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AN ALGORITHM BASED ON THE FFT
FOR A GENERALIZED CHEBYSHEYV INTERPOLATION

TAKEMITSU HASEGAWA, TATSUO TORII, AND HIROSHI SUGIURA

ABSTRACT. An algorithm for a generalized Chebyshev interpolation procedure,
increasing the number of sample points more moderately than doubling, is pre-
sented. The FFT for a real sequence is incorporated into the algorithm to
enhance its efficiency. Numerical comparison with other existing algorithms is
given.

1. INTRODUCTION

We extend the iterative algorithms due to Gentleman [12, 13] and Branders
and Piessens [1] for computing the sequence {p,(f)} of the truncated Cheby-
shev series

N
(L.1) py)=Y"q T, -1<1<1,
k=0

interpolating a given function f(z) on [-1, 1], where f(¢) is assumed to be
sufficiently smooth. In (1.1), T,(¢) is the Chebyshev polynomial of the first
kind, and double prime denotes the summation in which the first and the last
term is halved.

It is well known that for a well-behaved function f(¢) the truncated Cheby-
shev series (1.1) enables us to construct efficient automatic quadratures for the
so-called product integral [1, 6, 15, 23, 24, 25]

1
(12) ok = [ K0S,

where K(f) is some singular or badly-behaved function. To be specific, the
approximation (1.1) yields an integration rule Q,(f, K) to Q(f, K),

N
(1.3) O/ K)=Y"a} (T, . K),

k=0

where the modified moment Q(7T, , K) can be computed for various useful sin-
gular functions K () by means of recurrence relations [19, 20, 21]. If K(¢) =1,
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196 TAKEMITSU HASEGAWA, TATSUO TORIIL, AND HIROSHI SUGIURA

Qu( S/, 1) reduces to the Clenshaw-Curtis method [5] (henceforth abbreviated
to CC method).

Gentleman [12, 13] proposed the use of the Fast Fourier Transform (FFT)
to efficiently compute the Chebyshev coefficients a,/(V in (1.1) and incorporated
it into a program of automatic quadrature by the CC method, where in general,
by doubling N, the computation can be repeated, using previously computed
results until an error criterion is satisfied. In the Gentleman scheme, however,
N ischosenas N=2x3", n=1,2,..., rather than N = 2" , because the
program is simpler. In either case, tripling or doubling [1] of N increases the
number of function evaluations quickly [22] and is rather expensive when the
number of abscissae required is high.

Bulirsch [4] made use of the sequence N = 3 x 2" as well as 2", n =
1, 2,...,in the Romberg integration scheme to enhance the efficiency or econ-
omy of automatic quadrature [10]. In this paper we increase N more moder-
ately as follows:

(1.4 N=3,4,5,...,3x2" 4x2",5x2",..., n=1,2,....

The aim of this paper is to present an algorithm for recursively generating
a sequence of p,(f) (1.1) by increasing N as in (1.4) and by using the FFT.
We choose abscissae {tj.v} for interpolating f(z) so that in particular for the
integral Q(f, 1) with K(r) = 1, the sequence {p,(t)} yields a sequence of
interpolatory quadrature rules Q,(f, 1) = f_lle(t)dt = ijl.vf(tj.v) having
positive weights wj’.v. This is important to guarantee the numerical stability
and convergence of quadrature rules [9, p. 189].

To this end, we make a slight modification in the sequence of abscissae
{cos 27[(1/-} proposed in [14] to interpolate f(¢) on the open interval (-1, 1).
We define a sequence ,Bj (j=-1,0,1,...)such that g_, =0, g, =1/2
and S i (j > 1) satisfies the same recurrence relation as that for o i given in

(14, equation (1.1)] except for the starting value f, = 3/4 instead of 1/4. Then
the abscissae ¢ ; are given by

tj=COSZ7t/3., Jj=-1,0,1,2,....

