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1. INTRODUCTION
Eigensolvers for quadratic eigenvalue problems (QEPs) Q(A)x = 0, y*Q(A) = 0, where

Q) = 224y + 1A + 4y, A eCM™

are often absent from the numerical linear algebra component of software libraries.
Users are therefore left to choose a 2n x 2n linearization L(A) = A — AB of O(L),
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18:2 S. Hammarling et al.

for example,

aoa= [ 0[]

call an eigensolver for generalized eigenproblems, and finally recover the eigenvectors
of Q(1) from those of the linearized problem L(A)z = 0, w*L(%) = 0. However, in doing so
it is important to understand the influence of the linearization process on the accuracy
and stability of the computed solution. Indeed, solving the QEP by applying a backward
stable algorithm (e.g., the QZ algorithm [Moler and Stewart 1973]) to a linearization can
be backward unstable for the QEP [Tisseur 2000]. Also, unless the block structure of the
linearization is respected (and it is not by standard techniques), the conditioning of the
solutions of the larger linear problem can be worse than that for the original quadratic,
since the class of admissible perturbations is larger. For example, eigenvalues that are
well-conditioned for Q(1) may be ill-conditioned for L()) [Higham et al. 2006; Higham
et al. 2008]. For these reasons, a numerical algorithm for solving QEPs needs to be
carefully designed.

QEPs arise in a wide variety of applications in science and engineering such as in the
dynamic analysis of mechanical systems, where the eigenvalues represent vibrational
frequencies. Many practical examples of QEPs can be found in the NLEVP collection
[Betcke et al. 2013] and the survey article by Tisseur and Meerbergen [2001]. In ap-
plications, the leading coefficient Ay and/or the trailing coefficient Ay can be singular.
Regular quadratics (i.e., detQ()1) # 0) with singular Ay and/or Ay have zero and/or
infinite eigenvalues. Theoretically, the QZ algorithm handles infinite eigenvalues well
[Watkins 2000]. However, experiments by Kagstrom and Kressner [2006] show that
if infinite eigenvalues are not extracted before starting the QZ steps, then they may
never be detected due to the effect of rounding errors in floating point arithmetic. In
one quadratic eigenvalue problem occurring in the vibration analysis of rail tracks un-
der excitation arising from high-speed trains [Hilliges et al. 2004; Mackey et al. 2006a,
p.18], the deflation of zero and infinite eigenvalues had a significant impact on the
quality of the remaining computed finite eigenvalues.

In this work we present an eigensolver for the complete solution of dense QEPs
that incorporates key recent developments on the numerical solution of polynomial
eigenvalue problems, namely a scaling of the problem parameters prior to the com-
putation [Fan et al. 2004; Gaubert and Sharify 2009], a choice of linearization with
favorable conditioning and backward stability properties [Higham et al. 2006, 2007,
2008; Tisseur 2000], and a preprocessing step that reveals and deflates the zero and
infinite eigenvalues contributed by singular leading and trailing matrix coefficients.
The preprocessing step may also detect nonregularity, but that is not guaranteed. Our
algorithm takes advantage of the block structure of the chosen linearization. We have
implemented it as a MATLAB function called quadeig, which can make use of func-
tions from the NAG Toolbox for MATLAB [NAG]. Our eigensolver can in principle be
extended to matrix polynomials of degree higher than two but such an extension is not
straightforward and requires further analysis, which is left to future work.

The remaining sections cover the following topics. In Section 2 we discuss the influ-
ence of backward error and condition number on the choice of linearization and give
the motivation for our particular choice of linearization. In Section 3 we discuss scal-
ing of the QEP, concentrating particularly on eigenvalue parameter scaling, and make
some remarks on heavily damped problems. Section 4 looks at how to preprocess the
QEP in order to deflate zero and infinite eigenvalues, and how to take advantage of
the preprocessing in order to block-triangularize our choice of linearization. Section 5
discusses the recovery of the left and right eigenvectors of the QEP from those of the
linearization. Section 6 presents numerical experiments, particularly using problems
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from the NLEVP collection [Betcke et al. 2013], which demonstrate how our MATLAB
code quadeig outperforms polyeig on QEPs.

2. CHOICE OF LINEARIZATIONS

Formally, £(1) = A — LB is a linearization of Q()) if there exist unimodular matrix
polynomials E(A) and F'()) (that is, detE()L) and detF(A) are nonzero constants) such
that

_[Qkx) 0

BwLwFw =[]
Hence det(A — AB) agrees with detQ()) up to a nonzero constant multiplier, so £ and Q
have the same eigenvalues. Research on linearizations of matrix polynomials has been
very active in recent years, with achievements including generalization of the definition
of linearization [Lancaster and Psarrakos 2005; Lancaster 2008], derivation of new
(structured) linearizations [Amiraslani et al. 2009; Antoniou and Vologiannidis 2004,
2006; Higham et al. 2006; Mackey et al. 2006b, 2006¢] and analysis of the influence of
the linearization process on the accuracy and stability of computed solutions [Higham
et al. 2006, 2007, 2008].

For a given quadratic Q, there are infinitely many linearizations (the pencil (1) is
just one example). These linearizations can have widely varying eigenvalue condi-
tion numbers [Higham et al. 2006], and approximate eigenpairs of Q(1) computed via
linearization can have widely varying backward errors [Higham et al. 2007]. In the
following sections we define the terms backward error and condition number more
precisely and focus on a particular linearization that our algorithm will employ.

