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Abstract. This paper considers the weighted independent linkage problem which is a natural exten-
sion of the independent assignment problem recently treated by M. Iri and N. Tomizawa. Given a
directed graph with two specified vertex subsets Vq and Vy on which matroidal structures are
defined respectively,an independent linkage is a set of pairwise-arc-disjoint paths from Vq to V5 such
that the set of the initial vertices (resp. terminal vertices) of those paths is an independent set on
Vi(resp. V3). The problem is to find an optimal independent linkage, i.e., 2 maximum independent
linkage having the smallest total weight among all maximum independent linkages,Where a weight is

given to each arc. We present an algorithm for finding an optimal independent linkage.

1. Introduction

The independent assignment problem has recently been considered by
M. Iri and N. Tomizawa [4], where a primal-dual-type algorithm for finding an
optimal independent assignment is presented. By an approach different from
that adopted in [4], a primal-type algorithm is proposed by the author [3].
Also E. L. Lawler has considered a related problem called the weighted
matroid intersection problem in [5].

In the present paper we shall consider the weighted independent linkage
problem and present a primal-dual-type algorithm for finding an optimal
independent linkage. Given a directed graph with two specified vertex subsets
V, and V on which matroidal structures are defined respectively, an

1 2

independent linkage is a set of pairwise-arc-disjoint paths from Vl to V2

such that the set of the initial vertices (resp. the terminal vertices) of

those paths is an independent set on V., (resp. V2). The weighted independent

1
linkage problem is to find an optimal independent linkage, i.e., a maximum
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60 S. Fujishige

independent linkage from Vl to V2 which has the smallest total weight
among all maximum independent linkages, where a weight is given to each arc.
The precise formulation of the problem will be given in Section 2.

The weighted independent linkage problem includes as a special case
the independent assignment problem considered by M. Iri and N. Tomizawa [4]
as well as the weighted matroid intersection problem by E. L. Lawler [5] with
an obvious modification. The weighted independent linkage problem may be
regarded as a kind of minimum-cost flow problem for a network with matroidal

ll*)

constraints on "entrances" and "exits".

2. Definitions and Problem Formulation

For a finite set X and a nonempty family F of subsets of X,
M(X,F) 1is called a matroid if F satisfies

(i) if T € F and I'¢ I, then I' €F
and
(ii) 4if I, I' ¢ F and ]I| > ]I’I, then there exists an element

z, in I - I', such that I'i{z} e F.
An element of F is called an independent set and an element of ZX -F a
dependent set, where 2 s a family of all subsets of X. A minimal
dependent set is called a circuit. The closure function cl : 2X > ZX is
defined in terms of circuits as follows: for any subset Y of X,
cl(Y) = Yu{xlxeX—Y and there exists a circuit containing « in Yy{xl}}.

We assume a familiarity with fundamental properties of a matroid as
described in [9,10].

Consider a directed finite graph G(V,4) with a vertex set V and an
arc set A. For each arc a in A, we denote the initial vertex (resp. the
terminal vertex) of a by 3*a (resp. 3 a). A directed path on G(V,4) is
a sequence P = (UO’al’vl’""’uk—l’ak’vk) of distinct vertices vi and arcs
a;s where k 1is a positive integer, v, € V (=0,1,...,k), a, € A (i=1,2,

ce.5K) and 8+ai = v a_ai =v, (Z=1,2,...,k). Here, v is called the

-1’ 0
initial vertex of P and vy the terminal vertex of P. Similarly, a

directed cycle on G(V,A) 1is a sequence C( = (Uo’al’vl"'"vk—l’ak’vk’aO’uo)

*) After having submitted the present paper, the author became aware that the
weighted independent linkage problem can be further extended to a minimum~
cost flow problem on a network with polymatroidal constraints on its
entrances and exits (cf. [6]). This further extemsion will be discussed
in a subsequent paper.
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An Optimal Independent Linkage 61

of distinct vertices v. (except for 00) and arcs ai, where k is a

. - . +
nonnegative integer, 9 a =V 1» 2 a, =v, (i=1,2,...,k) and 9 a, =v

B_aa =V, Two paths P and @ are pairwise-arc-disjoint if P and @

k’

have no common arcs on them. We shall consider only directed paths and
directed cycles, so that the term 'directed" will be suppressed in the
following. 1If, for vertices u, v in V, there exists one and only one arc
from # to v in G(V,4), then we denote the arc by (u,v). Moreover, if
for each succeeding two vertices u, v on a path (or a cycle) there exists
one and only one arc (u4,v) in the graph, then we express the path (or the
cycle) in terms of a sequence of vertices only.