Note that all the properties concerning the sequence « ; in [14] also hold for
the sequence f, (j > 1) and B, —«a, =27" for an m-bit integer /.
The approximation p,(¢) (1.1) is an interpolating polynomial of degree N

satisfying
(15) pN([J):f(tj)’ .]:_1’0’1",N_1'
Let N=2",n=2,3,...; then, as shown in [14], the set of the first N + 1
abscissae t;, j=-1,0,..., N -1, coincides with {cosnj/N} (0<j<N)
used in the CC method, so that we have [5]

N2

" . .
(1.6) a, :NZO f(cosmj/N)cosnkj/N, 0<k<N.
j:
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AN ALGORITHM FOR A GENERALIZED CHEBYSHEV INTERPOLATION 197

The interpolating polynomials p; v/a(1) and pw/z(t) of degrees 5N/4 and
3N/2 have the form

N/4
(L7) A0 +Zb{ ~ Ty (0},
N/2
(1.8) Pynp(0) +ZBk {Ty — Ty (0}
In §2 we will prove the following theorem.
Theorem 1.1. Let N =2", n=2,3,..., and define 6, and y, by
Nja—1
4 —ike
(1.9) 6k:N f(cos«fj)e 7 0<k<N/4,
j=0
5 N2 "
(1.10) W= Z; f(cosnj)e_' ", 0<k<N/2,
j=

where & j and n ; are defined by
(L.11) & =8n(j+B)/N,  n =du(j+B,)/N
Then we have

N N N N
byjg_y =2cosnp cosnf,{2R0, —a, —cosTPy(ay s s + Ay api)?

N N
(1.12) —cosphy(ay, ; +ayn )
N N )
- (a3N/4—k + a3/v/4+k)/2, 0<k<N/4,
(1.13) Byjpx = cosnh, (2R, —a)
) . N
—(ayp g Hanpa)/2, 0<k<N/2,

where, when k = 0, the right-hand sides of (1.12) and (1.13) are to be halved.

In §3 the FFT technique for real data [2, 26] is shown to be helpful in suc-
cessively evaluating the discrete Fourier coefficients {d,} of length N/4 (1.9),
followed by {y,} of length N/2 (1.10), and followed by {aiN} (1.1) of length
2N + 1. Section 4 discusses error estimates for the interpolation polynomials
py(t), Psy / (1) and p,,, /z(t) , respectively. An application to automatic quadra-
ture, and numerical results, are given in §5.

2. PROOF OF THEOREM 1.1

We first prove (1.12). Setting ¢ = cos# in (1.1) and (1.7), we have from
(1.7)

N/4
(2.1) Ps;4(c0s 8) = Z a, cosk0+251nN02b sink@.
k=0 k=1
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It can be easily seen from (2.4) in [14] that

SN/4—1 N N/4
1—N/4
11/ (t—1)=2 / (TN,/4(t)—cos2nﬂ4):H(t~coséj)
J= J=1

for the integer N =2" (n=2,3,...), where Cj is defined by (1.11). Thus,
the coeflicients b,iv in (2.1) are determined from the condition

(22) p5N/4(COSij):f(COSéj)’ OSJ<N/4

Let the formal sine expansion of the right-hand side of (2.2) be

N/4

(2.3) f(cos&)) Z"d sink&; ,

where d, is given [14, equation (3.15)] by
d, =2y, /sin2nf,, 0<k <N/4,

2.4

(24) d,=0.

Then from (2.1), (2.2) and (2.3) it follows that
N/4 N4

(2.5) Z d, smké = Z a,\ coské + 2sin2n B, Zb smk{
k=0 k=1

Making use of the relations cos(N — k)éj = —sin kéj and
coskéj = cos 27 B, sin kéj + sin{N/4 — k)éj/ sin2nf,,
cos(N/2 = k)éj = ¢0s 2n B, cos k¢, F sin2n B, sin kS,

and using the orthogonality of the sine functions in (2.5) and (2.4), proves
(1.12). We can prove (1.13) similarly, in fact more easily, but we omit the
details.