2.1. Backward Error and Condition Number

In order to define backward errors and condition numbers valid for all A, including oo,
we rewrite Q(1) and £()) in the homogeneous form

Qla, B) = a?Ag + aBA; + B2Ay, L, B) = BA— aB,

and identify A with any pair («, 8) # (0, 0) for which A = «/8.
The normwise backward error of an approximate (right) eigenpair (x, «, 8) of Q(«, B)
is defined by

nolx, o, B) = minfe : (Qe, f) + AQ(a, B))x = 0, |AA;ill2 < €|l Aillz, : =0:2}, (2)

where AQ(a, B) = a?AAs + afAA; + B2AAy. The backward error n.(z, o, 8) for an
approximate eigenpair (z, o, 8) of the pencil L(«, 8) = BA — aB3 is defined in a similar
way. Explicit expressions are given by Higham et al. [2007]:

1 Qa, B2 ne(z.a. B) = 1L, B)zll2
(X7 olai B2 1A 1) Ixlle o (18114l + lel1Bll2) 1zll2”

The definitions and explicit expressions for the backward error no(y*, «, 8) and
ne(w*, a, B) of left approximate eigenpairs (y*, «, 8) and (w*, «, 8) of Q and L are analo-
gous to those for right eigenpairs.

A normwise condition number xg(«, ) of a simple eigenvalue («, ) of Q can be
defined as

3

nolx,a, B) =

cola, f) = max 1K@ AAAl2
RSV YES R TP

where K(a, ) : (CP™)3 — T(.pP1 is the differential of the map from (Ay, A;, Ag) to
(«, B) in projective space, and T, sP1 denotes the tangent space at («, 8) to Py, the

)
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projective space of lines through the origin in C2. Here AA = (AAy, AA;, AAs) and
[AA] = |lwgtAAy, w'AAL w3 ' AAS)||F With @; = ||Aills. An extension of a result of
Dedieu and Tisseur [2003, Thm. 4.2] that treats the unweighted Frobenius norm yields
the explicit formula [Higham et al. 2006]:

1/2

2
cola, B) = (Z |a|2i|’3|2(2—i)”Ai”g> _ lyll2llxlle , @)
i—0 |y*(BDuQ — @Dg Qe pyx|
where D, = 2

w = 5. and Dy = %, and x, y are right and left eigenvectors of Q associated

with («, B). The eigenvalue condition number «,(«, 8) for the pencil L(«, 8) = BA — aBB
is defined in a similar way, and an explicit formula is given by

lwllzllzll2

- . (5)
|w*(BDo L — @Dy Lo 52|

wele, B) = \/IﬂIZIIAllg + |21 BII3

where z, w are right and left eigenvectors of £ associated with («, 8). Note that the de-
nominators of the expressions (4) and (5) are nonzero for simple eigenvalues. Also, these
expressions are independent of the choice of representative of («, 8) and of the scaling of
the eigenvectors. Let («, ) and (&, B) be the original and perturbed simple eigenvalues,
normalized such that |(«, 8)|2 = 1 and [e, B][&@, B]* = 1. Then the angle between the
original and perturbed eigenvalues satisfies [Higham et al. 2007] the following:

16 ((, B), @ B))| = role, BIAAI + ol AA]). (6)

Backward error and conditioning are complementary concepts. The product of the
condition number (4) with one of the backward errors in (3) provides an approximate
upper bound on the angle between the original and computed eigenvalues. The eigen-
value condition numbers (4) and backward errors (3) are computed optionally by our
algorithm.

2.2. Companion Linearizations

Companion linearizations are the most commonly used linearizations in practice. Sev-
eral forms exist. Perhaps the best known are the first and second companion lineariza-
tions of 9, given by

_[TA Al ,[-4A O _[A —-I7 ,[-4A O
aw=[2 Pl-a[7E O] o= F-r T O @
Note that Cs(1) is the block transpose of C1(1). Other companion forms such as
_[A 0] ,[-A1 —-A _[A 01 . [-A I
cwm=g 7T o7l aw=[7 7274 o]
are obtained, for example, by taking the reversal of the first or second companion form
of the reversal of Q,
rev(Q()) 1= A%Ag + A A; + As, (8)

or simply by swapping the block rows or block columns of the above linearizations.
Companion linearizations have a number of desirable properties.

(a) They are always linearizations even if Q(1) is nonregular. Moreover, they are strong
linearizations, that is, they preserve the partial multiplicities of infinite eigenvalues
[Lancaster and Psarrakos 2005].

(b) The left and right eigenvectors of Q(1) are easily recovered from those of the com-
panion form [Grammont et al. 2011; Higham et al. 2007] and (9) for Cs.

ACM Transactions on Mathematical Software, Vol. 39, No. 3, Article 18, Publication date: April 2013.



An Algorithm for the Complete Solution of Quadratic Eigenvalue Problems 18:5

(¢) If the quadratic is well scaled G.e., ||4;]l2 =~ 1,7 = 0:2), companion linearizations
have good conditioning and backward stability properties (see Section 3).

Among companion linearizations C;(1) = A; — A5; we are looking for one for which:

(d) the B; matrix is in block upper triangular form, thereby reducing the computational
cost of the Hessenberg-triangular reduction step of the QZ algorithm,;

(e) the linearization can easily be transformed to a block upper triangular form reveal-
ing zero and infinite eigenvalues, if any.

The first and second companion linearizations in (7) satisfy desideratum (d), and we
will show in Section 4 that, in the presence of singular leading and trailing matrix coef-
ficients, desideratum (e) can easily be achieved for the second companion linearization.
Hence our eigensolver will use Cy(1).

Concerning property (b), the second companion form Cy(1) in (7) has right eigenvec-
tors z and left eigenvectors w of the form

ax f 0’
T P T
[chyff,BAlx} ifp#0,

where x, y are right and left eigenvectors of Q(1) with eigenvalue A = «/8. The formulas
in (9) show that x can be recovered from the first n entries of z or by solving Agx = 2
when Ay is nonsingular, whereas y can be recovered from either the n first entries or
the last n entries of w.