We shall denote by G(V,A;VJ,V2) a directed finite graph G(V,4)
with two specified vertex subsets V., and V, of V, where we assume

1 2

VJ{\Vg = @ for simplicity. If, for a path P, its initial vertex is in Vl

and its terminal vertex is in V2, then P is called a path from V] to V2.
A linkage from VZ to V2 is a set L of pairwise-arc-disjoint paths from
VZ to V2 such that

2] = Ja,L] = [a,Ll,

where BJL (resp. BZL) denotes the set of the initial vertices (resp. the
terminal vertices) of the paths which belong to L. That is to say, a
linkage L determines a one-to-one correspondence between the sets BJL
(< V]) and 321} (C V2) through the paths in L.

Now, we assume that two matroids MJ(VJ,F]) and M2(V2,F2) are
defined on V, and V2, respectively. An <ndependent linkage from V] to

1

VZ with regard to matroids Mi(Vi’Fi) (2=1,2) 1is a linkage L from Vl to

V2 such that
BiL € E; B =1, 2,

and it will be simply called an independent linkage. A maximum independent
linkage is an independent linkage containing the largest number of paths from
V] to V2.

Moreover, let a real weight funcrtion w be defined on the arc set 4.
The weighted independent linkage problerm considered in the present paper is
to find a maximum independent linkage . which has the smallest total weight:

) w(@)
a € .

among all maximum independent linkages, where 7 s the set of the arcs

lying on L. A solution of the problem will be called an optimal independent
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62 S. Fujishige

linkage.

The length of a path P is defined as the sum of the weights of the
arcs lying on P, and, similarly, the length of a cycle. A cycle having a
negative length is called a negative cycle.

We assume that there is no negative cycle on G(V,A;Vl, V2).

3. Auxiliary Graph Associated with an Independent Linkage

Given an independent linkage L from VZ to V2 on G(V,A;VJ,VZ)
with regard to matroids Mi (Vi’Fi) (4=1,2), we define an auxiliary graph
52(322) associated with the independent linkage I as a directed graph with

a vertex set V and an arc set 4. Here, the vertex set V 1is given by
(3.1) V= vyls, th,

where s and ¢ are two added vertices; and the arc set 4 is the union of

six disjoint arc sets:

(3.2) 4y =4 - z,

(3.3) L* = the set of the arcs obtained by reversing the direction of the
arcs in 2,

(3.4) 4, = {(u,v)lueBZL,UECll (8,L)-3,L,v¢cl, (3, I-{ul)},

(3.5) 4, = {@,v) |v€32L,uec12 (8,L)-3,L, ugcl, (3,L- (w11,

(3.6) 5; = {(s,v)IveVz-clJ(BlL)}U{(v,s)]vealL},

(3.7) 5, = {(v,t)Ivevg-cl2(32L)}U{(t,v)IvsazL},

where I is a set of the arcs lying on [ and Cli (2=1,2) are the closure
functions associated with matroids Mi(i=]’2)' It should be noted that L*
defined by (3.3) is an arc subset of 4 satisfying L*n4A = @ and that, if

Y]

L 1is an m-element arc set {al,a ..,am}, then L* is also an m-element

2>
arc set {a*,a* ...,a*} such that d*a* = 3 a. and 937a* = 8%a. (4=1,2,...,
1 m 7 7 7 1
N
m). When a; (¢ L*) and 2, (e L) are such arcs, we say that az corresponds
to a, and vice versa; and we assume the underlying one-to-one correspondence
N
between L* and I whenever L* is defined.
Furthermore, we define a weight function w on the arc set A as

follows:

(3.9) wia) = wla) if aedy,
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An Optimal Independent Linkage 63

= - w(a") if a € L*, where a' 1is an arc (on L)

which corresponds to a,

=0 otherwise.

4, Fundamental Theorems

We shall show fundamental theorems which will give a basis for obtain-
ing a primal-dual-type algorithm for finding an optimal independent linkage.
We shall make use of the lemmas due to N. Tomizawa and M. Iri {8].
The lemmas are cqncerned with the transformation of independent sets and play
an important role in this section. In the following lemmas, L is an

independent linkage.