3. FFT wWITH SYMMETRIES

A thorough presentation of the FFT exploiting various symmetry relations is
given in Swarztrauber [26]. Here we reformulate some of the algorithms to make
them suitable for our applications. It is convenient to introduce a general offset

trapezoidal rule [7, 16] (or generalized midpoint rule) M fV(X ) for a periodic
function X(¢) with period 2zx. Define Xﬁ“ with a shift parameter o as
follows:

(3.1) xt

J+a

=X2n(j+ a)/N), 0<a<].

Then M:'(X) , an approximation to fz" X(t)dt, is given by

(3.2) M) (X) =57 OXM.
=
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AN ALGORITHM FOR A GENERALIZED CHEBYSHEV INTERPOLATION 199

The special cases a = 0 and 1/2 of (3.2) coincide with the trapezoidal rule and
the midpoint rule, respectively.
Periodicity in X (¢) gives rise to periodicity in M ;V (X) with respect to a,

(3.3) MY (x)=M"x).

a+1 a

The general offset trapezoidal rule Mzziv(X ) with 2N abscissae is easily ex-

pressible in terms of M iV(X ) and M, ﬁl /2(X ), both having N abscissae,

N

(3.4) My (X) = (M) (X) + ML, | ,(X)}/2.

2a

This relation will play an important role in the FFT algorithms to be developed.

Definition 3.1. For a periodic function X(f) with period 2z, the generalized
discrete Fourier transform Af" ., With a shift parameter o is defined by

N 1 N, ik
AI\'.{Y - .2; 113 (e X(l))
(3.5) A=l
=¥ Yo X, exp{-2mik(j +)/N},  k=0,+1,£2,.,
j=0

where in“ is defined by (3.1).

Lemma 3.2. Let X(t) be a periodic complex function with period 2n, that is,

N N

/YN+I.+(l = XH“ . Then we have

(3.6) Ay a=e ™4
N N

(37) Ak,(H—l :A/\’,(l'

Proof. The proof follows trivially from the definition (3.5). O

The relation (3.4) gives a splitting algorithm for A,f/‘vzu (3.5):

2N N N
(38) A/\'.Zu:(Ak,1r+A/\',rr+l/2)/2’ OSk<N,
(39) Alz\'lik,?_u - (A//\'V,a - A/I\‘V,u-f-l/z)e_zni”/z’ 0 < k <N.

If N isapowerof2, N =2", theiteration of this splitting algorithm constitutes
a modified version of the FFT of Gentleman-Sande type [3, p. 155; 11] for a
complex function X(1).

Lemma 3.3. Let X(t) be a real-valued function with period 2n, that is, X;\;” =
7;‘;0 . Then we have

N —2nin—N

(310) ‘/AIN—/\'.H:67 A/\',a’

where X denotes the complex conjugate of X .

Proof. The proof is a trivial consequence of the definition (3.5) for A,’\,V‘{l .o
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200 TAKEMITSU HASEGAWA, TATSUO TORII, AND HIROSHI SUGIURA

Corollary. Let a =0, 1/2, 1/4 or 3/4; then we have (A) Ay_, o =4} o, (B)

N —N N —N N N
Ay g = A 1 (O Ay g = —1Ag g 0or (D) Ay_y 50 = 14} 34,
respectively.

Equation (3.10) indicates that it suffices to compute half of the N transforms
A}z{v’” . Consequently, the amount of computation and storage can be halved in
comparison with that for complex X(¢). The splitting algorithm incorporating
this saving consists of (3.8) with 0 < k < N/2 and
(3.11) Ay =y A e 2, 0<k < Nj2.