3. SCALINGS

Ideally, we would like the linearization Cy that we use to be as well-conditioned as
the original quadratic Q and for it to lead, after recovering an approximate eigenpair
of Q from one of Cs, to a backward error of the same order of magnitude as that
for C,. Following the methodology described in Grammont et al. [2011] and Higham
et al. [2007, 2006], we find that, with w and z denoting approximate left and right
eigenvectors of Cao(1),

1 1 - Kcy(a, B) < 932 max(1, max;—o:2 ||Ai||2)2’ (10)
V2 lIpla, Blle kola, B) | p(e, B)ll2
1 < no(z1, a, B) - 32 max(l, max;—o:2 | Aill2) llzll2 ’ 11)
V2 ne,(z, o, B) Il pler, BlI1 llz1ll2
1 < no(wy, a, B) < 52 max(1l, max;_o: 1 Aill2)? llwlle k=12 (12)
V2 T ne,(w*, a, B) | ple, Bl lwelle
where

pla, B) = [al?|Azllz lallBll A1l 1121 A0l2]”

and the eigenvalue («, 8) has been normalized so that |«|®> + ||> = 1. The bounds
(10)—(12) reveal that if || A;|lo ~ 1,7 = 0: 2, then

kola, B) ~ kcyla, B),  nolx, a, B) ~ ney(2, o, B, no(y™, @, B) ~ ne,(w*, a, B)

for all eigenvalues («, 8). Indeed, under that condition, || p(a, 8)|l1 ~ 1 and for an exact

right eigenvector z the ratio |z||2/||z1]l2 is bounded by about 2+/2; this can be seen from
the first equation in (9) if |@| > |8] and the second if |a| < |8]. Also, for an exact left
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eigenvector w, (9) shows that |[w]|2/||wzll2 € [1, v/2] by taking 2 = 1if |o| > || and & = 2
if |a| < |B]. We assume that these bounds also hold for the appr0x1mate eigenvectors.

When the coefficient matrices 4;, i = 0:2 vary largely in norm, numerical exper-
iments in Higham et al. [2007] and Higham et al. [2006] show that kg < k¢, and
ng > nc, can happen, affecting the quality of computed solutions (see for example the
beam problem in Higham et al. [2008]). We now discuss scaling strategies to overcome
this issue.

3.1. Eigenvalue Parameter Scaling
An eigenvalue parameter scaling converts Q(1) = A2Ay + 1AL + A to @(,u) = Mz;{z +
A1 + Ap, and is dependent on two nonzero scalar parameters y and §, where
A=yu, O = u (2542 + u(ysA) + 8 Ay = Qu). (13)
It has the important property that
no(x, a, B) = ng(x, &, B,

where 1 = @/ 8, so this scaling has no effect on the backward error for the quadratic, but
it does affect the backward error for the linearization. In general, ko(«, 8) # ko(@, B),
but the eigenvalue parameter scaling leaves unchanged the A eigenvalue condition
number

ko(X)

e—0

lim sup { |A|)):|| (QO + AV + AQ(A + AN))(x + Ax) =

|AAl < ey, i =0:2
(21211 A2llz + M1 Axllz + Aol %121y ll2
IAlly*(21A1 + Ag)x|
(see Tisseur [2000] and Higham et al. [2006]).

3.1.1. Fan, Lin, and Van Dooren Scaling. Fan et al. [2004] showed that when Ay and Ay
are nonzero,

’

= VI Aol2/l1Azllz =: Vi s 8 =2/ Aoll2 + [l A1ll2y) =: 85y (14)

solves the problem of minimizing the maximum distance of the coefficient matrix norms
from 1:

min max{||dollz — 1, [ A1ll2 — 1, | Asl2 — 1.

With this choice of parameters, it is shown in Higham et al. [2007] that

~ 1 a1 V3 1
1;26352( Al <2, 3 = ||p(05,,3)||21 = 2m1n{1+‘fg,|&5|}, (15)
where
o — | Az ll2
© 7 (lAgliall Aol
—When 75 < 1, which in the terminology of damped mechanical systems means that
the problem is not too heavily damped, then on using (15) the bounds (10)—(12) imply
that «¢, ~ kg for all eigenvalues, and ng ~ n¢, for both left and right eigenpairs.
Hence if the eigenpairs of Cy()) are computed with a small backward error (which is
the case if we use the QZ algorithm), then we can recover eigenpairs for Q(1) with a
small backward error.

(16)
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—When 70 2 1, || p(&, B)|l;* will still be of order 1 if |&@||8| = |@|\/1 — |@2 = O(1), which

is the case unless |u| = |&@|/|8| = |&|/+/1 — |@|2 is small or large.

3.1.2. Tropical Scaling. Gaubert and Sharify [2009] propose an eigenvalue parameter
scaling based on the tropical roots of the max—times scalar quadratic polynomial (also
called tropical polynomial)

Gerop(®) = max([| Az [l2x?, | Ayllzx. [ Aoll2),  x € [0, 00).
This polynomial has a double tropical root!

Vorop = Yerop = V 1 Aoll2/ 1 A2ll2 = Vppy

when 145 < 1 and two distinct tropical roots

+ Al - I Aoll2 +

= , = , > Vion)
ytrop ||A2||2 Vtrop ”Al”Z Vtrop ytrop

when 19 > 1.

