„ ck)PkJ = p;;/,
7

Following [5], we now define certain algebraic "moves" for Seifert matrices

of type 2. Let D = [Ax, A2, P] be one. Then any matrix of the form (which is

again a Seifert matrix of type 2):

0
0
X

- tx'     -

00
0 x

Ax I

tP' A

1
0

0

- tx'

0

y

- tP'    A,

- tP'

— tx

0

P

A2

0
0

T

0
0

- e7"

— tx

0

P

A2

y

o

X

0

0

1

where x, y are row vectors, and A, t are column vectors, will be called an

elementary /-enlargement of D; D is an elementary /-reduction. Let C be a

unimodular matrix having the same dimension as Ax, and £ a unimodular

matrix having the same dimension as A2. Then each of the operations below

will be called an /-congruence:
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Two Seifert matrices of type 2 are called /-equivalent if they can be connected

by a chain of elementary /-enlargements, /-reductions, and /-congruences

(with C or £ having the appropriate dimension).

2. We first prove the analogue of [5, Theorem 1].

Theorem 1. Seifert matrices of isotopic boundary (2q — I)-links are l-

equivalent.

Proof. Suppose £, = Kx u K2 and £2 = Jx u J2 are isotopic boundary

links with Seifert manifolds Mx, M2 and Nx, N2, respectively. Then the

argument in [5, p. 186] gives us two disjoint (2q + l)-dimensional manifolds

V{ (i = 1 or 2) in S2q+l X / meeting S2q+i X 0 along M, and S2q+l X 1

along N„ with dV¡ = M¡ u X¡ u N¡ = Y¡.

After rearranging the level of the critical points for the "height" functions

$,: V¡: -» / as in [5, p. 187], we need only consider the case where $, has only

one critical point and $2 has none. Then we use the argument in [5, pp.

187-188] to conclude that the Seifert matrix D for £2 = 7, U J2 with respect

to an appropriate basis has the following form:

0        0 0 0] [0        1 00
lu v x Ou v x
OX Ax        P      or      0        X Ax        P

0     -ex'     - eP'    A2\ [0     - ex'     - eP'    A2

where [Ax, A2, P] is the Seifert matrix for Lx = Kx u K2 associated with Mx

and M2. D is /-congruent to an elementary /-enlargement of [Ax, A2, P] as in

[5, Theorem 1].    Q.E.D.

3. Let q denote an integer and recall that e ■» (— 1)*.

Theorem 2. Let q > 3, and D = [Ax, A2, P] a square integral matrix such

that Ax + eA\, A2 + eA'2, and D + eD' are unimodular. Then there is a simple

boundary (2q - l)-link L = Kx u K2 with D, Ax, A2 the Seifert matrices of L,

Kx, K2, respectively.

Proof. Let Bx, B2 denote two disjoint (2q + l)-balls in S2q+i. We know

from [2, pp. 255-257] that there exist two handlebodies Mx = D2q u hx

U • • • U hn, M2 = D2q u h\ u • • • U h'm, where each h¡, h[ is a handle of

index q; and two embeddings g¡: M¡ -» Bi C S2q+X such that g,(9A/,) = 7,

represents a simple knot with Seifert matrix A¡. Let [ax, . . ., an) be a basis

for Hq(gx(Mx)) and {/>„..., bm) a basis for Hq(g2(M2)); each represents the

core of a handle in Mx or M2. As in [2, p. 257] we may choose n ^-spheres

5,.S„ in B2 such that L(S¡, bf) = 8iJ and L(S¡, Sj) = 0. Since S, Ç B2,

L(a¡, Sj) = 0. Then we define a new embedding / for A/, such that / = g,

near D2q,f(yi) = g,(y,) # 2/»«Sy) where P = (/>„) and y¡ denotes the core of
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the handle h¡. Let c, G Hq{f{Mx)) represent/(y,). Since/(A/,) and g2iM2) are

(q - l)-connected, the link L = Kx u 7C2, where Kx = dfiMx) and K2

= 3g2(A/2), is a simple boundary link [1]. Furthermore, with respect to the

basis {c„ . . . , c„, bx, . . . , bm), the Seifert matrices of L, Kx, K2 are D, A,, A2,

respectively.    Q.E.D.