Lemma 1. Let {(ui,vi)]i=1,2,...,p} be a subset of the arc set Al

defined by (3.4). If there is no arc in 4 such that

1
(4°l) (ui_’vj)’ i < j.’ 7:, j = 1) 2.""3 p’
then we have
(4.2) I, = (81L - {ul’uZ"'"up})LJ{UJ’U2"'"vp} €,
and
(4.3) cll(azL) = ClJ(Iz)'

Lemma 2. Let {(ui,vi)|i=1,2,...,p} be a subset of the arc set A2

defined by (3.5). If there is no arc in A2 such that
(4.4) (ui’vj)’ i< g, Ty § =1, 250005 Py

then we have

(4.5) 12 = (321, - {vj,vg,...,vp})u{uz,u2,...,up} € F2
and
(4.6) el (3,L) = c12(12).

For a nonnegative integer », an (independent) linkage consisting of
r pairwise-arc~disjoint paths from V] to V2 will be called an

r-(independent) linkage.

Theorem 1. Suppose that L 1is an r-independent linkage. If L has
the smallest total weight among all r-independent linkages, then there is no
negative cycle on the auxiliary graph E&(fﬂﬁ).

Proof: Suppose that there is a negative cycle on 5&(322}, and let (C
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64 S. Fujishige

be a negative cycle, on EL(V;Z), having the smallest number of arcs.

Now, let us define:

(4.7) Zl = the set of the arcs, in AJ’ lying on C(,

(4.8) 2 = the set of the arcs, in 4

P lying on C.

2’

Moreover, let 22 (¢=1,2) be expressed as

1 2.,
(4.9) X {@,a) |i=1,2,...,k 3,

1

1.,2,,.
4.10) A, = (@b |i=1,2,. .05k,

We define a directed graph 86X1) (resp. &(22)) with a "vertex" set

21 (resp. 2&) as follows.

(4.11) "there exists an arc from (a;,aZ) to (al

q
(bi,bi)) on 3(&&) (resp. 8622)) if and only if there exists an

,ai) (resp. from (bi,bi) to

arc (a;,aj) (resp. (bi,bj)) in AZ (resp. AZ)'

We first show that there is no cycle on 8611) and 8d32). Assume
that there exists a cycle on 8(2}) which is given by

—1 =2 —1 =2, =1 =2
(4.12) (@@ @,3)), @535)) <k
By the definition (4.11), there exist arcs

1 =2

(4.13) @a;,)s i=1, 2.0, &

in AJ, where af+z = E?. For 7 =1, 2,..., %, let us define:

(4.14) Ci = the cyclfiobtained from_gC by removing the path on _3 _érom
vertex a; to vertex ) and by adding the arc (ai,ai+1),

(4.15) wi = the length of the cycle Ci (with regard to the weight
function » defined on 52(322} ).

Since the length (or weight) of each arc in AZ is equal to zero, w,
defined by (4.15) is equal to the length of the path on C from vertex Zfﬂ
to vertex 55 for each 7 =1, 2,..., &, where E§+1 = E?. Therefore, we
have

L
(4.16) Jw. ='W <0,

2, b

where W (< 0) is the length of ¢ and &' is a positive integer.

Consequently, from (4.16), for some <, ¢ {I1,2,...,%}

0

(4.17) wio < 0.
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An Optimal Independent Linkage 65

This means that there exists a negative cycle CiO’ on EL(iZZ), having a
smaller number of arcs than C(, which contradicts the definition of (.
Therefore, there is no cycle on 3(2}).

Similarly, we can show that there is no cycle on 8(22).

From Lemmas 1 and 2, we thus have

- 1 1 1 2 2 P
(4.18) EJ = (81L - {al,a2,...,akl})\j{al,ag,...,akl} € FJ,

(4.19) C11(E1) = ch(BZL),

- 2.2 2 1,1 1
(4.20) B, = (3,L - {bz’bz"'"bkg})u{bz’bz""’bkz} €F,

(4.21) c12(E2) = cl2(82L).

Denote by 2 the set of the arcs lying on L, by 80 the set of

the arcs, in AO’ lying on ¢ and by 8* the set of the arcs, in A4,
v
corresponding to the arcs, in L*, lying on (. Let an arc set L' be

given by
4.22) L' = - 2‘*)U2‘0.