Gaubert and Sharify prove that when the tropical roots are well-separated and
Ag, A; are well-conditioned, then the n largest eigenvalues in modulus are of the order
of y,5,p- Similarly, if y;f > y,,, and A;, Ay are well-conditioned, then the n smallest

eigenvalues in modulus are of the order of y,,,,. They show experimentally that if O(})
is scaled as in (13) with

-1
Yy = Vt;ropa 3= (Qtrop(ytjop)) ) a7

then the large eigenvalues in magnitude of O(p) are computed with a small backward
error by the QZ algorithm (via first companion linearization). Similarly, the choice of
parameters

1

Yy = Vt;opv = (qtrop(yt;op))_ (18)

experimentally yields small backward errors for eigenvalues of small magnitude. This
behavior is confirmed theoretically by our bounds (10)—(12). Indeed, for the choices (17)
and (18) of parameters, max(1, max;_o || 4;||2)> = 1 and

y = ytjop and |u| > 1, or equivalently, |A| > ytjop,
Y = Virop @nd [u| <1, or equivalently, [A| < v,

HM&@MzwDH{

Hence, when 1o > 1, tropical scaling guarantees optimal backward errors and condi-
tioning for the eigenvalues of the scaled quadratic outside the unit circle when (17) is
used and for those in the unit circle when (18) is used.

3.2. Further Remarks Concerning Heavily Damped Problems

The analysis in Section 3.1 implies that small backward errors cannot be guaranteed
for all eigenvalues when 74 2 1. Hence we may want to transform the problem to an
equivalent one for which to ~ 1. To that effect, we can

(i) use a homogeneous rotation
¢ sppal 9 c,s eR, Z+s?=1, (19)
{—s c} [,6} {~}

1At a tropical root, the maximum is attained by at least two monomials.
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and define a rotated quadratic @(6{, B) via

2 2
Qa.p) = (ca —spY(sa+cpP7Aj = a'p*7A; = 0@ p (20

j=0 j=0
with
Ag = O(e, s), Al = —2¢sAy + (% — $%)A; + 2¢s A, go = O(—s, ).

It is not difficult to find c, s such that || A [l2 < (| As|l2||Aoll2)!/2 (for instance, ¢ = s =

1/4/2 usually achieves this inequality);
(i) use a diagonal scaling or balancing of the type discussed in Lemonnier and
Van Dooren [2006] and Betcke [2008].

However, in both cases, examples exist for which after scaling back, ng > nu, so we do
not pursue this idea.

3.3. Summary

Based on the analysis in Section 3.1 and remarks in Section 3.2, the default in our
implementation is to apply the Fan, Lin, and Van Dooren scaling (14) to the quadratic
Q(A) prior to building the second companion linearization Ce(1) when 5 < 1, and not
to scale otherwise. The tropical scaling (17), (18) is also implemented, but is left as
an option. We refer to Experiment 3 in Section 6 for numerical illustrations of these
eigenvalue parameter scalings.

4. DEFLATION OF 0 AND co EIGENVALUES

The eigenvalues of a regular n x n quadratic Q(A) are the zeros of the characteristic
polynomial detQ(1) = detAs A?" + lower-order terms, so when A is nonsingular, Q(})
has 2n finite eigenvalues. When A, is singular, Q(1) has d finite eigenvalues to which
we add 2n — d infinite eigenvalues, where d is the degree of detQ(A). Note that X is an
eigenvalue of Q if and only if 1/A is an eigenvalue of the reversal of Q in (8), where 0
and oo are regarded as reciprocals. If r = rank(Ag) < n, then Q has at least n —ry zero
eigenvalues and if ro = rank(Ag) < n, Q has at least n — ry infinite eigenvalues. As an
example, the quadratic

01

Qm:ﬁ[O o

Jerm [0 0]

10

with A; such that detQ()) # 0 has at least one infinite eigenvalue and at least one zero
eigenvalue. If A; = [g ﬂ, then the remaining eigenvalues are co and —1.

Let us denote by
N:(4) = {x e C": Ax = 0}, M) ={yeC":y*A=0}

the right and left nullspaces, respectively, of A € C"". Note that the right and left
eigenvectors of Q, associated with the 0 and oo eigenvalues, generate the right and left
nullspace of Ay and As, respectively.

Our algorithm checks the ranks of Ay and Ay and when one or both of them are
singular, it deflates the corresponding zero and infinite eigenvalues.
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4.1. Rank and Nullspace Determination

A QR factorization with column pivoting can be used to determine the rank of an n x n
matrix A. This factorization has the form

k n—k
QaP=" [ROH Rolz}, (21)

where @ is unitary, P is a permutation matrix, and R;; is upper triangular and non-
singular Golub and Van Loan [1996, p. 248]. Then rank(A) = rank(R;;) = k. For
sufficiently small || E||2, it is shown in Higham [1990, Thm. 5.2] that A+ E has the QR
factorization with column-pivoting:

k n—*k
eurpp-, [T Rl 22)
with
IRo2lls _ I1Ell2 » (nEnz)2
< A+ |R+R )+ O , (23)
1Al = A Tl 1Al

and where |R;;'Rp,ll, < ((n — k)(4* — 1)/3) "2 Although the latter bound is nearly
attainable, numerical experience shows that ||R1_11R12 |2 is usually small. Hence if A +
E is close to a rank k£ matrix, then Rys will usually be small. Our algorithm sets
Ry to zero if ||Rag|l2 < tol, where the tolerance tol can be specified by the user. By
default, tol = nul||Al|2, where u is the unit round-off. With the default tolerance we can
overestimate the rank, but this does not affect the stability of our algorithm. Indeed, we
only use QR factorizations with column-pivoting to deflate zero and infinite eigenvalues.
Ifthe rank is overestimated, then we deflate fewer eigenvalues than we could have done.
The QZ algorithm then has to solve a generalized eigenproblem of larger dimension
than really necessary.

Although there are other more sophisticated methods for estimating the rank [Chan-
drasekaran and Ipsen 1994], QR with column-pivoting performs well in our algorithm
in practice (see Section 6), and has the advantage of being available in LAPACK and
as a MATLAB built-in function.