4. A Seifert matrix of a simple boundary (2q — l)-link L obtained from

two disjoint iq - l)-connected Seifert manifolds will be called special.

Lemma 1. Let L = Kx u K2 be a simple boundary (2q - I)-link with a

special Seifert matrix D = [AX, A2, P]. If E is an elementary ¡-enlargement of

D, then E is also a special Seifert matrix of L.

Proof. The proof is essentially the same as [5, Lemma 2].

Lemma 2. For q > 3, two simple boundary (2q — l)-links admitting identical

special Seifert matrices are isotopic.

Proof. Let L, = Kx u K2 and L2 = /, u J2 be two simple boundary

(2q - l)-links bounding iq - l)-connected Seifert manifolds A/,, Af2 and TV,,

N2, respectively, with A/, n M2 = 0 = A/, n N2. Suppose also that there

exists an isomorphism 0: HqiMx u A/2) -> HqiNx u N2) preserving the

linking form with Í>|779(A/,) —> HqiN¡) an isomorphism.

Lemma 3 of [5] showed that Mx and Nx are isotopic submanifolds of S2g+t.

Hence we may assume that Mx = Nx. According to [8], Mx, M2 and N2 have

handle decompositions:

A/, = D2" U a, U • • • U «„,    M2 = D2q U j8, U • ■ • U j8m,

7V2 = D2q u y, U • • • U ym,

where each a„ /}„ y, is a handle of index q. By a further isotopy keeping Mx

fixed, we may assume that the base disks D2q in the handle decompositions of

M2 and N2 coincide as imbedded in S2q+ '.

We connect the boundaries of Dq9 and D2q with a path t and then

thickening TtOTX /2,_l = (2 avoiding all handles, and meeting D and D0

transversely in two (2q — l)-disks. But A/, u Q U A/2, with appropriate

orientation, is just A/, iq M2, the boundary connected sum of A/, and M2 [3].

Moreover, A/, t| A/2 is a Seifert manifold for the (2q — l)-knot A', # K2.

Similarly, M, t) 7V2 is a Seifert manifold for Kx # J2. The special Seifert

matrix for L, and L2 is just a special Seifert matrix for both Kx # K2 and

Kx # J2. Let £), = 7)02? t, 7)2? = £)0 u Ö U 7). Then M, tq M2 and M, ^

A/2 have the following handle decompositions:

M, ti M2 - D, U a, • • • U a„ u (8, ■ • ■ u &,,

A/, 4   /V2 = 7), u a, • • • u a„ U y, ■ • • U ym.

According to [5, p. 192], we can move one handle /?, (onto y,) at a time by an

isotopy in S2q+l - (7), u a, • • • u a„ u ßx U • ■ ■ U #_,). Thus we can

map M, tq Af2 diffeomorphically onto A/, tq A?2 by an isotopy in S2q+l -
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(Dx u a, • • • u a„). Since the thickened path Q C Dx, we see that £, = Kx

U K2 is isotopic to £2 = Jx u 72.   Q.E.D.

The next theorem follows from Lemmas 1 and 2 exactly as in [5, p. 189].

Theorem 3. Let Lx = Kx u ^2 and L2 = Jx u 72 ¿>e fH>o simple boundary

(2q - lyiinks, q > 3, w/VA l-equivalent Seifert matrices. Then £, /j isotopic to

L2.

5. A (2 ? - l)-link £ = #, u K2 in 52?+1 is splittable if there exist two

disjoint (2q + l)-balls 5, and B2 in 52?+1 such that Kx Ç 5, and #2 C B2 [6,

p. 110]. The next theorem follows immediately from Theorems 1-3.

Theorem 4. A simple boundary (2q — T)-link L = Kx U K2, q > 3, « 5p//r-

/aWe «/ a«i/ only if it has a Seifert matrix of the form [Ax, A2, 0].
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