Here we conveniently restrict the fraction « in (3.5) to any element of the
sequence {f j} , say, B . for arbitrary positive integer ¢, to formulate the FFT
of the real-valued data Xﬁ” =X(2n(j+a)/N) (0<j< N) ina form suitable

for our applications. Then it can be seen from (2.3) in [14] that (3.5) may be
rewritten as

N-1
N t .
(3.12) Ak.ﬁqzﬁ E X(27tﬂqN+j)exp(—27zlkﬂqN+j), 0<k<N,
j=0

for which an FFT algorithm is given in the following theorem.

Theorem 3.4 (FFT for a real sequence). Let N=2", n=1,2,...,and X(1)
be a real-valued function. Calculate Yl(k) for l=1,2,...,n bythe following
recurrence relations with the starting values Yo(j) = X(ZnﬂqNH.), 0<j<N:

Yik+2)y=y""k+2+ Y+ 27 + 2,

(3.13) .
0<k<2?,

Yik+2 742y = h+ 2y -7k + 27 4 2
(3.14) x exp(—niﬂqzmﬂ),
0<k<27 0<j<2".
Then we have for A,{,V‘ﬂq in (3.12)

(3.15) A, =Y"(k)/N, 0<k<N,

where we make use of the relation (3.10) to obtain Y"(N — k) for 0 < k < N/2
by

(3.16) YN - k) =Y"(k)exp(-2mif,).

Remark. If weset L =2/ M = N/L and T = 8

'Y’(k + jL) corresponds to A/f,r-

In implementing the above FFT on a computer, N + 1 real-valued stor-
ages V(k),k=0,1, -, N, are sufficient to carry out the recursions (3.13)
and (3.14) in place. Specifically, §RY[(k + j2/), 0 < k < 27", are stored

ML WE see that
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AN ALGORITHM FOR A GENERALIZED CHEBYSHEV INTERPOLATION 201

in V(k+,2')and SY'(k+,2),0 <k <27, in V(2' - k+j2), while

Y’(Zl_l +j2[) exp(ni/)’q,z,,flﬂ) which is real-valued, is stored in V( +j2 ).

In the final step, / = n of (3.13) and (3.14), the contents of V' (k) are as follows:
RY"(k)=V(k), 0<k<2"',
RY"(2") = V(2" ) cosnf,,
RY"(2" — k) = V(k)cos2np, - V(2" - k)sin2z,_,

(3.17) 0<k<2"™,
SY"(k)=V(2"-k), O<k<2"',
SY"(2") = -V (2" )sinnp,
3Y"(2" - k) = =V (k)sin2zn B, - V(2" - k) cos 2z B, ,

0<k<2".

Note that no unscrambling is necessary for the result of the FFT (3.15) because
the input sequence YO( J)=XQ2np, ., j.) has been generated in the bit-reversed

order.
Lemma 3.5. Let X(t) be a real and even function, that is, X, ta = Xf,’_ ia
Then
(3.18) A=Ay,
Proof. From (3.5) and the assumption of the lemma, we have
A 2 _XN 2nik(j + 1 —a)/N
kol—a = N Z J+l—a exp{_ Tl (J a)/ }
j=0
PN
=5 Xy_j_ exp{-2nik(N - j - a)/N}
j=0
Pl
=N X o exp{27i(j + a)/N} = k .- O
j=0

Corollary. Both AfN o and Ai{vl  are real-valued and are given by

N .
2N 1 12N nkj
(3.19) Ag=52. X cos==, 0<k<N,
Nj = J N
3.90 L IN_IXZN nk . 1 0<k<N
(3.20) k,l/Z_N 2 j+l/2COSW(-]+§)’ S K<V,
j:

When f(cos?) is taken as X (¢) in (3.19), comparison of {1.6) with (3.19)
gives the well-known relation [13] for the Chebyshev coefficients a,{,v :

(3.21) ay =24, O0<k<N.
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202 TAKEMITSU HASEGAWA, TATSUO TORII, AND HIROSHI SUGIURA

Equations (3.8) and (3.11) yield a well-known splitting algorithm for a,iv (=

2N
240>
2N N N
(3.22) Ay o=y o+ 4 12)/2, 0<k<N/2,
(3.23) A o= (AL o= A | )/2.  0<k<N/2,
where Ax/“ﬂ = 0 from (3.10) and (3.18). Swarztrauber [26] referred to