Note that the last n—% columns of @in (21) span the left null space of A. A basis for the
right nullspace of A is obtained by postmultiplying (21) by a sequence of Householder
transformations Hi, ..., H, that reduce R to zero. This leads to a complete orthogonal
decomposition of A,

k n—k
K T11 0
eaz=", | 0] 240

where Z = PH; --- Hy (see Golub and Van Loan [1996, p. 250]). Then the last n — &
columns of Z span the right nullspace of A. The decomposition (24) will be needed in
the following sections.

4.2. Block Triangularization of C, (1)

Throughout this section we assume that ry := rank(Ag) < rank(Ag) =: ro (if ry > ro, we
work with rev(Q(})) instead of Q(1)). Let

. Ei) 7(11) (i)
qar=/ | | =[8]. i-oz 25)
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18:10 S. Hammarling et al.

be QR factorizations with column-pivoting of Ay and Ag. With the help of these fac-
torizations and another complete orthogonal decomposition when both Ay and Ay are
singular (i.e., ro, re < n), we show how to transform the second companion form

=14 ) Y

into block upper triangular form

A A Agg Biy1 Biz B
QCQ()&)V = 0 A22 A23 —A 0 On,,-2 Bzg s (26)
0 0 0, 0 0 Bss

where the 2n x 2n matrices are partitioned conformably. Note that if Ase (or Bss) is
singular, then detQ(1) = detCqe(1) = 0, and hence Q()) is nonregular. When Ags and
Bss are nonsingular, (26) reveals n —rg zero eigenvalues and n —ry infinite eigenvalues.
The remaining eigenvalues are those of the (rg + ) x (rg + r2) pencil A;; — ABq;.

We consider three cases.

(i) rg = rg = n. In this case there are no zeroes and no infinite eigenvalues. However,

we make use of the factorization of Ay in (25) to reduce the leading coefficient
[7‘32 _OI] of the linearization to upper triangular form, which is a necessary step in
the QZ algorithm. This is achieved with

o-[9 2] v=[% 3]
so that

o =[G ]2 [F O] =an

(i) ro < rg = n. In this case there are at least n —rg zero eigenvalues, which we deflate

with
_[€ O _ [P, O
=% ol V=17 @l
so that
n ro n—ro
n [Xnn X2 Xis —R?® 0 0
QC:(MWV = rn X1 0 0 |—-2| 0 —I, 0o |, (27
v LO 0 0 o 0 I,

where Xi1 = QA1 P, [ X2 X131 = — @560 and Xp; = R(O)P(;‘P2. The pencil (27) is

in the form (26) with A;; = [$1%2] and By = [B” 0 ] of dimension (n + o) x
21 70

(n+ rg). Note that, as in case (i), B;; is upper triangular.
(iii) ro < re < n. There are at least n — ry zero eigenvalues and at least n — ry infinite
eigenvalues that we deflate as follows. With

o-[§ &) -[5 Q]

0 & 0 @
we obtain
ra n—rg ro n—ro
n [Xn X2 Xi3 Xui Yn Y2 O 0
Qv =" | Ay 8 S s | e
wr LO 0 0 0 0 0 0 L,
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X Xio] _ o X3 Xuu] _ _ ()
where {Xm X22:| = @A, {X23 XZJ = —@Q;6o, [X51 Xs32] = RVPF;, and
[Yi1 Yol = —R(z)PQ*. Let

ro n—ro ro n—ry rotr

nry [Xor Xop Xes|=@s [R3 0 |Z
be a complete orthogonal decomposition and let

Irz 0 0 0 n+ro n—ro 0 I 0
10 05, 0ls v o[z o0 nrs
B Fovo (B F)e 1]

0 0 0 I, nro

Then easy calculations show that QC3(L)V has the form (26) with Ass = R3.

When Ay or Ay have low rank, the block triangularization (26) of Cq(A) yields a
substantial saving in work for the eigenvalues/eigenvectors computation, as it reduces
the size of the pencil to which the QZ algorithm is applied. In the worst case, that
is when Ay and Ay are both nonsingular, we only make use of one of the two QR
factorizations with column-pivoting. The execution times provided in Section 6 indicate
that this extra cost is negligible compared with the overall cost.

5. LEFT AND RIGHT EIGENVECTORS
From (26) we have that
A(Q) = A(Ca(1) = A(A11 — AB11) U {oo, ..., 00} U {0,...,0} ,
~——— ——
n—ry times n—rytimes

where A(A) denotes the spectrum of A. Our implementation uses the QZ algorithm to
compute the Schur decomposition of A;; — ABj1, and hence its eigenvalues.

The computation of the eigenvectors of Q()) depends on whether the eigenvectors
are right or left eigenvectors, whether they correspond to deflated eigenvalues or not,
and whether the Fan, Lin, and Van Dooren scaling is used or not, as we now explain.

5.1. Right Eigenvectors
When Ag or Ag or both are singular, the vectors spanning their right nullspaces N, (Ap)
and N,(Ay) are right eigenvectors associated with the 0 and co eigenvalues of Q(1).

These nullspaces can be obtained from (25) by zeroing R({é), i = 0,2 with the help of r;
Householder reflectors to yield a complete orthogonal decomposition as in (24), that is,

. J :
gaz =/, [ §] =02

The last n — rg columns of Z are eigenvectors of Q with eigenvalue 0 and the last n—ry
columns of Z, are eigenvectors of Q with eigenvalue co.

For the right eigenvectors associated with the nondeflated eigenvalues note that if
Zz € C*™ ig a right eigenvector of the pencil A;; — AB11, which is easily obtained once
the Schur decomposition of Aj; — A By is available, then

_n|z1| _ z
2T [22} =V [O}
is a right eigenvector of Co(1), where V is as in Section 4.2. We also know that z must

have the form displayed in (9). To recover an approximate eigenvector x of Q from z,
we proceed as follows.
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—Ifthe scaling (14) is used and 7o < 1 with 7g as in (16), then x = z;, since the analysis
in Section 3.1.1 guarantees a small backward error for the eigenpair (z1, o, 8).