It can be easily shown that there exists an r-linkage L' and a set of
pairwise~arc~disjoint cycles E% (ZeI) on G(V,A;VZ,V2) such that the arc
set 2' of (4.22) is the union of the two disjoint arc sets: (1) the set of
the arcs lying on the r-linkage L" and (2) the set of the arcs lying on the
cycles 5% (ZelI), where I 1is a finite index set. Furthermore, by the
definition of (, for each % =1, 2, BiL" is obtained by adding to Ei

at most one vertex in Vi - Cli(aiL) and by removing from it at most one

vertex in aiL (also in Ei)' Therefore, from (4.19) and (4.21) we have

3, L" e F_ , i=1, 2

and L" is an r-independent linkage.

Moreover, from (4.22) we see that

(4.23) (the total weight of L") + 2 (the length of Ci)
1el

- (the total weight of L) = (the length of (),

where the weights and the length in the left-hand side of (4.23) are given
with respect to the weight function w, while the length of (¢ in the
right-hand side is with respect to w defined on 52(322). Since by the
assumptions

(the length of () < 0,

(the length of 5%) > 0, e I,
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66 S. Fujishige

it follows from (4.23) that
(the total weight of L') < (the total weight of L).

Consequently, there exists an r-independent linkage having a smaller total

weight than L, which is a contradiction. The theorem thus follows. Q.E.D.

Theorem 2. Let Lr be an r-independent linkage having the smallest
total weight among all r-independent linkages. Suppose there exists a path
from vertex § to vertex ¢ on the auxiliary graph ELr($ZZB associated
with Lr' Let P be the shortest path from vertex 8 to vertex ¢ on the
auxiliary graph. (If more than one such path exists, let P be the one

which consists of the fewest arcs.) Also define a set 2 of arcs by
n
- - *

“.2) T = @ -PHuB,

n
where Lr is the set of the arcs on Lr’ %0 the set of the arcs on P

which belong to AO and B the set of the arcs (in A) corresponding to the

arcs on P which belong to LP*. Then 2 is the union of two disjoint arc
sets: (i) the nonempty set 2;+1 of the arcs which lie on an (r+I1)-independ-

ent linkage LP+1 and (ii) the (possibly empty) set X of the arcs which

lie on pairwise-arc-disjoint cycles. Here, A and Lr* are those defined

by (3.2) and (3.3) with [ replaced by Lr’ rZspectively.

Proof: 1t can be easily shown from the definition (4.24) that the 3
is the union of two disjoint arc sets: (i) the nonempty set of the arcs which
lie on an (r+1)-linkage Lr+1 and (ii) the (possibly empty) set of the arcs
which lie on pairwise-arc-disjoint cycles. Therefore, the only thing we have

to show is that the Lr+ is an (r+1)-independent linkage.

1
Let us define:

(4.25) 22 = the set of the arcs, in Ai’ lying on P (2=1,2),

where A4 and A, are those defined by (3.4) and (3.5) with L replaced by

¥ P4
Lr' Suppose that 22 (7=1,2) are expressed as
1 2.
“.26); 4 = {@,a) [i=1,2,..,m ),
n 1.2,
(4.26), 4, = {(bi,bi)|z=1,2,...,m2}.

In the same manner as (4.11), for each ¢ = I, 2 we define a directed

graph B(Zi) with 'vertex" set Zi'

Suppose there is a cycle, on B(ZZ)’ given by

.27 (@), @30, @7 (n<m).
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An Optimal Independent Linkage 67

From the definition of 8(21), there are arcs:
1 -2

(4.28) (Ei’aiﬂ)’ =1, 2,..., 1
in 4 where 52 = 52 Here, the arc (51 at ) 4 sumed to be
1’ ntl - 41° ’ 2 %iep’ 18 88 °

(4.29) in the direction of the path P if < € I, and
in the direction opposite to that of P if % e J,
where IyJd = {1,2,...,n} and Iad = @. Note that both I and J are
nonempty.
Let C be the cycle obtained by adding to P an arc from its

terminal vertex ¢ to the initial vertex s of zero length. Also define:

gi = the cycle obtained from 7 by removing the path on ¢ from
vertex E% to vertex 5§+1 and by adding to it the arc
@0,
(4.30) w, = the length of the path on ¢ from Ei to E§+1,
(4.31) Zii - the length of E‘i (=W - ),

where W is the length of P (or the length of ().
Since P is the shortest path from 8 to ¢ (consisting of the
fewest arcs) and since the length of the arcs of (4.28) is equal to zero, we

have from (4.29) and (4.30)
(4.32) wi <0 if 4 e I.
On the other hand, similarly as in the proof of Theorem 1 we have

Q"
(4.33) 257; v Y =W,

zel ied
where n' 1is a positive integer less than n.