N N . .
a real sequence X ;= Xy ; as being R symmetric, to a real even sequence

Xj.v = X,C’_j as being E (even) symmetric, and to a sequence Xj.v = X,C’_j_l as

being QE symmetric (quarter-wave even symmetric). If we use this terminology
and in (3.20) take into account the fact that Zj =X jzivl P is QE symmetric,
ZZN—j—l =Z, equations (3.22) and (3.23) imply that an E symmetric sequence

splits into E and QE symmetric sequences both of half the length.

Further, it can be shown from (3.8) and (3.18) that the transform A,[(V‘ 12>

a QE symmetric sequence in (3.22) and (3.23), agrees with the real part of the
NJ2 —N/2 . :

transform A4, /4 (= Ak‘3/4) , an R symmetric sequence, that is,

N NJ2 NJ2
(3.24) A=A =R 0<k < N/2.
As will be seen, the transform A,/\,v./fﬂ relies on the abscissae cos 27taj (1<j<

N/2) given in [14], while A,{Y{iM relies on cos27zﬁj (1 <j<N/2). Tt will be
shown elsewhere that positive quadrature rules [9, p. 189] of closed type can be
constructed based on the abscissae cos2nf b whereas the abscissae cos2na ;
(1 <j < N-1) yield positive quadrature rules of open type and degree N —2,
with N given by (1.4). This fact makes the transform {A//(V./;m} preferable to

N/2
/ }.

the alternative {4, /4

Lemma 3.6. Take f(cost) as a real periodic function X(t) in (3.5) and let 6,
and 7y, be defined by (1.9) and (1.10), respectively. Then

N/4 N4

(325) 5k:Ak,3/]6:Ak./34’ OSk<N/4,
(3.26) =Ay g =4y 0<k< N2,

Proof. The proof follows trivially from the definitions of J, and y,. O

Figure 1 illustrates how the transform A/{,(’_O with E symmetry, which corre-
sponds to the Chebyshev coefhicient af , successively splits into the transforms
of smaller length with their own symmetries, until it reaches the original func-
tion values A(') g = f(cosZnﬂj), Jj==1,0,---,7.

* 7y

Let N =2" (n=3,4,...) and suppose that the Chebyshev coefficients
{a,?}, 0 < k < N, of the interpolating polynomial p,(7) (1.1) are given. We
now show the process of successively getting p5N/4(t) (1.7), then pw/z(t) (1.8),
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AN ALGORITHM FOR A GENERALIZED CHEBYSHEV INTERPOLATION 203

|
1 2 AO ¢
a,/2=4; , E 1
5 . E AO,IZZ
/2= 4, o ) Ql;:
E Ak,l/z A0,3/4
QE R
4 8 1
4/2=A4; o ) , Ao
E Ak,l/Z Ak,3/4 R
|
QE R A0,7 8
R
8 16 1
a/2 =4 , 50:A0,3(16
E Y = A s R
1
R A0,11{16
A A R
k,1/2 k.3/4
1
QE R A0,7[16
2
Ak,7/8 R
1
R L Ao,lsglé
R
FIGURE 1
Splitting procedure for the Fourier transform ‘4116.0 of a real even function f{(cost). The A(l)‘ﬂ
(B_y =0, By =1/2. B = 3/4. By = 3/8.---) agree with the input data f(cos2nf;).
j=-1.0.1,--.7.

then the polynomial p,,.(f) of double the order 2N, until a stopping criterion
is satisfied.

Step 1. Construction of Psnyall). Compute J, (= A}:"/ZA) defined by (1.9) by
using the FFT for a real sequence described in Theorem 3.4 and check a stopping
criterion based on an error bound which may be estimated by computing the
last two or three coefficients b,’:f_z, b//:f_l and b,/g in (1.12) as described in
§4 below. If the stopping criterion is satisfied, exit from this step to stop the
process after computing the remaining {bA’,V} (1 <k < N-3) given by (1.12).
Otherwise, proceed to Step 2 without computing {b,{,v} .