—If Ay is singular, then x = z;.

—Otherwise o # 0, and if 8 = 0, then x = z;. If B # 0, we use the QR factorization of
A in (25) to solve the linear system zo = —BAgxz for xo. Then x = 21, if ng(z1, a, B) <
no(x2, «, B), otherwise, x = xs.

5.2. Left Eigenvectors

When Ag is singular, the last n — ry columns of @ in (25) are eigenvectors of Q
associated with the n — ry deflated zero eigenvalues and when As is singular, the last
n — re columns of @, in (25) are left eigenvectors of Q associated with the deflated
n — ry infinite eigenvalues.

For the left eigenvectors of Q corresponding to the nondeflated eigenvalues, we first
compute the left eigenvectors of C2(1) corresponding to these eigenvalues. For this, we
use the Schur decomposition of A;; — ABj; to obtain the Schur decomposition of Ca()),
from which the left eigenvectors are easily computed. In exact arithmetic, if w is a left
eigenvector of Cq, then it has the form displayed in (9), but in floating point arithmetic,
w1 and wy are generally not parallel,

_ w1:| _ {553’1]
w = = .
{wz By2
Then, to recover an approximate left eigenvector y of O from w we proceed as follows.

—If the scaling (14) is used and 7o < 1, then y = wy if [A| = |¢/B] > 1 and y = wq
if |A| < 1, since with this choice for y, the analysis in Section 3 guarantees a small
backward error for the left eigenpair (y*, «, 8).

—Otherwise, we take as approximate left eigenvector of Q with eigenvalue A = «/8,
the vector w; # 0 with smallest backward error no(w}, o, B).

5.3. Further Remarks

As explained in the previous two sections, there are situations for which we have two
choices for the eigenvectors. For example, suppose that (x1, «, 8) and (xg, o, 8) are two
approximate right eigenpairs of a single eigenpair (x, «, 8) of Q. Then we can try to find
a= [Z;] such that no(a1x; + agxs, @, ) is minimized. In other words, we need to solve

the following problem:
. 1 Qa, pXall2
in————~

aeC? ||Xa||2

where X = [x; x3]. For that we can take the GSVD of the pair of n x 2 matrices
(Qa, p)X, X),

Qlo, )X =UCY, X=V8Y,
where U, V are unitary, Y is nonsingular, and C = diag(cy, c2), S = diag(sy, s2) with
c1, ¢, 51,82 > 0. Thus, if we let a = Y10,

Qe pXalf . ICBIE . 5°C*Ch

m = min = min ,
acC? || Xall} beC? [|SB|2 ~ bec b*S*Sb

which is the smallest eigenvalue of C*C — AS*S . So the minimum is achieved at b = ¢;,
where |c;/s;| is minimal. Hence a = Y le;. In practice, we found that this approach
does not decrease the backward error much. The matrix Y is often very close to being
singular, producing a new eigenvector with a larger backward error than that for x;
and x3. Therefore, we did not implement this approach.
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ALGORITHM 1: Quadratic Eigenvalue Solver—quadeig

Input: n x n matrices As, A;, Ay defining the quadratic Q(%).
Optional: parameter pscale such that

0 : Fan, Lin and Van Dooren scaling if 1o < 10 and
no scaling otherwise (default).

: no eigenvalue parameter scaling

: Fan, Lin and Van Dooren scaling

: tropical scaling with smallest tropical root y,,,

: tropical scaling with largest tropical root v,

pscale =

BN

and a tolerance tol for rank decision (default: tol = numax; (| 4;|).

Output: Eigenvalues,

right/left eigenvectors (optional), see Section 5,

eigenvalue condition numbers (optional),

backward errors of computed right/left eigenpairs (optional).

Apply eigenvalue parameter scaling pscale as described in Section 3.

Compute the block triangularization (26) of C3()) using tol (see Section 4).

Compute eigenvalues of Q(1) using Schur decomposition of Aj; — AB;.

Compute right/left eigenvectors of Q(1) as described in Section 5 (optional).

Compute eigenvalue condition numbers (optional). Compute backward errors of computed
right/left eigenpairs (optional).

U A W N =

5.4. Algorithm

The main steps of our quadratic eigensolver are presented in Algorithm 1. They con-
sist of two preprocessing steps: an eigenvalue parameter scaling and a deflation of the
zero and infinite eigenvalues contributed by singular leading and trailing matrix coef-
ficients, as described in Sections 3 and 4. These preprocessing steps are followed by the
computation of the eigenvalues with the QZ algorithm. The eigenvector computation
described in Section 5 is optional, as are the computation of the eigenvalue condition
numbers and backward errors of approximate eigenpairs.

6. NUMERICAL EXPERIMENTS

We now describe a collection of numerical experiments designed to give insight into
quadeig, our MATLAB implementation of Algorithm 1, its performance in floating-
point, and the implementation issues. Our computations were done in MATLAB 7.13.0
(R2011b) under Windows XP (SP3) with a Pentium E6850, for which u = 279 ~
1.1 x 10716, When available, quadeig makes use of some functions from the NAG Tool-
box for MATLAB, namely £08bh? to reduce the upper trapezoidal matrix [R;; Rjs] in
(21) to upper triangular form [R 0], and £f08yk® to compute some of the left general-
ized eigenvectors of Cy(A) as well as their complex analogs. The use or not of these
LAPACK routines through the NAG Toolbox does not affect the numerical stability of
our implementation of Algorithm 1, just its efficiency.

In all computations involving || 4;||2, i = 0:2, (e.g., Fan, Lin, and Van Dooren scaling,
tropical scaling, condition numbers, backward errors), the 2-norm is replaced by the
Frobenius norm | - || 7.