We can easily see from (4.29) that the positive integer n' appearing
in (4.33) is given by
(4.34) n' = |I}.
Moreover, from (4.31)
(4.35) Lo, = |7lw- ],
1€l 1€l
It follows from (4.32)-(4.35) that

(4.36) Z&z. = Ju, <o.
ied U ied
Therefore, for some iO € d
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Bio < 0.
This means that there exists a negative cycle Bi& on the auxiliary graph
GLP(V,A), which contradicts the assumption that Lr is an r-independent
linkage having the smallest total weight among all r-independent linkages
(see Theorem 1). Consequently, there is no cycle on 5(2’).

Similarly, we can show that there is no cycle on éd&z).

Since there is no cycle either on 8(2}) or on 8C}2), we have from

Lemmas 1 and 2

- 1 1 1 2 2 2
(4.37)l IZ = (alLr - {al,aZ,...,anZ})u{al,ag,...,anl} € Fz,
- 2.2 2 1.1 1
(4.37), I,= QL - {bl’b2’°°"bn2})u{b1’b2’""bng} €F,,
and
(4.38) Cll(IZ) = Cl](BZLr)’ ClZ(IZ) = ch(BZLP).
Since by the assumption P is the shortest path (consisting of the fewest
arcs), aiLr+1 is obtained by adding to Ii a vertex in Vi - cli(aiLr)

for each ¢ = I, 2. Therefore, from (4.38)

8,L,,7 €F, i=1, 2 Q.E.D.

Theorem 3. Under the assumption of Theorem 2, the (r+1)-independent

linkage L of Theorem 2 has the smallest total weight among all (r+1)-

independen€+iinkages. Moreover, the total weight of the set Z of the
arcs which lie on the pairwise-arc-disjoint cycles of Theorem 2 is equal to
zero.

Proof: First, since P defined in Theorem 2 is the shortest path
(consisting of the fewest arcs) and since Lr is the smallest-total-weight
r-independent linkages, the total weight of the arc set Z is equal to zero.

Therefore,

(4.39) (the total weight of Lr+
= (the length of P),

Z) - (the total weight of Lr)

where the weights of Lr+ and Lr are given with respect to the weight

1
function w and the length of P is with respect to w defined on
G, (,4).
Ly

Next, we show that the (r+I1)-independent linkage Lr+1 of Theorem 2
has the smallest total weight among all (r+I)-independent linkages.

Let Z;+1 be an arbitrary (r+I1)-independent linkage. In the follow-

ing, we shall consider a subgraph G(L) of G(V,4;V VZ) which consists of

1’
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An Optimal Independent Linkage 69

the vertices and the arcs lying on L = LrUEMJ' For each 72 =1, 2 we

restrict the matroid Mi (Vi’Fi) on the vertex set BiLrUaiL Let the

r+1°
restriction matroid be given by Mi (Vi’Fi) with the associated closure
function _C-Ii for each 7 = 1, 2.

The vertex set BiLrUaiLr+1 is the union of four disjoint sets:

Ver = 90pu sl - el (3L,
Vig = %lnndln, s
. =1, 2
Vig = 1y h) - 31y
Vea = %Ly = 30,00l
We denote by _G—L (2) the auxiliary graph associated with the r-independent
r A _
linkage Lr on G(L). We also denote by Al the set of the arcs from V14
Eo L/JS on GL (L) and by A2 the set of the arcs from V23 to V24 on

r
GL (L). Then we can show that for each Z = 1, 2 there exists a complete
r
3 (o} I3 I I3
Tatchlng Ai on a bipartite graph with vertex set Vi3UV7Z4 and arc set
A., where
7
(the set of the terminal vertices of the arcs in A;)- = VJS’
(the set of the initial vertices of the arcs in A‘2’) = V23
(cf. the proof of the theorem in [3]).