Step 2. Construction of ng/z(’)- Compute A//\-V,/Tl/le’ 0 <k < N/4, by using
the FFT for a real sequence (Theorem 3.4), and combine J, obtained in Step

| with A//\-V,/?l/m by the algorithm of (3.8) and (3.11) to calculate y, (= A,?'{;’),

0 <k < N/2. Similarly as in Step 1, check a stopping criterion. If the criterion
is satisfied, compute {BZ,V} given by (1.13) and exit from this step to stop the
process. Otherwise, go to Step 3.
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Step 3. Construction of p,,(t). Use the FFT for a real sequence to compute
{Ak 7/8} which is combined w1th {7} obtained in Step 2 to yield {Ak 3/4}

by the algorlthm of (3. 8) and (3. 1 1) Finally, use (3.22) and (3.23) to compute

afN (= 2Ak 0) from aA and A,\ 12 (= §RA,\ 3/4) obtained previously.

It should be noted that the steps in 1, 2 and 3 for computing J,, 7, and

aiN can be regarded as parts constituting the algorithm of the FFT of larger

length. Consequently, when p;, / J1) or pyy /2(1) is the polynomial satisfying
a stopping criterion, its Chebyshev coefficients can be evaluated with the same
amount of computation as required for the FFT, namely O(Nlog, N).

Lemma 3.7. Let X(¢) be a real and odd function with period 2m, that is,

X,C,'_j_“ = —Xﬁ and A . be defined by (3.5). Then
(3'27) A;\N, I—a = ——/_4-/[:',11 N

Proof. Equation (3.27) is easily established along the lines of the proof of
Lemma 3.5. O

Corollary. Both A'N0 and A,j )2 are strictly imaginary and are given by

. AN=1 .
2N l v . wky
(328) AAO:_NZOX/ SIHT, 0<k<N,

. N-1

k. 1
(329) A", =- Z“l/,sm (j+3), O0<k<n.

The splitting algorithm for AfNO is the same as (3.22) and (3 23) except

for A0 1 n= = 0. Swarztrauber [26] referred to real sequences X X]/\,V_j
and X ,’: j_1 as being O (0odd) symmetric and QO (quarter-wave odd)
symmetric, respectively. Noting that Z = ijfl /2 in (3.29) is QO symmet-
ric, Z,y_,_, = —Z;, we can see from (3.22) and (3.23) that an O symmetric

sequence splits into O and QO symmetric sequences both of half the length. Fur-
ther, from (3.8) and (3.27), the transform A,z(Nl/z, a QO symmetric sequence,
can be shown to agree in magnitude with the imaginary part of the transform

A:,1/4 (= A,\ 3/4) an R symmetric sequence, as follows:

2N . N . N
(3.30) AL =184 =184, 3y, O<k<N.

4. ERROR ESTIMATES

We now derive estimates for the differences between f(¢) and the approx-
imate polynomials p,(f), p5N/4(t) and p3N/2(t) defined by (1.1), (1.7) and
(1.8), respectively.
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AN ALGORITHM FOR A GENERALIZED CHEBYSHEV INTERPOLATION 205

Substituting the function f(¢), expanded in terms of the Chebyshev polyno-

mials,
(4.1) f(0=Y" 4T
k=0
into (1.6) establishes the (aliasing) formula [§]
N -
(42) 4 =a; + Z(aZinNH\' + a?.mN—k) ’ 0<k<N.
m=1
In (4.1) the prime denotes the summation whose first term is halved. From
(1.1), (4.1) and (4.2) it follows [8] that
(4.3) max |py()=f(01<2 3 lay].
k=N+1

Lemma 4.1. Let N be a power of 2, N =2", and d, be defined by (1.9). Then

(44)  2R0, =+ D (@njask + Dnjai) COSTMB,, 0 <k < N/4.