We compare the performance of quadeig to that of the MATLAB function polyeig,
which, for quadratics, calls the QZ algorithm on the linearization (1) polyeig returns

2£08bh corresponds to the LAPACK routine DTZRZF.
3£08yk corresponds to the LAPACK routine DTGEVC.
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Table I. Largest Backward Errors of Eigenpairs (computed by polyeig and quadeig on
quadratic eigenvalue problems from the NLEVP collection)

polyeig quadeig

Problem n 79 g™, o, 8) ¥, B g™, ae p)
acoustic_wave_1d 10  2.1e-1 2.3e-15 6.5e-16 5.5e-16
acoustic_wave_2d 30 2.1e-1 5.6e-16 6.2e-16 6.4e-16
bicycle 2 4.2e-1 1.5e-15 6.1e-17 5.2e-17
bilby 5 4.2e+0 2.6e-16 6.0e-16 3.5e-16
cd_player 60 9.3e+3 1.7e-10 7.4e-16 1.8e-15
closed_loop 2 2.5e+0 1.8e-16 8.4e-16 1.5e-16
damped_beam 200 2.1e4 3.3e-9 9.9e-16 8.7e-16
dirac 80 1.6e+0 4.1e-15 1.2e-15 1.6e-15
gen_hyper2 15 1.4e+0 6.1e-16 5.5e-16 4.9e-16
gen_tantipal?2 16 1.5e+0 4.8e-16 4.7e-16 4.1e-16
gen_tpal2 16 1.9e+0 6.9e-16 6.1e-16 6.9e-16
intersection 10 4.9e-1 3.8e-17 4.7e-17 8.5e-17
hospital 24  6.6e-2 3.0e-13 6.2e-16 6.2e-16
metal_strip 9 7.8e+0 4.0e-14 6.4e-16 4.0e-16
mobile_manipulator 5  8.3e-2 1.2e-18 6.2e-17 6.4e-17
omnicaml 9 1l.le+0 1.7e-15 9.4e-17 3.0e-17
omnicam?2 15 1.9e+0 4.8e-17 6.6e-17 2.3e-16
pdde_stability 225 4.4e+l 5.0e-14 1.5e-14 1.3e-14
power_plant 8 6.7e-1 1.3e-8 3.8e-16 4.9e-17
qepl 3  2.5e+0 2.2e-16 7.3e-17 6.2e-17
qep2 3  1.3e+0 9.6e-17 8.7e-17 8.7e-17
qep3 3  7.5e-1 9.4e-17 1.2e-16 5.1e-17
qep5 3  1.2e+0 4.4e-16 2.8e-16 2.0e-16
railtrack 1005 1.8e+l 2.0e-8 2.4e-15 9.6e-15
relative_pose_6pt 10 5.8e+0 1.1e-15 5.2e-16 2.9e-16
shaft 400 1l.1e-6 8.5e-8 1.0e-15 9.6e-16
signl 81 2.0e+0 2.3e-16 9.4e-16 9.6e-16
sign2 81 1.8e+0 5.8e-16 1.6e-15 1.0e-15
sleeper 10 3.5e+0 3.7e-15 3.5e-16 2.8e-16
speaker_box 107  2.1e-5 1.5e-11 2.2e-16 3.9e-16
spring 5 8.1e+0 5.6e-16 5.6e-16 4.9e-16
spring_dashpot 10 6.4e-3 1.0e-15 1.3e-16 1.2e-16
wing 3  1.8e-1 4.5e-15 3.6e-16 4.1e-16
wiresawl 10 1.5e-2 9.2e-15 5.6e-16 5.6e-16
wiresaw2 10 7.3e-2 4.8e-14 9.8e-16 9.6e-16

eigenvalues, right eigenvectors, and eigenvalue condition numbers, but does not return
left eigenvectors and backward errors of approximate eigenpairs.

Experiment 1. We ran quadeig with the default options (except for the calls to the
NAG Toolbox, which were switched off) on all the QEPs from the NLEVP collection
[Betcke et al. 2013] of size n < 1250 and tested its numerical stability. For each problem,
Table I displays the largest backward error for the right eigenpairs returned by polyeig
and the largest backward errors for the right and left eigenpairs returned by quadeig.
We make the following observations.

—polyeig is unstable on several examples that are highlighted in bold in the table.
—As predicted by the analysis in Section 3, quadeig, unlike polyeig, returns right and
left eigenpairs with backward errors close to the machine precision for quadratics

Q(2) that are not too heavily damped (i.e., 7o < 1).
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Table 1. Execution Time (in seconds for the computation of all eigenvalues A and
all right eigenpairs (A, X) of n x n quadratics in the NLEVP collection, where
ri = rank(4;),7 =0, 2)

polyeig quadeig
Problem n ro ro A (AX A (AX
acoustic_wave_2D 870 118.0 202.8 1141 190.8
damped_beam 1000 95.6  155.7 98.3 166.9
spring 1000 181.7 2721 93.8 170.2

shaft 400 400 199 1.7 5.4 1.4 2.7
railtrack 1005 67 67 17.3 70.0 4.8 6.3
railtrack2 1410 705 705 128.8 306.2 79.2 113.5

—The improvements in the backward errors for the damped beam, hospital,
power_plant, shaft, and speaker_box problems are due to the Fan, Lin, and Van
Dooren scaling. Note that for the latter problem, the stiffness matrix Ay has numer-
ical rank 106 < n = 107. The smallest eigenvalue is computed as 0.16 by polyeig
and as 0 by quadeig’s deflation process.

—For the railtrack problem, rank(Ay) = rank(As) = 67 <« 1005 and the improvement
in the backward errors of quadeig over polyeig is due to our deflation strategy.

—The cd_player problem is heavily damped with 7o = 9.3 x 103 > 1 and, as a result,
quadeig uses no scaling. It computes eigenpairs with small backward errors. Note
that these results are not predicted by the upper bounds on the backward errors in
(11)-(12), which are large for some of the eigenpairs.