Now, let us remove from EL (L) the arcs belonging to:
r
: _ g° _ a0
@ @ - Ay, - 49,
(ii) {(v,s)lv is the initial vertex of an arc in A;},

(iii) {(,v)|v is the terminal vertex of an arc in Ag},

(iv) the set of the arcs, in LP*, corresponding to the common arcs
lying on Lr and Lr+1’
W) {w,8)|ved L n3,L Tyl v)|ved L A3,L .}

and further remove from it isolated vertices if they exist. Denote the
resultant graph by 5.
From the way of constructing the graph 8, we can see that
(i) the positive degree (resp. negative degree) of vertex s (resp. t)
is larger by 1 than its negative degree (resp. positive degree);
(ii) for every vertex of 5 except for vertices s and ¢t its positive
degree is equal to its negative degree.

Here, the positive degree (resp. negative degree) of a vertex v is the
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70 S. Fujishige

number of the arcs which have the vertex v as their initial vertex (resp.
terminal vertex). Therefore, @ can be covered by

(1) a path from vertex 8 to vertex t and

(2) some pairwise-arc-disjoint cycles.
Let us denote the path of (1) by P' and the cycles of (2) by Ci (Zel).

Then we have

(4.40) (the total weight of I

P+1) - (the total weight of Lr)

= (the length of P’') + Z (the length of Ci)’
1el

where the weights of Z;_ and Lr are given with respect to the weight

function w and the lengih of P' and Ci's are with respect to w defined
on EL (2).

From Theorem 1 there holds
(4.41) (the length of Ci) >0, 1 eI
and from the definition of P
(4.42) (the length of P') > (the length of P).
It follows from (4.39)-(4.42) that

(the total weight of Z;+1) > (the total weight of Lr+1)'

Q.E.D.

Remark 1. The argument from below (4.39) till (4.40) is based only
on the assumptions that Lr is an r-independent linkage and that there
exists an (r+1)-independent linkage. Therefore, we have already shown the

following theorem.

Theorem 4. Let I be an independent linkage. If there is no path
from vertex s to vertex ¢ on the auxiliary graph Ei(322), then L 1is a

maximum independent linkage.

Remark 2. Define a cut on G(V,A;Vl,Vg) as an ordered triple
(UJ,B,U2), where, for each 7 = 1, 2, Ui is a vertex subset of Vi and B
is an arc subset of 4 such that for every path P from Vl to V2 on
G(V,A;V ,V2) there holds at least one of the following three: (1) the

initial vertex of P is in U (2) the terminal vertex of P is in U

1} 2}
and (3) there is an arc, on P, which belongs to B. By this definition, for
an arbitrary cut (UZ,B,Un) and an arbitrary independent linkage L, there

L

holds
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(4.43) (L] Sr )+ |B| + r,WU,),

where ri (2=1,2) are the rank functions associated with matroids Mi(Vi’Fi)'

Moreover, let L be a maximum independent linkage and ﬁ-, U,, B be those

2.‘
defined by

|

<
it
<

1 7”5

<

g = Va5
B = the set of the arcs, in A4, from S to V - §,

where S 1is the set of the vertices to which there are paths, on 5%(?223,
from vertex 8. Then, in a similar manner as in the proof of the theorem

(in [4,8]) concerning a maximum independent matching, we can show that

5@y

Consequently, from (4.43) and (4.44) we have a kind of max-min formula:

(4.46)  |L] =r, W) + [B] + 1

max{|L|| L is an independent linkage}

= min{r1(01)+|B|+r2(U2)|(U1,B,U ) is a cut}

2
(also cf. [1]).

5. Algorithm for Finding an Optimal Independent Linkage

We shall present an algorithm for finding an optimal independent

linkage based on Theorems 1 - 4 of the preceeding section.

Algorithm for finding an optimal independent linkage

0° Set r <+ 0 and L, *+ @. Go to 1°,

1° Construct the auxiliary graph GLP(V,A) associated with Lr as
described in Section 3. Go to 2°.

2° If there is a path from s to ¢ on EbP(V;ZB, then go to 3°, or else
go to 4°.

3° Find a shortest path P from s to ¢ on 5zr($a23. (If more than
one such shortest path exists, we should take P as the shortest path
which consists of the fewest arcs.) Let go be the set of the arcs, on
P, belonging to A4 and P* be the set of the arcs (in 4) which
correspond to the arcs, on P, belonging to Lr*.

Set

E, s (%p - ?"*)Ua

0 bl
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where 'Er is the set of the arcs lying on Lr'

Then find a maximal independent linkage (i.e., (r+I)-independent linkage)
Lr+1 from V; to V2 such that the set of the arcs lying on Lr+1 is
a subset of 2.