m=1

Proof. Verification of (4.4) consists of inserting (4.1) into (1.9) and using the
orthogonality of the cosine function. O

We have from (1.7), (4.1) and (4.2)
N/4

p5N/4(t)_f(t) +Zb { N+A(’)}

N/4-1 oo

Z a’nu’\'ﬁ-k + aZmN—k)Tk(t)

M

=0 =
N/4 0o
N
(4.5) +2 {bk + D (pyayok + a2mN—N+k)} Ty (1)
k=1 m=1
oo N/4
+ Z Aspypn T (t) - Z(aMA +b ) Ty k(D)
m=1 k=1
- Y aT0.
A=N+N/d+1
Let Gm(j, k) be defined by
(46) Gm(—l k) alr}xA'+J/\'/4+k + alirt[\"+//\'/4—k

+ Qv jnjaek T Qomn—jNja—k -
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Then 2R4, in (4.4) can be rewritten as follows:

3

2RO, = @y + D (@ naap + @) COS TS,
=1

(4.7) _ ;
+ 5 (-1 ’"Z' GY(j, k)cosjnB,,  O0<k<N/4.

m=1 =0
We find from (1.12), (4.2) and (4.7) that

b,/::/“_k = - Z{ng_l(o, k)cosnp, cosmp,
m=1
(4.8) Gy, (1, k) (5 + cosp,)
+ sz (2, k)cosn B, + G,m (3, k)} ,
0<k<N/4.
Substituting (4.8) into the rightmost side of (4.5) we find
max |pgy(0) = SO S22+ [coszByl) Y layl
(4.9) . k=SN/d+1
~477 > g,
k=SN/4+1
where f, = 3/8. In a similar way we find for pw/z(t)
max |pyp(0) = S(D] < 4(1 + |cosnp]) N 3§N:2 | la;|
(4.10) 0 "
=22+v2) Y. 4.

k=3N/2+1
It can be observed from (4.3), (4.9) and (4.10) that the numerical factors in
the error estimates for the approximate polynomials p; / 4(t) and p,, /2(t) are
three to four times as large as the one for p,(¢) based on the sample points
cosnj/N, j=0,1,..., N, used in the CC method. The coefficients |ak| in
(4.3), (4.9) and (4.10) may be estimated by observing the asymptotic behaviors
of |ay |, |By| and |b| [8, 14, 17].

5. AUTOMATIC QUADRATURE AND NUMERICAL RESULTS

This section compares the numerical performance of an automatic quadra-
ture routine based on our results with the performance of GCCINT [1] and
CCQUAD [13] for the definite integral Q(f, 1) f f(x

5.1. Stopping criterion. O’Hara and Smith [17] and subsequently Oliver [18],
give a practical method for the error estimation in the CC rule. We incorporate
the method due to Oliver with minor simplifications and extensions.
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For N=2" (n=2,3,...) Oliver sets
N4 N N N N N
(5.1) K =max(lay/2ay_,|, lay_,/ay_,|, |ay_4/ay_¢l)-

If K < K,(16), where K, (o) is tabulated in [18] for ¢ = 2,4, 8, 16 and
N=2" n=2,3,..., 7) , then an error estimate E, for the approximation
Qy(f, 1) is given by

_ 166N |aN | 3
N (NZZ 1)(N2—9) N—4
where ¢ is the smallest of the numbers 2, 4, 8, 16 such that K < K, (o).

In (5.1) we note that K is an estimate of the rate of convergence of the
Chebyshev coefficient @, in (4.1). On the other hand, the aliasing formula

(4.2) indicates that ax_i (0 < i< N) is a better approximation to a,_, for

(5.2)

>

larger values of i except for aj:,'. Therefore, we replace the second and third
terms in the right-hand side of (5.1) by a single term |ax_6/ax_8l for N > 8.
Further, for simplicity, we neglect the cases ¢ = 2 and 8 in (5.2).