Experiment 2. Table II displays the execution time of polyeig and quadeig for the
computation of the eigenvalues A alone, and the eigenvalues/eigenvectors (A, X) for
some large QEPs in the NLEVP collection, some of which have singular leading and
trailing coefficient matrices so that deflation takes place in quadeig. For a fair com-
parison, we made use of the NAG Toolbox (see first paragraph of Section 6) for the
execution times reported in Table II. We make the following comments.

—When no deflation occurs, and with the exception of the spring problem, the execu-
tion time for the computation of all the eigenvalues is about the same for quadeig
and polyeig. This shows that our preprocessing step, which involves two QR fac-
torizations with column-pivoting to check for possible deflation, does not affect the
overall execution time.

—polyeig is twice slower than quadeig on the spring problem for the computation of
the eigenvalues. The output of the following MATLAB commands shows that the QZ
algorithm is slower on the linearization polyeig uses than on the linearization Cq())
used by quadeig. The reason for this is unclear.

n = 1000;

coeffs = nlevp(’spring’,n);

A0 = coeffs{1}; Al = coeffs{2}; A2 = coeffs{3};

disp(’Linearization C2°’)

A = [Al -eye(n); AO zeros(n)]; B = [-A2 zeros(n); zeros(n) -eye(n)];
tic, eig(A,B); toc

disp(’Linearization (1.1) as in polyeig’)

A = [AO zeros(n); zeros(n) eye(n)]; B = [-Al -A2; eye(n) zeros(n)];
tic, eig(A,B); toc

Linearization C2

Elapsed time is 92.997492 seconds.
Linearization (1.1) as in polyeig
Elapsed time is 182.523154 seconds.
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Fig. 1. Backward errors of right eigenpairs computed by quadeig and different choices for the eigenvalue
parameter scaling pscale. For the random problem, 7o~ 10 and Yirop 1072, ytfop ~ 10,

—For the computation of all eigenpairs, Table II also shows that quadeig can be faster
than polyeig, in particular when the leading and trailing coefficient matrices have
low rank. For such problems, the deflation of the zero and infinite eigenvalues speeds
up the execution time by reducing the size of the problem to which the QZ algorithm is
applied. We note that, in contrast with quadeig, the eigenpairs computed by polyeig
are inaccurate for the damped_beam problem (see Experiment 1 and Higham et al.
[2008]).

Experiment 3. To give insight into the influence of the parameter pscale of quadeig,
we generated the following heavily damped problems.
(1) The random problem is a quadratic generated in MATLAB with the commands
n = 30; randn(’state’,31);
A0 = lel*randn(n); Al = 1.e3*randn(n); A2 = le-l1*randn(n);
(2) The modified hospital problem is the hospital problem from the NLEVP collec-
tion for which the damping matrix is multiplied by 103.
(3) The modified acoustic problem is the acoustic_wave_2D problem from the
NLEVP collection for which the damping matrix is multiplied by 102.
For each problem, we ran quadeig with pscale = 1 (no eigenvalue parameter scal-
ing), pscale = 2 (Fan, Lin, and Van Dooren scaling, FLV), pscale = 3 (tropical scaling
with smallest root y,,,,) and pscale = 4 (tropical scaling with largest root y;;,,). The
backward errors for the right eigenpairs are shown on Figures 1 to 3.

The top plot on each figure shows that our eigensolver quadeig with no scaling can be
unstable for heavily damped problems. Note that no scaling is the default option when
79 > 10. These plots also show that the Fan, Lin and Van Dooren scaling, quadeig does
not always produce eigenpairs with small backward errors when to > 1.

The bottom plot of each figure illustrates the tropical scaling. These plots confirm
the analysis of Section 3.1.2, which shows that quadeig with pscale = 3 (pscale = 4)
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leads to small backward errors for eigenvalues A such that |A| < v, (IA| Z v;,,)- The
plots also show that for problems with well-conditioned coefficient matrices A; (this is
the case for the random and modified hospital problems) and for which y,.,, < ¥,p»
the eigenvalues of Q(%) split into two groups: those whose modulus are close to y,,,
and those whose modulus are close to y,;,, (see Gaubert and Sharify [2009, Thm. 2]).
For the modified acoustic problem, A; is singular and the above result does not hold,
as illustrated on Figure 3.

Based on these experiments and the analysis in Section 3.1.2, we recommend the use
of tropical scaling with y,,,,,, to users interested in the smaller eigenvalues in magnitude,
and the use of tropical scaling with ytjfop to users interested in the larger eigenvalues
in magnitude.

7. CONCLUSIONS

We have described a new algorithm for the computation of all the eigenvalues and op-
tionally the right and left eigenvectors of dense quadratic matrix polynomials. Our al-
gorithm incorporates the scaling of Fan, Lin, and Van Dooren for problems that are not
too heavily damped; a choice of linearization with favorable conditioning and backward
stability properties; and a preprocessing step that reveals and deflates the zero and
infinite eigenvalues contributed by singular leading and trailing matrix coefficients.

The algorithm is backward-stable for quadratics that are not too heavily damped.
We note that QEPs in applications are often not heavily damped. For heavily damped
problems, our algorithm offers the option of using an eigenvalue parameter scaling
based on tropical roots, for which we can show that the smallest tropical root leads to
small backward errors for eigenvalues small in absolute value, and the largest tropical
root leads to small backward errors for the largest eigenvalues in absolute value.

Numerical experiments show that our MATLAB implementation of the algorithm,
quadeig, outperforms the MATLAB function polyeig in terms of both stability
and efficiency. The MATLAB function quadeig is available from the Web page
http://www.maths.manchester.ac.uk/~ftisseur/misc/ and a FORTRAN implemen-
tation is under development.
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