Set r <« r+1 and go to 1°.

4° Lr is an optimal independent linkage and the algorithm terminates.

Remark 3. The validity of the above algorithm is clear from Theorems
1 - 4 of the preceeding section. The cardinality of the independent linkage
Lr is equal to r and increases by 1 every time we go through step 3°.

We can show that, when matroids Mi(Vi’Fi) (i=1,2) are determined by
matrices or graphs, the number of computations required is at most
proportional to [V|3'min{|V1|,|V21}. More precisely, we can reach an
optimal independent linkage after finding at most min{lVll,]VZI} shortest
paths through step 3°, where the number of computations required for finding
a shortest path on an auxiliary graph is at most proportional to |V|3 by
any existing methods, while the number of computations required for modifying
an auxiliary graph is at most proportional to max{lV |3 IV IS} for matroids
M (V F ) (£=1,2) determined by matrices and to max{[V |2 lV l for
matr01ds determined by graphs. Therefore, when matroids Mi(Vi’Fi) (2=1,2)
are determined by graphs, the total number of computations may be reduced and
proportional to [Vlg-min{|V1|,|V2|} if we employ the technique developed
in [7] for finding shortest paths on auxiliary graphs. (Also see the

discussion on the computational complexity in [4].)

Remark 4. A maximal independent linkage L in step 3° can be

r+1
easily found as follows. Let IJ and I2 be subsets of Vl and V2,
respectively, given by
1 1 2 2 2
I, = (alLr - {a 2Ogsnes ,a })U{al’aZ""’aSLl}U{el}’
2 2 1 1
I, = (3 L {b ...,bzg})u{bl, 2,...,b£2}u{e2},

where {(ai,ai)li:l,Z,...,ll} and {(bi,bi)|i=1,2,...,22} are, respectively,
the sets of the arcs, on P, belonging to Al and A2 defined by (3.4) and
(3.5) with [ replaced by L and e, (2=1,2) are the vertices, on P,
belonging to Vi - cl (3 L ) (1 1,2), respectlvely Then any set of
pairwise-arc-disjoint paths (having the set of the arcs contained in L) such
that I, and I, are, respectively, the sets of the initial vertices and

1 2

the terminal vertices of those paths is the desired Lr+1 to be found.
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Remark 5. The auxilairy graph 52(3223 associated with an independent
linkage L can be determined by BiL (g’Vi) (£=1,2) and E, the set of the
arcs lying on L, instead of L. Therefore, if we define an auxiliary graph
in this way, we do not need to find a maximal independent linkage from 2
in every step 3° but we should find it only once in step 4° for obtaining an

optimal independent linakge.

Remark 6. By a similar approach as adopted in [3] we can show a
primal-type algorithm which starts from a maximum independent linkage and
gives us maximum independent linkages having smaller total weights than the
old ones as the computation proceeds. The modification of the algorithm

presented in [3] may be straightforward.
Remark 7. It should be noted that the existence of the arcs of
(5.1) {(v,8) [ved Ly {(£,0) [ved, L}

(see (3.6) and (3.7)) on the auxiliary graph 52(322) makes no difference
in finding an optimal independent linkage by the algorithm presented above.
Therefore, the arcs of (5.1) may be removed from the auxiliary graph EL(?ZZ}
for implementing the algorithm. However, the existence of the arcs of (5.1)

is crutial for the primal-type algorithm touched upon in Remark 6 (cf. [3]).

Remark 8. Though we defined a linkage in terms of pairwise-arc-
disjoint paths, we can also define it as a set of pairwise-vertex-disjoint
paths from Vl to V2. An algorithm for finding an optimal independent
linkage defined in terms of pairwise-vertex-disjoint paths is given by the
above algorithm with a slight modification: the modification may be easily
made because a set of pairwise-vertex-disjoint paths can be found by imposing

a vertex capacity equal to 1 on each vertex (cf. [2]).

Remark 9. If the directed graph G(V,A;VZ,V2) is a bipartite graph
with its end-vertex sets Vl and V2, then the algorithm presented above
coincides with the one by M. Iri and N. Tomizawa for the independent
assignment problem [4]. This means that we have given an alternative proof

of the validity of the Iri-Tomizawa optimal-independent-assignment algorithm.
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