If K,(16) < K, the Chebyshev series (1.1) converges slowly. We set e, =
[ON(f, 1) - QN/Z(f’ 1)| and take E, = eNKN/2 as an error estimate for

Q,(f, 1) if K,(16) < K < 0.9, where the choice of the constant 0.9 has
been empirically determined. For K > 0.9, we take E N =€y
For the error estimates ESN/4 and E3N/2 of the approximate integrals

QSN/4(f, 1) and QM/z(f, 1), respectively, we set

l6a N N
) Favs = v gy el
l6a N
(5.4) E Byl .

N2 T (N* = 1)(N? = 9)

if K <Ky(0). Wetake Egy , = Ey-K"'* and Ey, , = E KM if K, (16) <
K <0.9. For K > 0.9, we set k, = eN/eN/2 and take’ Eszv/4 = eN;c,l\,/4
Eyyp = eNK/lV/Z. Finally, we use Esyy and Ey, , multiplied by 2+ |cosnp,|

and

and 2 + /2, respectively, to take into account the differences between the ap-
proximations p5N/4(t) and pw/z(t) and f(t) as shown in (4.9) and (4.10).

5.2. Numerical results. We give numerical results for the integral f_ll f(x)dx,

where

(1) fx)=(x*+a)7", a=1,1/8,
(2) fx)=(1-d/(1-2ax+d"), a=1/2,7/8,
(3) flx) = (1+x)"2, a=3,1.

Figures 2 and 3 illustrate the number N of functional evaluations required
to satisfy the requested tolerance ¢, . Table 1 compares the execution time, the
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1
f_1 (+a2) o« ) [1 ‘(10%1-2%02)@
p—

a=78 ///__,/

FIGURE 2

Comparison of the number N of functional evaluations required to satisfy the requested tolerance
e, for f_ll(x2 + az)_l dx and f_ll(l - az)/(l — 2ax + az)dx. Solid curves, equally and
unequally dashed curves represent results based on the present method, the method of Branders and
Piessens [1], and the method of Gentleman [13], respectively.

~ /

‘

ﬂ (1+x )a/éx /

101 / /

-1 -5 -10
109€4

FIGURE 3

Comparison of the number A of functional ¢valuations for f_ll(l + _\‘)a/2 d

XL

actual error, as well as the N required for the tolerance ¢, for the problem (2)
with a = 3/4.
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Table 1 suggests that all schemes examined perform the computations in
execution times proportional to the number of abscissae used. Specifically,
CCQUAD and GCCINT take almost the same execution time per sample point,
while the present method takes approximately two thirds of that.

TABLE 1
Comparison of the performance of the present method with GCCINT due to Branders and
Piessens [1] and CCQUAD due to Gentleman [13] for f_ll(l—az)/(l—Zaeraz)dx, a=3/4. The
time is given in msec.

present method Branders Gentleman
£ N [time error N [time error N |time error

10 2[17] 10 3x10*[13] 8 [1x10°]19]14]1x107*
1074 133 18 | 4x1077 {49 | 36 |9x107"0 (163|140 |4 x 107'®
107 {{41] 24 | 9x107% | 97| 78 {1 x 1077|163 140 | 4 x 107'®
1078 65| 36 |4x107'2[ 97| 78 | 1x107"°|163]140 |4 x 107"
1071 65| 36 | 4x 10712 (193|160 | 4x 107" [487| 458 | 2 x 107"
1072 [81] 48 | 8x 107" 193|160 | 4x 107'® |487| 458 |2 x 107'®

The positivity of the weights wj}.V of the quadrature rules Q,(f, 1) depend-
ing on the abscissae ! i will be proved elsewhere. The FORTRAN program
implementing the present scheme will also appear elsewhere.

The computation was carried out in double-precision arithmetic (about 16
significant digits) on the MELCOM COSMO 700-II computer at Fukui Univer-
Sity.
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